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The k-means clustering method
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m Aim of clustering : Group similar observations in k
clusters Cq,...,Cy.

m The k-means algorithm constructs clusters in order to
minimize the within cluster sum of squared distances.

Introduction

m Let us focus on k = 2 groups.



Classification based on clustering
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In case of natural groups in the data, clustering may be
used to find these groups via a classification rule :

Introduction
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The generalized 2-means clustering method
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S m The clusters’ centers (T1, T,) are solution of

Introduction min Z Q (12']2 ”X, — tj H)

{t17t2}CR2

for a suitable nondecreasing penalty function Q.
m Classical penalty functions :

Q(x) = x?2 — 2-means method
Q(x) = x — 2-medoids method



[ Contaminated example with the 2-medoids
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The generalized 2-means clustering method
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S e m The classification rule :

x € & QI ~Tjf) = min 2(x - Ti)

Introduction

m In one dimension, the estimated clusters are simply:
Cy :] - 00, C[

CZ :]Cv —|-OO[

T:+T

where C = 2 is the cut-off point.
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Classification setting
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X arises from 2 groups G; and G, with 7j(F) = P [X € Gj]

then

Error rate

F is a mixture of two distributions
F = 7T1(F)F1 + 7T2(F)F2

with densities f; and f,.

Additional assumption : one dimension !



[ The generalized 2-means as statistical
functionals
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m The clusters’ centers (T1(F), To(F)) are solution of

min /Q( inf_[x —th) dF (x)
Error rate {t1,t2}CR2 1<j<2

for a suitable nondecreasing penalty function .
m The classification rule is

Re (x) = Gi(F) & Q([x=Tj(F)ll) = min, Q(x—Ti(F)[)



Optimality in classification
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generalized m A classification rule is optimal if the corresponding error
k- . ..
e rate is minimal

m The optimal classification rule is the Bayes rule :
SHOTEE X € Cy & m(F)f1(x) > m(F)f2(x)

(Anderson, 1958)
m The 2-means procedure is optimal under the model

Fn = 0.5N(pu1,0%) + 0.5N (2, 0°) With 113 < piz

(Qiu and Tamhane, 2007)



Theoretical vs empirical error rate
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e Test sample according to F, : evaluation of the rule
e Inideal circumstances : F = Fy,
2
Error rate ER(F,Fm) - Wj(Fm)IPFm [RF(X) # CJ(F)‘GJ}
j=1




Theoretical vs empirical error rate

Influence
function of

the error rate m Theoretical error rate :

of

generalized e Training sample according to F : estimation of the rule
e Test sample according to F, : evaluation of the rule
e Inideal circumstances : F = Fy,
2
Error rate ER(F,Fm) = 7Tj(Fm)IPFm [RF(X) # CJ(F)‘GJ

j=1

m Empirical error rate :

e Training sample according to F : estimation and
evaluation of the rule
2

ER(F.F) = Y m(F)Pr [Re(X) # C(F)| 6]




Contaminated distribution
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Error rate 1—-¢:F e:G

where G is a arbitrary distribution function.



Contaminated distribution
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WSS A contaminated distribution is defined by
f
generoalized
k-means FE

N

Error rate 1—-¢:F e:G

where G is a arbitrary distribution function.

To see the influence of one singular point x, G = Ay leading
to
Fe=(1—-¢)F + ey
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Theoretical vs empirical error rate under
contamination
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m Theoretical error rate :

2
Error rate R(F.,Fm) = > 7(Fm)Pe, [Re.(X) # Cj(F.)| Gj]
j=1



Theoretical vs empirical error rate under
contamination
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function of

the error rate Now, the training sample is distributed as F. which is a

of

generalized contaminated mixture.

k-means

m Theoretical error rate :

2
Error rate R(F.,Fm) = > 7(Fm)Pe, [Re.(X) # Cj(F.)| Gj]
j=1

m Empirical error rate :

ER(F.,F.) = » mj(Fo)Pe. [Re.(X) # Cj(F)| Gj]

s

I
N



[ Theoretical vs empirical error rate under
contamination
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Graphically :
mFn=Fy=05N(-1,1) + 0.5N(1,1) an optimal model

SO m C(Fy) = =% = 0 (Qiu and Tamhane, 2007)

mF.=(1-¢)Fym+cly

m ¢ varying and x = —0.5

m X € Gy varyingande =0.1



Theoretical vs empirical error rate under
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[ Theoretical vs empirical error rate under

contamination
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Influence functions
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any distribution F,

T(F) =T(F) _ gT(Fs) where
€ e=0

m IF(x;T,F) = lim
e—0 9
Influence F. = (1 — E)F + eAy;

function of the
error rate



Influence functions
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of
generalized

k-means Hampel et al (1986) : For any statistical functional T and
any distribution F,

M — gT(Fs) where
€ e=0

mIF(x;T,F)=lim

e—0 5
Infl . ]
function of the Fe =(1—-¢)F +elAy;
error rate

m E£[IF(X;T,F)] =0;

m T(F.) =~ T(F) + elF(x; T, F) for e small enough
(First-order von Mises expansion of T at F).



