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ABSTRACT 

The rapid development of structural materials and their successful applications in various sectors 

of industry have led to increasing demands for assessing their mechanical properties in small 

volumes. If the size dimensions are below micron, it is difficult to perform traditional tensile and 

compression tests at such small scales. Indentation testing as one of the advanced technologies 

to characterize the mechanical properties of material has already been widely employed since 

indentation technology has emerged as a cost-effective, convenient and non-destructive method 

to solve this problem at micro- and nanoscales. 

In spite of the advances in indentation testing, the theory and development on indentation testing 

are still not completely mature. Many factors affect the accuracy and reliability of identified 

material parameters. For instance, when the material properties are determined utilizing the 

inverse analysis relying on numerical modelling, the procedures often suffer from a strong 

material parameter correlation, which leads to a non-uniqueness of the solution or high errors in 

parameter identification. In order to overcome that problem, an approach is proposed to reduce 

the material parameter correlation by designing appropriate indenter tip shapes able to sense 

indentation piling-up or sinking-in occurring in non-linear materials. 

In the present thesis, the effect of indenter tip geometry on parameter correlation in material 

parameter identification is investigated. It may be helpful to design indenter tip shapes 

producing a minimal material parameter correlation, which may help to improve the reliability 

of material parameter identification procedures based on indentation testing combined with 

inverse methods. 

First, a method to assess the effect of indenter tip geometry on the identification of material 

parameters is proposed, which contains a gradient-based numerical optimization method with 

sensitivity analysis. The sensitivities of objective function computed by finite difference method 

and by direct differentiation method are compared. Subsequently, the direct differentiation 

method is selected to use because it is more reliable, accurate and versatile for computing the 

sensitivities of the objective function. 

Second, the residual imprint mappings produced by different indenters are investigated. In 

common indentation experiments, the imprint data are not available because the indenter tip 

itself shields that region from access by measurement devices during loading and unloading. 

However, they include information about sinking-in and piling-up, which may be valuable to 

reduce the correlation of material parameter. Therefore, the effect of the imprint data on 

identification of material parameters is investigated. 
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Finally, some strategies for improvement of the identifiability of material parameter are 

proposed. Indenters with special tip shapes and different loading histories are investigated. The 

sensitivities of material parameters toward indenter tip geometries are evaluated on the materials 

with elasto-plastic and elasto-visoplastic constitutive laws. 

The results of this thesis have shown that first, the correlations of material parameters are related 

to the geometries of indenter tip shapes. The abilities of different indenters for determining 

material parameters are significantly different. Second, residual imprint mapping data are 

proved to be important for identification of material parameters, because they contain the 

additional information about plastic material behaviour. Third, different loading histories are 

helpful to evaluate the material parameters of time-dependent materials. Particularly, a holding 

cycle is necessary to determine the material properties of time-dependent materials. These 

results may be useful to enable a more reliable material parameter identification. 
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NOTATIONS 

 

Greek characters  

  Back stress 

m  Parameter for evaluating piling-up or sinking-in 

mc  Material constant in calculating creep parameter 

  
Parameter for magnifying the difference between indentation depth and 

contact depth 

c  Correction factor for calculating reduced elastic modulus  

  Kronecker delta 




 
Strain rate 

e  Elastic strain 

g  Geometric parameter for calculating contact depth 

R  Representative strain  

p  Plastic strain 

p  Effective plastic strain 

0

y  Initial yield strain 


 Coefficient of viscosity 

  Half apex angle 

λ  Lagrange multipliers 

jk  Cosine matrix of Hessian matrix  


 Friction coefficient 

  Material parameter in Voce-type hardening law 

  Radius of imperfect indenter tip 

  1D stress 

σ  Cauchy stress tensor 


σ  
Objective rate of the Cauchy stress tensor 

  Effective stress 

R  Representative stress  
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x 

 

v
 Current yield stress 

visco
 Stress due to viscous effect 

vp


 

Rate of effective viscoplastic strain 

o

y  Initial yield stress 

max  Maximum shear stress 

  Poisson’s ratio of indented material 

i  Poisson’s ratio of indenter 


 

Excitation frequency 

Latin Characters  

a  Contact area radius 

ca  Contact area radius in cone 

eca  Constant in calculating fracture toughness 

projA  Projected contact area 

B  Constant in calculating initial unloading stiffness 

C  Loading curvature 

FC  Length of radial fracture 

iC  Constant in calibrating projected contact area with contact depth 

D
 

Constant in Cowper-Symonds law 

D  Rate of deformation tensor 

eD
 

Elastic  part in rate of deformation  

pD  Inelastic part in rate of deformation 

sD
 Damping coefficient 

E  Young’s modulus of indented material 

iE
 Young’s modulus of indenter 

rE  Reduced modulus 

E
 

Storage modulus 

E  Loss modulus 

f  Yield function 

F  Deformation gradient 

F
 

Objective function 

gf  Geometrical factor 
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xi 

 

G
 

Shear modulus 

h  Indentation depth 

h


 Indentation depth rate 

ch  Contacted depth 

dh  Deviation of penetration depth for the imperfect indenter 

fh  Residual depth 

maxh
 

Maximum indentation depth 

H  Indentation hardness 

H  Hooke stress-strain tensor 

ijH  Hessian matrix 


ijH  Approximated Hessian matrix 

khH , kinH  A kinematic hardening parameter in Armstrong-Frederick law  

kbH , nlH
 

A dimensionless parameter in Armstrong-Frederick law  

PH  Work-of-indentation hardness 

I
 

Identity tensor 

ck  Correction factor in calculating work-of-indentation hardness 

( )K x  A linear differential operator in space with design vector x  

K   
Bulk modulus 

cK  Fracture toughness 

L  
Length 

L  Spatial gradient of velocity 

Lx  
Length 

Ly  Length 

m  Viscosity exponent 

sm  Constant in calculating initial unloading stiffness 

M  A set of reference points on contact surface  

n  Work-hardening exponent 

N  Number of load steps or design variables 

cn  Creep stress index 

nx
 

Number of elements in  horizontal direction 

ny
 Number of elements in  vertical direction 

P  Indentation load 
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maxP  Maximum indentation load 

( )P x  Load data ( )P x  with design vector x  

Q  Material parameter in Voce-type hardening law 

cQ  Activation energy 

0r  Position located at imprint centre 

lr  Radial location 

R  Radius of spherical indenter 

R  Rotation tensor 

cR  Universal gas constant 

s
 

Plastic arc length 

s
 

Deviator of the stress tensor 

S  Initial unloading stiffness 

t  time 

T   Temperature 

U  Stretch tensor 

v  Velocity 

PV
 Volume of plastic deformation 

EW
 Elastic work 

PW
 Plastic work 

TW
 Total work 

x  Vector of  design parameters  

ix  Design variable 

Y  Position vector 
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CHAPTER 1 

INTRODUCTION 

 

 

Overview 

This chapter deals with the effect of the indenter tip geometry in indentation testing. First, the 

purpose of such an investigation is stated. Second, the main contents of the thesis are introduced. 

 

 

Contents  

 

1.1. Motivation of the study 

1.2. Outline of the thesis 

1.3. Main contributions of the thesis 
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1.1. Motivation of the study 

As an advanced measuring technology, indentation testing has been widely used in various 

industrial fields to determine material properties. Such a technology can provide a unique 

mechanical response in small volumes, especially for the measurement of material properties at 

microscopic and smaller scale or when such properties are affected by material structures which 

cannot be removed (e.g. the hardness of bone is affected by its internal trabeculae and the 

hardness of weld joint is affected by workpieces). For instance, the Fig. 1. 1 shows a group of 

gears and a MEMS device which are designed at microscopic scale (Kim et al., 2003). Tensile 

and compression tests cannot be applied to these small structures. Moreover, for some kinds of 

materials like bone – see Fig. 1. 2 (Zysset et al., 1999) – the mechanical properties, namely, 

elasticity and hardness, are related to the structures of the bone. Accordingly, micro-indentation 

and especially nano-indentation are valuable technologies for the local investigation of the 

properties of such materials. 

 

Fig. 1. 1. (a) A group of gears (www.web.mit.edu/3.052/www/Lectures2003/Lecture2.ppt) and 

(b) a MEMS device (Kim et al., 2003) designed at microscales. 

(a) (b) 
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Fig. 1. 2. Determination of the material property of human femur (Zysset et al., 1999). 

 

Fig. 1. 3. A pair of different materials with indistinguishable loading and unloading curves, 

which  are produced by indentation testing with a conical indenter with the half apex angle of 

70.3  (Chen et al., 2007). 

In order to have a unique solution in the identification of any material parameter, the indentation 

response must ideally be unique for a given material. This means that a one-to-one 

correspondence between the measured indentation load-displacement curves and the elasto-

plastic properties of the material is needed. However, in spite of the advances of indentation 

technology, the properties of some materials are still difficult to identify in a unique way. Indeed, 

as shown in Fig. 1. 3, two material models have obviously different elasto-plastic properties, yet 

30 µm 
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they yield almost identical indentation behaviours which are measured by indentation testing 

using the same conical indenter with a half apex angle of 70.3 . Other more “mystical materials
1
” 

can be seen in the investigation carried out by (Chen et al., 2007). The materials lead to 

indistinguishable indentation behaviours although they have different elasto-plastic properties 

and they are identified by several types of indenters.  

Furthermore, some material parameters are not directly obtained via experimental procedures, 

but they are rather determined through inverse methods that rely on numerical modelling. These 

procedures are usually designed to determine material parameters using numerical optimisation 

techniques to minimise the difference between experimental and modelled load-displacement 

curves. Nevertheless, it is well known that these procedures are often characterised by a strong 

material parameter correlation (Mahnken and Stein, 1996b; Forestier et al., 2003). Consequently, 

it is difficult to obtain unique and accurate material parameters. 

In indentation measurement, the determined results, namely, hardness and Young’s modulus, are 

heavily dependent on the load-displacement curve. However, the load-displacement curve is a 

non-local quantity because it results from an integral over the whole contact surface, which 

leads to the loss of crucial information. For these reasons, it is necessary to find ways to reduce 

this correlation in order to obtain stable and unique material parameter results. Some 

improvements have been achieved by including additional experimental data in objective 

function, like residual imprint mappings of the residual imprint that remains after load removal 

in the indentation test (Bolzon et al., 2004; Bocciarelli et al., 2005; Bocciarelli and Bolzon, 

2007). These residual imprint mappings contain information about the deformation of the 

specimen surface under and around the indenter – e.g. indentation sinking-in or piling-up – 

which is of the outmost importance for the quantification of the plastic material behaviour. 

However, this information is not available during indentation experiments because the indenter 

tip itself shields the contact region from access by measurement devices. This information can 

only be determined after the removal of the indenter. 

Therefore, the main aim of this thesis is to sense the relationship between the indentation piling-

up or sinking-in and the geometrical shape of the indenter tip. According to recent investigations 

(Cheng et al., 2006; Kozhevnikov et al., 2010), some indenters which have arbitrary geometrical 

tip shapes are used to investigate the loading-unloading curve and the distribution of contact 

pressure for viscoelastic material. Thus, the main idea is to design some indenters with a special 

geometrical tip shape because the geometry of the residual imprint mapping and the mechanical 

response are directly related to the tip shape of the indenter. It is desired that the imprint data 

produced by the designed arbitrary shape indenters may include additional information. Given 

that the indenter has a more complex geometrical shape the material flow and the stress 

                                                 
1
 Mystical materials: Chen et al., (2007) presume some materials which have distinct elasto-plastic properties, yet 

they always yield the identical load-displacement curves when they are measured using indentation testing. 
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distribution under this indenter should be more complex. The indentation imprint data and the 

load-displacement curve may be sensitive to this indenter shape. This may be valuable in 

reducing the parameter correlation and improving the identifiability of material parameters. 

 Consequently, it is necessary to investigate the effect of the indenter tip geometry on the 

parameter correlation in the identification of material parameters. It may help to design indenter 

tip shapes by producing a minimal material parameter correlation. This may contribute to the 

improvement of the reliability of material parameter identification procedures which are based 

on indentation testing combined with inverse methods. 

The current research work presented in this thesis was supported by the “Centre de Recherche 

Public Henri Tudor”, under the research project “FNR-Project FNR/05/02/01 VEIANEN” 

funded by FNR (Fonds National de la Recherche) of the Grand Duchy of Luxembourg. The 

grant number is TR-PHD BFR06-027. The work is a collaboration between Prof. Jean-Philippe 

Ponthot from the Aerospace and Mechanical Engineering Department of the University of Liège, 

and Dr. Gast Rauchs from the Department of Advanced Materials and Structures of the “Centre 

de Recherche Public Henri Tudor”. 

1.2. Outline of the thesis 

Two main parts are dealt with in this thesis: Firstly, the effect of the indenter tip geometry on the 

identification of material parameters is assessed. Secondly, strategies for a more reliable 

identification of material parameters and for the improvement of the identifiability of material 

parameter are proposed. 

After a presentation of the state of the art in indentation testing, chapter 2 reviews the basic 

theory and the related studies on the subject. Then, it presents the applications of indentation and 

the methods used for the identification of material properties. Subsequently, the method for 

assessing the correlation of material parameters is introduced. Finally, the similarities and 

differences between the geometrical shapes of classical indenters are analysed through 

illustrations. 

Chapter 3 is dedicated to the discussion of some main factors which may affect the indentation 

results. The results obtained in numerical simulations and experiments are compared. The 

dispersions of the indentation results produced by the contact friction and the indenter tip 

rounding are specially demonstrated. At the same time, an illustration of the contribution of 

numerical models to the understanding and the interpretation of indentation results is highlighted. 

At last, an example for determining the mechanical properties of a thin film coating is performed. 
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In chapter 4, an illustration for assessing the importance of the residual imprint mapping data 

and the indenter tips on material parameters identification is performed. Then, two strategies for 

the improvement of the identification of material parameters are introduced. One relies on 

changing the tip shape of the indenter while the other relies on altering the loading history. 

In chapter 5, the efficiency of several kinds of indenter tip shapes are assessed on the basis of 

various material constitutive laws, i.e. elasto-plastic and elasto-viscoplastic. 

Finally, the overall conclusions of the research work discussed in this thesis are given in chapter 

6, together with the outlook and the further developments it implies. 

1.3. Main contributions of the thesis 

Some main original contributions of this thesis are worth noting. First, the work has investigated 

the influence of the rounded indenter tip on indentation hardness. Then it has proposed an 

improved method to calculate the hardness of material for the indenter with a rounded tip. The 

results show this method can significantly improve the accuracy of the calculated hardness. 

Second, the work has assessed the effects of imprint data and indenter tip geometry on the 

parameter correlation in the identification of material parameters. Third, the work has proposed 

two strategies for improving the identifiability of material parameters.  

The geometrical shapes of classical indenters which include spherical, conical, Vickers and 

Berkovich indenters are compared in chapter 2 and their effects on the correlation of material 

parameters are assessed in chapter 4. On the basis of the forgoing investigations, strategies for 

the improvement of the identifiability of material parameters are proposed, namely, the use of 

arbitrary indenter tip shapes and a different form of loading history to reduce the correlation of 

material parameters. The efficiencies of different indenters for decreasing the parameter 

correlation are compared according to several material constitutive laws. At the same time, and 

the effect of imprint data on the parameter correlation is assessed too. 

Moreover, the indentation results and the sources of their dispersion have been analyzed. The 

influences of the contact friction and the influences of indenter tip rounding on indentation 

testing results are particularly investigated. The results show that neither the contact friction nor 

the rounded tip radius of the imperfect indenter should be neglected. Besides, residual imprint 

mapping data are introduced into the objective function to reduce the correlation of material 

parameters. The results show that for the elasto-plastic materials with small ratio of 0/ yE   and 

elasto-viscoplastic materials, the imprint data are helpful to decrease the correlation of material 

parameters. 
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CHAPTER 2 

MATERIAL PROPERTY IDENTIFIED BY 

INDENTATION TESTING 

 

Overview 

This chapter starts with a review of the state of the art in indentation testing and the related 

studies on the subject. Secondly, it introduces the applications of indentation testing in practice 

and the frequently used methods for the identification of material parameters. Then, the 

frequently used methods for the identification of material parameters and the method for 

assessing the correlation of the material parameters are presented. Finally, the similarities and 

differences between the geometrical shapes of classical indenters are analysed. 

 

 

Contents  

 

2.1. State of the art review in indentation testing 

2.2. Related studies 

2.3. Applications of indentation testing 

2.4. Methods for the identification of material properties 

2.5. A method for the assessment of the correlation of the material parameters 

2.6. Geometric shape of classical indenters 
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2.1. State of the art review in indentation testing 

An indentation measurement is conducted by pushing vertically a hard indenter, the mechanical 

properties of which are known, into the plane of a specimen characterised by unknown 

mechanical properties, while recording the load and the displacement of the indenter into the 

surface – see Fig. 2. 1. The two mechanical properties which are most frequently extracted from 

this load-displacement curve are Young’s modulus, E  (unit is MPa ) and hardness, H  (unit is 

GPa ). 

 

 

Fig. 2. 1. A schematic illustration of the identification of a bulk material. 

Indentation testing has its origins in Moh’s hardness test of 1822 (Fischer-Cripps, 2002) and the 

analytical approach to the contact problem in indentation testing traces back to Hertz contact 

theory of 1881. Since that time, many methods were developed for hardness measurements and 

various definitions for hardness were proposed. For instance, the Brinell hardness test method 

was proposed in 1900 (Borodich and Keer, 2004; Hutchings, 2009). It was the first widely used 

and standardised hardness test method for a wide variety of materials. This test consists of 

applying a 5 or 10 mm  diameter steel ball with a load of 30000 N  on a metal sample with a 

flat surface. For softer materials the load is reduced to 15000 N  or 5000 N  to avoid excessive 

indentation. The Brinell hardness is calculated by dividing the maximum applied load by the 

imprint area after unloading. The Vickers hardness test was developed in 1922 (Hutchings, 

2009). It is similar to the Brinell test, but it employs only one pyramidal diamond indenter with 

a square base. The two diagonals of the imprint after unloading are measured using a 

microscope. Then the average length is calculated for evaluating the square area of the imprint. 

 

Specimen 

Indenter 

P 

h 
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The Vickers hardness equals the ratio of the maximum applied load to the imprint area. 

Moreover, Rockwell hardness test method was also developed in the early twentieth century 

(Hutchings, 2009). In the Rockwell hardness test, the used indenter is either a diamond cone or a 

hardened steel ball. To start this test, the indenter is forced into a sample at a prescribed minor 

load. Then, a major load is applied and held for a set time period. Subsequently, the force on the 

indenter is decreased back to the minor load. The Rockwell hardness is calculated from the 

depth of permanent deformation of the indenter into the sample, namely, the difference in 

indenter position before and after application of the major load.  

Although hardness measurement has been well known for approximately two hundred years, the 

use of indentation technology to measure hardness has gained new popularity during the last 

decades. In the middle of the twentieth century, some major contributions to this testing method 

were introduced by the pioneering researchers (Lysaght, 1949; Tabor, 1951). In their work, the 

hardness tests – e.g. Brinell, Rockwell hardness – were reviewed. Subsequently, the same 

method was applied at microscale (Doerner and Nix, 1986; Tirupataiah and Sundararajan, 1987).  

So indentation testing has begun to represent an effective practical methodology for material 

characterisation. At the end of the twentieth century, (Oliver and Pharr, 1992) made another 

major contribution to indentation testing. In their works, an improved method has been proposed 

to determine hardness and Young’s modulus using load-displacement curve. The hardness and 

the Young’s modulus of the indented material computed by the improved technology were 

proved to have higher accuracies. This improved technology has been used widely in current 

indentation instruments. 

Thanks to modern computers, and to advanced numerical methods, many indentation tests have 

been developed rapidly in recent years involving spherical indentation (Taljat and Pharr, 2004; 

Jeon et al., 2006; Harsono et al., 2009), conical indentation (Cheng and Cheng, 1999; Fischer-

Cripps, 2003; Abu Al-Rub, 2007; Durban and Masri, 2008; Berke et al., 2009), Vickers 

indentation (Antunes et al., 2006; Antunes et al., 2007; Yin et al., 2007) and Berkovich 

indentation (Fischer-Cripps, 2001; Kese et al., 2005; Foerster et al., 2007; Sakharova et al., 

2009), based on the foregoing pioneering works. Now, most of those indentation measurements 

are already standardised by the ISO (the International Organization for Standardization), e.g. 

ISO 14577, which covers the indentation testing for indentations in the macro-, micro- and 

nano-scale ranges (Fischer-Cripps, 2002). 

At present, advanced indentation instruments can provide accurate measurements of the 

continuous variation of the indentation load P  down to N , as a function of the indentation 

depth h  down to nm . When the displacement of the indenter is measured at nanometres (10
-9

 

m ) rather than microns or millimetres (10
-3

 m ), the indentation is referenced to as 

nanoindentation.  
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Concurrently, comprehensive theoretical and computational studies have emerged to elucidate 

the contact mechanics and the deformation mechanisms in order to systematically extract 

material properties from the load-displacement curves obtained from instrumented indentation. 

For example, the hardness can be obtained from the maximum load and the initial unloading 

slope using the suggested methods (Oliver and Pharr, 1992). The elastic and plastic properties 

may be computed through the adequate procedures (Venkatesh et al., 2000; Swadener et al., 

2002a), whereas the residual stresses may be extracted by the method presented in (Suresh and 

Giannakopoulos, 1998). 

As the understanding of mechanics in indentation testing increases, and especially, thanks to the 

pioneering work of (Oliver and Pharr, 1992), not only is indentation testing used to measure 

hardness, but it is also used to evaluate material parameters like the Young’s modulus and the 

yield strength. Indeed, since the end of the twentieth century, indentation has been employed to 

measure the mechanical behaviour of materials for various engineering applications (Gouldstone 

et al., 2007). The main reason for its wide use is that it can be carried out at microstructural 

scales, and even at micro- and nanoscales, which makes this technique one of the most powerful 

tools for the characterisation of bulk materials in small volumes. For instance, indentation 

testing can evaluate the properties of the materials used in electronic solders or engineering 

welds (Ma et al., 2003), while keeping the structural integrity. 

The increasing advance of the theory and the methodology on indentation testing brought about 

the rapid development of indentation measurement instruments. Nowadays, various indentation 

instruments are used by many famous manufactures, namely, MTS Systems Corp. 

(www.mtsnano.com), Micro Materials Ltd. (www.micromaterials.co.uk), CSIRO Inc. 

(www.csiro.au/hannover/2000/catalog/projects/umis.html), Hysitron Inc. (www.hysitron.com) 

and CSM Instruments Corp. (www.csm-instruments.com). The representative products of those 

manufacturers are shown in Fig. 2. 2, whereas most of the indentation systems are represented in 

the schematic illustration in Fig. 2. 3 (Hengsberger et al., 2001). They include three main parts: 

indenter, load application, and capacitive sensor for measuring the displacements of the indenter. 

The load is applied by an electromagnetic coil which is connected to the indenter shaft by a 

series of leaf springs. The deflection of the springs is a measure of the load applied to the 

indenter. The displacement is usually measured by a capacitive sensor. 
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Fig. 2. 2. Representative indentation instruments. 

 

(c) Triboscope (Hysitron) (d) Nano-Hardness Tester (CSM) 

 

(a) Nano-Indenter XP (MTS) (b) Ultra-Micro-Indentation System (CSIRO) 
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Fig. 2. 3. A schematic illustration of a typical indentation instrument structure (Hengsberger et 

al., 2001). 

Despite the significant evolution of indentation test instruments, the tests require considerable 

experimental skills and resources. Such tests are extremely sensitive to thermal drifts and 

mechanical vibration. Therefore, in some cases, a more accurate experiment should be 

performed in a stable environment. For example, the specimen and the indenter are mounted in 

an enclosure to insulate against temperature variation, vibration and acoustic noise if the 

specimen is measured using the Hysitron Triboindenter instrument (Hysitron, 2005), see Fig. 2. 

4. 

 

 
Fig. 2. 4. Indentation instrument with an enclosure (www.hysitron.com). 

