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Randall Munroe, A Bunch of Rocks (part 1 of 9), xkcd.com/505/

Quantum entanglement is by far the most intriguing feature of quantum mechanics
compared to any other classical theory. It plays a fundamental role in every apparent
paradox or counter-intuitive consequence of quantum theory. Its mind-blowing properties
have many, many application in a very large range of fields. In spite of this incredible
success, characterization and classification of entanglement in a general state is still an
open question of the quantum theory. That is the very issue that motivated this work.
The first two chapters of this thesis introduce entanglement criteria of various domains of
application that contribute to this search of entanglement characterization. For the rest of
the thesis, we set aside the mathematical considerations and consider the fascinating prob-
lem of experimentally producing entanglement in physical systems and more particularly
in systems of cold atoms. This entanglement production must come from ingredients avail-
able in the laboratories today: lasers, cavities, cold atoms in gazes or isolated and, most
importantly, interatomic interactions. In chapters 3 to 5, we consider dipole interactions
between atoms and the phenomenon of dipole blockade as a mean to produce entanglement
in systems of two or more atoms. In chapter 6, we explore the many possibilities of cavity
quantum electrodynamics. Every chapter just about stands on its own and will be duly
self-introduced and placed into its context in the literature, but we present them briefly
here.

Chapter 1 is devoted to Multipartite Entanglement Criterion from Uncertainty Rela-
tions. In this chapter, we describe a criterion which can experimentally detect the presence
of entanglement in a wide variety of quantum states. That criterion is the love child of two
great concepts in quantum mechanics, the Schrodinger-Robertson inequality (SRI) and
the positive partial transpose (PPT) criterion. The SRI is a generalization of the even
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more famous Heisenberg inequality and describes how the product of the variances of two
non-commuting operators can never be smaller than some particular minimal value. The
PPT criterion shows that under the action of a particular mathematical operation, the
partial transpose, the density matrix of a separable state must remain a physical quantity,
whereas the density of an entangled state might very well not do so. By bringing those two
concepts together, we were able to define the Schrodinger-Robertson partial transpose cri-
terion. This criterion dictates that the product of the variances of two observables modified
by the partial transpose operation will always be bounded by a minimal value when acting
on a separable state. An entangled state, however, might violate the inequality, a certain
sign of its entanglement. We show that in order to satisfy some constraints due to the SRI
and the PPT criterion, the observables must obey some specific conditions and we show
their general form for bipartite systems. We go on proving that our entanglement criterion
is necessary and sufficient for any pure bipartite state or even any pure three-qubit state.
We test its performances on a large variety of systems, harmonic oscillators, multi-photon
polarization states, Schrédinger cat states and multipartite mixed states.

Chapter 2 is devoted to Concurrences for N-qubit Systems. In that chapter, we present
another entanglement criterion inspired from the criterion of the concurrence. The concur-
rence is a mathematical criterion that not only detects entanglement in two-qubit states,
but also quantifies the amount of entanglement for pure states or mixed states. We start
the chapter by introducing the concurrence. Next, we give a series of nine conditions that
a pure three-qubit state must obey to be separable. We prove that those conditions are
necessary and sufficient conditions to entanglement with a formalism that can easily be
generalized to systems of more qubits. We then take advantage of those conditions to
define concurrences for tripartite pure states. We show that those quantities are linked to
other values used to evaluate tripartite entanglement. Using the formalism of the original
concurrence, we prove that our concurrences can also be evaluated easily on mixed states.
Any non-zero concurrence is a sure sign of entanglement. We finally test our criterion on
different mixed states and find encouraging results. In the second part of the chapter we
generalize the whole process to systems of N-qubits. We show that the number of condi-
tions to separability grows very much with the number of qubits, but we can still compute
them and we define generalized concurrences, which are necessary and sufficient conditions
for entanglement in pure states. We finally prove that they may also be applied on mixed
states.

Chapter 3 is devoted to Entanglement, Antibunching, and Saturation Effects in Dipole
Blockade and leads the path of quantum information theory into the domain of quantum
optics. In this chapter, we study the interaction of two identical two-level atoms immersed
in a resonant laser field. The Hamiltonian model for the interaction is specifically chosen
to describe the dipole blockade effect. In a blockaded system, one atom in its excited
states prevents, with some degree, the other atom to get excited. The interest of such an
interaction is the production of entanglement. Indeed, a system of two independent atoms
can never be entangled by a laser, however a blockaded system is constrained to deal only
with the ground state and a coherent superposition of “first atom excited, second not
excited” and of the opposite situation and such a superposition is shown to carry maximal
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entanglement. After introducing our Hamiltonian, we introduce the master equation which
modelizes dissipation effects in the system, allowing us, after a few considerations about
the non-interactive case, to compute the time evolution of the system. We measure the
concurrence as well as a quantity able to estimate the blockade on time-evolving states. We
show that our model describes the dipole blockade well and also that the strengthening of
the laser power has the effect of lifting said blockade. Then, we study the equilibrium case,
the steady state of the system and we give its analytical description as well as an analytical
expression of its concurrence. That expression allows us to tune the laser power in order to
maximize the amount of entanglement for a given interaction strength. Finally, we study
another way to experimentally show the blockade effect, the photon-photon correlation.

Chapter 4 is devoted to Dipole Blockade and Entanglement in Three-Atom Systems
and generalizes the Hamiltonian model for the dipole blockade effect on systems of three
two-level atoms. We start by introducing the model, along with a particular basis which
takes advantage of the possible symmetries of the system. We also define quantities which
measure the blockade effect, which can now be considered for a particular pair of atoms
or for the three of them altogether. We then consider several different cases of interac-
tion: no interaction between the atoms, interaction between only two, same interaction
between all atoms and aligned atoms with interaction between first neighbors only. For
each case, we give an analytical value of the steady state and study their blockades. We
observe blockades in the different cases with varying amplitudes except for one particular
case where antiblockade is observed. After that, we study the two-atom concurrences by
tracing out one atom and find that bipartite entanglement is weakened by the presence of
a third interacting atom. Finally, we study tripartite entanglement using the three-qubit
concurrences defined in chapter 3 and find indications of bipartite entanglement in the
system as well as genuine tripartite entanglement.

Chapter 5 is devoted to EIT, Dipole Blockade and Dipole-Dipole Interaction. In this
chapter, we introduce the electromagnetically induced transparency (EIT). The EIT is a
phenomenon taking place in multi-level systems excited by two non-resonant lasers, the
pump and the probe, where under some conditions the absorption of the probe laser is
cancelled for a specific window of frequency. We start by quantifying this effect with the
steady state of a single three-level atom and check established results. Then we investigated
what would happen to the EIT if two atoms were to experience dipole blockade. We
introduce our model Hamiltonian and master equation, check the eigenstates of the system
with the probe laser turned off. Armed with those weapons, we measure the dipole blockade
in the system as well as the effect on EIT. In the second part of the chapter we test the
effects of another type of interaction, the dipole-dipole interaction. We introduce our
model, Hamiltonian and master equation, find the eigenstates of the unperturbed system
and compute the values of the dipole blockade and the effect on EIT in the steady state.
We find a strong modification in the behavior of the EIT.

Chapter 6 is the last chapter and is devoted to Cavity Mediated Two-Photon Processes
m Two-Qubit Circuit QED. In free space, two non-identical two-level atoms may not be
simultaneously excited by a laser through a two-photon process. We explore the possibility
that this inhibition, due to interference effects, can be beaten by placing the atoms in
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a single mode cavity. After briefly checking what happens in free space, we give our
model Hamiltonian an master equation which modelize the different atomic frequencies,
the cavity mode, the interaction between them, the laser field exciting the cavity modes
and the dissipation effects such as the atomic spontaneous emission and the cavity losses.
We first make an assumption on the atomic frequencies which allows us to diagonalize
the unperturbed Hamiltonian and find the eigenvalues and eigenstates of the bare system.
Then, using a perturbative approach, we find that two-photon processes are indeed possible
in such a system at some particular frequencies and we calculate the transition rates. We
confirm our calculations by producing different atomic and photonic spectra in the steady
state of the system. We find that the quality of the cavity has a strong effect on the
structure of the spectra and induces behaviors not predicted by perturbation theory. In
the last part of the chapter, we lift the constraint of the atomic frequency and confirm our
results by numerically checking the same spectra for a most general configuration of the
system. We also find a new feature of the system, the cavity induced transparency.

In the conclusion, we summarize all the results we were able to get and finally we give
the appendices, which contain calculations not essential to the text as well as steady state
results too imposing to fit in the chapters.



Chapter 1

Multipartite Entanglement Criterion
from Uncertainty Relations
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In the past few years, many criteria detecting entanglement in bipartite and multipartite
systems have been developed [1-3]. The Peres-Horodecki positive partial transpose (PPT)
criterion [4] has played a crucial role in the field and provides, in some cases, necessary
and sufficient conditions to entanglement. That criteria is formulated in terms of the
density operator and any practical application involves state tomography. Other criteria
have been proposed so they could be tested experimentally in a direct manner, as the Bell
inequalities [5,6] or the entanglement witnesses [7]. More recently, criteria based on variance
measurements have been studied for continuous and discrete variable systems [8-20].

In [17] the Heisenberg relation has been used along with the partial transpose operation
to obtain a criterion detecting entanglement condition in bipartite non-gaussian states.
That idea was generalized in [19,20] with use of the Schrodinger-Robertson relation instead
of the Heisenberg inequality. In this chapter, we generalize completely those concepts and
prove that the Schrodinger-Robertson type inequality is able to detect entanglement in
any pure state of bipartite and tripartite systems. Experimentally, it can be realized by
measuring mean values and variances of different observables on a wide range of systems.

We start the chapter by introducing the Schrédinger-Robertson inequality and the PPT
criterion in Sec. 1.1 and 1.2. In Sec. 1.3 we introduce our Schrodinger-Robertson partial
transpose (SRPT) criterion and study its validity with a few properties of the partial
transpose. We find that all observables are not suitable and we yield the general condition



Multipartite Entanglement Criterion from Uncertainty Relations

they must satisfy to be eligible. For 2 x 2 systems, we explicitly give their general form.
Finally, we show that the SRPT criterion is necessary and sufficient in the case of bipartite
pure states.

In Sec. 1.4, we study various different applications of the SRPT in the bipartite case,
including angular momentum states of harmonic oscillators, cat states and multiphoton
polarization states. In Sec. 1.5, we prove that our criterion is necessary and sufficient
in the case of pure tripartite qubit states. Finally, in Sec. 1.6 we apply the criterion to
mixed states and we show that the inequality detects entanglement of bipartite Werner
states better than the Bell inequalities [5] and also leads to a good characterization of
multipartite Werner states.

1.1 Schrodinger-Robertson Inequality

One of the great results of quantum mechanics is Heisenberg uncertainty principle,
actually not a principle at all since it can be demonstrated. That principle states that one
cannot measure simultaneously certain pairs of physical quantities with an arbitrarily large
precision. More precisely, that uncertainty occurs when the observables corresponding to
the physical quantities do not commute.

The Heisenberg uncertainty principle can actually be derived from a more general type
of inequality, the Schrédinger-Robertson Inequality [21]. Let us consider two observables
A and B and a general physical state p, expressed in the matrix density formalism. We
define the complex quantity

z="Tr (pAB) = (AB). (1.1)

We find that
2ilm(z) = (AB)— (BA) = ([A, B]), (1.2)
2Re(z) = (AB)+ (BA) = ({A, B}), (1.3)

where [A, B] = AB — BA and {A, B} = AB + BA are respectively the commutator and
anticommutator of A and B. We therefore have

[{[A, B)[*+|({A, B}) "= 4(AB)[* (1.4)

Here, we apply Cauchy-Schwarz inequality and get

[(AB)|*< (A*)(B?), (1.5)

which combined with Eq. (1.4) gives
[{[A, BDIP+I{{A, B})*< 4(A*)(B?). (1.6)
Let us define some new observables C = A — (A) and D = B — (B). Clearly, we have
(¢, D)) = (A, B]), (1.7)

{C.D}) = ({4, B}) —2(A)(B). (1.8)
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Since we can write Eq. (1.6) for the observables C' and D with the variance
(AA)* = ((A—(4))%) = (C?), (1.9)

we can finally write the Schrodinger-Robertson Inequality:
(AA*(AB)* > —|<[A BJ)*+ —|<{A B}) — 2(A)(B)[*. (1.10)

This result is a remarkable and very general feature of quantum mechanics, which is
completely inherent to the physical state being investigated and not at all related to the
ability of a researcher to measure the quantities.

The Heisenberg inequality is simply obtained by ignoring the second term on the right-
hand side of (1.10), which only accentuates the inequality.

1.2 Positive Partial Transpose Criterion

In 1996, Asher Peres [4] published a criterion able to characterize the entanglement in
bipartite systems, either pure or mixed. Let us consider a separable system acting in H
composed of two subsystems described by the individual density matrices p; et p?. The
state of the system is in general

p=> pip @0}, (1.11)
with p; > 0,Vi et ). p; = 1. The individual matrix elements will be described as

P = {mpulplnv) = Zpl P (01) (1.12)

where the states described by latin indices are the basis states of the first subsystem and
the ones described by the greek indices are those of the second subsystem, which may have
a different dimension. Let us form a new density matrix o defined by

Omp,nv = Pnp,my- (113)

The matrix o is defined from p where the latin indices have been switched, but not the
greek ones. This definition of o is equivalent to

o=p =Y ni(pht @p (1.14)

where “pt” stands for partial transpose and represents the operator that transposes the
density matrix of the first subsystem. The partial transpose of a density matrix as defined
by Eq. (1.13) is a very general concept which holds for any state, entangled or not. It is
also applicable to any bipartite hermitian operator A and we define similarly

(Apt)mmm, = An,u,mz/- (115)
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The transposed density matrices (pzl)T of our separable state are still hermitian, positive
operators and therefore are legitimate density matrices describing a physical state, which
implies that so does o. In other words, any separable state must have a positive partial
transpose. From the physical sense of o, the Peres criterion is stated.

Criterion 1. Peres Criterion (PPT Criterion) — If a bipartite state de-
scribed by the density matriz p is separable, then its partial transpose p** is positive.

Equivalently, if one eigenvalues of p** is found to be negative, then the state p is entan-
gled.

This first statement of the criterion is only a necessary condition and was unfortunately
proven to remain only necessary for the general case. However, its was proven by the
Horodecki [22] that this criterion was indeed necessary and sufficient in the case of systems
of dimension 2 x 2 or 2 x 3.

Criterion 2. Peres-Horodecki Criterion — A bipartite state described by the
density matrix p of dimension 2 X 2 or 2 x 3 is separable if and only if its partial
transpose p** 1s positive.

Although this criterion is very powerful, it cannot be implemented experimentally right
away since the operation of partial transposition is a mathematical operator and not a phys-
ical one. That is why we found a way to make use of the PPT criterion in an experimental
context, namely the measurement of Scrodinger-Robertson inequalities.

1.3 Schrodinger-Robertson Partial Transpose Crite-
rion

For any observables A, B and any density operator p, the Schrodinger-Robertson in-
equality is observed. In this section, we use that property together with the PPT criterion
to build a new entanglement criterion.

The partial transpose p** of a bipartite separable density operator must be positive,
which implies it does describe some physical state and must therefore obey the Schrédinger-
Robertson uncertainty relation for any observables A and B, i.e. Eq. (1.10) also holds with
pPt if p is separable. In the density matrix formalism, this inequality is written

(Tr (p A)* = Tr (p A%) (Tr (o B)” = Tr (o B%)) ) (1.16)
> 1T (p[A, B)J? + L [T (0 {A, BY) — 2Tr (9 A) Tr (5" B)|?

This inequality always holds when applied on separable state, but might not do so when

PPt represents a non-physical state, i. e. when p is entangled. Since we cannot produce a

p°t states with the experimental tools available, we could think of “switching” the partial
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transpose sign from Tr (p** A) to Tr (pA**) and from Tr (p**A2%) to Tr (p(A**)?), which would
yield the Scrédinger-Robertson partial transpose (SRPT) inequality

(AAPABY > LA BFYPHIA BY) — 204"y (B, (117)
which would never be violated for separable states and violated by entangled states only.
The key result of this chapter is that unlike the PPT criterion in itself, Eq. (1.17) has the
property of being experimentally implementable since it deals with observable quantities.
However, “switching” the partial transpose sign is not a trivial operation, we need to make
sure the operation is valid.

First of all the partial transpose A** of an observable A must remain an observable; if
that is the case then the mean value Tr (pA*") of a partially transposed observable must be
equal to the mean value Tr (p™A) of the observable measured on the partially transposed
density matrix and finally the value of the variance (AAP)? must also follow that rule. In
the next subsection, we investigate those conditions and prove a few properties, which will
lead us to believe that not all observables can be considered in order to get a valid SRPT
relation.

1.3.1 Properties of the Partial Transposition

In this subsection, we talk about a pair observables A or B that are considered to act
on a system composed of two subsystems of size n and n’, finite or not. We consider the
matrix elements Ajm ;» with the latin indices 4, j referring to the first subsystem taking the
values 1,2,---.n and the greek indices u, v referring to the second subsystem taking the

values 1,2,---,n’.

Property 1.1. The partial transposition of an observable A is an observable.

Proof: The only requirement for an operator A to be an observable is to be hermitian,
i. e. to verify AT = A. We have

(A1) = AV (1.18)
= A:l/,ju7 (119)
= A, (1.20)
= (A)ipjv, (1.21)

which concludes the proof.
The next proposition deals with the mean values of observables.

Property 1.2. For any operators A, B, we have

Tr (A" B) = Tr (AB™). (1.22)
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Proof: in order to simplify the developments, we use the convention of a repeated
index implying a summation over all values of said index. We have

Te(A™B) = (A" Bl = (A"),, 1 B (1.23)
= AupixBinin = Ayix (B™)ix (1.24)
(AB™)1 = Tr (AB™), (1.25)

which concludes.

Hence, if B represents a density matrix, this result means that the mean value of a
partially transposed observable is equal to the mean value of the observable measured on
the partially transposed density matrix. The next proposition deals with the variance.

Property 1.3. For any observable A, we have
Tr (p™A?) = Tr (p (4™)?) (1.26)
for any density matriz p if and only if
(A7)? = (A%)™. (1.27)

Proof: if (A™)* = (A%)™, then the result is a direct consequence of Prop. 1.2. On the
other hand, if the traces are identical

Tr (p*A%) — Tr (p (Apt)2) =Tr(p [(Az)pt - (A"‘)Z]) =0, (1.28)
and in particular, we must have

(W] (A%)" = (A™)* [p) =0, (1.29)

for any state vector |¢) including all the eigenstates of the observable, which is only possible
if (AP)? = (A%)™. This result shows that the variance (AA™)? = Tr (p(A™)?) — Tr (pA™)*
is not always equal to the variance (AA)? applied on the partially transposed state p™.

This result is the major constraint about using SRPT inequalities. In general, ob-
servables do not satisfy Eq. (1.27), which can result in a violation of an SRPT inequality
applied on a separable state with unsuitable observables.

To illustrate this, we consider the inequality corresponding to the computational basis
vector |00) of a two-qubit system using the observables

A = 0,®0,, (1.30)
B = 0,®0,+0,® 0y, (1.31)

with o, and o, the Pauli operators. Even though the state |00) is separable, we find
ABr =0 and [([A, B]*")|= 2 which means the SRPT inequality is violated. That violation
could happen since (B™)? # (B?)?. This example illustrates the importance of using
suitable observables in the SRPT inequality. Now that we defined the conditions for the
SRPT inequality to be used, we can formulate our new criterion.
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Criterion 3. Schrodinger-Robertson Partial Transpose Criterion — If
there are two observables A, B satisfying

(47)? = (4%, (B™)?* = (BY)", (1.32)
such that the Schrodinger-Robertson inequality

(AAABY > {14, BIMPHIHA BY) — 204"} (B}, (133)

measured on a state p is violated, then the p is entangled.

1.3.2 Form of the Suitable Observables

The first step into actually being able to use our criterion is getting more information
about the specific observables that can be used. If there is no observable A satisfying Eq.
(1.27), then the criterion is useless. In the following, we show that such observables do
exist and that the criterion is actually necessary and sufficient for bipartite pure states.

Let us now characterize the form of the observables A of dimension N = n x n’ that
satisfy (A*)2 = (A42)". In order to do so, wee need to define a matrix orthogonal basis
that will span all hermitian matrices.

Suitable candidates for that basis are the infinitesimal generators of the special unitary
group SU(N), as they are all hermitian. The number of independent generators of SU(N)
is N2 — 1 and we need to add the identity matrix to the set to obtain the matrix basis we
are looking for.

By definition, the N? — 1 generators S; are N x N, traceless and hermitian matrices
such that

1 N2-1

1
S8y = —0ul - i fabe + dape) Se, 1.34
b 2NbN+2;(Zfb+ be) (1.34)
with a,b=1,2,---, N> — 1 and where Iy is the N x N identity matrix ,d4, the Kronecker
symbol, the fu. and dg. are structure constants and are respectively antisymmetric and
symmetric in all indices. As it follows,

N2-1
1
{5080} = Loaly + D daneSe, (1.35)
c=1
N2-1
[Saasb] = ZZ fachc- (136)
c=1

That basis is orthogonal in the sense of the inner product

2 Tr (SaSb) = 6ab- (137)



Multipartite Entanglement Criterion from Uncertainty Relations

The Pauli matrices

01 0 —1 1 0
JI—(10>,0y—(i 0),%—(0_1), (1.38)

are (when divided by 2) such examples of generators for N = 2 , in which case the d
constants are all zero and the f constants take the values of the Levi-Civita symbol €;;.
The Gell-Mann matrices

010 0 —i 0 1 0 0
M=|100], Xx=|3i0o0], x=[0-10],

000 00 0 0 0 0

001 00 —i 000
M=lo0oo0oo0o]|, x=[00 0|, xx=[001], (1.39)

100 i 0 0 010

00 0 10 0
=100 i |, x=%{01 0 |,

0 i 0 00 —2

are also matrices of that form for NV = 3 when divided by 2 for normalization.

Generalizing from the Pauli and Gell-Mann matrices, we can find a general set of SU(N)
infinitesimal generators. Written in an operator-like fashion on the basis {|1),(2),---,|N)}
we find the first set of (N? — N)/2 matrices

5% = S G+, (1.40)

fori=1,2,---,N—1land j=i+1,i+2,---, N. With the same conditions on 7, j we give
the second set of (N? — N)/2 matrices
1

55 = = () Gl=1) ). (1.41)

The last set of N — 1 matrices is given by

sW_ L (im)m—m + 1)+ 1|> , (142)

2(i% + 1)

fori=1,2,---, N — 1. All the matrices are properly normalized, and by relabeling them,
one finds a set of N? — 1 matrices with the coefficients fupe, dape casily found from the
commutation and anticommutation relations.

Let us now consider a general system composed of two subsystems of respective di-
mensions n and n’, with N = n x n/,; which are spanned by the base matrices S; and S/
with structure constants f,d and f’,d’. We add to the basis identity matrices by defining
So =1,/ V2n and So =1/ V2n! and use once again the convention that any repeated in-
dex implies a sum over all of its possible values. We can therefore write a general hermitian
matrix A as
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with the real coefficients a;; defined as a;; = 4Tr (ASi ® S;) and 7 and j running from 0 to
n? — 1 and n’* — 1. Hence, we have

(A™)? = aiau(SkSi)T ® S}5], (1.44)
(4%)" = aaa(SkSi)" ® S;5]. (1.45)

We can see that if S, and S; commute, one only needs to switch their order in Eq.
(1.45) and rename ¢ as k and vice versa for the matrices to be equal. However, given the
commutation property (1.36), it is clear that in general they do not do so and the only
matrix that is assured to commute with all others is the identity matrix Sy. The same can
be said of S} and Sj and therefore, we see that every term with a 0 index in (1.44) will be
found exactly the same in (1.45), which means there are no restrictions on the values of
the a;; coefficients when ¢ or j is zero. For the rest of the (n — 1) x (n’ — 1) coefficients,
we need to investigate further. Letting go of all the terms including a zero index, we find
that the quantities (1.44) and (1.45) are equal if and only if

0 = (ayam — agjaq)(SkSi)* @ S;-Sl’, (1.46)
= }l(aijakz — a;ai) (&cii—" + (ifrip + drip) S, ) ® (5]-1% + (ifj, + d;lq)S;)(,l.M)
= oo — ar0) (i fusp + disp)ST) © (15 + )5S} (1.48)
= —%fmpf}zq(%akl — ar;ai) Sy ® Sy, (1.49)
= i) © 5, (1.50)

(1.51)

where in the third and fourth step we used the fact that an antisymmetric quantity such as
(a;jar — agja;) summed with a symmetric factor 0y or dy;, will amount to zero and in the
last step we noted that fkipf]’.lqakjaﬂ = —fkipf;lqa,-jajl. We end up with an null operator
expressed in the Sg ® S, basis which is completely legitimate and we find the following
result : the matrix A will satisfy (A4*)? = (A?)™" if and only if

fripFi1g@ijan = 0, (1.52)

for all p, ¢ and all indices above 0.

In the case of two-qubit systems, that condition has a simple interpretation. Indeed,
for 2 x 2 systems, the Pauli matrices form the matrix basis and the condition is expressed
as

€kip€jilqAij Akl = O, (153)

for all p, ¢ above 0, which expresses that every 2 X 2 minor of the 3 x 3 matrix a,; must be
zero. Therefore all the lines (or columns) of that matrix must be linearly dependent and
we can write a;; = a;b;. The general form of the matrices is then
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A=(a-o)®@(b-o)+L®(c-0)+(d-0)® Iy +nly, (1.54)
where o is the vector composed of the 3 Pauli operators, a, b, c and d are four real vectors
and 7 is a real number.

As a particular case of this general result, we note that if A can be written as A; ® A,
with A; and A, two observables from the two subsystems, then A satisfies Eq. (1.27)
immediately.

1.3.3 Necessary and sufficient criterion for pure states

In this subsection we state a necessary and sufficient version of our criterion.

Criterion 4. SRPT Criterion with Pure States — A bipartite pure state
1Y) € Hi ® Ho, with Hq and Hay two Hilbert spaces of any dimension is entangled
if and only if there are observables A, B acting on Hq, ® Ha satisfying

(A% = (A%)™, (B™)? = (B*)", (1.55)
such that the SRPT inequality

(AA™(AB™)* = Z[([4, B]“HQ%\({AB}‘W — 2(A")(B™)[%, (1.56)

B |

1s violated.

Proof: Let us consider an entangled state |¢)) and express it in the following decompo-

sition:

W) =Y alin @i, (1.57)
where the |i); are a basis of H; and the ¢; complex numbers. Such a decomposition is always
possible, the Schmidt decomposition being a particular one with real ¢; coefficients [1]. We
will work in the |ij) = |i); ® |j)2 basis, expressing operators through that basis.

If there is only one non-zero coefficient ¢y, the state is written [¢)) = |00) and is obviously
separable. Therefore, since |1) is entangled, there are at least two non-zero coefficients; let
us assume without loss of generality ¢y # 0 # ¢;. We define two observables

A = |01)(01], (1.58)

B = 0,®0,,), (1.59)

with the Pauli operator o, = |0)(1|4|1)(0|. First, we have A** = A, B* = B and we find
that

(A7)* = (|j01)(01])™(j01)(01])™ = |01)(01], (1.60)

(4%)" = (jo1)(01]-Jo1)(01])** = [01)(01], (1.61)

(Bpt)Q = B*= 0205 ® 0,0, = Iy, ( )

(BQ)Pt _ Iit — 147 ( )
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therefore A and B do satisfy Eq. (1.55). We further find

A-B = |01)(10| (1.64)
A, B = (J01){10/—[10)(01])" = [11)(00|]00) (11 (1.65)
(A, B} = (J01)(10-+[10)(01])*" = [11)(00|--]00)(11]. (1.66)

For the mean values,

(A™) = (¢[01)(01]¢) =0, (1.67)
(AA™)? = ((A™)?) = (¥[01){01[¢) =0, (1.68)

hence we do not need to calculate (B*) or (AB)? since they will not appear in the final
SRPT inequality. We also have

1

A BPIP = e — aucil’=m(cier)? (1.69)
i[({A, B}*) — 2(A")(B™)]*? = ilcz‘)cl + coci|P= Re(cher)?. (1.70)

The SRPT inequality is then written
0 > Re(cier)? + Im(cher)? = |eol?|cr|? (1.71)

and is always violated for non-zero ¢y and ¢;. We therefore have an experimentally imple-
mentable necessary and sufficient criterion for bipartite entanglement on pure states.

The case of mixed states is a more complicated one. To this date, there is still no
general method allowing to show the entanglement of two subsystems of any dimensions.
Our original criterion remains: if one can find a couple of observables satisfying Eq. (1.55)
and violating a SRPT inequality, then the mixed state is entangled, however there is no
general method to find such observables given a particular entangled state or to even prove
their existence.

1.4 Applications to Bipartite Systems

We will now discuss some applications of the SRPT inequality starting by the bipartite
case.

2D Harmonic Oscillator.

We consider entanglement in states of an isotropic two dimensional oscillator with
definite energy and angular momentum (see e.g. Ref. [23] describing the experimental pro-
duction of entangled angular momentum states of photons). Those states are the common
eigenvectors |1 ar) (k, M integers) of the hamiltonian

H = hw(aa® +bb' + 1), (1.72)
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with a and b the oscillator annihilation operators and of the angular momentum
L. = ih(ab' — a'b), (1.73)

with eigenvalues fiw(n + 1) (with n = 2k + |M|) and hM, respectively . The states |¢g ar)
is expressed in the number state basis |nq,ny) as

n

[ear) = Y ejln — 4, ), (1.74)

J=0

with

¢; = (—sign(M)i)’ 25’?;) é(—ml(k +z|M ') (j g z)' (1.75)

The proof of that result is shown in Appendix A. The decomposition (1.74) is already in
a Schmidt-like basis (with the ¢; complex) hence if there are two non zero coefficients, the
state is entangled and it is a simple application of the proof for pure states to find the
observables that will detect the entanglement. It is easy to find

)

1.
&, (1.76)

Co =

and in Appendix A we also show the additional property |c;|= |c,—;|. Therefore, except
for the ground state for which ¢y = 1, all angular momentum eigenstates are entangled in
terms of the number states and the entanglement is well detected by the pair of observables

A = )i, (1.77)
B = o) g9 (1.78)

with o0 = i) (j]+|7) (i| and i + 7 = n which yields for those states the SRPT inequality
leille;l= ei*< 0, (1.79)

evidently violated for ¢ = 0, but in general for several other values as well.

Multiphoton Polarization State.

For some particular experiments, the SRPT inequality can be particularly efficient.
Here, we show that on some multiphoton polarization states, the detection of entanglement
only involves the measurement of two projectors. Let us consider the entangled two-photon
state

[¥) = |0,2) + B[1,1) ++[2,0), (1.80)

where «, (§,y are arbitrary coefficients such that Re(a*y) # 0 and |m, n) denotes m photons
in a given polarization state and n photons orthogonally polarized to the m firsts. The
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production and properties of those states have been studied in [24]. Of course, this state
is also entangled since it is already in a Schmidt-like basis. Using the observables

A = 00)(00], (1.81)
B = ¢ gs02, (1.82)

and dropping the commutator term in (1.17), we get the inequality 0 > |Re(a*y)|. Since
|4) is never the vacuum, we have (A*) = AA" = 0 and B* does not need to be measured.
All that is needed to detect entanglement is the measurement of

{A, B} = 02)(20]+[20)(02(= [y "} (¢" | [ "), (1.83)

with |1*) = (]02) £ [20))/v/2. More generally, the entanglement of an N-photon state of
the form ) ;" ¢;|i, N — i) will always be easily detectable with similar observables.

Cat States.

In quantum electrodynamics (QED), a coherent state « is defined to be an eigenstate
of the annihilation operator a, with the eigenvalue «, i. e. ala) = aja) and can be written

as
2

) = e 2% \j‘%m, (1.84)

with |n) the Fock state basis of the considered mode.
We consider the normalized Schrédinger cat state

9) = 370, 6) + |~ —6), (1.85)

where |), |3) are coherent states and N = /2 4 2e—2lel>=2I8* The state |¢) is a bipartite
even state whose production and properties are discussed in [25]. We want to find operators
that will show its entanglement with an SRPT inequality.

Our first step to simplify the problem is to find a basis in which a can be considered
real. Let us consider that the cast state |«) is expressed in the electromagnetic field mode
a. The quadrature operators are defined as

(a' +a), (1.86)

(a' —a), (1.87)
(1.88)

and by remembering that the cat states are eigenvalues of the annihilation operator, we
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easily find for the mean values

(a* +a) = V2Re(a), (1.89)

(afz]a) =

-5l

{alplar) (a* — a) = V2Im(a). (1.90)

(1.91)

We can always find a rotated basis such that we do not need to deal with imaginary
parts, let us define

1
¥ = cos@m+sin9p:ﬁ(aT(COSQ—I—isiHQ)+a(cos€—isin49)),
1
= — (b +0), 1.92
L0 192)
po= —SiIl@ZL‘-FCOSQp:é(aT(COSQ—FiSin@)—CL(COSQ—iSiH@)),

1
= — (o' —b) (1.93)
A
(1.94)
with b = e %a. By setting ¢ = a/|a|, we find,
1
(alz'|a) = \/§|a|(a*a+aa*) =2al, (1.95)
Z’ * k
(alp'la) = NG (oo — aa™) =0, (1.96)
(1.97)

which is the result we were looking for, since expressed in the mode b, the parameter «
can be considered real. Even for a state such as the [¢) state given in (1.85), the same
method can be applied since the two cat states |[£a) have the same imaginary part, up to
the sign. We therefore assume that we are working in the electromagnetic modes a and b
which treats o and f as real numbers, when measuring quadrature operators, which are
precisely the operators we use to find a violation of the SRPT inequality.

Experimentally, it is possible to show the entanglement of |¢)) with

A = ay(a' +a)+ b (0" +b), (1.98)
B = iay(a' — a) 4 iby (bl — b), (1.99)

where a; and b; are real parameters and a and b are the annihilation operators of the fields
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of |a) and |B) chosen such that they treat o and § as real numbers. We get

(a1a + b, B)?

(AAN)Q — (L% —+ b% + 4m, (1100)
pt (CLQOK - b2/8>2
(AB™)? = a§+b§—4—1+€2(a2%2), (1.101)
1
ZK[A) B]pt>|2 = (a1a2 + b1b2)2) (1102)
1 t t pt
FIHA B =247 (B = 0. (1.103)
Setting a; = —as = —f and by = —by = « insures a violation of the SRPT inequality for
non-zero « and 3, since we get
160&252 2
2 2 2 2 2 2
(o +6)<0‘ +6_W>Z<a +5%)7, (1.104)
equivalent to
2 72
oy >0, (1.105)

1 4 2024267 =

which is obviously always violated for non-zero parameters. Numerically speaking, the
violation of the inequality is the strongest for values of a and 8 around 0.74.

In order to compare the results, one may try to apply the entanglement criterion intro-
duced by Duan et al. [8] on |¢)). That criterion is a sufficient condition for entanglement
and is also necessary when applied on gaussian states. Clearly, the state |¢) is not gaus-
sian, but the criterion may still be applied. The calculation is very close to the previous
on, however it can be shown that the cat state |¢)) never violates Duan et al.’s inequality.

1.5 Necessary and Sufficient Criterion for Pure three-
qubit States

The SRPT inequality is also a strong criterion in the tripartite case. A tripartite
pure state |¢) is fully separable if it can be written as a combination of three separable
subsystems as in [¢)) = |¢1) ® [19) ® |1)3), biseparable if it can be written as a combination
of one subsystem separated from the other (entangled) subsystems as in 1)) = |11) ® |1)93)
in the case of the first system being separable and fully entangled otherwise. In that last
case, for three qubit, there are two separate classes of entanglement represented by the
states [GHZ) = (|000) + |111))/v/2 and |[W) = (|001) + |010+)[100))/+/3 [26].

In the multipartite case, the partial transposition may be defined to act on any number
of subsystems. In this chapter, when talking about multipartite states, we will always
consider the partial transposition to act on the first subsystem of the state (or of the
operator) only.

It has been shown that any three-qubit state can always be written under the form [27]:
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1) = Xo|000) + A1[100) + Ap|101) 4 Ag|110) + Ag|111), (1.106)

where one )\; is complex and the other ones are real. We get to our next result:

Criterion 5. SRPT Criterion for Three-Qubit case — A three-qubit pure
state is entangled if and only if there are observables satisfying Eq. (1.27) such
that a Schrodinger-Robertson partial transpose inequality is violated.

Proof. We first consider a three-qubit state and express it as in Eq. (1.106). The three
sets of observables

A=001)(001] B=0,®1Ioa,, (1.107)
A=1010(010] B=0,®0,® I, (1.108)
A =|011)(011] B=0,®0, ® 0y, (1.109)

lead to the SRPT inequalities

[Aol[A2] <0, (1.110)
DollAs| < 0, (1.111)
MollAa] < 0. (1.112)

If Ay = 0 the inequalities are not violated, but in that case
) = [1) @ (A1]00) + Ag|01) + A3[10) + A4[11)), (1.113)

is biseparable. We already know that every entangled two-qubit state can be detected
with the mean of an SRPT inequality. If Ay = A3 = A4 = 0, there is no violation of the
inequalities either, but in that case

) = (Xl0) + A1[1)) ® ]00), (1.114)

is fully separable. Therefore, there is always an SRPT inequality able to detect the entan-
glement of [¢)).

An interesting result is the fact that a pair of bipartite operators can never detect a
GHZ-type state. Indeed, the expectation value of an observable A on a GHZ-type state
expressed as in Eq. (1.106) will be a combination of the terms (000|A|000), (000|A|111),
(111]A|000) and (111|A|111). If A is a bipartite observable acting, e.g., on the first two
subsystems, we have (000|A|111) = (00]|A;2]/11)(0|/2|1) = 0. Thus, the mean value of the
observable A acting on a GHZ-type state is the same as if A were acting on a separable
state of the form p = A2|000)(000|+A3|111)(111|. Therefore there cannot be any violation
of an SRPT inequality.

1.6 Application to Mixed States

Let us now investigate the performances of the SRPT criterion on mixed states.
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Bipartite Werner States.

The generalization of the SRPT criterion to mixed states is a difficult task. We may
try, as an illustrative example, to detect the Werner mixed state [28]

e = 2l (1 - 2) (1.115)

with the normalized state |1) = a|00) + b|11).

The PPT criterion, which is necessary and sufficient for the 2 x 2 mixed state case may
be used to describe the entanglement of the state. We find that the partially transposed
state p°* has the eigenvalues

1;96 + z|al?, (1.116)
ix + )b, (1.117)
LT allbl, (1.118)
LT b, (1.119)

The three first ones can never be negative, but we find that the last one is negative,
i. e. the state is entangled, if and only if x > 1/(1 + 4|a||b|).
Using the pair of observables:
A = 0.®0., (1.120)
B = 0,® (cospo, +sinpay), (1.121)

our SRPT inequality detects the entanglement of pys when z > 2/(1+4/1 4 32 Re(e™?a*b)).

In the particular case when |¢) is the Bell state |¢*), i. e. when a = £b = 1/4/2, and
¢ =0, p, is entangled if and only if z > 1/3 whereas it is detected via the SRPT inequality
when = > 1/2. This result improves the limits of detection given by the Bell inequalities
(z > 1/+/2, see [4]) or by the uncertainty relations of Giihne [16] (z > 1/v/3).

Multipartite Werner States.
The SRPT inequality can be applied on mixed states of multipartite systems. Let us

look at its results on the N-dimensional Werner mixed state

IQN

p(x) = x|GHZyN) (GHZ N |+(1 — x)Q—N, (1.122)

with |GHZy) = (|0---0) 4 |1---1))/v/2. Using the observables

A = [01---1)(01---1|+]10---0)(10--- 0], (1.123)
B = |0---0)(1---1|+[1---1)(0---0]
+]01---1)(10---0[+[10---0)(01 - - - 1], (1.124)
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we find an SRPT inequality violated if z > 1/(1 + 2¥72). The PPT criterion gives the
sufficient limit of entanglement x > 1/(1 + 2¥~1) and we can find in [29] a witness giving
the detection limit of z > (2 — 227V) /(3 — 227) | which is strictly smaller than our result
for N > 3 (also, that limit approaches 2/3 as N grows, where ours approaches 0). For
N = 3, the PPT criterion gives x > 1/5, we find the limit = > 1/3 while in [29] the limit
is « > 3/5 and another witness in [16] gives the limit = > 3/7.

Finally it should be kept in mind that any criterion based on inequalities would be
restrictive as these are based on two chosen observables unlike the density operators which
contain all the information. One could of course increase the number of observables and
work a stronger criterion based on the positivity condition (32, ¢;4;)" (32, ¢;A)) > 0 [30],
for any observable A;. Further possibilities consist of using generalized uncertainty relations
which are especially suitable for mixed states [31].

Most of the results from this chapter were published in Phys. Rev. A 78, 052317
(2008).
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Concurrences for N-qubit Systems
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Criteria such as the positive partial transpose [4,22] or Bell’s inequalities [5] were
originally constructed with the objective to distinguish between separable systems and
entangled systems. A question that quickly rose in the following years was the matter
of actually quantifying the amount of entanglement in a system, since it appeared that
states could be strongly or faintly entangled [28]. With that in mind, some entanglement
measurement quantities following particular properties were introduced [1,32].

The concurrence was introduced by Wooters [33] as a measure of entanglement applica-
ble on two-qubit systems, either in a pure state or a mixed state. This very powerful result
has been decisive for the comprehension of entanglement in mixed states. The concurrence
was quickly modified and generalized to be able to apply on larger systems.

The two-tangle, defined as the square of the concurrence, that can be calculated on
any subsets of two qubits within three-qubit pure states was studied and the residual en-
tanglement found was called the three-tangle [34-36]. Other studied bipartite concurrence
for states of any dimensions [37] or systems of three or more subsystems and defined a
generalized concurrence for pure states [38-41]. Unfortunately, those criteria often do not
translate well to mixed state systems and have to rely on convex hulls or lower bounds
[36,42]. Although the concurrence in itself is not a experimentally measurable quantity, one
of the generalization made the experimental detection possible in a system of two photons
[43].

The entanglement in tripartite and multipartite systems has revealed to be quite com-
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plex. A pure state of three qubits is known to have two different kinds of genuine tripartite
entanglement and an infinite number of ways for more qubits [26]. Nonetheless, many cri-
teria of various application spans were introduced over the years [6,44-47]. In this chapter,
we present our version of generalized concurrences.

We start in Sec. 2.1 by briefly commenting entanglement measures and we define the
concurrence as done by Wooters [33]. In Sec. 2.2, we give our definition of generalized
concurrences applied to systems of three qubits. We start by listing the conditions under
which a three-qubit state is completely separable and we prove it by using tensors composed
of the coefficients of the pure state in the computational basis, then we use these conditions
to define 9 operators and their 9 associated concurrences. We then briefly discuss the
relation between these concurrences and other existing entanglement measures.

In Sec 2.3, we generalize our pure state concurrences to mixed states. We show the proof
that our concurrences are well defined for pure states with a demonstration applicable to N-
qubit systems, although it is only a sufficient condition to entanglement. We then consider
the particular case of symmetric states, in which the number of separability conditions falls
down to 3. Finally, we apply the concurrences to several states and find interesting results.

In Sec 2.4, we aim at generalizing three-qubit concurrences to N-qubit systems. For
that purpose, we use the tensor algebra that we used in Sec. 2.2 to derive all conditions
on the coefficients that a separable state must hold and we give a necessary and sufficient
criterion for full separability in pure states.

