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Introduction

Classical observables: functions on a symplectic

manifold (M, ω).

Quantum observables: operators on an Hilbert space H.
Dirac problem: to �nd a bijection Q : C∞(M)→ L(H)
such that

Q(1M) = IdH,

Q(f̄ ) = Q(f )∗,
Q({f , g}) = i

~ [Q(f ),Q(g)].
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Hamiltonian H, observable F ,

dF

dt
= {H,F} 7−→ dQ(F )

dt
=

i

~
[Q(H),Q(F )]

Prequantization: if H = L
2(M), if ω = dα,

Q(f ) =
~
i
Xf + f − 〈Xf , α〉.
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Problem of the prequantization: ifM = T ∗M,

L
2(T ∗M) is too big−→reduction of H.

Polarization of (M, ω): distribution P ⊂ TM.

P allows to reduce H, H is replaced by HP .

The observable f is quantizable if Q(f ) preserves HP .

The set of quantizable observables: A.
Geometric quantization QG : QG = Q|A.



Natural and

invariant

quantizations

Fabian Radoux

Problem of the prequantization: ifM = T ∗M,

L
2(T ∗M) is too big−→reduction of H.

Polarization of (M, ω): distribution P ⊂ TM.

P allows to reduce H, H is replaced by HP .

The observable f is quantizable if Q(f ) preserves HP .

The set of quantizable observables: A.
Geometric quantization QG : QG = Q|A.



Natural and

invariant

quantizations

Fabian Radoux

Problem of the prequantization: ifM = T ∗M,

L
2(T ∗M) is too big−→reduction of H.

Polarization of (M, ω): distribution P ⊂ TM.

P allows to reduce H, H is replaced by HP .

The observable f is quantizable if Q(f ) preserves HP .

The set of quantizable observables: A.
Geometric quantization QG : QG = Q|A.



Natural and

invariant

quantizations

Fabian Radoux

Problem of the prequantization: ifM = T ∗M,

L
2(T ∗M) is too big−→reduction of H.

Polarization of (M, ω): distribution P ⊂ TM.

P allows to reduce H, H is replaced by HP .

The observable f is quantizable if Q(f ) preserves HP .

The set of quantizable observables: A.
Geometric quantization QG : QG = Q|A.



Natural and

invariant

quantizations

Fabian Radoux

Problem of the prequantization: ifM = T ∗M,

L
2(T ∗M) is too big−→reduction of H.

Polarization of (M, ω): distribution P ⊂ TM.

P allows to reduce H, H is replaced by HP .

The observable f is quantizable if Q(f ) preserves HP .

The set of quantizable observables: A.

Geometric quantization QG : QG = Q|A.



Natural and

invariant

quantizations

Fabian Radoux

Problem of the prequantization: ifM = T ∗M,

L
2(T ∗M) is too big−→reduction of H.

Polarization of (M, ω): distribution P ⊂ TM.

P allows to reduce H, H is replaced by HP .

The observable f is quantizable if Q(f ) preserves HP .

The set of quantizable observables: A.
Geometric quantization QG : QG = Q|A.



Natural and

invariant

quantizations

Fabian Radoux
IfM = T ∗M, if P is the vertical polarization, then

HP ∼= L
2(M), A ∼= S≤1(M),

QG (X i (x)pi + A(x)) =
~
i
X i (x)∂i + A(x).

Is it possible to extend the geometric quantization to

S(M)?

Is this prolongation unique?

Is it possible to reestablish the uniqueness?
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Equivariant quantization

There are many extensions of the geometric

quantization to S(M).

Idea to reestablish the uniqueness: to add a symmetry

condition.

The geometric quantization is the unique map

Q : S≤1(M)→ D(M) such that LXQ = 0 for all

X ∈ Vect(M).

There is no prolongation Q of the geometric

quantization such that LXQ = 0 for all X ∈ Vect(M).
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Equivariant quantization: action of a Lie group G on M:

Φ : G ×M → M.

Equivariant quantization Q: linear bijection Q:

S(M)→ D(M) s.t. σ(Q(S)) = S and s.t.