Experimental investigations of indentation have been conducted on many materials to extract 

hardness and other mechanical properties such as Young’s modulus (Oliver and Pharr, 1992), 
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yield stress (Kucharski and Mroz, 2007), fracture toughness (Perrott, 1978; Kruzic et al., 2009) 

and work-hardening coefficient (Huber and Tsakmakis, 1998; Mata et al., 2002a; Durban and 

Masri, 2008). Besides, indentation testing is also widely performed for the evaluation of many 

complex material systems like thin film coatings. Coated products have found increasing 

applications in the industry because of their unique sets of surface characteristics, but also due to 

the fact that the base material/coating combination which can be tailored to provide resistance to 

heat, wear, erosion and/or corrosion (Fauchais, 2004).  

In practical applications, the coatings need to be subjected to intense mechanical loads, and, 

hence, it is necessary to explore their mechanical response in order to predict their appropriate 

operating conditions and their life expectancy. However, the traditional methods, such as 

compression and tensile tests, are difficult to apply well at such small scales. Indentation testing, 

as  a newly developed measurement method, has proved to be successful in the identification of 

the mechanical properties of coating (Landman and Luedtke, 1996; Balint et al., 2006; 

Rodriguez et al., 2007; Zhang et al., 2007a).Indeed, indentation testing has been widely used in 

micro- and nano-electro-mechanical systems – MEMS and NEMS (Opitz et al., 2003; Haseeb, 

2006; Bocciarelli and Bolzon, 2007; Yan et al., 2007; Shi et al., 2010) and ceramic thermal 

barrier coating  –  TBC (Bouzakis et al., 2003; Lugscheider et al., 2003; Rodriguez et al., 2009). 

Furthermore, in the case of the relatively thin thickness coatings, e.g. the thickness < 10 m , 

conventional indentation testing can provide simple, efficient and robust means for the 

evaluation of the coatings properties (Bouzakis et al., 2003; Mohammadi et al., 2007; Rodriguez 

et al., 2009). More significant still, indentation testing is also used in the medical area, namely, 

for the identification of the properties of bones and biomaterials (Cense et al., 2006; Kruzic et al., 

2009; Sun et al., 2009). 

However, such indentation testing is limited by its definition. For example, the conventional 

indentation methods for the calculation of the modulus of elasticity (based on the unloading 

curve) are built on the hypothesis of isotropic materials although this test is nearly already 

extended to measure almost all the anisotropic elastic materials. If a material exhibits a viscous 

behaviour, the initial stiffness of the unloading curve may be negative. Thus, the evaluated 

modulus of elasticity will be meaningless. Besides, the problem related to the "piling-up" or the 

"sinking-in" of the material on the edges of the specimen during the indentation process is still 

under investigation (Hengsberger et al., 2001). 

In summary, although indentation testing is limited in some practical applications, it remains 

valuable because it allows the researchers to carry out local investigations of the material 

behaviour, which can give important insights about how materials are affected by production 

processes and service conditions. 
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2.2. Related studies 

2.2.1. Constitutive formulations of materials 

Numerical methods are frequently performed for depth understandings of indentation testing. In 

this thesis, many investigations are also carried out utilizing numerical simulations. In numerical 

simulation, the constitutive formulation of indented materials should be established in a 

mathematical expression. Here, the establishment of the formulation considers the previous 

work of (Ponthot, 2002), where a unified stress update algorithm for elastic–plastic constitutive 

equations is introduced and then extended to elasto-viscoplasticity in a finite deformation 

framework using a corotational formulation, within an updated Lagrangian scheme. 

The position of a material particle in the reference configuration of a body, corresponding to a 

time ot  can be denoted by its position vector, Y . Then, its position in the deformed 

configuration of the body, corresponding to a time t  ( 0t t ), is noted by ( , )ty y Y . The velocity 

of the reference point is defined by 

    
( , )t

t

 
 



y Y
v y .                                                                        (2.1) 

The deformation gradient relating the deformed configuration to the initial configuration is 

defined as 





y
F

Y
 with det 0J  F .                                                      (2.2) 

By polar decomposition, the stretch tensor U and the rotation tensor R  can be uniquely defined 

by 

F RU with T R R I  and 
TU U ,                                           (2.3) 

where I  represents the identity tensor. The corresponding spatial gradient of velocity is given by 

1



 


v
L F F

y
.                                                                       (2.4) 

It can be decomposed into a symmetric and an antisymmetric part, 

 L D W ,                                                                                 (2.5) 

with  

  
1

( )
2

T D L L  the rate of deformation tensor,                        (2.6) 
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1
( )

2

T W L L  the spin tensor.                                                (2.7) 

The rate of deformation can be additively decomposed into an elastic, eD  (reversible) and an 

inelastic, pD  (irreversible) part, i.e.  

e p D D D .                                                                             (2.8) 

The relationship between the rate of strain and the rate of stress is postulated as 

 
 ( )p

ij ijkl kl klH


 σ D D  or : ( )p


 σ H D D ,                                   (2.9) 

where 


σ  is an objective rate of the Cauchy stress tensor σ . H  is the Hooke stress-strain tensor 

(elastic stiffness tensor) which is given by 

1
2 ( )

3
ijkl ij kl ik jl ij klH K G        ,                                         (2.10) 

where   is the Kronecker delta symbol, K  is the bulk modulus and G  is the shear modulus of 

the material. 

Plastic deformation is triggered when the stress in the material reaches a given limit. In the 

material model, the yield function is used to detect an increase of the plastic deformations. It 

defines a surface which envelops all physically possible stress states in rate–independent 

plasticity. Stress states inside this contour cause only elastic deformations, while stress states on 

this yield surface give rise to elastic–plastic deformations. By definition, in rate–independent 

plastic stress states outside the yield contour f  are not admissible. 

Moreover, the von Mises yield function with 2J  flow theory for isotropic materials will be 

chosen as the yield criterion in the following numerical calculations, more details can be seen in 

the works (Ponthot, 2002; Berke, 2008). This yield criterion is frequently assumed for metals 

and alloys (Mahnken and Stein, 1996a; Brünig, 1999). Furthermore, it offers the numerical 

advantage that the gradients of the von Mises yield surface, which are used for the numerical 

solution procedure, are always uniquely defined. Mathematically, in case of an isotropic 

hardening, the yield function is expressed as, 

( , ) 0v vf     σ ,                                                                (2.11) 

where,  

 is the effective stress, i.e.  
3

:
2

  s s ; 

s  is the deviator of the stress tensor; 

v  is the current yield stress. 
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However, as many metals and alloys exhibit different hardening behaviour, it appears necessary 

to study indentation responses affected by hardening. This means that the phenomena exhibited 

by not only the classical isotropic hardening behaviour, but also by the kinematic hardening 

behaviour, such as Bauschinger effect and ratcheting effect, need to be investigated (Huber and 

Tsakmakis, 1998; Dettmer and Reese, 2004). If it is assumed that the materials have non-linear 

kinematic hardening, according to the Armstrong-Frederick law with the non-linear kinematic 

hardening parameters, khH  and kbH , the relationship between back stress   and effective 

plastic strain p , is described as 

2

3

p
pkh ij kbH D H  



  .                                                          (2.12) 

Therefore, in the yield function, the effective stress   can be rewritten by 

3
( ) : ( )

2
   s α s α .                                                             (2.13) 

While 0f  , there is elastic material behaviour. For 0f  , rate-independent elasto-plastic 

material behaviour takes place. Herein, plastic hardening with an associative flow rule is 

considered, including non-linear isotropic and non-linear kinematic hardening. The evolution of 

the yield stress, v  can be closely approximated by the Voce-type hardening law, 

0 [1 exp( )]pv y Q      ,                                                      (2.14) 

where 
0

y  is the initial yield stress. Q  and   are non-linear isotropic hardening parameters. In 

addition, if the materials are considered with viscosity, e.g. if the viscosity is described as the 

Cowper-Symonds law (Lim, 2007), 

1

0

m

vp

visco
D


 

 
 
 
 
 

,                                                                     (2.15) 

where, 0  is the quasi-static flow stress. vp


 is the rate of effective viscoplastic strain. D  is a 

constant and m  is the viscosity exponent. A new constraint is defined in the viscoplastic range 

according to (Ponthot, 2002),  

0v viscof       .                                                               (2.16) 

In the elastic regime, both f  and f  are equivalent because in this case, 0vp


  and v  . So 

that one has 0f  .  
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2.2.2. Sensitivity analysis 

Sensitivity analysis is a well established field of mechanics. The general formulations of the 

sensitivity analyses are already developed in both continuum and discretized format (Tsay and 

Arora, 1990; Kim and Huh, 2002; Stupkiewicz et al., 2002). Sensitivity analysis plays an 

important role in inverse and identification studies which normally involve numerical 

optimization algorithms. In inverse and identification studies, an objective function is defined 

first to quantify the difference between experimentally measured and analytically predicted 

response data. Then, sensitivity analyses are used to evaluate the gradients of the error function 

with respect to the model parameters which are used in the analysis. Subsequently, the 

parameters of the model will be modified according to the evaluation of the gradients of the 

error function in order to minimize the difference between the predicted and experimental 

response data. 

In fact, a large number of problems can be quantified and evaluated thanks to sensitivity analysis. 

For instance, sensitivity analysis is presented for the metal forming processes (Antunez and 

Kleiber, 1996), for thermal mechanical system (Song et al., 2003; Song et al., 2004), as well as it 

was used by (Bocciarelli and Bolzon, 2007) to show that the proposed methodology is accurate 

and effective in identification of the constitutive parameters of coatings. Besides, some 

applications and recent developments of sensitivity analysis can be seen from (Smith et al., 

1998c; Smith et al., 1998a; Smith et al., 1998b; Cao et al., 2003; Rauchs, 2006). 

Generally speaking, three kinds of sensitivity analysis methods are widely used in mechanical 

problems, namely, the direct differentiation method (DDM) (Kermouche et al., 2004; Huang and 

Lu, 2007), the adjoint state method (ASM) (Tsay and Arora, 1990; Zhang et al., 2007d), and the 

finite difference method (FDM) (Kim and Huh, 2002). 

As far as FDM is concerned, it is conceptually the simplest approach to the determination of 

sensitivities. However the accuracy of FDM strongly depends on the perturbation size according 

to the involved problem. For instance, the accuracy based on the magnitude of the perturbation-

truncation errors will be significant if the perturbation is too large. On the other hand, the round-

off errors are disastrous if the perturbation is too small (Chandra and Mukherjee, 1997). Thus, if 

the sensitivity is calculated by FDM, the oscillatory tendency may be extremely severe and the 

solution cannot be used for optimization analysis (Kim and Huh, 2002). 

The DDM is carried out by computing variations of the equilibrium equation for the continuum 

with respect to the design variables and the solution of sensitivity equations. It is designed to 

yield exact expression for the sensitivity and avoid the use of finite differences. Compared to 

FDM, DDM is characterised by more reliability, accuracy and versatility (Kim and Huh, 2002). 
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The ASM is an exact approach to the determination of sensitivity and does not involve finite 

differencing. In this approach, an adjoint system must be prescribed in addition to the physical 

system. One auxiliary system is defined for each design function, rather than for each design 

parameter. The sensitivity of the function with respect to the entire design vector is directly 

calculated. 

Although the original physical system is governed by nonlinear equations, the solution of linear 

equations as a part of the sensitivity calculations is necessary to both DDM and ASM. The 

choice of the accurate method depends on computational efficiency. According to the 

investigations (Tsay and Arora, 1990), the ratio between active constrains and design variables 

as well as the relative difficulty of obtaining the adjoint solutions versus the sensitivity solutions 

decide that which approaches had better be chosen. Detailed information and several analytical 

examples to verify and show the procedures of design sensitivity analysis are presented in the 

following works (Tsay and Arora, 1990; Tortorelli and Michaleris, 1994).  

In the following parts, a concise explanation is given to review the sensitivity analysis design. 

2.2.2.1. General theory 

According to (Tsay and Arora, 1990; Tortorelli and Michaleris, 1994; Smith et al., 1998c), if a 

linear steady-state system is presumed, the response ( )u x  can be evaluated through the 

governing equation: 

( ) ( ) ( )K x u x P x .                                                                      (2.17) 

Herein, ( )K x  is a linear differential operator in space and is an explicit function of n-

dimensional design vector x . The elements of x  comprise the set of design parameters and are 

used to describe the material response, sectional properties, load data etc. the load data ( )P x  is 

also an explicit function of the design x . To solve the above equation, the Newton-Raphson 

iteration is frequently used because it exhibits quadratic terminal convergence (Tsay and Arora, 

1990; Smith et al., 1998c). 

In a design problem, assuming that an objective function F  is defined through the function G , 

the cost and constraint functions of a process with generalized response function are quantified 

as 

( ) ( ( ), )F Gx u x x .                                                                    (2.18) 

Hence, G  is both implicitly and explicitly dependent on x . Assuming sufficient smoothness, 

the design sensitivity of F  with respect to the design variable x  is calculated as, 

DF G D G

D D

 
 
 

u

x u x x
.                                                                 (2.19) 
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Here, the difficulty of evaluating this expression arises from the presence of the implicit 

sensitivity Du Dx , which is generally unknown. 

2.2.2.2. Finite difference sensitivity analysis 

The finite difference method is the simplest approach to compute the sensitivity of the objective 

function. In this method, the finite difference sensitivity is derived from the first-order Taylor 

polynomial, which is defined as 

2( )
( ) ( ) ( )i

i i i i i

i

F x
F x x F x x O x

x


     


.                                (2.20) 

Therefore, if the difference is defined as the forward difference, it is approximated as below, 

( ) ( )i i i

i i

F x x F xF

x x

 


 
.                                                         (2.21) 

The truncation error of this approximation is derived from Taylor’s theorem as 

   
22

2

2

( ) ( )
( ) ...

2! !

nn
i ii i

i n

i i

x xF x F x
O x

x x n

  
   

 
.                         (2.22) 

It is clearly seen that if the perturbation of ix  is very small, the error ( )iO x  tends to zero and 

the sensitivity computed by FDM is reliable. However, if ix  is too small, the numerical round-

off error will erode the accuracy of the computations. 

Similarly, the backward difference can be approximated as below, 

( ) ( )i i i

i i

F x F x xF

x x

 


 
.                                                        (2.23) 

Both the forward and the backward differences are first-order accurate. Therefore, in practical 

applications, sometimes the central difference is used because it is a second-order accurate 

approximation. The objective function is written into the form of the second-order Taylor 

polynomial as below, 

2
2 3

2

( ) ( )1
( ) ( ) ( )

2

i i
i i i i i i

i i

F x F x
F x x F x x x O x

x x

 
       

 
,    (2.24) 

2
2 3

2

( ) ( )1
( ) ( ) ( )

2

i i
i i i i i i

i i

F x F x
F x x F x x x O x

x x

 
      

 
.       (2.25) 

Thus, the central difference approximation 
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3( ) ( )
( )

2

i i i i
i

i i

F x x F x xF
O x

x x

  
  

 
,                                 (2.26) 

is second-order accurate. 

2.2.2.3. Direct differentiation sensitivity analysis 

The sensitivity of F  shown in Eq. (2.19)  can be written in component form, 

i i i

DF G D G

Dx Dx x

 
 
 

u

u
 ,                                                              (2.27) 

For the 1,2,3,...,i N  components of x . In order to calculate the derivative of iD Dxu , the 

system equation Eq. (2.17) has to be differentiated with respect to the individual design 

parameters, i.e. 

( ) ( ) ( )
( ) ( )

i i i

D D D

Dx Dx Dx
 

K x u x P x
u x K x  ,                                     (2.28) 

which is rewritten as 

 
1( ) ( ) ( )

( ) ( )
i i i

D D D

Dx Dx Dx

  
  

 

u x P x K x
K x u x  .                             (2.29) 

The above pseudo problem can be efficiently computed because the decomposed stiffness 

matrix,  
1

( )


K x  is available from the governing equation Eq. (2.17). Afterwards, the 

derivatives  iD Dxu  are determined by forming the pseudo load vector, 

( ) ( )
( )

i i

D D

Dx Dx


P x K x
u x  

and then by performing a backward substitution. This process is repeated for N  times, i.e. once 

for each of the N  design variables. Thus, once iD Dxu  are computed, the sensitivity iF x   is 

evaluated from Eq. (2.27). 

2.2.2.4. Adjoint state sensitivity analysis 

In the adjoint state sensitivity analysis, adjoint variables, i.e. Lagrange multipliers are introduced 

to eliminate the implicit sensitivities iD Dxu  from Eq. (2.19). An augmented function is 

defined as below combining Eq. (2.17) and Eq. (2.18), 

  ( ) ( ( ), ) ( ) ( ) ( ) ( )F G  x u x x λ x K x u x P x ,                             (2.30) 
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where λ  acts as the Lagrange multipliers. Here ( ) ( )F Fx x , since all admissible designs x  

must satisfy the system equation. Thus an admissible solution x  leads to the fact that 

( ) ( ) ( )K x u x P x  equals zero. The differentiation of F  with respect to the design variable ix
 
is 

written as, 

 ( ( ), ) ( ( ), )

i i i

DF G D

Dx Dx x

 
 

 

u x x u u x x

u
                                                      

 
( )

( ) ( ) ( )
i

D

Dx
 

λ x
K x u x P x                                                        

( ) ( ) ( )
( ) ( ) ( )

i i i

D D D

Dx Dx Dx

 
   

 

K x u x P x
λ x u x K x

 

,

               (2.31)

 

where, it is noted again that 
i iDF Dx DF Dx , because the last two quantities in between 

parentheses, 

( ) ( ) ( )K x u x P x  and 
 ( ) ( ) ( )

i

D

Dx

K x u x P x
,  

equal zero. Here, the second term is eliminated using Eq. (2.17). Thus Eq. (2.31) is rearranged 

as 

 ( ( ), ) ( ) ( ) ( ) ( ( ), )
( ) ( ) ( ) ( )T

i i i i i

DF G D D D G

Dx x Dx Dx Dx

    
            

u x x K x P x u x u x x
λ x u x K x λ x

u
  ,  

(2.32) 

where ()T
 denotes the transpose operator. Given that λ  is arbitrary, it can be selected to 

eliminate the coefficient of the iD Dxu term. The resulting adjoint response λ  is 

( ( ), )
( ) ( )T G 




u x x
λ x K x

u
.                                                      (2.33) 

Once the adjoint response is evaluated, the implicit response derivative iD Dxu is annihilated 

and Eq. (2.32) is reduced to 

 ( ( ), ) ( ) ( )
( ) ( )

i i i i

DF G D D

Dx x Dx Dx

  
    

   

u x x K x P x
λ x u x ,               (2.34) 

which is the desired sensitivity. 
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2.2.2.5. Concluding remarks 

The sensitivity analysis is defined as the gradient of the objective function with respect to the 

variable parameters. It is usually performed to estimate the influences of variable parameters 

upon the objective function, Sensitivity analysis has been mainly developed for the 

identification of material properties in experiments characterised by inhomogeneous stress fields 

(Mahnken and Stein, 1996b; Mahnken and Stein, 1996a; Constantinescu and Tardieu, 2001; 

Kim et al., 2001; Nakamura and Gu, 2007). Moreover, it is widely used to evaluate the influence 

of contact problems with friction (Kim et al., 2002; Stupkiewicz et al., 2002; Pelletier, 2006; 

Schwarzer et al., 2006), tip geometry and surface integrity (Warren and Guo, 2006).  

In this thesis, sensitivity analysis relying on DDM is used. According to the investigation of 

(Mahnken and Stein, 1996a), DDM is preferred over ASM, because of its simplicity and 

because the linear update scheme of the DDM does not require a backward calculation. This 

method uses the same finite element model as the resolution of the direct deformation problem, 

and therefore the sensitivity analysis can be performed in parallel with the solution of the direct 

deformation problem. In fact, after the iterative resolution of the non-linear direct deformation 

problem over a time increment, DDM requires only a linear update for calculating the 

derivatives at the end of the time step. This leads to considerable savings in computing time 

compared to FDM, where one additional non-linear solution of the direct deformation problem 

is required for calculating the gradient with respect to each additional material parameter. 

2.2.3. Optimization analysis 

In order to identify the material parameter based on inverse analysis involving numerical 

optimization, an optimization strategy using the sensitivity analysis scheme is designed. 

According to the published papers, optimization methodology is often encountered in the 

traditional model calibration tasks, such as the optimal shape design (Antunez and Kleiber, 1996; 

Stupkiewicz et al., 2002; Zhang et al., 2007c), the boundary condition specification (Sergeyev 

and Mroz, 2000; Liang et al., 2007), the discretization strategy investigation (Zhang et al., 

2007b), as well as material property assignment (Antunez and Kleiber, 1996; Song et al., 2004; 

Zhang et al., 2007b).  

Currently, many optimization methods – e.g. genetic algorithms (Reid, 1996; Gosselin et al., 

2009), simplex method (Pan, 1998; Wang et al., 2008), gradient-based methods like Gauss-

Newton (Gavrus et al., 1996; Mahnken and Stein, 1996b), Levenberg-Marquardt (Gelin and 

Ghouati, 1994), and cascade optimization methods (Ponthot and Kleinermann, 2006) are widely 

used in various fields of industry. It is noted that genetic algorithms are often used in practice 
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because of their versatility. However, as a major drawback, this method is very time-consuming 

since in general many function evaluations (up to several hundred thousands) are necessary. 

Thus, for the reason of efficiency, optimization strategy is often based on gradient evaluation.  

For instance, some researchers propose a quasi-Newton with SQP method (Sun, 1998; Wei et al., 

2006) or quasi-Newton with BFGS method (Constantinescu and Tardieu, 2001) to determine the 

material parameters and some researchers use a Gauss-Newton type algorithm to find the 

optimal solution in the identification of rheological parameters (Gavrus et al., 1996). Other 

researchers (Gelin and Ghouati, 1994; Gerday, 2009) prefer to use a Levenberg-Marquardt 

algorithm in the identification of the material parameters. Recently, (Ponthot and Kleinermann, 

2006)  proposed a cascade optimization strategy using a different gradient-based optimization 

algorithms, in parameter identification and in shape optimization. The cascade optimization 

strategy has proved to be more efficient and robust in a variety of numerical applications. 

Sensitivity analysis and numerical optimization are used together for the identification of 

material properties. For determining the material parameters from a constitutive law used in a 

numerical method (such as the finite element method), the differences between model and 

experiment must be quantified through an objective function. Normally, the objective function is 

calculated as the sum of squared differences between modelled and experimental results 

(Mahnken and Stein, 1996b; Constantinescu and Tardieu, 2001; Rauchs, 2006; Luo and Lin, 

2007). Subsequently, it is minimized in order to provide the best match between experimental 

data and simulated data in specific optimal approach strategies. For example, (Mahnken and 

Stein, 1996a; Forestier et al., 2002; Forestier et al., 2003; Rauchs, 2006) used a Gauss-Newton 

procedure; (Constantinescu and Tardieu, 2001) used quasi-Newton with BFGS algorithm and 

(Bocciarelli and Bolzon, 2007; Bocciarelli and Maier, 2007) used the Trust Region (TR) 

algorithm to identify material properties. 

2.3. Applications of indentation testing 

2.3.1. Calculations of hardness and Young’s modulus 

During an indentation measurement, the process of loading takes place when the indenter is 

pressed into a specimen – see Fig. 2. 5(a). First, an elastic deformation occurs in the specimen. 

Following the load increase, the specimen enters into the plastic regime. After the maximum 

load or the optional hold period, the applied load is reduced. Generally, the loading and 

unloading curves are both nonlinear. However, in the past, some researchers (Doerner and Nix, 

1986) claimed that the unloading curve can be fitted into a linear curve. Several years later, 

other authors (Oliver and Pharr, 1992; Bolshakov et al., 1994; Pharr and Bolshakov, 2002; 
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Schwarzer, 2006) tested a large number of materials. They concluded that the unloading curves 

were rarely linear, even in the initial stages of unloading.  

 

 

Fig. 2. 5. (a) Schematics of the load versus indentation depth curve (Tuck et al., 2001); (b) 

Indentation profiles with sinking-in (left) and piling-up (right) (Bucaille et al., 2002). 