In Sec 2.5, from the conditions gathered in Sec 2.4, we are able to define the concurrences
for an arbitrary number of qubits. In the case of pure states, the concurrences proves
themselves to be necessary and sufficient conditions to entanglement, while for mixed
states the conditions are merely proven to be sufficient. Finally, we study examples of the
application of our concurrences over mixed states.

2.1 Two-qubit Concurrence

In addition to knowing if a general mixed state p was entangled, the question of how
much it is entangled stalks the quantum physicist. An operator quantifying the quantity of
entanglement in a system is called an entanglement measure E. An entanglement measure
must obey a few criteria which sometimes differ from author to author [1,32,48], of which
we cite the most common ones. An entanglement measure E(p) must obey the following
conditions.

o E(2) = 0 if p is separable.
e Normalization — the entanglement of a maximally entangled state must be finite.

e Conservation — the entanglement of a system must be conserved under local uni-
tary operations.
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e Additivity — the entanglement measure of n copies of a system p is n times the

entanglement of p,
E(o°") = nE(p). (2.1)

e Sub-additivity — the entanglement of two subsystems together must not be greater
than the sum of the individual entanglements,

E(p© o) < E(p) + E(0). (2.2)
e Convexity — the entanglement is a convex function,

EQp+(1—No) S AE(p) + (1 — NE(0), YO < A < 1. (2.3)

An example of entanglement measure for a two-qubit pure state |¢)) was introduced by
Bennett et al. in [48] with a measure using the Von Neumann entropy [49]

E([¢)) = Tr(prlnpy), (2.4)

where p; is the partial trace of 1) (1| on either the first or second subsystem. The entan-
glement is zero for a separable state and any state reaching the maximum possible value
of E(|¢)) = In(2) is called maximally entangled. The Bell states are such examples of
maximally entangled states. Any other entangled state finds its entanglement of formation
between the two bounds.

The concurrence was originally introduced by Wootters in 1997 [50] as an intermediate
step to calculate the Von Neumann entropy E. He proposed in 1998 [33,50] a formulation
that allowed to calculate the entanglement of not only a pure two-qubit state, but of an
arbitrary mixed state of two qubits as well.

The definition of any pure state measure of entanglement £ must be extended to mixed
states as

E(p) =min ( > p; E(j1)) |, (2:5)
P ,

where P stands for the set of all decompositions p; and [¢);) that allow to write p as
P = Zpi |thi) (Wil (2.6)

We start by describing the concurrence applied on pure states. First, let us define the
spin-flip operation on a qubit in the state [1)), by

) = 0,9"), (2.7)

where the * denotes the complex conjugation of the state.
For a %—Spin particle, this transformation is equivalent to flipping the spin direction.
For a two-qubit state |¢), we define the spin-flip operator as

) = 0, ® 0 [U7). (2.8)
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Figure 2.2: The £(C) function.

The concurrence C of a general pure state |¢)) = a|00) 4 b|01) + ¢|10) + d|11) is defined
by
C(l¥)) = [{&[¥)]= 2|ad — be|. (2.9)
Given the normalization condition |a|*+|b|*+|c|>*+|d|*= 1, the maximal value the concur-
rence can take is 1, which is realized when either |a|= |d| and b = ¢ = 0 or |b|= |¢| and
a=d=0.
Wootters showed [50] that the Von Neumann entropy (2.4) of |¢)) could be written as

E(|y)) = E(C([¥))), (2.10)

with
£(C) = h (ﬂ) | (2.11)

and
h(z) = —zlng — (1—2)In (1 —2). (2.12)

As shown in Fig. 2.2 the function h(x) is a monotonic function that ranges from zero to
0 to In(2) as the concurrence C' monotonically grows from 0 to 1, so that the concurrence
is a kind of measure of entanglement in its own right.

Keeping his momentum, Wootters generalized his concurrence to mixed states and
showed that for a general two-qubit state p the minimal value of concurrence over all
possible decomposition was

C(p) = maX{O, /\1 - /\2 - /\3 - /\4}7 (213)

where the ); are the square root of the ordered eigenvalues (greatest to lowest) of the
matrix

R = pp, (2.14)
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with the spin-flip transformation generalized on density matrices as
p=(oy®0y)p*(o, @0y). (2.15)

The proof of that result, adapted to an arbitrary number of qubits, will be described
in Sec. 2.3.

The concurrence is a very strong criterion for entanglement. A two-qubit system is
entangled if and only if its concurrence is non zero. Furthermore, it quantifies the amount of
entanglement, i. e. when a concurrence is 0 the state is separable and when the concurrence
is 1 the state is maximally entangled. We have the following criterion.

Criterion 6. Concurrence — The two-qubit mized state p is entangled if and
only if its concurrence

C(p) = maX{O, )\1 — )\2 — )\3 — )\4}, (216)

is greater than zero, with \; the square root of the ordered eigenvalues (greatest to
lowest) of the matriz

(0y ® 0y)p"(0y ® 7). (2.17)

Furthermore, the concurrence is an entanglement measure which is renders 1 for
mazximally entangled states.

2.1.1 TIllustrative Examples

Let us calculate the concurrence of the Bell states

1

[*) = 5101 £ [10)). (2.18)
We find that N
[9F) = 0y ® 0| (vF)*) = £[v¥), (2.19)
and therefore
C(jF)) = [H T [*)|=1, (2.20)

and we conclude that the Bell states are maximally entangled.
The concurrence of the state [01) is

¢(]01)) = [{01]o, © 0,[01)|= [{01]10)|= 0, (2.21)

and the state |01) is (evidently) found to be separable.
Let us consider the noisy Bell state

1

p =l )W+~ 1, (2.22)
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with 0 < z <1 and compute the concurrence. We find that three of the square root of the
eigenvalues of pp are $(1—x) and the last one is (14 3z). Therefore we find a concurrence

of

C(p) = max {0, 3(1 4 32) — 2(1 - x)} ~ max {o, %(335 - 1)} | (2.23)

which is zero when z < % and positive elsewhere. We conclude that p is a separable state
for x < % and is entangled for % < x < 1. The amount of entanglement grows linearly with
x and reaches the maximal value of 1 when x = 1, which is no surprise since at that point
p is the pure Bell state [¢)7) (7.

2.2 Three-qubit Concurrences for Pure States

In this section, we show our efforts to generalize the concurrence to a system composed
of three qubit. We will see that several concurrences can be defined and that the entan-
glement detection criterion remains necessary and sufficient for pure states, whereas for
mixed states it becomes merely sufficient.

2.2.1 Necessary and Sufficient Conditions to Separability

We express the general state of a 3-qubit pure state as

) = Z airlijk), (2.24)

i7j7k

where {i,j, k} € {0,1} and the normalization condition

> laikl= 1. (2.25)

i7j7k

First, we express the necessary and sufficient conditions for |¢)) to be separable.

Criterion 7. Conditions for three-qubit pure states separability — 7The
three-qubit 1)) state is separable if and only if the following conditions hold,

apo0@011 = Apo1a@010, A100Q111 = @1014110, (2'26>
apoo@101 = @p01@¢100, @o10Q111 = Ap114110, (2'27>
apo0@110 = Ap104100, A001G111 = Qp11A101, (2-28)
Qpoo@111 = Apo1a@110 = A010@101 = A011A100- (2'29>

And we prove it in two parts.
Necessary condition. If |1) is fully separable, it can be written under the form

[¥) = la) @ [b) ®c), (2.30)
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with |a), |b) and |¢) single-qubit states with the respective coefficients in the computational
basis ag, a1, by, b1, co and ¢;. Hence, we find that the a;j; coefficients are written

Qi) = aibjck. (231)

With that form, Eqgs. (2.26) to (2.29) are very easy to verify, i. e. the first condition is
transcribed
apoo@o11 = Aoo1Go10 < Aobocoagbict = agbociaghyc, (2.32)

and is trivially verified.

Sufficient condition. To prove this part, we will consider the coefficients a;;; of |¢) and
use them as the elements of a 2 x 2 x 2, three-order tensor. Let us first briefly discuss a
few properties of tensors. The order of a tensor is its number of dimensions, or the number
of indices needed to describe its elements [51]. Vectors are one-order tensors, matrices
are two-order tensors, we will use three-order in our case since we are dealing with three
qubits. The rank of a tensor A is defined as the smallest number of rank-one tensors that
generate A as their sum [52]. A one-rank tensor A is a tensor that can be written under

the form [51],
a-(o)e(i)e (o) .

in the case of a 2 x 2 x 2 tensor. If we can show that the tensor constructed from the a;j
elements is of rank one when the conditions (2.26) to (2.29) are satisfied, it will mean that
it can be expressed as the tensor (2.33), which directly corresponds to the coefficients of
the separable state (2.30) with the same notations.
The rank of A can be calculated from its three modes matricization [51]. Matricization
is the process of rearranging the elements of a tensor so that it can be represented as a
matrix. The columns of the matrices are build from the a;;, coefficients with two of the
three indices ¢, 7 or k fixed. Therefore, there are three different ways to matricize the tensor
A, depending on which coefficients are fixed. If j and k are chosen, then the first matrix
AW is constructed by considering all possible columns a;ji, from the values of j and k. We
have
AL — ( Qooo  A@oo1 @010 Qo1 ) ’ (2.34)

aioo G101 QA110 G111
similarly, we construct the two other matrices

A — < Qpoo  @oo1 @100 G101 > : (2.35)

Qp10 Ap11 Q110 G111

and
AB) — ( Qooo @010 @100 G110 ) ' (2.36)

Qpo1 Qo111 A101 A111

The rank of A is one if and only if all three matrices are of rank one [51], which is
equivalent to saying that all columns within the matrices are linearly dependent. For the
two first columns of AW, it means that we must have

app0101 = A0014100, (2-37)
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ani10 ani1
anoo ano1
aiio / ai11
a1o0 aiol

Figure 2.3: Representation of the three-order tensor of the a;;, coefficient. The blue lines

form the columns of A", the red lines are the columns of A(Q{ and the green lines are the

columns of A®). The two-term equalities (2.26) to (2.28) are conditions formed on the 6

surfaces of the cube, while the four-term equality (2.29) is formed along the 6 diagonals,
through the volume of the cube.

which is the condition expressed in the left hand side of Eq. (2.27). It can be checked
that all other conditions inferred from the rank one of AW, A® and A® are included in
Eq. (2.26) to (2.29) . Therefore, if those conditions hold, A is of rank one and therefore
represents a fully separable state [¢)).

The tensor is represented in Fig. 2.3 as a cube formed with the 8 a;j;, coefficient. Another
way of picturing the conditions from the matricization of A is to see that the rank of all
matrices formed by the 6 faces of the cube and the 6 diagonal planes must be one. We
note that the conditions from the “surface” matrices stand alone in Eq. (2.26) to (2.28),
and that the ones from the “diagonal” or “volume” matrices can be expressed in a single
4-terms equality (2.29).

2.2.2 Three-qubit Concurrences

The above criterion is a necessary and sufficient condition for separability applying to
pure states. For a general three-qubit mixed state, the situation is more complicated since
there does not yet exist a criterion detecting the entanglement. For a two-qubit state
|1) = al00) + b|01) + ¢|10) + d|11), there is only one condition for separability, i.e.

ad = be. (2.38)

The strength of the original concurrence was the ability to find a way to apply that simple
condition to mixed states. Our generalized concurrence follow the same steps by defining
several “spin-flip” operations and extending their use to mixed states.

Let us define the following operators:
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Si=—-F®o,®0,, Sy=-P®o,® o0y, (2.39)
Sy =—-0,0 Bh®o,, Si=—-0,0P ®oy, (2.40)
Sy =—0,R0,0F, Ss=-0,80,R P, (2.41)
Sy = —0, ® 0y X 0y, (2.42)
Sy = —0y ® 0, @ 0y, (2.43)
Sy = —0, ® 0y @ 0y, (2.44)

with Py =10)(0], P, = |1)(1] and o0, the Pauli matrices.
We can now define our 9 concurrences C; of a three-qubit state |¢)):

Ca(l)) = [(¥"[Sal¥)], (2.45)

with o = {1,---,9} and where the star denotes the complex conjugation in the computa-
tional basis. We get, for a general 1)

Ci([1)) = 2|agoo@orr — agor@o1ol, Co([h)) = 2|aroainr — aio1@110l, (2.46)
C3(|¥)) = 2|agooaior — ago1aiool, Cy([1)) = 2|agioainr — ao11a110l, (2.47)
Cs(|¥)) = 2|agoai10 — ao10a100l, Cs([1)) = 2|agorairr — ao11a101], (2.48)
Cr([1)) = 2|agoo@i1r — aoor@110 —  @o10G101 + @o11G100], (2.49)
Cs([1)) = 2lagooainr — agor@110 +  @o10G101 — Go118100|, (2.50)
Co([1h)) = 2|agoo@i11 + agor@110 — @o10@101 — Go11G100]- (2.51)

Note that the S, matrices were normalized in such a way that the highest possible
value of each concurrence is 1. In general, if the goal is simply to detect entanglement,
the matrices do not need to be normalized, as a non-zero concurrence is enough to show
the entanglement. However, if the value of different concurrences are to be compared
the concurrences must be normalized and the absolute value of the concurrences must be
considered. We get the following criterion.

Criterion 8. Three-qubit concurrence for pure states — The three-qubit
state 1) is separable if and only if

Ca([¥)) = [{¥7|Sal¥)] =0, (2.52)
foralll <a <9.

Proof. The conditions C,(|10)) = 0 for @ = 1 to a = 6 are identical to Eq. (2.26) to
(2.28), and the conditions in (2.29) can be retrieved easily by adding or subtracting two of
the C7(|¢)) = 0 to Cy(|¢))) = 0 conditions.
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Incidentally, it may be useful to linearly combine the 9 operators S, to make up new
operators, which need to be normalized is the amount of entanglement between two states
is to be compared. For example, we may add or subtract any pair from the S7, Sg and Sy
matrices to obtain the following pairs of operator/concurrence

Sio = (Ss+59)/2  Chio = 2|ageoai1r — aor1a100|, (
Si1=(Ss—959)/2  Cy1 = 2|apioa101 — aoo1@110], (
S12 = (S7+59)/2  Cia = 2|apoo@111 — Aoo1a110] (2.55
Sz = (57 - 59)/2 Ciz = 2\Clonaloo - a001a110|, (
Sia = (S7+S8)/2  Chia = 2|agooa111 — aoo1@110], (

) (

S5 = (S7—S8)/2  Cis = 2|ap11a100 — @o10@101/,

where we simplified the C,(|¢)) into C, for visibility. Once again, those concurrences
do not bring extra information or constraints to the systems since the set of conditions
Cu(Jth)) = 0 for a from 7 to 9 is strictly equivalent to the set of the same conditions for
a from 10 to 15. However, these may be easier to handle in a variety of situations. For
example checking the correspondence of the conditions C,(|1))) = 0 with the conditions of
(2.29) is easier with « from 10 to 15.

In general, we may define any matrix S through a linear combination S = ) caS,
with ¢, real coefficients normalized such that the general concurrence Cs(|¢)) = [(*|S|¥)]
has a highest possible value of 1.

Relations with other entanglement criteria

Unfortunately, none of the concurrences can individually pretend to be a measure of
entanglement, as they do not remain invariant under local transformations. However, a
combination of those quantities might.

Let us write the three-tangle equation [34]:

Ci(BC) = C%B + Cic + 7. (259)

In that equation 7 is the three-tangle, C%5(C3%.) are the square of concurrence of the pure
state [¢) after the third (second) subsystem was traced out and

Cipey = 4 detpa (2.60)

with p4 is the system with the second and third subsystems traced out. Cj( Be) 18 defined
the square of the concurrence between the subsystem A and the other two subsystems.
All those quantities can be calculated form the a;j; coefficients, and it is easy to show
that
Ciey = C3+Ci+C3+Ci+Ch+Chy, (2.61)
Chuacy = Cr+C3+C3+CF+Ch+Ch, (2.62)
Céap = Cr+C3+C5+Ci+C+Cli. (2.63)
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Those quantities are invariant under local transformation although they are only appli-
cable to pure states, which prevents the from being legitimate entanglement measures. If,
only for a second, we consider a definition of the concurrence without the absolute value
bars, i. e. Co(|10)) = (¥*|Sa|tb), we can show that the three-tangle can be expressed as

T = }C? — 40102| = ‘Cg — 40304‘ = }Cg — 4C5CG| . (264)

A definition of generalized concurrence C“(J1))) for a three-qubit pure state |¢) is given
in [41] by

CO1)) = /3 — Tr (0% + g + p3). (2.65)

where the reduced density matrices p; are obtained by tracing out every subsystem expect
the i-th. We find that

1

Tr(p}) = 1-— 3 (C3+Ci+C34+C3+Chy+Ch) (2.66)
1

Tr(p3) = 1-— 3 (C}+C5+ C3 4+ CF + Ch, + CFy) (2.67)
1

Tr(p3) = 1-— 3 (C}+C5+C5+Ci+Ch + CF) (2.68)

which are in fact the values 1 — C%5)/2,1 — Cpu0/2 and 1 — CZ /2. We finally
express the generalized concurrence in function of our concurrences

(2.69)

as we find that 2?17 C? = Zililo C?.

2.3 Three-qubit Concurrences for Mixed States

We now generalize the concurrences to mixed states. As we wrote earlier, a measure of
entanglement C' of a mixed state of any dimension p = >, p;|1;) (;|with p; > 0, must be
written as

Cs(p) = inf Y piCs(|¢hi)), (2.70)
with the concurrence related to the normalized matrix S = Zzzl oS, and where the
“Inf” means that the decomposition {p;, |1;)} should be chosen in such a way that the
sum reaches its minimal value possible. We show that the minimal value possible of

> i piCs(|y)) is

8
Cs(p) = Max[0, A} — Y " A7), (2.71)
k=2
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where the A7 are the square roots of the 8 eigenvalues of the matrix
pSp*S, (2.72)

with )\f > )\g >0 > )\g . The following result does not depend on the N = 3 condition and
can easily be generalized to a N-qubit state, we therefore consider operators of dimension
2N In Sec. 2.5 we will define generalized N-qubit S, operators.

To show that the definition of that concurrence is valid, let us go through all the details
of the development. Except for a (very) few modification, the development that follow can
be found entirely in Wootters’ paper [50].

First of all, consider a general N—qubit density matrix p. Find a complete set of
orthogonal eigenvectors |v;) corresponding the non-zero eigenvalues of p and “normalize”
them such a way that (v;|v;) is equal to the i-th eigenvalue so that we have p = > .|v;) (vs].

A general decomposition {|w;)} of p is given by

|w;) = Z “Jvi), (2.73)

where n is the rank of p, and U is a m x m unitary matrix with m > n. The rank n of the
matrix can be any value from 1 to 2. Alternatively, we can consider U as a m x n matrix
whose columns are orthonormal. Then we have p = ). |w;) (w;].

Let us now consider two classes of density matrices: the ones that hold A{ =" _, A\Y >0
and the ones that do not. We consider the former class first.

We seek a decomposition with states {|z;)}, 1 <1 <n such that

(@F|S|z;) = AD6i;. (2.74)

To obtain that particular decomposition, we need to find the appropriate transformation
matrix U. For a general matrix U we have

(@}18]z;) = (UTSUT)y, (2.75)

with 77 = (vf|S|v;). The goal is then to find the transformation U that diagonalizes
Ursu T] which is always possible since 7° is symmetric (thanks to the symmetry of S) and
its dlagonal elements can be made non-negative reals, in which case they are the square
root of the eigenvalues of 7°(7°)*. The eigenvalues correspond to the \? and we get the
wanted decomposition. Also, we can always modify U by switching its rows and columns
so that the \? appear in ordered fashion.

Let us define another decomposition {|y;)} as

ly1) = |z1), (2.76)
lyi) = i|x;)  fori > 1, (2.77)

which will later produce the sign difference between Ay and the other eigenvalues.
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Let us now define the pre-concurrence

{@r1Sly)
(@l

and calculate the average normalizing concurrence in the decomposition {|y;)}:
o as. <y:|5|92> _ S /\S C 2.79
(cs) = Z<yz|yz><— = Z( J1S1y:) = Z = Cs(p (2.79)

yz|yz>

7 %

cs(|¥)) = (2.78)

We can see that the average pre-concurrence is equal to the concurrence announced
above. The last decomposition {|z;)} that we are going to find is the one that will set the
value of the pre-concurrence of every single state |z;) equal to Cs(p). To find it, let us
write

|2:) = Z 51y, (2.80)
and note that the average pre-concurrence becomes

(cs) = D (wilSlys) = Y _(VYSVT); = Te (VYSVT), (2.81)

% %

where Y;? = (y7[S]y;). We can see that if Y is an orthogonal matrix (i.e., V' = V™)
the average pre-concurrence does not change, therefore we will settle for such a matrix
transformation. To equalize the pre-concurrences of the different states |z;), we find two
states |z4), |2p) that have respectively a higher and lower pre-concurrence than Cs(p). We
know that there is a V' that could let them unchanged, another one that could exchange
them, therefore by continuity, there must me one that gets the pre-concurrence of |z,) to
Cs(p). Proceeding with one vector at a time, we can get the decomposition wanted.

We have a decomposition {|z;)} whose average pre-concurrence is equal to the con-
currence. Let us now show that there is no decomposition that can lead to a smaller
concurrence of p. We have an average value of the concurrence of the decomposition of

= I(VYSvT)l, (2.82)

where V' is an m X n matrix whose columns are orthonormal. We can write

)=

)

> (Vi) (2.83)

J

and make use of the fact that Y. |(Vi;)?| = 1. Indeed, for any complex number «;; = (V;;)?
such that ) . |a;;j| = 1 with all o;; reals (the phases of the other «;; may be changed
accordingly) we have

> 51> D auY;

X ()

> A =) N =Cs(p), (2.84)
k=2
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and no decomposition may have a better average concurrence than the one that was realized
by the decomposition {|y;)}.

We still have to consider the case where A\Y — >°7_, A7 < 0. In that situation the con-
currence Cs should not detect any entanglement in any of the terms of the decomposition
of p. We only have to find one decomposition that realizes that condition. We can get it
directly with the decomposition

2) = Y Oije|z;) (2.85)
J

where the ¢ phases are chosen in such a way that ). e*% )7 = 0 and O is an real
orthonormal matrix composed exclusively of elements equal to 1 or —1. It is always possible
to find such phases when Ay < >~ . A7 as illustrated on Fig. 2.4. The matrix O can be

defined as the tensor product
1 /1 1\

With that decomposition, we can calculate the concurrence of any state |z;) and we
find

Csllzi)) = (2/15]z), (2.87)
= Z€wk€i9j0ki0ij<l’2|3|$]‘>7 (288)
ik
= ) MY, (2.89)
J
= 0, (2.90)

and therefore no entanglement is detected in the system, which does not mean that the
system is fully separable. However, with that result, we get a necessary criterion to entan-
glement.

oy~
AS AS N D
>—> > /Y40, ASN\20x
< A AP

Figure 2.4: On the left, the situation where \{ > >"p_, A7, the state is entangled.

On the right, A{ < >~} , A7 and it is always possible to find a set of phases 6 such that

> e*% X7 = 0 and a decomposition {|z;)} where no entanglement detected by the spin-flip
S can be found.
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Criterion 9. Three-qubit Concurrence — If a three-qubit mixed state p is
fully separable, then for all linear combinations S =) caSs we find Cs(p) = 0.

Equivalently, if we find a combination S such that Cs(p) # 0, then p is entangled.

2.3.1 Particular Case for Symmetric States

In the particular case of three-qubit symmetric states, i. e. states that can be written
as

19s) = a]000) 4 b(|001) + |010) + |100)) + ¢(]011) + |101) + |110)) + d|111), (2.91)

with |a|?+3|b|?+3|c|*+|d|*= 1. Note that such a state is either completely separable or has
the three subsystems entangled together, biseparability cannot occur due to the symmetry
of the state. For such a symmetry, the number of separability conditions drops down to
the following three

ad = be, (2.92)
ab = ¢ (2.94)
and the three independent S® matrices associated with those are
1
$i = -3 Y 0, ®0,®0,, (2.95)
V:{I7y7y}
1 1
SQS - _6 Z Ou ® Ovy ® Ovs — 6 Z Oy ® Oy ® Ous, (2'96)
v={y,y,z} v={y,y,I}
1 1
S§ - _6 Z Ouy ® Oy ® Ovs + 6 Z Ouy ® Ovy ® Ous, (297)
v={y,y,z} v={y,y,I}

where the sum over v = {i, j, k} means the sum over each distinct permutations of {i, j, k}
and oy stands for the identity matrix. Please note that all matrices are also completely
symmetric with the exchange of any two subsystems. Expressed as a combination of the
original 9 matrices, we have

1
51 = 3(Sr+8+5), (2.98)

1
Sy = 3 (S1+ S3+Ss5), (2.99)

1
S5 = ~3 (S2+ Sy + Sg) . (2.100)
The concurrences associated are

Ci([vs)) = 2[ad — bel, (2.101)
Cs([gs)) = 2lac—b7|, (2.102)

Cillw) = 2fbd -] (2.103)
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2.3.2 Illustrative Examples
Let us first apply the criterion to the entangled bipartite state

[¥) = 1¢7) ® (2]0) + BI1)), (2.104)
with |a|*+|8]*= 1 and
1
O
67) 7
Among the 15 defined concurrences C,, we find that the only non zero concurrences
are

(J00) + [11)). (2.105)

Cs(lv)) = laf, (2.106)
Co(l¥)) = 181%, (2.107)
Co([v)) = 2|apl, (2.108)
Ciw([¥)) = Cull¥)) = Cra([¥) = Cis(|¥)) = |apl, (2.109)

which shows that the tripartite concurrence does detect bipartite entanglement as well.
Note that C2 4+ C§ + C3

The two classes of genuine tripartite entanglement are represented by the W state and
the Greenberger-Horne-Zeilinger state

1

W) = ﬁ(|001> +(010) + [100)), (2.110)
1

IGHZ) = ﬁ(yoom +[111)). (2.111)

Those states are completely symmetric, therefore if we use the C concurrences we find

Ci(|GHZ)) = 1, (2.112)
C3(IW)) = % (2.113)

and Cj is also found to be 2/3 when applied on the W-type state (|011)+]101)4|110))/v/3.

Let us now consider a family of mixed state called Diir-Cirac-Tarrach states pp [44],
into which by the mean of using probabilistic spin-flips and phase-shift operations any
N-qubit state can be depolarized. That family of states reads as

2N=1_1
po = DMWY N+ W), (2.114)
o=+ j=1
with j understood in binary notations, with all A positive numbers and the GHZ basis
. _ .
[07) = —=(15,0) £ 2V =1 -, 1)). (2.115)

2



2.3 Three-qubit Concurrences for Mixed States

In the case of N = 3, pp is fully separable if and only if its partial transpose with respect to
the first, second and third subsystem are all positive [44]. Those conditions are respectively

fulfilled when

Ad = Aol < 2, (2.116)
Ad = Aol < 2A, (2.117)
Ao — Aol < 2 (2.118)

Let us chose the Cjg concurrence. We proceed as in Eq. (2.72), compute the ppSiop,Sio
matrix and calculate the square roots is eigenvalues. The non-zero eigenvalues found are
A, Ag, and A, repeated twice. We then have the concurrence

Cs,,(pp) = Max[0,2 Max|[\J, Ay, o] — Ad — Ay — 2Aq]. (2.119)

If \; is the greatest value, then the concurrence is Max[0, —\j — Ay] = 0 and no
entanglement is detected. In the case of )\(T being the greatest value, we have a concurrence
of Max[0, |\ — A\g|—2A2], which can be greater than zero when |\J — Ay |> 2X;. Finally,
we find

Cs,o(pp) >0 & [N — A\ |I< 2, (2.120)
Cs,(pp) >0 & |\ — A< 22, (2.121)
05’14(pD) >0 & |)\3— — )\alé 2)\3, (2122)

the three exact conditions for full separability.
One particular case of the pp case is the noisy GHZ state given by

1—=x

PGHZ = ZE|GHZ><GHZ|+ Is. (2.123)

Our concurrence, applied with Syo, finds that the state is entangled when z > 1/5,
which is also the upper limit of x for full separability [44].
Let us consider now another type of state: the noisy W state, given by

11—z
pw = | W)W+ Is. (2.124)
That state has a negative partial transpose when
3
x> ———~0.21, 2.125
3+8v2 ( )

which is not this time, a necessary and sufficient condition for separability. Indeed, by
using the combination S
S - Sl -+ 53 —+ 85, (2126)

we are able to calculate that the concurrence Cs(pyy) is non zero if

V3
+4/3

which is actually a better limit than the one given by the PPT criterion. We can conclude
that in the range x € [0.18,0.21], the state pyy is actually entangled, but that entanglement
is not detected by the PPT criterion, which makes it a bound entangled state [53].

x> . ~ 0.18, (2.127)
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2.4 N-qubit Concurrences for Pure States

Let us now generalize the notion of three-qubit concurrences to N-qubit systems. Just
like what we did on tripartite states, we will always be able to detect entanglement in any
pure state and we get a necessary condition to entanglement for mixed states.

2.4.1 Necessary and Sufficient Conditions to Separability

We express a general state N-qubit pure state as

2N _1

) =) a;lj). (2.128)

J=0

where 7 = j1j2--- Jn is interpreted as a binary number with N digits.

We generalize the approach we used on N = 3. To find the conditions a fully separable
state must hold, we consider a 2 x --- x 2 N-order tensor A whose elements are the 2V
coefficients a;. Finding the conditions for which A can be expressed as a rank-one tensor

of the form
CL(()I) CL(()2) CL(()N)
A= o 2| o @@l & ]| (2.129)
1 1 1

will insure that, once the conditions obeyed, the state |1)) can be written as a separable
state

W) =[N @ [y @ - @ [pM), (2.130)

with [p@) = al?(0) + a{?]1).

Just like in the N = 3 case, the tensor A will be of rank one if and only if its N-mode
matricizations are all of rank one [51]. The columns of the matricization matrices are
build from the aj,j,...;, coefficients with all indexes fixed but one. Therefore, there are N
different matrices each containing 2V~! columns. For illustrative purposes, we represented
the case of N = 4 in Fig. 2.5 with a (pseudo-)hypercube formed by the coefficients of A.
The columns of one matrix obtained through the matricization process are the couples of
coefficients linked by a the lines of one color.

If the fixed coefficients are the last N — 1 coefficients, we find

AL — Qpo---00 @oo--01 " Q011 (2.131)
@10..00 @10.-01 *** Q111 )’ '
and in general, for all but the k-th coefficient (represented in bold) fixed
A® —  @0-:000-0  @0--000--01 (11011 (2.132)
ap...010---0 @g...010---01 " @1..111---1 ' '

For the k-th matrix to be of rank one, all columns must be linearly dependent and the
2N=1 _ 1 following conditions needs to be fulfilled

gy o0y Agh gLy = Qgygoee Loy Agl o055 (2133)



2.4 N-qubit Concurrences for Pure States

49

a0010 apo11
0000 apoo1
a1010 011
@100 1001
1110 A111
0 01
ap110 aoi11
a0100 0101

Figure 2.5: Representation of the four-order tensor of the a;, j;,j,;, coefficient. The blue
lines form the columns of A", the red lines are the columns of A® | the green lines are
the columns of A® and the magenta lines are the columns of A®.

for every possible pairs of number jyjo---jn # jijs---jy (where there is no ji nor j;),
which makes (ZN;) = 2N=2(2¥=1 _ 1) different conditions!. For the whole tensor to be of
rank one, those conditions must also hold for every k.

Those N series of 2V=2(2V~1 —1) conditions yield a huge number of equations, however
many of them are redundant and we wish to reduce that number by sorting them into
different classes.

e Two-term equalities

This class of conditions is the one that deals with products that appear only once
among all the conditions (2.133). Just like in Eq. (2.26) to (2.28), they come from
“surface” matrices on the N-cube of the coefficients. They are the class of conditions

Qj1go--0--0- iy Ajrjo--1--1-jny = Ajrgg--1---0-5 5 Ajrga---0--1--Gn s (2134)

with the (N — 2)-digit number jyjs - - - jn, where ji and j; (i # j) are missing. There
are as many such conditions as there are ways to find the k,[ pair, i. e. (1;7 ) ways,
multiplied by the number of different values for a (N — 2)-digit number j175 - jn,,
i. e 2V2,

e Four-term equalities

2N—1

IThat is the number of possible choices of two columns among the columns of A%,
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This next class of conditions deals with products that appear in three times in the
conditions (2.133), just like Eq. (2.29). They come from “volume” matrices on the
N-cube of the coefficients. They are written

A000j4-++jn U111ja-+jn = Q00Ljg-jn A110ja-jx = A010j3-+jiy A101ja-+-jy = A100j4-++jin QO11ja--+ji »
(2.135)
where we chose to single out the first three indices, but all possible placements must
be considered. This time we have (];f ) ways to find the three indices, multiplied by
the 273 possible ways to write a (N — 3)-digit number and lastly one four-term
equality is verified by three different two-term equalities.

e 2"~ l_term equalities

This class of conditions deals with products that appears (2871 — 1) times in the
conditions (2.133). They are the terms coming from matrices going through volumes
of dimension k of the N-cube. All the terms of those equalities are written

aJ1...kak+1...jNG/J{...JI/Cjk_‘_l...jN, (2136)
for all possible values of .J; - - - Ji and J{ - - - J} such that J;+J =1forl =1,2,--- k.
The number of two-term equalities obtained is then the number of ways to chose k
digits (JZ ) multiplied by the 2¥=* ways to write a (N — k)-digit number multiplied
by the (2¥=! — 1) two-term equalities in one 2¥~1-term equality.

The number k of ways to single out indices goes from 2 (two-term equalities) to N

(single 2V~ !-term equality). The total number Num(N) of two-term conditions for a N-
qubit tensor A to be of rank one is then

N

N

Num(N) =) (k)TV"“ (251 —1) =2Vl 92Nl gV (2.137)
k=2

which asymptotically grows as 22V—1.

Criterion 10. Conditions for N-qubit pure states separability — The
N-qubit [¢) = >, a;]j) state is separable if and only if for every k = 2,3,--- N,
for every choice of (N — k)-digit binary number jiy1 ---jn and for every way of
choosing k indices J; (I =1,2,---k) among the N, the 281 terms

AJy Ty VI Jf jregr-dno (2'138)

are all equal for every possible value of Jy --- Jy, and Ji - - - J}, such that J,+J, = 1.

Necessary condition. If |1) is fully separable, it can be written as

) =W @) - @), (2.139)



2.5 N-qubit Concurrences for Mixed States

51

with NV single-qubit states |1%) = a{|0) +a{”|1). By identifying the coefficients of ) with
the aj, j,...;y we find
1) (2 N
and conditions of the type of (2.133) are trivial to verify.
Sufficient condition. If all conditions hold, the tensor of the a; coefficients is of rank
one, can therefore be factorized and |¢) is fully separable.

2.5 N-qubit Concurrences for Mixed States

It is quite simple to define the S, operators once all the conditions are listed and
numbered. Let us consider the a-th condition, written in general as

a;a; = apay, (2.141)

with the indices once again understood as N-digit binary numbers taken corresponding
the terms (2.138). We define the symmetric operator

Sa = 7) (il +12) 1= [} (1= [1) (K. (2.142)

We can define the N-qubit concurrences:

Call¥)) = [(W"[Sal¥)|= 2|asa; — arail, (2.143)
and we get the criterion:
Criterion 11. N-qubit concurrence for pure states — The N-qubit state
|1} is separable if and only if
Call¥)) = [(¥"]Sal)|= 0, (2.144)
for all 1 < a < Num(N).

We now consider a N-qubit mixed state written p, and we define the mixed state
concurrences as

Cs(p) = Max[0, Ay =Y A7), (2.145)

k=2

with S any symmetric N-partite operator made from a linear combination of the S, and the
AY are the square roots of the eigenvalues of the matrix pSp*S with \j > \J > --- > A%

The proof for the validity of such a definition is exactly the same one as the one shown
above for the case N = 3. Just like the case N = 3, we get a necessary criterion to
entanglement.
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Criterion 12. N-qubit Concurrence — If a N-qubit mized state p is fully
separable, for all normalized linear combinations S =Y c¢4Ss we find

Cs(p) = Maaf0, ] = > X] =0. (2.146)

k=2

Equivalently, if we find a combination S such that Cs(p) # 0, then p is entangled.

2.5.1 Illustrative Examples

Let us once again consider the Diir-Cirac-Tarrach pp state

oN-1_1
pp =D MW WEI+ D N @ 1+ ) (v ), (2.147)
o=% j=1
with .
[¥5) = 753,00 % 27— 1—-5,1)), (2.148)
or equivalently .
v7) = —=(127) £ 27 = 1-j)), (2.149)

V2
since in binary notations, adding a 0 to the back of a number doubles it, while adding a 1
doubles it and adds one.

it can be shown [44] that the state is fully separable if and only if

[Ad — Ao < 2X, (2.150)
for all 1 <k <2N¥-! — 1. We use the S,,
Se, = [0)(2Y — 1]+2Y — 1)(0|—|2k) (2 — 1 — 2k|—|2k) 2V — 1 — 2k]. (2.151)

The S,, are operators obtained from the the type of conditions in Eq. (2.136) since 0
and 2V — 1 share no digits in binary form (all 0’s and all 1’s respectively) and neither do
2k and 2V — 1 — 2k, which means they all refer to the conditions where all indices were
chosen to be the J;. and Jj.

The operator can also be written

Sen. = %0 ) (Vg | =19 ) (Wo [= 19 (il 1+ ) (W |, (2.152)
Since all coefficients of pp are real, we have pp = p}, and therefore We find
pDSakp*DSak = (pDSak)27 (2'153)

= I W =20 160 (W 1= el ) (W |+ Ml (e ), (2.154)
= () W 1+ (D)5 ) (W |
FX2 () W1+l ) (Wi ), (2.155)
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and since ppSa,, PS4, is already in diagonal form, we immediately find the concurrence
Cgak (pD) = MaX[O, 2 Max[)\a’, >\6, /\k] - >\8_ - )\6 - 2)\k]7 (2156)
and with exactly the exactly the same reasoning as with the NV = 3 case, we find that
Cs,, (pp) > 0 & [A\g — A5 [< 2As, (2.157)

for all possible values of k.
Once again, our generalized concurrence was able to find the exact conditions for sep-
arability.






Chapter 3

Entanglement, Antibunching, and
Saturation Effects in Dipole Blockade

ONE DAY I STARTED EACH NEW ROW WITH THE RIGHT I WAS ARLE TO
FOLLOWED FROM SET OF RULES AND ILD .
'{“"”g' DOWN ROMS OF | | TUETAST in A ENOUGH SPACE, BOLD ACHPUTER,
: SIMPLE PATTERN, :

coresra

o
- -
se fa
a

L1}

“EACH NEW Row OF
STONES 1S THE NEXT
ITERATION OF THE.
COMPUTATION.

L]
T e ANy
(LR
* P54
N

e

-
ae s -

.
o a e ®, 2

oo*; ,.o L

o .

o 0 o ° va el

s ©
oo R

Randall Munroe, A Bunch of Rocks (part 4 of 9), xkcd.com/505/

L)

p-qv.a

Dipole-dipole interactions between atoms or molecules affect profoundly the light ab-
sorption that occurs in matter [54]. They have been known for several years to give rise to
fascinating applications in quantum information science like quantum logic operations in
neutral atoms [55,56] or entanglement production in mesoscopic ensembles [57-59]. The
level shifts associated with those interactions can strongly modify the laser excitation of
adjacent atoms, up to a complete suppression of more than one excitation in nearby atoms.

In this so-called dipole blockade effect, the first excited atom prevents any further excita-
tion in a confined volume by shifting the resonance for its non-excited neighbors, resulting
in production of singly excited collective states [57]. In the past years, evidence for the
dipole blockade effect has been obtained with samples of Rydberg atoms because of their
strong long-range interaction [60-63].

An analogous photon blockade effect in an optical cavity has also been reported [64].
Recently Rabi oscillations between the ground state of a pair of Rydberg atoms and the
single excited symmetric collective state has been observed for atoms located more than
a few micrometers away [65,66]. In all those fascinating achievements, the residual effects
resulting from possible multiple excitations of the atomic sample are usually not discussed
although they cannot be eliminated totally. This motivates a deeper quantitative analysis
of the dipole blockade phenomenon to optimize its occurrence and understand its possible
limitations in particular in entanglement production [63,67].
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We start this chapter with Sec. 3.1, where we define our theoretical model Hamilto-
nian and master equation. In Sec. 3.2, we justify the master equation approach by first
considering a single atoms excited by a laser and subject to dissipation effects. We solve
the time-dependent equations describing its evolution for any time and also at the equi-
librium, which is not possible with a Sherodinger equation approach. The problem of
two independent atoms is merely the adjunction of twice the solution of the single atom
problem.

In Sec. 3.3, we give the time-dependent equations of our model and we solve them
numerically for three different regimes: weakly interacting atoms, strongly interacting
atoms and strongly driven interacting atoms. The dipole blockade effect appears clearly.
Next, we study the time-dependence of concurrence of the system in the three previously
mentioned regimes. It appears that the amount of entanglement is directly related to the
strength of the blockade.

In Sec. 3.4, we give the analytical form of the steady state of our model. We also
give the analytical form of the ratio between the populations of two excited state and the
populations of singly excited states. We derive the analytical form of the concurrence of
the steady state and check the maximal amount of entanglement possibly found in the
system by studying limit cases. We also show that for a given interaction strength, the
laser strength can be tuned to give an optimal quantity of entanglement in the system and
that for a laser strength above a given value the entanglement vanishes.

In Sec. 3.5, we report how a continuous monitoring of the dipole blockade could be
obtained with help of the photon-photon correlation signal of the scattered light in a regime
where the spontaneous emission would dominate the dissipation effects of the sample and
finally we conclude.

3.1 Theoretical Model

We consider two atoms at fixed positions x; and xp with internal levels |e) and |g),
dipolar transition frequency w = 2m¢/\, and single atom spontaneous emission rate 2.
We consider that the two atoms strongly interact when in state |ee) resulting in a shift id
of this doubly excited state. They are driven by a resonant external laser field with wave
vector k; and Rabi frequency 2.

In the rotating-wave approximation, the coherent evolution of the system is described
by the interaction Hamiltonian

H = hdlee)(ee|+h (™1 S + ™25 +he), (3.1)

where S;" = (S;7)7 (i = 1,2) is the atom raising operator |e);(g| and the term %d|ee){ee|
accounts for the shift of the doubly excited state of the system induced by the dipole-dipole
interaction.

The system is best described in the Dicke basis {|ee), |s), |gg),|a)} with

ekrx leg) + etkLx2 lge)), (3.2)

1
\8>:ﬁ(
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...............

ee)

Figure 3.2: Energy diagram of the system. The resonant laser populates the |ee) state

from the symmetric state |s), itself populated from the ground state with a Rabi fre-

quency v/2Q. However, |ee) is shifted from its usual energy level by a quantity id. The
antisymmetric state |a) is left alone.

and

o) = (" feg) = ™)), 33
as the symmetric and antisymmetric state, respectively. Quantum interference effects from
the variation of the phases e’*2* coming from the geometry of the system were studied
in [68] but in this chapter we assume k;, to be perpendicular to the two-atom line and the
reference frame is properly chosen so as k;, - x; = k; - x9 = 0 and all phase terms in H,
la) or |s) are dropped. In the Dicke basis, the Hamiltonian then becomes

H = hélee) (ee|+V2hQ (ee) (s|+]s) (gg|+h.c.) . (3.4)

We see that in this particular configuration, the |a) state does not appear in the Hamil-
tonian and its population should therefore be a constant provided no other process is
involved. The system is therefore completely symmetric under the exchange of the two
atoms. We represented the system in that form in Fig. 3.2.

