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e Quantum observables : operators on a Hilbert space H.

e Dirac problem : find a bijection Q : C*°(M) — L(H) such
that

= Q(La) = Idy,

= Q(F) = Q(f)",

= Q({f.g}) = £[Q(f), Q)]
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e Hamiltonian H, observable F,
Classical mechanics  Quantum mechanics
E—(HF} —  E= A
ePrequantization : if H = L?(M), if w = da,
Q(f) = ?Xf +f —(Xf, ).

ePrequantum fiber bundle : (Y, &), where 7: Y — M is a
S'-fiber bundle on M and where @ is a one-form on Y.

e+ = {Equivariant functions on Y} & L2(M).
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Intreduction e Polarization of (M, w) : distribution P C TM.

e liftof Pto TY : PC TY sit. m,P C P and (P,d) = {0}.
oHP ={yp e H: Xy =0V X € P}.

eThe observable f is quantizable if Q(f) preserves H".
eThe set of quantizable observables : A.

eGeometric quantization Q¢ : Q¢ = Q4.
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HP = 12(M), A= S (M).

Introduction

els it possible to extend this geometric quantization to
S(M)?

els this prolongation unique ?

els it possible to restore the uniqueness?
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Fabian Radou eThere are many ways to extend the geometric quantization
to S(M).
Projectively eldea to restore uniqueness : to add a symmetry condition.

equivariant
quantization

e The geometric quantization is the unique application
Q : S<1(M) — D(M) such that LxQ = 0 for all
X € Vect(M).

eThere is no prolongation @ of the geometric quantization
such that Lx Q = 0 for all X € Vect(M).
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Projectively Q(P;S) =P, Q(S) Vg € G.
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eldea : take G small enough to have a quantization and big
enough to have uniqueness.

e PGL(m+ 1,R) acts on RP™.
X € sl(m+ 1,R) — X* vector field on R™.
¢3Q : LxQ(S) = Q(LxS) VX € sl(m + 1, R).
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Fabian Radod representations of sl(m + 1, R).

N e C and C : second-order Casimir operators of s[(m + 1, R)
eunivarianty on S(M) and D(M)

eNecessary and sufficient condition to have the existence of
an sl(m + 1, R)-equivariant quantization : if C(S) = oS,
then 3! Q(S) s.t. C(Q(S)) = aQ(S), o(Q(S)) =S and s.t.

a technical property is satisfied.
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qig:';::;:;s Projectively equivariant quantization over RPla
over the

superespace [ ] f E COOPIC] . f(Xl, oo ,Xp) - Zlc{l q} f}(Xl, oo ,Xp)el
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Fabian Radou e Super vector field : superderivation of C°PI4.

e \-density over RPI9 : smooth function f € C<Pl9 st.
Lyf = X(f) + Adiv(X)f,

where
p+q

Fundamental tools diV(X) — Z(_l)y’X’ay,Xl-
i=1
e (V,p) : representation of gl(p|q).

e Space of tensor fields of type (V, p) = C>Pl9 @ V.
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Fundamental tools

o Lx(foav)=X(f)eav+(— 1)X'r > fy ® p(ej)v, where
J = (15410, 0)

1

e V for densities : B° : 1|0-dimensional vector space spanned
by one element w.

e Representation p of gl(p|q) on B® : p(A)u = —dstr(A)u.
° Sé‘qu — CPla (36 ® SkRp\q)_
e Differential operator D € Dﬁ,u :
6 o 8 e a Qp+1 8 «
=D falg )™ (55) " (5a0) 7 (555) ™

ol <k

o (LxD)(f) = L o DF — (~1)XPD o L} f.
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Fabian Radou eSpace of symbols isomorphic to S5 = @2, Sk, = pu—A.

elsomorphism :

o Dk 8k D Z fa®eil1\/' . .\/egp\/egiil\/. . .Ve;‘izq'
lal=k

Fundamental tools

eQuantization on RP!9 : linear bijection Q : S5 — D), s.t.
ox(Q(S)) =S forall S € Sg‘.
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eProjective superalgebra of vector fields

e pgl(p+ 1|q) = gl(p + 1|g)/RId «— subalgebra of vector
fields over RPI9.