Fig. 2. 5(b) shows a cross-section of the profile of a specimen surface at full loading for a typical 

elastic-plastic indentation. The recorded residual impression and penetration depth are primarily 

used to determine the hardness of a material which is defined as the ratio of the maximum 

indentation load, P , and the contact surface area, A . This is why the unit of hardness is given in 
2/N m Pa . In contrast to the classic indentation methods, which use nonstandard units such as 

HV, HB, or HR, nanoindentation makes specific use of SI units (Albrecht et al., 2005). By 

recording the data of the whole indentation procedure, the hardness and the reduced elastic 

modulus can be calculated according to the following methods (Oliver and Pharr, 1992): 

max

proj

P
H

A
 ,                                                                                  (2.35) 

2
r

proj c

S
E

A




   ,                                                                      (2.36) 

where, projA  is the projected area of the hardness impression. maxP  is the maximum indentation 

load. rE  is the so-called reduced modulus which includes the material parameters of the 

indenter ( iE , i ) and of the investigated material ( E , ). They can be represented as below 

(Oliver and Pharr, 1992):  

(a) (b) 
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r iE E E

 
  .                                                                   (2.37) 

The indenter is often presumed as rigid. If the indenter is made of diamond (Young’s modulus 

1141iE  GPa , Poisson’s ratio 0.07i  ), its elastic modulus is normally ten times larger than 

the indented materials. If we want to calculate E according to Eq. (2.37), the value of   must be 

known. In practice, if 0.3 0.01    is supposed for metals, the error on Young’s modulus E  is 

within 3.3%. This means that if the value of   is unknown before the measurement, it must be 

assumed to be 0.3.  

In Eq. (2.36), c  is a constant which is specific to the indenter geometry. If the indenter is 

conical, Berkovich or Vickers, c  1.0, 1.034 or 1.012 respectively (Pharr, 1998; Poon et al., 

2008).  

maxh

dP
S

dh
  

is referred to as the initial unloading stiffness. It can be obtained by fitting a straight line to a 

fraction of the upper portion of the unloading curve and using its slope as a measure of the 

stiffness. The problem is that, for nonlinear unloading data, the measured stiffness depends on 

how many of the data are used in the fit. (Oliver and Pharr, 1992) propose to describe the 

unloading data for the stiffness measurement as 

( ) sm

fP B h h   ,                                                                     (2.38) 

where the constants B , sm , and fh  are all determined by a least squares fitting procedure. 

Then the initial unloading stiffness S  can be calculated as 

max

1

max( ) ( ) sm

h h f

dP
S Bm h h

dh



      ,                                      (2.39) 

It is not sure that Eq. (2.39) would be suitable for all the unloading curves of the materials such 

as for the thin film on the substrate. If the whole unloading curve is used in the fit, a large error 

may occur. Therefore, only 25%~50% of the unloading data from the peak load are usually used 

in the fit. 

In order to calculate the material hardness according to Eq. (2.35), the projected area projA  has to 

be calculated. In practice, projA  is directly related to the contact depth, ch  (see Fig. 2. 5(b)). 

According to the investigation of (Oliver and Pharr, 1992), the relationship between the contact 

depth ch and the displacement of the indenter h  is described as follows, 

max
c f g

P
h h h h

S
      ,                                                      (2.40) 

where, g  is a geometrical  parameter – e. g. for a flat punch, 1g  . For a conical indenter, 

0.72g  . For a spherical or pyramidal indenter, 0.75g  . Thus, the projected contact area projA  
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can be calculated according to the function, ( ) ( )proj c cA h f h . According to the investigation of 

(Oliver and Pharr, 1992), the area function for a perfect sharp Berkovich indenter equals 

2( ) 24.5proj c cA h h .                                                               (2.41) 

In fact, no indenter has an exact perfect sharp tip, thus the relationship between projA  and ch

must be modified as proposed in (Oliver and Pharr, 1992; Balint et al., 2006): 

7
2 1/2

0

( ) 24.5
i

proj c c i c

i

A h h C h


     ,                                         (2.42) 

where the constant, iC  take different values according to the different indenter geometry. 

Normally for a given indenter tip, they are calibrated using different reference materials, such as 

the fused silica, steel EN31, copper and tin, the hardness and the mechanical properties of which 

are already known (Albrecht et al., 2005). 

Hence it becomes possible to determine ( )proj cA h  for any value of ch . In turns a hardness value 

can immediately be obtained. Thus if the initial unloading stiffness S  and the projected area 

projA  are calculated, the hardness and the elastic modulus can be obtained by Eq. (2.35) and Eq. 

(2.37).  

In addition, after Oliver and Pharr, other researchers (Venkatesh et al., 2000; Tuck et al., 2001; 

Zhao et al., 2006b) proposed to calculate the material hardness directly from the energy of 

indentation without the need for estimating the penetration depth. The hardness of plastic 

material is evaluated through the work-of-indentation as follows (Tuck et al., 2001): 

 

3

max

29

c
p

P

k P
H

W
  ,                                                                            (2.43) 

where maxP is the maximum load. PW  is the plastic work – see Fig. 2. 5(a). ck  is a constant 

which takes into account the indenter geometry and the choice of hardness definition. For 

example, 0.0378ck   for the four-sided Vickers pyramid, or 0.0408ck   for the three-sided 

Berkovich pyramidal indenter with identical depth-to-area relationship (Tuck et al., 2001). 

Once the hardness, H , is known, it can be used to assess the yield stress of the material. 

According to the investigation of (Albrecht et al., 2005), H  and the maximum shear stress, max , 

are correlated as below:  

max2 (1 )H    ,                                                                       (2.44) 

where,   expressed in radians is the equivalent cone angle of the Berkovich indenter 

(equivalent to 70.3 ). If the von Mises yield criterion is used, one can find an equation to extract 

the initial yield stress, 0

y : 

0 3

2(1 )
y H





,                                                                   (2.45) 
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2.3.2. Fracture toughness 

Indentation testing is used to initiate and control the fracture in brittle materials. In order to 

investigate the fracture toughness, the hardness and the elastic modulus of the studied material 

must be obtained. Then, as shown in Fig. 2. 6, radial fractures in the material are caused by a 

Cube-corner indenter. The relationship between fracture toughness (
1/2MPa m ) and the length of 

radial fracture is represented as below (Lee et al., 2005), 

 
1 2

max

3 2c ec

F

PE
K a

H C

  
   

   
 ,                                                           (2.46) 

where maxP  is the maximum force applied to Cube-corner indenter, FC  is the length of the 

radial fracture, eca  is an experimental coefficient relative to the shape of the indenter. Given 

that the tip of the Cube-corner indenter is sharper than Berkovich indenter’s, larger stresses and 

strains around the indenter may be produced. Accordingly, it is easier to cause fractures and to 

make them extend. 

 

 

Fig. 2. 6. The radial fractures in the material are caused by a Cube-corner indenter (Zhang and 

Yang, 2002). 

2.3.3. Viscoelastic behaviour 

Indentation testing allows the researchers to evaluate the mechanical properties of viscoelastic 

materials. (Oliver and Pharr, 1992; Vandamme and Ulm, 2006) established a simple contact 

model using a spring (the initial unloading stiffness is S ) and damping (the damping 
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coefficient is sD , which depends on the materials and conditions at the contacted surfaces). 

Thus, the storage modulus E  and the loss modulus E  are written as below (Odegard et al., 

2005; Singh et al., 2005): 

2 c

S
E

A




  ;                                                              (2.47) 

2

s

c

D
E

A




  ,                                                             (2.48) 

where   is the excitation frequency. 

2.3.4. Creep parameter 

Indentation testing can also be used to evaluate material’s creep behaviour. In the uniaxial 

tensile experiment for creep, the relationship between temperature, stress and creep rate can be 

described as following (Gao and Takemoto, 2006): 

 expcn

mc c cQ R T  


  ,                                                  (2.49) 

where mc  is a material constant,   is the applied stress, cn  is the creep stress index, cQ  is the 

activation energy, cR  is the universal gas constant, T  is temperature. For most of metals, the 

typical range of cn  is 3~5. The Eq. (2.49) can be rewritten as 

 expcn

i c cH Q R T 


  .                                                        (2.50) 

Eq. (2.50) is the equivalent expression of the indentation creep. Here /h h
 

  is the indentation 

strain rate, i  is a material constant, and average contact pressure /H P A  is equivalent to the 

stress.  
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2.4. Methods for the identification of material properties 

2.4.1. Experimental methods 

2.4.1.1. Measurement cycles 

 

  

Fig. 2. 7. Load-displacement curve obtained in a nanoindentation experiment with Berkovich 

indenter for fused silica (Fischer-Cripps, 2002). 

 

Fig. 2. 8. Load-displacement curve for fused silica at 200 °C (Fischer-Cripps, 2002). 

Loading 

 

Unloading 

 

Holding 

 

Loading 

 

Unloading 
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For different measuring aims, the measurement cycles will be designed in different forms. A 

typical indentation measurement cycle consists of an application of load followed by an 

unloading sequence. Most often, the indented materials are measured by using a loading-

unloading cycle (see Fig. 2. 7). Concerning the materials characterised by viscous properties, the 

load will be held at maximum for a short time before performing the unloading cycle (see Fig. 2. 

8). The data of the hold period can be used to measure the creep within the specimen or the 

thermal drift of the apparatus during a test. Besides, repeatable loading-(holding)-unloading 

cycles with a fixed maximum load or with varying maximum loads may also be used, see Fig. 2. 

9 (Fischer-Cripps, 2002). 

    

Fig. 2. 9. Load-displacement curves for varying maximum load on fused silica (Fischer-Cripps, 

2002). 

2.4.2. Numerical simulation methods 

Thanks to the current increasing computing power, the numerical simulation method, as one of 

the most powerful methods, is widely used to resolve many engineering problems. In 

indentation investigations, the numerical simulation method is also useful for the understanding 

of the complex physics involved at small scales. For example, based on the numerical simulation 

methods, some researchers use of the forward method to calculate the hardness (Kizler and 

Schmauder, 2007) and the Young’s modulus (Lee et al., 2005), as well as on the use of the 

inverse method to evaluate the strain-stress relation (Bouzakis et al., 2001) and analyze the 

elasto-plastic and the elasto-viscoplastic behaviours (Cheng et al., 2005; Giannakopoulos, 2006; 

Vandamme and Ulm, 2006). 
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The finite element method (FEM) has been often used to evaluate material parameters. Indeed, 

the FEM and commercial finite element codes such as ABAQUS, ANSYS, and MARC have 

developed significantly. Even the high local strain and the stress involved in indentation testing, 

the nonlinearities in the material, geometry and contact can be simulated accurately using the 

FEM (Soare et al., 2004; Komvopoulos and Yang, 2006). The material behaviours like elasto-

viscoplastic constitutive laws or other highly sophisticated constitutive laws have also been 

developed thanks to the FEM. In addition, all the physical parameters such as the constitutive 

relations of material can be changed easily thanks to some algorithms. Thus, the correlations of 

the physical parameters and the indentation results will be studied. In order to predict the 

deformation behaviours – namely, the piling-up, the sinking-in, and the indentation depth during 

unloading – of hard-brittle materials, such as amorphous silicon and Pyrex 7740 glass 

(borosilicate), (Youn and Kang, 2005) performed indentation simulations for various tip radii 

(40, 100, 200 nm), half-angle of the conical indenter (55
◦
, 60

◦
, 65

◦
), and the indenter geometries 

(conical, Berkovich, spherical) using the finite element method. Similar numerical simulations 

are also utilized by other researchers (Lee et al., 2005; Hernot et al., 2006; Pelletier, 2006) to 

investigate material property. 

2.4.2.1.  Inverse analysis 

The problems solved by indentation testing are generally divided into two kinds. The first one is 

the so-called “forward problem” (Dao et al., 2001), and the second one is the “inverse problem” 

(Bolzon et al., 2004). Thanks to the forward method, a unique indentation response (e.g. P h  

curve) may be calculated on the basis of a given set of material properties (e.g. E  and strain-

stress relation) (Alcalá et al., 2000; Chen et al., 2007). As for the inverse method, it enables us to 

extract the material properties from a given set of experimental indentation data (Forestier et al., 

2003; Bolzon et al., 2004; Bocciarelli et al., 2005; Gouldstone et al., 2007). The relationship 

between these two algorithms can be seen in Fig. 2. 10.  
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Fig. 2. 10. Graphic depiction of the forward and inverse problems in indentation for elasto-

plastic materials (Gouldstone et al., 2007). 

In practice, inverse methods often used in engineering design are numerical optimization 

methods, artificial neural networks-based methods and response surface method. They all have 

in common that they require a large number of calculations of a numerical model with varying 

parameters. Recently, the inverse methods involving the numerical modelling of the indentation 

test were widely used to determine the material parameters. For instance, (Constantinescu and 

Tardieu, 2001) used a gradient-based numerical optimization method to identify an elasto-

viscoplastic constitutive law. In addition, some researchers identified the Poisson’s ratio (Huber 

et al., 2001; Huber and Tsakmakis, 2001) and the plasticity model (Huber and Tsakmakis, 1999b; 

Huber and Tsakmakis, 1999a; Huber et al., 2002) by using artificial neural networks (ANN). 

Considering the solution to the associated inverse problem, the artificial neural networks which 

are derived from the modelling of the human brain have recently become attractive tools. As 

flexible functions, artificial neural networks are widely used to solve complex inverse problems 

in computational mechanics. A highly parallel structure which consists of an interconnected 

group of the artificial neurons usually is designed for a neural network. Each artificial neuron 

has multiple inputs and a single output value. The artificial neuron processes information using a 

connection approach to mimic the biological brain neuron. According to the neural networks 

method, the so-called training patterns have to be presented in the networks (Huber et al., 2001; 

Huber and Tsakmakis, 2001). They can be trained to approximate any unique relation given by a 

number of examples. Moreover, they can be used as computer models to represent 
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multidimensional nonlinear problems since they often occur in the context of indentation and the 

identification of mechanical properties. The particular ability of neural networks is that they 

provide an effective way to approximate strongly nonlinear relationships between inputs and 

outputs or to find patterns in data (Tyulyukovskiy and Huber, 2007).  

2.5. A method for the assessment of the correlation of the 

material parameters 

In order to identify the material parameters from the P h  curve registered during the loading 

and the unloading processes in an experiment, the inverse analysis stated in the previous section 

and based on the numerical optimization algorithm should be performed. The key idea of this 

procedure is to model the indentation test with a numerical method, i.e. the finite element 

method, using a starting set of material parameters and quantifying the difference between the 

modelled indentation curve and the experimental curve through an objective function. 

Subsequently, the material parameters used in the numerical model are updated using some 

algorithms from the numerical optimization in order to minimize the objective function. Once 

they lead to a good agreement between the experimental and the numerical results, the 

procedure will be stopped.  

However, in this procedure, it was found that some material parameters are strongly coupled 

with each other. This parameter correlation leads to a difficulty to obtain unique and accurate 

material parameters. According to the investigations (Mahnken and Stein, 1996b; Rauchs, 2008), 

the viscosity parameters or the separation of isotropic and kinematic hardening are difficult to 

obtain and the reliability of the identified results is poor because of the strong parameter 

correlation. This stems from the fact that, in indentation tests, some physical phenomena 

inherent to the constitutive laws may not affect the experimental curves in a significant or a 

distinguishable way.  

For these reasons, it is absolutely essential to find ways to reduce the correlation of the material 

parameters in order to obtain stable and unique material parameter results. Some improvement 

has been achieved by including additional experimental data in the objective function, namely, 

the residual imprint mappings of the residual imprint remaining after the load removal in the 

indentation tests (Bolzon et al., 2004; Bocciarelli et al., 2005). Residual imprint mappings 

include information about the sinking-in or the piling-up, which facilitates the quantification of 

plastic material behaviour. The deformation of the specimen surface around the indenter tip 

during the loading is of the outmost importance. However, this information is only available 

after removal of the indenter because the indenter tip itself shields that region from access by 

measurement devices during indentation experiment. 
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In the following parts, the method used for assessing the correlations of the material parameters 

is described. 

2.5.1. Material parameter identification and correlation 

Once a P h  curve is obtained by a numerical model, the objective function can be calculated 

as the difference between the experimental and the modelled displacement-into-surface h  and 

h  respectively, which are the functions of the independent load, P : 

2

1

1
( ) ( )

2

N

i i

i

F h P h P


  
  ,                                                          (2.51) 

where N  is the number of the experimental data. h  and h   are the penetration depth of the 

indenter in the simulation and the experiment respectively. Thus, the sensitivity can be defined 

as the derivative of the objective function with respect to the material parameters jx , 
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 .                                                  (2.52) 

Then, the Hessian matrix of the objective function can be computed as below, 
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Given that the second term of the sum is known to adversely affect the convergence and is 

anyhow not easily available (Forestier et al., 2003; Papadimitriou and Giannakoglou, 2008; 

Rauchs, 2008; Liu et al., 2009; Amini and Rizi, 2010), an approximate Hessian matrix is 

generally used and it is approximated in the form, 
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 .                                                             (2.54) 

The material parameters are identified on the basis of gradient-based optimization method, 

which calculates the material parameters using, 

 
1

1n n
jkj j

j

F
x x H

x


 
 


.                                                              (2.55) 

In indentation experiments, the identified hardness and the Young’s modulus or other material 

parameters mainly depend on the contact area and the P h  curve. Besides, the residual imprint 

mapping data are important for the identification of the material parameters, because they can 

describe the deformations of the piling-up and the sinking-in that occur on the surface of the 

specimen and which are directly dominated by the plastic properties of the specimen. The 
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residual imprint mapping data of the same specimen produced by different indenters are not 

identical or similar. Thus, it is necessary to extend the objective function by a term comprising 

the differences between the experimental and the modelled imprints. The corresponding 

objective function can be written as follows: 

   
22
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     r r r r ,   (2.56) 

Where ( )l

resh r  is the vertical displacement of the contact surface at a set of M  ( M  is relative 

to the numerical model) fixed radial locations lr  with respect to a chosen reference point. For 

example, the imprint centre called 0r  can be used. In present study, the two terms in Eq. (2.56) 

have the same order of magnitude. Thus, no scaling factor is introduced in Eq. (2.56) and the 

two terms are only scaled with respect to the number of data, N  and M .  

If the Hessian matrix or the approximate Hessian matrix is available, its cosine matrix (it is 

defined in Eq. (2.57)) can be calculated and used to visualize the material parameter correlation. 

The cosine matrix can indicate whether the different sensitivities are co-linear or not. If the 

different sensitivities are co-linear, this means the effects of the corresponding material 

parameters to the objection function are difficulty decoupled. The approximated Hessian matrix 

can provide an accurate indication of the parameter correlation although it does not include the 

terms with the second order derivatives. This is due to the fact that the approximated Hessian 

matrix is equivalent to the Hessian matrix if the objective function exactly equals zero. 

Therefore, the approximated Hessian matrix can provide sufficient information to evaluate the 

parameter correlation. The cosine matrix of the Hessian matrix is defined according (Forestier et 

al., 2003; Rauchs, 2008) as 



 
jk

jk

jj kk

H

H H
  .    (no summation)                                            (2.57) 

If the material parameters jx , kx  are more strongly coupled, jk  is close to 1 or -1. On the 

other side, if the absolute value of jk  is close to zero, this denotes that jx , kx  are almost 

decoupled. 

2.6. Geometrical shape of classical indenters 

In indentation measurements, the most frequently used indenters are divided into two types, 

namely, the indenters with a revolution surface and the pyramid indenters. The first type 

includes spherical and conical indenters, whereas the second includes three-sided Berkovich and 

four-sided Vickers – see their geometries in Fig. 2. 11. Besides, Cube Corner and Knoop 
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indenters (Zhang and Sakai, 2004; Giannakopoulos, 2006) are also frequently used indenters in 

experiments. 

In practice, many aspects should be considered while choosing an indenter for an indentation 

measurement, especially in thin film or small volume materials testing, because they require an 

ultra-low load indentation (Pharr, 1998; Lee et al., 2005; Kizler and Schmauder, 2007). The 

material of the indenter and the geometry of the indenter tip shape should also be considered. 

Normally, some researchers assume that the indenter made of diamond is rigid in their 

theoretical analysis (Smith et al., 2002; Huang and Pelegri, 2007; Yan et al., 2007), because 

diamond has extreme high hardness and elastic modulus (about 1141 GPa ). Moreover, the 

information which one wishes to obtain from the indentation experiment mainly decides the 

choice of the indenter. For example, the representative strain of the specimen depends solely on 

the effective apex angle of the Vickers and Berkovich indenters. The greater the desired strain is, 

the sharper the used angle must be. Therefore, for measuring very thin film coatings, high plastic 

strain and thus sharp indenters are required. 

 

Fig. 2. 11. The tip shapes of four classical indenters. 

 On the other hand, spherical indenters provide smooth transitions from elastic to elastic-plastic 

response. They are increasingly used for measuring soft materials and for replicating contact 

damage for in-service conditions. Currently, radii of the spherical indenters < 1 µm are available. 

 

(c) Vickers 

(a) Spherical indenter (b) Conical indenter 

(d) Berkovich 
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2.6.1. The similarities and differences in Berkovich, Vickers, 

conical and spherical indenters 

In the identification of hardness and Young’s modulus for a given material, the projected contact 

area, which is a function of penetration depth, has to be calculated. If all the indenters are 

assumed to have a perfectly designed geometrical shape, according to the geometrical relation, 

when the penetration depth reaches h , the projected contact areas for these classical indenters 

are shown in Fig. 2. 12 (Fischer-Cripps, 2002), respectively.  

 

Fig. 2. 12. The geometries of the classical indenters (Fischer-Cripps, 2002). 

The projected contact area produced by a spherical indenter is calculated as 

2 (2 )projA a h R h    ,                                                      (2.58) 

where a  is the radius of the contact area and R  is the radius of the spherical indenter. For a 

Vickers indenter ( 68   ) (Fischer-Cripps, 2002), the projected contact area is a square. 

Therefore, it can be calculated as 

 

(c) Vickers 

(a) Spherical indenter 
(b) Conical indenter 

(d) Berkovich 
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  2V

projA L ,                                                                               (2.59)                                                                        

here 2 tan 2 tan68L h h   , is the edge length of the projected square. Thus, Eq. (2.59) is 

approximated to 

224.504V

projA h .                                                                    (2.60) 

For a Berkovich indenter ( 65.3   ) (Fischer-Cripps, 2002) the projected contact area is an 

equilateral triangle which can be written as below, 

.                                                                          (2.61) 

According to the geometrical relation, the edge length of the projected triangle is calculated as  

. Thus, Eq. (2.61) is approximated to 

.                                                                       (2.62) 

The projected contact area for a conical indenter can be written as 

.                                                                   (2.63) 

In the papers (Mata et al., 2002b; Mata et al., 2002a; Mata and Alcala, 2004; Huang and Pelegri, 

2007), the researchers used an equivalent conical indenter instead of Vickers and Berkovich 

indenters in calculation. In their works, the half apex angle of the conical indenter   is chosen 

to impose an identical contact area-depth of penetration relation as that in Vickers and 

Berkovich pyramidal indenters. Therefore, if an equivalent conical indenter is used instead of 

Vickers and Berkovich indenters, the relations between them can be written as follows: 

 For a Vickers indenter: 

= .                                                          (2.64) 

Thus, the half apex angel of the equivalent conical indenter should be .  

For a Berkovich indenter: 

= .                                                           (2.65) 

The half apex angel of the equivalent conical indenter is equal to . We can see that 

both half apex angles of the equivalent conical indenters are approximated to . Therefore, 

Vickers and Berkovich indenters are generally treated as conical indenters with the approximate 

half apex angle  in indentation measurements. In the next part, I will set  

and  respectively and compare the differences between them in those simulation results. 
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2.6.2. Illustration 

For most elasto-plastic materials, their plastic behaviours can be closely approximated by the 

description of the following power law (Dao et al., 2001; Bucaille et al., 2003). The evolution of 

yield stress due to hardening,  is assumed to be 

,                                                            (2.66) 

where 
0

y  is the initial yield stress and n  is the strain hardening exponent. In the following 

numerical simulations, the Poisson’s ratio of the material is designated as  . According to the 

above assumptions and definitions, four independent parameters ( E ,  , 
0

y , n ) are defined to 

completely characterize the elasto-plastic properties of a testing material. Herein, the material is 

chosen from the published paper (Mata and Alcala, 2004) and its properties are listed in Table. 2. 

1. In addition, the Coulomb friction coefficient is set as = 0.15 and maximum penetration 

depth is defined as =19.348 m . The investigations are carried out by the finite element 

code METAFOR, which performs powerfully in computation of the nonlinear materials with 

large deformations (Ponthot, 2010). 

 

Table. 2. 1. The parameters of the used material (Mata and Alcala, 2004). 