When considering dissipation in the Markov and Born approximation, the time evolu-
tion of the system is governed by the master equation [69]

. 2
/5=—%[Hyp]—VZ(STSZ/)MSTS{—?SMS?), (3.5)
i=1
where v = 7,5 + 74 with 27,4 the dissipation rate modeling non-radiative dissipative effects
in the sample. We consider that the two atoms are separated by more than the transition
wavelength A\ so that we can neglect the imbalance among the decay rates of the Dicke
states |s) and |a) [70]. This situation is encountered in most recent experiments, like in
Ref. [65] where the atoms are located more than 20\ away.
One of the effects of dissipative processes in the system modelized by 3.5 is to pop-
ulate the antisymmetric state |a) through the decay of the |ee) state, even though the
Hamiltonian has no effect on it.
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3.2 Non-interactive Case

Let us first investigate the non-interactive case 6 = 0. Physically, this case corresponds
to two two-level atoms far from each other, both excited by a laser field, or two distant
identical laser fields, such that the atoms never see each other. Such a case can be easily
analytically solved by realizing that the system does not need to be solved as a whole,
instead each atom can be treated independently and the state of the whole system will be
the tensor product of both atomic states.

The Hamiltonian for one atom excited by a laser field on resonance H,, where the s
stands for single atom, is

H, = hQ(St+57), (3.6)

with the previously introduced notations. The time evolution of a pure state |i,) describing
the atom is dictated by a Schrodinger equation whose solution is, assuming the state was
in the ground state at time t = 0,

[9s) = cos(Qt)|g) — isin(Qt)|e), (3.7)

which is the well-known Rabi oscillation.

Let us now consider a more complete physical approach by adding to the model dissi-
pation effects. The excited atom, left alone, is susceptible to de-excite itself either through
a non-radiative process (for example after a collision or other experimental factor) at the
rate 274 or through a radiative process (spontaneous emission of a photon) with the rate
27, for a total rate of 29. In a model taking these effects into account, a pure state ap-
proach does not allow to follow the evolution of the single-atom system, as we only know
the stochastic probability of the atom to de-excite and we must consider a mixed state pj
instead. The time evolution of the system is then given by the master equation

l

ps = = [Ho, ps] = 1(STS"p + pSTS™ = 257p,57), (3.8)
or, considering the mixed state time-dependent coefficients represented in a matrix form

with the {|e), |g)} basis
Pe  Peg
S - k ) 39
p= (2 b)) 39)

with Tr (ps) = pe + p; = 1. The master equation (3.8) translates as

pe = —2Q1Im(peg) — 2ype, (3.10)
Peg = U2(pe = pg) — VPeg: (3.11)
pg = 2QIm(pey) + 27pe. (3.12)

The general solution to this system of differential equations is, assuming that the initial
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state at ¢ = 0 is the ground state |g),

QQ B 3 fy >\t )\t
— " ] et Lsinh [ = h(| — 1
Pe 22 | (3/\8m (2)+COS (2)” (319)
—ZQ'}/ [ 3 ’y2 — 4Q2 . )\t )\t
peg = —292 n ,}/2 -1 — € 27t (T Slnh 7 + COSh 9 ) (314)
1 [ _s v At At
py = STyE _(QQ +7%) + Qe 2 <3X sinh (5> + cosh ( 5 >)} , (3.15)

with A = /72 — 16Q2. When the dissipative effects are strong enough, i. e. when ~ > 4,
A takes a real value and the populations exponentially tend to their equilibrium value,
which will be low the the excited state since the laser is weak. When the laser strength is
stronger, i. e. when 42 > ~, A will be imaginary and the populations will undergo damped
Rabi oscillations (since sinh(iz) = ¢sin(z) and cosh(iz) = cos(x)) and finally settle to their
equilibrium values.

The steady state solution p? of that system, where the upper S stands for steady state,
is the equilibrium value of p; at ¢ — co. We find, still in the {|e), |g)} basis,

1 02 —iQ
S _ _ v

We see that at the equilibrium, it is always more probable to find the atom in the
ground state than in the excited state, due to the dissipation processes. In the strong field
limit 2 > ~, the probabilities equalize.

The steady state p? may also be written as a mixed state of two pure states

QQ 2 QQ
0 = o g 190l 5 la) ol (3.17)
with 1
6) = ——— (@e) — inlg)). (319)

which approaches |e) when v becomes negligible.
The steady state p° to the two non-interacting, identical atoms system is simply given
by

p* = p ©ps. (3.19)
For that state, the probability to find both atoms excited is
S o
P, = <€6|p |€6> = (292 + 72)2’ (3'20)

which is exactly the square of the probability P, = (e|pS|e) to find either atom excited. In
other words,
P, = P2 (3.21)
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and no bunching or antibunching behavior is expected from the system. Of course, no
entanglement can be found in that system since it is written as a tensor product, the very
definition of a separable state.

In the Dicke basis {|e€), |s), |gg), |a)}, the steady state is written

04 —i2/200%y . 0
b 1 2420y Q420292 —iV209(Q2+4%) 0 (3.22)
(292 +92)2 | =% iV20y(2° +47) (9% ++%)? 0 '
0 0 0 O

We see that although the state cannot be entangled, the population in the maximally
entangled state |s) is not zero, which shows that the matrix elements of a density matrix
should not be interpreted naively. Also, even though the state is completely symmetric,
the population of the antisymmetric state |a) is not zero either as it has been populated
by the dissipation effects. The global system is still symmetrical because even though |a)
becomes —|a) when the atoms are permuted, in the mixed state formalism the term |a)(a|
does not change its sign (or rather, changes it twice). However that does not happen with
the |a) (7| terms, where |i) is any symmetric state, therefore those terms must all be null.

3.3 Time Dependent Behavior

In this section, we use the master equation (3.5) to compute the time-behavior of the
density matrix and evaluate the dipole blockade and the concurrence in the system.

3.3.1 Dipole Blockade

In presence of the dipole blockade mechanism, the doubly excited state |ee) is out of
resonance and expected to be poorly populated, therefore affecting the balance between
P.. and P? that existed without the interaction. The time evolution of the whole system
is given by the master equation (3.5) and we may express it in function of the terms of the
symmetric density matrix p expressed in the Dicke basis

Pe  Pes Peg 0

| pse ps psg O
t) = . 3.23
p(t) v o py 0 (3.23)

0 0 0 p,
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We can now express the master equation as

e = —2v201Im(pes) — 47, (3.24)
ps = 2\/59 Im(ﬂes - pSg) + 2’7(06 — Ps)7 ( )
py = 2V2QTm(pyy) + 27(pa + ps), (3.26)
Pa = 27(pe — pa); (3.27)
Pes = V20 (pe — ps + peg) — (37 +16) pes, (3.28)
Peg = —i\/§Q (Psg — Pes) — (27 + i(S)pegv ( )
fsg = —iV22(peg + pg — ps) + V(2065 — Psg), (3.30)

and the remaining equation are the complex conjugates of the last three. Posing an initial
state, say |gg) at time ¢ = 0, it is possible to numerically follow the evolution of the state
and compare the quantities P, and P? . When § ~ 0, we expect the system to be just about
separable, in which case P.. ~ P2, When § grows, the state |ee) gets out of resonance
and we expect a diminution of P.. which might not be matched in P,, therefore effectively
seeing the dipole blockade effect.

In Fig. 3.3, We illustrate quantitatively the time evolution of the excitation probabilities
for a system initially in the ground state with three different configurations. As expected,
when the dipole-dipole interaction is not strong enough, as in case (a), it has negligible
effect and the atoms act as independent systems : P., ~ P2

For greater dipole-dipole interaction, in case (b), the doubly excited state is blocked
and its population remains at very small levels, though not zero. More importantly the
double excitation probability P,. is much lower than P? giving a direct signature of the
blockade mechanism.

When the laser intensity is increased, in case (c), we observe that P.. is again very
similar to P2. The population blockade is lifted and the atoms behave once again as if
they were independent without mutual influence. The dipole blockade effect can thus be
circumvented by using strong laser fields. Case (b) exhibits a similar behavior of the system
to the one observed experimentally in Ref. [66].

3.3.2 Concurrence

The experimental results reported in Refs. [65,66] clearly imply the entanglement in
the two-atom system. We can quantify such an entanglement: from the master equation
(3.5) we obtain the complete time-dependent density matrix which then can be used to
compute the concurrence [33].

We show the results in Fig 3.4. The concurrence is maximized when the dipole blockade
mechanism is itself optimized. In case (a), the dipole-dipole interaction is too weak and the
two-atom system behaves as a collection of independent atoms. No significant entanglement
is produced. In case (b), the dipole blockade prevents the doubly excited state to be
significantly populated and the two-atom system shares a collective single excitation. More
population in the entangled |s) state is expected and significant amounts of entanglement
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Figure 3.3: Time evolution of the excitation probability P. (dashed green curve), its

square (dotted red curve) and the probability P.. of having both atoms excited (blue

curve). The numerical parameters are (a) Q/y = 5, 6/y = 5, (b) Q/v =5, §/v = 30

and (c) /vy = 15, 6/ = 30. The dipole blockade effect is well marked in case (b) where
P, < P2
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Figure 3.4: Time evolution of the concurrence C' of the two-atom system. The numerical
parameters are (a) Q/y =5,/v =5, (b) Q/y =05, /v =30 and (¢) /vy =15, §/v = 30.
The most concurrence registered in in case (b), where the blockade is strong.
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are produced. In case (c), the dipole blockade is lifted and more population in the separable
doubly excited state |ee) is expected. The concurrence is again less important than in case

(b)-

3.4 Steady State Behavior

The two-atom state p subjected to the master equation (3.5) always stabilizes after a
finite time around a steady state that we denote p°. The steady state is found by equating
the right-hand term of Eq. (3.5) to zero, or equivalently, Eq. (3.24) to (3.30). We get in
the Dicke basis

404 2v/203 v —2i0%vya 0

s_ 1| 2v20% 202207+ [af?)  V200(20° —iyer) 0
N | 2i0%ya" V2Qa*(2Q% +iva) 4Q* 4+ (29> + 1) |a? 0 ’
0 0 0 40

(3.31)

with a = —(§ + 2iy) and N = 16Q* + (492 + 7?)|a|*>. We may want to write p° as a
mixed state of several pure states as

5= Lo toa 5 00 al+ 2 (labtal+lgg) (g (3.32)
p—N¢11N2¢2TGGQQQQ7 -
with the unnormalized states
[¢1) = 20%[ee) + V2Qa"[s) + iva|gg), (3.33)
o) = 20%]s) + V2Qa%|gg). (3.34)

3.4.1 Dipole Blockade

In the steady state regime, the population of the doubly excited state |ee) decreases
when ¢ increases. This is the usual dipole blockade effect where one excited atom prevents
the excitation of a nearby atom. This effect is counterbalanced by an increase in the laser
intensity and eventually gets lifted with a strong enough laser intensity.

The ratio between the steady state double excitation probability P.. and the square of
the single excitation probability P, reads

P.| 640"+ 16Q%al*+47%|al?
P2l 6404 + 1602 |2+ |t

(3.35)

In absence of the dipole-dipole interaction (6 = 0) this ratio is trivially equal to 1. This
is obviously expected from the absence of correlation in the two-atom system in this case.
When increasing |§| the ratio monotonically decreases. This is a clear signature of the in-
creasing correlation induced by the stronger and stronger dipole-dipole interaction shifting
more and more the doubly excited state.
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Figure 3.5: Plots of P../P? with respect to 2/ for all integer values of d/v from 0 to
10. The crosses indicate for each curve the values of {2/~ above which the steady state is
separable.

We show more quantitatively the behavior of this ratio for different values of §/v with
respect to the field intensity in Fig. 3.5. It is quite clear that for weak intensities of the
field, the dipole blockade regime is dominant as there is less and less population in the |ee)
state as §/v increases.

3.4.2 Concurrence

This dipole blockade model has the great advantage of being analytically solvable. We
can even calculate the exact form of the concurrence of the system. The concurrence C/(p*)
of the steady state reads

V22 (A, — A) — 80!
Sy=M + .
Clp7) = Max {O’ 1694 + (492 + y2)|af [ (8:36)
with

Ar = /804 + 82]af2£6]a]/T607 1 0%/l (3.37)

In absence of dipole-dipole interaction (§ = 0), the steady state is not entangled. No
entanglement is produced in this configuration since the two atoms behave as independent
systems. This highlights the fundamental role of the dipole blockade mechanism for long-
term entanglement production of the two-atom system.

For increasing values of 9, we show in Fig. 3.6 the concurrence of the steady state with
respect to the field intensity. We may try to calculate the largest possible value of the
concurrence as § grows. We have

202
lim C(p°)

Jim C0") = Jop 1 (3:38)



66

Entanglement, Antibunching, and Saturation Effects in Dipole Blockade

0.4; 5y =10
0.3}
A 0ol [
QO I
0.1}
) Sen=1 | Q/y
0 1 2 3 4 5

Figure 3.6: Plots of C'(p®) with respect to Q/v for integer values of /v from 1 to 10. For
each value of the interaction 9, there is a value of {2 which maximizes the entanglement.

which approaches 1/2 if Q > ~. This can be understood easily by noting that § — oo means
lee) is completely out of resonance, hence it is never populated and the resulting system is
an equal mixture (when € > ) of the |s) and |gg) states of respective concurrence 1 and
0. Indeed, we find

207 +° 202
: L e
Jim p* = S5 190l l99)agl, (3.39)
with
)= ——— (\/§QIS> + iv|gg>> , (3.40)
202 + 2

which approaches |s) when  becomes negligible.

Therefore the long-term entanglement in the system may be reasonably high. For finite
values of ¢, the value of 2 may be adjusted so that the amount of entanglement in the
system is optimized. That can be done by numerically finding the maximum value of C'(p*)
in Eq. (3.36) with a given 6. When the intensity of the field increases above the optimized
value and lifts the dipole blockade, the amount of entanglement decreases accordingly. The
steady state is entangled as long as

0 < 40 < §lal. (3.41)

That upper limit on €2 is pointed on each plot of Fig. 3.5.

3.5 Photon-Photon Correlation

The photon-photon correlation signal gives information that is not contained in in-
tensity measurements and is a good probe for the quantum nature of the investigated
processes.
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The first and second correlation functions can be written as [70, 71]

GO(r,t) = ) e®mxur(SH)S, (1)), (3.42)

pr=1
with r the position of the photon detector, r = r/|r| and

2
G(ry, tirg,t +7) = Z ek Xt o) (S () ST (t+ 7)S, (L +7)S, (1), (3.43)

VA k=1
with x,,, = x, — x,,. The G correlation can also be normalized and written as

P(ry,t + 7|ry, 1)
P(I‘Q,t) ’

gD (v, t;ro, t +7) = (3.44)
where P(r,t) is the probability of detecting a photon at position r and time ¢, and P(rq, t+
7|r1, t) the conditional probability of finding a photon at ry and t+7 assuming that a photon
at r; and ¢t has been recorded.

The probabilities can be calculated using the quantum regression theorem from the
dynamical behavior of the density matrix [72] via

P(r,t) = (D (r)D(r)>p(t) : (3.45)
P(ry,t 4+ 7|ry,t) = <DT(rQ)D(r2)>p,(t+T;r17t) , (3.46)
where p(t) is the density operator of the two-atom system at time ¢, p/(t + 7;ry,¢) is the

density operator at time t 4+ 7 assuming a photon has been detected at point r; and time
t, and D(r) is the photon detector operator [73]

D(r) = Sy + ¢S (3.47)

where ¢(r) = kLt - x12. The second order correlation function can be calculated by con-
sidering that a state p just prior to a photon detection at position r; and time ¢ will be
reduced, according to the von Neumann projection postulate, to

/ B D(ry)pD’(ry)
plryt) = (Di(r1)D(r1))’

(3.48)

and will evolve following the master equation (3.5). After a time 7, the second measurement
is made and ¢® can be calculated.

We show in Fig. 3.7 the photon-photon correlation function (3.44) with respect to 7 in
a time t when the system is in the steady state and where the two detectors are located
such that ¢(r) = ¢(r2) = 2nm with n an integer number.

Although this is not yet the case in the first experimental observations of the dipole
blockade manifestations [65,66], we consider here a regime where the spontaneous emission
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Figure 3.7: Second order correlation function ¢® (7). (a: Q/y=5,5/y =5b: Q/y =5,
d/v=230;c: Q/y=15,8/vy = 30).

dominates all dissipative effects in the atomic sample (v & 7). Similar experimental
parameters to those used in Figs. 3.3 and 3.4 have been considered.

For low dipole-dipole interaction (case a), an usual antibunching behavior of the scat-
tered photons is observed [71]. For higher dipole-dipole interaction (case b), the antibunch-
ing of the scattered photons is much more marked as the value of the correlation function
for 7 = 0 is much smaller with a much higher slope with respect to 7. The dipole blockade
enhances the antibunching behavior. For higher laser intensities (case c), ¢ (7 = 0) in-
creases again and the dipole blockade effect is less marked and the period of the oscillations
shortens.

For 7 = 0 and considering the time ¢ = 0 when the system is in the steady state, we
get

41601 + (422 + ?)]af?) cos* (61 — 62)/2)
(8022 + |v|2(1 + cos ¢1)) (802 + |a|>(1 + cos ¢g))’
with ¢; = ¢(r;) (i = 1,2). Some particular detector positions are worth investigating.

When ¢ = ¢» (2n + 1)7 with n an integer, the photon-photon correlation function
reads

g (r1,0;12,0) = (3.49)

(49% ++*)]af?
160

which exhibits a simple quadratic dependence to the dipole blockade parameter 9.

9P (r1,0;15,0) = 1 + (3.50)
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The most interesting regime is reached when ¢ = ¢ = (2n 4 1)7/2. In this case,
Pee
g(Z)(I'l? 0? rs, O) = P2 5 (351)

and the photon-photon correlation function identifies to the ratio (3.35) between the steady
state double excitation probability and the square of the single excitation probability. This
ratio is a direct measure of the dipole blockade effect. The more it diverges from 1, the
more intense the dipole-dipole interactions are. For those particular detector positions, the
coincident photon-photon correlation signal monitors quantitatively the dipole blockade
in the two-atom sample. This monitoring works continuously as long as the system is
permanently driven in its steady state and scatters the laser light.

As a conclusion, we have provided a model able to analyze quantitatively the dipole
blockade effect on the dynamical evolution of a two two-level atom system. We have
shown that the dipole blockade is an efficient mechanism for production of significant
long-term entanglement in the steady state of the system when it is continuously driven
by a resonant laser field. This long-term entanglement non-existent in absence of dipole
blockade is tunable with the laser intensity. We have proven that the effect of the dipole
blockade can be lifted in strong driving conditions.

Finally we have shown that for particular detector positions, the photon-photon corre-
lation function could continuously monitor the dipole-dipole interaction between the two
atoms in a regime where the spontaneous emission would dominate all dissipative effects in
the atomic sample. That would provide an efficient tool in the analysis of the occurrence
of the dipole blockade.

The results from this chapter were published in Phys. Rev. A 81, 013837 (2010).






Chapter 4

Dipole Blockade and Entanglement
in Three-Atom Systems
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Randall Munroe, A Bunch of Rocks (part 5 of 9), xkcd.com/505/

In the previous chapter, we introduced a model used to yield quantitative results to
the question of dipole blockade for a system composed of two two-level atoms. This dipole
blockade effect is seen in systems in which the excitation of an atom prevents any fur-
ther excitation in neighboring atoms by shifting their resonance, resulting in potential
entanglement production and manipulation [57].

Multipartite Rydberg interaction has been studied in the literature for a few atoms [67,
74] or ultracold gazes [60-63]. In some conditions, the gazes showed sign of antiblockade [75,
76]. The possibility of creating multipartite entanglement [77] or its transport through
chains of Rydberg atoms [78] was also studied recently.

Our goal in this chapter is to expand our bipartite model to a multipartite system
three two-level atoms interacting with each other with the very same interaction potential
and studying the system blockade and its entanglement with analytical values whenever
possible. Our theoretical model in given in Sec. 4.1 in the regular, atomic basis as well as
in a mixed symmetry basis and we define the measure of the different excited states we
consider to investigate the blockade in such a system.

In Sec. 4.2, we briefly investigate the non-interactive case, where all atoms are indepen-
dent. In Sec. 4.3 we consider a system of two atoms interacting and of a third, independent
atoms. We measure the blockades and note that there is no difference with the two-atom
case studied in the previous chapter. In Sec. 4.4, we introduce the first genuine three-atom
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model in which all atoms interact with each other with the same amplitude. We give the
analytical form of the steady state of such a system, as well as the limit case for an infinite
interaction and we note that the production of entanglement through the presence of a
W-type state is possible. We also investigate the three-atom and two-atom blockades. In
Sec. 4.5, we introduce the second three-atom interaction setup, the case of aligned atoms
interacting only with their neighbor. The solution of the steady state problem is given in
appendix B and we measure the three-atom blockade as well as the two-atom blockades
which behaves very differently depending on the pair of atoms investigated.

In Sec. 4.6, the two-atom concurrences of all the different setups are measured by tracing
out one of the three atoms. We generally note that the entanglement between two atoms
decreases in amplitude as a third atom is set to interact with them. In Sec. 4.7, we use our
criterion of the tripartite concurrences defined in chapter 3 to investigate the entanglement
in the present system. We find that bipartite entanglement is detected as well and we
propose a few interpretation of other non-zero tripartite concurrences. Finally, we discuss
the results and conclude in Sec. 4.8.

4.1 Theoretical Model

We consider three identical atoms at fixed positions x; with internal levels |e;), with
1 =1,2,3. They are all driven by the same resonant external laser field with wave vector
k; and Rabi frequency 2€2. When two atoms i, j are in their excited states, they interact
through a van der Waals interaction dependent on the interatomic distance r;;. Just as in
the two-atom problem, the interaction is modelized by the Hamiltonian term 0;;|e;e;) (e;e;].

In the rotating-wave approximation, the coherent evolution of the system is described
by the interaction Hamiltonian

3
H = ) mQ(e*o8) e g

j=1

+h512‘€1€2> <€1€2 ‘ +h(513|6163> <€1€3 ‘ +h(523 ’€2€3> <€2€3 ’, (4 1)
where S = (S7)1 (i = 1,2,3) is the atomic raising operator |e;)(g;|. For simplicity, we
will consider the wave vector k;, to be perpendicular to the plane (or the line) formed by
the three atoms and the reference frame is properly chosen such that kj, - x; = k- x5 =
kL X3 = 0.

Depending on the position of the atoms, the terms d;; are allowed to take any value. If
all atoms are away from each others, the interaction between them vanishes and we have
012 = 013 = 023 = 0 in which case the system can be described by the density matrix
ps ® ps @ ps where p, represents the state of one independent atom driven by a laser. If the
third atom is far away from the two first ones, which is modelized by d13 = d93 = 0, the
system can be described with the density matrix p; ® ps where p; represents a system with
two atoms interacting through the d15 term, which is a system described in the previous
chapter.
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Let us describe the system in the mixed symmetry basis

l9) = lggg), (4.2)
W) =

1

v

(Wa) = %

le) = |eee
) = %<|egg>+|geg>—2|gge>> (4.6)

1

7

1

\/_

1

V2

[¥2) = (2leeg) — lege) — |gee)), (4.7)

¢1) = (legg) — lgeg)), (4.8)

92) = —=(lege) — |gee)). (4.9)
The first four elements of that basis are completely symmetric under the exchange of any
pair of atoms, |¢1) and |15) are symmetric under the exchange of the first two atoms only,
|¢1) and |po) are antisymmetric under the exchange of the first two atoms and the third
subsystem can be factored out; all other exchanges bear no particular symmetry.

In that basis, the Hamiltonian is written

h5123 hd123 + 3012 héis + 023

H = h5123‘€> <€|+

———[¢2)(¢2]
(023 — 613) R(613 — 523) R(3612 — 5123)
N (—2 = Al ot 0~ 0 ) gl e,

+ (VBROIe)Wal+{W2) g]) + 2RQWa) (W[ +RO[4) (r] +8a){n]) + e, ), (4.10)

|[Wa)(Wal+ [2) (P2|+

[Wa) (1o + [Wa)(d2|+

with 0193 = 012 + 013 + do3. Let us discuss the energy levels and Hamiltonian terms,
which are all represented in Fig. 4.2 for a better understanding of all the processes in the
system. We first focus our attention on the states that are being blockaded, which are
the states |¢) with a hd|®) (4| type term in the Hamiltonian. The maximally excited state
le) is strongly blockaded with an interaction strength equal to the sum of all three pair-
interaction strengths ¢;;. The symmetrical, twice excited state |I¥3) is also being blockaded
with an interaction strength equal to the mean value of all three pair-interaction strengths
d;;. We also find that the two non-symmetrical, twice excited states |¢2) and |¢po) are
being blockaded with a different interaction strengths. The singly excited (and entangled)
state |[IW;) and the ground state |g) are not blockaded at all, a property that could be used
to produce entanglement, just like entanglement was produced from mixing the separable
lgg) and the entangled state |s) in the two-atom problem.

The interaction terms also have the effect of coupling all the twice excited states to-
gether, as the second line in H shows. For some particular geometrical symmetries of
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Figure 4.2: Representation and energy levels of the three-atom system in a general

configuration. The dashed lines show the position the levels would have if there was no

dipole-dipole interaction, instead here they are shifted with different amplitudes. The

straight, red arrows indicates pairs of states that are coupled through the tuned laser.

Note that the laser only couples states with the same kind of symmetry. The bent, blue

arrows indicates the states coupled through the dipole interaction. All terms from the
Hamiltonian (4.10) are represented.
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the system, the coupling terms may vanish. For example, when all atoms are equidistant
from each other we have d;3 = do3 = 012 and the all coupling terms disappear, leaving a
completely symmetrical system. When the first two atoms are at the same distance from
the third one we have 013 = do3 and the |¢y) state is decoupled from the rest of the system,
leaving a system symmetrical under the permutation of the first two atoms.

Let us now discuss the laser field coupling the different states. We note that the
states with different symmetries are decoupled: the laser allows the successive transitions
lg) <> |[W1) < |W3) <> |e) but there is no transition to the unsymmetrical states, however
the laser also couples the mixed symmetry states together, with the allowed transitions
|th1) < [¥2) and |p1) <> [2).

We see that the choice of the mixed symmetry basis is very well adapted to a com-
pletely symmetrical system, however it may complicate some interpretations for a lesser
symmetry. In the case of permutational symmetry of only the first two atoms, it becomes
more convenient to replace the basis vectors |W5) and |¢9) by the vectors |eeg) and

) = % (lege) + |gee)) . (4.11)

When considering dissipation in the Markov and Born approximation [69], the time
evolution of the system is governed by the master equation

3
p=—ilH,pl =7 (SFS p+pSHS; — 257 pSH), (4.12)
i=1
where 2y = 27, + 27, is the total dissipation rate including the single atom spontaneous
emission rates 27v, and the non-radiative dissipative effects rate 2,4 in the experimental
sample. Those dissipation processes insure that even the states completely decoupled from
from the others by the Hamiltonian will be populated.
Just as in the two-atom problem, the intensity of the blockades will be studied on steady
states with ratios of probabilities to find some excited states. In general, for a three-atom
state p, we define the probabilities F., to find the i-th atom in an excited states as

P., = (ei|Trjr(p)les), (4.13)

with Tr;(p) the trace of p over the j-th and k-th subsystems (with ¢, 7,k all different),
leaving a single-atom density matrix. The probabilities I, to find the i-th and j-th atoms
simultaneously excited is

Peiej = <ei€j’Trk(p)‘ei€j>> (4'14)
with Trg(p) the trace of p over the k-th subsystem, leaving a two-atom density matrix.
Finally, the probability P, of finding all three atoms excited is simply

P. = (elple). (4.15)
In this chapter, we will consider two different kinds of blockades, the three-atom blockade

I

e 4.16
P.,P.,P,’ (4.16)
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Figure 4.3: Representation and energy levels of the three-atom system when completely

independent. There is no shift nor interaction between the atoms. The straight, red arrows

indicates pairs of states that are coupled through the tuned laser. The states that are not
completely symmetrical are decoupled from the symmetrical states by the laser.

and two-atom blockades P
€i€;

PP,

(4.17)

which traces out the k-th subsystem and measure the blockade in the remaining two atoms.
In general, there is three different two-atom blockades, there may be less when considering
different symmetries.

In the following, we will study the behavior of the system in its steady state in different
geometrical configurations. We start by the cases of no-interaction and two-atom interac-
tion only and we continue with two genuine three-atom interaction configurations, the case
of three equidistant atoms and of three aligned atoms. For each case, complete analytical
solutions for the steady states were found.

4.2 Non-interactive Case

We first consider the case of three non-interacting atoms, obtained by posing d15 =
013 = 023 = 0. With that condition, the steady state equations may simply be solved by
considering the one-atom problem. Following the same process as in section 3.2, we find
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the form of the steady state with no interaction term p5 to be
o = pS @ pd @l (4.18)
with the single-atom steady state
1 0?2 —iyQ
s _ - Y
Ps = 4QQ+,}/2 ( Z',YQ ’72 +QQ ) ) (4'19)

in the {|e), |g)} basis.

Once again, since there is no interaction, there can be no blockade process nor any
entanglement in the system. We find that the probabilities to find the first, second and
third atom in their excited state are

QZ
= 4.20
J 292 + ,-)/2 ( )
for j = (1,2,3). The probability to find two atoms excited is merely
P.. =P.P,, (4.21)

for any ¢ # j in (1,2, 3). Finally, the probability to find the three atoms completely excited
is
P, =P, P,P.,. (4.22)

It is apparent that there can be no blockade in the system, neither from considering a
pair of atoms nor considering all three. Of course, there can be no entanglement in the
system either since the atoms are independent.

When pj is written in a matrix form expressed in the mixed symmetry basis, it can
be seen that the 8 x 8 matrix p5 is composed of three diagonal blocks, one of size 4 x 4
corresponding to the four completely symmetric states of the basis and of two identical
2 x 2 blocks respectively corresponding to the |¢;) and |¢;) states. That particular form
is actually dictated from the symmetry constraints in the system and is observed for every
completely symmetric mixed state. For a lesser symmetry relative to the permutation of the
first two particles, the density matrix is then composed of a 6 x6 block matrix corresponding
to the symmetric states of the basis with the [¢);) and a 2 x 2 block corresponding to the

|95)-

4.3 Two-Atom Interaction

Let us now consider a system of two interacting atoms and the addition of a third,
non-interacting atom, which is obtained in the model by posing 45 = 0 and d;3 = do3 = 0.
Since the third atom is independent, the steady state p7, 5 of the system is easily found
to be

Pingz = PtS ® Pfa (4.23)
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Figure 4.4: Representation and energy levels of the three-atom system when only two are

interacting. Only the two energy states involving the excitation of the interacting atoms

are shifted by 6. The straight, red arrows indicates pairs of states that are coupled through
the tuned laser, their higher number being due to the lesser symmetry of the system.
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with pS the single-atom steady state (4.19) and p; the two-atom steady state already
studied and defined in Eq. (3.31).

We represented the energy levels of the system in Fig. 4.4. In that figure, we chose to
represent the system in the modified mixed basis in order to eliminate any coupling existing
between states of the same level and at the same time single out the |eeg) state, which is
the only twice excited state being blockaded. The action of the laser is more complicated
to describe in that basis, but allows an easier interpretation of the behavior of the system.

For that situation, considering results from previous chapter 3, we calculate the prob-
abilities of single excitations

Q2 (8% + |au|?)

Pe = Pe s 4.24
' : 16922 + (492 + v2)|ay|? (4.24)
QZ

P = , 4.25
3 292 +72 ( )
with |ay|*= 6% + 4v2. The probabilities for two excitations are
Q4

Pere; = , 4.26
' 1692 + (402 + 72) | |? (4.26)
P€163 - P61P63a (427)
P.,, = P.,P., (4.28)

and finally the probability to find the system completely excited is
PB - P6162 €es- (429)

We see from those values that the |ejes) state is blockaded as we already know, but the
states |ejes) and |eges) are not at all, since we have

P61e3
— =1 4.30
‘F)e1 _F)e3 Y ( )

and similarly for P,,.,.
The completely excited state |e) is indeed blockaded, the amplitude of the blockade is
the same as the one between the first two atoms since we have

Pe o P61€2
P61P€2P€3 B P€1PG27

(4.31)

and we conclude that, as we could expect, there is no change at all in the behavior of the
system derived from the addition of a third, non-interacting atom. We show in Fig. 4.5
the behavior of both the two and three-atom blockade for different interaction values in
function of €2/~. All conclusion that were drawn in the previous chapter also fully apply
to this case.
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Figure 4.5: Plots of P,/P,, P,,P., and P,,.,/P., P., applied to the py, , state for increasing
values of 0/7 from 0 to 10 in function of /. The system is not modified by the adjunction
of a third, non-interacting atom.

4.4 Equidistant Atoms

The first genuine three-atom interaction we consider is the case of all atoms being
equidistant from each other, which is achieved when they form an equilateral triangle. In
that case, we have d15 = 013 = d23 = 0. The energy levels of that system are represented
in Fig. 4.6 in the mixed symmetry basis. Thanks to the complete symmetry of equidistant
atoms, the representation is very clean and easy to interpret. The first excited state is
|IW1) and is not shifted in any way, unlike |Ws) and |e) which are being blockaded. The
other two pairs of states |¢;) and |¢;) are only populated through the dissipation processes
and never by the laser directly, and each of their twice excited state is blockaded as well.

Since that system is completely symmetrical, we may use the mixed symmetry basis to
express the analytical form of the steady state pJ, where e stands for equilateral. We find

Pl = J%/[|s01><<,01|+92\902>(@2\+494(\903><s03\+!w4><s04!+|s05><<,05|)

+4Q5(|11) (1 [+|p1) (D1|+19) (9] » (4.32)
with a = v + 46,

N = 3200 + 48Q0%a*+ (7% + 69%) |a*(37* + |af?) (4.33)

and with the unnormalized states
o) = 2Q%e) + 2iV3Qa|Ws) — ala +7)(V3QIWL) +iv]g)) (4.34)
) = 202|W,) + 4iQa|Wh) — V3ala +7)|g) (4.35)
Y = QW) +iv3alg) (4.36)
lpa) = Qo) +ialyr) (4.37)
) = Qlga) +ialg). (4.38)
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Figure 4.6: Representation and energy levels of the three-atom system when equidistant

from each other. The energy levels of the states involving two excited atoms are shifted by ¢

and the one involving all three exited atoms by 30. The straight, red arrows indicates pairs

of states that are coupled through the tuned laser. The system is completely symmetric

under the exchange of any pair of atoms. All coupling between the states involving two
excited atoms are gone.
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Let us consider the steady state in the limit case where the interaction term becomes
much larger than the Rabi frequency and the dissipation term. In those conditions, it
becomes impossible to populate the states |IW3) and |e) and the only two states remaining
in tune with the laser are the ground state |g) and the completely symmetric state |W;).
Indeed, taking the limit, we see that

Jim pe = Gop gz 1910 Ge s 1929l (4.39)
with 1
¢) = NEETE <\/§Q|Wl> + W|9>> ; (4.40)

which approaches |W;) when ~ is negligible. Therefore we see that in the limit § > Q,~,
the steady state is an equal mixture between the ground state and |W;), therefore we
conclude that a reasonable amount of entanglement can be obtained in that system, which
will be studied later in this chapter.

For that equidistant atoms, the probability of observing an excited atom reads

2

0
P, = G (169" + 1692%|a*+ (37> + |af*)|e]?) | (4.41)

for j = (1,2,3) . The probability to find two atoms excited is

404
P, = N (2% + |of?) (4.42)
for any i # 7 in (1,2, 3). Finally, the probability to find the three atoms completely excited

1S
40°
P =—. 4.43
- (1.4

From those analytical expressions, we can probe the strength of the dipole blockade in
the system by computing the values of P,/ Pe?’1 to see how much the totally excited state
le) is blocked, or the values of P..,/P2 for the two-atom blockade of any pair of atoms.
In Fig. 4.7 and 4.8, we plotted the quantities in function of /v for different values of 4 /7.
We can see that the three-atom blockade acting on the |e) state is quite strong even for
low values of §/v, which might be expected since |e) is set off resonance by a quantity
of 0123 = 36, as shown in the Hamiltonian (4.10), which means even a weak interaction
between the atoms may still provide a sizable population of the entangled states |I¥7) and
|W3).

The blockade acting on any pair of atoms with the third is traced out remains largely
similar to a system of two isolated interacting atoms, which indicates that the addition of
a third equidistant atom in the system does not help the two-atom blockade phenomenon.
The study of our three-qubit concurrences of the system is done later in the text and will
confirm that there is no gain in bipartite entanglement from the addition of a third atom.
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Figure 4.7: Plots of P,.,/P., P., applied to the p? state for the completely symmetric
case for increasing values of ¢/ from 0 to 10 in function of Q/~.
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Figure 4.8: Plots of P,/P., P., P., applied to the p state for increasing values of § /7 from
0 to 10 in function of Q/~.
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Figure 4.9: Representation and energy levels of the three atoms when aligned. The

extremity atoms, numbered first and second, are assumed not to interact. The |eeg) energy

level is untouched while the others involving any other pair of excited atoms are shifted by

0 and and the one involving all three exited atoms by 2. The straight, red arrows indicates

pairs of states that are coupled through the tuned laser, their higher number being due to
the lesser symmetry of the system.
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4.5 Aligned Atoms

The last case of genuine three-atom interaction we consider is the alignment of the
three atoms at equal distance. We label the atom in the middle as the third one, so that
we can consider permutational symmetry of the first two subsystems. We modelize the
fact that the first two atoms are at an equal distance from the third with d13 = do3 = 9.
We also consider that the interaction between the atoms at the extremities is inexistent,
i. e. 010 = 0. This approximation is justified if we consider that the interaction potential
is of the van der Waals type, which usually goes as 1/r® [74], meaning that for equidistant
atoms, 015 is 64 times smaller than ¢ and we choose to neglect it for the sake of finding an
analytical value for the steady state. The energy levels of the system are represented in
Fig. 4.9 in the modified mixed symmetry basis, where |eeg) and |¢)) replaced |W3) and
).

Since the system is still symmetrical under the exchange of the first two atoms, the
form of the density matrix of the steady state p?, where a stands for aligned, expressed
in the mixed symmetry basis is composed of a 6 x 6 and a 2 x 2 diagonal blocks. The
analytical expression of po was found but because of the complexity of the full expression,

involving ratios between two polynoms of the 3ond degree in €2, 0 and v, we do not present
it here but rather in Appendix B.

When considering the limit for a large interaction §, the three states |e),|¢™) and
|p2) become completely unpopulated, but the excited state |eeg) is unblocked and still
populated since d;5 = 0. The steady state therefore does not take a simple form as it did
in 4.39 and we do not show it here.

To investigate the blockade properties, thanks to the symmetry we are able to find the
following simplifications

P, =P, #P,, (4.44)

as well as
Pe1€2 7é Pe163 = P6263' (4.45)

Those relations shows that there are two quantities of interest when investigating the
two-atom dipole blockade, the ratio P,,.,/ P, Pe, for the first and third atoms, the blockade
for the second and third atoms being identical, and the ratio P,,/P., P., for the non-
interacting first and second atoms. The three-atom blockade P, should also be investigated
but no a priori knowledge about it can be found.

In Fig. 4.10, we show the three-atom blockade. The system behaves in a similar fashion
than the case of three interacting atoms represented in Fig. 4.8, however the strength of
the blockade is smaller for similar § and €2, coming from the fact that the |e) state in only
in this case shifted from its usual energy level by §193 = 2.

In Fig. 4.11, we show the blockade when considering only two neighboring atoms. This
time for equal 0 at small €2, the values of the blockade are very close to the other two
considered cases shown in Fig. 4.5 and Fig. 4.7, however it seems that compared to the
other cases the blockade remains stronger as laser power increases.



86 Dipole Blockade and Entanglement in Three-Atom Systems

10 =0
08
£06
S 04
04 S SN
0.2 Q@Q@.
Ofy=10 Q/y
0 1 > 3 4 s

Figure 4.10: Plots of P./P, P,,P,, applied to the p° state for increasing values of 4/
from 0 to 10 in function of 2/.
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Figure 4.11: Plots of P.,.,/P., P., applied to the p state for increasing values of J/y
from 0 to 10 in function of £2/~.
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Figure 4.12: Plots of P,,.,/P,, P., applied to the p state for increasing values of § /~ from
0 to 10 in function of €2/~. Instead of being blockaded, the |eeg) state is being enhanced.

Finally, in 4.12, we show the two-atom blockade P.,.,/P., P., and we observe that in-
stead of a blockade behavior, we observe that the |eeg) state is actually enhanced, i. e. find-
ing the first two atoms simultaneously excited is more probable than to finding them in-
dependently excited. This non-classical behavior can be understood by noting that |eeg)
is still on resonance with the laser, unlike |ege) and |gee) which are being shifted out by a
quantity d, however the laser still populates the three singly excited states |e;) normally,
including |e3), which means that |e3) “steals” the population that |e;) and |es) would need
to equalize P. ., and P,, P,,. For larger values of €2, we find that the system becomes very
slightly blockaded again but only to asymptotically reach a non-blockade status.

4.6 Two-Atom Concurrence

In this section, we study the entanglement existing between two atoms only, by tracing
out the third atom from the system and plotting the values of the concurrence of the
remaining atoms.

The first case that was considered in this chapter was the non-interactive case, which
obviously may contain no entanglement since the density matrix pj is written as a separable
state, for either the traced out or the complete system.

The next case is the two-atom interaction density matrix py, 5, which does contain
entanglement. If the third atom is traced out, then we find a system identical to the one
previously studied and we have a concurrence of

(4.46)

V202(\, — \_) — 8Q4
C(Trapty_s) = C(py) = Max {0 & ) 5

T16Q4 4 (492 4 42)|ay|?

with ay = —(0 4 2i7) and

Ai = /808 + 2] 2] /T + 02 2. (4.47)
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Figure 4.13: Plots of the bipartite concurrence of Trzpf, ,.

In Fig. 4.13, we see the plot of the concurrence. Like in the bipartite case, there is
entanglement as long as 0 < 40? < 6|ay| and the biggest possible entanglement value
happens when § > Q > « and is 1/2. The concurrence of py, 5 when the first or the
second atom is traced out of the system is zero, as the third atom shares no interaction
with the rest of the system and the process of tracing it out does not create one.

Let us now consider the case of the three equidistant atoms described by the matrix
p2. The trace can be chosen to act on any three atoms. We first examine the limit where
the interaction is much greater than the laser power or the dissipation in the system. We

find

202 + 2 402
. S\
61LI& TI'3 (pe) = m ’¢> <¢‘+6Q2—+’}/2 ’9192><9192’7 (448)
with |
= _ - + i
9) = s (V2D + 1longe)) (4.49)
and .
1) = 2 (lergz) + [gre2)) - (4.50)

In the limit 7 < €2, we see that the system becomes a mixture of the entangled state
|[v015) with a 1/3 proportion and of the ground state |g;go) with a 2/3 proportion. Therefore,
the maximum value the concurrence can take is 1/3. We see that adding a third interacting
atoms to a bipartite system actually decreases the amount of bipartite entanglement in the
system. In Fig. 4.14, we plotted the bipartite concurrence of pJ and we see that even
though the behavior of the concurrence is similar, its amplitude is generally smaller than
in the bipartite case.