Q(Φ∗gS) = Φ∗gQ(S) ∀g ∈ G .
Q(Lh∗S) = Lh∗Q(S) ∀h ∈ g.

Idea: to take G su�ciently small to have a quantization

and su�ciently big to have the uniqueness.

Projective case (P. Lecomte, V. Ovsienko):

PGL(m + 1,R) acts on RPm.

X ∈ sl(m + 1,R) 7→ X ∗ vector �eld on Rm.

∃Q : LXQ(S) = Q(LXS) ∀X ∈ sl(m + 1,R).
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Conformal case (C. Duval, P. Lecomte, V. Ovsienko):

SO(p + 1, q + 1) acts on Sp × Sq.

X ∈ so(p + 1, q + 1) 7→ X ∗ vector �eld on Rm.

∃Q : LXQ(S) = Q(LXS) ∀X ∈ so(p + 1, q + 1).

Casimir operator method:

l: Semi-simple Lie algebra endowed with a non

degenerate Killing form K .

(V , β): representation of l.

(ui : i 6 n): basis of l; (u′i : i 6 n): Killing-dual basis
(K (ui , u

′
j) = δi ,j).

Casimir operator corresponding to (V , β):

n∑
i=1

β(u′i )β(ui ).
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(S(Rm), L) and (D(Rm),L) are representations of g.

C and C: Casimir operators of g on S(M) and D(M).

If C (S) = αS and L ◦ Q = Q ◦ L, then
C(Q(S)) = αQ(S).

In non-critical situations: if C (S) = αS , then ∃! Q(S)
s.t. C(Q(S)) = αQ(S), σ(Q(S)) = S .

In these conditions: L(Q(S)) = Q(L(S)) because:

σ(L(Q(S))) = σ(Q(L(S)) = L(S);
As C (L(S)) = αL(S), C(Q(L(S))) = αQ(L(S));
C(L(Q(S))) = L(C(Q(S))) = αL(Q(S)).

Generalization (F. Boniver, P. Mathonet): IFFT-algebras

g = g−1 ⊕ g0 ⊕ g1
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[∇] (other [g ])7→ (P → M)

[∇] (other [g ])7→ (ω : TP → g)

ωu : TuP → g bijection ∀u ∈ P
P ⊂ P2M, p : P → P0 ⊂ P1M

C∞(P0,V )G0
3 T 7→ p∗T ∈ C∞(P,V )H

H = G0 o G1, h = g0 ⊕ g1

g = g−1 ⊕ h, g−1 ∼= Rm

ω → ∇ω(ei ) = Lω−1(ei ), ei ∈ g−1

f G0-equivariant⇒ ∇ωf G0-equivariant

f G1-equivariant; ∇ωf G1-equivariant
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The case of densities (P. Mathonet, R.)

S 7→ p∗S ∈ C∞(P, Skδ (Rm))H

f 7→ p∗f ∈ C∞(P,∆λ(Rm))H

ω → Divω =
∑

i i(ε
i )Lω−1(ei )

Condition: Lh∗Q(p∗S)(p∗f ) = 0 ∀h ∈ g1

〈p∗S ,∇ωk

s p∗f 〉 not G1-equivariant!

One adds terms whose order in p∗f is smaller than k . . .

One �nds then:

QM(∇, S)(f ) = p∗
−1

(
k∑
l=0

Ck,l 〈Divω
l

p∗S ,∇ωk−l

s p∗f 〉),

with

Ck,l =
(λ+ k−1

m+1
)···(λ+ k−l

m+1
)

γ2k−1···γ2k−l

(
k

l

)
,∀l ≥ 1, Ck,0 = 1.
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Other di�erential operators and conformal case (P.
Mathonet, R.)

�Flat� case: if S is a symbol,

S ∈ C∞(Rm,∨kRm ⊗ gl(V1,V2)).

�Curved� case: if S is a symbol,

S ∈ C∞(P,∨kRm ⊗ gl(V1,V2))H .