Name Value 

Young’s modulus E = 200 MPa  

Poisson’s ratio  = 0.3
 

Initial yield stress 0

y = 675 MPa  

Strain hardening exponent n = 0.19
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Fig. 2. 13. 2D axisymmetric finite element model with conical indenter. 

 

Fig. 2. 14. 3D models used in numerical simulations with Vickers and conical indenters. 
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Fig. 2. 15. 3D Finite element model for Vickers indenter. The picture on the right is the detailed 

figure of the contact area. 

 

 

Fig. 2. 16. 3D Finite element model for Berkovich indenter. The picture on the right is the 

detailed figure of the contact area. 

The size of the smallest element = 

3.125 μm×3.125μm×8.810μm 

120
 

The size of the smallest element = 

1.203μm×1.203μm×4.049μm 
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The 2D axisymmetric finite element model which is modelled by 1849 four-noded elements is 

shown in Fig. 2. 13. The size of the smallest element in the contact area is 2.725 m ×2.725

m . The displacements of the nodes on the bottom are constrained to zero in the vertical 

direction and the displacements of the nodes on the left and right sides (axisymmetric axis is 

also on the left side) are constrained to zero in the radial direction. 

One quarter of the 3D models used in numerical simulations with Vickers and conical indenters 

are shown in Fig. 2. 14. In 3D numerical simulations, both finite element models with Vickers 

and conical indenters are almost identical. They are modelled by 4800 hexahedral elements with 

different element densities. Finer elements are used in the neighbourhood of the indenter – see 

the details in Fig. 2. 15. In the contact area, the size of the smallest element is 1.203 m ×1.203 

m ×4.049 m . For the Berkovich indenter, one third of the 3D model is shown in Fig. 2. 16. 

The 3D finite element models were discretized by 3360 hexahedral elements with different 

element densities where finer elements are also used in the neighbourhood of the indenter. In the 

contact area, the size of the smallest element is 3.125 m ×3.125 m ×8.810 m . For every 

model, the displacements of the nodes on the bottom are constrained to zero in the vertical 

direction and the displacements of the nodes on the side faces are constrained to zero in the 

radial direction. 

 

 

Fig. 2. 17. Comparison of the simulation results. 

The corresponding simulation results are shown in Fig. 2. 17. From those P h  curves, it can be 

seen that there is no large difference in the simulation results obtained using Vickers, Berkovich 
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and conical indenters. The largest difference in maximum loads is only 2.76%, which means that, 

we can use the conical indenter with 70.3    instead of Vickers and Berkovich in the 

indentation measurement and the calculated hardness without having a big error. Indeed, 

according to the function of hardness, 

max
proj P P

P
H

A


 ,                                                               (2.67) 

when the penetration depth h  reaches maxh , the projected contact areas projA  are the same for 

Vickers, Berkovich and conical indenters. At the same time, the maximum loads maxP  are nearly 

the same (see Fig. 2. 17). Thus, from Eq. (2.67), the calculated hardness H  should be 

approximately the same too.  
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CHAPTER 3 

COMPARISON OF SIMULATION DATA 

WITH EXPERIMENTAL DATA  

 

 

Overview 

This chapter introduces the sources of dispersion which in numerical models affect the precision 

of the indentation results including: the boundary conditions, the indentation size effect (ISE), 

the deformations around the indenter, and the contact friction. Subsequently, the simulations and 

the experimental results are compared in order to verify the reliability of the numerical model 

which has been used. Finally, several examples are given to contribute to a deeper understanding 

of the effects of the contact friction and the tip rounding of imperfect indenters in indentation 

testing. 

 

 

Contents  

 

3.1. Indentation results and dispersion sources 

3.2. Comparison of the results obtained in the simulations and the experiments 

3.3. Investigations of the effects of the contact friction and the imperfect indenter tips 

in indentation 

3.4. Example 
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3.1. Indentation results and dispersion sources 

In conventional indentation measurements the area of contact between the indenter and the 

specimen at maximum load is usually calculated from the diameter or the size of the residual 

impression once the load has been removed. The size of the residual impression is usually 

considered as identical to the contact area at full load, although the depth of penetration may of 

course be significantly reduced by the specimen’s elastic property. The direct imaging of the 

residual impression, which is made in the submicron regime, cannot be directly achieved during 

indentation measurement because the indenter tip itself shields that region from direct access by 

measurement devices. Therefore, the load and depth of the penetration are usually directly 

measured during the loading and the unloading cycles. These measurements are then used to 

determine the projected contact area in order to evaluate the hardness and the elastic modulus. In 

practice, various errors are associated with this procedure. For example, one of them is that the 

zero point of the penetration depth should be calculated from the free surface of a specimen. 

However, the question of how to correctly identify the free surface from the measurement of 

load-displacement is a crucial task. Specially, the effect of the incorrect zero point of the 

penetration depth on the hardness will become very severe in shallow indentations (Chen and Ke, 

2004; Lee et al., 2005). Another serious error arises from the environmental changes during the 

measurement and the non-ideal shape of the indenter. The most serious of these errors emerge as 

offsets to the depth measurements (Fischer-Cripps, 2002).  

In addition to the issues mentioned above, there are many dispersion effects that affect the 

validity of the experimental indentation results. The most serious are the indentation size effect, 

the phenomenon of piling-up and sinking-in, and the frictional contact between the indenter and 

the specimen. Besides, in numerical simulations the effect of the boundary conditions should not 

be neglected. The sensitivity of the indentation test to these phenomena and others is a subject of 

ongoing research. In this chapter some of the most commonly encountered sources of dispersion 

and the methods of accounting for them will be reviewed. 

3.1.1. Indentation size effect (ISE) 

Micro-indentation and nano-indentation hardness experiments are widely used to measure the 

plastic flow resistance of small volume of materials, such as thin films. It has been repeatedly 

shown that the indentation hardness of crystalline materials display a strong size effect with 

conical and pyramidal indenters (Nix and Gao, 1998; Swadener et al., 2002b; Abu Al-Rub and 

Voyiadjis, 2004; Gao, 2006; Huang et al., 2006; Qu et al., 2006; Haj-Ali et al., 2008). Indeed, 

early in the 1950s (Tabor, 1951) hardness measurements had been recognized as size dependent. 

The hardness increase with decreasing indentation depth (or indenter size) has been observed in 
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numerous indentation studies. Several decades later (Nix and Gao, 1998; Huang et al., 2006) 

established the relation of the indentation hardness versus the indentation depth to develop a 

further study and obtain a good agreement with the pioneering works of (Tabor, 1951). This 

measured indentation hardness of metallic materials typically increases by a factor of two or 

three as the indentation depth decreases down to the micrometres (Suresh et al., 1999; Xue et al., 

2002; Gouldstone et al., 2007). The ISE has been extensively studied in literature and research 

in this field has continuously increased over the last decades. This has been partly motivated by 

the development of advanced nano-instruments and the large-scale application of thin films in 

electronic components, and partly by the availability of new methods of probing mechanical 

properties in very small volumes. A better understanding of the strength properties of solids at 

nanometre scales has become increasingly important. This is why the interest in the ISE has 

been renewed. The studies were stimulated by the rapid development of new high-resolution 

research techniques.  

The existence of the ISE in different materials was confirmed through the use of highly accurate 

depth-sensing micro- and nano-instruments and scanning probe techniques that fulfil the 

requirements of the similarity of the indentation shapes and the surface topography (Carpinteri 

and Puzzi, 2006). Since the discovery of the ISE, several different mechanisms have been 

suggested for explaining the ISE. The ISE was related to the surface effect including the effects 

of surface roughness and adhesion, the strain gradient effects, the structural non-uniformity of 

the deformed volume, the change in the contribution of the elastic and the plastic deformation 

(Fischer-Cripps, 2002; Carpinteri and Puzzi, 2006). The variety of the proposed mechanisms 

emphasizes the rather complicated nature of the ISE. 

Recent studies (Fischer-Cripps, 2002; Carpinteri and Puzzi, 2006; Qu et al., 2006) have shown a 

large increase in hardness for the indentation depths which are at the micro- and nanoscales. The 

ISE is significant at this scale. Thus, most of the systematic investigations of the ISE were 

performed using a low load micro-hardness testing technique. Various authors (Fischer-Cripps, 

2002; Abu Al-Rub and Voyiadjis, 2004; Carpinteri and Puzzi, 2006) proposed that the ISE 

results from an increase in strain gradients inherent to small localized zones, which lead to 

geometrically necessary dislocations that cause additional hardening. Inspired by the 

aforementioned ISE problems, many gradient enhanced theories which are dependent on the 

material mechanical properties are proposed to address these problems through the incorporation 

of intrinsic length-scale measures in the constitutive equations. For example, (Gao, 2006) 

developed an expanding cavity model (ECM) which is based on a strain gradient plasticity 

solution to determine the indentation hardness of elastic strain-hardening plastic materials for 

the investigation of the ISE. Other researchers (Carpinteri and Puzzi, 2006) proposed an original 

interpretation of the indentation size effect in both single crystal and polycrystalline metals 
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which are based on the experimental evidence of the formation of fractal cellular dislocation 

patterns during the later stage of the plastic deformation.  

 

   

Fig. 3. 1. The indentation hardness of iridium versus the radius ratio /a R . Spherical indenters 

with different radii ( 14R m , ○; 69R m , ●; 122R m , □; 318R m , ■; 

1600R m , ∆), where a  is the contact radius and R  is the indenter radius (Qu et al., 2006). 

Those continuum-based full-field analyses (Swadener et al., 2002b; Carpinteri and Puzzi, 2006; 

Huang et al., 2006; Manika and Maniks, 2006; Qu et al., 2006), shed new light on the 

understanding of this size effect. (Swadener et al., 2002b; Qu et al., 2006) studied the 

indentation size effect using spherical indenters for which the indentation hardness depends not 

only on the indentation depth (or equivalently on the contact radius) but also on the indenter 

radius. (Qu et al., 2006) used five spherical indenter tips to measure the indentation size effect 

with various radii, namely, a diamond tip with a 14 m  radius, three sapphire tips with 69, 122 

and 318 m  radii, and a 1600 m  radius steel ball. As shown in Fig. 3. 1, the indentation 

hardness H  increases with an increase of ratio /a R  which means that when the penetration 

depth is larger, the value of the indentation hardness tends to be larger too. In this figure, a  is 

the contact radius and R  is the indenter radius. At the same time, H  increases with a decrease 

of the indenter radius R . However, the opposite phenomenon exists in indentation tests with the 

Vickers indenter. In order to ascertain the role of structural factors in the ISE, (Manika and 

Maniks, 2006) studied the dependence of hardness on the indentation depth (less than 300 m ) 

for single crystals, polycrystals and amorphous solids by using the indentation technology with 
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Vickers indenter. The decrease in hardness with the increase of the indentation depth for all the 

investigated crystals was observed in their work. Through their studies a better understanding of 

the nature of the ISE is achieved. They have found that the ISE occurs in various materials with 

different type of bonding, namely, metallic, ionic, and covalent. 

3.1.2. Piling-up and sinking-in 

An important feature of indentation experiments is that the material around the contact area 

tends to be deformed upwards or downwards with respect to the indented surface plane, see Fig. 

3. 2(a). This behaviour results in the piling-up or the sinking-in of the material at the contact 

boundary. Such surface deformation modes influence the hardness measurements as the true 

contact area between the indenter and the specimen increases when the piling-up predominates 

and decreases when the sinking-in occurs. 

A systematic investigation of the development of the surface deformation in metals and 

ceramics around Vickers and spherical indenters was conducted by (Alcalá et al., 2000). They 

studied the amount of the piling-up or the sinking-in in correlation with the strain hardening 

exponent of the analysed materials. The results showed that, as the strain hardening exponent 

increases, the sinking-in of the material around the contact boundary is favoured. Besides, 

related studies (Wang et al., 2004; Balint et al., 2006; Pelletier, 2006; Yan et al., 2007) showed 

that the piling-up or sinking-in strongly depends on the plastic work-hardening of the indented 

material and temperature. The occurrence of such piling-up or sinking-in patterns is usually 

interpreted in terms of the strain-hardening behaviour of the indented material. According to the 

investigation (Taljat and Pharr, 2004), the piling-up or sinking-in is also significantly affected 

by the contact friction.  

Furthermore, according to the study of (Liu et al., 2005), the surface around the indenter tends to 

pile up when the indented specimen is heavily pre-strained with only little reserves for further 

work-hardening or has generally a low strain-hardening potential. On the other hand, when the 

sample is fully annealed and has a high strain-hardening potential, the surface around the 

indenter tends to sink in. In practice, people (Lee et al., 2005; Hernot et al., 2006; Huang et al., 

2006; Gerday, 2009) usually say that the piling-up frequently occurs in soft materials whereas 

the sinking-in occurs in hard materials. In fact, this is not very accurate, because the degree of 

the piling-up or the sinking-in actually depends upon the ratio 
0/ yE   and the strain-hardening 

exponent of the investigated material (Bucaille et al., 2003; Taljat and Pharr, 2004). For the non-

strain-hardening materials with a large value of 
0/ yE  , the plastic zone has a hemispherical 

shape which complies well with the surface well outside the radius of the circle of contact. The 

piling-up in these materials is to be expected since most of the plastic deformation occurs in the 

area near the indenter. On the other hand, for materials with a low value of 
0/ yE   (e.g., some 
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glasses and ceramics), the plastic zone is typically contained within the boundary of the circle of 

contact and the elastic deformations that accommodate the volume of the indentation are spread 

at a greater distance from the indenter. The sinking-in is more likely to occur in this case 

(Fischer-Cripps, 2002; Taljat and Pharr, 2004). 

  

Fig. 3. 2. The effects of the sinking-in (left) and the piling-up (right) on the actual contact area 

for the same penetration depth. (a) Cross-sectional view (Bucaille et al., 2002); (b) Plan view 

(Fischer-Cripps, 2002).  

Good knowledge of the deformation zone around an imprint is of considerable importance for 

indentation measurements because the shape of vertical displacement zone determines the actual 

contact area between the indenter and the specimen. In Fig. 3. 2(b), we can see that the sinking-

in patterns reduce the contact area whereas the piling-up patterns increase it. Finite element 

analyses in which the piling-up and the sinking-in occur also have demonstrated that the true 

 

(a)  

(b)  



Chapter 3 
 

51 

 

contact area can be significantly greater or smaller than that evaluated without considering the 

effect of the piling-up and the sinking-in (Fischer-Cripps, 2002). According to the investigation 

of (Alcalá et al., 2000), errors of up to 30% can be introduced in the computation of the contact 

area if the development of the piling-up and the sinking-in is not taken into account. Worse still, 

(Fischer-Cripps, 2002) argues that the errors of up to 60% can be obtained due to the effect of 

the piling-up or the sinking-in on the contact area. Moreover, it goes without saying that when 

the piling-up or the sinking-in are taken into account in micro-indentation and nano-indentation 

hardness tests, they can cause significant errors when extracting the hardness values from the 

experimental data (Smith et al., 2002; Wang and Rokhlin, 2005; Balint et al., 2006; Kese and Li, 

2006). The piling-up is also significant and it should be corrected in the indentation 

measurement of thin metal films in order to obtain reliable hardness and Young’s modulus data 

(Balint et al., 2006). 

3.1.3. Contact friction 

Indentation testing is quite a complex contact problem. The friction between the indenter and the 

specimen is very important. Friction may cause errors in the determination of the contact area. 

Thanks to the developments in computer hardware, the use of the finite element method (FEM) 

has already become an important tool in the achievement of a deeper understanding of 

indentation measurements even for thin coating materials (Tuck et al., 2001; Fang et al., 2006; 

Fischer-Cripps et al., 2006; Schwarzer et al., 2006). However, for the sake of simplicity, many 

studies about indentation do not take into account the friction between the interface of the 

indenter and the specimen. More recently, the FEM has been extensively employed to study the 

stress fields in frictionless contact problems as well as to predict the hardness and the 

development of surface deformation effects in indentation experiments. These analyses suggest 

that the friction may have an insignificant effect in indentation (Suresh and Giannakopoulos, 

1998; Kucharski and Mroz, 2001; Lee et al., 2005) (In their investigations with spherical 

indenters, Kucharski and Mroz set the ratio max /h R  as 0.0064 and 0.12 respectively. Lee defines 

that max /h R  is below 0.0325). Nevertheless, in an indentation measurement with different kinds 

of indenters (spherical, conical or Vickers  indenters etc.), the influence of friction in the contact 

area has been set forth (Johnson, 1985; Bhushan and Sundararajan, 1998; Hurtado and Kim, 

1999; Bucaille et al., 2003; Bureau et al., 2003; Mata and Alcala, 2004; Huang and Pelegri, 

2007). For instance, in 1985, (Johnson, 1985) first studied the influence of friction in indentation 

using the theory of the slip-line field. Such early investigations already indicated that an increase 

of up to 20% in hardness occurs for adhesive contacts as compared to frictionless ones. 

Moreover, according to the research work (Hernot et al., 2006), if the piling-up or the sinking-in 

are not taken into account in the determination of Young’s modulus, the error can reach 20%. 
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More significantly, the researchers (Mata and Alcala, 2004) showed that if the values of the 

yield stress and the work-hardening exponent are extracted from the P h  curves regardless of 

the friction, they may be up to 50% larger than the actual ones. 

3.1.4. Boundary conditions 

 

 

Fig. 3. 3. Boundary conditions. 

In numerical simulations of indentation testing, there are several ways to fix the specimen 

(Komvopoulos and Yang, 2006; Sauer and Li, 2007; Solberg et al., 2007; Yan et al., 2007). Four 

kinds of boundary conditions are frequently used in FE simulations. Fig. 3. 3 shows the 2D 

axisymmetric models (axisymmetric axis is on the left side): (a) The displacements of the nodes 

on the bottom are constrained in the vertical direction and the displacements of the nodes on the 

(a) Boundary condition 1 (b) Boundary condition 2 

(c) Boundary condition 3 (d) Boundary condition 4 
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axis of symmetry are constrained in the horizontal direction (Komvopoulos and Yang, 2006; 

Sauer and Li, 2007); (b) Only the displacements of the nodes on the bottom are constrained in 

the vertical direction (Hernot et al., 2006); (c) The displacements of the nodes on the bottom are 

constrained in the vertical direction. Besides, the displacements of  the nodes on the right side 

are constrained in the horizontal direction (Solberg et al., 2007); (d) The displacements of the 

nodes on the bottom are constrained in the horizontal and the vertical direction (Yan et al., 2007). 

A spherical indenter with the radius 2.5R mm  is used to study the effects of boundary 

conditions on indentation responses. All the studies are carried out using the finite element code 

METAFOR (Ponthot, 2010). The chosen material is similar to the one used in the work 

(Kucharski and Mroz, 2001). The properties of the specimen are listed in Table. 3. 1. 

Table. 3. 1. Used material parameters (Kucharski and Mroz, 2001). 

Name Value 

Young’s modulus E  = 74.5 GPa  

Poisson’s ratio   = 0.3 

Plastic hardening law  
0.7

295 920 pv    MPa  

 

The maximum penetration depth is set as max 0.3h mm . In order to check the influence of the 

size of the specimen, different sizes (Lx, Ly) have been considered. The sizes of the specimens 

are defined with the ratio maxLy h = 6.67, 13.33, 26.67, 40, 66.67, respectively. The schematic of 

the specimen sizes are shown in Fig. 3. 4. Lx and Ly are the radii and heights of the specimens. 

According to the aforementioned ratio of maxLy h , Lx and Ly vary in the range of 2-20 mm . In 

order to eliminate the effect of the number of elements, the densities of elements are imposed to 

be identical in the same area. For example, in Fig. 3. 4, we assume that the specimen 1 with 

Lx=Ly=2 mmand the specimen 2 with Lx=Ly=4 mm  in the common square 2 mm ×2 mm  have 

exactly the same mesh. Similarly, the specimen 3 with Lx=Ly=8 mm  in the common squares 4 

mm×4 mm  and 2 mm ×2 mm  has the same meshes as the specimens 2 and 1. In the same way, 

the specimens 4 and 5 with Lx=Ly=12 mm  and 20 mm , respectively, obey the same rule. See 

Fig. 3. 4, the finite element model is modelled by four-noded quadrilateral elements. On the 

bottom and right edges, the numbers of the elements are set as nx = ny = 20. On the top edge, the 

numbers of the elements are set as nx1= nx2= nx3= nx4= nx5=20. 
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Fig. 3. 4. Schematic drawing of the sizes of the specimens and the finite element model. 

The load versus the indentation depth curves for all the boundary conditions are shown in Fig. 3. 

5. One can clearly notice that the boundary conditions can significantly affect the simulation 

results when the volume size is too small (the maximum difference between maxP  is 23%). For 

example, when maxLy h = 13.33, the maximum load is obviously lower than the other cases for 

the boundary conditions 1, 2 and 4 because the unfixed right edge lets the material move easily 

in the horizontal direction while the indenter is penetrating into the specimen. However, for the 

boundary condition 3, the maximum load decreases with an increase of maxLy h . When we 

check the deformation map, the stresses and the strain on the bottom edge and the right edge are 

very large in the specimen with a smaller size, which means that, when the ratio of maxLy h  is 

too small, the fixed boundaries on the bottom and the right edges resist the deformations on the 

horizontal and the vertical direction when the indenter is penetrating into the specimen.  



Chapter 3 
 

55 

 

 

Fig. 3. 5. Effects of the boundary conditions on the indentation responses.  

The maximum loads maxP  with different sizes of volumes for all boundary conditions are shown 

in Fig. 3. 6. We can see that with an increase of maxLy h , the maxP  increases for the boundary 

conditions 1, 2 and 4, and decreases for the boundary condition 3. When the volume size 

maxLy h is superior to 40, the effects of the boundaries are insignificant and the value of maxP  

tends to a horizontal line for very boundary condition. Moreover, Fig. 3. 6 shows that the maxP  

are always identical for the boundary conditions 1 and 2. This is due to the fact that in 

METAFOR code, for the 2D axisymmetric models, if the axisymmetric axis is on the left side, 

the displacements of the nodes on the left side will be automatically constrained in the 

(a)  Boundary condition 1 

 

(b)  Boundary condition 2 

 

(c)  Boundary condition 3 

 

(d)  Boundary condition 4 
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horizontal direction. Therefore, for every model in the present investigation, the displacements 

of the nodes on the left sides are in fact constrained in the horizontal direction. In the following 

parts, the boundary condition 1 is always used in numerical investigations,  

   

  

Fig. 3. 6. Maximum loads obtained on the different volumes of specimens for the different 

boundary conditions. 

3.2. Comparison of the results obtained in the simulations 

and the experiments 

In this section, in order to verify the accuracy of the numerical model, the results obtained in 

simulations and experiments are compared. Herein, the 2D finite element models and the 

boundary restrictions which were used are established in METAFOR code (Ponthot, 2010). In 

Fig. 3. 7, the model is built using quadrilateral elements. A finer mesh is near the contact region 

and a gradually coarser mesh is further from the contact region. The details of the contact 

regions with spherical and conical indenters are shown on the right of the figure. R  is the radius 

of the spherical indenter and   is the half apex angle of the conical indenter. 
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Fig. 3. 7. The 2D axisymmetric finite element model which was used. 

3.2.1. Simulation with spherical indenter 

Here, the simulation with a spherical indenter is performed according to the work of (Kucharski 

and Mroz, 2001). The parameters of the material which was used are listed in Table. 3. 1. The 

2D finite element model and the boundary restrictions are like the ones shown in Fig. 3. 7. The 

model is designed with 648 four-noded quadrilateral elements. At the maximum load, about 30 

contacted nodes are in the contact zone to ensure the accuracy of the calculation. The radius of 

the spherical indenter is set as 1.25R mm  and the contact friction is ignored. 

The simulation results compared with the data in literature (Kucharski and Mroz, 2001) can be 

seen in Fig. 3. 8. The maximum penetration force maxP  equals to 1430 N  in the 2D simulation. 

Compared to the maximum penetration force 1454 N  in the experiment, the difference is lower 

than 2%. Therefore, it can be said that the simulation results agree well with the data in literature. 

 

  

R  
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Fig. 3. 8. The comparison of the maximum penetration force with the data in literature 

(Kucharski and Mroz, 2001), the relative error is 1.7%. 

3.2.2. Simulation with conical indenter 

Here, the simulation with a conical indenter will be compared to the work (Dao et al., 2001). 