Finally, we consider the case of the aligned atom described by the matrix p°. There
are two ways to obtain a bipartite system by tracing one out, either by tracing out an
extremity atom or the middle one. It turns out that when the third atom is traced out,
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Figure 4.14: Plots of the bipartite concurrence of Trp?.
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Figure 4.15: Plots of the bipartite concurrence of Trop?.

the concurrence of the system is always zero, even though we observed an enhancement of
the state |eeg). We see that even though both the first and second atoms are entangled
with the third one, they remain unentangled with each other.

In Fig. 4.15, we show the concurrence of p° when the second atom is traced out. The
behavior of the concurrence is still similar to the other observed cases, but the amount of
entanglement is yet smaller. We see that even though the strength of interaction between
to atoms is unchanged when a third atoms is set to interact with either one or both of
them, the amount of entanglement is significantly decreased, as if the entanglement has to
be “shared” among all the subsystems.
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4.7 Three-Atom Concurrences

This last section studies the tripartite entanglement of the system in different config-
urations. Since there is no well-established measure of entanglement for tripartite mixed
states, we will put our tripartite concurrences introduced in chapter 2 to the test. Let us
briefly replace our criterion in its context. We defined nine basis concurrences' or three in
the particular case of symmetric states, which can each take values from 0 to 1. Separable
states will always have a zero concurrence and if any non-zero concurrence is found, the
state is entangled. A state with a concurrence 1 will be said maximally entangled with re-
spect to the particular concurrence measured. However a zero concurrence does not mean
that the state is entangled.

The concurrence relative to the matrix S,, with a = 1,---,9 is given by
8
Ca(p) = Max[0, A7 — > "\, (4.51)
k=2

with the )\f" the ordered square roots of the 8 eigenvalues of pS,p*S,. The list of matrices
S, 1s given in Sec. 2.2.2. We gave in Sec. 2.3.2 the example of a pure state with its two
first atoms maximally entangled and a separable third atom given by

1

V2

with |a|>+|3]?= 1. We showed that all concurrences were found to be zero except for
Cs = |a|*, Cs = |B]* and Cy = 2|a3|. Depending on the values o and /3 those concurrences
might be zero, but we find that in this particular case C? + C2 + C2/2 = 1 and all in all
we conclude that C5, Cs and Cy detect entanglement in the first two subsystems. With the
same reasoning, we see that C7,Cy and C7 detect entanglement in the second and third
subsystems and Cj3, Cy and Cg detect entanglement in the first and third subsystems.

Talking about symmetric states only, we see that the concurrence C7 detects entangle-
ment of GHZ-type states, like the states ale) + f|g) or a|Wi) + |Ws), while C5 and Cj
detect entanglement of W-type states like respectively |Ws) and |W;) (we identified the
computational states |0) and |1) of chapter 2 with the respective states |e) and |g)).

Let us now consider the measurement of the concurrences in our physical system of
three atoms, starting with the symmetrical setup of the equidistant atoms in the steady
state po. With this setup, the presence of tripartite entanglement is strongly expected. To
measure it, we use concurrence associated with the three matrices (2.95) to (2.97). If we
first consider the expression of the steady state in the 6 — oo limit defined in Eq. (4.39),
we find that the only non-zero concurrence is

|¥) (100) +[11)) & (al0) + B|1)), (4.52)

202

"t 4.53
602 + 2’ (4.53)

C3(lim p7) =

'More than nine if linear combinations are considered, which is not the case in this chapter.
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Figure 4.16: Plots of non-zero tripartite concurrences of p?, corresponding to the sym-

metric 57,55 and S7. Please note that the scales of the plots are different. The highest

value of concurrence is C§ which is the concurrence in which the |WW;) state participates
in.

which tends to 1/3 when Q > ~. This result could have been expected since we showed
in Eq. (4.39) that the mixed state was an equal mixture of |IW;) of concurrence C§ = 1/3
and |g) of concurrence zero.

In Fig. 4.16 we plotted the value of the three symmetrical concurrences C? of the
system for different values of the interaction in function of the laser power. Notice that
we adjusted the scales of each plot to capture the zone of interest. Not surprisingly, the
highest values of concurrence are found in C%, which is due to the presence of |W;). The
state |Ws) is typically detected by the concurrence C§ but because of the blockade, its
population is quite low and the concurrence negligible. The presence of C} is due to the
mixture between |IW;) and |Ws), which produces an intermediate amount of entanglement.

We note on the first two plots that the behavior of the curves is a bit different from
the third one and in general all other bipartite concurrence we ran into. For small, fixed
values of /v, the concurrence weakens when the interaction parameter grows. This can
be explained by the fact than when the interaction grows, one source of entanglement
which is [W3) is being depleted as the state becomes more and more blockaded for a fixed
laser power. Wee see that once again, the amount of entanglement is laser tunable since
there is an optimal value of the laser power which maximizes the entanglement for a given
interaction strength.

Let us now inquire the case of the two-atom interaction in the steady state py, 5. We
insisted on the fact that for a bipartite entangled state with a third, separable subsystem,
the only non-zero concurrences in the basic first 9 concurrences could be C5, Cg and Cy. The
very same behavior is numerically observed for p7, 5, which can be verified in Fig. 4.17.
The concurrences Cs and Cjy detect the entanglement of the entangled bipartite system
associated with respectively |es) and |g3), which explains the difference in amplitude since
a single atom in a steady state will always have more population in its ground state due to
the dissipation effects. The concurrences Cy detects the entanglement with an amplitude
linked to both |e3) and |g3) populations.

The last setup we investigate is the aligned atoms with the steady state p5. We already
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Figure 4.17: Plots of non-zero tripartite concurrences of p7, 5, corresponding to Ss, Se

and S¢ with different scales. Those concurrences are typically used to find entanglement

between the first two subsystems. All other concurrences not using a combination of Ss, Sg
and S9 were found to be null, as expected since the system is biseparable.
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Figure 4.18: Plots of tripartite concurrences of p?, corresponding to different values of
a with different scales. Due to the symmetry, some concurrences have the same values for
different o, we showed them in one plot.
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know that the first two atoms are not entangled, which is the direct opposite situation
to the two-atom interaction, where all the entanglement was shared between the first two
atoms. We plotted the values of the non-zero concurrence in Fig. 4.18. We see that Cy is
always zero and C5 has negligible values, which is compatible with the idea that the first
two atoms are not entangled. We also see that we have C| = C3, Cy = Cy and C; = Cg
which is due to the permutational symmetry of the first two atoms. Those concurrences
are associated with bipartite entanglement of the third atom with the other two, which is
definitely being detected. The values of C; and C3 are smaller since they are associated
with the populations of two exited states, including |es), which is being doubly blockaded.
We also note the behavior of decrease of the concurrences as the interaction grows for a
small fixed laser power, which is due to the fact that the source of the entanglement, the
population of |es) is being blockaded. This behavior is not seen in Cy and Cy since those
concurrences are associated with singly-excited states.

The concurrences C7 to Cy not only detect bipartite entanglement but are also asso-
ciated with genuine tripartite entanglement, such as the one that found in the GHZ-type
state (Jeeg) 4 |gge))/+/2 which should be populated since the |eeg) state is not shifted out
of resonance. The difference of amplitude between C7 g and Cy is due to the absence of the
bipartite entanglement detected by C.

4.8 Summary and Discussion

In this chapter, we generalized the model used to describe dipole blockade in two two-
level atoms to three atoms, considering the interaction as a Van der Waals-type potential.
We considered different configurations chosen to give us a larger understanding of the
phenomena of blockade and entanglement.

We saw that the addition of a third, non-interactive atoms had no effect on the blockade
levels or on the bipartite entanglement of the system, no tripartite entanglement was
created either. Adding a third interacting atom did not significantly change the behavior
or amplitude of the two-atom blockade of two directly interacting atoms. However, we
saw that in the case of the two non-interacting atoms in the case of the aligned atoms,
the system was not blockaded, but instead was boosted. However, this behavior was not
associated with entanglement, even though both atoms were entangled to the same atom.

The three-atom blockade was significantly modified by the addition of a third interacting
atom and showed persistence to the increase of the laser power, probably due to the
maximally excited state being shifted by the sum of all pair-interactions.

The effect of a third interacting atom on the bipartite concurrence was a decrease in
its amplitude, though compensated by the apparition of tripartite concurrence. Bipartite
entanglement is best produced with only two atoms in this kind of interaction model.
The signs of tripartite entanglement were very clear in the case of the equidistant atoms,
with the concurrence due to |W;) rising in amplitude with the interaction, unlike the
concurrence due to |Ws) which tends to decrease as the state is being blockaded. For
the aligned atoms, the interpretation is a bit more difficult, as there seems to be genuine
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tripartite entanglement even though there is none between the first two atoms.

A clearer view of the system might be obtained by generalizing the model to a chain of
N atoms. For a great number number of atoms, a linear chain would only marginally differ
to a closed one and under the simplification of complete permutational symmetry, more
could be understood of the relations between atoms not in direct contact. Our criterion
for multipartite concurrences could easily be used in such a context.



Chapter 5

EIT, Dipole Blockade and
Dipole-Dipole Interaction

BUT T HAVE INFINITE CIDED TO SIMULATE A UNIVERSE-
TIME AND SPACE. S0 I DECIDE - ON _

Randall Munroe, A Bunch of Rocks (part 6 of 9), xkcd. com/505/

The electromagnetically induced transparency (EIT) is a non-linear process which ren-
ders a medium transparent to an electric field over a specific range of frequency. A three-
level atom is being excited by two lasers, each tuned to a particular transition. There are
three different schemes for the configuration of the energy levels and allowed transitions in
the atom [79], the V' scheme [80], the A scheme [81,82] and the ladder, or = scheme [83].
Here, we will consider the latter. A strong laser, the pump, is tuned near resonance of two
of the levels, while a weaker laser, the probe, measures the absorption spectrum of another
transition. If its frequency and strength are chosen carefully, the pump laser may create a
spectral window of transparency which will be detected by the probe [84,85]. Associated
with the transparency is a radical change of the refractive index of the medium, which is
one of the mechanisms used to produce slow light, along with the possibilities of numerous
applications in non-linear optics [86]. An experiment found in [87] managed to slow a pulse
of light down to 17 m/s. Recently, EIT was even observed on a single atom [88].

In [89] the authors use the EIT effect to detect the presence of a Rydberg state. As we
know, two Rydberg states interact though long-range van de Waals potential [60] and in
this chapter, we try to answer the question of whether this very interaction might have an
influence on the EIT itself. Pushing the question further, we wondered what the effects of
another type of interaction might have on EIT and we investigate the case of dipole-dipole
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interaction [69).

The structure of this chapter is as follows. In Sec. 5.1 we introduce in detail the EIT
in the ladder configuration. We give the Hamiltonian of the system as well as the master
equation of the system which we use to compute the steady state of the system and we
show the analytical form of the density matrix term responsible for the EIT in the lowest
order of the probe strength. The full steady state is shown in appendix C. We graphically
show the effect of the EIT with two plots, one in the EIT regime and one not. Finally
we treat the probe laser as a perturbation and compute the eigenstates and eigenvalues of
the unperturbed Hamiltonian, which allows us to better understand the structure of the
system and to interpret the EIT effect.

In Sec. 5.2, we consider two three-level atoms with the top energy state blockaded by
a van de Waals-type interaction. We first introduce our Hamiltonian and master equation
which modelize the lasers, the atoms interacting with the same interaction term we used
in the previous two chapters. We start by treating the probe laser as a perturbation and
calculate the eigenstates and eigenvalues of the unperturbed Hamiltonian. That knowledge
allows us to predict what one-photon transitions are allowed within the system and we
use perturbation theory to check what two-photon transitions are also allowed. Then we
confirm the predictions by measuring the dipole blockade effect by comparing different
atomic populations in the steady state. Finally, we study the effect of dipole blockade on
EIT in the steady state by comparing it to the non-interactive case and we summarize our
results so far.

In Sec. 5.3, we disregard van der Waals interactions and consider another model of
interaction, the dipole-dipole interaction. We first give our model Hamiltonian and master
equation and we briefly comment the nature of the dipole-dipole interaction. Then we
investigate the eigenstates and eigenvalues of the Hamiltonian when the probe laser is
turned off. We turn it back on and comment on all the possible one-photon transitions it
allows, as well as the two-photon transitions using perturbation theory. We then study the
blockade in the steady state by comparing atomic populations as well the strong effects of
the interaction on EIT and we finally discuss the results.

5.1 Electromagnetically Induced Transparency

First, let us show that it is possible to relate macroscopic, measurable quantities of
a medium such as absorption and refractive index to terms of the density matrix of the
medium. The induced polarization of a medium can be expressed as [90]

P = Npijpij, (5.1)

with p;; the dipole matrix element for the i — j transition, p;; the off-diagonal term of the
matrix associated with that transition and N the number of atoms in the medium. We
can relate the expression to the macroscopic polarization equation [91]:

P =¢xE = ¢o(X' +1iX")E, (5.2)
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Figure 5.2: Illustration of the one-atom system, in its bare representation.

We

where €y is the permittivity of free space, y is the electric susceptibility and FE is the
optical field strength inducing the polarization. The real and imaginary part of y are
respectively related to the refractive index and the absorption of the electric field in the
medium. Those two quantities are related through the Kramers-Kronig relations and are
therefore not independent [92,93]. Eq. (5.1) and (5.2) allow us to write

, Nyiz;Re(pij)
X

= Y 7 9.3
2h609ij ’ ( )
N i Im(pi;)
" ] v
= Lty 4
with
_ iE
Q= 9 5.5

as the half Rabi frequency of the transition. In this chapter, we study the behavior of
Re(p;;) and Im(p;;), knowing that they are directly proportional to macroscopical observ-
ables.

In order to observe EIT, the three-level system must be such that only two of the
possible dipole transitions are allowed and the third is forbidden. The two lasers are near
resonance with the two allowed transitions. There are three schemes that can be used to
define the system [79], we will only refer to one, the so-called ladder scheme or = scheme,
which we represent in Fig. 5.2. In this scheme, the forbidden transition is the one between
the highest in energy, which we call |a), and the lowest in energy, called |c). The ground
level |c) is strongly coupled by the pump laser to the intermediary level |b), itself lightly
coupled to |a) by the probe laser. Therefore we study the transparency of the medium
near the resonance of the |b) — |a) transition.

We consider a three-level atom of decreasing energy levels hw,, hw, and hw, respectively
associated with the states |a), |b) and |c). The system is driven by a pump laser of Rabi
frequency 2€); and by a probe laser of Rabi frequency 225, with €2 > €25. The pump laser
frequency wy is close to w, — w,, while the probe laser frequency ws is close to w, — wp, and
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we define the detunings

A=w — (wp — we), (5.6)

550‘)2_(0}(1_0‘)1))7 5.

for future simplifications and where the capital A is associated with the strong, pump laser.
The |a) and |b) states respectively decay to the states |b) and |¢) with the dissipative rates
27, and 27v,. The |a) state never decays directly to |c), as that transition is forbidden.
That system is represented in Fig. 5.2 (a). The time-dependent Hamiltonian H; of the
system is given by

H, = hwyla){al4+hw,|b)(b|+hw.|c){c|
+h8y (]b><c|e_iw1t + |C>(b|eiw1t) + hQy (|a>(b|6_iw2t + |b><a|eiw2t) ,  (5.8)

and the time evolution of a state [¢) is given by the Schrodinger equation

L d
in 0 = Hilo). (5.9

First, let us first find a rotating frame in which the Hamiltonian is time-independent.
By applying the unitary transformation

) = et plHrtw)layal)| 4y (5.10)

we are able to find an equivalent Schrodinger equation

d
h—|¢)y = H 11
in16) = Hle), (511)
with the time-independent Hamiltonian H given by
H = —h(6 + A)la)(a|=hA[b) (b|+h8h ([b){c|+]c)(b]) + A2 (Ja) (bl+[b)(al) . (5.12)

We see that we got rid of all the time-dependent phase terms existing in Hy, at the cost of
introducing the detunings 0 and A, and we also set the the energy of the ground state |c)
to w, = 0.

When considering dissipation in the Markov and Born approximation, the time evo-
lution of the density operator p of the system is no longer governed by the Schrodinger
equation, but rather by the master equation [69]

—1i
p =, p] =7a(la){alp — 2|b) alpla) (bl+pla)(al) +(b) (bl — 2|c) (blplb) {cl+p[b) b1)-
(5.13)
We found the general, analytical expression of the steady state following this master

equation and due to its complexity, we transcribed it in App. C. That general solution
does not make the distinction pump/probe since both lasers are treated as equals. The
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Figure 5.3: The imaginary and real part of p,, respectively corresponding to the ab-

sorption and the refraction index, in function of 6/v with A/y = 0,Q;/y = 10 and (a)

Qo/v =1, (b) Qa/y = 10. When Qy/v is small, the absorption becomes minimal on
resonance and the medium becomes transparent in a window around /v = 0.

quantity we are interested in is p,, = (a|p|b) when Qs is weak. From our solution, we can
write it in the EIT regime, i. e. in terms of the lowest order of €25, as

iQapp

14
(0 +A) — v, — (5-14)

p =
pll Q% Y

(Ya+p)—16
which a the familiar expression for p,, [79], with p, the population of the state |b), given
to the lowest order of €2y by
N
P AT 20

We get an idea from Eq. (5.14) of how the absorption, given by the imaginary part of
Pap behaves when the probe field is turned on. For a strong, resonant pump laser (A = 0),
whenever the probe is on resonance as well (§ = 0), the absorption strongly weakens and
the transparency is obtained. As the probe field grows stronger, the above approximation
is not valid anymore and the absorption becomes maximum on resonance. Both situations
are shown in Fig. 5.3 with the real imaginary part of py, in function of the detuning ¢.

Let us now interpret this behavior through another angle. If we treat the probe laser
as a perturbation, we may turn it off for now, setting {2y and ws to zero, and check the
eigenvalues of the unperturbed Hamiltonian in order to understand the structure of the
system. We find the three eigenvalues

(5.15)

—h
—h(wp — we + A), hAy = > <A + /A2 + 4Q%) : (5.16)
associated with the respective eigenstates |a) and
1
|IAy) = (A£]b) +lc)) . (5.17)
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Figure 5.4: Illustration of the one-atom system in its eigenvalue structure when the
probe laser is considered a small perturbation. The possible transitions induced by the
perturbation are represented in red.

In that eigenstate basis, we may write the full Hamiltonian as
H = —h(5+ A)la){al-+hA A +BA M) (|

hA Q hA_Q

—— (Ja)(A|+A ) {al) + -

+— —

VO + A VO A

from which we can see that there are two types of possible transitions, from |[\L) to |a)
and no allowed transition from |A;) to |[A\_). The eigenvalues and the possible transitions

are represented on Fig. 5.4. The frequencies at which the transitions are optimal are
—0 — A = Ay, or in other terms

(la)A-[+A)(al),  (5.18)

5= Ay, (5.19)

which are exactly the frequencies of the maximal absorption for low €25 in Fig. 5.3, in that
case we have A = 0 and the transitions are located at £/ = +£10. When Qy grows
stronger, the structure of the system becomes different and the resonant peaks are lost.

5.2 EIT and Dipole Blockade

In this section, we consider two three-level atoms, make them interact with each other
by a van der Waals-type interaction and observe the influence on the blockade and on EIT
in the system. We already used the van der Waals interaction in the previous chapters to
predict dipole blockade in systems two-level atoms and we generalize it here for three-level
systems.

5.2.1 Theoretical Model

We consider a system of two three-level atoms excited by the pump and probe lasers,
described earlier in the chapter. The two atoms of internal states |a;), |b;) and |¢;) (i = 1,2)
are located at fixed positions x;, they are driven by two lasers fields of wave vector k; and
k,. For simplicity, k; and ks are supposed to be perpendicular to the two-atom line and
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Figure 5.5: Illustration of the system. Both atoms are identical and interact through a
van de Waals potential V.

the reference frame is properly chosen so as k; -x; = k;-xo = 0 for ¢ = 1, 2. All phase terms
that would appear in the driving term in the Hamiltonian H may therefore be dropped. We
consider that the two atoms strongly interact when they are in the state |aa) = |a); ® |a)s,
resulting in a shift AV of this doubly excited state. Fig. 5.5 illustrates this two-atom
system.

The time-independent Hamiltonian of the system reads

H = W\aa><aa\+2[—7i(5+A)\ai>(ai|—hﬁlbi>(bz’\

Y (10:) (cil+ei) (bil) + 2 (Jaq) (bil+[bi) (ail)]- (5.20)
When considering dissipation in the Markov and Born approximation, the time evolu-
tion of the density operator p of the system is governed by the master equation [69]

. 2
]

p = %[H, pl — Z%(\ai><ai\P — 2[bi) (@il plai) (bil+plai) (ail)
+ Z Yo([0:) (bil p — 2[ci) (bil p|bs) {ci|+pbi) (bil)- (5.21)

=1

5.2.2 Structure and Eigenstates

We can find the eigenvalues of the problem if we consider that the second laser is only
a perturbation W written as

W= 1y (|a:) (bil+ i) {ai]) - (5.22)

i=1

When we set the perturbation to zero we can find the nine eigenstates of the system.
These eigenstates are closely related to the |a), |\+) states, and we will describe them in
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that basis. Since the atoms are identical, the Hamiltonian is symmetrical with respect of
their exchange, so we should be able to describe the system in a symmetric/antisymmetric
basis. We find the set of eigenvalues IV — 21(5 + A), —h(d + A) + hAy, 2h Ay, —hA and
again —h(d + A) + hAy, —hA respectively associated with the following eigenstates

1) = laa), (5.23)
) = 5llas) +hsa), (5.24)
[¥3) = [As,As) (5.25)
) = (o) + o)) (5.26)
vg) = %(Ia,AQ—IAi,a)), (5.27)
[ve) = L(IM,M—!L,M)- (5.28)

V2

Note that states |1 ) through |1,) are symmetrical while |1/F) and |1s) are antisymmetrical.
The only state affected by the interaction term V is the maximally excited state |aa).

Once the basis found, we may turn the probe field back on and list the non-diagonal
terms of the Hamiltonian. We find that the only non-zero terms are

VR,

(| Wpy) = Wy |Wy) = \/)\ft—TQ%’ (5.29)
. R,
R4 2
WEW ) = ——— (5.31)

VAL Q2

and their complex conjugates.

Since both the Hamiltonian and the perturbation are symmetrical under the exchange
of the atoms, we see that the probe laser does not couple the symmetric states with the
antisymmetric states. Furthermore, the only authorized one-photon transitions within
those two groups are transitions of the type |Ay); — |a);, which amounts to 6 one-photon
transitions within the symmetric states and 2 within the antisymmetric states. The eigen-
states and possible transitions are represented in Fig. 5.6 as well as the three two-photon
transitions that may occur in the system.

The conditions for the one-photon resonant transitions are

§ = V—A—M\, (5.32)
§ = A, (5.33)
§ = —A— )\, (5.34)

where condition (5.32) refers to transitions to the maximally excited state |aa) and the
others transitions to states with only one atom in the state |a). When the pump laser is on
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Figure 5.6: Energy levels of the problem. On the left the symmetrical eigenstates, and

on the right the antisymmetrical ones. The transitions allowed by the perturbation W are

shown, others are not permitted. In green, the transitions that contribute to the |aa) level
and in red the other one-photon transitions.
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resonance, we have A = 0 and Ay = F|Q4| and the number of resonance conditions falls
to four. There are also three conditions for two-photon resonances:

25 = V —2A—2\,, (5.35)
25 = V-—A. (5.36)

5.2.3 Perturbation Theory

In this section, we investigate the possibilities of two-photon processes within our sys-
tem. According to Fermi’s Golden Rule of the standard second-order perturbation the-
ory [94], assuming that initially the system is in the |¢);) state, the transition rate to i)
through a two-photon process reads

2
21 I (W) (5| W i) i
Buows, = 32 |50 S| 0o =20 (531)

j
where dp is a Dirac d-function which yields the condition for resonance for the two-photon
process, |1;) are all the states that are simultaneously coupled to [;) and [¢;) and the A
are the state eigenfrequencies. The only possible final state is |¢);) while there are three
possibilities for the initial states, [14) and |43 ), while the intermediary states are [15).

We are not mainly interested in the transition rates but rather in the possibility of the
process itself, so we only calculate the term with the perturbation matrix elements. For
the transition |¢4) — [¢1), with the resonance condition 20 =V — A, we find

3 (W) (W Ws) _ 20°03N, 2,03\ .
= =0+ A2+ Q) (A —9) (A2 +Qf)(A- —9)
2h%00%(20 + A
= V(204 2) (5.39)

(6(6 +A) —Q2) /A2 + 402

We see that this quantity is non-zero only when V' # 0, since we have the resonance
condition 26 = V' — A. This ensures that the presence of two non-interacting atoms does
not add a new transition frequency in the system. Therefore the transition rate will be
zero for the non-interactive case and for a weak probe field. For any other value of the
interaction, the rate will be non-zero.

Let us now examine the possible transition |¢)) — [¢1) of resonance condition 26 =
V —2A —2)\:. We see that the term (15 |WW |3 is not in the list of the non-zero terms of
the perturbation and is therefore zero. This means that the sum over j reduces to a single
term, in other words only the paths [1)3) — [1F) — |¢1) are possible. We therefore have

(W) W W) 2PA03 (5.40)

—(6+A) 0+ AL+ Q2 '
which will always be non-zero. For the non-interactive case V' = 0, the resonance conditions
reads 6 = —A — A4 and corresponds to one-photon transitions pre-existing in the one-atom

problem, which means that such a transition is not a real two-photon process but rather
two stepwise one-photon processes.
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Figure 5.7: Plot of P,, in function of §/v. We set v, = v, = 7, Q1 /v = 10, Qo/v = 1,

A =0 and V/y = 0. The most population of |aa) is found when the probe is set at the

resonance § = +);. For every value of /v, we have P,, = P? as the two atoms are
independent. All values labeling regions of the plot are in units of ~.

5.2.4 Dipole Blockade in the Steady State

Let us now investigate the blockade that may exist in the steady state p° of the system
by measuring the population P,, = (aa|p®|aa) of the |aa) state in function of the detuning
§, compared to the populations P, = (a;|p®|a;) in |a;) , or |as) since the system is sym-
metrical. We do this process numerically. For simplicity, every numerical calculations we
do in the rest of the chapter consider identical dissipation rates for the |a) and |b) levels,
Yo = Yp» = 7, as well as a pump laser on resonance, i. e. A = 0, which implies simplifies the
expression of the on-atom eigenvalues to AL = F|€].

Let us first consider the non-interactive case V' = 0. In that situation, the two atoms
behave independently and no particular behavior such as blockades are expected. We
plotted the values of P,, and P, in Fig. 5.7. For any value of ¢, the ratio P,,/P? is found
to be 1, which is an expected result for independent atoms. On the plot, we can observe
two peaks located at 6 = £, but no peak at § = 0 which confirms that the [14) — |11)
transition is prohibited, as we showed earlier using perturbation theory.

We then consider a non-zero value of V. We plotted in Fig. 5.8 both the values of
P,, and of the ratio P,,/P? in function of the detuning 6. On the first plot, we see all
predicted transition peaks on the spectrum of P,,, except for the § = V — )y resonance.
That absence and the small amplitude of the peak at § = V +€; might be explained by the
fact that those transitions arise from the |¢3) states which are poorly populated for small
values of €)y. Indeed, we can show numerically that for ©; > €5, ~, about the totality of
the population is shared almost evenly by the four least excited states [t)4), [13) and |1F).
The states [¢3) and |15) are in general poorly populated and |aa) even less.

On the right plot of Fig. 5.8, we see that the |aa) state can be blockaded or enhanced
depending on the detuning. The strongest values of enhancing are seen at the two-photon
processes resonance frequencies. The two-photon processes excite both atoms simultane-
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Figure 5.8: Plot of P,, (left) and P, (right) in function of 6/7. We set v, = v = 7,

Oy /v =10, Qy/y =1, A =0and V/v = 25. The peaks appear at the expected values of §

and the transitions associated to the |aa) states give out a correlation greater than 1. All
values labeling regions of the plots are in units of ~.

ously to the |aa) state without relying on processes exciting the atoms one by one, which
has the effect of boosting the population P,, without contributing much to P,, explaining
the enhancing. The strongest values of blockade are seen at the two one-photon transition
frequencies which populate the |15 ) states, which contain one exited atom |a). Those tran-
sitions contribute greatly to P, and barely to P,,, hence the blockade. We can distinguish
a small enhancing peak at the frequency 6 = V + ) that allows the |15 ) — |aa) transition
which contribute directly to P,,. However since the [1)5) states are poorly populated, the
amplitude of these peaks is small (the theoretical peak due to |15) — |aa) does not even
appear), unlike the peaks due to two-photon excitations which take their roots in the very
populated lower states.

5.2.5 EIT in the Steady State

Finally, let us study the EIT in the steady state. The quantity we chose to measure
is the absorption and refractive index of one atom with the other atom traced out of the
system, i. e. psp = (a1]|Troplar). With that definition, we study the amount of absorption
and contribution to the refractive index per atom, which allows us to compare our result
to the one-atom system.

We plotted on Fig. 5.9 (a) the absorption and refractive index of the two atoms. The
two quantities are very similar to the ones found in the non-interactive case shown in
Fig. 5.3, with two peaks located at the values of the one-photon transitions conditions and
no pronounced new feature. In order to compare the amplitude of the transparency effect
with the one-atom case, we plotted in Fig. 5.9 (b) the quantity z defined by

— Im pab(v> - pab(v = 0)
z=1 ( oV = 0) ) ) (5.41)
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Figure 5.9: On (a) the imaginary and real part of py, in function of §/y with A/y =

0,0 /7 =10,Q/v =1 and V = 25. There is not much difference with the non-interactive

case. On (b) we show the ratio z (see text for definition) in function of the interaction V/v

on resonance 6 = A = 0 with Q; /vy = 10,Qy/v = 1. For V/y < 30 the transparency effect

is weakened, although not by a lot, while above that value it is negligibly strengthened.
All values labeling regions of the plots are in units of ~.

This quantity represents the relative difference that the apparition of interaction made
in the transparency window 6 = A = 0. We see that the transparency effect is actually
reduced a bit by the presence of the interaction, by a maximum percentage up to about 8%
at the position V' = 2, which corresponds to the two-photon transition resonance (5.35),
a process that does not involve the excitation of one atom at a time. For greater values of
V/~, the transparency is stronger by a very small amount. This small contribution of the
dipole blockade is explained by the fact that the EIT is not a effect of saturation [84], i. e. it
happens even for small populations of |a), which means that manipulating the energy level
of |aa) will have little effects on it.

5.2.6 Summary and Discussion

We added to a system of two three-level atoms a van der Waals interaction term and
investigated the effects on the blockade of the |aa) state as well as the EIT effect. We
found that the only contribution of this interactive term to the global structure of the
system was to shift the energy level of the |aa) state, which is what this interaction was
designed to do. Its effect on the blockade of the |aa) state was important, as we saw that
the system could be either blockaded or enhanced, depending on the detuning of the probe
laser. On one-photon transition resonances not involving |aa), the system had a tendency
to be blockaded, while on the resonances involving |aa) and especially on the two-photon
transition resonances the state was enhanced, sometimes greatly. The effect of increasing
the strength of the probe laser was not investigated in order to stay in the EIT regime, but
it is expected that strengthening the laser would decrease the amplitude of the blockades
and enhancements.

The behavior of the EIT effect was only slightly affected by the interaction. This may



108 EIT, Dipole Blockade and Dipole-Dipole Interaction

Figure 5.10: Illustration of the system. The dipole-dipole interaction couples the |a) and
|b) states of the different atoms.

be explained by the fact that p,, is affected by |b) — |a), one-photon transitions only,
which primarily happen between the four lower states and the states containing one |a).
Since that last set of states is not very populated, due to the low value of €25 in the EIT
regime, the fact that their own transitions to the |aa) state is being tampered on is of
globally small importance on the EIT effect.

A way to affect the EIT more might be to consider another type of interaction. For
example, we might consider a three-level atom following a lambda scheme with the highest
level being the state |b) which would be largely populated by the pump and interacting
with other atoms. In the next section, we consider another type of possible interaction,
the dipole-dipole interaction, which will make states |a) and |b) interact.

5.3 EIT and Dipole-Dipole Interaction

In this section, we consider another type of interaction with the dipole-dipole interaction
between the |a) and |b) levels of the two atoms. Unlike the van der Waals interaction, this
interaction should change more profoundly the eigenstate structure of the unperturbed
system and therefore affect the behavior of the EIT.

5.3.1 Theoretical Model

We now consider a system made of two identical three-level atoms excited by the pump
and probe lasers. Those atoms interact through a dipole-dipole potential which couples
the states |a) and |b) of the first atom with those of the second with a coupling strength
A€). The interaction also has an effect on the spontaneous emission terms since it rends
possible spontaneous transitions from the |a) state of an atom to the |b) state of the other
with a cross rate 2A~. Fig. 5.10 illustrates the system with the dipole dipole interaction.

The Hamiltonian, already expressed in a time-independent frame and with the same
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conventions as earlier, then reads
2
H = hAQ(|ab)(ba|+|ba){ab|) + Z[—h(é + A)|a;) (a;|—hAb;) (bl
i=1
A ([bi) (cil i) (bil) + RS2 (|as) (bs]+1bi) (as])]. (5.42)

When considering dissipation in the Markov and Born approximation, the time evolu-
tion of the density operator p of the system is governed by the master equation

p = %i[fﬂ pl — Z Yij (|ai) (b:|@[bs) (ajlp — 2|bi) (@il pla;) (bj|+plai) (bi|@1]b;) (a;])
- Z%(\biﬂbilp — 2[ei) (bl plbi) (cil+plbi) (bil), (5.43)

with 11 = 722 = 7, and 712 = 21 = A7,

The dipole-dipole interaction terms A2 and A~y are not independent since they are
determined by the interatomic distance normalized to the wavelength of the transition
r = riz/A and the angle 6 between the atomic dipole moments [69]. We have

AQ(r,0) = ’yag {(1 — 3cos?0) (SI(I;STQ;;? + C?;Ei;;’)) — sin? 9%] , (5.44)

and

A~(r,0) = 27— [sin(Qm) - %(1 — 3cos?0) <sm(2m~) (ﬁ - 1) ~3

r

cos(27r)
2mr )

(5.45)

We plotted in Fig. 5.11 AQ(r,6) and A~(r,8) in function of r for § = 0. For values of

r over 1, the interaction is quite weak, therefore we settled for the rest of the chapter on

the parameter values of r = 0.1 and 6 = 0, which yields the values of AQ/y ~ —14.25 and
Ay /v =~ 0.96.

5.3.2 Structure and Eigenstates

We can find the eigenvalues of the problem if we consider that the probe laser is only a
perturbation W. When we set {25 = 0 we can find the nine eigenstates of the system. Once
again, these eigenstates are related to the |a), |[A\1) states, except for the states which involve
both |a) and |b) since they are now coupled by the interaction. The permutational symme-
try of the atoms is preserved, so we can describe the system in a symmetric/antisymmetric
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Figure 5.11: Plot of AQ(r,0)/~, in blue and Av(r,0)/~, in dotted green as functions of

r for # = 0. As r approaches zero, AQ(r,6) behaves like 1/r3.

basis. We find the following eigenstate basis

1) = laa),
) = (AL +1AL.0))
U) = D)
) = 7<1A+, DAY,
) = 7<|a AL) — |AL, a)),
i) = (A=A )
with the states ’Ai/a> _ 1 ( s/a’b> +Q1’ >)
(AY")2 + 3

and the frequencies

A%

ACL
+ 2

-1 <<A ~AQ) /(A - AQ) + 4Q%> :

-1 <(A+AQ) + \/(A+AQ)2 +4Q%) .

(5.54)

(5.55)

We find that for the non-interactive case AQ2 = 0 these last values simplify to Ai/a =i

and ]AS/ “Y = |A\1). The respective set of energies associated to theses eigenstates are
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—2h(6 + A), —h(0 + A) + hA%L, 2h Ay, —hA and —h(d + A) + hA%, —hA. Note that once
again, states [1;) through |¢,) are symmetrical while [F) and i) are antisymmetrical.
The state affected by the dipole-dipole interaction terms are the |¢5) and |¢Z), which are
the states containing one atom in the state |a).

Once the basis found, we may turn the perturbative probe field back on and list the
non-diagonal terms of the Hamiltonian in the unperturbed eigenstate basis. We find that
the only non-zero terms are

V2hA%Q,
+ +
([ Wly) N (5.56)
2hAL (ALAL + Q2)Q
i) — YZeled t IR 557
V2hA: (A$ AL + Q)
(W5 W) T , (5.58)
(A2)? +QI(A2 + Q)
N L —R(A 202D
(3 W) = NIy N (5.59)
AL 0
=W = —2 5.60
(5 [Wts) (AR (5.60)

and their complex conjugates. We see that the introduction of the interaction allowed the
[v5) — |F) transitions, which were forbidden before.
The 10 conditions for the one-photon resonant transitions are

0 = —A—-A%, (5.61)
§ = AYe (5.62)
0 = —A+AL - (5.63)
0 = —“A4+AL - (5.64)
(5.65)
and the 3 conditions for two-photon resonances are
0 = A=A, (5.66)
20 = —A. (5.67)
When the pump laser is on resonance, we have A = 0, Ay = F|Q|, AL = —A?F and the

number of resonance conditions falls to 8 since the resonance condition for [i1) — |¢5)
and [¢F) — |1s) become identical.

5.3.3 Perturbation Theory

In this section, we investigate the possibilities of two-photon processes within our sys-
tem. According to Fermi’s Golden Rule of the standard second-order perturbation the-
ory [94], assuming that initially the system is in the |¢);) state, the transition rate to i)
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Figure 5.12: Energy levels of the problem. On the left the symmetrical eigenstates, and

on the right the antisymmetrical ones. The transitions allowed by the Hamiltonian are

shown, others are not permitted. In green, the transitions that contribute to the |aa) level
and in red the other one-photon transitions.

through a two-photon process reads one again

w Wi, ’
R, = o3| 32 W 0] L] R (5.68)

J

with the same notations as before. Once again, we are not mainly interested in knowing if
the transitions are possible and not in the transition rates. For the transition |¢4) — |¢1),
with the resonance condition 20 = —A, we find

(W (W3 W ) _ —V2QU03A5(A + 243)
Z_(5+A)+Aj—2/\i N Z ((AS)Q—l—Q%) (A§_5—A)\/m’ (5.69)
_ V20,02(26 + A) 5.70)

(6(6 + A — AQ) — Q2) /A2 + 402

which is always zero one the resonance condition. Therefore the transition rate will be
zero for any strength of interaction, the destructive interference is preserved from the
non-interactive case.

Let us now examine the possible transition [¢)5) — [i1) of resonance condition § =
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Figure 5.13: Behavior of p,, for A = 0,Q1/y = 14, Q/v = 1,7 =% = 7,0 = 0,r =
1/10. The highest peaks appear for the two-photon transitions. All values labeling regions
of the plots are in units of ~.

A — Xi. We have

A —2i —(6+4A) (AL +00)(2A2 —2(20 — AQ)A: + (6 — A)(S — AQ) + 2)’

(5.71)
which are always non-zero when § = A — Ay for a non-zero €2;. Therefore we can always
expect those transition to happen in the system.

3 (W1 W) (3| W ) —20:3(30% + (A — §)Ay)

Jj==

5.3.4 Dipole Blockade in the Steady State

Let us now measure the dipole blockade in the steady state by measuring P,, and P,/ Pf
in function of the detuning §. Since they are many possible transitions with this system,
we chose a value of €/ = 14 which spreads out as evenly as possible all the resonance
conditions, although since we also chose to consider the pump laser on resonance A = 0
some of the conditions are already degenerated. We also considered identical dissipation
rates v, = Y = 7.

We plotted in Fig. 5.13 both the values of P,, and of the ratio P,,/ Pj in function of
0. On the first plot, we labeled the 7 peaks which were clearly visible. The strongest
peaks, at 6 = AL are those associated with two-photon processes which populate the |aa)
state directly from the less excited states. The next strongest peaks are at the frequencies
d = —A’. which corresponds to both the one-photon transitions populating the |aa) state
and the transitions within the antisymmetric states. The other transitions also produce
peaks, although some are barely visible, especially the ones associated with the |¢§—L> —
|15 ) transitions. We also confirm what perturbation theory showed us, i. e. that there is
no peak at the frequency 20 = —A = 0.

On the right plot of Fig. 5.13 we represented the quantity P,,/P?. We can easily dis-
criminate the different frequencies for which the system is blockaded or enhanced. Indeed,
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Figure 5.14: The imaginary and real part of p,, in function of 6/ with A/y = 0,0 /vy =

14,90 /v = 1,7 =7 = 7,0 = 0,7 = 1/10. The number of significant peaks went up to four

and we see that there are three windows of transparency, located around the two-photon

processes resonance frequencies (not shown). All values labeling regions of the plots are in
units of .

the only enhanced regions are the one associated with the two two-photon resonances, all
the other regions are blockaded. We might have expected an enhancement region around
the |1)5) — |aa) transition conditions, but we have already shown that when A = 0, the
transition conditions happen to coincide with the transitions in the antisymmetric states
and since the latter are much more present due to the high population in |¢5) the blockade
regime prevails.

5.3.5 EIT in the Steady State

Let us now investigate the EIT effect. We plotted the real and imaginary values of pg,
in function of §/v in Fig. 5.14. We see that the addition of the dipole-dipole interaction
considerably modified the structure of the EIT effect. Instead of the two peaks and single
window of transparency, we observe four main peaks and three windows of transparency.
The main two peaks are associated with the 1)) — [)5) transitions and are also reinforced
by the [¢y) — |¢F) transitions which are numerically very close and not differentiated on
the plot. The next two peaks are associated with the antisymmetric transitions |¢g) — [1)F)
and the transitions [¢5) — |11) which play very little role here. Finally, we can make out
two very small peaks which are associated with the [1)F) — |¢)F) transitions, which are
weak due to the small coupling term (5.58) in the Hamiltonian.

In between those transition frequencies, in the windows of transparency, we find the
frequencies for the two-photon processes which tend to deplete the populations of the |¢2i>
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states and therefore lower the number of |b) — |a) transitions in the system.

5.3.6 Summary and Discussion

We added to a system of two three-level atoms a dipole-dipole interaction and in-
vestigated the effects on the blockade of the |aa) state as well as the EIT effect. The
dipole-dipole interaction made a deep change to the structure of the eigenstates of the
unperturbed Hamiltonian by modifying the energy levels and definitions of the |¢F) and
)5 states. The interaction also allowed an extra transition which added the possibility
of two new one-photon transition. It was also shown that the interaction did not modify
the inhibition of the |¢4) — [¢)1) two-photon transition. Globally, the number of possible
transitions in the system grew.

Concerning the blockade, we saw that the dipole-dipole interaction also had the effect of
blockading the |aa) state except at the the frequencies associated with the resonance of the
two-photon processes. The frequencies associated with the |5 — |aa)) would probably
have induced some enhancement as well if they were not degenerated with the frequencies
of transition within the antisymmetric states when A = 0. The amplitude of the blockades
in the case of the van der Waals seems a little more intense, which is expected since that
interaction directly acts on |aa) and therefore strongly influences its population, unlike the
dipole-dipole interaction which only modifies states with a single atom in |a). However,
the nature of the interactions being different, such a comparison may not be appropriate.
The absence of the two-photon transition |¢)4) — [1)1) is most remarked in the study of the
blockade of the system.

