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such that
B Q(1a) = Idy,
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Problem of the prequantization: if M = T*M,
L2(T*M) is too big—sreduction of H.

Polarization of (M, w): distribution P C TM.
P allows to reduce H, H is replaced by #HF.
The observable f is quantizable if Q(f) preserves HF.

The set of quantizable observables: A.

Geometric quantization Qg: Qg = Q4.
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HP = L2(M), A= S1(M),
Q(;(Xi(x)p; + A(x)) = ?X"(X)a,' + A(x).

m s it possible to extend the geometric quantization to
S(M)?
m |s this prolongation unique?

m Is it possible to reestablish the uniqueness?
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There are many extensions of the geometric
quantization to S(M).

m Idea to reestablish the uniqueness: to add a symmetry
condition.

m The geometric quantization is the unique map
Q : S<1(M) — D(M) such that LxQ = 0 for all
X € Vect(M).

m There is no prolongation @ of the geometric
quantization such that Lx @ = 0 for all X € Vect(M).
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Idea: to take G sufficiently small to have a quantization
and sufficiently big to have the uniqueness.

Projective case (P. Lecomte, V. Ovsienko):
PGL(m+ 1,R) acts on RP™.

X € sl(m+1,R) — X* vector field on R™.
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Conformal case (C. Duval, P. Lecomte, V. Ovsienko):
SO(p+1,9+1) acts on SP x 59.

X eso(p+1,g+ 1) — X* vector field on R™.

AQ : LxQ(S) = Q(LxS) VX € so(p+ 1,9+ 1).
Casimir operator method:

[: Semi-simple Lie algebra endowed with a non
degenerate Killing form K.

m (V,3): representation of I.

m (uj: i< n): basis of [; (v} : i < n): Killing-dual basis
(K(ui, uj) = dij)-

m Casimir operator corresponding to (V, 3):

ZB DB (ui).
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densities: M. Bordemann method:
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mS—S;

—_— ~

= Q(V)(S)(f) = 7(V)(S)(F).
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Questions :

m Critical values of density weights

Explicit formula

]
m Uniqueness
m Other differential operators
]

Conformal case
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Cartan fiber bundles and connections

Natural and
invariant
quantizations

m [V] (other [g])— (P — M)
m [V] (other [g])— (w: TP — g)

m w,: T,P — g bijection Vu € P
PCP’M,p:P— PyC PM
C®(Po,V)Go 2 T — p*T € C®(P, V)
H=Gox G, hb=go®m
g=g-1®h, g1 =R7

w — V“’(e,-) = Lw71(e’,), € €91

Fabian Radoux

f Go-equivariant= V“f Gg-equivariant

f Gi-equivariant= V“f Gi-equivariant
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Fabian Radoux



The case of densities (P. Mathonet, R.)

Nimvariamt m S p*S € C®(P, SK(R™))
quantizations

Fabian Radoux u f- = p*f € COO(P7 A)\(Rm))H
Bw— Div =), i(e")qu(e’,)
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<p*5,V‘;Jkp*f> not Gi-equivariant!

Fabian Radoux

One adds terms whose order in p*f is smaller than k...



case of densities (P. Mathonet, R.)

Natural and
invariant
quantizations

S+ p*S € C=(P, SE(R™)y
f s p*f € C(P,ANR™))y
w— Div¥ =37, i(e")qu(e’,)
Condition: Lp-Q(p*S)(p*f) =0Vhe g
<p*5,V‘;Jkp*f> not Gi-equivariant!

Fabian Radoux

One adds terms whose order in p*f is smaller than k...
One finds then:

k
Qu(V,S)(F) = p* (3 Cu{Div' p*S, v p 1)),
1=0

¢, — Ot a0t i) ( ’; ) VI>1, Geo=1.

’ V2k—1""V2k—1




Other differential operators and conformal case (P.
Mathonet, R.)

Natural and
invariant
quantizations

el P m “Flat” case: if S is a symbol,
S € C®(R™ VAR™ @ gl( V4, Va)).
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Other differential operators and conformal case (P.
Mathonet, R.)