�Flat� case: A�ne quantization QA� : if

S =
∑
|α|=k fα ⊗ eα1

1
∨ · · · ∨ eαm

m ,

QA� (S) :=
∑
|α|=k fα∂

α1
x1
· · · ∂αm

xm .

�Curved� case: �A�ne quantization� Qω: if

S =
∑
|α|=k fα ⊗ e⊗α1

1
⊗ · · · ⊗ e⊗αm

m ,

Qω(S) :=
∑
|α|=k fα ◦ (Lω−1(e1))α1 · · · (Lω−1(em))αm .
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�Flat� case: Map γ:
LXhQA� (S) = QA� ((LXh + γ(h))S).

�Curved� case: Map γ′:
Lh∗Qω(S) = Qω((Lh∗ + γ′(h))S), ∀h ∈ g1.

�Flat� case: γ(h)(x1 ∨ · · · ∨ xk ⊗ f ) =
−
∑k

i=1
x1 ∨ · · · (̂i) · · · ∨ xk ⊗ (f ◦ ρ1∗([h, xi ])) +∑k

i=1

∑
j>i x1 ∨ · · · (̂i) · · · ∨ [[h, xi ], xj ]︸ ︷︷ ︸

(j)

∨ · · · ∨ xk ⊗ f

�Curved� case: γ′(h)(x1 ⊗ · · · ⊗ xk ⊗ f ) =
−
∑k

i=1
x1 ⊗ · · · (̂i) · · · ⊗ xk ⊗ (f ◦ ρ1∗([h, xi ])) +∑k

i=1

∑
j>i x1 ⊗ · · · (̂i) · · · ⊗ [[h, xi ], xj ]︸ ︷︷ ︸

(j)

⊗ · · · ⊗ xk ⊗ f



Natural and

invariant

quantizations

Fabian Radoux

�Flat� case: Map γ:
LXhQA� (S) = QA� ((LXh + γ(h))S).

�Curved� case: Map γ′:
Lh∗Qω(S) = Qω((Lh∗ + γ′(h))S), ∀h ∈ g1.

�Flat� case: γ(h)(x1 ∨ · · · ∨ xk ⊗ f ) =
−
∑k

i=1
x1 ∨ · · · (̂i) · · · ∨ xk ⊗ (f ◦ ρ1∗([h, xi ])) +∑k

i=1

∑
j>i x1 ∨ · · · (̂i) · · · ∨ [[h, xi ], xj ]︸ ︷︷ ︸

(j)

∨ · · · ∨ xk ⊗ f

�Curved� case: γ′(h)(x1 ⊗ · · · ⊗ xk ⊗ f ) =
−
∑k

i=1
x1 ⊗ · · · (̂i) · · · ⊗ xk ⊗ (f ◦ ρ1∗([h, xi ])) +∑k

i=1

∑
j>i x1 ⊗ · · · (̂i) · · · ⊗ [[h, xi ], xj ]︸ ︷︷ ︸

(j)

⊗ · · · ⊗ xk ⊗ f



Natural and

invariant

quantizations

Fabian Radoux

�Flat� case: Map γ:
LXhQA� (S) = QA� ((LXh + γ(h))S).

�Curved� case: Map γ′:
Lh∗Qω(S) = Qω((Lh∗ + γ′(h))S), ∀h ∈ g1.

�Flat� case: γ(h)(x1 ∨ · · · ∨ xk ⊗ f ) =
−
∑k

i=1
x1 ∨ · · · (̂i) · · · ∨ xk ⊗ (f ◦ ρ1∗([h, xi ])) +∑k

i=1

∑
j>i x1 ∨ · · · (̂i) · · · ∨ [[h, xi ], xj ]︸ ︷︷ ︸

(j)

∨ · · · ∨ xk ⊗ f

�Curved� case: γ′(h)(x1 ⊗ · · · ⊗ xk ⊗ f ) =
−
∑k

i=1
x1 ⊗ · · · (̂i) · · · ⊗ xk ⊗ (f ◦ ρ1∗([h, xi ])) +∑k

i=1

∑
j>i x1 ⊗ · · · (̂i) · · · ⊗ [[h, xi ], xj ]︸ ︷︷ ︸

(j)

⊗ · · · ⊗ xk ⊗ f



Natural and

invariant
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Fabian Radoux

�Flat� case: Casimir operators C and C :

C = −1

2
ρ∗(E) + 1

2mρ∗(E)2 +
∑

j ρ∗(Aj)ρ∗(A
∗
j ),

C = C − 2
∑

i γ(εi )∂x i .