Unlike previous results obtained with the van der Waals interaction, we found that the
dipole-dipole interaction had a very strong effect on EIT. The number of EIT windows
grew up to three thanks to the increased number of one-photon resonances provided by
the interaction. The main factor for this strong effect was the fact that the interaction
spread out the energy levels of the states |)5) and [1)F) to four distinct values instead of
two. Since those four states are directly coupled with the very populated lower states by
one-photon processes, the effects on EIT was strong and the number of absorption peaks
was upped from two to four.
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In free space, two non-interacting and non-identical atoms immersed in a laser field will
never be excited simultaneously. This results from a destructive interference phenomenon
in the two-photon absorption process of the two atoms in the laser. The two quantum paths
underlying the double excitation (one atom excited first, then the second, and vice-versa)
interfere destructively precisely when the laser frequency matches the resonance condition
for the excitation of the two atoms [95]. This interference effect can be interestingly
annulled if the two atoms are within a distance much smaller than the wavelength of the
transition [54,58,96]. In this case dipole-dipole interaction comes into play and breaks the
destructive character of the interference, resulting in a possible simultaneous excitation of
the two atoms.

In Ref. [95], the indirect interaction between two atoms placed in a lossless single mode
cavity is exploited to obtain a similar cancellation of the destructive interference effect.
Here, we wish to extend significantly that initial proposal by considering the huge po-
tentialities offered by circuit-QED systems. Our model is intended to provide realistic
experimental predictions by considering dissipation and steady-state regimes using a driv-
ing field. A perturbative approach is first proposed to grasp the essentials of the underlying
physics in an idealized case.
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The organization of the chapter is as follows. In Section 6.1, we introduce the free space
case for future comparison with the cavity case and show why simultaneous excitation is not
possible in free space. In Sec. 6.2 we give our Hamiltonian for the atoms imbedded in the
cavity which includes the modelization of two internal states and transitional frequency for
each atom, the electromagnetic field mode of the cavity, the coupling between the atoms
and the field and finally the driving laser field. We also introduce the master equation
which modelizes spontaneous emission or dissipation effects in the atoms as well as the
photon loss of the cavity.

In Sec. 6.3, we introduce a constraint that allows the diagonalization of the undriven
Hamiltonian. Thanks to the diagonalization we are able to understand the structure of the
dressed states and we can use perturbation theory to predict two-photon transition rates
in the system. Then, after discussing some numerical issues, we study one and two-photon
spectra as well as the population of the excited atoms in the steady states of the system
numerically found with the master equation. We study some effects of the cavity decay
rate that could not be including in the perturbation theory analysis.

In Sec. 6.4, we drop the constraint previously used, which lifts degeneracies, and al-
though we lose the analytical description of the system (except for the particular case of
identical atoms) we still use the master equation to calculate atomic, one and two-photon
spectra of the system. We compare the general system with the constrained one and con-
firm several observations. We also observe a new effect in the system, the cavity induced
transparency.

In Sec. 6.5, we give a summary of all the theoretical predictions we could make and we
discuss the possibility of experimental observation of said predictions.

6.1 Atoms in Free Space

Before considering two atoms immersed in a cavity and two-photon processes, we first
consider the problem of two atoms in free space excited by a laser and show that in that
kind of system, two-photon processes are prohibited.

Let us consider two non-interacting atoms with internal levels |e;) and |g;) (i = 1,2)
of transition frequency w; and wy and single atom spontaneous emission rate 2v;. They
are excited by a non-resonant laser field of wave vector ky, Rabi frequency 2¢ and driving
frequency w. The Hamiltonian H; of the system, where f stands for free, is

2

Hy= Z (A(w; — w)o? + he (e¥rXigh 4 e rig)) (6.1)
i=1
where o7 = (0, )7 is the atom raising operator |e;){g;| and o7 the atomic inversion operator

(lei)(eil—g:){(gi])/2. We assume that the atoms are placed such that ky, - x; = k- x9 = 0.
When considering dissipation in the Markov and Born approximation, the time evolu-
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tion of the system is governed by the master equation
; 2
p:—ﬁﬁﬂm—%;%Wﬁnp+wﬁ%—prﬁ% (6.2)

We now treat the laser as a perturbation by considering a small e. According to
Fermi’s Golden Rule of the standard second-order perturbation theory [94], the |gg) — |ee)
transition rate through a strict two-photon process reads

2
Rygsee = E|W((;g),ee)|25(w1 + wp — 2w), (6.3)
with (eel H17) 1 H]g9)
(2) . €ee VAV g9
W(ggvee) o Z ’ <6'4)

. (A)j — W
J=€g,g9¢e

where here the sum is restricted to the one-excitation |eg) and |ge) states, since they are
the only ones to be simultaneously coupled by the perturbation to the |gg) and |ee) states.

Calculating W((Q) is straightforward, we find

gg,ee)

ee|Hleg)(eg|H|gg ee|Hlge){ge|H|gg
o eelHleo)eolHlgg) , (elHlgeoel Hlgg) 05)
wp —Ww Wy — W
h2 2 h2 2
- re 4 re (6.6)

W —w Wy —w’

2w — Wy — Wo
— h2€2

(w1 —w)(wy —w)’ (6.7)
which is equal to zero when 2w = w; + wy. We can see that, due to the destructive
interference between the two possible excitation paths |gg) — |eg) — |ee) and |gg) —
|ge) — |ee), the simultaneous excitation of both atoms is prohibited.

The system in its steady state can be can be found posing that the master equation
(6.2) is zero. The system can actually be decomposed in two subsystems whose master
equation can be solved individually. The steady state solution of two atoms excited in free
space is

P} =i @p;, (6.8)
with 1
S 2
S i) \Pi i)\9il) » 6.9
0 = sarrt o (o6 +la () (69)
with the unnormalized
|03) = elei) — (wi — w +1i7)lg:)- (6.10)
The populations of each excited atoms are
2
‘ (6.11)

T2 497 (i —w)?
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Figure 6.2: Populations of |e1), |es) and |ee) in the steady state with (w; —ws)/2 = 150 X
2m MHz, e = 2 MHz, v = 0.2 x 2r MHz. There are two peaks located at the frequencies of
the individual atoms and none at the frequency 2w = w; + wo.

and the population in the |ee) state is P.. = P., P,, since the atoms are independent.

We represented in Fig. 6.2 those populations. We see that there is no particular peak at
the two-photon transition frequency 2w, which was expected since due to the interference,
there can be no two-photon process there. The numerical values and units do not actually
apply to real atomic frequencies, but rather to superconducting qubits frequencies existing
in circuit QED experiments, as in [97]. Such qubits are modelized exactly the same way
as two-level atoms and are easily manipulated when embedded in a microwave resonator,
which is the setup we investigate in the rest of the chapter.

It has been shown that some kind of interaction may counteract the interference and
allow two-photon processes to happen [54]. In the next sections, we investigate the pos-
sibility of allowing two-photon processes by immersing the atoms in a cavity and letting
them interact through the cavity coupling.

6.2 Atoms Embedded in a Cavity

We now consider two atoms 1 and 2 with internal levels |e;) and |g;) (¢ = 1,2) of
transition frequency w; and spontaneous emission rate 2 (identical for both atoms). The
two atoms are embedded in a single mode cavity of resonance frequency w. and decay rate
2k. The two atoms are supposed to be identically coupled to the cavity with a coupling
constant a. The cavity is driven by a non-resonant laser field of amplitude ¢ and driving
frequency w (see Fig. 6.3). The two atoms are considered sufficiently far apart so that
there is no direct interaction of any kind between them but through the cavity coupling.
That situation is encountered in most circuit-QED systems, like, e.g., in the experimental
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2y

Figure 6.3: Schematic of the two-atom system immersed in a single-mode cavity. Two

two-level atoms of transition frequencies w; and wy are identically coupled to the cavity

mode of frequency w, with a coupling constant a. The cavity has a photon decay rate 2k,

while the atoms have a spontaneous emission rate 2. The cavity mode is being driven by
a laser of strength e and frequency w.

setup reported in Ref. [97] where the qubits are several hundred micrometers apart.
In the rotating-wave approximation, the coherent evolution of the system is described
by the interaction Hamiltonian

2 2
H = h(w, —w)a'a + Z fl(w; — w)o? + Z ha(ao; +a'o;) +ihe(a’ — a), (6.12)
i=1 i=1

where a [a'] is the photon annihilation [creation] operator for the cavity field mode, o} =
(7)1 (i = 1,2) is the atom raising operator |e;){g;|, and o7 is the atomic inversion operator
(les)(eil—1g:) (gi]) /2-

When considering dissipation in the Markov and Born approximation, the time evolu-
tion of the density operator p of the system is governed by the master equation [69]

2
|
p=[H.p = rla'ap — 20pa’ + pala) = > (o o7 p =207 poi + pofor).  (6.13)
7
i=1

This time evolution leads invariably to a steady-state p° of the system that is determined
by equating the left-hand side term of Eq. (6.13) to zero. We denote hereafter by | N, zy) =
|IN) ® |x1) ® |y2) the bare basis elements of the atom-cavity system, with N the photon
number and z,y € {e, g}.

First, we may want to study the Hamiltonian of the system using a perturbative ap-
proach to grasp the essentials of the physics of the system. The driving laser field defines
the perturbation and the unperturbed Hamiltonian is given by Eq. (6.12) with e and
w set to 0. Let us show that H commutes with the global excitation number operator
n=ata+ >, 07+ 1, which counts the number of photons in the system plus the number



122 Cavity Mediated Two-Photon Processes in Two Qubits Circuit QED

of excited atoms. Obviously, n commutes with the first two terms of the Hamiltonian, we
are left with

[, H) = [a'a+> of,ha (ac] +dlo;)], (6.14)

= ha 2:[@%,@0;|r +a'o;] + ha Z[af,aoj +a'o;], (6.15)

= ha) _(—ao) +a'o;y) +ha)_ (ao) —aloy), (6.16)

= 0, (6.17)

where we used the properties [a'a,a] = [af,ala = —a, [a'a,a’] = a'[a,a’] = af and
[af,a]i] = 46;;0F. It follows that in the |N,zy) bare basis of the atom-cavity system,

the unperturbed Hamiltonian has a block-diagonal form, with blocks associated with the
global excitation number n = N + m(z,y), where m(z,y) is the number of excited atoms
in the |z,y) state (m =0, 1, or 2).

For n = 0, the dimension of the diagonal block is 1 x 1, in association with the only
bare basis element |0) = |0, gg). For n = 1, the diagonal block is of 3 x 3 dimension with
the 3 basis elements |1, gg), |0,eg), and |0, ge). From n > 2, the diagonal blocks are of
4 x 4 dimension in association with the 4 basis elements |n, gg), |n — 1,eg), |n — 1, ge),
and |n — 2,ee). The eigenstates and eigenvalues of the unperturbed Hamiltonian yield,
respectively, the dressed states of the two-atom-cavity system and their energy. They
follow immediately from the block diagonalization.

6.3 Even Atomic Frequency Spread

The diagonalization of the unperturbed Hamiltonian is possible to realize analytically
if we make the assumption that
w1 + woy = 2w, (6.18)

in which case we define the frequency difference A = (w; — ws)/2. This means that
the frequencies of the atoms are evenly spread around the cavity mode frequency, at the
frequencies w. + A.

6.3.1 Eigenstates and Eigenvalues

Let us now show the results of the block diagonalizations. For n = 0, |0) is the only
eigenstate with an eigenvalue 0. For n > 1, the eigenvalues read with respect to the ground
state energy

h)\(n,O) = nﬁwc, h)\(n’i) - nhwc + h)\nv (619)

with AA™9) twice degenerated for n > 2 and where

A= /2(2n — 1)a2 + A2, (6.20)




6.3 Even Atomic Frequency Spread 123

For n = 1, the three associated eigenvectors are, respectively,

1.0) = 1 (BlL.g9) = Vaalur) ). (6.21)
1

1,4) =
|1, £) Ton

(V2al1, 99 + A7) £ Milwi)) (6.22)

and, for n > 2, respectively,

/n—1 n

0, 0y) = Ai (Al6.) — v/2@n— Daly; ) . (6.24)
) = = (V2@ = Djala) + Alvz) £ 0, 107)) (6.25)

with, for n > 1,
) = % (In—1.eg) £|n - 1,g¢)). (6.26)

and, for n > 2,

60) = /5 99) + 4/ | 2, ce). (6.27)

The energy structure is shown on Fig. 6.4. If we turn on the laser perturbation term
W of the Hamiltonian defined as

W = ihe(a’ — a), (6.28)

the structure of H ceases to be diagonal in the eigenstate basis. The off-diagonal, per-
turbation terms coming from the laser are expressed, in the unperturbed Hamiltonian
eigenstates base, as, for the n = 0 — n = 1 transitions

A
OWIL0) = ~ife (6.29)
OW,+) = —iLe (6.30)
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Figure 6.4: Energy diagram for the dressed states of the two-atom-cavity system when
w1 + we = 2w,.

The n =1 — n = 2 transitions are written

2 A
1 2 = /2= 31
(1,0/W12,0,) Z\ﬂ N (6.31)
2i 3a? + A?
1,0[W|2,0,) = —— 22 12 ¢ 6.32
< ’ ‘ b> \/g )\1)\2 € ( )
A
(1,0|W|2,£) = —i— (6.33)
A9
2 «
1, +[W)2,0,) = —iy/=—¢, 6.34
w0y = —if2 0 (6:39)
i al
1LE[W|2,0,) = ———¢, 6.35
< ’ ‘ b> \/g )\1)\2 ( )
i (A1 + A2)?
1 = ——AT72 .
- _ 2
w2, ) = —LAizA) (6.37)

4 My
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Finally, the n — n 4 1 transitions with n > 2 are written
n(n®—1) 1)
n,0,]Win+1,0,) = —21 1 1 (6.38)

—1
(0 Win+1,0,) = —iy/ 25— - (6.39)
n+1
1
(0, 0,|Win+1,4£) = —iy/ 7;_1 e (6.40)

—|— 1 A
(n,0p|W|n+1,0,) = W/ — )\ (6.41)
+ A2+ (n— 1N
(n,0,|Win+1,0,) = — (n W) 1 ! €, (6.42)
_ aA
(n,0,|Win+1,£) = )\ T~ €, (6.43)
n+l «
(n, £|Wn +1,0,) = S A (6.44)
+ 1 = 4/ A4
(An + A
(n,£[Win+1,£) = {%ﬁ:l)e, (6.46)
_ 2
(6.48)

From the matrix elements, we identify three one-photon transitions from the ground
state at frequencies w, and w, £ A\; and two two-photon transitions |0) — |2,4) at fre-
quencies w, = A2/2. Unlike the free space case, the transition at 2w = w; + wy = 2w,
which corresponds to |0) — |2,0,,) does not identify as two-photon processes but rather
to stepwise one-photon transitions through the intermediate state |1,0) with photons at
frequency w..

In general, n-photon transitions to the states |n, £) at the frequencies w.4\, /n are con-
ceivable, although the transition rates are proportional to €2 in the perturbation regime.

6.3.2 Perturbative Approach

We now consider the action of the driving field at frequency w and investigate the
possibility of getting both atoms excited through strict two-photon processes, a result
that is not achievable when the two atoms are solely in free space. Here, the two-photon
transitions |0) — |2, £) make this possible because of the |0, ee) component of the upper
states |2, £).
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According to Fermi’s Golden Rule of the standard second-order perturbation the-
ory [94], the |0) — |0, ee) transition rate through a strict two-photon process reads

2T
Rygsee = 2710, ecl2, )20, 1 PO — 20), (6.49)
with (2, +[W1, 5)(1, [W|0)
2 _ ) PIASEY
WO,(Q,j:) - 4¥i )\(17]) —w ) (650)
J: b

where here the sum is only restricted to the one-excitation |1, j) states, since they are the

only ones to be simultaneously coupled by the perturbation W to the |0) and |2, £) states.
In Eq. (6.49), the d-function yields the two-photon resonance condition w = w. + \y/2

that must be fulfilled to get the sought double-excitation process. Let us first calculate

alA?

1 a(A + Xg)?
@+ WL ) (1, £y = 1 AAERS e (6:52)

1 a(A; — A2)?
2 WL F W) = —2 ARl (6.53)

We then have
2 A? ()\ + A )2 ()\1:F>\2)2

w® = 2 L= 6.54
0,(2,%) M \we—w  d(we—w+ A1) 4w.—w—2XN)/’ (6.54)
_ _0462 A? + (we — w) (A2 F 2(we — w)) (6.55)

Ay (We — w)(we —w + M) (we —w — Ap)’

which gives, at the resonance condition w = w, + A\2/2 and after a few simplifications

64

F5(A<Qvi> — 2w), (6.56)

Rggsee = 2mf(r)

where 7 = a/A and
230478

1) = G ey oy
As expected, this rate is strongly dependent on the coupling constant « and on the
spread 2A in atomic frequencies, but there will be two-photon transitions as long as the
atoms are coupled with the cavity. For r < 1, the rate behaves as r®, while it behaves as
r=2 for r > 1. The optimal rate is obtained for r ~ 1.51 that yields 27 f(r) ~ 2.16.
When the atoms are identical, i. e. when A = 0, the |0) — |2, £) transitions still take
place, at the transition rate

(6.57)

— 5\ — ). (6.58)
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Let us examine the possible transitions at w = w,. when the atoms are identical. We
note that when this is the case, the system becomes symmetric with the exchange of the
two atoms. It is easy to see that the states |1,0) and |n,0,) are now antisymmetric with
the exchange of the atoms while the other states are symmetric. It is apparent from the
perturbation terms in the Hamiltonian that the antisymmetric states only couple to each
other and are completely decoupled from the symmetric states, including the ground state,
and should therefore never be populated. In other words, since (0|W|1,0) = 0, the only one-
photon transition from the ground state at w = w, is impossible. The two-photon process
|0) — |2, 0p) is also impossible since WO(,Q()ZOb) is always zero, as we have (2, 0,|W|1,£) = 0.

There might still remain the possibility of a transition at w = w, if the |2,0,) state
is populated from the ground state by a two-photon process. The rate of this process is
proportional to |W0(72()270a)|2, with

WO,(Q,Ob) Zﬂ: L) — o 3 (6.59)
‘7:
2 a 17 ]-7 2, a ].,— 1,—
_ 20.WI ) AWI0) | (2, 0a[W]L, =) |W|O>, (6.60)
wc_w+>\1 wc—w+)\1
2 oe? 1 1
- \/a 6.61
\/;)\%AQ (WC_W+)\1+WC—W+>\1)’ ( )
2 2.2 2 _
= —\/j&z6 e ~ ) : (6.62)
3A A (We — w4+ ) (we —w — Aq)
(6.63)

which is always zero on the resonance condition w = w,.. Therefore no transition takes
place at the atomic frequencies when they are identical.

Here, we investigated the transition rates for both atoms to simultaneously go from
their ground state to their excited state. We may also be interested in the possibility of
the number of photons in the cavity going from N = 0 to N = 2 instantly. The golden
rule (6.49) may be modified to calculate such a two-photon process. Since the ground state
is the same for atoms or photons, one just needs to replace the [0, ee|2, £)[* term which
calculates the proportion of |ee) state in |2, 4) by (2, £|(a")?a?|2, £) which calculates the
number of pairs of photons in |2,+). The I/Vo(z()2 )
qualitative result on |gg) — |ee) also applies to the photon sates |V = 0) — |N = 2).

needs no modification, therefore all

6.3.3 Master Equation Approach

In this section, we refine our analysis by using a more general, although numerical,
method to investigate the behavior of the system. A master equation approach is used,
into which dissipations such as atomic spontaneous emission and cavity loss are considered.
We numerically solve the master equation for the steady state of the system and measure
different observables. The results obtained will be interpreted in light of the perturbative
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Parameter | Value (x27 MHz)

A 0, 150
« 85
€ 6
K 6.8
vy 0.2

Table 6.1: Numerical values used in the numerical processes, unless stated otherwise.

approach of the previous section and we will show that two-photon processes are indeed
allowed in the present system.

Numerical Considerations

Here, we discuss the numerical methods used to calculate the following results. In order
to obtain results as realistic as possible, we chose to give to our parameters values close to
what has been used in recent circuit QED experiments, as in [97]. The typical values we
used are listed in Tab. 6.1, unless stated otherwise.

Our goal in this chapter is to highlight the two-photon processes, which are proportional
to €*, compared to the one-photon processes, proportional to €2 in the perturbation regime.
With that in mind, it makes sense to choose a high laser power in order to increase the
visibility of the two-photon transitions. However, as the strength of the laser probing the
system is increased, more and more excitation modes are being populated and for numerical
purposes we cannot use an infinite vector basis for the photon number |N). Therefore, we
need to make approximations in order to solve the master equation by cutting off the
excitation number to a maximum nmax. Unfortunately, with a truncated basis for high
laser power the populations come numerically to a saturation and harmonization of all the
different populations in the density matrix. We need a way to evaluate this effect in order
to chose a laser power as high as possible which still minimizes numerical errors.

It would possible to estimate the saturation effect in the numerical process by comparing
the number of photons calculated for an empty cavity to the number it should really have,
which can be calculated analytically for an infinite basis. Indeed, the master equation
relating to an empty cavity is written

1
p = —Ho, p] — r(a'ap — 2apa’ + pa'a), (6.64)
]

with the excited empty cavity Hamiltonian

Hy = h(we — w)a'a + ihe(a’ — a). (6.65)
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The time variation of any operator A is calculated using Eq. (6.64) as

d

%<A> = Tr(4p), (6.66)
= —i(w.—w)Tr (AaTa,o — ApaTa) +€Tr (Aan — Apa' — Aap + Apa)
—rTr (AaTa,o) + 2xTr (Aapa*) — kTr (A,oaTa) : (6.67)
= —i(we — w){[A,ala]) + ¢ ({[4,a"]) = ([A,a]))
—k ((Ad'a — 2a'Aa + a'aA)) (6.68)

where we used the invariance of the trace under cyclic permutations of the operators it act
on. If we want to calculate the time variation of the mean number of photons, we have
A = a'a and we calculate

[A,ala) =0, [A,a'] =d[a,al] =d', [A a] = —[a,al]a =a, (6.69)
Ad'a — 2a"Aa + a’aA = 2(a’aa’a — a'a'aa) = 2a'[a, a']a = 2a'a, (6.70)

where we used the commutation relation [a,a'] = 1. We finally find

d
Zlata) = e({a’) + (@) — 2n{a'a). (6.71)

Let us also calculate the time variation of the annihilation operator A = a. We have

(Aata) = [a.afla = —a, [A.al)=1, [A.a] =0, (6.72)
Aa'a — 2a'Aa + a'aA = aa'a — a'aa = a[a,d'] = a, (6.73)

and we find
%(@ = —i(w, — w){a) + € — K(a), (6.74)

and % {a') is the complex conjugate of % (a). At the system equilibrium, the time variations
are null and as we solve the system we find for the steady state

2

(ala) =

e 2 (6.75)

Now we can compare the value we numerically obtain from the steady state using a
truncated basis to (6.75) to get an idea of the saturation effect. In this work, we always
consider excitation numbers going up to nmax = 5. When the cavity is empty and on
resonance, which is obtained by setting @ = 0 and w. = w, we find, using the parameter
values shown in Table 6.1, a difference with Eq. (6.75) of ~ 0.5%. We did not use a higher
power laser, to prevent going beyond that margin of error.
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2200 -100 0 100 200 300
w — w, (X2 MHz)

Figure 6.5: Spectra of (a'a) (top) and ((a')?a?®) (bottom) in function of w — w, for the
values in Tab. 6.1 and A = 0. Note the absence of peak at w = w.. The other peaks
are numbered as the order of the n-photon transition |0) — |n,+) at w — w. = A\, /n:
one-photon, two-photon and an embryo of the three-photon transition can be made out.
The symmetrical peaks on the left side correspond to the n-photon transition [0) — |n, —).

One and two-photon Spectroscopy

The transmission 7" of an optical cavity of decay rate k is the quantity of photons that
filter out of one of the mirrors of the cavity and is given by T' = x(a'a). The second order
transmission T® consider the events involving more than one photon detected at the same
time by a photodetector and is given by T® = k2((a")2a?). In the following section, we
study the values of the populations (afa) and ((a')?a?) inside the cavity for the steady state
p° in function of the laser frequency w,, the transmissions being directly proportional.

First we study the resonant case. When the atoms have the same internal frequency
than the cavity, i. e. when A = 0, we found that the state |1, 0) does not get populated, since
(1,0|W10, gg) vanishes and neither do the states |2,0,;). Hence, we should not expect to
see a one photon transition peak at the frequency w = w.. We plotted the photon spectrum
in Fig. 6.5, and we see that, indeed, on the top curve the photon population at w = w, is
highly inhibited, the main peaks of the spectrum are those due to the |n,+) transitions,
for n = 1,2 and slightly n = 3.

We see the peaks due to the one-photon processes |0) — |1, %) in the ((a!)?a?) spectrum,
but the laser power is strong enough for the amplitude of the two-photon |0) — |2,+)
transition peak to dominate it and to bring a non-negligible contribution in the spectrum
of (a'a). That dominance grows as the laser power increases, since the n photons transitions
rates scale as ~ €2". We note a small peak at w = w, for ((a')?a?). That peak might be
explained by higher order transitions (n > 3) which are not inhibited, but also not strong
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200 100 0 100 200 300
w — we (xX2m MHz)

Figure 6.6: Spectra of (a'a) (top) and {(a')?a?) (bottom) in function of w — w, for

the values in Tab. 6.1 and A = 150 x 27 MHz. The transition at w = w, is not inhibited

anymore, on the contrary it yields the most important peak. The other peaks are numbered

as the order of the n-photon transition |0) — |n,+) at w —w. = A,/n: one-photon, two-

photon and three-photon (not visible on the (a'a) spectrum). The symmetrical peaks on
the left side correspond to the n-photon transitions |0) — |n, —).

enough to show on (a'a).

Then we study the non-resonant case by setting A = 150 x 27 MHz in Fig. 6.6. In that
situation, the matrix element (1, 0[7¥|0) is no longer zero and the transitions at w = w, are
allowed again, hence the observed peak at the cavity resonance frequency which largely
dominates the other transition peaks. The transition at w = w,. is the condition for the
consecutive one-photon transitions |0) — |1,0) — --- — |n,045), which is why the peak is
also very important on ((a')?a?), unlike the peak corresponding to the |0) — |1, &), which
does not correspond to a two-photon process and is henceforth comparatively much weaker
on the {(a)?a?) spectrum. Once again, we note that in the two-photon spectrum the two-
photon transmission to |2, £) is of the same order of magnitude than the transmission to
|1,4), due to the strength of the laser power. Also, we note the emergence of two new
peaks, only visible on ((a")2a?), which are due to three-photon transitions.

Cavity quality

In this section, we study the influence of the quality of the cavity on various possible
spectra by superposing plots or the same quantity for different values of the decay rate
k. A theoretical, perfect cavity is characterized by x = 0 (in which case the transmission
actually vanishes) while an imperfect cavity will have k greater than zero. The greater
is, the closer the cavity will mimic free space.
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2200 -100 0 100 200 300
w — we (x2m MHz)

Figure 6.7: Spectra of (a'a) in function of w — w, for the values in Tab. 6.1, A =

150 x 2w MHz and different values of x (in 2r MHz): 0 (Red); 20 (Orange); 55 (Purple);

150 (Blue); 400 (Black). The peaks are numbered in function of the order of the transitions
at w— we = Ay /n.

First we study the transmission spectra, shown in Fig 6.7, for different values of x and
A = 150 x 2r MHz. When the cavity decay rate is great, the (a'a) spectrum obtained is a
typical one-photon absorption spectrum, with dips located at the two atomic frequencies,
w. = A, which is similar to the case of two atoms in a vacuum. There is no other visible
structure for cavities of such low quality.

When the cavity quality increases, peaks progressively start to appear at the frequencies
of all the allowed transitions. In a perfect cavity, the amplitude of the peaks becomes very
important and we observe several peaks numbered on the plot, corresponding to the n-
photon processes |0) — |n,+) at w — w. = A\,/n for n = 1,2,3,4. We also note the
amplitude of the central peak at w = w,., which corresponds to all the consecutive one-
photon transitions |0) — |1,0) — -+ — |n, 044).

Let us now study another aspect of the system and measure the populations of the
excited states |e;) and |ee) in the steady state p° in function of the laser frequency w. The
quantities (e;|p”|e;) and (ee|p®|ee) will be considered, where the traces over the subsystems
of no direct interest, namely the photon field and the second atom, is implied. Those atomic
populations can be measured in circuit-QED [98].

In Fig. 6.8 we plotted the spectrum of (ee|p®|ee). For a lossless cavity (in red) we
observe transition peaks corresponding to the n-photon processes |0) — |n,+) at w —w, =
An/n for n up to 5, all numbered on the figure. Between the peak number five and the
central peak we can distinguish a few small peaks. It can be shown that those peaks
correspond to the transitions |1, £) — |n,+) with n > 2, which happen at the frequencies
w=w.* (A, — A1)/(n —1). That second series of excitations is made possible thanks to
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0.1

2200 —100 0 100 200 300
w — we (x2m MHz)

Figure 6.8: Spectra of (ee|p®|ee) in function of w — w, for the values in Tab. 6.1, A =

150 x 27 MHz and different values of x (in 27 MHz): 0 (Red); 20 (Orange); 55 (Purple);

150 (Blue); 400 (Black). The peaks are numbered in function of the order of the transitions
at w—w, = A\, /n.

the strength of the laser which populates the |1, 4) states even away from resonance.

For cavities of lesser quality, the peaks quickly start to fade away. For the worst
cavity we considered (in black), we see the apparition of two peaks, who are actually
centered on the atomic frequencies w — w, = £150 x 27 MHz, a behavior we would expect
from the ionization spectrum of two atoms in free space, as in Fig. 6.2. We also note
the apparition of a dip at the frequency w = w.. We saw in Sec. 6.1 that in free space
the transition are 2w = w; + wy was prohibited by Fermi’s golden rule, although that
prohibition in the perturbation theory did not translate in the steady state behavior by
an interference or a dip, but rather simply by an absence of peak. In our case, for a
low quality cavity, the w = w, transition to the |ee) state is strictly prohibited unlike the
photonic transitions shown in Fig. 6.6, even though they are both predicted to happen by
perturbation theory. At this stage, we can only assume that this behavior is induced by
the cavity decay mechanisms which are not considered in Fermi’s golden rule and more
calculations should be made in order to understand this phenomenon completely.

In Fig. 6.9, we study the diminution of the peak amplitude of (ee|p®|ee) at the frequency
w = w. + A2/2 in function of /7. Clearly, when r < 7 the amplitude saturates, i. e. the
population of the doubly excited atoms is limited by the spontaneous emission, but another
regime is reached when x > v where the amplitude is decreased following a power law.
We therefore see that the best amplitudes are reached for the cavity decay rate smaller or
of the order of the atomic decay rate.

In Fig. 6.10, we study the probability to observe only one of the atoms excited (e;]p”|e;)
in function of w — w,.. For a perfect cavity (in red), we observe once again transition
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K/
Figure 6.9: Spectrum of (ee|p®|ee) in function of s for the values in Tab. 6.1, A =

150 x 2w MHz at the resonance w = w,. + A2/2. For k < 7y the population is saturated by
the spontaneous emission, it then decreases following a power law as xk grows beyond .

2200 —100 0 100 200 300
w — we (x2m MHz)

Figure 6.10: Spectra of (ej|p®|e;) in function of w — w, for the values in Tab. 6.1,

A = 150 x 27 MHz and different values of x (in 2r MHz): 0 (Red); 20 (Orange); 55

(Purple); 150 (Blue); 400 (Black). The peaks are numbered in function of the order of the
transitions at w — w. = A, /n.



6.4 General Atomic Frequency Spread 135

peaks for the transitions |0) — |n,£) at w — w, = A,/n for n up to 3, although the two
higher order peaks are very thin and disappear completely for k = 20 x 2 MHz which is
easily understood since those are multi-photon processes measured on a single excitation
spectrum, just as the two-photon peaks on (a'a) in Fig. 6.6 was several orders of magnitude
smaller than the one-photon peaks on {(a'a).

For greater values of cavity decay rate, all the peaks begin to fade away until only one
peak is left around the first internal atomic frequency at w — w,. = 150 x 27 MHz, as we
would expect from a spectrum of an atom in free space. What we would not expect from
such a spectrum however is the dip that forms around the second atomic internal frequency
w—w, = —150 x 2r MHz. That new behavior is once again due to the cavity decay process
in the system. Note that even though the presence of the |ee) state is strongly inhibited
for finite k at the frequency 2w = w; + wy, the presence of only one excited atom is not
affected at all, which induces a strong blockade in the system, even if the two atoms do
not interact directly with each other.

One interesting feature we also observe on the graph is that at the amplitude of the
population of the (e;|p”|e;) at the first atomic internal frequency w — w. = 150 x 27 MHz
seems to be completely independent from the value of k. For a perfect cavity, there is no
discernible peak at that location, but as the decay rate grows, the population stays the
same while for all the other frequencies it weakens, which eventually yields a peak at the
atomic frequency.

6.4 General Atomic Frequency Spread

In this section, we investigate the behavior of the system not being restrained by the
constraint w; + ws = 2w,.. For this general setup of the atomic frequencies, we are no
longer able to diagonalize the unperturbed Hamiltonian or perturbation theory. We will
rely purely on numerical considerations and analogies with the previous case.

We define the atomic frequencies to be

w = we+A+ 0o, (6.76)
Wy = we— A+ 9, (6.77)

which yield every possible value of w; and wy when A and ¢ are allowed to vary. The
particular case wy + wy = 2w, is found when ¢ = 0.

6.4.1 Eigenstates and Eigenvalues

We showed in Sec. 6.2 that the Hamiltonian H always commutes with the global ex-
citation number operator n without making any assumptions on the atomic frequencies.
This means that H keeps its block diagonal form described earlier, however we were un-
able to diagonalize the different blocks with general atomic internal frequencies. Although
the analytical form of the eigenvalues and eigenstates are not generally known, except
for the ground state |0), we may still numerically identify them. We keep the notation
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Figure 6.11: Numerical values of A9 (red, dotted), A#) (red), A(2%2) /2 (blue, dotted)

and A2%) /2 (red) as well as wy, wy (green) and (w; + wy)/2 (green, dotted) in function of

¢ for a = 85 x 2r MHz, A = 150 x 2r MHz. The red and blue lines represent the values of

w — w. a which one and two-photon transitions are expected and the green lines the values

we might expect dips for different quantities. The dotted lines are transition values that
are degenerate when A = 0.

previously used and call the n = 1 excited states |1,0),|1,£) and the n excited states
|1, 0ap), |7, £) with the respective eigenvalues 0, fuwe+RAE0) | A+ BAEE) nhw, 4+ RA0a0)
and nhw, + EA(™®) Although we do not now the analytical form of these eigenvalues, we
can identify them from the values they have for ¢ = 0.

In Fig. 6.11, we show the numerical values of A0 A(1:#) - \(20a0) /2 and A2H) /2 as
well as wy, we and (w; + we)/2 in function of ¢ for A = 150 x 2r MHz. We identify which
eigenvalue is which from the initial values at ¢ = 0, with some uncertainty about A(202)
and A%) which are degenerate for ¢ = 0. We will shortly solve this problem.

We chose for the next numerical calculations to settle on the numerical parameter
¢ = 130 x 2m MHz which spreads as evenly as possible all the numerical values plotted
in an attempt to separate the possible peaks and dips as well as possible. We used in
the previous calculations a high laser strength ¢ = 6 x 2r MHz in order to maximize the
visibility of the two-photon processes in the spectra. Unfortunately, using a high laser
power also broadens the peaks and as we now investigate a more general case with a more
complex structure, we will use the smaller value ¢ = 2r MHz to separate the peaks more
effectively.

In the particular case of two identical atoms, i. e. when A = 0, we can partially
diagonalize the blocks of the unperturbed Hamiltonian and find a few eigenstates. These
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eigenvectors are

1,0) = % (10, eg) — [0, ge)) (6.78)
1 1+

11,+) = Vot T O (a]0, eg) + a0, ge) — A1, gg)) | (6.79)

2,0,) = % (L eg) — [1,ge)). (6.80)

and the other ones were not found. We chose to call the last state |2,0p) rather than
12,0,) since it is actually the same as the case ¢ = 0. Note that |1,0) and |2,0,) are again
antisymmetrical under the permutation of the two atoms and are again decoupled from
the other states. We can also calculate the respective eigenvalues to the eigenstates and
we find that AW = A, N0 = (A++/8a? + A?)/2 and A?%) = A, Numerically, starting
from that situation, we checked that value of A*%) is always smaller than A\(3%) for other
values of A and ¢ and the uncertainty about their respective denomination is lifted.

We can calculate the few off-diagonal terms coming from the perturbation W linking
those eigenstates, which are expressed, in the unperturbed Hamiltonian eigenstates basis,
as

(0W]1,0) = 0, (6.81)
A1)

oW\, £) = — 6.82

< | | ’ > ? \/20&2_’_()\(17:‘:))2 €, ( )

(1,0]W2, 05) —ie, (6.83)

(1, £|W|2,0,) = 0, (6.84)

which indicates that, because of their antisymmetry, the |1,0) and |2,0,) states do not get
populated by the perturbation by either one or two-photon processes.

Atomic, one and two-photon Spectroscopy

Let us now study the different spectra of the general steady state case. We show in
Fig. 6.12 the (a'a) and ((a')%a?) spectra of the particular case A = 0. As we expected,
there is no peak at w = w,, on the contrary we find there a strong dip in the populations
at the atomic frequencies w; = wy = w,, due once again to the cavity decay process.
We find two-photon peaks in the ((a')?a?) spectrum (and a beginning of a three-photon
peak around w — w,. ~ 140 x 27 MHz), although the peak at A(>7)/2 happens to be very
close to the one-photon peak at A"™) and those two are not resolved but yield a peak of
consequently greater amplitude than the peak at A7) /2.

Let us now investigate the more general case A = 150 x 2r MHz and ¢ = 130 x 2r MHz,
of which we plotted the (a'a) and ((a')?a?) spectra in Fig. 6.13. We count three one-photon
peaks, all associated with one n = 1 eigenvalue and four two-photon peaks, again associated
with the four n = 2 eigenvalues. We find two important dips in {a'a) located at the two
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Figure 6.12: Spectra of (a'a) (top) and {((a)?a?) (bottom) in function of w — w, for the
values in Tab. 6.1, ¢ = 2r MHz, A = 0 and ¢ = 130 x 2r MHz. We find two peaks at
w—w, = AH corresponding to one-photon transitions and three peaks at w—w, = A\(>%) /2
and A0 /2 corresponding to the two-photon transitions. No trace of transitions involving
the states |1,0) or |n,0,). We also find a dip at the atomic frequencies w; = wy = w,. + A.
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Figure 6.13: Spectra of (a'a) (top) and ((a')?a?) (bottom) in function of w — w, for the
values in Tab. 6.1, e = 20 MHz, A = 150 x 2r MHz and ¢ = 130 x 27 MHz. We find three
peaks at w —w, = A1) and A9 corresponding to one-photon transitions and four peaks
at w — we = A% /2 and A*0a2) /2 corresponding to two-photon transitions. We also find
two dips at the atomic frequencies w — w, = 280 x 2r MHz and w — w, = —20 x 27 MHz.
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Figure 6.14: Spectrum of (ee|p®|ee) in function of w — w, for the values in Tab. 6.1,

€ = 2mr MHz, A = 150 x 2r MHz and ¢ = 130 x 2r MHz. We find three peaks at w — w, =

ALE) and A9 corresponding to all possible one-photon transitions and four peaks at

w — we = A®F) /2 and \2%.) /2 corresponding to all possible two-photon transitions. We

also count three dips, two small ones at the atomic frequencies and an important one at
the mean frequency w — w, = 130 x 2 MHz.

atomic frequencies w — w,. = 280 x 2r MHz and w — w, = —20 x 27 MHz which is a cavity
decay related process. In the ((a')2a?) spectrum, the same dips are not visible, but we
see the apparition of a new one around w — w, ~ 225 x 27 MHz that does not seem to
correspond to any particular value we used up until now.

In Fig. 6.14 we plotted the spectrum of (ee|p®|ee) in function of w — w, also for A =
150 x 2r MHz and ¢ = 130 x 27 MHz. We count seven peaks, three associated one-photon
processes and four associated two-photon processes. This is the most general case where
there is no interference between the different excitation paths that lead to an inhibition of
a peak. We also count three different dips, two of them of weak amplitude located at the
atomic frequencies w — w, = 280 x 2r MHz and w — w, = —20 x 27 MHz, and a very strong
one located at the half-sum of the frequencies w — w. = 130 x 2m MHz, once again linked
with the cavity decay process.

6.4.2 Cavity Induced Transparency

Let us investigate another property of two atoms in a cavity. We showed in Eq. (6.75)
the spectrum of the mean number of photon (a'a) in an empty cavity. Using the same
formalism we will derive the analytical expression of (afa) in an empty cavity and show
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that
((a")?a?) = ((a'a))®. (6.85)

For that, we use Eq. (6.68) with A = (a)?a? and we calculate
[A,ata) =0, [A,a'] =2a'a’a, [A,d] = —2d"aa, (6.86)
Aa'a — 2a'Aa + a'aA = 2a'ataa, (6.87
where we used the basic commutation relations [a, a'] = 1 to find the final results. We find

%((af)%ﬂ = 2¢({a'a'a) + (a'aa)) — 4r{(a’)*a?), (6.88)

and we have to calculate the time variation of (aTa'a). Let us pose B = a'a’a and we have

[B,a'a) = —a'a'a, [B,d'] =d'a’, [B,a] =—2d'a, (6.89)
Ba'a — 2a'Ba + a'aB = 3da'd'a. (6.90)

We have J
a(aTaTa) = (i(we — w) — 3k) (a'a'a) + e((a'a’) + 2(a'a)), (6.91)

and with %(cﬂaa) its complex conjugate. There is one more the time variation to calculate.

With C' = a? we have

[C,a'a] = 2aa, [C,a'] =2a, [C,a] =0, (6.92)

Ca'a —2a'Ca + a'aC = 2aa, (6.93
and we have J

d_t<a2> =2 (—i(we — w) — k) (a®) + 2¢{a). (6.94)

and with < ((a')?) its complex conjugate.
Globally, in the steady state, we have

€

(a) = "t i — )’ (6.95)
(ala) = H2+(;2C_w)2:<aT)<a>, (6.96)
@) = s = (6.97)

€ aTaT aTa Cl]L a
(alata) — (z;—i Jjﬁ w)>) :e<aT>3I§_>Z,Z%2<_>w) _ (ahata),  (6.98)
((a'7a?) = -((ala'a) + (a'aa) = ~(a'a)({a") + (@) = (ala)?,  (6.99)

and we have the desired result.
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Figure 6.15: On (a), spectra of (a'a) (top) and {(a)?a?) (bottom) in function of w — w,

for the values in Tab. 6.1, ¢ = 2r MHz, A = 150 x 2r MHz and ¢ = 130 x 27 MHz

(blue) along with the same spectra of an empty cavity (red, dotted) with the same settings

and a = 0. On (b), the same spectra of the system with the laser frequency set on

w=w.+ ¢ = (w; +wz)/2 in function of ¢ (blue), along with the spectra of the empty

cavity (red, dotted). At the frequency 2w = w; + wy, the system behaves as if the atoms
were not in the cavity.

We showed in Fig. 6.15 (a) the same plot as in Fig. 6.13 (blue) along with the spectrum
obtained by setting the atom-field coupling constant « to zero (red, dotted). We noted
that at the frequency w = (w; + w2)/2 = w. + ¢ both red lines crossed the blue lines. In
other words, at that particular frequency, the number of photons in the cavity is exactly
the number of photons that would be expected in an empty cavity, furthermore the same
result holds for the mean number of pairs of photons. It is easy to check numerically that
the relation

{(a')?a®) = ((da))?, (6.100)

also holds for our two-atom system at the frequency 2w = wy + ws.