Theoretical vs empirical error rate
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ER(F.,F) ~ ER(F,F) + elF(x; ER, F)
ER(F.,F.) ~ ER(F,F) + lF(x; ER,F)
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Theoretical vs empirical error rate
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ER(F.,F) ~ ER(F,F) + elF(x; ER, F)
ER(F.,F.) ~ ER(F,F) + ¢lF(x; ER, F)

Influence

siopleine m Theoretical error rate :

error rate

ER(F.,Fn) > ER(Fn,Fn) = IF(X;ER,Fy) =0



Theoretical vs empirical error rate
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ER(F.,F) ~ ER(F,F) + elF(x; ER, F)
ER(F.,F.) ~ ER(F,F) + lF(x; ER,F)

Influence

siopleine m Theoretical error rate :

error rate
ER(F.,Fn) > ER(Fn,Fn) = IF(X;ER,Fy) =0

m Empirical error rate : The IF does not vanish!
From now on, ER(F) = ER(F,F).
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ER(F) => m(F)Pe [Re(X) # Cj(F)| Gj]
=
foncion ofthe = m1(F){1 - F1(C(F))} + m2(F)F2(C(F))

error rate
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2
ER(F) => m(F)Pe [Re(X) # Cj(F)| Gj]
=
foncion ofthe = m1(F){1 - F1(C(F))} + m2(F)F2(C(F))

error rate

Under F. = (1 — ¢)F + Ay, one has

ER(F:) = m(F ){1 Fi.(C(F }+7r2(F )F2:(C(F))
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2
ER(F) => m(F)Pe [Re(X) # Cj(F)| Gj]
=
foncion ofthe = m1(F){1 - F1(C(F))} + m2(F)F2(C(F))

error rate

Under F. = (1 — ¢)F + Ay, one has

ER(F.) = m1(F.) {1 — F1. (C(F:))} + ma(F-)F2. (C(F.))
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Fe=(1—-¢)F +ely

Influence . 7Ti(F5) = (l - g)ﬂ-i(F) + EI{X S GI}
function of the
error rate



Wi(FE) =7 and Fi,s =7
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Fe=(1—-¢)F + ey

m mi(F) = (1 - e)mi(F) +el{x € Gi}

elx € G;} el{x € G}
mF.= (1 - W) Fi + WAX

=F. = ﬂ-l(FE)Fl,E + 7T-Z(FE)FZ:E

Influence
function of the
error rate



Influence function of the empirical error rate
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For all x # C(F),

IF(x; ER,F) = —ER(F)
Influence + |{X < C(F)}(l —2 |{X S Gl}) aF |{X S Gl}

function of the
error rate

+ %(lF(X; T, F) + |F(X; Ty, F))
{m2(F)f2(C(F)) — ma(F)f1(C(F))}-

Expressions of IF(x; Ty, F) and IF(x; T2, F) have been
computed by Garcia-Escudero and Gordaliza (1999).

V.
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Definition
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the error rate . . ..
of m In practice, F is replace by F,, the empirical cdf

generalized

kemeans m The bias is defined by Bn(ER) = Ef[ER(Fn) — ER(F)]
m Fernholz (2001) :

Bn(ER) = %EF[IFZ(X; ER,F)] +o(n71)

where

Bias of the
error rate

2
IF2(x; ER, F) — %ER(Q _OF +e0y)|
e=0

This result is true if ER(.) is Hadamard or Fréchet
differentiable.



Computation of the bias
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e Under asymptotic normality and consistency of T, and T,
(Pollard, 1981 and 1982) :

Bn(ER) ~ 21 {72(F)R2(C(F)) — ma(F)a(C(F)))
(Ee [IF2(X; T1,F)] + E [IF2(X; T2, F)])

Bias of the

+ o (m(FIR(C(F)) ~ m(F(C(F))
(ASV(T41) + ASV(T>) + 2ASC(Ty, T2)).

4

Expressions of IF2(X; T1,F) and IF2(X; T», F) have been
computed.



Asymptotic difference
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-means . . . . e
estimating a clustering rule from a finite sample ?

A-DIff(ER) = lim nBn(ER)
= Graphical comparisons of the 2-means and 2-medoids
: methods :
eror rale. mF=mN(-A/2,1)+ (1 —m)N(A/2,1)
e 71 varyingand A =3
e Avaryingand m; = 0.4
m Fy =05N(-A/2,1)+0.5N(A/2,1)
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Simulation settings
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m F =04N(-15,1)+0.6N(L5,1)
m n=100
® F. = (1-¢)F + ey with
e ¢ =0.01land|x|=5
e c=0.05and |x| =5
e ¢ =0.01and [x| =50
Simulation e ¢ =0.05and |X‘ =50

study - N _ 1000
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Conclusion of these simulations
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m A well-placed contamination in the smallest group
makes the error rate decrease

m Too much contamination makes the error rate of the
2-means break down

m Unfortunately, the error rate of the 2-medoids also
breaks down when there are too much and too far
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Future research

Influence
function of
the error rate
of

generalized m Generalized trimmed 2-means : for a € [0, 1],
L (T1(F), To(F)) are solution of

min min /Q( inf ||x—tj||) dF (x).
{AF(A)=1-a} {ts,k}CR 1<j<2

m Theoretical error rate

2

ER(F:,Fm) = Y _ 7 (Fm)Pe,, [Re.(X) # Cj(F:)| Gj]
j=1

Future
research

m More than 1 dimension or more than 2 groups



------

Thank you for your
attention!
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