e Q subset of RP! equal to {(x°,...,xP): x° > 0}.

e H(Q) : space of restrictions of homogeneous functions over
RPH9 to Q.

e Bijective correspondence i : C®PI9(RP) — H(Q).
e Homomorphism hy, , : gl(m|n) — Vect(R™!").

e If X is a linear super vector field over Q, then
7(X) € Vect(RPI9) : w(X)(f) = i~ o X 0 i(f), where
f e Corla,
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zpla e 7o hpy14(Id) =0, thus mo hpy1 g induces a
Fabian Radou homomorphism from pgl(p + 1|q) to Vect(RPI9).

o pol(p+1lg) < g-1 ® go © 01, g1 = R?'%, go = gl(plq)
and g1 = (RPI9)*,

e g 1 : constant vector fields, go : linear vector fields, g1 :
quadratic vector fields.

e Projectively equivariant quantization : quantization Q s.t.
supbralgebra of Lyxno Q= Qo Lyn for every h € pgl(p+ 1|q).

vector ﬁeHs
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quantizations eConstruction of the quantization
over the

superespace

ela e Qag : inverse of the total symbol map o.

Fabian Radou o LxS = Qup 0 Lx o Qan(S), for every S € S5 and
X € Vect(RPI9).

e Projectively equivariant quantization«—
pgl(p + 1|g)—module isomorphism from the representation
(S5, L) to the representation (Ss, £).

e Application ~ :

Construction of Fy : g - g[(sé?sts) . h = 'Y(h) == £X/’l - LXh-

the quantization

e 7 vanishes on g_1 @ go, Y(h) : Sk — Sk L
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quantizations .Cas|m|r operators :
over the

superespace

RrPla e [ : Lie superalgebra endowed with a nondegenerate even
Fabian Radou supersymmetric bilinear form K.

e (V,[3) : representation of [.

e (uj : i < n) : homogeneous basis of [; (u}: i< n): K-dual
basis (K(u;, UJ/) = 5;’j).

e Casimir operator of (V, ) :

n

S S (1)) Buf) = Blup)B(u;).
i=1

the quantization i=1
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superespace
RPla

e Killing form of sl(p + 1|q) :

Fabian Radou

K(A, B) = str(ad(A)ad(B)) = 2(p+ 1 — q) str(AB).

e The Casimir operator C of pgl(p + 1|q) = sl(p + 1|g) on
(Sk, L) is equal to a(k,8)Id, where

_P—qo 2k+p-q. klk+(p—q)
a(k,0) = =53 50 TErES)
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Fablan Radou e The Casimir operator C of pgl(p + 1|q) = sl(p + 1|g) on
(Sk, L) is equal to C + N, where N is defined in this way

N:Sk— g_l 'S 227(ei)Lxe;5,

(V"

where ¢" = —1—<¢".
ere ¢ = 5o—o)€

Construction of
the quantization
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e oA value of § is critical if there exist k,/ € N with / < k such
‘ that a(k,d) = a(l,9).

eThe set of critical values :

2k—1+p—gq }
¢ =UP, ¢, where ¢ = TPZ9 1kl

Fabian Radou
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e oA value of § is critical if there exist k,/ € N with / < k such
‘ that a(k,d) = a(l,9).

eThe set of critical values :

Fabian Radou

2k — 1 -
¢ =UR 1€, where @k:{—wzlzl,...,k}.

p—q+1

eRemarks : ®"Same" values as in the classical case : m is
replaced by p — q.

Construction of e 0 can be a critical value.

the quantization
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Fabian Radou equivariant quantization.

e Proof : e For every S € Sk, 3! Ss.t.C(5) = a(k,8)S and
st.5=5+514---+Sp, where S/ES(é forall I < k—1.

e Q(S) = S.
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rPla e If 0 is not critical, then there exists a unique projectively
Fabian Radou equivariant quantization.
e Proof : e For every S € Sk, 3! Sst.C(5) = a(k,8)S and
st.5=54S514---+5Sy where S, ESé forall I < k—1.

e Q(S) = S

o If S€ Sk Q(LxrS) = Lxn(Q(S)) because they
are eigenvectors of C of eigenvalue a(k, d) and because their
term of degree k is exactly Ly»S.