In Fig. 6.15 (b) we plotted (a'a) and ((a')%a?) in function of ¢ for a laser frequency
W= we+ ¢ = (w1 + ws)/2 (blue) along with the same quantities obtained for an empty
cavity (red, dotted) for comparison. The two plots are identical, signature of some kind of
cavity induced transparency (CIT) of the system.

Those figures were plotted with the atomic frequency difference A = 150 x 27 MHz,
however we may recall that the all the photon spectra we presented showed dips at the
atomic frequencies w; and wy (although not very obvious on Fig. 6.6 due to the large value
of €), we would therefore suspect that the transparency effect would not be observed when
the atoms have identical frequencies, i. e. when A = 0. Indeed, the mean number of
photons in a cavity with a laser on resonance with two identical atoms does not go beyond
(aTa) ~ 3 10710 a value of about 6 orders of magnitude smaller than the one obtained for
A =150 x 27 MHz.

In Fig. 6.16 we plotted the same plot as in Fig. 6.15 (b), but with a smaller gap in
atomic frequencies A = 50 x 2r MHz. We can see that on most of the spectrum the CIT
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Figure 6.16: Spectra of (a'a) (top) and {((a')?a?) (bottom) of the system with the laser

frequency set on w = w. + ¢ = (w1 + w2)/2 in function of ¢ (blue) along with the spectra

of the empty cavity (red, dotted). The CIT effect is not perfectly observed around ¢ = 0
since the atom frequencies are not spread out enough.

effect is observed, although around ¢ = 0 the number of photons in the cavity is slightly
smaller than what it would be in an empty cavity. We conclude that the CIT effect is
stronger when the gap in the atomic frequencies is larger and not in competition with the
cavity decay induced photon inhibition at the atomic frequencies.

We see on Fig. 6.11 that the (w; + w2)/2 values for non-zero ¢ never coincide with
another transition value, therefore we should not expect a strong competition between the
CIT and other transition resonances.

6.5 Summary and Discussion

In this chapter, we have studied the behavior of two unidentical two-level atoms in a
single mode cavity driven by a laser under realistic conditions of spontaneous emission and
cavity losses. In free space, two-photon processes for independent atoms do not happen, as
we checked by using perturbation theory and further with a master equation calculation.
Our next objective was to show that two-level processes are possible in a cavity ad to study
their occurrences in realistic experimental conditions.

In order to study the system using perturbation theory, we made the simplification of
considering two atoms with frequencies evenly spread around the cavity mode frequency.
We were then able to express analytically the eigenstates and eigenvalues of the unper-
turbed Hamiltonian, which allowed us to show that two-photon processes were possible
for different dressed states of the system. In the free space case, the two-photon processes
would have to happen at the mean of the atomic frequencies, but we found that in a cavity
the transitions at that particular frequency were merely one-photon processes which could
however be suppressed if the two atoms were identical with internal frequencies equal to
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the cavity’s.

We confirmed that analysis with the steady states of the master equation and we
observed peaks due to multi-photon processes, up to five-photon processes in a perfect
cavity!. The mean number of photons in the cavity, the mean number of pairs of photons,
the population of a single excited atom as well as the population of two excited atoms in
the system were studied.

Some effect that were not expected from the perturbation theory were observed for
important cavity decay rates. Dips in the mean number of photons spectra were found
whenever the laser hit the atomic frequencies. The population of two excited atoms was
strongly weakened when the laser frequency was in the middle of the atomic frequencies
but peaked on the atomic frequencies themselves for very poor quality cavities. Also for
those cavities, the population of a single excited atom peaked when the laser resonated
with its frequency but dipped for the other atom’s frequency. The shifting of the peaks
is understood easily as when the cavity loses more and more photons, it becomes similar
with free space. However some kind of coupling still remains and causes dips that are not
observed in free space.

The purely numerical study of steady states of the system without the simplification
on the atomic frequencies was also conducted. The degeneracies on some dressed states
were lifted and the number of one and two-photon peaks augmented as could have been
expected. The results coming from the cavity decay processes were also observed and
confirmed to exist in the general case.

A last effect, the cavity induced transparency, was observed. We showed that when
the laser frequency was in the middle of the atomic frequencies, not only the population of
the doubly excited state dropped but also the number of photons and of pairs of photons
were found to be identical to the number that would have been found in an empty cavity,
therefore yielding no particular multi-photon process, exactly as what we found in free
space. The CIT effect was not found to be as strong when the atomic frequencies were
very close from each other, as in this case the cavity decay induced drop in the mean
photon number takes precedence.

Actual experimental realizations of atoms in resonant cavities have been realized in
circuit cavity QED. In that type of experiments, like in [97,99,100] a lot of parameters,
such at the atomic frequencies, are independently controllable. Monitoring the transmission
at low enough power exhibits the usual vacuum Rabi splitting, specific to two atoms as the
Rabi splitting depends on the number of atoms [101-106]. With an increase of the input
power, the transmission could show the cavity two-photon resonance and exhibit all the
effects we spoke of. A particular immediate realization of that two-photon effect could be
realized in circuit cavity QED considering the setup used in [97] with two superconducting
qubits instead of three. In that experiment, the frequency of each qubit is separately
tunable, and we deliberately chose in this paper parameters close to what has been achieved.

!Five-photon processes are obviously the highest multi-photon processes one could obtain with a trun-
cated basis with nmax = 5. However, attempts were made with nmax = 7 and no higher order process
was noticed for the same value of e.
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Clearly, the existence of cavity induced two-photon transition implies the existence of
cavity induced inter-qubits interaction. This would suggest that all inter-atomic forces can
be manipulated by using cavities, as we have control over parameters like frequencies or
coupling strengths. Cavities offer many possibilities, as whole ladders of dressed states and
one or more external fields can be used to manipulate interactions inside the cavity [64,107].
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In chapter 1, we made a contribution to quantum entanglement theory by introducing
a new entanglement criterion, the Schrédinger-Robertson partial transpose inequality. We
took advantage of the physicality of a partially transposed separable state to constrain
the product of the variances of two operators to a minimal value. The violation of that
constraint when measured on some state is the indisputable sign of entanglement in the
state. We showed that not just any operator could be used in that inequality, and we gave
a precise description of acceptable operators. We proved that there is always a pair of
suitable operators that are able to detect the entanglement of any pure bipartite state of
any dimension, giving a necessary and sufficient criterion for the detection of entanglement.
We also proved that the criterion was necessary and sufficient in the case of pure three-
qubit state. The Schrodinger-Robertson partial transpose inequality has a very wide range
of application and we tested it on a few systems, multipartite mixed states, harmonic
oscillators, multiphoton polarization states, continuous variable states or Schrodinger cat
states with very encouraging results.

In chapter 2, we introduced an N-qubit generalization of the concurrence, originally
defined for two qubits. We started off with three qubits and we gave a series of conditions
that we proved to be necessary and sufficient for the entanglement of pure states. We
used these conditions to construct nine matrices that lead to the definition of the three-
qubit concurrences for pure states. We showed that those concurrences were not unrelated
to other established measures of entanglement, such as the three-tangle or another type
of multipartite concurrence defined in the literature. Following in the footsteps of the
original concurrence, we generalized the application of our concurrences to mixed sates
and we showed that any linear combination of the nine original matrices could be used to
define a concurrence applicable on mixed states. Any observed non-zero concurrence in a
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state immediately indicates the presence of entanglement in the system. We showed that
in the case of symmetric states, the number of concurrences could be reduced to three, with
which a non-zero value directly indicates the presence of genuine tripartite entanglement.
We pushed the generalization to N-qubit states by determining all the necessary and
sufficient conditions to entanglement of a pure state. Those conditions allowed us to define
the concurrences for pure and mixed states of N-qubits. We concluded with an example
application on a family of mixed states into which any N-qubit state can be depolarized and
saw that the entanglement of those state could always be detected with our concurrences.

In chapter 3, we started to get interested in ways to produce entanglement in physical
systems such as cold atoms. We investigated the dipole blockade effect observed in such
systems and modelized it with an interaction term in the Hamiltonian and master equation
of the system. We showed that if the doubly excited state was shifted out of resonance
far enough, the system would evolve from the ground state into a mixture of ground state
and maximally entangled state. We measured the intensity of the blockade as well as
the concurrence in different situations and we concluded that indeed the amplitude of the
blockade in the system was a good marker for the amount of entanglement shared in the
atoms. We also saw that the blockade could be lifted by considering a strong enough
laser excitation. This observation lead us to investigate the steady state of the system
towards which all systems tend to. We were able to find the analytical expression of the
steady state, which allowed us to give the expression for the amplitude of the blockade.
Furthermore, we were able to give an analytical expression of the concurrence in the state.
This expression can be used to calculate the laser strength that will maximize the amount
of entanglement in the system for a given interaction strength. We concluded the chapter
by giving another way to probe the blockade effect in the system, the photon-photon
correlation. We showed a connection between values of the photon-photon correlation and
the blockade, which provides a new way to measure the effect in an atomic system in the
case where the spontaneous emission dominates over other dissipation effects.

In chapter 4, we extended our model to three-atom systems. We showed that it was
enough to consider the sum of the pairwise atomic interactions to find the global interac-
tive terms in the Hamiltonian. We studied the system in a mixed symmetry basis that
helped us along the way to interpret several results. After a few considerations on general
configurations of the system, we studied different cases: no interaction between the atoms,
interaction between only two, same interaction between all atoms and aligned atoms with
interaction between first neighbors only. For each case we were able to give a complete
analytical expression of the steady state. We studied the different blockades in the system
and saw that the maximally excited state tended to be very far away from resonance in
genuine tripartite interactions. The blockades observed in pairs of atoms with the third
atom traced out showed no great difference with the bipartite case except when we con-
sidered the atoms from the extremities of the chain of atoms. In that case, the population
of these two atoms in their excited states was actually enhanced even though the atoms
share no direct interaction. Then, we studied the two-atom concurrences in the different
subsystems by tracing out one atom. We noted a general decrease of the amount of bipar-
tite entanglement as a third atom was set to interact with the original pair. Anecdotally,
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no entanglement was associated with the enhancing observed earlier. Finally, we stud-
ied tripartite entanglement using our concurrences defined the second chapter. We saw
clear signs of genuine tripartite entanglement, especially of the W-type in the symmetric
configuration, and thus we confirmed the interest of defining our concurrences.

In chapter 5, we investigated the EIT, which was shown to be able to detect Rydberg
states. We wondered if, conversely, the long range interactions observed in Rydberg states
could influence the EIT. We first gave an overview of the phenomenon and used our master
equation formalism to give an analytical expression of the steady state for the a three-
level atom in the ladder scheme excited by two lasers. By considering the steady state
term responsible for EIT in the lowest order of the probe laser strength, we found the
usual expression of the EIT. We then gave our model of dipole blockade interaction for
two of such atoms in our Hamiltonian and steady state. After finding the eigenstates of
the unperturbed basis, we investigated the possible two-photon processes and found that
one possible excitation was forbidden for a non-zero interaction but that two others were
always non-zero since they relied on only one possible excitation path. We then computed
numerical simulations of the steady state and measured the blockade and its effect on EIT.
We found that the blockade and antiblockade effects were important and in accordance
with our perturbation theory considerations, although the EIT was only slightly affected.
This can be explained by the fact that EIT is not a saturation effect, i. e. the population
in the top level state is of less importance as the simple possibility for a transition. At
that point, we considered another kind of possible interaction for the system, the dipole-
dipole interaction, and presented our theoretical model. The effects of the interaction on
the eigenstates of the unperturbed Hamiltonian were found to be deeper than those of the
previously considered interaction since it increased the number of possible transitions. The
two-photon transitions were also studied and we found that one of them was still forbidden
while the other two were not. We found that the effect on the EIT in the steady state were
considerably more important as we noted the apparition of three windows of transparency
instead of one, which can be explained by the apparition of the new transition frequencies,
in particular in the antisymmetric states of the system.

In chapter 6, we studied two-photon processes in cavity QED. After checking why such
processes were forbidden for two unidentical atoms in free space, we gave our Hamiltonian
modelizing the atoms, the cavity mode, the coupling between them and the laser exci-
tation. We also gave the master equation which includes dissipations effects like atomic
spontaneous emission and cavity losses in the model. We considered a constraint on the
atomic frequencies that allowed us to analytically express the eigenstates and eigenvalues
of the unperturbed Hamiltonian, which lead us to calculate, with perturbation theory, the
possibility of two-photon processes within the cavity. We found that those processes were
indeed possible when considering transitions to two of the dressed states of the system
and we noted that the transitions to the other possible states could not be identified as
two-photon processes but rather as two consecutive one-photon transitions. After a few
numerical considerations, we studied the steady state of the system by computing different
photonic and atomic spectra that confirmed the existence of two-photon processes. By
studying the influence of lowering the cavity quality on the different spectra, we found



148 Conclusion

that some behaviors could be interpreted with a free space model, but others, such as the
strong inhibition of the doubly excited state population at the mean atomic frequency,
could not. We then numerically considered a more general setup by lifting the constraint
on the atomic frequencies which lifted degeneracies and allowed us to confirm previous
observations. One more effect was noted, the cavity induced transparency. For the same
laser frequency that inhibits doubly excited states, the number of photons in the cavity
is found to be the same as it should be in an empty cavity. This effect was found to be
stronger when the atomic frequencies were far apart and annulled for identical frequencies.
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Appendix A

Expression of Angular Eigenstates of
Harmonic Oscillators

In this appendix, we derive some results on harmonic oscillators which are useful to
show the abilities of entanglement detection of the SRPT criterion.

A.1 Two Dimensional Harmonic Oscillator

In two dimensions, the Hamiltonian describing a particle of mass m subject to an
isotropic harmonic potential is

2 2
1
H:p—z+p—y+—mw2 (® + %), (A.1)

2m  2m 2

with z;, p; the position and momentum of the particle in the directions ¢+ = x,y and w a
constant. Since H is the sum of two oscillators Hamiltonians along the directions x and y,
it is clear that the eigenvalues of the hamiltonian will be written as

|nxvny> = |ne) ® |ny>a (A.2)

when the |n;) are the eigenstates of the two one dimensional Hamiltonians. We may define
the annihilation operators:

ay, = %(\/?yjt Trizhwpy)' (A.4)

are the hermitian conjugates of the above operators. We have

T

i

The creation operators a

[ag, al] = [ay,al] =1, (A.5)
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while all other commutators between the four operators are zero. Let us finally define the
number operators

N, = dla,, (A.6)
N, = a;ay, (A.7)

which allow us to write H as
H=(N,+ N, + 1)hw. (A.8)

The eigenstates have the properties

a;jlni)y = +/niln; — 1), (A.9)
allny) = Vi +1n; + 1), (A.10)

and therefore, we have

! al)™ (al)™10,0), (A.12)

|1, 1y) = N (al

with |0,0) the ground state of the oscillator.
We can also prove that

Hng, ny) = (ngy + ny + 1)hw|ng, ny). (A.13)
If we define the total quantum number
n=ng +n,, (A.14)
we note that one particular value of n corresponds to the n + 1 orthogonal eigenstates
|n,0), |n—1,1),..., |0,n), (A.15)

which shows that the measure of the energy alone does not allow us to pinpoint one
proper state. The discrimination between all these states could be achieved by measuring
the energy separately in the x and y direction, but there is another method that takes
advantage of the angular momentum L,. That operator is defined by

L, = zp, — ypa, (A.16)

or in other terms
L. = ih(azal — ala,), (A.17)

Y

and it is clear that the |n,,n,) states are not eigenstates of L.
However, it is possible to show that

[H,L.] =0, (A.18)
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which indicates there must be a common eigenstate basis for the two operators. That basis
is made of the |y /) eigenvectors which has the following properties:

Hlpnr) = Tw(2k + |M[+1)[vgar), (A.19)
L) = M|ty ). (A.20)

We wish to express any |y p) state in function of the |n,,n,) states. It is quite clear
that n = n, + n, = 2k + |M| and therefore for given k and M we have in general

n

[Vr,pr) = Zci\nx =n—1i,n, =1i). (A.21)

1=0

To find the analytical expression of the ¢; coefficients, we need to define an intermediate
basis as follow

a, =

(az —iay), (A.22)

Hg|H
[\

a = 7 (ay +iay), (A.23)

where r and [ stand for right and left, as those operators can be interpreted as annihilators
of right and left “circular quanta”. They are very similar to a, and a,, they follow the
commutation rules

ar,al] = [a,al] = 1, (A.24)

r

and all other combinations are zero. It is possible to express the regular ladder operators
in function of the circular one and we find that

H = (N,+ N+ 1)hw, (A.25)
L, = h(N,—N), (A.26)

with N, = ala, and N; = alTal the new number operators. We see that there is a |, n,)
basis in which both H and L, are diagonal and which behaves exactly like the |n,,n,)
basis. We also find

n = n,+n =2k+|M]|, (A.27)
M = n,—ny, (A.28)

This result does allow to associate a definite |¢ ps) state to a single state |y, »,). There
are two cases depending on the sign of M; if M > 0, it means n, > n; and |M|=n, —ny
and k = ny, if M <0, then |M|=n; — n, and k = n,. Globally,

V) = |Pnymkt| M| py=k) if M >0, (A.29)
WYkar) = |Pn,=km=tina)) i M <0 (A.30)
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We see that a state with a positive helicity M has more “right” quanta than “left”
quanta and inversely for M < 0. Now, to express a |¢y, n,) into a combination of |n,, n,)

we have
1 T za -i- L
‘Sonr,nl> = \/n—|—nl| (ar) (Gl> |Q00,0>, (A31)
1 oy

- \/Wiz< )( )(a;)”‘k‘l(a;)j+‘“(i)k—l|o,o>, (A.33)
- WZ{Z (

)
= m ZOZO ( ) ( ) D ()¥70,0),  (A.35)
= 2= (;T_L,ZTLZZ' ( )( )n—z’,z‘>, (A.36)

() Y (al) 010,09, (A34)

=0

where on line (A.32) we simply used the definition of a, and a; and noted the ground state
is the same in both basis, in (A.33) we used the binomial formula twice and in (A.34) we
applied the change of variables i = k + [ and j = k — [. In order to span all values of (k,[)
only once, we span all “antidiagonal” lines with k41 =14 (i =0,1,...,n) and along those
lines we consider the elements (k = ”3 A== J) (j =—i,—i+2,...,9—2,4). The values
of j should actually only go from max{—z i — 2n;} to min{z, 2n, — i} in order not to go
beyond k = n, and [ = n; but we can simplify it since the binomial coefficients will yield
zero if k > n,. or [ > n;. In line (A.35) we applied yet another change of variable as j = %
(j =0,1,...,4) and renamed j" as j, in (A.36) we applied the creation operators to the
ground state and in (A.37) we multiplied the numerator and denominator in the root term
by n! and simplified the expression. The final sum on j may be expressed differently as we

find that i
S =1y (2) (_”l ) = (Tzl>2F1(—i,—nr;m —i+1;-1), (A.38)

Z —_—
=0 J

with o] the hypergeometric function, but we choose to keep the sum as it is for its
implementation simplicity.

Now, we need to express directly the | ,) state in the |n,,n,) basis. Depending on
the sign of M, we need to consider the state [@p4 ark) OF |0k k+|0))- The easiest way to see
the effect of a swap of n, and n; is in line (A.33) where the only difference is i*~! becoming
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il=% = (—i)k=!. With that consideration, we finally have the ¢; coefficients we wanted in

(A.21) up to an overall phase:
M
Z (k * | ’) ( ) (A.39)
t=J

The last property we want to investigate is the relation

ci =i"(—1)"""c,y. (A.40)

| ) (z ﬁlj), (A.41)

¢; = (—sign(M

On the left hand side, we have

" ) (A.42)

) e
P e

]nll

= (=i

where in the second step we used the variable change ;' = n, — j and in the last step
simplified the expression. Aside from the phase, the only remaining difference is the borns
of the sum but thanks to the binomial coefficients, that difference vanishes. Indeed, for
both sums, the condition of having non zero terms is max{0,i — n;} < j < min{i,n,}, so
that all terms considered outside those limits are zero. Of course, we have |¢;|= |¢n—i|.

A.2 Three Dimensional Harmonic Oscillator

In three dimensions, the Hamiltonian describing a particle of mass m subject to an
isotropic harmonic potential is
A pz2/ P L o9/ 2 2 2
H_2m+2m 5 g (® +y* + 27), (A.45)
with z;, p; the position and momentum of the particle in the directions i = x,y, z and w a
constant. Once again, since H is the sum of three oscillators Hamiltonians, the eigenvalues
of the hamiltonian will be written as

001y, m2) = 00} @ [ny) © ), (A.46)
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when the |n;) are the eigenstates of the three one dimensional Hamiltonians. We may
define the third annihilation operator:

1 mw 1
a, = — z+ . ] A 47
V2 (\/ h mhwp > ( )

which behaves exactly as the others. We also define its number operator

N. = adla., (A.48)

which allow us to write H as
3
H= <Nx + N, + N, + 5) hw. (A.49)

The eigenstates are of the form

! al)™ (a})™ (af)™ 0,0,0), (A.50)

Vnglng!n,! (a2

with |0,0,0) the ground state of the oscillator. This time for a definite energy n = n, +
n, + n, there is a degree of degenerescence g, of

’n:pa Ty, nz> -

n

gn_Z(z'H)_@Hnﬂ)_%(nﬂ)(nw). (A.51)

Just as we introduced L, in the two dimensional harmonic oscillator, we introduce the
additional observable

1
L% = 5(L+L_ +L_ L)+ L2 (A.52)
with
L. = hvV2(ala —ala.), (A.53)
L. = m2(da, —dla,). (A.54)

It can be checked that [H,L?] = 0 and [L.,L? = 0 which implies there must be a
common set of eigenstates for H, L, and L? . Those eigenstates are the |k1.m) states and
have the following properties

Hltim) = o241+ )i, (A.55)
L|kim) = hm|gim), (A.56)
L2|wk,l,m> = h2l(l+1)‘wk,l,m>a (A57)
Lilrim) = I+ 1) —m(m £ 1)|[tpmer)- (A.58)

(A.59)
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The last relation implies that m can take any integer value from —[ to [. So by repeat-
edly applying the L_ operator on a |t ,,;) state, we should be able to generate all states
down to [k, ;). The first step is to find the expression of the | ;) in the @y, n,n.) basis
using the particular property L.|vy,;) = 0. By identifying the quantum numbers we find

n = n,+n+n,=2k+1, (A.60)
m = n,—n. (A.61)
Since n, —n; = m we can always write n, = K +m, n, = K with K a positive integer

and therefore we must have n, = n — m — 2K, which cannot be negative hence we have
K < 5%, We are now able to write

k

’wk,l,l> = Z CK’(PnT:K+l,nl=K,nz:2k72K>7 (A-62)
K=0

since ”T_l = k and with normalized coefficient cx. The effect of L, on such a decomposition

18

k
Lilyr) = Z ckV2h (\/?V 2k — 2K + 1@r i1,k -1,2k—2K+1)
K=0

VK F I+ 1V = 2K|¢K+l+1,K72k_2K_1>> , (A.63)

which is zero if

cxVE + 14+ 1V2k — 2K = ¢ VK + 1V2k — 2K — 1. (A.64)

From that relation, we can express all c¢x in function of ¢y and then normalize all
coefficient. We have

K-1
i = ¢ jl_[ 2]{:—2]—1)’ (A.65)
2 (+D)(1+2)...(l+K)(2k)(2k—-2)...(2k — 2K + 2) (A.66)
O (1D)Q)...K2k—-1)(2k—-3)...(2k—2K +1) ' '
L+ K)! (Qk)!! (2k — 2K — 1)!!
- OTIRY 2k —2K)1 (26— 1)1 (A.67)
K 2F k! 2k — 2K)! 2k(k)!
_ CO l+ — k (7]{ ) (k) , (A68)
K )2kK(k— K)12K(k — K)! (2k)!
(%) G
= g B LR (A.69)
(%)
where k!! is the double factorial of k£ which has the property
(2k)!! = (2k)(2k —2)...2 = k! 2F, (A.70)
|
G+ D = @E+1)@k—1)...1= R (A7)

k! 2k’
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that we used in the process.
With that expression, we are now able to calculate the value of ¢y by normalizing the
expression. We have

", o= o ()X
S =2y e e (A.72)
K=0 K=0 k

, ()
()

(A.73)

= CO

Since that expression must be 1, we have he value of ¢y. Finally, we get up to a global
phase

k (1+K) (216721() <k+l+1)
Wk,l,l) = KX:O 2% K(Q}f)]z;(flj—g]i+1))k |S0K+Z,K,2k—2K>- (A-74)



Appendix B

Steady State of the Blockaded
Aligned Atoms

In this appendix, we present the analytical values of the steady state density matrix
p2 of a system of three aligned atoms when two neighboring atoms interact via a Van der
Waals potential of strength §. The system is probed by a laser of Rabi frequency 22 and
each atom dissipating rate is 2y. That system is presented in Sec. 4.5.

The density matrix p governed by the master equation

3
p=—i[H,p] =7 (S S p+pSFsS; — 28 pSf), (B.1)

i=1

with the Hamiltonian

3
H— Z hQ) (e S 4 e XS 7) 4 hdleyes) (eres|+hdezes) (ezes). (B.2)
=1

J

The density matrix is a 8 x 8 hermitian matrix which, when expressed in the mixed
symmetry basis, is composed of two diagonal blocks of size 6 x 6 and 2 x 2. Therefore we
have 8 real diagonal values, 15 4+ 1 complex values above the diagonal and their complex
conjugates under the diagonal.
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We first express the common denominator A to all matrix elements

N = 5441955840000~°2 + 755827200070 (128962 + 1094492) + 503884828 (148603754 + 2854460062Q2 + 11184960094)
+ 46656~26 (6979851166 + 228585654064 Q2 4 2008409544062Q% + 4876084224096)
+1296~2% (68470060968 + 343898812806°0Q2 + 5065127342285 Q% + 27436097606405°Q° + 467617444761698)
+ 432~22 (366146892510 + 269621261935°02 + 5951643958265°Q% + 534137676645654Q° + 20245356252288520° + 26012934770688910)
+ 108~2° (172718280612 + 184333789526 1°02 + 5801502648955°Q% + 76699663391845°0° + 4777468218777651 0%
+ 13610214625075252Q10 + 138105382993920912) + 21648 (6639744514 + 10435711606'202 + 461159310165'°Q* + 8501269233156°Q°
+ 76995196343265°0% + 3582284899422454 010 4 8031919596441652012 + 66461815701504914) + 254012 (27456516 + 42886651402
+ 3848994520% + 252271626100% + 1225091275%0% + 4431840765°Q10 + 112477680054 Q12 + 1682159616521 + 1012137984916)
+ 72416 (952722516 + 2317342206402 + 145682452625 12Q% 4 36712236996561°Q° + 455125067304855 08 + 304755825060965°1°
+1110477274270325%Q12 + 20221626848256052Q1* + 139474387206144916)
+~2521° (412224618 + 124029945602 + 14969174854 Q% + 1189388877620 + 67798929915'°0° + 280220512806%021°
+ 8128655289655012 1 1490568192004 Q1 + 14233898188852Q1°6 + 50281316352018)
+ 3414 (611712618 + 2571314405602 + 2412194659254 Q% + 8386162593365120Q° + 138669302330235'°0% + 12506895833991655 Q1
+ 6509219299032485°012 + 191941626508185654 Q% + 28999719470039045% 016 + 1689385215983616918)
+~108 (1101456520 + 5992384851802 + 108650183155Q% + 10965739664514Q° + 748885201645120% + 35973030599851°01°0
+11967089653445%012 + 25716954608645° Q14 + 313824031948854Q16 + 176078035353652Q18 + 260919263232920)
+2~508 (671616520 + 644436425802 + 1860913848560% + 255720044075140° + 2162658655156 12Q% + 12324220628555 0010
+ 47618759667365°Q12 + 1190693485094455Q1* + 175066326466565% Q16 + 1283528274739252018 + 3245183336448(220)
+248%0% (402624620 + 693715686302 + 32671798535'60* + 6553176720064 Q8 + 72033825240562Q% + 501007043920251 010
+ 228903112834385%012 4 669867871979525°Q1 + 1164870284129285% Q¢ + 10457945800704052 018 + 35289839960064(220)
+ 341902 (73728520 + 256013285802 + 2060287896560 + 63238351113614Q° + 9589398964526'2Q% + 845651155649751°0 10
+ 468054217809245%Q12 4 1623880331631365°Q% + 3333425138565126%Q1% + 35719531108761652Q'% + 148171904778240920)
+ 6912 (3456620 + 33416646802 + 5221830425'°0* + 2617878811264 00 + 5788888750196120% + 679724003943751 0010
+ 470460440531445%Q12 + 1972748950860005° Q1% + 4816915253003525%Q16 + 61164584386560052Q1% + 302078342725632920) .

(B.3)

Let us first express the diagonal elements of pS. For typography reasons, for each
matrix element, we will have to pose a variable x. We pose x = %(d plle) and we have



161

z = 544195584000072¢ + 7558272000~2% (80952 + 6624Q2) + 5038848+22 (5770375 + 103196005202 + 392736000%)
+ 46656720 (1641684755 + 4873373645%Q2 + 400440744052 Q% + 95013734400°)
+ 129618 (947979616% + 42308498885502 + 5682896629250 + 28883879424052Q° + 4824793589760°%)
+ 432+16(2870736051° + 18584876335502 + 3675520143055Q% + 3020343305765 Q% + 107552773209652Q° + 1349828167680021Y)
+ 108714 (7261320612 + 6850155485902 + 1910038293155 + 2271855467126%Q° + 129975020524854 0% + 347135122944086201°
+ 3395732668416Q12)
+ 6408 (249661 + 4930651202 + 69417151°0% + 55297606205 + 286609985508 + 1071677045410 4 2488642565202 + 25303449601%)
+ 72712 (41371261 + 5956225261202 + 233025958551°0% + 3803752057465 Q% + 3115379938385°0% + 13353888986405% Q10
+ 27852642846725°Q'2 4 21591973232640%) + 4425205 (4110616 + 17060461402 + 2810705612Q* + 2917495061°Q° + 1881458835508
+ 8118609756500 + 22326791045% Q12 + 3238437888520 + 1571291136Q1%) + 72710 (851461° + 209271061402 + 1190854095120*
+ 26167873806'°0° + 288288158505°Q° + 1764200064166°Q° + 5926944888245% Q12 + 98735457484852 Q1 + 60426318643201%)
+7%0* (33264618 + 28487526002 4 7126121164 Q% + 9411102106208 + 767563879551°Q% + 397164045006°01°0 + 12898809734455Q12
+ 23479564953654 Q1% + 18620861644852Q10 + 32614907904018) + 127602 (1944518 + 3822875602 + 170568795 40* + 3158166335120
+ 33129395455 1°0% + 211925854685°Q10 + 826968045126°012 + 1835162628485 Q1 + 19472552755252Q1° + 63531122688018)
+3+3(172861% + 06811261902 + 888738485140 + 26734499885120° + 3829501429151°0% + 3130515491645%Q1° + 15043839986405° 012
+ 40751976833285 Q1% + 54582097674246201¢ + 2551479533568018).

(B.4)

We pose = = %(Wﬂpf\Wg} and we have

@ = 48977602560000~28 + 68024448000~26 (112952 + 686492) + 15116544424 (334911154 + 454203005202 + 12775680094)
+ 419904~22 (4411462366 + 1002767496502 + 626104584052 Q% + 1091522304096)
+ 1166472 (35746751368 +122160361565°02 + 1264417669806 Q% + 48891365856052Q° + 59649584025698)
+ 2592+18 (232656962610 +113976998765° Q2 + 1745295632916%Q% + 11102411949665*Q° + 3011508507456620° + 2748461289984910)
+324~16 (174889880612 + 121225957246 002 + 2605477822575° Q% + 24190310310245%Q° + 1075367209075256* Q% + 21915248177664862 Q10
+ 15586510675968912> + 364 (94582656614 + 9426532668202 + 2790817224406'°Q% + 35647041057575°Q° + 220093830116285° Q%
+ 765230133124805% Q10 + 1221257102100485% Q%2 + 69427145834496914) + %08 (9984516 + 26832851402 + 317369051204
+2311364351°0% + 1220377806508 + 4789851385010 + 12455250006% Q12 + 1717664256620 + 759103488916)
+ 24412 (5194422516 + 7837473065402 + 322647325836120% + 5519362568216100° + 47994276878585°Q° + 2309621783707855Q1°
+ 6062101933183254Q12 + 77636319962112620 + 35747881943040016)
+~25%208 (65760618 + 32260326602 + 54752262614 Q% + 5160913356208 + 325434805861°0Q% + 145771230345%Q1° + 440681321408%012
+ 785442885126 Q1 + 65684680704520Q16 + 18855493632918)
+ 3410 (832896618 + 2130058085602 + 1274539017654 Q% 4 2917292734205120° + 33090570284036°Q% + 213524133857965°Q1°
+ 809516953040165°Q12 + 1716007763272326% Q1 + 17822268319334452016 + 66470265225216918)
+~10t (133056620 + 124847285802 4 3380116685160 + 435315302151408 + 3417255177261208 + 180118760757510Q10
+ 63337869122455012 + 136333091577655Q1 + 154687359744051Q1° + 74565196185652Q18 + 97844723712Q20)
++502 (93312520 + 192913926 802% + 9234081126'°0% + 1765130499364 0° + 1821066141926120% + 117267947184951 0010
+ 48843631862526°Q12 + 125433410486405°Q'* + 178164125268485%Q16 + 11735490428928520% + 2580654587904920)
+ 398 (6912620 + 398851261802 + 38580812456160% + 12197335112614Q% + 1780487839705120% + 147190446177151°Q1°
+ 74738406087645° Q2 + 230826769067045°Q* + 400681301448965% Q16 + 33590666428416520'° + 9941559017472920) .

(B.5)

We pose z = %(WﬂpﬂWﬁ and we have
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z = 48977602560000~°° + 68024448000~2% (128952 + 758492) + 45349632~ 26 (148603754 + 192216006202 + 5288160094)

+ 419904~24 (6979851166 + 148698889254 02 + 901759104062Q% + 1551446784096)
+ 11664~22 (68470060968 + 215079564725°02 + 21353043315651Q* + 815771589120620° + 98944386969608)
+ 11664720 (122048964610 + 5383064519502 + 777867118745%0Q% + 48582100660851Q° + 132236364729652Q° + 1207265015808910)
+ 324418 (518154840612 + 316302771445 002 + 62974270636156%Q% + 56748628931285°0° + 2531284947806451 Q%
+5250173417164852QC + 37574200995840912) + 648~16 (19919232514 +170714492086'2Q? + 4591824309250 + 5610179634715%Q°
+ 35953396822425%0% + 122839818123365% Q10 + 2022412482432062 Q2 + 11650318995456914) + 25410 (23712515 + 32138151402
+2793416520% + 1853468761000 + 902024136%0% + 3263363415010 + 8004919085402 + 1043741952520 + 379551744916)
+ 108+14 (5716332616 + 722682024514 Q2 + 265130211885 20* + 4273695589225'°0Q° + 36689383207715%08 + 180185784205925°Q1°
+4919915163278454 Q12 + 65933614384128620% + 31086355709952916)
+~25%208 (395664518 + 1067388061602 + 118363911540% + 9237708805120° + 522884052651°0% + 213711204646%0Q1°
+ 599847004685° Q12 + 999697605125 Q1 + 7570166169652 + 18855493632(218)
+ 3412 (5505408618 + 1148548464602 + 6011664480054 Q% + 1280471289048512Q° + 141890488387516'°Q% + 928230818982605° Q1
+ 3659046913270085°Q12 + 81948543121612852Q1* + 90604897947648052Q1¢ + 352453320769536018)
+4%0f (1179648620 + 579801965 20? + 95640777666Q* + 9136966569514Q° + 610023616035'2Q° + 2869918396235° 010
+92123920170055Q12 + 183042643680055Q1% + 19003009674245%Q1¢ + 81342981734452Q18 + 97844723712920)
+6~%0% (260928520 + 232241766802 + 6103026056 160* + 77614161556 1400 + 62705326152512Q° + 3461409551220 Q10
+ 12854006023906%0Q12 + 29974987937285% Q1 + 387507087936054 Q16 + 228165540249652Q18 + 446416551936920)
+3~802 (304128620 + 537141608802 + 2375726904660* + 4390525921754 Q% + 452010541816562Q% + 30021204049685'° 010
+131121287187285%Q12 + 359514628236966° Q1 + 5603825931609654 Q1 + 418379648532485%2 Q18 + 10801777213440920)
+6~10 (31104520 + 143087045802 + 1190693898560 + 3476197207264 Q% + 4919515216836'2Q% + 409063192275951°0 10
+ 214984135024365° Q12 + 700340088547685° Q1% + 13054818612873654 Q¢ + 1193348917002245201% + 33205912121344920) .

(B.6)

We pose x = N(g|pS|g) and we have
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* = 54419558400007°2 + 7558272000~ (128962 + 878492) + 503884828 (148603764 + 2274410086202 + 7232160094)
+ 46656726 (6979851156 + 180438055251Q? + 1288996704052Q% + 2556192384096)
+ 1296~24 (68470060968 + 268516420925°02 + 3213411666126%Q% + 1437771928320520° + 200534612889698)
+ 864422 (183073446610 + 1039991035655 Q2 + 1861115856756° Q% + 13874197278426% Q% + 439862949590462Q° + 4614337331712910)
+ 10842 (172718280612 + 140396162485 002 + 3570582971275°Q* + 39292549828885°0° + 2071387892520064 Q% + 4984172100633652Q1°
+ 41067520929792912) + 10818 (13279488514 + 156898748051202 + 558111540566 °0* + 8560096138175°Q° + 65986793950045° 0%
+ 2642254571336054 Q10 + 5039037044275252012 + 33614353207296914) + 264012 (6240616 + 896996402 + 77418851204
+ 508117561000 4 252425476%0% + 923798555%010 + 22310180454 Q12 + 2898777605201 + 126517248916)
+ 36416 (1905444516 + 3439530485402 + 1733264168462Q% + 36255102863851°0Q° + 38297759859495°Q% + 223010805351005°Q1°
+ 7095395551444854 Q12 + 11038502150092852Q % + 60923242340352916)
+4252010 (118704518 + 30849465902 + 3405280954 Q% + 2609981065208 + 14776403915'°Q% + 607096754256%021° + 169056314285% 12
+ 280024957445 Q1 + 2229125520662016 + 6285164544918)
+ 314 (611712518 + 1885354565602 + 1411530854454 Q% 4 4057447385045120° + 5702368629559610Q% + 449195665528565°Q1°
+ 20748583466390456°Q12 + 5402557699424645% Q1 + 69873465850675262016 + 323767012294656918)
+ %08 (394704620 + 1801717251802 + 2871836555 160% + 2682674219540 + 17641720531612Q° + 8256389332350
+2628145718885°012 + 5183431470726%Q + 5492061619206 Q16 + 25398647193652018 + 32614907904920)
+ 508 (603648520 + 474979085802 + 1165271826561 Q% 4 14275726059614Q% + 112317724798612Q8 + 60965777868960 Q10
+ 22338005022006%0Q12 + 51524046633606° Q1 + 669661274188854016 + 412297769779252 Q18 + 860218195968920)
+~804 (452736620 + 6338030461802 + 2475471198516 0% + 427155858095140° + 42184109384852Q% + 2720480915532510Q 10
+116247944577485% Q12 4 313202430439206% Q1 + 4853317484966451Q1° + 369778074255365201% + 10039403741184920)
+ 341002 (52992520 + 145611365802 + 95796822086160* + 2464483853754 0% + 3244916249506'20° + 25750158878245102 10
+1307766002747265 012 4 414841883542565° Q1 + 7598330199187251Q1° + 6949576507392052018 + 22930000183296920)
+ 3412 (6912620 + 48481925802 + 6019341485100 + 2482193784064 0Q° + 4639061902785120% + 47541774915256100 10

+ 294891523313965°Q'2 + 1116526964965446° Q1 + 24250566493382451016 + 26352612657561652Q1% + 103236248272896920) .

(B.7)

We pose z = %(wﬂpﬂd@ and we have
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xr =

5441955840000~2¢ (52 + 692) + 7558272000~ 2% (110954 + 119585202 + 3974494)
+ 10077696~ 22 (53508166 + 92504115 Q2 + 535176008620 + 11782080096)
+ 46656~2° (4090413758 +10531826106°Q% + 91038918245 Q% + 35596925280520° + 5700824064098)
+ 259218 (158281688610 +58275537936°02 + 710375084106°Q% + 4032082969566% Q% + 117433324108852Q° + 1447438076928910)
+1296~16 (42908120612 + 22261542075 °02 + 370970341495%Q% + 2860437518165°Q° + 119662153084854Q° + 274647554841652Q1°
+ 2699656335360912) + 72414 (65990880614 + 48792936905 120Q? + 1098710206825°Q% + 11136131341595°0Q° + 61721573065205° Q8
+ 203537302364165 Q10 + 3817516038451252Q12 + 30561594015744914) + 5408 (39936615 + 62806451402 + 501204251204
+ 2751878361005 + 1090503426208 + 3303912446%Q10 + 8434753445%Q'2 + 161535283262 Q1% + 1518206976016)
+124%2 (20529072516 + 22647264126 4Q2 + 6959793776452 + 91352636914351°0° + 64456050726786%Q% + 277566354262085%Q 1
+ 7543702885881654 012 + 11829595937587252Q 1% + 77731103637504916)
+~25%208 (263040618 + 796168851602 + 926214726'4Q% + 651043554512Q° + 31379717675'°Q% + 1104924230855 10
+ 308263504566° Q12 + 6582535833654 Q4 + 8388027187252Q16 + 37710987264918)
+ 12410 (584064618 + 1072143006602 + 4687365132614 Q% + 7989158978761200 + 70257187597751°Q8 + 37675668492805° Q20
+ 132898104621125°Q'2 + 306803309342406* Q1% + 4068232932556862Q1° + 21753474711552018)
+tat (532224520 + 3356712051802 + 607647384516Q% + 5756705415510 + 3469487933662Q° + 1455195205326 0010
+4561012242726%Q12 + 107348952729655 01 + 16305975613446% Q16 + 11661740605445208 + 195689447424(220)
++%0? (373248620 + 540440646 80? + 17929527246160* + 2445220311664 Q% + 1920409630495208 + 9846596199545 0010
+ 35657021985365°Q12 + 93729416555526% Q1 + 163792240266245% Q1 + 1513933701120052Q18 + 4574240833536020)
+6+° (13824520 + 56312645802 + 3884556485100 + 88498798905140° + 963425719126'20% + 628008170375510Q1°
+27114565833445%02 + 81380024189766° Q1 + 162721627257605* Q1 + 1821332658585652Q18 + 7654438600704920) .