Natural and
invariant
quantizations

Fabian Radoux m “Flat” case: if S is a symbol,
S C®(R™ VKR™ ® gl(V1, V»)).

m “Curved” case: if S is a symbol,
Se COO(P, VEKR™ ® g/( Vi, V2))H-

m “Flat” case: Affine quantization Qag: if
5:Z|a\:kﬁl®efl1 Ve Vegm,
Qafr(S) = 2 jaj=k faOid -+ - O

m "Curved” case: “Affine quantization” Q,: if
S = Z|a\:k fa & €1®al R Q& egam,
Qu(S) == 2 jajmk fa 0 (Lu=1(en)) ™+ (Lu-1(em)) ™™



Natural and
invariant

quantizations m “Flat” case: Map ~:
Fabian Radoux ﬁXh QAff(S) - QAff((LXh + fY(h))S)




Natural and
invariant

S m “Flat” case: Map 7:
Fabian Radou LyxnQarr(S) = Qas((Lxn +(h))S).
m “Curved” case: Map +:

Ly Qu(S) = Qu((Lp ++/(h))S), Vh € g1.




Natural and
invariant

quantizations m “Flat” case: Map ~:
Fabian Radoux 'CX’1 QAff(S) = QAFF((I—Xh + ’y(h))S).
m “Curved” case: Map 7
Ly Qu(S) = Qu((Lp ++/(h))S), Vh € g1.
m “Flat” case: y(h)(x1 V- VX ®F) =
=XV () Ve (F o pr([h xl) +
S s Ve (D) [[hxil gV Ve f
N—_——
()
m “Curved” case: Y(M)(x1 @ - @x,x Q) =
=X @ (1) @ xe@ (F o pral[hxi])) +
S Y@ ()@ [lhoxlxgle - @xew f
W

(i)
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m “Flat” case: Casimir operators C and C :

o e C = —5pu(E) + Spa(EP + 5y pa(A))pe( A7),
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m “Curved” case: “Casimir operators” C*¥ and C¥ :
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Natural and
invariant
quantizations

m “Flat” case: Casimir operators C and C :
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Natural and
invariant
quantizations

m “Flat” case: Casimir operators C and C :

Feliitzn el C= —%p* (5) 2mp* (5)2 + Z p*( )[)*(A*)
C=C—237(c)o,

m “Curved” case: “Casimir operators” C¥ and C¥ :
€= —1pu(E) + p €0 + 5 pu(A)pu( A7),

CY . =(C¥ -2 Zi ’y,(E’)Lw—l(e’.).

m “Flat” case: Quantization of S s.t. C(S) = aS:
Qar(Q(S)), Q(S) s.t. C(Q(S)) = aQ(S) and “head”
of Q(S) =

L] “Curved” case: Quantization of S s.t. C¥(S) = aS:

Qu(Q(S)), Q(S) s.t. C¥Y(Q(S)) = aQ(S) and “head” of
Q(S) =5
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m “Flat” case: Lo Q = QoL because [C,£] =0 and
[C,L]=0.
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Fabian Radoux

m “Flat” case: Lo Q = QoL because [C,£] =0 and
[C,L]=0.

m “Curved” case: (Lp +7/(h)) o @ = Q o Ly« because
[Cw, Lh* + ’Y/(h)] =0 and [Cw, Lh*] =0.

m One has in the “curved” case
Ly Qu(Q(S)) = Qu((Lp+ +7/(h))Q(S)) =0 if
LpxS = 0.



Natural and
invariant
quantizations

Fabian Radoux

m “Flat” case: Lo Q = QoL because [C,£] =0 and
[C,L]=0.

m “Curved” case: (Lp +7/(h)) o @ = Q o Ly« because
[Cw, Lh* + "}’/(h)] =0 and [Cw, Lh*] =0.

m One has in the “curved” case
LpQu(Q(S)) = Qul(Lp- +7'(h)Q(S)) =0 if
Lp«S =0.

m If S is Gg-equivariant, Q(S) is Gop-equivariant and

Qu(Q(S)) preserves the Gp-equivariance.