�Curved� case: �Casimir operators� Cω and Cω :

Cω := −1

2
ρ∗(E) + 1

2mρ∗(E)2 +
∑

j ρ∗(Aj)ρ∗(A
∗
j ),

Cω := Cω − 2
∑

i γ
′(εi )Lω−1(ei ).

�Flat� case: Quantization of S s.t. C (S) = αS :
QA� (Q(S)), Q(S) s.t. C(Q(S)) = αQ(S) and �head�

of Q(S) = S .

�Curved� case: Quantization of S s.t. Cω(S) = αS :
Qω(Q(S)), Q(S) s.t. Cω(Q(S)) = αQ(S) and �head� of

Q(S) = S .
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invariant
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Fabian Radoux

�Flat� case: L ◦ Q = Q ◦ L because [C,L] = 0 and

[C , L] = 0.

�Curved� case: (Lh∗ + γ′(h)) ◦ Q = Q ◦ Lh∗ because

[Cω, Lh∗ + γ′(h)] = 0 and [Cω, Lh∗ ] = 0.

One has in the �curved� case

Lh∗Qω(Q(S)) = Qω((Lh∗ + γ′(h))Q(S)) = 0 if

Lh∗S = 0.

If S is G0-equivariant, Q(S) is G0-equivariant and

Qω(Q(S)) preserves the G0-equivariance.
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invariant

quantizations

Fabian Radoux Remark: this method allows to �nd natural maps

Q : {reductions of P2M to H} → {quantizations on M},

where P2M is the second-order frame bundle and where

H is a Lie group corresponding to an IFFT-algebra

g = g−1 ⊕ g0 ⊕ g1.

Equivariant quantizations for AHS-structures (A. Cap, J.

Silhan).

Conformally invariant quantization (J. Silhan)
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Explicit formulae

Projective case, di�erential operators acting between

densities:

Q(∇, S)(f ) = 〈S ,∇ωk

s f 〉

+
k∑
l=1

(λ+ k−1
m+1

) · · · (λ+ k−l
m+1

)

γ2k−1 · · · γ2k−l

(
k

l

)
〈Divωl

S ,∇ωk−l

s f 〉.

Conformal case, di�erential operators acting between

densities, trace-free symbols:

Q(g , S)(f ) = 〈S ,∇ωk

s f 〉

+
k∑
l=1

(λ+ k−1
m ) · · · (λ+ k−l

m )

γ2k−2 · · · γ2k−l−1

(
k

l

)
〈Divωl

S ,∇ωk−l

s f 〉.
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Projective case, di�erential operators acting between

densities:

Divω
l

S −→ πl (
l∑

j=0

(Div + T2)j)S ,

T2|S jδ(M)
= F (k , j ,m, δ)i(r),

∇ωk−l

s f −→ πk−l (
k−l∑
j=0

(∇s + T1)j)f ,

T1|Γ(S jT∗M)⊗Fλ(M) = (−λ(m + 1)− j)(j + 1)r ∨ .
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Conformal case, di�erential operators acting between

densities, trace-free symbols

Divω
l −→ πl (

l∑
j=0

(Div + T2)j),

T2|S jδ(M)
= F ′(k , j ,m, δ)i(r),

∇ωk−l

s f −→ πk−l (
k−l∑
j=0

(∇s + T1)j)f ,

T1|Γ(S jT∗M)⊗Fλ(M) = (−λm − j)(j + 1)r ∨ .

Explicit formulae for natural and conformally invariant

quantizations thanks to tractor calculus (J. Silhan)
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S 7→ 〈W , S〉 natural and invariant map between Skδ and
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