(B.8)

We pose = = %(¢1|pf|w1) and we have

32651735040000728 + 45349632000~ 26 (116962 + 734492) + 30233088~24 (120878764 + 160211005202 + 4920960094)
+ 1399680~22 (1010711956 + 215680752602 + 135536212852Q% + 274858444896)
+ 7776~2° (43927578768 +136921622765°02 + 1341306237965 Q* + 546307675200620° + 82452880281698)
+ 1036818 (51966301610 + 22742582966%Q% + 315362231826°Q% + 1953031295076% Q% + 58611914064052Q° + 699316561152910)
+ 648~16 (86902040612 + 52943920665 °Q2 + 1001324475096°Q* + 8538636542485°0° + 38243863906565% Q% + 902919937075262Q1°
+ 8795045339136912) + 2167 (17841504514 +15383311226'2Q2 + 394268762505 °0* + 4462152549235°Q° + 26855916845405° Q8
+93443725861445% Q10 + 1796835047731252 Q12 + 14505592651776914) + 6508 (39936516 + 6721925140% + 59197785120
+ 3680670351005 + 1644964745508 + 5232333085010 + 12130553765 Q12 + 192677990452 Q1 + 1518206976(216)
+ 12412 (13768920615 + 17623944365 402 + 622534163046120* + 92928062142751°00 + 722583233283065 0% + 331412364936005°01°
+ 9329099369846454 Q12 + 14853738822451252Q + 99484578349056016)
+~25%208 (180672518 + 75901206602 + 99845556614 Q% + 7785350366208 + 418361111161°Q% + 1578255145655Q1°
+ 424383856086° Q12 + 7962002380854 + 8896573440052Q16 + 37710987264918)
+6~10 (667008518 + 1409877365602 + 71880551766 4% + 143498258226612Q° + 14283973125995'°0° + 82586749850685° 21
+303150109515365° Q12 4 706158969045126% Q1% + 9348129069465652 Q1 + 51161388023808918)
+4%0t (284544620 + 2410329686802 + 5711169845 '60% + 614685137164Q° + 4093070032051 20Q® + 1849301701325 0010
+ 5822785928885°Q12 + 12699590906885°02* + 17453834311685% Q16 + 117127013990452 Q'8 + 195689447424(220)
+ 37802 (62208620 + 107357765802 4 45524381251°Q% + 7671122750514Q8 + 6766834647952 + 37564101168051°Q1°0
+ 14061394046245%0'2 4 35912170371845%Q1% + 58925966330885%Q16 + 519735332044852Q18 + 1589976760320920)
+6~° (6912620 + 31962245802 + 2608741805160% + 72420377385140° + 927863884825120° + 66542022238551001°
+ 30342827208565°0Q12 + 91979611631046% Q1 + 179403575512325%Q1 + 1960927543296052 Q18 + 8416812072960920) .

(B.9)
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We pose z = %(qﬁﬂpﬂqﬁg) and we have

x = 10883911680000~2% + 136048896000~ (8162 + 73692) +10077696~22 (47053764 + 93456006202 + 3927360094)
+ 9331220 (1254565366 + 40259366454 Q2 + 3659556240624 + 950137344096)
+ 7776~18 (2466669968 +11061634765°Q% + 159919660445 Q* + 8888213376052Q° + 16082645299208)
+ 432~16 (52434405510 +303014216656°Q? + 599067485646° Q% + 5219842893126%Q° + 200557810252852Q° + 2699656335360910)
+ 724 (26834490512 + 19867572426 1002 + 493767648116°Q% + 5771698463765°Q° + 34456611732485% Q% + 980092024934452 Q0
+ 10187198005248(212)

+6%08 (22464614 +30308261202 +253001151°0% + 153720726508 + 659651965° Q% + 21444177654 Q10 + 48231936052 Q12 + 506068992914)
+ 36412 (3038148614 + 3104358845202 + 9608933749500 + 1378839245665°Q° + 10923779595205° 0% + 48189732497285% 10
+1057758367334452 Q12 +8636789293056914) ++25%205 (147960516 +4000008514Q? + 4402309461 20* + 330792939510 Q% + 1733032432550
+65512988885° Q10 +172472601606% Q12 + 2532711628852 Q14 + 12570329088916) +12~10 (292572516 +480025085 1402 + 19710271958 120*
+ 340922643626 1000 + 3261944488085%0% + 19120514652005° Q10 + 65388641578565% Q12 + 1134425972736052Q1 + 7251 158237184916)
+4%0t (299376618 + 1698525661002 + 284427855640% + 271892693852Q° + 1761802944050 + 7978635580865 021

+ 2469978432006%Q12 + 4523911464965 Q' + 36698141491262016 + 65229815808918)
+3+502 (69984518 +908602851602 275741752640 + 36650152555 1208 + 3020952130686 1° Q% +1681534775926% Q10 4 6246015091206 Q12
+139438193817656 0% 4+ 151816804761652Q1° + 508248981504918) +6+° (7776518 +28288086602 + 176202762640 + 3834991052612 Q8
+4291426490351°0% + 3040934269285% 010 + 13928881119365°012 + 381118931827254 0 + 5270557261824620Q16 + 2551479533568918) .

(B.10)

We pose 7 = ZL(4,|p5|¢1) and we have

x = 10883911680000~2% + 1511654400026 (128952 + 734492) + 10077696~ 24 (148603754 + 1863710086202 + 4920960094)
+ 9331222 (6979851166 +14371725606%Q? 4 840951144052Q* + 1374292224096)
+ 2592~20 (68470060968 + 206637943325502 + 1974871260365 Q% + 7187449334406205 + 82452880281608)
+1728~18 (183073446510 + 769950035565 Q2 + 1062423482315%0Q% + 62912895053454Q° + 16141447117445%0% + 1398633122304910)
+216~16 (172718280612 +99724231266'°02 + 1871706601796° Q% + 15808656361285°Q° + 658912871116852Q° + 1281692306073652Q°
+ 8795045339136912) + 724 (39838464514 + 32040471908'2Q2 + 798909801905 °0* + 8978454129855°%Q° + 52062645722525° 0%
+ 167493574040645 Q10 + 2588587837747252Q12 + 14505592651776914) + 5408 (19968515 + 28840051402 + 241324251204
+ 1510175551000 + 698240526%Q° + 2409496285501 + 5947400165402 + 871603200620 + 506068992016)
+ 12442 (11432664516 + 13469293806 11Q2 + 4490774889652 + 6483358983315'°0° + 50044694981706%0Q% + 2235459405590486%01°0
+ 5630550113635264 Q12 + 7125915241267262 0% + 33161526116352916)
+~2620° (131520518 + 40047126602 + 46346580514 Q% + 3538384685208 + 194432597951°08 + 7754541060620 + 2192552248855 012
+ 3950879385662 Q1 + 3698793676852Q16 + 12570329088018)
+6~10 (611712518 + 1182602165602 + 55032426006 4% + 10134358243462Q8 + 9758875966716 0 Q% + 56691315840045501°0
+ 202075467613926% Q2 + 418322466979206% Q1 + 440683781160965°Q1 + 17053796007936918)
+ %0t (266112620 + 1724736086802 + 320085840660* + 31779152916'400 + 2123398310656'2Q8 + 9980655451250 10
+ 3260310877685 012 + 6914094819846% Q1 + 8326424954885 + 45565319577652Q18 + 65229815808020)
+4%0? (186624620 + 280140485802 + 966968220560 + 1386491675454 + 1179456526095'20°% + 67002256099251° 010
+ 25742690406726%02 + 63966487783685° Q14 + 93155391360005% Q16 + 66731779031045%2Q18 + 1589976760320920)
+ 6498 (6912620 + 293472051802 + 2122109645'6Q* + 5119312274514 Q% + 6004060055462 + 42952628859751° 10
+ 19908948497205% Q12 + 58608039025926% Q1% + 1015427041113654 Q16 + 89145247334405%018 + 2805604024320920) .

(B.11)
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Of course, the condition Tr (pas ) = 1 verifies. The following terms are the off diagonal
terms above the diagonal. We pose z = %/(d p2|Ws) and we have

a

z = 16325867520000~27 — 10883911680000i~2%5 + 22674816000~2° (80962 + 6624Q2) — 15116544000i~v>*(8095° + 6624592)
+15116544~23 (5770376% + 1031960052 Q2 + 39273600Q%) — 10077696iv22 (5770375° + 103096006202 + 3927360050%)
+139968~21 (164168475% + 4873373646402 + 400440744052Q% + 95013734400°)
— 93312i720(1641684757 + 4868108645°Q2 + 39917066405° Q% + 950137344050Q°)
+ 3888~19(947979616° + 42308498885°Q2 + 568289662925% 0 + 28883879424062Q° + 4824793589760%)
— 2592iv18(947979616° + 422973239457 Q2 + 565978842365° Q% + 2869603113605°Q° + 48247935897650Q°)
+ 129617 (2870736060 + 18584876336°Q2 + 367552014305°Q* + 3020343305766%Q° + 1075527732096562Q° + 1349828167680Q10)
— 432i4'0 (574147208 + 37220970235 Q2 + 7333862809857 Q% + 5985532454405° Q% + 21288203066885° Q% + 269965633536059°)
+ 324+1%(72613206'2 + 6850155485002 + 191003829316°0% + 2271855467125%Q° + 120975020524854 Q% + 347135122944052Q1°
+ 3395732668416012) — 144i~1%(1089198051% + 103113973851 Q2 + 287047163815° Q% + 3383913379655 Q% + 19192812174725° Q8%
+51341328679685° 020 + 50935990026246Q12)
— 2i5°08 (24966 + 5663451202 + 7024765100 + 51678896%0Q° + 263849875%Q% + 9943040451010 + 2357383686212 + 24816844801%)
+ 375408 (249661 + 4930651202 + 69417151°0% + 55297605%Q° + 286609985°Q% + 1071677045 Q10 + 2488642565212 + 25303449601 %)
+ 216713 (41371261 + 5956225251202 + 2330259585500 + 3803752057465 + 311537993838550° + 133538889864054 0210
+ 278526428467252 Q2 + 21591973232640%) — 72i712(8274245° + 1197827465122 + 4697283043511 Q% + 7607920767557 Q6
+ 6141303744505 Q% + 26112317255045° Q10 + 54760434278405°0Q2 + 431839464652850%) + 1276205411056 + 1706045402
+281070562Q% + 291749506100 + 1881458835%Q% + 8118609756010 + 22326791046% Q212 + 3238437888620 + 157129113601F)
— 2i725%0% (16440616 + 73180851402 + 11977095620 + 1146681805006 + 709145514650 + 30397644665°Q1° + 846435484854 Q12
+ 1256081817652 + 6200229888016) + 216+ (851461 + 209271051402 + 1190854095120% + 261678738051°0Q° + 2882881585062 Q%
+ 17642000641656°Q1° + 5926944888245% Q12 + 9873545748486% Q% + 604263186432016)
—12i710(1021686%7 + 2527315261° Q% + 1449138210612Q* + 3175964438951 Q6 + 3438551715306°Q% + 206671539024057 210
+69114130136645° Q12 + 116245843476485°Q1% + 72511582371846019)
— 6iv150% (11088518 + 98232451902 + 251704925140 + 3201930556200 + 248407958851°0% + 1257133408065 Q10 + 409004909765 Q212
+ 7559280691250 + 6101670297662Q16 + 10871635968018) + 37° 0% (33264518 + 284875251602 + 7126121151%Q% + 9411102106206
+ 76756387955 1008 + 397164045006% Q10 + 12898809734455012 + 2347956495365 Q14 + 186208616448520Q16 + 32614907904018)
+ 367702 (194458 + 3822875'00% + 17056879614 Q% + 3158166335120° + 33129395455100% + 211925854685°01° + 826968045126%012
+18351626284854 Q1 + 19472552755252 Q10 + 635311226880Q%) — 1240602 (3888618 + 77568661002 + 353550905 140* + 6521650475120°
+ 65990311265°0% + 409463813095%0Q1°0 + 1583754003725 2 + 35432294745654 QM + 38207257804852 Q10 + 127062245376018)
+ 972 (1728518 + 96811251602 + 888738485 40% + 2673449988520 + 3829501429151°0% + 3130515491645%Q1° + 15043839986405° Q12
+407519768332854 Q1 + 545820976742452016 + 2551479533568018) — 12i75 (864519 + 48643251702 + 452227865150t + 137024989953 Q8
+ 1933230102551 1Q% + 1537162867305 Q10 + 72683532884457 Q12 + 19712833637765° Q1% + 267570509414453Q16 + 12757397667845018).
(B.12)

We pose z = ‘/gf/<6|pa5]W1> and we have
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—16325867520000~7 2% + 16325867520000iv27 8 — 2267481600026 (68952 + 662402) + 22674816000i~2° (8296° + 662450Q2)
— 15116544+24(3797875% + 86636005202 + 392736000Q%) + 40310784423 (2287176° + 39614756°Q2 + 147276005Q%)
— 139968+22(66219315% + 30703856451 Q2 + 3297482640520 + 9501373440Q5)
+ 139968721 (1804933387 + 5151214145° Q2 + 40851842406°Q* + 950137344050°)
— 3888+29 (609179568 + 14871912845°0Q2 + 337352917326 Q* + 23183055360052Q° + 48247935897605)
+ 77760710 (547911616° + 233339825757 Q2 + 299258664065°Q* + 1465734542405 Q8 + 2412396794885Q%)
+ 5184~18 (2824860510 + 116309565502 — 25977856415°Q% — 4121877898864 Q5 — 208572013152620% — 3374570419200'7)
+ 432iv17 (10612548051 + 64984599375°02 + 1216131633395 Q% + 9480114745925°Q° + 32564494264325°08 + 4049484503040501°)
+108716(22295160512 + 1114378904502 + 8764437369650* — 1283230584965°0° — 18755668143366% Q% — 771439735296052 Q1
—101871980052480'2) + 265010 (18752612 + 23903051002 + 154692555 Q% 4 762291056°Q° + 291350126408 + 7101225652010 4 77322240012)
+ 72i71% (4369572063 + 3851763936611 Q2 + 1008556038556° Q% + 11237449851335° Q° + 60703001838726° Q% + 156921243390725° Q10
+ 152807970078725Q ) + 36414 (47364485 + 4514345525202 + 1090547455450 + 783265196076%0° — 982272861365°Q°
— 31250851957445% Q10 — 11617986705408520Q%2 — 1295518393958401%)
+iv6°Q8 (1747261 + 349602620 + 35607385100 4 228750416% 08 +1043402815% 08 + 35400692454 Q10 + 7874588166201 2 + 81263001601 %)
+ 2426408 (14604061 + 365644551202 + 33024489500 + 189839430508 + 8015086275508 + 225138786064 Q10 + 3332749824621
+14677770240%) + 361713 (368539261 + 4866934325302 + 1774285280651 1 Q% + 2690692799015°Q° + 204151195268257 Q°
+ 82529149281605° Q10 + 1674357298790455Q1? + 129551839395845Q1 %) + 24+12(24316251° + 4297287651102 + 181947843052 0%
+2761910997151°0° + 16389374721056%0% + 2373654737165°Q10 — 13808862177846% Q12 — 564739518873656201* — 5438368677888Q16)
+~%620%(7384806'% + 3581151061402 + 510741801520 + 37010858805 10Q° + 1775645953855 Q% +563581363326°010 + 991630437126 Q12
+ 6356905574452 — 2548039680Q1%) + i4>5°0° (104784516 + 417370864 Q2 + 60623049512Q% + 5082250046008 + 2805557316650
+1089644446255010 + 2835206380854 012 + 4073678438462 Q1% +19789774848010) + 12i7 11 (259848517 + 569768405 ° Q22 + 29889679926 130t
+ 607965706095 1 Q° + 6119175862685 2% + 34381436802605 7 Q10 +109315983137765° Q212 + 178121746759685° Q14 4 108767373557765Q6)
+ 3v10(259205'8 + 1086076861602 + 814152084540 + 201392865525120°% + 2076815058915'°0Q% + 10064005976805%Q1°
+ 20896118563205° Q12 — 7849862910726%Q1* — 912347106508852Q'¢ — 76544386007040'%)
+3+v802(135936518 + 2327281251602 + 9678357605110 + 15020642600612Q° + 11072658484951°0Q% + 45424005081258 Q10
+ 9673882536005°012 + 5194092326405 QM — 106096656384052Q% — 7623734722560 %)
+~50%(8033765'8 + 7264870861602 + 1759155357511 Q% + 1783472693852 + 10207344516051°0Q% + 36586254079258 Q10
+ 7260663352326%012 + 5126530176006 Q1 — 177439113216620Q16 — 97844723712018)
+3iv°59%(672966'% + 5295076516 0? 1+ 123130062614 Q* + 1408932409520 4 9802269434608 + 451021394045% Q10 4 1368521515206%012
+2429829319685% Q1 +19153205769652 016 1 3261490790401 8) + 6177 502 (23328518 +40383725160% + 166589766614 Q* 4 2815445379612
+ 258993136246 1°0% + 1467351913615°0° + 5286459401405°Q12 + 113038434777654 Q1 + 1185522573312620° + 3811867361280 %)
+12i7° (2592610 + 124722051702 + 10366159851 Q% + 2885522414612Q° + 3754392428351 Q% + 2747563714826°0Q1°0
+121063962211857 Q12 + 31274574304326° QM + 41192358174725° Q1% + 19136096501765018).
(B.13)

(e|pS]g) and we have

We pose x = %
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@ = 5441955840000i72° + 54419558400007285 + 7558272000i~27 (68952 + 6624Q2) + 7558272000~26 (8295° + 6624502)

+ 5038848i+2%(3797875% + 86636006202 + 39273600Q%) + 4031078424 (762396° + 13207005%Q? + 490920059%)
+ 466561723 (66219315% + 3073085645102 + 3207482640520 + 9501373440Q°5)
+ 46656722 (1804933357 + 5159336645°Q2 + 40814402405°Q* + 950137344050°)
+ 1296721 (60917956% + 1481012784602 + 3395085973264 Q% + 23183055360062Q° + 4824793589760°%)
+ 259220 (547911616° + 234199411857 Q2 + 299813142065° Q% + 1460475014405°Q° + 2412396794885Q%)
— 432i7'9(112994405'° + 697375755502 — 105403575245%Q% — 1681095777125 Q% — 83428805260852Q° — 13498281676802'°)
+ 432718(353751605 11 + 2177458273502 + 4082744268357 Q* + 3158485513926°Q° + 10775758890245° Q8 + 134982816768050210)
— 108i417 (743172062 + 4016207765002 + 32420473115%Q% — 478007890165°0° — 6521546494085%Q% — 25714657843206201°0
— 33957326684160212) — 2iv5%Q10(95046'2 + 6567351002 + 2205196%Q% + 11508975%Q° + 46613566% Q% + 895718462010 + 5971968012)
+ 216716 (4855080612 + 42977205661 Q2 + 113369010015 Q% + 12585816977457 Q6 + 6708287388485° Q% + 17237073392645° Q10
+ 16978663342085212) — 72i41% (7894085 + 8208902451202 + 203428077050 Q% + 128950370455%0° — 334109200505° Q8
— 5655476134565 Q10 — 193633111756852Q12 — 21591973232640%)
+26°Q10(—12486'* — 36956202 + 1802610Q* — 493285500 + 1927626%0° + 226831264010 + 270950462012 — 486604801 %)
— iv>6%08 (15816061 + 29507526202 + 1654062951°0% + 751035085%0° + 3124442045508 + 8198973845400 + 110028441652 Q12
+ 511377408Q) + 36~ (12284645° + 1619114165202 + 5972248404511 Q% + 911544485415°Q° + 68374019179257 Q°
+27168956116805° Q10 + 54928779310085° Q12 + 4318394646528501%) — 72i~13(27018516 + 5307036514 Q% + 236162988520
+ 33593800695 1005 + 1624007468855Q° + 8034146992500 — 18344327551261012 — 62748835430452 Q1 — 60426318643201°)
+~26%08(—801656 — 92478614 0% + 8329896120* + 553747651005 + 302368745%Q° + 1673382726500 + 3659811845412
+ 79847424520 — 1698693120'6) — 6i7° 5205 (63360616 + 280230551402 + 207160685120 + 15860560751°0Q° + 66982973855 Q°
+201786991055Q10 + 3387060096540 2 + 2075682816520 — 14155776001°) + 115305 (9936616 + 39424861402 + 144881375120
+ 1568454425005 + 86397806250 + 36811032605°Q10 + 98051132165 Q12 + 1157173862452Q* + 3280601088Q1)
+72v12(144366'7 4 31144566°Q2 + 1649992385 3Q% + 3424758241611 Q2 + 345464415556° Q% + 1903846092505 Q10 + 5945878921685° Q212
+ 9680708505605° Q% + 6042631864326Q%) — 3i711 (8640518 + 410702461602 + 333264528514Q* + 7962841536512Q°
+ 7030630354351°0% + 2730435524045%010 + 42659692142455Q12 — 58762392537651 Q1 — 304115702169652Q¢ — 2551479533568018)
— 617202 (2620858 + 5017626561°0Q2 + 208098504514 Q* + 28030585736120° + 16579937985500% + 5725568603255 Q10
+1091675130245%Q12 + 339762044165 Q' — 17682776064052 Q¢ — 1270622453760 %)
—3iy 7% (121392518 + 1138718451602 4 243026421614 Q* 4+ 190838116651 200 + 885399338350 0% + 287375715565° 010 + 542377303685% 12
+ 339558036485 Q1% — 1971545702452Q1% — 108716359680%) + +550% (5097658 + 367297261602 + 9897489054 Q* + 13496363406120Q°
+ 961468838351008 + 4410171691268 + 13359242419255Q2 + 22655281305654 Q1 + 16328422195252Q° + 3261490790408)
+ 378602 (14400518 + 236224851602 + 99420720614 Q% + 181771753662Q8 + 1738124499960 Q% + 9708072739250 + 34318735795266 212
+ 72047586585651 Q1% 4 74159808624062 010 + 25412449075208) + 6410(17285° + 79812051702 + 65879856515 Q% + 1891971576513 Q°

+ 2538032944151 108 + 1847008529565 210 + 79497005911267 @12 + 20202867757445° Q1 + 265532674867255Q16 + 12757397667845018).

(B.14)

We pose = = —%(e[pfhﬁ?) and we have
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@ = 272097792000072% — 1360488960000i~2°5 + 3779136000~2% (86952 + 662402) — 5668704000iv 22 (2636° + 2088502)
+ 5038848722 (3378315% + 55688005202 + 19636800Q%) — 2519424121 (2720816° + 4776925502 + 169908005Q%)
+ 23328720(213143055% + 57482186454 Q2 + 434307384052Q* + 95013734400°)
— 11664i712 (1478436157 + 4378091165°Q2 + 34079032805° Q% + 743891904050Q°)
+ 259218 (347877616% + 138467525455Q2 + 168338727005%0Q% + 78259929840620° + 1206198397440%)
— 1944i~17(133356006° + 60679509757 Q2 + 78513306365°Q* + 371313480965°Q° + 569694159365Q°)
+ 432716(2435538051° + 1375546388550% + 2406282248155Q% + 1772286062045 Q° + 57666620736052Q° + 67491408384001°)
— 648i~'% (3673260511 + 250370630502 + 487772358157 Q% + 377816451485°Q° + 1243815707526% 0% + 1451712291845010)
+ 69084992612 4 5221261002 + 2945746%0 + 159358960 + 689534254Q% + 1697152852010 + 17005824012) + 36714 (21911760512
+ 17580482825 1002 4 421590377275%Q% + 4354023006965%Q° + 22182920327526108 + 544758440256052Q1° + 5093599002624012)
— 108i~"3 (120312062 + 12602871051 Q2 + 35774759315 Q% + 4082332382257 Q% + 2170120557845° Q% + 5383118952006° 010
+ 5044129873925012)
— 6iv6°08 (49926 + 8252251202 + 7183506100 + 404755855 Q% + 14868671608 + 3559515654010 + 5324774452012 + 3892838401%)
+ 72712 (50763651 + 603876065202 + 19708699395100% + 268267189075°%Q8 + 1877421486116%Q° + 7169088771845% 210
+1394432985600620'2 + 107959866163202'%) — 18i711(21319251° + 378120605302 + 15902947505 1 Q* + 255978163935°Q°
+ 1964508952865 Q% + 7767905633046° Q10 + 15307992910085° Q12 + 1197937410048 %) — 6i4250° (27732616 + 93975051402
+1161160752Q% + 8414185251°0° + 3824984055%Q% + 1096254966550 + 194631120054 Q2 + 1920098304520 + 679477248016)
+ 4252053288056 + 90543651402 + 8101086612Q% + 5110581161006 + 2563347516208 + 866076576610 + 171168076854 Q1?2
+ 1788991488520 + 9342812160%) — 6i4°5Q% (510485° + 342393661402 + 671776146120 + 6530609115008 + 37484460365%Q°
+ 130846080066° Q10 + 275126423046% Q12 + 3232399564852 Q1 + 1588278067201 %)
— 36i77 602 (583261% + 84454551402 + 290209165120% + 40894333851°0° + 30779580875%0° + 133868133445%Q10 + 3377807816454 Q12
+ 4641733094462Q + 27030896640016) + 12410(7884051° + 1550979051402 + 7142115936120 + 1252126161550Q°
+ 11136219852656°Q°% + 5796307989365 Q10 + 17413506538565% Q12 + 276412397875252 Q' + 181278955929601F)
— 18i77 (259267 + 103039251502 + 700831145130Q% + 1593245321511 Q8 + 167213577325 Q% + 9398285847857 Q10 + 2014865986565° Q12
+4736957253126° Q1 + 3181559316485016) + 342 0% (22176618 + 14013926602 + 2312110854 Q* + 1938495235205 + 11619578396100Q8
+ 4859749838650 + 127988093765%Q12 + 1966866739250 + 1645432012862Q 1% + 543581798401%)
+ 3502 (15552618 + 235236051602 + 77967822514 Q% + 10076938595120° + 7683305181690% + 394950375205°8Q1° + 1209762771846 Q12
+ 2550673981445 Q1 4 27471251865662010 + 12706224537608) + 345 (345668 + 150076851°02 + 108349128514 Q* + 24954447706120Q°
+ 2689881803961008 + 1754545209106%0Q10 + 7172934666005 2 + 17391432890885%01* + 22834735349765201¢ + 1275739766784018).

(B.15)

VN
5206

We pose z = {e|pS|1p1) and we have
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@ = —453496320000~v2% + 503884800000i+235 — 2456438400072 (1152 + 25692) + 6298560000i+21 (7156° + 6945Q?)
— 559872+29(530595% + 7799700620Q% 4 44017200Q%) + 233280i+'° (6976995° + 147134655°Q% + 501528005Q%)
+ 11664718 (11968796% — 961498546402 — 147531552052Q* — 40189132800Q°)
+ 432iy17 (7282403567 + 253947549956 Q2 + 1826114068852 Q% + 289562256005Q°)
+216716(231448185% — 5306492615%02 — 2281897260051Q* — 150380069184520Q° — 2362661498880°%)
+ 144i~"5(241504955° + 127844466257 Q2 + 150869713985° Q% + 48431432520520° + 1406611008050%)
+ 14441 (4843527610 + 96171175802 — 5084686356550 — 66356789508510° — 24613996651252Q° — 234966915072010)
+ 72i7 13 (303867081 + 2406813256° 02 + 4304967264567 Q* + 233426999426°Q° + 114418105446%0°% — 1056439987205010)
+ 24+12 (2064582512 + 5694263151002 — 24421695416%Q% — 615357293616°Q° — 4229597637006% Q% — 10052155451525201°0
— 57557164032002%2) — 5408 (9536612 + 12156251702 + 9709915%0% + 69011586°0Q° + 322499605%Q% + 7709971252010 + 7096320001 2)
+12i711 (600300512 474248980511 Q2 + 19770206055 Q% + 1760281124157 2° +303121329245° 0% — 2318433829926 Q10 — 6388745564165012)
+ 6710(20217651% + 2048664051202 — 3857476966100% — 212278563795%Q° — 2393452602045°Q% — 106282657896054 Q10
— 175465086105652Q'2 — 560924393472Q'%) + 6iy7 602 (547261 + 70867861202 + 5536596351°0% + 8328586396205 + 16403046985°03
— 2285342196064 Q10 — 112611761280620Q'2 — 1361555619840%)
— 2iv5630% (24965 — 85861202 — 220693590% — 19137676%0Q° — 70399305508 — 3942264510210 + 4098009662012 + 780779520%)
— 4252051867261 + 14996765202 + 1911423061°Q% + 1594144895%Q° + 9005891565%0° + 284359041654Q10 + 418812364852 Q12
+19110297600Q'%) — 4*62Q%* (—2524851% + 274699261202 + 1079036195100* + 12820495225%Q° + 90871317305°0Q% + 3618928965654 Q210
+ 6971940748852 + 473944227840 + 12i7°(79206%° + 1746210561202 + 72042944511 Q% + 11182146685 Q° + 561755787567 Q°
— 170327324646° Q0 — 1746418870085°0Q'2 — 28599599923250'%) + 6+5(4032616 + 77515251402 — 39480726'2Q* — 104982779350 Q0
— 178545026805°0% — 12622488917655Q10 — 40399267742454 Q12 — 48838045593652Q1 % — 74232889344016)
— 2iv350%(61446%% + 18832864 Q? — 9533405120% — 2170845151°0° — 1136910996%Q% — 491475845010 4 13953499206% 212
+ 3888663552020 + 2463105024016) — 6i7°502 (768516 + 10158461102 + 7332276120* — 2626682951005 — 2311101825508
— 1232185265500 + 506572233654 Q12 + 1802110233652 + 1665250099201%) — 40 (—6508861°02 — 110248854 Q* + 1791081246126

+ 445296161951°08 4 4371791379655 + 22398048686455Q12 + 5497478807045 Q1 4 49992140390452Q1¢ + 24461180928018).

(B.16)

We pose z = 3;’2§/ (Ws|pS|W;) and we have
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x = 48977602560000~2° — 16325867520000i~2%5 + 68024448000~>27 (116962 + 710402) — 226748160007~ 2% (110953 + 7584692)

+ 45349632~ 2°

(120878754 + 1609660056202 + 45897600Q4) — 100776964724 (160524355 +2397140086°0Q2 + 78782400594)
+ 419904~23 (5053559566 + 1109098428540 + 686819304062Q% + 1232907264095)
— 139968i~2? (4090413757 + 10135681926° Q2 + 71489138406°Q% + 15156771840596)
+11664~2! (43927578758 + 142461690485 Q2 + 1434039542285* Q% + 555969294720620° + 71051232153698)
— 15552720 (7914084469 + 294920597787 Q2 + 338351602116° Q% + 1521083606405°0Q° + 234636321024698)
+ 3888~ (207865204610 + 94844030436%Q? + 1385065696445°0Q% + 863748711576564Q° + 23769243590405%0% + 2314786885632910)
— 4324418 (386173080511 + 208781834055 Q2 + 3523802586516 Q% + 25344241593125°Q° + 82308654593285°0Q% + 98392368107525910)
+ 324417 (260706120612 + 164746676165 °0Q2 + 3307258007876°Q* + 20453688326645°0° + 1294874088480054 Q% + 2711724455116852Q1°
+ 20985823346688912) — 144i4'6 (98986320513 + 778561029661 Q2 + 1861743913976° Q% + 102867538712787 Q° + 98998402940645° Q°
+248288914621446°010 + 238383365160965912) —2i5°Q1° (46240514 + 6024135202 + 44933966 1°0* + 257205826%0°% + 1104617126%08
+ 33408038454 Q10 + 6179927045202 + 510935040914) + 144~1° (40143384614 + 3556138860620 + 9608412042250 Q%
+11507127442835°0° + 71407460501375%Q8 + 238177640382485%Q'0 + 39615367569408520Q12 + 24997184962560014)
— 36574 (20529072515 +245104442463Q% + 8311473302451 Q* + 11891045442438°0Q° + 862550336680057 Q° + 339650522258885° Q10
+ 683327476915205° Q12 + 537039759605765914) + 275408 (17472516 + 31059451402 4 29495555120* + 19431411590 + 938906126508
+ 3374339385010 + 8517844565402 + 1267849728520 + 759103488916) —iv28%08 (743856616 +192288545'40? + 19175032162 Q%
+12929181765°Q% + 636926706655 0% + 2207862218455Q1° + 492403104005%Q12 + 5912535859262 + 25310527488016)
+ 48413 (5163345616 + 6716994665402 + 24574116063612Q% + 38445524648551°Q5 + 31498984558655°Q° + 147446370508145°Q1°
+ 390701372653805 Q12 + 5207124725452852Q1 + 27590328926208015)
— 24i~12 (876096617 +17683387261°0Q2 + 8850596178512 0% + 1741922352495 1 Q% + 16971799390116° Q% + 932233907140267 Q10
+204175235154965° Q12 4 484731818864646° Q% + 313487365570565916)
+ 35208 (209568618 + 77522166902 + 104941290540 + 8693329035200 + 501790851651°0Q% + 2083365398251
+ 606391802885° Q12 + 1116967219205 + 10709397504052Q16 + 37710987264018)
— iry*508 (1999344518 + 989229966602 + 1522557291614 Q% + 128068521106120Q° + 739521692106 008 + 2961147496926 10
+ 7731284947206%Q12 4 11624837160966* Q1% + 79642165248052Q1C + 130459631616(218)
—iy%s0t (2354688618 + 2164358765002 1 554746894851 Q% + 641796948925'20° + 4513068054035 00 + 21233587551126°Q1°
+ 64945908250565° Q12 + 1176519351859254 Q1% + 10623406473216620Q16 + 3147338612736918)
— 33502 (422208618 + 7565731261602 + 3331882776614 Q% + 5807369481652Q° + 5311623518935'°Q% + 30208497441765%01°
+ 109490645852165° Q12 + 2369073256012851 Q1 + 2654309125324852Q16 + 10968291606528018)
+ 341 (2001024518 + 4259187366602 + 2195627582454 0% + 446852242168512Q° + 465235095992951°Q8 + 284500271909725%Q1°
+1057786107731048%012 + 2202224771865606%Q'* + 2565633708195846201¢ + 109977214648320918)
— 24i~10 (10368619 + 47132106 7Q? + 3867247026° Q% + 1083602599452 0% + 1397326223476 1 Q% + 10064424241975°Q1°
+ 441417005422257 Q12 + 114548662199525° Q1% + 155906931548166°Q16 + 82079630622725918)
+29°0% (201888520 + 1507830051802 + 3315341675160 + 36865418705140Q° + 2625541763561208 + 12884888316351°01°0
+ 4351502245866° Q12 + 9480705413766 Q1% + 1170528855552 016 4 660292632576520'8 + 97844723712920)
+~70? (279936620 + 464794565 130% + 18384916805 1°0* + 30164056197514Q6 + 279367083806512Q°% + 1670746103379510Q10
+ 66648054162126%012 + 171026563305605° Q1% + 25694431967232564 Q16 + 1912679615692862018 + 4867775004672920)
+6+° (10368520 + 48008165802 + 38605798251°0% + 1049733519264Q% + 136563937615612Q% + 104219717305851001°
+ 50450000924365° Q12 + 1541570774952055Q1% + 277656464678405% Q16 + 2562051774873652Q1% + 8797998809088920) .

(B.17)

We pose z = ’Q@[(Wﬂpﬂw and we have
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z = 16325867520000~°° — 5441955840000i~2%8 + 22674816000~ 2% (116952 + 7344(22) — 7558272000827 (1 1096% + 8784692)

+ 15116544~26

(120878754 + 1632110086202 + 49209600Q4) — 100776964~2° (53508165 + 90500505°Q2 + 34540800594)
+ 699840~24 (1010711956 + 2218097526402 + 1412170128520 + 274858444896)
— 46656iv2° (4090413767 + 11307953526°Q2 + 90720698406°Q* + 2222601984059“)
+ 3888~22 (43927578768 + 141018102365 02 + 1429588137966 Q* + 578572891200620° + 82452880281698)
— 5184i~2! (7914084459 + 325981677687 Q% + 419048196216° Q% + 2134559498405°0° + 377156922624598)
+ 2592~2° (103932602610 + 46582571416%Q2 + 674635941006°Q% + 4267527293346 Q% + 124736921568052Q° + 1398633122304910)
— 432iy1° (128724360511 + 76580908675°Q2 + 1434027816275 Q* + 11499920940608° Q6 + 42024737381765°Q% + 56921423984645910)
+ 108~18 (260706120612 +160792105766°02 + 3163351136435° Q% + 2794884488952550° + 1255557245184054Q° + 2852447932569652Q1°
+ 26385136017408912) — 864iy'7 (5499240613 + 47579697651 Q2 + 125624175476°Q* + 1432500117465 Q° + 8140886290805° Q°
+ 22781387715845°010 + 24492088350726912)
— 250010 (2496614 + 261426202 + 2354266°0% + 16455815508 + 7237386608 + 2459838864010 + 6559324852012 + 87054336914)
— 3ir5°Q10 (16000514 + 19670861202 + 148454251°0% + 90608876205 + 413807595508 + 1344818445400 4 2758679046201
+ 2611445765214) + 10816 (17341504514 + 1532615016520Q2 + 401646635605 °0* + 4688781676375°00 + 287845985398855 08
+990149139830454 010 + 1837852492492852 Q12 + 14505592651776914) — 36iy1° (6843024515 + 9014817846202 + 3375739616451 Q*
+ 5267547015135 Q% + 416506686544257 Q° + 180290967489606° 210 + 401175580008965° Q12 + 348799886622725914)
—2425%08 (8016516 + 26703061402 + 30204756'2Q% + 2814857051000 + 163055247650 + 6481544235%0Q10 + 1912278228510 12
+ 3270818304520 + 1637646336916) — 6iv>6°0Q8 (66176616 + 163296351402 + 160338795 120* + 1125074085000 + 5868594215508
+21730423415%01° + 527524603264 Q12 + 699984691252 Q14 + 3213361152916) +108y14 (764940515 + 957480565402 + 3358694776520
+ 504157140385 1000 + 3972378052835%0Q% + 18279378758485°0Q1° + 50705002369445* Q2 + 8006568708096520Q1* + 5526921019392916)
— 36iy13 (194688517 +4360027261°02 + 2421340812513 Q* + 5172892252861 Q% + 5413082279835° Q% + 3215956196150 Q°
+ 110866691791205° Q2 + 200420446740485° Q' + 141637103124485916) +4~%62%00 (4968618 —1061165'°0% — 392187354 Q%
— 616682016120°% — 5496100705008 — 283289647555Q1° — 9801900513552 — 1983010492851 — 1463549644852Q16 + 637009920018)
— 3ir°50° (330672518 + 1689854451602 4 256482471514 Q% + 2200200279520 + 133455664485 °Q% + 568547223045%01°0
+ 1602055051206°Q12 + 2628574018565 Q1% + 1942473277446%Q16 + 32614907904(218)
— 3iy7s0% (340416618 + 34524084602 + 91820726454 Q% + 107972894305'20° + 791213023976'°Q% + 3950472427465% Q10
+12993597652085°0Q12 + 25552331159046% Q1% + 249489845452852 Q10 + 773245108224918)
— 3i2602 (158400618 + 3214612851602 + 1545320568514 Q% + 28207476556512Q° + 2686391840696°Q% + 16192904122325%01°0
+ 63087906144245%0'2 4 148071621369605% QM + 17994429186048520Q16 + 7908563091456018)
+ 3412 (667008618 + 13522752061602 + 6576386832614 Q% + 125944043520512Q° + 122635740424351°Q% + 70081806091085° Q10
+ 253615042700645% Q12 + 592773623452806* Q1 + 8330726552371262Q16 + 51 161388023808918)
— 724yt (1152619 + 58509061702 + 537381485 Q* + 163472435463Q° + 2233670275751 1 Q% + 1709151069845° Q10 + 8073162049408 7 Q212
+ 22780360857845° Q1% + 33790977146885° Q16 + 19191012065285918)
+34%0% (33984620 + 180069651802 + 249531946160 + 1350760335105 — 4867503665120% — 864231554061°0Q10 — 4499978359655 Q212
— 1113092636165° Q1 — 7448228812854Q 1% + 81738989568520Q18 + 32614907904920)
+3~802 (28800620 + 42243845802 + 1414250766 1°0% + 1938520049514Q° + 1401670390051 2Q% + 5687288978660
+ 1459219504245%Q12 + 3108502870085 Q1 + 8619213288965%01¢ + 162836191641652Q18 + 794988380160920)
+ 3410 (6912520 + 30093126802 + 2225529006160 + 55051422965140Q° + 645636797746120Q% + 4316422780235100Q1°
+18299455225765°012 4 53365301685126°Q1 + 112024360592645* Q16 + 1528739669606452Q' + 8416812072960920) .

(B.18)

We pose = = %(Wﬂpf\wg) and we have
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x = 16325867520000~27 + 2720977920000iv2%5 + 22674816000~2° (110962 + 662492) + 3779136000i~2% (110963 + 8304502)
+ 30233088+23 (53508154 + 71298005202 + 1963680094) + 50388481722 (53508155 + 83705506° Q% + 316188005524)
+ 139968~21 (4090413756 + 9165653645202 + 555706944062Q% + 950137344096)
+ 2332872 (4090413757 + 10239161885° Q2 + 78947546406°Q% + 18757232640596)
+ 15552419 (7914084468 + 26867077476°Q? + 268840163436 Q% + 100138422960620° + 12061983974498)
+ 2592i18 (7914084469 + 288982850487 Q2 4 345271777116° Q% + 1670492764805°0Q° + 278363309184698)
+ 3888~ (42908120610 +21186212266%Q2 + 313720339996° Q% + 1896584979604 Q° + 4934657358725 Q% + 449942722560(210)
+ 648iy16 (42908120511 +221504373456°Q% 4 3711376577167 Q% + 2744422360805°Q° + 9336804220805°0° + 11691886602245910)
+ 864~1° (16497720612 +1183167723861°002 + 247724048295%Q* + 2165608562495°0Q° + 90223281712856% Q% + 176257274832062021°
+ 1273399750656912) + 144441 (16497720613 + 121209492951 Q? + 274475566615° Q% + 2771698608697 Q6 + 14341502977205° Q%
+ 36789297336005°01C0 + 36223341834246912)
+12+6%08 (12480614 +1726866202 + 12887516100% + 68333335%0° + 245770826%08 + 5494987264010 + 6827040052012 + 35721216914)
+i6°08 (19968514 +2400166202 + 17969865 1°0* +112314915%Q° 4 512632985° Q% + 15689567264 Q210 + 29390419252 Q12 + 259928064914)
+ 432413 (1710756514 + 1853094065202 + 54491464255 °Q* + 6533396662855 0° + 3860105129026%08 + 11964047733365%Q1°
+ 18335850370565° Q2 + 1079598661632914) +12iy12 (10264536515 + 11238178686 1202 + 3446599496451 Q* + 4519996238635 Q°
+ 31415295820085 7 Q% + 122853264687365° Q10 + 248204129679365°012 + 197453473873925914) +12¢35208 (71904616 + 223843251402
+ 240708905 20* + 1597565546005 + 706730529550% + 19993901765°Q10 + 34143582245 Q12 + 3180142080520 + 1274019840915)
+iv28%08 (131520516 + 367567261402 + 3652208456120% + 2610283806008 + 13977085536%0% + 5147231792500 4 1201210924854 Q212
+ 1532807424052Q' + 7134511104916) + 3611 (584064616 + 106149960514 Q? + 4530105264512Q* + 7327440965050 Q6
+ 5774426200835°Q% + 251096953198855010 + 60623375035685012 + 74738488320006201 + 3625579118592916)
+ 6iy10 (5840645” + 1064765526102 + 4611588120512Q% + 7763816262651 Q5 + 6780196305415°Q% + 356099483201657 10
+110167971719525° Q12 + 179614163681285° Q% + 116478723686405916)
+364°0Q% (45120518 + 29286806602 + 52751735614 Q% + 4676911816208 + 25858254786100% + 9092014864550 + 1962875740855 12
+2430764582451 Q' + 1496619417662 0Q16 + 2717908992918) +ivten?t (266112618 +163045445'6Q? + 2727610566 4 Q* + 2414667411626
+ 1522533610058 + 6684579867065Q10 + 1896254700485% Q12 + 3125598220805 + 24600969216052Q16 + 57076088832&'218)
+367702 (31104618 +45196806'602 115022020654 Q* + 198311726051 2Q° + 143151784716 005 +631334679855° 210 + 1695848588528% 12
+ 2637050532485 Q1 + 21190566297662Q16 + 63531122688918) + 144+° (1728618 + 70099251602 + 4792543854 0% + 1066339216520°
+ 108823426626 1008 + 622006051845%Q10 + 2096256160776° Q12 + 4044483245525Q1 + 40469621760052Q16 + 159467470848918)
+i~v5802 (186624618 + 2673129651602 + 858185268514 Q% + 110844940025120° + 8598868453951°0% + 4538967497166501°
+ 155770900759256%02 + 31847511421445* Q' + 3364344668160620Q10 + 1309692395520918)
+ 12678 (3456519 + 140198451702 + 9549069086°Q* + 21204357255613Q° + 2251066834651 Q° + 1474236312955° Q10
+ 6175845964885 212 + 15481362997925° Q' + 20499878522885°01¢ + 10655663063046918) .