The material used is 6061-T6511 aluminium the properties of which are described by the 

material parameters ( E ,  , 
0

y , n )=(66.8 GPa , 0.28, 301 MPa , 0.05). The plastic behaviour 

is described by the power law, see Eq. (2.66). The contact is modelled as frictionless. 

The finite element model and the boundary conditions for the conical simulation are like the one 

shown in Fig. 3. 7. The half apex angle of the conical indenter that was used is set as 70.3  
. 

The 2D axisymmetric model is modelled by 1324 four-noded quadrilateral elements and is like 

the model used in the spherical simulation. 

The simulation result compared with the experimental data (Dao et al., 2001) can be seen in Fig. 

3. 9. It is clear that the simulation and the experimental data are almost identical. 

From the above comparisons, it can be seen that the results obtained by the numerical tool which 

was used are reliable. 
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Fig. 3. 9. Experimental versus simulated indentation responses of 6061-T6511 aluminium (Dao 

et al., 2001). 

3.3. Investigations of the effects of the contact friction and 

the imperfect indenter tips in indentation 

3.3.1. Contact friction 

Although the features of the frictional contact are nowadays studied by more and more 

researchers, a theoretical background to evaluate the influence of the friction coefficient on 

indentation measurements is still difficult to achieve. Here, some numerical studies are carried 

out in order to contribute to a deeper understanding of the influence of friction in indentation. 

The comparisons of the calculated hardness and Young’s modulus will be shown in the 

following parts for the frictional and the frictionless cases. 

3.3.1.1. Theoretical and computational consideration 

If an elasto-plastic material is identified by indentation testing with a sharp indenter, during the 

loading, the load-displacement curve generally follows the relation described by Kick’s Law 

(Dao et al., 2001), 

2P Ch ,                                                                                    (3.1) 

m gC H f ,                                                                                (3.2) 
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where, C  is the loading curvature, h  is the penetration depth which is directly measured by the 

instrumented indentation, H  is the hardness of indented material, m  is a parameter that 

evaluates the piling-up or sinking-in of the material at the contact boundary, and gf  is a 

geometrical factor. For the conical indenters, 
2tangf    with the half apex angle of the 

conical indenter,  . Therefore, if 70.3  
, gf  is equal to 24.504. For the spherical indenters, 

gf  is close to 2 R , with the radius of the spherical indenter, R  (Fischer-Cripps, 2002). 

By recording  the data of the whole indentation procedure, the indentation hardness H  and the 

Young’s modulus E  can be calculated as suggested in the work (Oliver and Pharr, 1992), see 

more details in the section 2.3. 

The indenter is often assumed to be rigid (Lee et al., 2005; Luo and Lin, 2007), therefore, 

iE  . The Young’s modulus can be rewritten as, 

2
2 (1 )

(1 )
2

r

proj

S
E E

A

 



   .                                               (3.3) 

Because the hardness is defined as 

proj

P
H

A
 , 

according to Eqs.(3.1) and (3.2), the above equation can be written as 

2

proj m g

P
A f h

H
  .                                                                    (3.4) 

Considering the piling-up or the sinking-in, the true projected contact area 
projA  should be 

written as 

2

proj g cA f h ,                                                                                  (3.5) 

where ch  is the contact depth which incorporates the piling-up or the sinking-in as shown in Fig. 

2. 5. Eqs. (3.4) and (3.5) indicate that 

/m ch h  .                                                                              (3.6) 

Therefore, if 1m  , the piling-up occurs. On the other hand, 1m   denotes the sinking-in. 

In order to quantify the deformation of the piling-up or the sinking-in, according to Eq. (3.6), a 

derived parameter   is introduced to magnify the difference between ch  and h . It is defined as
 

1c
m

h h

h
 


   .                                                                (3.7) 

This equation denotes that, when 0  ,  the piling-up occurs. On the other hand, 0   denotes 

the sinking-in. 
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3.3.1.2. Numerical simulations 

Three materials, SAF 2507 stainless steel and annealed copper used in (Mata and Alcala, 2004), 

and aluminium alloy used in (Bucaille et al., 2003), are chosen for illustration. The 

corresponding material parameters are listed in Table. 3. 2. Young’s modulus is represented as 

E  and the initial yield stress is represented as 
0

y . n  is the work-hardening exponent and   is 

the Poisson’s ratio.  

For the elasto-plastic models, the plastic behaviours are approximated by the power law 

described by Eq. (2.66) (Dao et al., 2001; Bucaille et al., 2003) and von Mises plasticity with 2J  

flow theory is assumed. 

Table. 3. 2. Materials used in the simulations. 

Material Properties 

SAF 2507 stainless steel 0( , , , )yE n  =(200 GPa , 0.3, 675 MPa , 0.19) 

Annealed copper 0( , , , )yE n  =(110 GPa , 0.32, 20 MPa , 0.52) 

Aluminium alloy 0( , , , )yE n  =(70 GPa , 0.3, 500 MPa , 0.122)
 

 

Systematic numerical studies are carried out with a variety of indenter geometries and friction 

coefficients. All numerical simulations are performed using the finite element code METAFOR 

(Ponthot, 2010). The 2D axisymmetric finite element models constructed to simulate the 

indentation responses of elasto-plastic solids are similar to the ones shown in Fig. 3. 7. They are 

modelled using 1849 four-noded quadrilateral elements. For every indenter, the mesh is 

designed to ensure that the minimum number of the nodes in the contact region is never less 

than 35 when the indenters reach the maximum penetration depth. 

For the conical indenters, the half apex angle   is set as 63.14
, 70.3

, 75.79
, 80

 and 81.5
 

in this part and the maximum penetration depth is set as max 0.01935h mm . The finite element 

model for the conical indenters is designed with 600 m  height and 600 m  radius.  

For the spherical indenters, R  is the radius. The height and the radius of the finite element 

models used equal 8 mm  and 1.6 mm , respectively, for 1.25R mm  and 0.25R mm . The 

maximum penetration depth is defined as max 0.15h mm  and max 0.33h mm  for two spherical 

indenters respectively. 

Measured friction coefficients show that the value of   between well polished metallic surfaces 

and diamond normally lies within 0.1 to 0.15 (Mata and Alcala, 2004). In this part, a wide range 

of  , which varies from 0.0 to 1.0, are adopted for all the simulations with spherical and conical 

indenters.  
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3.3.1.3. Computational results and comparison for conical 

indenters 

The P h  curves obtained for the SAF 2507 stainless steel, annealed copper and aluminium 

alloy with different friction coefficients are shown in Fig. 3. 10(a) to Fig. 3. 12(a). Although the 

friction coefficient   varies from 0.0 to 1.0, the P h  curves obtained for a given half apex 

angle are nearly identical. The difference between values of maxP  in Fig. 3. 10(a) to Fig. 3. 12(a) 

are all lower than 2.55%. However, this does not mean that there is no impact on the calculated 

hardness, the Young’s modulus, and the yield stress too because they have a direct correlation 

with the true projected contact area 
projA . Given that 

projA  is a function of ch  and that it is 

related to the piling-up or the sinking-in, the values of the piling-up or the sinking-in obtained 

with or without considering the friction may be absolutely different.   

 

 

Fig. 3. 10. Calculation results as obtained with the conical indenters for SAF 2507. 

80  

 

63.14  

70.3

 

81.5

 

75.79  

（%

） 

(a) P h  curves for different   (b)   versus   for different 

friction coefficient   
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  Fig. 3. 11. Calculation results as obtained with the conical indenters for annealed copper. 

 

Fig. 3. 12. Calculation results as obtained with the conical indenter for aluminium alloy.  

Therefore, the parameters   (remind that 0   means piling-up while 0   means sinking-in) 

are shown in Fig. 3. 10(b) to Fig. 3. 12(b) for every conical indenter with different friction 

coefficients  . For all the materials, the values of   tend to decrease following an increase of 

 . The curve for a larger   is always below the curve for a smaller  . This means that the fact 

of adopting a larger   can effectively restrain the piling-up from growing, especially with a 

smaller half apex angle. For example, in Fig. 3. 10(b), in the case of 70.3  
, while 0.1   the 

80  

63.14  

70.3

 

81.5

 

75.79  

（%

） 

(a) P h  curves for different   (b)   versus   for different 

friction coefficient   
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(a) P h  curves for different   
(b)   versus   for different 

friction coefficient   



Chapter 3 
 

64 

 

values of   are above zero, and the deformation of the material around the indenter is piling-up. 

However, following an increase of  ,   becomes smaller, the piling-up disappears and the 

sinking-in appears. Besides, in Fig. 3. 10(b), we can see that, with the same value of  , when 

the half apex angle   increases, the amount of the piling-up decreases, and the sinking-in tends 

to occur. For example, for 0  , when 63.14  
, it is piling-up, but when 81.5  

, it is 

sinking-in. This means that, in the indentation measurements with a smaller half apex angle, the 

piling-up will easily occur. On the other hand, when the half apex angle is large enough, the 

piling-up will be replaced by the sinking-in. The foregoing phenomena also appear in Fig. 3. 

11(b) for annealed copper, and Fig. 3. 10 (b) for aluminium alloy.  Here, it should be noted that, 

in Fig. 3. 11(b), the values of   are always below zero, which denotes that only the sinking-in 

occurs for the annealed copper as it has a larger work-hardening exponent n . This is in good 

agreement with the results presented in the works (Alcalá et al., 2000; Wang et al., 2004; 

Pelletier, 2006). 

Furthermore, for every material, we can clearly see that in the case of 63.14  
, the differences 

in the deformations of the piling-up or the sinking-in with different   ( 0.3  ) are obvious and 

that with an increase of  , the differences decrease. Concurrently, we can also note that, when 

0.3  ,   remains unchanged following an increase in  . After the examination of the 

deformed mesh, we find that the nodes on the interface between the indenter and the specimen 

remain stuck, which leads to the nearly same values of the piling-up or the sinking-in although 

the friction coefficients are different. However, this also strongly depends on the half apex angle 

 . When   is larger, even if   takes a small value, the value of   will remain constant. In Fig. 

3. 10(b), in the cases of 80  
, even if 0.05  , these differences are invisible. The nodes on 

the interfaces prove to have nearly no slip when studying their displacements in the tangent 

direction. Those findings show that the value of   is less affected by the friction coefficient if 

the indentation is performed using a conical indenter with a larger half apex angle. 

3.3.1.4. Computational results and comparison for spherical 

indenters 

Fig. 3. 13 shows the P h  curves obtained by the spherical indenters with different friction 

coefficients for the three materials listed in Table. 3. 2. The P h  curves in Fig. 3. 13(a), Fig. 3. 

15(a) and Fig. 3. 17(a) are obtained using a bigger spherical indenter ( 1.25R mm ). In Fig. 3. 

13(b), Fig. 3. 15(b) and Fig. 3. 17(b), the P h  curves are obtained using a smaller spherical 

indenter ( 0.25R mm ). It is similar to those obtained by the conical indenters. The P h  

curves cannot be distinguished although the friction coefficient   varies from 0.0 to 1.0. The 

differences between the maximum and the minimum values of maxP  are all lower than 1.4% for 

all the materials. A larger friction coefficient can effectively constrain the piling-up and leads to 
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an increase in the amount of the sinking-in. However, when 0.3  , the nodes on the interface 

are sticking and the amount of the sinking-in tends to be constant. Moreover, the curves of   

versus   obtained for the different spherical indenters are almost identical – see Fig. 3. 14, Fig. 

3. 16 and Fig. 3. 18. It seems that the curve of   versus   is independent of the radius of the 

spherical indenter.  

 

Fig. 3. 13. Numerical P h  curves as obtained with the spherical indenters for SAF 2507. 

 

Fig. 3. 14.   versus the friction coefficient   for SAF 2507. 

 

(a) 1.25R mm  (b) 0.25R mm  
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Fig. 3. 15. Numerical P h  curves as obtained with the spherical indenters for annealed copper. 

 

Fig. 3. 16.   versus the friction coefficient   for annealed copper. 

 

(a) 1.25R mm  (b) 0.25R mm  
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Fig. 3. 17. Numerical P h  curves as obtained with the spherical indenters for aluminium alloy. 

 

Fig. 3. 18.   versus the friction coefficient   for aluminium alloy. 

3.3.1.5. Discussions 

From the foregoing comparisons we can see that the P h  curves obtained either by conical or 

spherical indenters with different friction coefficients are nearly identical. However, through the 

parameter  , the influence of friction on the piling-up or the sinking-in is clearly highlighted. In 

Table. 3. 3 to Table. 3. 5, we illustrate explicitly how this impact influences the calculated 

hardness and Young’s modulus, which are evaluated by the conical indenter with 63.14  
 and 

the spherical indenter with 0.25R mm . The H  and E  labelled by “O&P” denote that the 

contact depth ch  is calculated according to the classical method (Oliver and Pharr, 1992), see 

(a) 1.25R mm  (b) 0.25R mm  
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Eq. (2.40). The “FEM” denotes that the contact depth ch  is directly measured in the foregoing 

FEM simulations taking into account the effect of friction. 

One can clearly see that, the friction coefficient also affects the calculated values of the hardness 

and Young’s modulus. They increase with an increase of the friction coefficient. The maximum 

differences of the hardness and the Young’s modulus appear in the simulations for aluminium 

alloy. The maximum difference of the hardness caused by the friction coefficient reaches 10.5% 

and 5.9%, for conical ( 63.14  
) and spherical indenters respectively. Similarly, the maximum 

error of Young’s modulus reaches 11.4% and 8.5% in comparison with the real input Young’s 

modulus (i.e. Young’s modulus that has been input in the FEM calculation) for conical 

( 63.14  
) and spherical indenters respectively. 

Thus, we can say that from the foregoing analysis results, the errors of the calculated hardness 

and the Young’s modulus caused by the influence of friction are significant and should not be 

neglected. 

Table. 3. 3. SAF 2507 stainless steel ( 200E GPa ). 

C
o
n
ic

al
 i

n
d
en

te
r 

Friction  

coefficient 

H  (GPa ) E  (GPa ) 

O&P FEM O&P Err (%) FEM Err (%) 

 =0 4.3 3.6 230 15.0 210 5.0 

 =0.05 4.3 3.7 230 15.0 213 6.5 

 =0.1 4.3 3.8 230 15.0 216 8.0 

 =0.15 4.3 3.9 230 15.0 218 9.0 

 =0.3 4.3 4.0 230 15.0 221 10.5 

 =0.6 4.3 4.0 230 15.0 221 10.5 

 =1.0 4.3 4.0 230 15.0 221 10.5 

S
p
h
er

ic
al

 i
n
d
en

te
r 

 =0 3.8 3.4 218 9.0 206 3.0 

 =0.05 3.8 3.5 218 9.0 208 4.0 

 =0.1 3.8 3.6 218 9.0 210 5.0 

 =0.15 3.8 3.6 218 9.0 212 6.0 

 =0.3 3.8 3.7 218 9.0 213 6.5 

 =0.6 3.8 3.7 218 9.0 213 6.5 

 =1.0 3.8 3.7 218 9.0 213 6.5 
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Table. 3. 4. Annealed copper ( 110E GPa ). 

C
o
n
ic

al
 i

n
d
en

te
r 

Friction  

coefficient 

H  (GPa ) E  (GPa ) 

O&P FEM O&P Err (%) FEM Err (%) 

 =0 1.4 1.6 108 -1.3 115 4.6 

 =0.05 1.4 1.6 108 -1.3 116 5.5 

 =0.1 1.4 1.6 108 -1.3 116 5.5 

 =0.15 1.4 1.6 108 -1.3 117 6.4 

 =0.3 1.4 1.6 108 -1.3 118 7.3 

 =0.6 1.4 1.6 108 -1.3 118 7.3 

 =1.0 1.4 1.6 108 -1.3 118 7.3 

S
p
h
er

ic
al

 i
n
d
en

te
r 

 =0 1.2 1.4 105 -4.3 112 1.8 

 =0.05 1.2 1.4 105 -4.3 112 1.8 

 =0.1 1.2 1.4 105 -4.3 112 1.8 

 =0.15 1.2 1.4 105 -4.3 113 2.7 

 =0.3 1.2 1.4 105 -4.3 113 2.7 

 =0.6 1.2 1.4 105 -4.3 113 2.7 

 =1.0 1.2 1.4 105 -4.3 113 2.7 

 

Table. 3. 5. Aluminium alloy ( 70E GPa ). 

C
o
n
ic

al
 i

n
d
en

te
r 

Friction  

coefficient 

H  (GPa ) E  (GPa ) 

O&P FEM O&P Err (%) FEM Err (%) 

 =0 2.3 1.9 81 16.4 73 4.3 

 =0.05 2.3 2.0 81 16.4 76 8.6 

 =0.1 2.3 2.1 81 16.4 77 10.0 

 =0.15 2.3 2.1 81 16.4 77 10.0 

 =0.3 2.3 2.1 81 16.4 78 11.4 

 =0.6 2.3 2.1 81 16.4 78 11.4 

 =1.0 2.3 2.1 81 16.4 78 11.4 

S
p
h
er

ic
al

 i
n
d
en

te
r 

 =0 2.1 1.84 78 11.3 73 4.3 

 =0.05 2.1 1.89 78 11.3 74 5.7 

 =0.1 2.1 1.93 78 11.3 75 7.1 

 =0.15 2.1 1.96 78 11.3 76 8.6 

 =0.3 2.1 1.98 78 11.3 76 8.6 

 =0.6 2.1 1.98 78 11.3 76 8.6 

 =1.0 2.1 1.98 78 11.3 76 8.6 
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3.3.1.6. Conclusions 

The influences of friction in indentation with conical and spherical indenters are studied in this 

part. It has been found that, for some elasto-plastic materials, the P h  curves obtained either 

by spherical or conical indenters with different friction coefficients in the range of engineering 

metals are nearly identical. Then, the parameter   was introduced to evaluate the piling-up or 

the sinking-in. The Fig. 3. 10(b) to Fig. 3. 12(b) clearly show that the friction between the 

indenter and the specimen can significantly affect the contact area and the amount of the piling-

up or the sinking-in in the simulation with the conical indenter. Especially, when the half apex 

angle is smaller, the influence of the friction is obvious. It can effectively oppose the slip of 

nodes on the interface between the indenter and the specimen, which leads to a decrease in the 

amount of the piling-up or an increase of the sinking-in. However, when the half apex angle is 

large enough, e.g. 80  
, the influence of the friction becomes a minor factor in indentation 

even with a small friction coefficient because the nodes on the interface between the indenter 

and the specimen are stuck. In indentations with spherical indenters, the amount of the piling-up 

decreases or the sinking-in increases with an increase of the friction coefficient while 0.3  . 

However, the friction is independent of the radius of spherical indenters. The curves of   versus 

  obtained by two different spherical indenters with varying friction coefficients do not have 

obvious differences. 

Because the friction can significantly affect the contact area and the piling-up or the sinking-in, 

the values of the material parameters, the hardness, the Young’s modulus and the yield stress, 

which are related to the projected contact area 
projA , should be significantly different too. For 

all the materials, the maximum difference of the hardness with and without considering the 

friction can reach 10% and the error of Young’s modulus can reach 11% in comparison with the 

input Young’s modulus. These results do not agree with those proposed by the researchers who 

claim that the instrumented indentation experiments are not significantly affected by the friction 

(Dao et al., 2001; Kucharski and Mroz, 2001; Lee et al., 2005). 

3.3.2. Imperfect indenter tips 

According to published papers, it is well known that all the geometries of the indenter tips are 

usually assumed perfectly spherical for conical and pyramid indenters. The radius of an unused 

Berkovich indenter tip varies from 50 nm to 70 nm  (Pelletier, 2006; Schwarzer et al., 2006; 

Zhong and Zhu, 2008). Vickers indenters usually have a larger rounded tip because it is four-

sided pyramid and four sides are technologically speaking difficult to intersect to one point. 

Therefore, the radius of a new indenter tip is normally considered as 50 nm -100 nm . However, 

the indenter tip rapidly wears out. As a consequence, for old indenters (Tuck et al., 2001; 
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Fischer-Cripps, 2002), the radius of an indenter tip is considered as 200 nm -400 nm . In this 

part, it is assumed that the radius of the indenter tip varies from 0 nm  to 500 nm . For this 

definition, if the radius of an indenter tip is equivalent to 0 nm , the indenter has a perfect sharp 

tip. 

Herein, the materials are similar to the ones used in the last section, and their properties are 

listed in Table. 3. 2. However, the friction coefficient   is fixed as 0.1.  

The 2D axisymmetric finite element model constructed and used to simulate the indentation 

responses of the elasto-plastic solids in the METAFOR code is shown in Fig. 3. 19. The model 

is defined with 46 m  height and 46 m  radius and it is established by 15577 four-noded 

quadrilateral elements, see details in Fig. 3. 19(b). The symmetric axis is on the left side of the 

model, and the displacements of the nodes on this boundary are constrained in the horizontal 

direction. At the same time, the displacements of the nodes on the bottom side are constrained in 

the vertical direction. The half apex angle of the conical indenter is defined as 70.3  
 and the 

tip radius of this imperfect conical indenter is assumed as  , which varies from 50 nm to 500

nm . The contact problem is treated by the penalty method and the load is applied by controlling 

the displacement of the indenter. The maximum penetration depth is set as max 700h nm . While 

the indenter reaches the maximum penetration depth, more than 350 nodes are in the contact 

region to guarantee the accuracy of the simulation data.  

  

Fig. 3. 19. Finite element model used in 2D numerical simulation. (a) Overall mesh; (b) Details 

of the contact region. 
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3.3.2.1. Discussions 

In many published references (Dao et al., 2001; Luo and Lin, 2007), most of the time the 

indenters are assumed to exhibit the perfect sharp shapes. Thus, the projected contact area can 

be calculated as 
224.5proj cA h . The calculated hardness for all the materials are shown in Fig. 3. 

20. It is clear that the hardness increases significantly with an increase of the tip radius. The 

hardness obtained by an indenter with a large tip radius is not reliable. Therefore, there is a good 

reason to believe that in hardness calculations, the effect of the indenter tip should no longer be 

neglected. A failure to account correctly for the indenter tip can lead to incorrect interpretation 

of the experimental data. The determination of the exact shape of the indenter is critical in 

indentation measurements. 

 

 

Fig. 3. 20. The hardness estimated by imperfect indenters. 

Recently, more and more researchers have begun to notice the influence of the indenter tip and a 

number of methods or procedures have been proposed to determine the geometry of an actual 

indenter tip. Indeed, (Oliver and Pharr, 1992) have put forward an improved equation which is 

widely used in current indentation instruments to account for the influence of the indenter tip. 

Besides, other researchers also proposed some enhanced methods to evaluate the tip influence 

on the calculation of the hardness. For example, (Thurn and Cook, 2002) presented the profile of 

the indenter tip as a harmonic average of a conical tip and a spherical tip. They advised that the 

projected contact area should be written as 

2

& ( 2 cot )
cot

c
T C

h
A   


  ,                                                      (3.8)                                                         

where   is the radius of the indenter tip and   is the half apex angle of conical indenter. 
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Fig. 3. 21. Schematic of the imperfect conical indentation profiles with the sinking-in and the 

piling-up (Bucaille et al., 2002). 

Herein, we propose another modified projected area function for an imperfect indenter. It is 

derived from the geometrical relations of the imperfect indenter tip, see Fig. 3. 21. The contact 

radius ca  can be written as 

( ) tanc c da h h   ,                                                                   (3.9) 

where dh  is the deviation of the penetration depth for the imperfect indenter. It is expressed by 

1(sin 1)dh    .                                                                    (3.10) 

Therefore, a modified projected contact area function for the imperfect indenter is described as 

bellow with Eqs. (3.9) and (3.10), 

2 21 sin
( tan )

cos
Modified c cA a h


   




   .                                  (3.11) 

Then, the hardness is calculated according to this modified method as: 

Modified

Modified

P
H

A
 .                                                                     (3.12) 

Moreover, some researchers advised that the hardness should be calculated directly from the 

energy dissipated during indentation. This method, used for the calculation of the hardness, is 

the so-called “work-of-indentation approach” which is performed in the investigations 

(Venkatesh et al., 2000; Tuck et al., 2001; Xue et al., 2002; Zhao et al., 2006a). The advantage 

of the work-of-indentation approach is that when we calculate the hardness of the material, the 

imperfection of the indenter geometry is not specially considered. In the work-of-indentation 
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approach, the hardness is shown in terms of the maximum applied load divided by the projected 

contact area, and it is equivalent to the plastic work divided by the plastically deformed volume, 

P
Energy

proj P

WP
H

A V
  ,                                                                 (3.13) 

where PV  is the volume of the plastic deformation. Here, in order to simplify the problem, given 

that a sharp conical indenter is used, PV  can be calculated as 

2 21 1
tan

3 3
P proj f c fV A h h h   .                                                 (3.14) 

PW  is the plastic work which can be written as 

P T EW W W  ,                                                                             (3.15) 

where TW  is the loading work. The schematic illustration of a P h  curve registered in an 

indentation measurement can be seen in Fig. 3. 22. TW  can be calculated as 

max

0

h

TW Pdh  .                                                                             (3.16) 

 

 

Fig. 3. 22. Typical indentation load-depth ( P h ) curve for elasto-plastic material (Tuck et al., 

2001). 

