Natural and
projectively
equivariant

quantizations

Natural and projectively equivariant
quantizations

Fabian Radoux

Przemysl

1 May 2007



Natural and

projectively

equivariant
quantizations

Fabian Radou Introduction
Introduction e At the origin : gp — QP
ap — 3(QP + PQ)



Natural and

projectively

equivariant
quantizations

Fabian Radou Introduction
Introduction e At the origin : gp — QP

ap — 3(QP + PQ)
with P =0, ; Q@ = x.

Problems : It depends on the order



Natural and

projectively

equivariant
quantizations

Fabian Radou Introduction
Introduction e At the origin : gp — QP

ap — 5(QP + PQ)
with P =0, ; Q@ = x.

Problems : It depends on the order

It depends on the coordinates system



Natural and

projectively

equivariant
quantizations

Fabian Radou

e Quantization : Q : S(M) — D

N[

Introduction



Natural and

projectively

equivariant
quantizations

Fabian Radou

e Quantization : Q : S(M) — D%(M)

Introduction

Q : linear bijection



Natural and

projectively

equivariant
quantizations

Fabian Radou

e Quantization : Q : S(M) — D%(M)

Introduction
Q : linear bijection

preserves the principal symbol



Natural and

projectively

equivariant
quantizations

Fabian Radou

e Quantization : Q : S(M) — D%(M)

Introduction
Q : linear bijection
preserves the principal symbol

o 3Q : Q(¢*S) = ®*Q(S) ¥ local diffeomorphism ®



Natural and

projectively

equivariant
quantizations

o e Quantization : Q : S(M) — D%(M)
Q : linear bijection

preserves the principal symbol

¢ 3Q : Q(¢*S) = *Q(S) V local diffeomorphism ¢

3Q : Q(LxS) = LxQ(S) V vector field X



Natural and

projectively

equivariant
quantizations

Felifm Redlon "Flat" case :

Introduction

¢ 3Q: Q(P:S) = d:Q(S)Vg € G



Natural and

projectively

equivariant
quantizations

el edlen "Flat" case :

Introduction

¢ 3Q: Q(P:S) = d:Q(S)Vg € G
3Q: Q(Ly-S)=LpQ(S)Vhe g



Natural and

projectively

equivariant
quantizations

el edlen "Flat" case :

Introduction

¢ 3Q: Q(P:S) = d:Q(S)Vg € G
3Q: Q(Ly-S)=LpQ(S)Vhe g

e PGL(m + 1,R) acts on RP™



Natural and

projectively

equivariant
quantizations

el edlen "Flat" case :

Introduction

¢ JQ: Q(P;S) =d;Q(S)Vge G
3Q: Q(Lp=S) =Lp-Q(S)Vhe g
e PGL(m + 1,R) acts on RP™
X € sl(m+1,R) — X* vector field on R™



Natural and

projectively

equivariant
quantizations

Felifm Redlon "Flat" case :

Introduction

¢ JQ: Q(P;S) =d;Q(S)Vge G
3Q: Q(Lp=S) =Lp-Q(S)Vhe g
e PGL(m + 1,R) acts on RP™

X € sl(m+1,R) — X* vector field on R™
3Q: LxQ(S) = Q(LxS) VX € sl(m+1,R)



Natural and
projectively
equivariant

Fabian
lnedngien e Method of the Casimir operator :

C:S(R™ — S(R™) ; C:DR™) — DR™)



Natural and

projectively

equivariant
quantizations

Fabian Radou

lnedngien e Method of the Casimir operator :
C:S(R™—SMR™ ; C:D[R™)— DER™M)
Condition : 3Q such that if C(S) = S, then



Natural and

projectively

equivariant
quantizations

Fabian Radou

Introduction e Method of the Casimir operator :

C:SR")— SR™) ; C:DR™)+— DR™)

Condition : 3Q such that if C(S) = S, then
C(Q(S)) = aQ(S)