Construction of
the quantization
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RrPla

Fabian Radoux

Construction of
the quantization

eDivergence operator :
p+q .
div: Sk — Sé‘*l :S— Z(—l)yli(sf)ayjs.
j=1
Theorem
If 6 is not critical, then the map Q : S5 — D, , defined by

k
QS)(F) =" CirQaa(divS)(f), forall S € S
r=0

is the unique s\(p + 1|q)-equivariant quantization if

_ [[=((p =g+ )X +k—})
T Tl (p—a+2k—j—(p—q+ 1))

for all r > 1.
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q“h eCase g =p+1:pgl(p+1p+1) Zsl(p+1p+1).
superespace

m— e pgl(p+ 1|p + 1) not endowed with a non degenerate
bilinear symmetric invariant form.

Fabian Radou

e pgl(p + 1|p+ 1) is not simple, codimension one ideal :
psli(p+1lp+1); pgl(p+1lp+1)=psl(p+1p+1) & RE.

e Analyse of the existence of a psl(p + 1|p + 1)-equivariant
quantization.
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eCase g=p+1:pgl(p+1p+1)Zsl(p+1lp+1).

e pgl(p+ 1|p + 1) not endowed with a non degenerate
bilinear symmetric invariant form.

e pgl(p + 1|p+ 1) is not simple, codimension one ideal :
psli(p+1lp+1); pgl(p+1lp+1)=psl(p+1p+1) & RE.

e Analyse of the existence of a psl(p + 1|p + 1)-equivariant
quantization.

e Killing form of psl(p + 1|p + 1) vanishes, but K defined by
K([A],[B]) = strAB

is a nondegenerate invariant supersymmetric even form.



Projectively

equivariant e Casimir operator C of psl(p + 1|p + 1) acting on Sf is

quantizations

over the equal to 2k(k — 1)Id.

superespace
RrRPla

Construction of
the quantization



Projectively

equivariant e Casimir operator C of psl(p + 1|p + 1) acting on Sg‘ is

quantizations

over the equal to 2k(k — 1)Id.

superespace
RrRPla

e ay5 = s : critical situation.

Fabian Radou

Construction of
the quantization



Projectively

equivariant e Casimir operator C of psl(p + 1|p + 1) acting on Sg‘ is

quantizations

over the equal to 2k(k — 1)Id.

superespace
RrRPla

e ay5 = s : critical situation.

Fabian Radou

o If Kk #£1, Q is given by the same formula as above.
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e Casimir operator C of psl(p + 1|p + 1) acting on Sg‘ is
equal to 2k(k — 1)Id.

e ay5 = s : critical situation.
o If Kk #£1, Q is given by the same formula as above.
olf k=1,

Q1:S— Q(S) = Qag(S + tdiv(S))

defines a psl(p + 1|p + 1)-equivariant quantization for every
t € R (vector fields in psl(p + 1|p + 1) are divergence-free).



e Casimir operator C of psl(p + 1|p + 1) acting on Sg‘ is
equal to 2k(k — 1)Id.

e ay5 = s : critical situation.
o If Kk #£1, Q is given by the same formula as above.
olf k=1,
Q1:S— Q(S) = Qag(S + tdiv(S))
defines a psl(p + 1|p + 1)-equivariant quantization for every

t € R (vector fields in psl(p + 1|p + 1) are divergence-free).

e The psl(p + 1, p + 1)-equivariant quantizations are
pgl(p + 1, p + 1)-equivariant (equivariance with respect to
the Euler vector field).



Projectively

equivariant
quantizations
over the
superespace
RrRPla

elf g=p+1, Q does not depend on § and \.

Construction of
the quantization
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