It is defined as the work done by the indenter during the loading cycle, namely, it is equal the 

area under the curve OA. Similarly, the area underneath the unloading curve AB is the total 

unloading work, 

max

fh

E
h

W Pdh  .                                                                           (3.17) 

EW  also represents the reversible elastic work in indentation.  
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According to the above, we know that the differences between the foregoing three methods are 

mainly located in the calculation of the projected contact area except for the method of energy. 

The differences of 
projA  obtained by the method of Oliver and Pharr, Thurn and Cook, and the 

modified method in comparison with that obtained by the sharp indenters are shown in Fig. 3. 23. 

The differences are defined as bellow, 

 
Tip Sharp

Sharp

A A
A

A



 ,                                                                     (3.18) 

 

 

     

(a) Stainless steel;                                                               (b) Annealed copper; 

 

(c) Aluminium alloy. 

Fig. 3. 23. The differences of 
projA  determined by different methods at different penetration 

depths. 
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where 
TipA  represents the projected contact area obtained by the method of Oliver and Pharr, 

Thurn and Cook, and the modified method which accounts for the influence of the indenter tip 

when it is replaced by &O PA , &T CA  and 
ModifiedA  respectively. In this section, the tip radius of the 

indenter is fixed at 400 nm   and the maximum penetration depth varies from 50 nm  to 900

nm . It is clear that in a shallow indentation, the influence of the indenter tip is obviously 

noticeable. For example, in Fig. 3. 23, while max 50h nm , the differences of 
projA  obtained by 

the methods which account for the influence of the indenter tip are larger than 100% in 

comparison with the ones that neglect the influence of the indenter tip. Particularly, for the 

projected contact area obtained by Thurn’s and Cook’s method, the differences reach more than 

800% for every material. However, in the deep indentations, e.g. max 400h nm , 
projA  calculated 

according to every method are nearly identical. 

Concurrently, for a further study, the comparison of the hardness calculated according to the 

aforementioned methods including the energy method is shown in Fig. 3. 24. It is clear that the 

values of the hardness calculated according to the modified method are less affected by the 

penetration depth in comparison with the other methods. They vary in a small range. On the 

other hand, the hardness 
&

Sharp

O PH  which neglects the influence of the indenter tip has a large error 

in the shallow indentation, see Fig. 3. 24. 
&

Sharp

O PH  decreases significantly with an increase of maxh . 

Here, we should note that, only in deep indentations 
&

Sharp

O PH  tends to be constant, e.g. the ratio of 

max /h   is above 1.75, the influence of the indenter tip may be ignored. This is in good 

agreement with the experiment results (Xue et al., 2002). Moreover, the hardness obtained by 

the work-of-indentation approach, Thurn’s and Cook’s method also exhibit large errors in 

shallow indentations. 
EnegryH  decreases with an increase of the indentation depth, whereas 

Thurn’s and Cook’s method leads to the increase of the hardness followed by the increase of the 

indentation depth. The hardness 
&

Tip

O PH  obtained by Oliver’s and Pharr’s method, which takes 

into account the tip influence, is also less affected by the indenter tip and it varies in a small 

range with an increase of the indentation depth. However, even in deep indentations,
 &

Tip

O PH

always seems to be smaller than 
&

Sharp

O PH  because the
 ch  calculated by the method proposed 

Oliver and Pharr is indeed different from the one measured directly from the finite element 

model, which leads to the calculated projected contact areas and the calculated hardness 

different values of. 

We can clearly notice, in Fig. 3. 24, that the calculated hardness of 
ModifiedH , 

EnegryH  and 
&

Sharp

O PH  

have a good agreement in deep indentations. However, 
&

Tip

O PH and 
&T CH  are little smaller than the 

other ones. 
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Fig. 3. 24. The hardness of materials determined by different methods. 
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3.3.2.2. Conclusions 

This chapter examines the tip effects of the imperfect indenters on the calculation of hardness. 

The results show that the hardness will have a large error if the imperfection of the indenter tip 

is neglected, particularly when the imperfect indenter has a larger shape deviation. Subsequently, 

a modified method is derived from the geometrical relations of the imperfect indenter tip and 

comparisons with other frequently used methods, including the work-of-indentation approach 

which can account the tip effects of the imperfect indenters, are shown in Fig. 3. 24. Once all the 

methods for the estimation of the hardness are compared, we notice that they are outstandingly 

affected by the penetration depth. When the indentation depth is ultra low, they lead to a 

significant error in the estimation of the hardness. However, all of them tend to be constant as 

the indentation depth is increased. Especially, the calculated hardness which are obtained 

according to the Oliver’s and Pharr’s method, the energy method and the modified method in 

deep indentation are nearly identical. Furthermore, the illustrations show that the modified 

method can perfectly improve the accuracy of the calculated hardness even at an ultra shallow 

indentation depth. For example, when 
max / 0.5h   , 

ModifiedH  starts to be a constant. 

3.4. Example 

3.4.1. Identification of the material properties of a thin film 

coating 

The experiment was carried out in “the Characterization Laboratory in the Engineering Physics 

Department at Ecole Polytechnique” in Canada. In this experiment, a sample with ~100 µm 

thickness of plasma-sprayed coating (ZrO2-Y2O3) formed on a stainless steel substrate was 

chosen for illustration. The proportion of ZrO2 and Y2O3 is 93:7 (mol) and the porosity of the 

coating is in the range of 5-10%. A Nano-triboindenter instrument (Hysitron, 2005) equipped 

with a Berkovich indenter was used. The measurement procedure involved continuous 

monitoring of the load and of the indenter displacement during the loading and the unloading 

processes. In the left part of Fig. 3. 25, the experimental data are represented by black squares. 

The indentation processes were executed by force control and the maximum load was 4908 . 

The loading history can be seen in the right part of Fig. 3. 25. The loading process lasts from 0 

to 5 seconds. Then, the loading is held constant at the maximum load for 2 seconds. Afterwards, 

the unloading process is performed during 7 to 12 seconds. 

Correspondingly, the indentation hardness of the coating H  equals 16.5 GPa , and the reduced 

Young’s modulus 
rE  equals 192.0 GPa , when they are calculated on the basis of the method 

N
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proposed in (Oliver and Pharr, 1992). If the Poisson’s ratio of the plasma-sprayed coating is 

assumed to be 0.3, its Young’s modulus equals 209.9E  GPa . More details for calculating H  

and E  can be seen in chapter 2. 

  

Fig. 3. 25. Experimental load-displacement curves and optimized load-displacement curves 

obtained with a perfect conical indenter. Black squares are experimental data; dash dot curve 

and dash curve are optimized curves. 

In this experiment, the loading history used to measure the material parameters of the plasma-

sprayed coating is loading-holding-unloading. Thus, the kinematic hardening may be ignored 

because according to (Dettmer and Reese, 2004), the effect of kinematic hardening is not 

significant without reloading. In order to evaluate this, two constitutive formulations: one with 

kinematic hardening and another without kinematic hardening, are respectively introduced into 

the numerical model. Then the material parameters of the coating are evaluated by inverse 

analysis involving the Gauss-Newton method, see details in chapter 2. In the following parts, all 

the simulation studies are performed using the finite element code METAFOR. 

Given that the thickness of the coating of the measured sample is ~100  and the maximum 

indentation depth is lower than 120 nm  (see Fig. 3. 25), the indentation depth is below 1/800 of 

the thickness of the coating. Therefore, it can be considered that the experimental P h  curve is 

not affected by the substrate as it has been demonstrated that for hard coating and soft substrate 

material, the measured results are normally no longer affected by the substrate when the 

indentation depth is under 1/30 of the thickness of the coating (Chen and Vlassak, 2001). Thus, 

herein, in order to simplify the problem and to save computation time, a 2D finite element model 

m

Creep 

 

Loading 

 
Holding 

 

Unloading 
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is adopted and it is modelled only with the coating material (see Fig. 3. 26). The 2D 

axisymmetric finite element is defined with 7 m  radius and 7 m  height. It is established 

using 1062 four-noded quadrilateral elements. In the experiment, the indenter which is used is a 

three-sided Berkovich indenter. Therefore, in 2D computations, the Berkovich indenter can be 

replaced by a conical indenter with the half apex angle of 70.3  
 according to the 

investigation of (Albrecht et al., 2005). Furthermore, the Coulomb friction model is assumed in 

the contact region with the friction coefficient  =0.15. The indentation processes are executed 

by imposing the load on the indenter and the maximum load equals 4908 N , which is identical 

to the maximum load executed in the experiment. The loading history is also exactly the same as 

that performed in the experiment as we can see in the right figure of Fig. 3. 25. 

 

Fig. 3. 26. 2D axisymmetric finite element model for the identification of the coating property. 

The optimized results of the two cases compared to the experimental data are shown in Fig. 3. 

25. The cases with and without the kinematic hardening are represented by the dash curve and 

the dash dot curve, respectively. It is clear that the optimized P h  curves have a good 

agreement with the experimental one especially for the unloading curves and that the optimized 

P h  curves for the cases with and without kinematic hardening are almost identical. The final 

identified coating parameters are listed in Table. 3. 6. As we can see in the first two rows of the 

table, most identified material parameters do not have a significant difference in both cases 

except the plastic parameters of Q  and  . 

The corresponding simulated hardness are 15.0 and 15.2 GPa , respectively, for both cases. The 

differences are lower than 9% compared to the experimental hardness, H =16.5GPa . Moreover, 
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when the identified Young’s moduli are compared to the experimental one, 209.9E GPa , the 

differences are lower than 3%. Besides, it can be seen that D  and m  also agree well in both 

cases.  

Table. 3. 6. The identified material parameters for the investigated coating. 

 

( ) 
E  

(GPa ) 

0

y  

(GPa ) 

Q  
(GPa ) 

  khH  

(GPa ) 
kbH   

( 1s ) 
m  

H  
(GPa ) 

0 206.8 8.91 0.21 0.52 68.41 0.11 0.040 0.58 15.0 

0 203.8 8.99 15.89 5.41 × × 0.046 0.54 15.2 

282 171.4 5.15 1.61 0.76 42.55 0.32 1.018 4.04 11.0 

219 167.6 7.70 0.03 8.34 × × 0.056 2.06 11.5 

 

 

Fig. 3. 27. Experimental load-displacement curves and optimized load-displacement curves 

obtained by an imperfect conical indenter. Black squares are experimental data; dash dot curve 

and dash curve are optimized curves. 

However, we can clearly see that in Fig. 3. 25, when the indenter starts penetration into the 

specimen, the optimized unloading curves are lower than the experimental curve. This is 

supposed to be due to the tip rounding of the indenter used in the experiment because it never 

has a perfect sharp tip as designed (Yu et al., 2004; Jeong and Lee, 2005; Antunes et al., 2007). 

For this reason, a conical indenter with a rounded tip is modelled like the one shown in Fig. 3. 

21. The radius of the indenter rounded tip,  is defined as a variable parameter in the 

optimization procedure. The optimized load-displacement curves for the cases with and without 
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the kinematic hardening are shown in Fig. 3. 27. It is clear that the optimized load-displacement 

curves have a good agreement with the experimental curve.  

The corresponding identified material parameters for this coating and the optimized radius of the 

rounded tip are listed in Table. 3. 6. As can be seen in the last two rows of this table, the 

optimized radius of the rounded tip equals 282 and 219 , respectively, for the cases with and 

without the kinematic hardening. Both are in the reasonable range according to the investigation 

(Fischer-Cripps, 2002).  

The corresponding hardness and Young’s modulus calculated by the methods used for the 

imperfect indenters, which are discussed in chapter 3.3.2, can also be seen in Table. 3. 6. The 

differences of the hardness and Young’s moduli are over than 30% and 18%, respectively, in 

comparison with the experimental ones. Concerning to the differences between simulated data 

and experimental data, they may be led by the factors: the calculation of the contact depth, the 

surface roughness of the specimen and the porosity of the coating. For calculating projA , the 

contact depth ch  is calculated according to Eq. (2.40) in the experiment. In the simulations, ch  

is directly measured from the finite element model, which includes the effect of piling-up or 

sinking-in. In addition, the differences include also the influence of surface roughness of the 

specimen. Particularly, for a conical indenter with a large rounded tip, the influence of the 

surface roughness should be significant. In the numerical simulations, the friction coefficient is 

set to 0.15 to simplify the problem. Furthermore, when plasma-sprayed coating is being built, 

some void spaces exist in the coating. According to the investigations (Winnubst et al., 1983; 

Zhao et al., 2009), the Young’s modulus of a coating is dependent on this porosity. The Young’s 

modulus will decrease significantly with an increase of the porosity. The relationship of them 

can be fitted according to experimental results for a ZrO2-Y2O3 coating (Winnubst et al., 1983), 

( ) (221 4)exp[( 2.7 0.5) porosity]E GPa      .                        (3.19) 

Thus, for a coating with 10% porosity, its Young’s modulus would decrease to 169 GPa . This 

denotes that the experimental Young’s modulus may have a large error. 

Simultaneously, it is clear that the optimized load-displacement curves which take into account 

the tip rounding are closer to the experimental one. Particularly, for the case with kinematic 

hardening, the unloading curve is closer to the experimental data in comparison with the 

optimized load-displacement for the case without the kinematic hardening, e.g. when 

max 65h nm , see the right part of Fig. 3. 27. Therefore, it is believed that the identified material 

parameters determined by the imperfect conical indenters for the case with the kinematic 

hardening are more reliable because the corresponding load-displacement curve is almost 

identical compared to the experimental curve. 

nm
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3.4.2. Hardness testing 

In order to simplify the problem, the hardness of the coating is investigated by a perfect sharp 

conical indenter in the following parts and the coating’s mechanical properties are described by 

the material parameters without kinematic hardening. They are listed in the second row in Table. 

3. 6. 

3.4.2.1. Hardness on top surface of coating 

 

  

Fig. 3. 28. 2D axisymmetric finite element model for coated material. 

Generally, the hardness on the top surface of coating is focused on in most of the published 

papers (Lin and Berndt, 1995; Leigh and Berndt, 1997; Li et al., 2004). It represents the work 

condition of the coating in practical applications. However, it is reported that hardness depends 

on the indentation depth. In order to investigate this problem, another 2D axisymmetric finite 

element model is modelled using 958 four-noded quadrilateral elements. There are 737 elements 

for the coating and 221 elements for the substrate. A finer mesh near the contact region and a 

gradually coarser mesh further from the contact region are designed to ensure numerical 

accuracy, see Fig. 3. 28. The model is designed with the radius, 7Lx m . The thickness of the 

coating is presumed as 1Lyc m  and the thickness of the substrate is presumed as 6Lys m . 

Herein, the substrate is assumed as stainless steel, which is also used in (Mata and Alcala, 2004). 
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Its plastic behaviour is approximated by the power law description as Eq. (2.66). The work-

hardening exponent, the Young’s modulus and the initial yield stress are defined as n = 0.19, 

200E GPa  and 
0

y = 675 MPa , respectively and the Poisson’s ratio is set to 0.3.  

The hardness are computed at the maximum load 
maxP  varying from 251 to 13195 N . The 

hardness versus the ratio of the indentation depth and the coating’s thickness are shown in Fig. 3. 

29. It can be seen that for moderate loads, i.e. the indentation depth is lower than about 5% of 

the coating’s thickness, the hardness are nearly constant and agree well with the calculated 

hardness.  This one has previously been estimated by the pure coating model shown in Fig. 3. 26. 

However, the hardness decreases significantly with an increase of maxh  as expected, because 

when maxh  increases, the identified hardness of the coating gets influenced more by the substrate 

(the hardness of the substrate is 4.3 GPa . It can be seen in Fig. 3. 32). Therefore, as usual, the 

indentation depth is required not exceed to 5% to 10% of the thickness of the coating (Chen and 

Vlassak, 2001). This allows for eliminating the substrate effects. Whereas, on the other hand, an 

indentation depth as large as possible should be used in order to eliminate indentation size effect 

(ISE) and specimen roughness effect which are usually more significant at lower indentation 

depth. Thus, the definition of the critical ratio of coating thickness to indentation depth is a 

challenge in identification of thin coatings. 

  

Fig. 3. 29. Hardness versus the ratio of the indentation depth versus the coating’s thickness.   

 

 

 

15.2 GPa  
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3.4.2.2. Hardness on vertical cross section 

In some published papers (Lin and Berndt, 1995; Leigh and Berndt, 1997; Li et al., 2004), 

researchers measured the hardness on the top surface of a coating, as stated in the section 3.4.2.1. 

The hardness is normally reported as an average value over a certain number of readings from 

random indentations on the top surface of the coating. But, such hardness is not sufficient to 

understand the mechanical properties and their relationships with the microstructure of the 

coating. Thus, it is necessary to evaluate the hardness within coating and assess its relation with 

the substrate. Herein, a 3D model is designed and shown in Fig. 3. 30 to describe the schematic 

of different indentation impressions and geometrical characteristics of the finite element models, 

which are used in the following investigations.  

In order to obtain the same projected contact areas, in the following computations, the load is 

applied through control of the displacement of the indenter. The maximum indentation depth is 

set as, max 118h  nm , which is nearly identical as the indentation depth reached in the 

experiment. As a consequence, the radius of the projected contact area at the maximum 

indentation depth is about 329 nm . Thus, for decreasing the number of elements and save 

computer time, the size of the used model is designed with 200 m  length and 4 m  height. 

The thickness of the coating is 100 m   and the thickness of the substrate is assumed as 70 m , 

see Fig. 3. 30.  

 

 

Fig. 3. 30. Schematic of different indentation impressions (triangles) and microstructural 

characteristics of the used model. 
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On the cross section of the coating, seven hardness values are calculated, which are positioned at 

a distance of 0.52, 2.5, 25, 50, 75, 97.5 and 99.48 m from the coating-substrate interface, 

respectively. Besides this, on the cross section of the substrate, the hardness positioned at 0.52, 5 

and 10 m  from the coating-substrate interface are calculated. Therefore, a total of ten 3D 

finite element models are designed for the foregoing hardness investigations. The half 

symmetric 3D finite element model for the hardness testing on the distances of 50 m  from the 

coating-substrate interface within coating is shown in Fig. 3. 31. This model is established by 

11870 eight-noded 3D solid elements. There are 11510 elements in the coating and 360 

elements in the substrate. At maximum load, more than 800 contacted nodes are active in the 

contact region. The bottom surface of the model located on the X-Y plane is fixed as boundary 

condition and the surface on Y-Z plane is defined as symmetric surface. The computed results 

are evaluated to ensure they are not affected by the boundaries before the hardness testing.  

 

    

Fig. 3. 31. 3D Finite element model for hardness tests. The indentation position is on the 

distance of 50 m  from the coating-substrate interface. 

The hardness distribution over the cross section of the sample is shown in Fig. 3. 32. It can be 

seen that within the coating, where the indentation positions are far from the coating-substrate 

interface and the top surface, the hardness is not affected by external effects. The maximum 

hardness is 15.4 GPa , which appears in the middle of the coating. It agrees well with the 
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calculated hardness (15.2 GPa ), which is obtained by use 2D model. The difference is less that 

2%.  

However, it must be noted that the coating’s hardness is affected significantly by the substrate 

close to the interface. It can be seen that the hardness of the coating decreases largely with a 

decrease of the distance from the coating-substrate interface, because the substrate’s hardness is 

much smaller than the coating’s hardness. The hardness at a distance of 0.52 m  from the 

coating-substrate interface within the coating decreases to 7.4 GPa  as the substrate is too soft 

compared to the coating. Besides, when the indentation position is too close to the free surface 

of the coating, the hardness decreases again because the top surface is not constrained. 

 

Fig. 3. 32. Hardness distributions on the cross section of the sample (black squares), (the blue 

dash line represents the calculated hardness of 15.2 GPa . It is obtained by the 2D model shown 

in Fig. 3. 26). 

3.4.3. Conclusions 

In the present work, the mechanical properties of a plasma-sprayed coating are evaluated using 

nanoindentation testing. According to the experimental P h  curve data, the material 

parameters of the plasma-sprayed coating are determined via numerical optimization algorithms 

combined with reverse analysis.  The P h  curves produced by the perfect sharp indenter and 

the indenters with rounded tips are compared. It is found that the identified material parameters 

determined by the imperfect indenter for the case with the kinematic hardening are more reliable 

although the calculated hardness and Young’s modulus have large differences compared to the 
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ones obtained in the experiment. This is because the P h  curve produced by the imperfect 

indenter is nearly identical compared to the experimental data. 

Subsequently, based on the identified material parameters, the hardness on the top surface of the 

plasma-sprayed coating as a function of the indentation depths is studied. The results show that 

the measured hardness will decrease significantly with an increase of the indentation depth. 

Furthermore, the relation of the hardness on the vertical cross section of the coating and the 

substrate is assessed. The results show that the hardness on the cross section of the coating are 

decreased significantly under the effect of the soft substrate, e.g. when the indentation 

impression is too close to the coating-substrate interface. 
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CHAPTER 4 

STRATEGIES FOR THE 

IMPROVEMENT OF THE 

IDENTIFIABILITY OF MATERIAL 

PARAMETERS 

 

Overview 

This chapter illustrates how the correlations of the material parameters are assessed using the 

cosine matrix of the Hessian matrix which is derived from the objective function. The 

aforementioned optimization method combined with sensitivity analysis is used to minimize the 

objective function. The efficiency and reliability of direct differentiation sensitivity are shown 

by comparing with finite difference sensitivity. At the same time, the effect of the residual 

imprint data on identification of the material parameters is compared to the case without taking 

into account the imprint data. Subsequently, two strategies for improving the identifiability of 

material parameter are introduced. One relies on changing the tip shape of indenter and another 

relies on altering the loading history. 

 

 

Contents  

 

4.1. Assessment of the correlation of the material parameters 

4.2. Improvement of the indenter tip shapes 

4.3. Loading history 
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4.1. Assessment of the correlation of the material 

parameters 

This part illustrates the assessment of the correlation of the material parameters through the use 

of the aforementioned optimization method combined with sensitivity analysis. The illustrations 

are perform in HEPPERDANG finite element code because the programs for the assessment of 

the correlation of the material parameters were developed in HEPPERDANG by (Rauchs, 2009). 

Because contact friction does not affect the correlation of the material parameters, in the 

following parts, the contact friction is ignored and the friction coefficient is set as zero. 

4.1.1. Identification of material parameters 

Herein, the objective function is defined as the difference between the experimental and the 

modelled displacement-into-surface, h  and h . The sensitivity is defined as the derivative of the 

objective function with respect to the material parameter, jx . After defining the objective 

function and the sensitivity analysis, the objective function can be minimized by using some 

gradient-based numerical optimization algorithms because they offer the potential for a fast 

parameter identification. In the present work, Gauss-Newton method is used. The whole 

optimization procedure is shown in Fig. 4. 1. 

The elasto-plastic material listed in Table. 4. 1 is chosen for illustrations. Young’s modulus is 

represented as E  and the initial yield stress is represented as 
0

y . The evolution of the yield 

stress 
v  are described by the Voce-type hardening law, 

0 [1 exp( )]v y Q s      ,                                                       (4.1) 

where, s  is the plastic arc length. The material kinematic hardening is described by Armstrong-

Frederick law with the non-linear kinematic hardening parameters, 
kinH  and 

nlH . According to 

(Rauchs, 2008), the relationship between back stress and plastic strain rate is written as  

2 3

3 2
pkin nl nlH H H s  

  

  ,                                                (4.2) 

where p  is the plastic strain. 