(B.19)

We pose = = %(Wﬂpﬂ%) and we have
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Steady State of the Blockaded Aligned Atoms

—272097792000072% + 453496320000i72%5 — 125971200024 (304752 + 1987292) + 629856000i~2> (70953 - 1176692)
— 30233088+22 (7695164 + 10093005202 + 3272800!24) + 2799361~ 2! (63899355 — 38214756202 — 23151600594)
— 23328~20 (3399486966 + 68189836451 Q2 + 4289717040820 + 950137344096)
+11664iy'° (322413957 — 487598925°Q? — 5457837606°Q% — 598907520596)
— 432418 (38669036958 +1079095646455Q2 + 9769199853654 Q% + 41896137168052Q° + 72371903846498)
+ 648iy17 (688732259 — 2263645495 Q2 — 38327502845°Q* — 81634855685°Q° + 13397481216698)
— 72416 (312168714610 +117751091935%02 + 13626790267855Q% + 8059571597526 Q% + 28074632348165°0° + 4049484503040010)
+ 72iy10 (41324585“ — 2650851866°Q2 — 661317599187 Q% — 222552167405°Q° + 1067420505606° Q% + 3666734023686910)
+ %08 (4544512 + 693506902 + 676417650 + 53075695°0° + 2535461854 0% + 6012818452010 + 53957376012) — 36y (53440548512
+ 275924205051 °02 + 390401613596%Q% + 26334594243255Q° + 127949940888054 Q% + 40851407473925620C + 5093599002624912)
+ 124413 (854388513 — 820590366102 — 34011983696° Q% — 1878920269857 26 + 1926185839925° Q% + 14578088685125° 010
+ 22374303252486912) + 6ir25Q°2 (1149060614 + 582673106202 + 4436510416'°0% + 32199520866%Q° + 635642620106°0Q°%
+ 4157582151364 Q10 + 1016318262528520Q12 + 806002016256914) — 24412 (4187790614 + 3123544296202 + 544746088160 0*
+ 36547238601650Q° + 17057881505755Q% + 9136677034085 Q10 + 206885276006452Q12 + 3238795984896914)
+ 6iytt (23328615 + 591420061302 + 4534764851 Q* — 8678860615°0Q° + 5003789960257 Q° + 6684052979765° 210 + 23608452637445° Q12
+ 24719634432006914) +~25208 (74224516 + 59080851402 + 100943726120Q* + 1006536105100 + 6160946856°Q° + 19617447845%010
+ 264036326451 Q12 + 43435008052 Q1% — 934281216916) + 2iy53Q0 (2496616 + 458261402 — 1036895120 — 72970851005 — 17984145808
+ 841378959010 + 706658526012 + 166857984520 + 116785152916) + 2iy7 502 (153648516 +141782648'4Q? + 177170475612 Q%
+ 4094425485908 + 676441767652 Q% + 855424192085Q1° + 3960928100885% Q212 + 74405723904062 Q% + 462094958592916)
— 6410 (481536616 +584910605140Q? +133084726662Q% 4+ 8287525523510 0° + 58493683485 Q% + 2830408905655 Q10 +102948289862454 12
+ 3823339567104620Q' + 3625579118592&216> + %0t (—67200618 — 70387256160? + 3472693564 Q* + 6136671495120°
+514649381751°0% + 214134498066%Q10 + 369043790405 Q12 + 394307481654 Q1 — 3951054028852 — 16307453952018)
+ 2iy350% (6144618 + 25285261002 + 3662346140 — 59878605120° — 2068003251°0° + 1977584756500 + 18405244025%012
+ 553947350464 Q% + 6312370176626 + 2038431744918) + 2i7°502 (2304618 +4831445'°02 4+ 9724497514 Q% + 1482873651206
— 161973356108 + 17885508006° Q10 + 182617013705°Q12 + 668818264325* Q1 + 9953506713662016 + 47648342016918)
— 502 (102528618 +694056066Q2 + 45996618514 0* — 1114678094520° — 1789467606951 ° Q% — 1040167519925 210 — 22060771718455012
+ 490275624965* Q' + 59984636313652Q1¢ + 381186736128918) — 348 (11520618 + 30729605602 + 103287696514 Q* + 6172530366200
— 54787527656 1908 — 704340386505%Q1° — 18210557608855Q12 + 3119353320965 Q1 + 159038550835252 Q16 + 1275739766784918) .

(B.20)

We pose z = @(Wﬂpﬂg) and we have
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x = 16325867520000~°1

— 10883911680000i~28 502 + 22674816000~2° (128952 + 8064(22)
+15116544~27 (148603754 + 2045060062Q2 + 6022560094) — 151165440004~2° (11095392 + 7344594)
+ 139968~2° (6979851166 + 158400255651Q2 + 1026528624052 + 1905755904095)
— 201553924724 (5350816592 + 77165506° Q% + 24604800506)
— 10368i720602 (7914084458 + 28276315385%02 + 312031884696% Q% + 137240043120520° + 20613220070498)
+ 3888~23 (68470060958 + 229519657446%Q2 + 2437173489965 Q% + 998007454080520Q° + 131927400345698)
— 93312i722 (409041376792 +9755913605° Q% + 666289224086°0Q° + 13742922240698)
— 864iy'8502 (128724360610 + 66424634456°Q2 + 1075326663515°Q% + 7547358551406 Q° + 240432811833652Q° + 279726624460891“)
+1296~21 (366146892610 + 1727316995365 Q2 + 26771609223055Q% + 17890807696565%Q° + 523214355052852Q° + 5270852653056910)
— 864i7'%502 (10998480612 + 8214919985002 1 18696529623650% + 1886063354185°0Q° + 9547895668325640° + 23545688832008201°
+ 2198761334784912) + 324419 (172718280612 + 113087751765 002 + 2425756139796%Q% + 23431270832965°Q° + 111569103848165 Q%
+ 2493093270528052Q10 + 19984110317568912) — 2i6°0Q12 (20608614 + 32189261202 4 259557261°0% + 145149015%0° + 611859835°0Q°
+ 1858227726400 + 3353541126202 + 248168448914) — 216iy11602 (2281008614 + 2571974726202 + 821868812460 Q%
+ 1139356288555 Q% + 8184302249385°0° + 31972292185285% Q10 + 632508032947252 Q12 + 4835197550592914)
+216+7 (19919232514 + 18369550805 1202 + 535516506885 00% + 7046695173156%0° + 48127043274306°Q% + 1749073936324854 10
+3114718604006452 Q12 + 20445364334592914) + 4510t (32448516 + 470486514 0% + 40555285120 + 260417866100 + 1224630476508
+ 425237926601 + 10332071766% Q12 + 1452759552620 + 759103488916) — 4ir?%5%Q10 (78096616 + 23103095402 + 257560666 12Q*
+ 1778413295908 + 8704458955508 + 30159271416%Q1° + 66333273126 Q12 + 7560622080620 + 3100114944(216)
— 24iy1250Q2 (584064516 + 1107013685402 + 51575764326 °2Q% + 9753559323251°0° + 9440844179555%0° + 51917639373185%01°
+162716011287845* Q12 + 2632501566259252Q'* + 16580763058176916) +10841° (1905444616 + 2601206645402 + 1041846650062 0%
+18222913845451°0° 1+ 16709996628935% Q% +86668115591285° Q10 4+ 2509762720766451 Q12 +3659594774630452 Q1 + 20032513671 168016)
—6ints08 (156208618 +758970486602 + 1277983815140 + 11375088835 120° + 66546424526 1008 + 2672904112062 Q0 +692463067205° Q12
+1009759933445* Q' 1 66509144064620Q6 + 10871635968918) +~38208 (227760618 + 682533651002 4 79268853514 Q* 4 6145987006128
+ 341237835061°0% + 136314025945°0Q1° + 3803072566855Q12 + 6634765440060 + 585554780166201° + 18855493632&'218)
— 2475505 (644544618 + 5364409261602 + 1367522232611 Q% + 16664453308520° + 1206543311435'°Q8 + 5733027775865 Q1 °
+ 17484927657845%02 + 31058022551046* Q1% + 271586657894452 Q10 + 794988380160918)
— 6in%60* (130752518 + 211569126902 + 86662483264 0% + 15066197752612Q° + 1415636250496°08 + 8175207214885 10
+ 29674501579925%012 + 63368483109125%Q1* + 6919651639296620Q16 + 2805604024320018)
— 24iy10502 (6912618 + 29342525602 + 220900320614 Q* + 58699582245120° + 753936054916'°Q° + 5495056486305 2
+ 24195400894805°0'2 + 622271836209654 Q1% + 829198732492852 Q16 + 4263449001984&'218)
+ 3413 (1835136518 + 4148940965602 + 2390766998454 Q? + 5581415383445120° + 664587515719760Q% + 457671878509805° Q1 °
+ 18877157621654456%Q2 + 4479668084770565Q1* + 54355955680051262016 + 250130544721920918)
+3~4°08 (191232520 + 1065587651802 + 1913438925160% + 1886362799510 + 125909651585120° + 5879630627350 10
+1890472366445°Q12 + 3891689116805°Q1% + 4468840473606% Q16 + 23139385344052018 + 32614907904920)
+2770% (323136620 + 329116326302 + 96585561366Q% + 1314542603154 Q° + 1091088259245 20Q% + 6075568482905 0010
+ 228050271371456%012 4 54944652476165°Q1 + 76771048216325%Q 16 + 524928820838452Q18 + 1241404932096920)
+3~702 (110592520 + 219048485802 4 10910779925160% + 22168411259614Q% + 2416395773206'2Q% + 165203983104851°0 10
+ 73730319962485% 012 + 209106118981925%0'* + 3481380936691254 Q216 + 2939693816217662018 + 9211800453120920)
+ 6yt (10368520 + 51865926 1802 + 47952603051 Q* + 155369545206 1400 + 2385720081495120% + 208955399135551 0010
+113771494569925° Q12 + 385009448242085° Q1 + 762015015426245%Q1° + 7739270140723252 018 + 29789100048384920) .

(B.21)

We pose = = \/%’TA?F(Wl\pﬂwg) and we have
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Steady State of the Blockaded Aligned Atoms

* = 8162933760000~72% + 4081466880000i~2" 8 + 11337408000~ 2° (110952 + 686492) + 5668704000i~2° (110953 + 7424692)

+ 5038848~ 2% (160524354 + 216411505202 + 6387840094) + 25194241423 (160524355 + 230719005302 + 75680400594)
+ 69984~22 (4090413756 +91100919654Q? + 56890130408620Q* + 1091522304096)
+ 34992iy2t (4090413767 + 9613038045° Q2 + 65843324406°0Q% + 13744333440596)
+ 777672 (7914084468 + 26349407825%02 + 262996990355 Q% + 104266842480520Q° + 14912396006498)
+ 3888iy1° (7914084459 + 276042816987 Q2 + 299361763956° Q% + 12859141824056°0Q° + 191408655744698)
+ 21648 (386173080510 + 1851699693455 Q2 + 2662810142076° Q% + 16348473038886*Q° + 474505352812862Q° + 5496922579968910>
+ 3240717 (128724360611 +64355756165°Q2 4 9991204511957 Q% + 6640482441126°Q° + 20184809616005°Q° + 22889927808005010)
— 8810 (2624612 + 14803451902 + 17149306%Q* + 104798756%0° + 423525705%0% + 1062685206200 + 120837888912)
+ 144+16 (49493160512 + 34235642285 202 + 6808030552352Q% + 5780612016876%Q° + 252414529657264 08 + 58717614614406%2 Q10
+ 5844941503488012) + 72iy1° (49493160613 + 3559834800611 Q2 + 761549720535°Q% + 70174472164857 Q6 + 32493535947005° Q%
+ 74946520356485° Q10 + 67415932247046912) + 3614 (10264536514 + 10679554325 1202 + 292962393185'°0% + 3268209598915%Q°
+ 18859689178945%0Q% + 64566885341765 Q10 + 1203262364275252Q12 + 11571190972416914) + 2413 (7698402515 + 8319655806202
+ 245355085686 11 Q% + 2990024997475°0° + 186952582388467 Q% + 65205936638285° Q210 + 118914309640805° Q12 + 86466416025605914)
+2iv6308 (17472515 +18617861402% + 11196756 120 + 54349835000 + 1880697265 Q% + 432206475%Q1° + 5624202054012 — 83612166201
- 116785152916) ++425208 (16464616 — 7246385140% — 208501315120Q* — 1883838916005 — 9502118435%Q° — 2837449536610
— 4175660160602 — 122264985652 Q14 +934281216916) +6~12 (1752192516 +30531484851402 +1198840171252Q% + 1731908147065 006
+12255029734955° Q% + 52850911716726%0Q10 + 154731391644965% Q12 + 2867273656934452Q + 23831921295360016)
+ 3iy 1t (1752192617 + 3172076645502 + 1341887906463 Q% + 2142834208006 Q6 + 17022336475675° Q% + 79149390380485 7 Q10
+217732220757126° Q12 + 319803332120285° Q1% + 186118506086405916)
+ 2iy°5Q% (201888518 +1255714861°02 + 204962667611 Q? + 1613985582620 + 854453350051°0Q% + 3108718986965 210
+745059857945%012 4102375402624 Q1 4+ 4976369049652 Q16 — 15033434112918) +iy350° (209568618 +591736851602 + 525014585140t
+3102926115120° + 13264823826'°0% 4 3901894798520 + 74006971805°0212 + 653088902454 Q1% — 255998361652 Q16 — 4076863488018)
+4%08 (286800618 + 43874285602 — 36763203514 Q* — 9767282835120° — 71808264395'°0% — 267885210665°0Q'0 — 467918801285%Q 12
— 137876981765 Q' + 3772691251252016 + 163074539525218) ++%0 (703872618 + 3654375651602 + 399010944514 Q% + 4154314395206
— 1460441089851°0% — 896791851906%Q10 — 1730419260485%012 + 1135359521285%Q1 + 67162145587252Q16 + 430109097984918)
+iyT 802 (279936618 + 401290566002 + 127741872064 Q? + 1564388679352Q° + 1072607222485'° 0% + 4838518346495 1°
+ 14291180827805°0'2 + 25479428911205% Q' + 223758302515262 016 + 502712303616018)
+6~°02 (89568518 +117809285'6Q? 4 324400602614 Q* + 3055344816620 + 1253957638160 Q% + 282041067225° Q10 + 975933898085% 212
+4839420263045* Q14 +112740338073662 Q¢ +828463251456$218) +6410 (20736518 +806508051¢0Q2 + 502307016514 Q* + 9603997624512 Q6
+ 794351703896 1008 + 3757868925495%010 + 13066825088165° Q12 + 37326093992645% Q1 + 705125329920052Q16 + 5539188768768918)
+ 6iy° (10368519 + 41942885702 + 2827700225 1°Q* + 60873095245 30° + 5983824359261 08 + 3456123392075° Q10
+ 126327969298457 Q12 + 28013586623045° Q1% + 32858965071365° Q16 + 14213668700165918) .
(B.22)

We pose z = %(Wl\pﬂwl} and we have
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x = 8162933760000727 + 1360488960000i~258 + 11337408000~ 2° (110952 + 662492) + 1889568000i~24 (110953 + 11184502)
+ 15116544723 (53508154 + 67898006202 + 1963680094) + 251942422 (53508155 +102575508°Q2 + 385308005(24>
+ 69984~21 (4090413766 + 83896736454 Q2 + 5056381440620Q% + 950137344096)
+ 11664i72° (4090413757 +11511381726° 02 + 867407184065 Q% + 19300515840596)
+ 7776~ (7914084468 + 23792046035%Q? + 225681005435 Q* + 8749363176052Q° + 12061983974498)
+ 1296018 (7914084469 + 30029575325 2 + 341463521795° Q% + 1545543655205°0Q° + 241715332224598)
+ 64817 (128724360610 +54732137866°0Q% + 735963249216%Q% + 4407780993846% Q% + 12496106424965%2Q° + 1349828167680010)
+ 324416 (42908120511 +21437896865°Q2 + 3300757513967 Q% + 2260424568725°Q° + 7272189907205 Q% + 8708453959685910)
+216~1° (32995440512 +199030438251°0? + 363780297675°Q% + 3005060354585°Q° + 130261068129654Q° + 2893728459456520 10
+ 2546799501312912) + 216iy1? (5499240513 + 3672190756 1102 + 73312606165° Q% + 6716814747287 Q% + 3283975831446° Q%
+ 8199977466245°Q10 + 7869597880326912)
+ 4i6°Q8 (1248614 + 140316202 + 783716°0% + 30353456%0° + 10325405602 + 380021854010 + 972645652012 + 10086912914)
+ 95648 (1472514 + 272786202 + 2332165'°0% + 12935806%0° + 54527258%0° + 169101726 Q0 + 3084633662012 + 21602304914)
+ 108+13 (3421512514 + 3057244445'2Q2 + 75671663175°Q* + 819922568585°0° + 4808120989126%08 + 16271242908005% Q1 °
+ 294596009625652Q12 + 2159197323264914) + 6iy1? (10264536615 + 9680067005302 + 2502037819861 Q% + 2898344778075° Q¢
+ 18760473391265 Q% + 71908806530885° 210 + 146421472435206° Q12 + 114852556800006914) +9~36208 (19440516 + 43708451402
+ 47544016'20% + 321612375000 + 1527124756%Q% + 5253309705010 + 117291628854 Q12 + 134766489652Q'* + 566231040915)
+iv28%08 (31008516 + 869376861402 + 7680954612Q% + 4067081551000 + 1633278846%0% + 6153992846°01° + 185897568084 212
+ 3046604544520 + 1741160448016> + 108~1! (97344(516 + 1437097251402 + 4989282906120 + 6999202376561°0° + 5228833220355
+23714202296855Q10 + 65408554130454 Q12 + 98396295782452 01 + 604263186432916)
+ 3iy10 (5840645” + 877865045 1° Q2 + 306404565652 Q* + 4445035542051 Q% + 3532341963935°0Q° + 177862307161657 Q10
+ 56631166812965° Q2 + 96337341480965° Q14 + 61562523156485016)
+94°0% (53280518 + 26202606602 + 387040145614 Q% + 328316408612Q° + 1836731375610Q% + 7195423794550 + 1894483718455 12
+ 2928288844851 Q' + 2191668019262016 + 5435817984918) +iytent (73152518 + 388684851602 + 6203465464 Q* + 4690568735120°
+ 23574308815 1°08% + 97190161265%010 + 323024366886°Q12 + 6569264448054 Q1 + 5891722444826 + 12230590464018)
+12i7%602 (6048618 + 6435366102 + 176151565 14Q* + 2083141006120 + 1388769468520 + 6658013556550 + 244918358656° 0212
+ 5815716124854 Q' + 6786450432052Q16 + 24843386880918) +9470Q? (49536618 + 551100061602 + 14612971264 Q% + 168407062162 Q5
+ 116852795196 1008 + 5400656568655 Q0 + 1672456451046%012 + 3195479589126 + 32288373964852Q16 + 127062245376918)
+9+° (13824618 + 450345651602 + 242574324514 Q% + 44987622605120Q° + 417642375476'°08 + 2376073250945 Q10
+ 8776920388085%012 4 201434164588854Q'% + 251818780262456201° + 1275739766784918)
+ 3iy3 (6912619 + 223545661702 + 11749240851° Q% + 2220549070512 0Q° + 2120165085561 Q% + 1259402603076° Q1
+ 5288890642765 212 + 14460525687365° Q' + 20600860631045°0Q1¢ + 10391914414086918) .
(B.23)

We pose z = %(g“}fhj)ﬁ and we have
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T = 27209779200001"y2

9 _ 13604889600007226 + 3779136000i~>7 (1 10952 + 662492) — 1889568000~ 2% (110963 + 7344502)

+ 5038848i72° (53508164 + 686980052072 + 1963680094) — 2519424~%4 (53508155 + 74915505% Q2 + 24694800594)
+ 23328i723 (4090413756 + 8586233645402 + 5050387440624 + 950137344096)
— 11664~22 (4090413757 +9244938605° Q2 + 620737524085 0% + 13079370240696)

+ 2592i~2!

(7914084468 + 246394493155Q2 + 2257215774351Q* + 8389375416052Q° + 12061983974498)
— 1296+2° (7914084469 + 262638892857 Q2 + 272250774638°Q* + 1143507715205°0° + 171969899904598)
+ 216071 (128724360610 + 5740435226502 + 739933563695°Q% + 4042609213325% Q% + 11013412527365%Q° + 1349828167680910)
— 108418 (128724360511 +606918219256°Q2 + 8777438509567 Q% + 5478506393408°Q° + 16154246914565°Q° + 18488580065286910)
+ 2160717 (10998480512 + 7054446725002 + 123223627906°Q* + 877061521316°0° + 3219216239525% Q% + 71876117548852 Q10
+ 848933167104912) — 108416 (10998480613 + 74081983251 Q2 + 143874341245 0% + 1181704929835 Q° + 4973607066245° Q2
+ 10908053832965°Q10 + 9837198213125912)
+ 3iystQt0 (3968514 + 647661202 — 1887586100* — 15916435%0° — 101266815°0° — 4176703654010 — 784116485202 — 38854656914)
+48°010 (1248514 + 1403161202 + 783716'°Q% + 3035345%0° + 10325405508 + 38002185401 + 972645652012 + 10086912914)
+36iy1° (3421512614 + 3209067126202 + 7828213752600 + 6865349896750 + 2755891619345°Q° + 6702736776965 Q1°
+ 150532757222452 Q12 + 2159197323264914) — 21644 (235126515 + 287059966302 + 74942144651 Q% + 76130169716°Q°
+ 386643426995 Q% + 1128565054605° Q0 + 1811258833445° Q12 + 1264441282566914) + 3i7°52Q8 (21264516 + 24700851402
— 88882355120% — 22427813751°0% — 19032837465%0° — 97110926446°010 — 2720372486454 Q1% — 3278020132852 — 10469965824916)
+ 6i73520Q8 (3328616 + 8126161402 — 10576816204 — 150117316'°Q% — 105603927550 — 4847755235500 — 1143864864541
— 98691840052Q'% — 155713536916) +2425%08 (8016616 +3841026'40Q? + 37320696'20% + 2063847251000 + 846166565°5Q°
+ 3001653135°Q10 + 8263510445 Q12 4 1284762240520 + 753795072916) + 18iy13 (194638515 + 3149304051102 + 1059797232520
+ 113174581686 1000 + 393138359206%0% — 152562392805%01°0 — 2516978372645%Q12 + 20165056819252Q1% + 1208526372864916)
— 3412 (584064517 +981645125'°0? + 358042737652 Q* + 4386626846461 Q% + 2283471775996° Q% + 6061550163245 Q10

+6651895173125° Q12 — 2694035151365 Q1% — 6711324180486916) — 348502 (28800618 +34295046 1602 + 64908444514 Q* — 620720595 120Q°

— 63755767405°0% — 506725157026%010 — 2218221902485%012% — 5785924084324 Q1% — 77862230323252Q16 — 377120489472918)
+ 244508 (—9936618 + 76663251602 4 230518205140 + 2010375875120 + 1069910686500 + 42554872445%Q1° + 126236899265° Q12
+ 2329900372852 Q' + 202796974085%0Q'6 + 4076863488018) +3iy7 0t (63936618 + 24002525602 — 2007840514 Q* — 65923002852
— 8373953045508 — 516101261726%Q0 — 17230116388855Q'% — 2656995436805% Q1% — 124309831680520Q'6 + 5435817984918)
+ 348504 (—33984618 — 104584851602 + 162964226 14 Q* + 4521335396208 + 364594931651°Q% + 1803897957265 Q10 + 6148393004855012
+ 1320678416645 Q' 4 14492716646462Q6 + 51300532224018) +3ir70? (55872518 + 632088051602 + 12079543264 Q* — 4042924651200
— 152067772976 00% — 1433414203026%Q° — 6098797324086%012 — 11746576955526* Q1% — 68814633369662Q16 + 127062245376918)
+18iy11t (2304518 + 83484051602 + 44467188540 + 5992889045200 + 113278456851°0% — 241263408636%Q1° — 1780125563365 12
— 4489755335526 Q' — 26095144089662Q1° + 212623294464918) — 3410 (6912519 425911366702 + 14776160455 Q* + 2181085320613 Q°
+ 8386460338511 Q% — 1951608413750 — 28233045618457 Q12 — 11179752444965° Q' — 19852061172485° Q16 — 12436238499845918) .
(B.24)

We pose z = %(g“}fhj)ﬁ and we have
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x = 2720977920000728 + 1360488960000i~2" 8 + 377913600026 (110952 + 734492) + 1889568000i~2° (110953 + 9504592)
+ 5038848~ 24 (53508154 + 70415505202 + 2460480094) + 2519424423 (53508165 + 90668005202 + 327588006!24)
+ 2332822 (4090413766 + 8222088605102 + 5559672240620 + 1374292224096)
+ 11664372t (4090413757 + 10563423485° Q2 + 77012096406° Q% + 16751456640596)
+ 2592~2° (7914084468 + 22239037086%Q% + 217592576196 Q? + 1047155623208620Q° + 20613220070498)
+1296iy1° (7914084459 + 28551923558 Q2 4 317464783476° Q% + 14016239136056°0Q° + 211088467584698)
+216~18 (128724360610 + 49226196866°0% + 621087258696°Q% + 4188103103526%Q°% + 167872654137652Q° + 2797266244608910)
+ 108iy'7 (128724360611 + 632061680857 Q2 4 966676204355 Q* + 6469866639365° Q6 + 19836029485445°Q% + 22097712798725010)
— %10 (3904512 + 9557861002 1 10225885%Q% + 70316715°Q° + 310206026 Q® + 7550829662010 + 76250880912) + 432~16 (5499240512
+ 28973775061002 + 44838972275%Q% + 351646748055%Q° + 20272639971651 Q% + 75388595385662010 + 1099380667392912)
+ 216iy1° (5499240513 + 3719138126102 + 7526379855570 + 6793027088687 Q° + 3142148229005° Q% + 7121798910726% 210
+ 5989980533766912) + 108~y (1140504514 + 872744805202 + 1647551580500 + 125385804696%0Q° + 739341379346°0%
+ 49128620185651 Q10 + 186396058560052Q1% + 2417598775296914) + 24413 (2566134615 + 2516381285202 + 6751307247511 Q*
+ 780488907146°Q° + 47843626907157 Q% + 16294406766125° Q0 + 27578606513765° Q12 + 16704433889285914)
— ~25%208 (32784616 411624945402 + 174353336'12Q% + 1494688896'°0° + 7930590495°Q% + 2371984824600 + 32401324808% 212
+ 7103877128520 — 934281216916)
+ive308 (4992616 + 664606402 + 4381605120% + 194344151005 + 50007046208 — 442520856010 — 856841526012 — 248744448520
- 233570304916) + 6412 (584064516 + 730908008402 + 1756008000520 + 96984431305'°0° — 214649596296%Q% + 403391090165°Q*°
+33185117524326% Q12 + 1433437737984062Q'* + 16580763058176916) + 3iy1t (584064617 + 9330696086° Q2 + 3463703784530
+ 5086865467651 Q% + 3865890179056°0Q% + 172646411924067 Q10 + 43365871254726° Q12 + 50261638648325° Q14 + 14683954544645916)
+ivy’ 602 (79488518 +941472086'602 + 262338276514 Q% +29721342815'2Q° + 1909063861950 Q% + 758987544395% 210 + 1571363880365 12
+157501496165% Q1% — 502647192576520Q'6 — 559310635008918) + 3ir°50% (30528618 + 16256565602 + 2429027064 Q%
+1852674315120° 4 88306369261°0Q% + 2365310944550 + 5682404285012 — 1626775756854 Q4 — 3932478259252016 — 26329743360018)
— 34108 (10192518 + 14665006602 + 34387615614 Q* + 39358210762Q° + 25784173196'°0% + 93502383706%02'0 + 156067159685% Q12
+ 395306496080 — 1240576819260 — 5435817984918) +iv>800 (38496518 +9711845'%02 + 9116862614 Q* + 5186159951208
+ 1849192596008 + 2252890665010 — 1323878916502 — 64458933125% Q% — 977942037652Q16 — 4076863488918)
+~%0t (81216618 — 261430861602 — 237128676640 — 42470373076120Q% — 3680743849861°Q% — 1651691986626°Q'° — 3266285192648%012
— 4546406016060 + 5756771450882 + 397494190080918) +6~502 (21024518 +142293651°02 — 11747934514 Q* — 1057964615612Q°
— 1459146955151°0% — 8633701426065 Q10 — 2000948013606 Q12 + 5743030521654 Q1% + 80500204339262 016 + 701401006080918)
+ 6410 (6912618 + 19049045602 + 656005326140 + 5661258451205 — 132910966045'°08 — 1308356399635%01° — 3448826608325
+7092801149765* Q' + 417992887296062016 + 4263449001984018) +6iy° (3456619 +120859251 702 4+ 69215814550 + 133467765252 Q6
+ 1228876018351 10 + 668028275306°Q1° + 2178639115765 Q12 + 3546748577285° QM + 11127418444852Q16 — 2207916195846918) .

(B.25)

We pose z = 352/ (g|ta]t)1) and we have
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z = 16325867520000~27 — 5441955840000i~2%5 + 68024448000~2° (32352 + 220892) — 57946752000i~2% (10963 + 864502)

+ 5038848~23 (251011154 + 368028005202 + 11782080094) — 50388481722 (61753755 + 103776005302 + 39273600604)
+ 139968~21 (2912223566 + 69493676454 Q2 + 469410984062Q% + 950137344096)
— 466560720 (1823899567 +4924168645° Q2 + 396072744083 Q* + 9501373440696)
+ 3888~1° (20796090568 + 728213392855Q2 + 7845866773251 Q% + 333223580160520Q° + 48247935897698)
— 4324418 (32819549559 + 1283110212057 Q2 + 1669045205165° Q% + 8513919417606°0Q° + 1447438076928698)
+ 1296~17 (78825621610 + 3866512517652 + 596300524265°Q* + 4011214644006%Q% + 122100509376062Q° + 1349828167680910)
— 144416 (103120863611 + 558215646256°Q2 + 1062232684145 Q* + 8811500448965°Q° + 31853783589125°0% + 40494845030405(210)
+ 3641 (227893716612 + 153976628005 002 + 32283597194765Q% + 30817821556085°0° + 149091266390405* Q% + 3492096169881652Q1°
+ 30561594015744912) — 36iy14 (26987772513 + 199867737651 022 + 532653342675°Q% + 65436953238457 Q5 + 38643710741765° Q8
+104706479232005° Q10 + 101871980052485012)
+2i6°0Q8 (4544514 + 362545202 — 43855100 — 16583716%Q° — 16220981508 — 8450336454 Q10 — 2232276485202 — 233570304914)
+ 12413 (33566724614 + 31360601285 202 + 875740970775 100* + 11288035475226% Q% + 77920942570925%08 + 293970082386245%Q1°
+ 552060183121926%2Q'2 + 38865551818752914) —12i41? (3168108515 + 3262459205302 + 1199680603161 Q* + 2109503174585 Q°
+ 18631766894765" Q8 + 82999476596166° Q0 + 173799186001925°0Q12 + 129551839395845914) +iy25308 (25248515 + 703104514 Q?
— 94394520% — 712198395005 — 779854896650 — 45414375726%Q10 — 1438918041654 Q12 — 2160381542452 — 10022289408916)
—2~6%0° (4992516 + 350846402 + 1454405'20* + 9485316'°Q% + 29236336%0° — 1230438186%0Q'0 — 1244453166% Q12 — 3629376005201
- 379551744915) + 1241 (911088516 + 1195910885402 + 447364277556 2Q* + 780270830545 1°0° + 7376786319925 Q8
+ 40519128430565° Q10 + 1253798130340854 Q12 + 19284367859712620% + 10876737355776916)
—12i10 (66816617 +101140805'°0Q2 4 515920063512 Q* + 1305132488351 Q° + 1682779087185 Q% + 11294489883605 10
+ 39412329780965° Q12 + 64815944048645° Q1 + 36255791185925916)
+iytent (15936618 + 11231285602 — 708004254 0% — 59160119852Q° — 757100132750 0Q% — 502300844526%Q° — 1860023698565° Q12
— 3508917304325 Q1 — 26330805043262Q16 — 32614907904(218)
+ 35204 (724576618 — 10413606602 — 5709336514 0Q* — 217111226'20° — 390497495008 + 7939310085%0Q10 + 7426585860552
+ 263126407685 Q' + 3992203785652Q1¢ + 18855493632(118) —ir%602 (8064518 + 4917125902 + 54239460511 Q* + 2356233029525
+ 370423450865 1°0% + 2929153995365°010 + 12821833491845%012 + 20483139386885% Q1% + 298164436992052016 + 762373472256918)
+ 347 (41472518 + 71999526602 + 371710780514 Q* + 1054731126862Q° + 1459216149336°Q% + 11297486619645° Q10
+ 52916796492005° Q12 + 1384359291993651 Q1% + 1750054433587262016 + 7654438600704(218)
— 348 (2304519 + 606816617 Q% + 433263726207 + 16958417526130Q° + 3333231460161 Q% + 3297491489566° Q10 + 175458208920067 Q12
+ 49277719146245° Q' + 63933102489605%0Q16 + 25514795335685918)
++7 (726208051892 — 234520805160 + 407483525'40% + 888942260962Q% + 1077921805146 °Q1° + 7677508154645 Q12
+ 32313960541445%0Q'* + 72207706083845% Q10 + 73668445470726% 018 + 2287120416768920)
+4° (—921652092 — 16768326 '80% — 339196926160° — 6937239061408 + 841642970612010 + 1338842577960 12 + 1014069218765 Q14
+ 3948334853765°Q16 + 7466162826245 Q'8 + 57493330320652020 + 97844723712922) .

(B.26)

We pose z = %<g|¢2|q§1) and we have
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* = 5441955840000727 — 5441955840000i~2%5 + 7558272000~2° (64952 + 662492) — 7558272000424 (76953 + 6624692)
+ 5038848~2% (36403764 + 83716005%2Q2 + 3927360004) — 1679616i~22 (158386155 + 295428008° Q2 + 117820800594)
+ 46656~21 (867445966 + 31784996451 Q2 + 3314705040862 0Q* + 950137344096)
— 466560720 (1492437557 + 4500485646°Q2 + 38441210405° Q% + 9501373440596)
+ 1296~ (5320223358 + 2406130968502 + 3912282997254 Q% + 244454008320620° + 48247935897698)
— 1296018 (9078895959 + 391274716857 Q2 + 531590009405° Q% + 2785869676805°0Q° + 482479358976598)
+ 1296417 (7909015510 +3905515116%0Q2 + 7717182378550 + 7331665291264 + 3100167901445208 + 449942722560910)
— 432iy16 (31492455511 + 1829038133502 + 3470924305857 Q% + 2850967546565°Q° + 10393840615685°Q°5 + 13498281676806910)
+ 3641 (31885020512 +191846784051°02 + 414523808296°Q* + 4727830526166°0° + 2909207173075264 Q% + 91877868103685201°0
+ 10187198005248912) — 108iy'* (10016220513 + 77913757651 Q2 + 193567046095° Q% + 21729959497657 Q8 + 12297641875205° 0
+ 33491392057445°010 + 33957326684166912)
—2i5°Q8 (4992614 + 664845202 + 5275406°0% + 31420366%0° + 13612995550° + 4374610854010 + 9507456052012 + 97320960914)
+2y5%08 (9984514 + 1268885202 + 9179206 1°0% + 4921156560 + 186520995°0° + 5363703654 Q1° + 1167275525202 + 126517248(214)
+36~13 (2210724514 + 1913113805202 + 49484145795'°0% + 618088834185°0° + 4693019718445°Q° + 21481954524485% 010
+ 500705510400052 012 + 4318394646528914) — 36iy 12 (1555884615 + 1706851088302 + 548903726951 Q* + 782619146905° Q°
+ 5962627335808 QF + 25138649196485° Q10 + 53423114342406%Q12 + 43183946465285914) —iy25%08 (65760616 + 18335286402
+ 1985039451204 + 1450417096100 + 7559186406°Q% + 28372143485%0Q1° + 7294863744542 + 1050214809652 Q1 + 5265948672016)
+ 35208 (131520516 + 331759261402 + 32780274612Q% + 2140931396008 + 9804489005°%Q° + 33038549885°0Q1° + 8316543744542
+1237336473652Q' + 6285164544916) + 124 (241488616 + 3544624851102 + 12565147416'2Q% + 1839154008260 Q6
+ 1532215537085% Q% + 8535314267046°0Q10 + 29826972249126% Q12 + 542013227827252 Q1 + 3625579118592916)
—12i~10 (138240617 +243249126'°02 + 105829633552 Q* + 1875321727661 Q% + 1769804220326° Q% + 100139425070457 Q1
+ 33040355908326° Q2 + 56184512716805° Q1 + 36255791185925916)
+3y°0 (88704618 + 47121685502 + 71055548514 Q* + 5926055765205 + 331413021551°08 + 1335665043655 + 393365819525% Q12
+725318323206% Q' + 6025759948852 016 + 10871635968918) —ivtsq* (133056518 + 789045651602 4+ 135444348514 0% + 1277995680812 06
+ 817551345151°Q% 4 3659809566055 + 11093564908855Q12 + 1995471313926 Q1 + 16355229696052016 + 32614907904(218)
+ 37702 (62208518 + 755688051602 + 207514236514 Q* + 24017487235120° + 1695776312660 + 8338313572055 1°
+29381429107255Q12 + 66031688678454 Q1 + 73926593740852016 + 254124490752018)
—ir%502 (93312518 + 127618566602 + 405751572614 Q* + 5484447327620 + 4479958637050 Q% + 2452335359045°5 Q1
+ 88945039497655012 + 194526794419254 Q' + 21244095037445%Q1° + 762373472256918)
+ 349 (13824618 + 468950451602 + 2637116766 Q% + 49965321165'20° + 475335155156100° + 2951353046926%01°
+ 12813922252325%02 + 354718095321651 Q' + 508200475622452016 + 2551479533568918)
— 3i48 (6912519 + 2662560517 Q2 + 1762570926 1°Q* + 3992597180512 Q° + 4498380298951 Q¥ + 3129949212845 1°
+ 13920036858725 Q12 + 37075981029126° Q1 + 50875832401926% Q16 + 25514795335685918) .

(B.27)






Appendix C

Steady State of a Three-level Atom
Excited by Two Lasers

In this appendix, we present the analytical values of the steady state density matrix p
governed by the master equation

—1

po= 5 H pl=alla)alp = 2[b){alp|a) (bl+pla)(al)
+7([b) (blp — 2[c) (bl p|b) (c|+p[b){D]). (C.1)
with the Hamiltonian
H = —hdla){a|—hAb){b] + h& (|b)(c[+]c)(b]) + 72 (|a)(b[+[)(al) , (C.2)

as presented in Sec. 5.1. We first express the common denominator A to all matrix
elements

N =2 (A% + 77 +297)
+937 (A% 475 +2Q7) (20°+20A+ A% +7; +207) — (A(20+A) =57 —6€203) Q5 +€Q23)
+ 75 (0 + APy + Q1+ (AG+A) +03)* + 207 ((+ A+ Q3))
+ 290 (1 + R0 + 47 (A% + 207 + 03))
+ 92 (2705 (26° + 26A + A 4+ 207 +203) + 7, (2(6 + A)* + 207 + 303)
+79 (2((0+ A +QF) (A +207) + (26° — 46A — 3A* +707) QF + 493))
+90% ((6 4+ A)2y 4208 + (6% + Q3) (A0 +A) +93)°
+QF (—46% — 40A + A% +493) + QF (20 (6% + 26A — A?) +4(5 + A)*Q3 + 393)
+ 9 ((6 4+ A)2 (6% + A?) + Qf + (6% — A%) Q3 + 305 + 207 (A0 + A) +203))) ,
(C.3)

The diagonal elements of p. are

@(CLW@) =% (Y2 (6 + (Ya + 1) %) + (Ya + ) ) + (a + W) 203, (C.4)
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N

We pose = g75-(b|p|b) and we have

& =70+ (6 + A)*05 + 75 (295 +Q3) + 70w (26° + 20A + A + 47 4 207 + 303)
+7a% ((04+ A% + (=66 +A) + Q7) * + ((0+ A)* +297) Q5 + Q)
+ 70 (93 (8 + Q7+ 03) +29 (6 +A)* + 0 +93)).
(C.5)

We pose = = N{c|p|c) and we have

T =7 (A% + 75 + 9F)
39 (A2 4795 +Q7) (262 +20 A+ A% +77 +207) — (A(26+ A) — 5v; —207) Q3 +Q3)
+ 70 (0 + APy + (A +A) + Q)2+ QT (0 +A)P+Q3))
k(294 Q202+ 292 (A 4 Q2+ )
+ 92 (7 ((64+ A+ Q) Q5+, (206 + A)* 4207 + 303)
+79 (2(A%+QF) ((6+A)*+ Q1) + (26° — 46A — 3A% + 3Q7) O3 + 403))
F 9 (6 + A2 + Q8 +QF (=207 — 20A + A%+ 03) + (02 +Q2) (A +A) +Q2) 2
+QF (6(6 — A)( 4+ A)(0 +2A) 4 (26° + 60A + 3A%) O3)
9 (6 +A) (8 + A%) +Qf + (6 — A%) Q3 + 305 + QF (—6° + A* + 303))) .
(C.6)

Of course, the condition Tr (p) = 1 verifies. The following terms are the off diagonal
terms above the diagonal. We pose x = =2 (a|p|b) and we have

=% ((0+ A —iva) (6 + (Yo + 1) %) — i (—i0 + 7a + 1) ) (C.7)
+ (6= 17a) 72 + (0 + A = 2iv2) Y + (6 + A —iva) %) Q3.

We pose = = %(awc) and we have

2= =W +18) + Yo (=29 +i0) (3 +iA) + QF — Q3) — % Q3 (im0 — SA + QF + Q)
+ 727 (=078 + A + QF + Q03 — O + 97 (6A — QF — 203) + A? (27 - 03)

— 62 (2A% + Q7 + Q32) + 0A (A? +3Q3)

— iy (6% — 20°A 4+ 0A* — 26Q7 + 2005 + (6 + A)Q3)) — 2 (v + 175 (20 + A) — Q7

+ 5 (6% — 40A + A 4+ 3Q3) + i, (6°A — 26 (A% + QF) + A (A% +207 + 03))) .

(C.8)

We pose z = Qﬁl(b|p|c> and we have
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w =7 (A —im) W+ 0+ A)32% (0 +A) (A — i) — Q3) + 757 (2(A — i) 1 — 1€23)
+ 939 (A — i) (20 + 26A + A? + 47 +203) — (6 + 3iy) 23)
+ 92 ((26 + A)QTQ5 — i3 (6% + QF 4+ Q3) — 2iy) (0 + A +QF +Q3)
+ 92 (2000 + A)? + 2402 — (26 + A)Q2)) + vay (—i(8 + A)*y + AQY
(0 + A7 (AG+A) =)+ (6+A) (A6 +A) —Q3) (07 +93)
+2(6 + A (—0A +Q3) — i ((—0(6 + A) +QF) >+ (6 + A)* +207) Q3 +Q3)) -
(C.9)
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