Natural and

projectively

equivariant
quantizations

Fabian Radou

Introduction e Method of the Casimir operator :

C:SR")— SR™) ; C:DR™)+— DR™)

Condition : 3Q such that if C(S) = S, then
C(Q(S)) = aQ(S) and 0(Q(S)) =S



Natural and

projectively

equivariant
quantizations

Fabian Radou

Introduction

"Curved" case :

eQ(V) : S3(M) — D3(M)
RQIV)=Q(V)ifV' =V +aVid



Natural and

projectively

equivariant
quantizations

Fabian Radou

Introduction Y Conjecture . Q(v) :



Natural and

projectively

equivariant
quantizations

Fabian Radou

Introduction ° Conjecture : Q(V) : S(M) — D(M) natural



Natural and

projectively

equivariant
quantizations

Fabian Radou

Introduction ° Conjecture : Q(v) : S(M) — D(M) natural and
QV) = Q(V)fV =V +aVid



Natural and

projectively

equivariant
quantizations

Fabian Radou

liis s e Conjecture : Q(V) : S(M) — D(M) natural and
QV)=QV)ifV =V+aVid
GrQ(VO)(S) = Q(¢7V°)(455)



Natural and

projectively

equivariant
quantizations

Fabian Radou

liis s e Conjecture : Q(V) : S(M) — D(M) natural and
QV)=QV)ifV =V+aVid
6iQ(VO)(S) = Q47 V°)(¢75)
LxQ(V®)(S) = Q(V®)(LxS) VX € sl(m+ 1,R)



Natural and

projectively

equivariant
quantizations

oM. Bordemann method :

Introduction



Natural and

projectively

equivariant
quantizations

Fabian Radou ~
oM. Bordemann method : M — M;

Introduction



Natural and

projectively

equivariant
quantizations

Fabian Ra.
oM. Bordemann method :

Introduction



Natural and

projectively

equivariant
quantizations

Fabian Radou
oM. Bordemann method :

Introduction



Natural and

projectively

equivariant
quantizations

Fabian Radou

. Bordemann method : M — M;
V — V;
S— 3;

Introduction

P

QIV)(S)(F) =7(V)(5)(F)
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Natural and eThe case of the densities (P. Mathonet, R.) :

S5 C(p. SN

Fabien Radous f — p*f € C®(P, A*R™))y

w—DivY =5 i(ei)Lw_1(e'.)
Condition : Ly« Q(p*S)(p*f) =0Vh e g;

densies <p*5,V§Jkp*f> not Gi-equivariant!

One adds terms of lower orders in p*f...

One finds then :

Qu(Y,S)(F) = p* (X Cuu(Div' p*S, V" p*f)),

(O+E2L) (O £y < k

with Ck’l - Yok—1"""V2k—I /

),Wzl, Cro=1
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operators

the Casimir operator :

"Flat" case

Affine quantization Qas :

i
Application ~ :
LxnQar(S)(f) =
Qarr((Lxn +(h))S)(f)

Casimirs C and C
0;

oOther differential operators (P. Mathonet, R.) : method of

"Curved" case
"Affine" quantization Q, :
Lom1(e)
Application ~ :
Ly Qu(S)(f) =
Qu((Lp +(h))S)(f), h € &
"Casimirs” C% and C%

Li-1(e
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Quantization :

Qan(Q(S)), Q(S) such that  Q,(Q(S)), Q(S) such that

if C(S)=as$, then
C(Q(S)) = aQ(S) and
"head” of Q(S) =S

Then ;

LoQ=QolL

because

[C,L]=0and [C,L] =0

eConclusion : "Flat" case

0;

if C¥(S) = as$, then
CY(Q(S)) = aQ(S) and
"head” of Q(S) =S
Then :
(Lh* + ’)/(h)) oQ= QoL
because [C¥, Ly« +y(h)] =0
and [Cw7 Lh*] = 0
"Curved" case
Li-1(ep
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