The 2D finite element model which was used is shown in Fig. 4. 2. It is designed with 15 mm  

radius and 15 mm  height. This model includes 509 nine-noded quadrilateral elements where a 

finer mesh near the contact region and a gradually coarser mesh further from it are designed to 

ensure numerical accuracy. The spherical indenter which has a long shaft is modelled as a 
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flexible body. It is modelled by 141 nine-noded quadrilateral elements and its radius equals 1.25

mm .  

 

Fig. 4. 1. The schematic flow chart of the identification the material parameters. 

 

Table. 4. 1. The material properties of elasto-plastic materials (isotropic hardening). 

 E (GPa )   
o

y  ( MPa )  Q  ( MPa )   

Real input 74.5 0.3 295 350 5 

Initial value 100 0.2 300 300 1 

Identified 73.8 0.19 321 335 4.3 

Error (%) 0.9 36.9 8.8 4.3 14.0 
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Herein, the experimental P h  curve is in fact a set of pseudo experimental data which are 

obtained by applying a load on the spherical indenter in HEPPERDANG code (Rauchs, 2009). 

In order to simplify the problem, experimental noise is neglected in the present work. The input 

material parameters corresponding to isotropic hardening are listed in the first row of Table. 4. 1. 

The initial values of the material parameters are listed in the second row of Table. 4. 1. Then, the 

whole optimization procedure is performed in HEPPERDANG code. 

 

 

Fig. 4. 2. 2D axisymmetric finite element model (509 elements for specimen and 114 elements 

for indenter). 

Fig. 4. 3 shows the convergence history of the objective function as well as the optimized P h  

curve and which is compared to the pseudo experimental one. It is obvious that the optimal 

P h  curve has a good agreement with the pseudo experimental one. The corresponding optimal 

material parameters are listed in the third row of Table. 4. 1. We should note that, except for 

Young’s modulus, most of the material parameters do not have a good agreement with the real 

input material parameters. Particularly, for   and  , the errors are absolutely significant. Both 

are larger than 14% as we can notice in the last row of Table. 4. 1. Moreover, the evolutions of 

the material parameters are shown in Fig. 4. 4. 
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Fig. 4. 3. The convergence history of the objective function (left) and the optimized load versus 

the indentation depth curve compared to the pseudo experimental one (right).  
   

 

Fig. 4. 4. The evolutions of the material parameters. 

For many metals, the Young’s moduli and the Poisson’s ratios are known. Thus, the Young’s 

moduli and the Poisson’s ratios of the previous material are fixed in the following part. Only 

three plastic parameters are evaluated to investigate the accuracies of evaluated material 

parameters. Three sets of initial values for the plastic parameters are listed in Table. 4. 2. The 

same optimization procedure is used. The optimized P h  curves compared to the pseudo 

experimental one are shown in Fig. 4. 5. It is clear that the optimized P h  curves have a good 

agreement with the pseudo experimental one for the initial values which are set as the cases 1 
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and 2. For the case 3, the loading curve agrees well with the experimental one, whereas the 

unloading curve does not have a good agreement with the experimental unloading curve. The 

identified material parameters are listed in Table. 4. 3. It is noted that for the case 1, all 

identified material parameters have a larger error. For the case 2, the errors of  
0

y  and Q  are 

below 5%, yet the error of   is 16.0% compared to the input value. For the case 3, the error of 
0

y  is 2.0%, whereas the errors of the other two plastic parameters are very large. Particularly for 

 , its error reaches 36%. Moreover, the convergence histories of the objective function and the 

evolutions of the material parameters can be seen in Fig. 4. 6 and Fig. 4. 7, respectively. In Fig. 

4. 7, the normalized material parameter value is defined as the evaluated material parameter 

value divides the input material parameter value. 

Table. 4. 2. Initial values of material parameters. 

 
o

y  ( MPa )  Q  ( MPa )   

Case 1 500 300 4 

Case 2 200 400 6 

Case 3 400 300 7 

 

Table. 4. 3. Identified material parameters for the different sets of initial values. 

 
o

y  ( MPa )  Q  ( MPa )   

Real input 295 350 5 

Case 1 318 288 3.9 

Error (%) 7.8 17.7 22.0 

Case 2 283 365 5.8 

Error (%) 4.1 4.3 16.0 

Case 3 289 288 6.8 

Error (%) 2.0 17.7 36.0 
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Fig. 4. 5. The optimized load versus the indentation depth curves for the different sets of the 

initial values compared to the pseudo experimental one. 

 

Fig. 4. 6. Convergence histories of the objective function for the different sets of the initial 

values. 
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Fig. 4. 7. Parameter evolutions for the different sets of the initial values. 
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The effective plastic strain-effective plastic stress curves for the finial evaluated material 

parameters and the real input material parameters are compared in Fig. 4. 8. It is clear that all the 

curves do not have a good agreement with the one for the real input material parameters. 

Through the previous investigation, it can be seen that the evaluated material parameters always 

have a larger error compared to the real input ones although the P h  curves have a good 

agreement with the pseudo experimental one. Furthermore, the accuracies of the evaluated 

material parameters cannot be improved by decreasing the number of identified material 

parameters. The large errors for the identified material parameters may be due to the fact that 

some material parameters are strongly coupled with each other. 

 

Fig. 4. 8. The effective plastic strain-effective plastic stress curves for the identified material 

parameters and the real input material parameters. 

4.1.2. Comparison of parameter correlations 

The correlations of the material parameters, which are assessed by the cosine matrix of Hessian 

matrix, can be computed by Eq. (2.67). In Table. 4. 4, the data in the upper triangle are obtained 

from an objective function including residual imprint data. On the other hand, the data in lower 

triangle are obtained from an objective function which does not include imprint data. See the 

data in upper triangle, the correlations of E  with other material parameters decrease due to the 

effect of the imprint data. However, the couplings among the plastic parameters, 
0

y , Q  and  , 
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do not decrease due to the effect of such data: they are always 1.0. It is the same for  : the 

imprint data do not improve its correlations with the plastic parameters in a significant way. 

Table. 4. 4. Cosine Hessian matrices of the tested material: upper triangle with imprint data, 

lower triangle without imprint data. 

 E    
o

y  Q    

E  1 0.96 0.90 0.86 0.88 

  0.98 1 0.97 0.94 0.96 
o

y  0.94 0.97 1 1.00 1.00 
Q  0.91 0.94 1.00 1 1.00 
  0.93 0.96 1.00 1.00 1 

 

4.2. Improvement of the indenter tip shapes 

As discussed in chapter 3, one of the important features in indentation experiments is that the 

piling-up or the sinking-in normally occurs on the specimen’s surface around the contact area, 

and it depicts the deformation of the indented material at the contact boundary. This behaviour is 

reported to be strongly related to the plastic properties (Wang et al., 2004; Liu et al., 2005; 

Pelletier, 2006; Yan et al., 2007). Besides, the residual imprint mapping data of the same 

material produced by different indenters are not identical. Especially, the degree of the piling-up 

or the sinking-in may not be the same. Therefore, we may conclude that the residual imprint 

mapping data, which include the piling-up and the sinking-in, contain some valuable additional 

information and may be very important for the quantification of the material properties.  

In addition, according to the recent investigations (Cheng et al., 2006; Kozhevnikov et al., 2008; 

Kozhevnikov et al., 2010), the indenters with some arbitrary shapes are useful for the evaluation 

of the material properties of viscoelastic materials. Moreover, some researchers (Chollacoop et 

al., 2003; Cao and Lu, 2004; Le, 2009) proposed a new method which uses “dual sharp 

indenters
2
” to determine the material parameters. This method can be applied to a wide range of 

materials and it has been proved to be more effective and robust than using single indenter. In 

(Cheng et al., 2006; Kozhevnikov et al., 2008; Kozhevnikov et al., 2010), the researchers 

supposed that an indenter with complex geometrical shapes can lead to a complex mechanical 

response, namely, the distribution of contact pressure which is useful for the determination of 

the material parameters. 

                                                 
2
 The properties of investigated material are determined by using two sharp indenters with different tip shapes, e.g. 

Berkovich/Vickers indenter and a conical indenter with the  60

 half apex angle or two conical indenters with the  

half apex angles of 70.3

 and 60


. 
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Therefore, some indenters with special shape tips are designed in this chapter. Hopefully they 

may improve the identifiability of material parameters because they may produce a residual 

imprint which will provide us with more plastic information. 

In the following parts, the efficiencies of three arbitrary shapes of indenters will be compared to 

two classical indenters. The investigation is carried out by applying a load on the indenters in 

HEPPERDANG code (Rauchs, 2009). All indenters are modelled as flexible bodies which have 

a long shaft. Nine nodes quadratic elements with displacement degrees of freedom are used. The 

classical indenters are a sphere with the radius of 1.25 mm  and a cone with the half apex angle 

of 70.3 , see Fig. 4. 9. The geometries of the arbitrary shape indenters can be seen in Fig. 4. 10. 

The arbitrary shape indenters 1 and 2 are modelled by 3 arcs with different radii.  

 

Fig. 4. 9. The geometries of the spherical and the conical indenters which were used. 

 

Fig. 4. 10. The geometries of the arbitrary shape indenters. 
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The profile of the arbitrary shape indenter 1 contains two convex arcs with the radius of 0.5 mm  

and one concave arc with the radius of 0.25 mm . It is like using two spherical indenters 

simultaneously and more complex mechanical response will be produced. The produced imprint 

is expected to have more information than the one produced by a single spherical indenter.   

For the arbitrary shape indenter 2, its profile is convex. The arc 1 in the centre with a large 

radius is expected to produce more material flow when it penetrates into the specimen. The arc 3 

in the periphery with a small radius lets the material easily deforms up.  

The profile of the arbitrary shape indenter 3 is similar to the profile of the arbitrary shape 

indenter 1. However, it is modelled by smooth NURBS curves which let us design an indenter 

with a complex geometrical shape. It contains two convex sections and one concave section. The 

convex section in the periphery is higher than the convex section in the centre. When the 

indenter is penetrating into the specimen, the material gradually contacts to the convex section, 

the concave section and the convex section. Thus, the material surface around the indenter will 

deform up or deform down. The imprint mapping may contain additional information to 

improve material parameters. 

The details of NURBS curve can be seen in the work (Rogers, 2001). The degree of the NURBS 

curve is 3 and 5 control points are defined to describe the shape of the NURBS curve. The 

positions of the control points and the corresponding weights are listed in Table. 4. 5. Moreover, 

nine knot vectors are set as 0, 0, 0, 0, 0.5, 1, 1, 1, 1.  

Table. 4. 5. Control points and weights. 

Control point Position (x, y) (mm, mm) weight 

p1 0,15 1.0 

p2 0.125, 14.99875 0.7 

p3 0.375, 15.375 1.0 

p4 0.75, 15.0125 1.0 

P5 1.125, 15.625 1.0 

 

4.2.1. Illustrations 

Since most of the investigations in this chapter are based on numerical simulations, the accuracy 

of the simulated result strongly depends on the finite element model that was used. Particularly, 

for the arbitrary shape indenters, the exact descriptions of the residual imprint mappings highly 

rely on the number of the contact nodes under the indenters. For this reason, three finite element 

models are tested with different element densities to study the accuracy of simulated results. 

Every finite element model is designed with a total 15 mm radius and 15 mm height. A finer 
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mesh is near the contact region and a gradually coarser mesh is further from the contact region – 

see the entire finite element mesh in Fig. 4. 11(a). Model 1 is designed with 469 nine-noded 

quadrilateral elements and about 21 contacted nodes in the contact region at the maximum load, 

see Fig. 4. 11(b). Model 2 includes 544 nine-noded quadrilateral elements and about 58 

contacted nodes are in the contact region at the maximum load, see Fig. 4. 11(c). Model 3 

includes 5599 nine-noded quadrilateral elements and there are about 290 contacted nodes at 

maximum load, see Fig. 4. 11(d). 

   

Fig. 4. 11. Finite element models with different element densities in the contact region. 

(b)  Model 1: 21 contact nodes 

(c)  Model 2: 58 contact nodes 

(d)  Model 3: 290 contact nodes 

 

(a)  Entire finite element mesh and 

boundary conditions 

1 mm: 290 contact nodes 

 

1 mm: 58 contact nodes 

 

1 mm: 21 contact nodes 
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In the following part, all investigations are carried out in HEPPERDANG code. The loads 

applied on the indenters are set to produce a same contact area, namely, let the radii of the 

contact areas equal 1.0 mm . 

4.2.1.1. Mechanical responses obtained by coarse model and 

fine  model 

The P h  curves and the corresponding residual imprints obtained by the finite element models 

with different element densities are compared in Fig. 4. 12. It is obvious that many humps are 

present on the P h  curves obtained by the model 1 which has a coarse mesh. This occurs 

because of the fact that the nodes in contact are not sufficient to obtain a precise and continuous 

result. Particularly, for the arbitrary shape indenters 1 and 2, the maximum penetration depths 

obtained by the coarse model are normally a little larger than the ones obtained by the models 

with finer meshes. 

We can also note that the imprint data obtained by the model 1 for the arbitrary shape indenters 

1 and 3 are not smooth enough. That is due to the fact that the few nodes located in the contact 

region cannot exactly describe the profiles of the indenters which have complex geometrical 

shapes. Particularly, at the intergraded parts
3
 of the indenters and at 1.0lr mm , where the 

piling-up or the sinking-in occur, the coarse model with a small number of elements cannot 

provide a completely precise residual imprint. In the right figures of Fig. 4. 12(a) and (c), the 

continuous lines obtained from the model 1 are not smooth enough at 1.0lr mm . The imprint 

data are thus not fully consistent with the profiles of the indenters. In the meantime, it is clear 

that the residual imprint data obtained by the fine mesh models with a large number of elements 

are improved in order to have a more accurate description of the profiles of the indenters since 

more nodes are in contact. For the indenter 2 – see Fig. 4. 12(b) – since its geometrical shape is 

relatively simple, even the coarse model provides good computed results.  

The corresponding computing times can be seen in Table. 4. 6: the model 3 costs much 

computing time compared to the models 1 and 2 regardless of any indenter. Therefore, in order 

to improve the efficiency of computation, the model 2 shall be used in the following studies. 

Indeed, given that it contains about 58 contact nodes at maximum loading. Model 2 can provide 

an almost identical computation accuracy compared to the model 3 which has about 290 

contacted nodes at maximum loading. 

 

 

                                                 
3
 Intergraded part: the transitional part is between convex and concave sections on the profile of indenter. 
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Fig. 4. 12. The P h  curves (Figures on the left) and the corresponding residual imprints 

(Figures on the right) obtained by the models with different meshes. 
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Table. 4. 6. Computing time (hour:minute:second). 

 Model 1 Model 2 Model 3 

Arbitrary shape indenter 1 0:43:39 1:32:15 11:41:48 

Arbitrary shape indenter 2 0:20:27 0:59:24 12:07:55 

Arbitrary shape indenter 3 0:54:20 1:48:07 12:11:31 

4.2.1.2. Comparison of parameter correlations  

Table. 4. 7. Parameter correlations: the upper triangle for model 2; the lower triangle for model 

3. 

Sphere Cone 

 E    
0

y  Q    E    
0

y  Q    

E  1 0.96 0.90 0.86 0.88 1 0.95 0.91 0.87 0.88 
  0.94 1 0.97 0.94 0.96 0.94 1 0.98 0.94 0.96 

0

y
 0.88 0.97 1 1.00 1.00 0.91 0.99 1 0.99 0.99 

Q  0.85 0.96 1.00 1 1.00 0.89 0.97 0.99 1 1.00 
  0.87 0.97 1.00 1.00 1 0.90 0.98 1.00 1.00 1 

 

Arbitrary shape indenter 1 Arbitrary shape indenter 2 

 E    
0

y  Q    E    
0

y  Q    

E  1 0.97 0.91 0.87 0.88 1 0.97 0.88 0.83 0.85 
  0.97 1 0.95 0.92 0.93 0.97 1 0.94 0.89 0.91 

0

y
 0.90 0.95 1 1.00 1.00 0.92 0.98 1 0.99 1.00 

Q  0.87 0.92 1.00 1 1.00 0.89 0.97 1.00 1 1.00 
  0.88 0.93 1.00 1.00 1 0.90 0.97 1.00 1.00 1 

 

Arbitrary shape indenter 3 

 E    
0

y  Q    

E  1 0.97 0.94 0.92 0.93 
  0.99 1 0.99 0.97 0.98 

0

y
 0.96 0.99 1 1.00 1.00 

Q  0.94 0.98 1.00 1 1.00 
  0.95 0.98 1.00 1.00 1 

 

The parameter correlations obtained by the aforementioned model 2, which contains about 58 

nodes in contact at the maximum load, and the model 3, which has about 290 nodes in contact at 
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the maximum load, are compared in Table. 4. 7. The accurate description of the computed 

imprint data highly depends on the number of nodes in contact. Herein the objective function is 

defined to take into account the imprint data.  

In Table. 4. 7, the data in the upper triangle are obtained by the model 2 and the data in the 

lower triangle are calculated by the model 3. It is clear that the parameter correlations obtained 

by the models 2 and 3 do not have significant differences: all the differences are lower than 0.08. 

Therefore, the model 2 has again proved to be eligible to be used for the assessment of the 

parameter correlations. Moreover, the accuracy of the corresponding results is not much affected 

by the number of elements of the finite element model. 

4.3. Loading history 

According to the investigations on uniaxial tension and compression tests for the identification 

of the parameters of elasto-plastic materials (Mahnken and Stein, 1996b; Dettmer and Reese, 

2004), the researchers suggested that the compressive cycle is necessary to determine the 

isotropic and kinematic hardening parameters. In the absence of a compressive cycle with 

reverse plastic flow, it is not possible to separate the kinematic hardening from the isotropic 

hardening. However, the previous work (Huber and Tsakmakis, 1998) shows that the 

indentation test can be used to evaluate the effects of kinematic hardening in the material 

response. In indentation measurements, the reloading cycle is proved to be critical to identify the 

effects of kinematic hardening in the material response. However, this identification may highly 

rely upon the measurement of the opening of the hysteresis loop produced in the load-

displacement diagram by considering the unloading and the reloading curves. Afterwards, some 

authors (Huber and Tsakmakis, 1999b; Huber and Tsakmakis, 1999a) successfully extracted the 

kinematic hardening parameters from the hysteresis loop, which consists of the unloading and 

the reloading curves, by using artificial neural networks. Therefore, it is well known that the 

reloading cycle in indentation tests is necessary for identifying the kinematic hardening of the 

indented material. On the basis of the published papers, two forms of unloading and reloading 

cycles are frequently seen when the load reaches the maximum, namely, the partial unloading 

followed by a reloading (Oliver and Pharr, 1992) and the completely unloading and then 

reloading (Huber and Tsakmakis, 1999a). In this thesis, in order to produce a large size for the 

hysteresis loop, the second form of unloading-reloading cycle is implemented. 

In addition, for the identification of the viscosity of the material, a holding cycle is often used in 

the indentation process (Huber and Tyulyukovskiy, 2004; Cheng et al., 2006; Vandamme and 

Ulm, 2006; Rauchs, 2008). The examples in the investigations (Huber and Tyulyukovskiy, 2004) 

demonstrate that the holding cycle is very helpful to determine the viscous parameters and that 

the accuracy of the identification can be significantly increased with the holding period.  
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For this reason, the loading histories with multi-loading, holding and unloading cycles are 

studied for the materials with different mechanical behaviours. In this thesis, for the multi-load 

cases, the peak load in the first loading cycle equals 50% of the peak in the third loading cycle 

and the peak load in the second loading cycle is 75% of the peak load in the third loading cycle.  

4.3.1. Illustrations 

Two materials, listed in Table. 4. 8, have been chosen for illustrations. Material 1 is an elasto-

plastic material with isotropic hardening. The kinematic hardening evolution of Material 2 is 

described by the Armstrong-Frederick law with the non-linear kinematic hardening parameters 

kinH  and nlH . The plastic behaviours of both materials are also approximated by the Voce-type 

hardening law. 

Table. 4. 8. Materials used for illustrations. 

 E (GPa )   
0

y  ( MPa ) Q ( MPa )    
kinH  ( MPa ) nlH  

Material 1 74.5 0.3 295 350 5  × × 

Material 2 74.5 0.3 295 350 5  1000 5 

  

  

Fig. 4. 13. The P h  curves for Materials 1 and 2.   

The finite element model that was used in the spherical indentation is similar to the model 2 

shown in Fig. 4. 11. The radius of the spherical indenter is 1.25 mm and the model of the 

(a)  Material 1 (b)  Material 2 

Hysteresis loops 
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specimen is designed with 15 mm radius and 15 mm height. At least 58 nodes are in contact at 

the maximum load for every case. 

Table. 4. 9. Cosine Hessian matrices of material 1: the upper triangle for single loading-

unloading cycle; the lower triangle for the multi-loading-unloading cycles. 

 E    
0

y  Q    

E  1 0.96 0.90 0.86 0.88 
  0.95 1 0.97 0.94 0.96 

0

y  0.89 0.95 1 1.00 1.00 
Q  0.84 0.92 0.99 1 1.00 

  0.87 0.94 1.00 1.00 1 

Table. 4. 10. Cosine Hessian matrices of material 2: the upper triangle for the single loading-

unloading cycle; the lower triangle for the multi-loading-unloading cycles. 

 E    
0

y  Q    kinH  nlH  

E  1 0.96 0.86 0.89 0.90 0.72 0.79 
  0.95 1 0.97 0.97 0.98 0.87 0.92 

0

y  0.87 0.98 1 0.98 0.99 0.97 0.99 
Q  0.87 0.96 0.98 1 1.00 0.94 0.97 

  0.88 0.97 0.99 1.00 1 0.94 0.97 

khH  0.77 0.92 0.98 0.97 0.97 1 0.99 

kbH  0.82 0.95 0.99 0.98 0.98 1.00 1 

 

The corresponding P h  curves obtained by the single loading-unloading cycle and the multi-

loading-unloading cycles are compared in Fig. 4. 13. For Material 1, the loading and unloading 

curves in the third unloading cycle, obtained under the multi-loading-unloading cycles, are of 

course exactly identical compared to the ones obtained under the single loading-unloading cycle, 

since Material 1 does not have a kinematic hardening behaviour.  

However, for Material 2 – see Fig. 4. 13(b). The load-displacement curves obtained in both the 

loading cases are significantly different due to the effects of kinematic hardening parameters. It 

is clear that the hysteresis loops appear in the second and third loading cycles. 

The parameter correlations obtained by both loading histories can be seen in Table. 4. 9 and 

Table. 4. 10, respectively. The imprint data are taken into account into the objective function. 

The data in the upper triangle are obtained under the loading-unloading cycles and the data in 

the lower triangle are calculated on the basis of the multi-loading-unloading cycles. For Material 

1, it can be seen that the parameters correlations decrease a little under the multi-loading cycles. 
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The amount of the decrease is about 0.01 for the couplings of  E  with other parameters and 

0.02 for the couplings of    with other parameters. The couplings among the plastic parameter 

do not have any changes. It is the same for Material 2: all the material parameter correlations are 

not obviously reduced by the introduction of the multi-loading cycles.  
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CHAPTER 5 

ASSESSMENT OF THE EFFECT OF 

INDENTER TIP GEOMETRY IN 

MATERIAL PARAMETER 

IDENTIFICATION 

 

Overview 

This chapter examines the effects of the indenter tip geometries on the identification of material 

parameters on the basis of several representative materials, namely, the materials with elasto-

plastic and elasto-viscoplastic constitutive laws. It also assesses the sensitivities of the material 

parameters towards the indenter tip geometries. 

 

 

Contents  

 

5.1. Elasto-plastic materials 

5.2. Elasto-viscoplastic material 
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5.1. Elasto-plastic materials 

Three elasto-plastic materials, listed in Table. 5. 1, are used for illustration. The isotropic 

hardening is approximated by Voce-type hardening law. The investigations (Balint et al., 2006; 

Pelletier, 2006; Yan et al., 2007) demonstrated that the piling-up and the sinking-in are mainly 

affected by the ratio of Young’s modulus to the initial yield stress. When the material has a 

small ratio of 
0/ yE  , piling-up easily occurs. On the other hand, sinking-in often appears when 

the ratio 
0/ yE   is large. For this reason, the ratio of Young’s modulus and the initial yield 

stress is designed to be equal to 25, 252.54 and 1000, for the different material models. Here the 

contact friction is ignored and the friction coefficient is set as zero. 