Natural and
invariant
quantizations

ez et m Remark: this method allows to find natural maps

Q : {reductions of P?M to H} — {quantizations on M},

where P2M is the second-order frame bundle and where
H is a Lie group corresponding to an IFFT-algebra

g=9-1PgoD g1
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Natural and
invariant
quantizations

el Feclans: m Remark: this method allows to find natural maps

Q : {reductions of P?M to H} — {quantizations on M},

where P?M is the second-order frame bundle and where
H is a Lie group corresponding to an IFFT-algebra
g=90-1DgoDgr.

m Equivariant quantizations for AHS-structures (A. Cap, J.
Silhan).

m Conformally invariant quantization (J. Silhan)



Explicit formulae

Natural and

— m Projective case, differential operators acting between

quantizations .
densities:
Fabian Radoux

Q(v S)(f) = (S, V<" f)

+Z (A+ m+1) A+ 751) ( k ) (Div*' S, V<" ' f).

—1 V2k—1"""V2k—I /

m Conformal case, differential operators acting between
densities, trace-free symbols:

Qlg. S)(f) = (5. V¥"F)

k k—1 k=1
A ALy e :
by Bt ) A m)<l;><Div“IS,V§”k 'f).
I=1

Y2k—2 " V2k—I—-1



Natural and
invariant
quantizations

Projective case, differential operators acting between
densities:

Fabian Radoux

I
piv?'s — m(> (Div + To))s,
j=0
T2‘S{S(M) = F(k7./7 mvé)i(r)7



Natural and
invariant
quantizations

Projective case, differential operators acting between

Fabian Radoux densities:

I
piv?'s — m(> (Div + To))s,

j=0
T2‘S{S(M) = F(k7./7 mvé)i(r)7
o k—1 )
Ve — me() (Vs + T,
Jj=0

TilrsiTemerm = (FAm+1) =)0+ 1rv.




Natural and
invariant

quantizations m Conformal case, differential operators acting between
Fabian Radoux densities, trace-free symbols

I
Div¥  — W/ZDlv—i— To)),

T2|Sé(m) = F/(k7.ju m,(;)i(l’),



Natural and
invariant

quantizations m Conformal case, differential operators acting between
- densities, trace-free symbols

Jj=0
T2|S(JS(M) = F/(k,_],m,(S)l(r),
k—1 =l
Ve — ma (O (Vs + Y,
Jj=0

Tilrsitemerymy = (Am—=j)J+1)rV.



Natural and
invariant

quantizations m Conformal case, differential operators acting between
A densities, trace-free symbols

i
piv?' — m(Y (Div+ ToY),

=0
T2|3(I;(M) = F/(k,j, m,é)i(r),
k—1
v (Y (Vs + T,
Jj=0
Tilrsitemerymy = (Am—=j)J+1)rV.

m Explicit formulae for natural and conformally invariant
quantizations thanks to tractor calculus (J. Silhan)
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Non-uniqueness of the quantizations

Natural and
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quantizations

Fabian Radoux

B Q=dw-+ %[w,w],
mA(X,Y) = QwH(X),w H(Y)),



Non-uniqueness of the quantizations

Natural and
invariant
quantizations

Fabian Radoux

m Q=dw+ 5w,w],
m 5(X,Y) = Qw H(X),w H(Y)),
m kg € C®°(P,A%g" | ®g-1®g1)H,



Non-uniqueness of the quantizations

Natural and
invariant
quantizations

Fabian Radoux

Q=dw+ %[w,w],
R(X,Y) = QwH(X),w H(Y)),
ko € C¥(P,A\%g* { ® g_1 ® 91)H,

— k / . . . .
W - ZV H'Oiu(l)l-y(z)/K/OI.l,(3)l.u(4)ke’u(1) v e’u(2) v e’u(3) N e’u(4)’



Non-uniqueness of the quantizations

Natural and
invariant
quantizations

Q=dw + 3w, w],
(X, Y) = Q™ H(X),w H(Y)),

ko € C¥(P,A\%g* { ® g_1 ® 91)H,

W =32 B0 i 0%, ik ity Y €ingey Y iy V Eivgay

m W e C®(P,V4g* | )n,



Non-uniqueness of the quantizations

Natural and
invariant
quantizations

Fabian

Q = dw + J[w,w],
(X, Y) = Qw™H(X),w 1 (Y)),

Ko € C(P,A%8% 1 ® -1 ® g1)H,

W=2. "/"’0ﬁ(l)iu(z)/”(’L(mium)kefu(l) V€ V iy V iy
W e C=(P,V4¢* | )n,

S+ (W, S) natural and invariant map between S¥ and
Sk,