The finite element model which is used is the model 2, which is shown in the Fig. 4. 11, because 

this model has already proved to ensure the accuracy of computation and does not cost too much 

computing time. It is designed with 15 mm  radius and 15 mm  height and about 58 contact 

nodes in the contact region at maximum load. The radial and normal displacements are fixed at 

the central and bottom lines as boundary conditions. The maximum loads applied on different 

indenters are set to let the indenters produce a nearly same contact area, namely, let the radii of 

the contact areas equal 1.0 mm . Thus, piling-up or sinking-in will occur about at 1.0lr  mm . 

Table. 5. 1. Material properties of elasto-plastic materials. 

Material E (GPa ) 
0

y ( MPa )   Q ( MPa )   
0

yE   

1 50 2000 0.3 200 5.0 25 

2 74.5 295 0.3 200 5.0 252.54 

3 200 200 0.3 200 5.0 1000 

 

Given that, the mechanical behaviours of elasto-plastic materials are time-independent, the 

single loading-unloading cycle without the holding period is applied herein. When the load 

reaches the maximum, the unloading starts immediately after.  

The corresponding cosine matrices of the Hessian matrices identified by different indenters are 

listed in Table. 5. 2 to Table. 5. 4. The data in the upper triangles are obtained from an objective 

function including imprint data. The data in the lower triangles are obtained from the objective 

function which does not include imprint data. 

The parameter correlations of the material 1 with a smaller ratio of 
0

yE   are shown in Table. 5. 

2. It can be seen that most correlation parameters obtained by the spherical indenter are above 

0.96, except the correlations of Young’s modulus with the plastic material parameters 
0

y , Q  

and   when the imprint data are taken into account in the objective function (see the data in the 

lower triangle). Especially, for the plastic material parameters 
0

y , Q  and  , all the correlation 
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parameters are equal to 1.0. Besides, the Poisson’s ratio   is also strongly coupled with the 

plastic material parameters.  

Table. 5. 2. The cosine matrices of Hessian matrices for material 1 (
0/ 25yE   ): upper triangle 

with imprint data, lower triangle without imprint data. 

Sphere Cone 

 E    
0

y
 Q    E    

0

y
 Q    

E  1 0.86 0.77 0.74 0.75 1 0.71 0.50 0.43 0.46 
  0.95 1 0.98 0.96 0.97 0.92 1 0.96 0.93 0.94 

0

y
 0.88 0.98 1 1.00 1.00 0.80 0.97 1 0.99 1.00 

Q  0.85 0.97 1.00 1 1.00 0.75 0.95 1.00 1 1.00 

  0.87 0.98 1.00 1.00 1 0.77 0.96 1.00 1.00 1 

 

Arbitrary shape indenter 1 Arbitrary shape indenter 2 

 E    
0

y
 Q    E    

0

y
 Q    

E  1 0.80 0.63 0.63 0.63 1 0.76 0.57 0.54 0.54 
  0.93 1 0.97 0.96 0.96 0.93 1 0.97 0.95 0.95 

0

y
 0.82 0.97 1 1.00 1.00 0.81 0.97 1 1.00 1.00 

Q  0.80 0.96 1.00 1 1.00 0.77 0.95 1.00 1 1.00 

  0.80 0.96 1.00 1.00 1 0.78 0.96 1.00 1.00 1 

 

Arbitrary shape indenter 3 

 E    
0

y
 Q    

E  1 0.90 0.83 0.82 0.82 
  0.95 1 0.99 0.98 0.98 

0

y
 0.90 0.99 1 1.00 1.00 

Q  0.89 0.98 1.00 1 1.00 

  0.89 0.98 1.00 1.00 1 

 

When the objective function takes into account the imprint data, it is clear that the correlations 

of the elastic parameters with the plastic material parameters are reduced although some 

reductions are not significant. For example, the correlations of E  with other material 

parameters decrease obviously, but the correlations of   with the plastic material parameters 
0

y , 

Q  and  only reduce by 0.01. Besides, the reduction between the elastic parameters E  and   is 

visible. However, the three plastic material parameters 
0

y , Q  and   are still strongly coupled 
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between each other. The correlation parameters are always close to 1.0 regardless of the effect of 

the imprint data. 

Similar phenomena appear in the cosine matrix of the Hessian matrix obtained for the conical 

indenter. When the imprint data are not counted, all the parameter correlations are high. When 

the objective function takes into account the imprint data, the parameter correlations decrease. 

Particularly, for Young’s modulus, it is significantly decoupled from the other material 

parameters due to the fact that the objective function takes into account the imprint data. 

However, the plastic material parameters are always strongly coupled with each other and the 

correlations of   with the plastic material parameter do not reduce significantly.  

The parameter correlations obtained by the three arbitrary shape indenters are similar to the ones 

obtained by the classical indenters. Through the introduction of the imprint data in the objective 

function, most the parameter correlations are reduced. Especially, the correlations of Young’s 

modulus with the other material parameters decrease obviously. The couplings among the other 

material parameters do not reduce significantly. The comparison shows that the conical indenter 

and the arbitrary shape indenter 2 perform better than the others. 

The parameter correlations of the material 2 can be seen in Table. 5. 3. All the material 

parameters are strongly coupled when the imprint data are not taken into account in the 

objective function. For instance, when we examine the data obtained by the spherical indenter, 

we notice that all the parameter correlations in the lower triangle are above 0.87. Unfortunately, 

the parameter correlations do not reduce significantly although the objective function takes into 

account the imprint data. Even the correlations of E  with other material parameters do not 

reduce significantly (see the data in the upper triangle).  

The same phenomena also appear in the cosine matrices obtained by the other indenters. That is 

due to the fact that the material 2 has a ratio of 
0 252.54yE    hardly larger compared to 

material 1. The deformations of the specimen around the indenters are not sensitive to the 

geometries of the indenter tips and cannot provide additional information for the decrease of the 

parameter correlations. 
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Table. 5. 3. The cosine matrices of Hessian matrices for material 2 (
0/ 252.54yE   ): upper 

triangle with imprint data, lower triangle without imprint data.  

 Sphere  Cone 

 E    
0

y
 Q     E    

0

y
 Q    

E  1 0.95 0.85 0.81 0.83  1 0.95 0.91 0.85 0.87 
  0.98 1 0.94 0.91 0.93  0.99 1 0.98 0.92 0.94 

0

y
 0.91 0.95 1 1.00 1.00  0.96 0.99 1 0.98 0.99 

Q  0.87 0.92 1.00 1 1.00  0.94 0.98 0.99 1 1.00 

  0.90 0.94 1.00 1.00 1  0.95 0.98 1.00 1.00 1 

 

Arbitrary shape indenter 1  Arbitrary shape indenter 2 

 E    
0

y
 Q     E    

0

y
 Q    

E  1 0.97 0.84 0.79 0.80  1 0.96 0.86 0.82 0.83 
  0.99 1 0.92 0.88 0.89  0.99 1 0.94 0.91 0.92 

0

y
 0.89 0.93 1 1.00 1.00  0.89 0.94 1 1.00 1.00 

Q  0.84 0.88 0.99 1 1.00  0.84 0.90 0.99 1 1.00 

  0.86 0.90 1.00 1.00 1  0.87 0.92 1.00 1.00 1 

 

Arbitrary shape indenter 3 

 E    
0

y
 Q    

E  1 0.99 0.96 0.94 0.95 
  0.99 1 0.98 0.97 0.98 

0

y
 0.96 0.98 1 1.00 1.00 

Q  0.94 0.97 1.00 1 1.00 

  0.95 0.97 1.00 1.00 1 

 

The parameter correlations of the material 3 can be seen in Table. 5. 4. The parameter 

correlations obtained by the spherical indenter are high when the imprint data are not taken into 

account. They do not reduce significantly due to the effects of the imprint data. For instance, the 

correlations of E  with the other material parameters are above 0.88 when the objective function 

does not include the imprint data. When the imprint data are counted in the objective function, 

the correlations are only reduced by 0.02. 

It is noted that all the material parameters are strongly coupled when the material 3 is evaluated 

by the conical indenter. All the parameter correlations are above 0.98 when the imprint data are 

absent. However, the imprint data do not provide a large contribution to the decrease of the 
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couplings. The correlations of the elastic parameters with the plastic parameters reduce slightly 

and the correlation parameters among the plastic parameters are always 1.0. 

Table. 5. 4. The cosine matrices of Hessian matrices for material 3 (
0/ 1000yE   ): upper 

triangle with imprint data, lower triangle without imprint data. 

Sphere Cone 

 E    
0

y
 

Q    E    
0

y
 

Q    

E  1 0.96 0.89 0.86 0.88 1 0.98 0.96 0.94 0.95 
  0.98 1 0.97 0.95 0.96 0.99 1 0.99 0.98 0.98 

0

y
 0.92 0.96 1 1.00 1.00 0.98 1.00 1 1.00 1.00 

Q  0.88 0.93 1.00 1 1.00 0.98 1.00 1.00 1 1.00 

  0.90 0.95 1.00 1.00 1 0.98 1.00 1.00 1.00 1 

 

Arbitrary shape indenter 1 Arbitrary shape indenter 2 

 E    
0

y
 Q    E    

0

y
 Q    

E  1 0.98 0.93 0.90 0.91 1 0.98 0.91 0.89 0.90 
  0.99 1 0.97 0.95 0.96 0.99 1 0.97 0.95 0.96 

0

y
 0.94 0.96 1 1.00 1.00 0.92 0.95 1 1.00 1.00 

Q  0.91 0.93 1.00 1 1.00 0.88 0.92 1.00 1 1.00 

  0.92 0.95 1.00 1.00 1 0.90 0.93 1.00 1.00 1 

 

Arbitrary shape indenter 3 

 E    
0

y
 Q    

E  1 0.97 0.93 0.89 0.90 
  0.98 1 0.98 0.97 0.97 

0

y
 0.93 0.98 1 1.00 1.00 

Q  0.89 0.96 0.99 1 1.00 

  0.90 0.97 1.00 1.00 1 

 

This is also the case of the parameter correlations obtained by the other arbitrary shape indenters. 

All the parameter correlations are strongly coupled and they are larger than 0.88 even if the 

imprint data are counted in the objective function.  

Compared to the materials 1 and 2, the material 3 has the largest ratio of 
0 1000yE   , and its 

material parameters are even less sensitive to the geometries of the indenter tips. 
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5.1.1. Conclusions 

From the above tables, it is can be seen that E  is the most easiest to be separated from the other 

material parameters and the plastic material parameters of 
0

y , Q  and   are the most difficult to 

be distinguished from each other, because they are always strongly coupled among themselves 

regardless of the effect of the imprint data and the shape geometries of the indenter tips. 

For the material 1 with a small ratio of 
0

yE  , where the piling-up occurs. The parameter 

correlations decrease obviously under the effect of the imprint data. Particularly, Young’s 

modulus is significantly decoupled from the other material parameters. Here, it is noted that the 

conical indenter and the arbitrary shape indenter 2 perform better in the determination of the 

material parameters because the parameter correlations assessed by such indenters are normally 

lower than the ones assessed by the other indenters. 

However, for the materials 2 and 3 which have a large ratio of 
0

yE  , the material parameters 

are not sensitive to the shape geometries of the indenter tips and the imprint data do not seem to 

provide a large contribution to the decrease of the parameter correlation. For this kind of 

materials, it can be seen that the spherical indenter performs a little better than the other 

indenters. 

5.2. Elasto-viscoplastic material 

An elasto-viscoplastic material used in the work of (Rauchs, 2008) is chosen for the 

investigation in the present part. The material properties of this material are given in Table. 5. 5. 

The plastic behaviour is described by Voce-type hardening law (see Eq. (4.1)) and the non-linear 

kinematic hardening is approximated by Armstrong-Frederick law with the non-linear kinematic 

hardening parameters
 kinH  and

 nlH (see Eq. (4.2)). The viscosity is described according to 

(Rauchs, 2008) with the viscosity   and the viscosity exponent m , 

1

2

3

m

visco s 
 

  
 

.                                                                       (5.1) 

 

Table. 5. 5. The properties of elasto-viscoplastic material. 

E  (GPa ) 
0

y  ( MPa )   Q  ( MPa )   kinH  ( MPa ) nlH
 
  ( MPa /s

1/m
) m  

200 400 0.3 200 10 100 5 1000 2 
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The finite element model which is used is similar to the one used in the previous part. The 2D 

axisymmetric model is designed with 15 mm radius and 15 mm height. At maximum load, there 

are 58 nodes in contact. The radial and normal displacements are fixed at the central and bottom 

lines, respectively, as boundary conditions. 

The material parameter correlations assessed by different indenters with different load histories 

are shown in Table. 5. 6. This table is similar to the ones shown in the foregoing parts. The data 

in the upper triangles are obtained from an objective function including the imprint data. The 

data in the lower triangles are obtained from the objective function which does not include the 

imprint data. 

Table. 5. 6. The cosine matrices of the Hessian matrices obtained by the loading-unloading cycle: 

upper triangle with imprint data, lower triangle without imprint data. 

 Spherical indenter 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.97 0.88 0.85 0.87 0.83 0.85 0.87 -0.87 
  0.98 1 0.95 0.92 0.94 0.91 0.93 0.94 -0.93 

0

y
 0.93 0.97 1 1.00 1.00 0.99 1.00 1.00 -0.99 

Q  0.91 0.95 1.00 1 1.00 1.00 1.00 1.00 -1.00 

  0.93 0.97 1.00 1.00 1 0.99 1.00 1.00 -0.99 

kinH
 0.89 0.94 1.00 1.00 0.99 1 1.00 0.99 -0.99 

nlH
 0.92 0.96 1.00 1.00 1.00 1.00 1 1.00 -1.00 


 0.94 0.97 1.00 0.99 1.00 0.99 1.00 1 -1.00 

m  -0.94 -0.97 -1.00 -0.99 -1.00 -0.99 -0.99 -1.00 1 

 

 Conical indenter 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.97 0.93 0.88 0.90 0.84 0.87 0.90 -0.84 
  0.99 1 0.97 0.93 0.95 0.89 0.92 0.93 -0.87 

0

y
 0.97 1.00 1 0.99 1.00 0.97 0.98 0.98 -0.92 

Q  0.95 0.99 1.00 1 1.00 1.00 1.00 0.98 -0.93 

  0.96 0.99 1.00 1.00 1 0.99 1.00 0.98 -0.93 

kinH
 0.94 0.98 1.00 1.00 1.00 1 1.00 0.97 -0.93 

nlH
 0.95 0.99 1.00 1.00 1.00 1.00 1 0.98 -0.93 


 0.95 0.97 0.97 0.97 0.97 0.97 0.97 1 -0.98 

m  -0.88 -0.89 -0.89 -0.88 -0.89 -0.88 -0.89 -0.97 1 
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 Arbitrary shape indenter 1 

 E    
0

y
 

Q    kinH
 nlH

 
  m  

E  1 0.99 0.87 0.84 0.86 0.82 0.84 0.85 -0.84 
  0.99 1 0.90 0.87 0.89 0.86 0.87 0.88 -0.87 

0

y
 0.92 0.94 1 1.00 1.00 0.99 1.00 1.00 -1.00 

Q  0.89 0.91 1.00 1 1.00 1.00 1.00 1.00 -1.00 

  0.91 0.93 1.00 1.00 1 1.00 1.00 1.00 -1.00 

kinH
 0.87 0.90 0.99 1.00 1.00 1 1.00 1.00 -1.00 

nlH
 0.89 0.91 1.00 1.00 1.00 1.00 1 1.00 -1.00 

  0.90 0.92 1.00 1.00 1.00 1.00 1.00 1 -1.00 

m  -0.89 -0.92 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1 

 

 Arbitrary shape indenter 2 

 E    
0

y
 

Q    kinH
 nlH

 
  m  

E  1 0.98 0.87 0.83 0.86 0.82 0.83 0.84 -0.83 
  0.99 1 0.92 0.89 0.91 0.88 0.89 0.90 -0.89 

0

y
 0.91 0.94 1 1.00 1.00 0.99 1.00 1.00 -1.00 

Q  0.87 0.91 1.00 1 1.00 1.00 1.00 1.00 -1.00 

  0.90 0.94 1.00 1.00 1 1.00 1.00 1.00 -1.00 

kinH
 0.86 0.90 0.99 1.00 0.99 1 1.00 1.00 -1.00 

nlH
 0.88 0.92 1.00 1.00 1.00 1.00 1 1.00 -1.00 


 0.88 0.92 1.00 1.00 1.00 1.00 1.00 1 -1.00 

m  -0.87 -0.91 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1 

 

 Arbitrary shape indenter 3 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.99 0.94 0.92 0.94 0.91 0.93 0.93 -0.92 
  0.99 1 0.96 0.95 0.96 0.94 0.95 0.95 -0.95 

0

y
 0.95 0.98 1 1.00 1.00 1.00 1.00 1.00 -1.00 

Q  0.94 0.96 1.00 1 1.00 1.00 1.00 1.00 -1.00 

  0.96 0.98 1.00 1.00 1 1.00 1.00 1.00 -1.00 

kinH
 0.93 0.96 1.00 1.00 1.00 1 1.00 1.00 -1.00 

nlH
 0.95 0.97 1.00 1.00 1.00 1.00 1 1.00 -1.00 


 0.94 0.97 1.00 1.00 1.00 1.00 1.00 1 -1.00 

m  -0.94 -0.96 -1.00 -1.00 -1.00 -1.00 -1.00 -1.00 1 
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The material parameter correlations obtained under the loading-unloading cycle are shown in 

Table. 5. 6.  From the data obtained by the spherical indenter, it can be seen that all the material 

parameters are strongly coupled when the objective function does not take into account the 

imprint data (see the data in the lower triangle). The parameter correlations are larger than 0.89 

and some of them equal or nearly equal 1.0.  Once the imprint data are taken into account in the 

objective function, the parameter correlations decrease. Particularly, the correlations of the 

elastic parameters with the plastic and viscous parameters decrease although the reductions are 

not very significant. However, for the other material parameters, the correlations between 

themselves do not reduce significantly. 

Similar phenomena appear in the parameter correlations obtained for the other indenters. If the 

imprint data are not taken into account in the objective function, all the material parameters are 

strongly coupled. However, it is noted that all the parameter correlations are always very high 

although the imprint data are introduced in the objective function when the parameter 

correlations are evaluated by arbitrary shape indenter 3. This means that the material parameters 

are not very sensitive to the tip geometry of the arbitrary shape indenter 3. In addition, it can be 

seen that the plastic parameters cannot be separated from the viscous parameters and the two 

blocks of material parameters, plastic and viscous, always remain fully coupled among 

themselves no matter what indenter is used. This inextricable couplings also exist in elastic 

material parameters E and  . The corresponding parameter correlations are normally above 

0.97. 

Compared to the parameter correlation obtained under the loading-unloading cycle, the 

correlations of most material parameters obtained by the loading-holding-unloading cycle 

decrease significantly (see Table. 5. 7). For instance, see the data which are obtained by the 

spherical indenter. In the lower triangle, although the imprint data are not taken into account in 

the objective function, the blocks of elastic, plastic and viscous parameters begin to be separated. 

Once the imprint data are counted in the objective function, the blocks of elastic, plastic and 

viscous parameters are more easily separated. Especially, the two viscous parameters are 

obviously almost decoupled from the other parameters. However, in the blocks of elastic, plastic 

and viscous parameters, the material parameters are strongly coupled with each other. 

The similar phenomena can be seen in the results obtained by the other indenters. Particularly 

for the parameter correlations obtained by the conical indenter (see the data in the upper 

triangle), the parameter correlations of the viscous parameters with the other material parameters 

are below 0.26 (they are above 0.84 when they are evaluated using the loading-unloading cycle, 

see the data evaluated by conical indenter in Table. 5. 6). Besides, the blocks of elastic, plastic 

and viscous parameters are also obviously separated although the material parameters in the 

blocks are still coupled. Moreover, when the material parameters are evaluated by the arbitrary 

shape indenter 3, they are always strongly coupled regardless of the effect of the imprint data. 
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This means that the material parameters are not sensitive to the shape geometries of the arbitrary 

shape indenter 3. 

Table. 5. 7. The cosine matrices of the Hessian matrices obtained by the loading-holding-

unloading cycle: upper triangle with imprint data, lower triangle without imprint data. 

 Spherical indenter 

 E    
0

y
 

Q    kinH
 nlH

 
  m  

E  1 0.94 0.72 0.67 0.71 0.65 0.68 0.79 -0.70 
  0.98 1 0.87 0.83 0.87 0.82 0.84 0.71 -0.60 

0

y
 0.85 0.91 1 1.00 1.00 0.99 1.00 0.55 -0.43 

Q  0.81 0.88 1.00 1 1.00 1.00 1.00 0.52 -0.40 

  0.85 0.91 1.00 1.00 1 0.99 1.00 0.55 -0.43 

kinH
 0.79 0.86 0.99 1.00 0.99 1 1.00 0.50 -0.38 

nlH
 0.82 0.89 1.00 1.00 1.00 1.00 1 0.53 -0.41 


 0.84 0.79 0.58 0.52 0.58 0.50 0.54 1 -0.99 

m  -0.79 -0.73 -0.49 -0.43 -0.49 -0.40 -0.45 -0.99 1 

 

 Conical indenter 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.97 0.92 0.87 0.90 0.82 0.86 0.26 0.11 
  0.99 1 0.97 0.92 0.94 0.87 0.91 0.13 0.24 

0

y
 0.97 1.00 1 0.98 1.00 0.96 0.98 0.11 0.26 

Q  0.97 0.99 1.00 1 1.00 0.99 1.00 0.12 0.24 

  0.97 1.00 1.00 1.00 1 0.98 0.99 0.11 0.25 

kinH
 0.96 0.99 1.00 1.00 1.00 1 1.00 0.13 0.21 

nlH
 0.96 0.99 1.00 1.00 1.00 1.00 1 0.13 0.23 


 0.41 0.35 0.31 0.30 0.31 0.30 0.31 1 -0.91 

m  -0.09 -0.03 0.00 0.01 0.01 0.00 0.00 -0.93 1 
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 Arbitrary shape indenter 1 

 E    
0

y
 

Q    kinH
 nlH

 
  m  

E  1 0.98 0.85 0.80 0.83 0.78 0.80 0.64 -0.45 
  0.99 1 0.89 0.85 0.87 0.83 0.85 0.56 -0.35 

0

y
 0.91 0.92 1 1.00 1.00 0.99 1.00 0.39 -0.17 

Q  0.85 0.87 0.99 1 1.00 1.00 1.00 0.35 -0.13 

  0.89 0.91 1.00 1.00 1 1.00 1.00 0.39 -0.16 

kinH
 0.83 0.85 0.99 1.00 0.99 1 1.00 0.33 -0.11 

nlH
 0.86 0.88 0.99 1.00 1.00 1.00 1 0.35 -0.13 

  0.74 0.71 0.58 0.50 0.57 0.48 0.52 1 -0.97 

m  -0.64 -0.61 -0.45 -0.38 -0.44 -0.35 -0.39 -0.99 1 

 

 Arbitrary shape indenter 2 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.98 0.89 0.86 0.88 0.85 0.86 0.61 -0.32 
  0.99 1 0.94 0.91 0.93 0.90 0.91 0.54 -0.22 

0

y
 0.93 0.96 1 1.00 1.00 1.00 1.00 0.44 -0.12 

Q  0.91 0.94 1.00 1 1.00 1.00 1.00 0.42 -0.10 

  0.93 0.96 1.00 1.00 1 1.00 1.00 0.44 -0.12 

kinH
 0.89 0.93 1.00 1.00 1.00 1 1.00 0.41 -0.08 

nlH
 0.91 0.94 1.00 1.00 1.00 1.00 1 0.42 -0.10 


 0.66 0.61 0.49 0.45 0.49 0.43 0.46 1 -0.94 

m  -0.45 -0.39 -0.25 -0.21 -0.25 -0.19 -0.22 -0.96 1 

 

 Arbitrary shape indenter 3 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.99 0.93 0.91 0.93 0.91 0.92 0.95 -0.94 
  0.99 1 0.96 0.94 0.96 0.94 0.95 0.96 -0.95 

0

y
 0.95 0.97 1 1.00 1.00 1.00 1.00 0.98 -0.98 

Q  0.93 0.96 1.00 1 1.00 1.00 1.00 0.98 -0.98 

  0.95 0.97 1.00 1.00 1 1.00 1.00 0.98 -0.98 

kinH
 0.92 0.95 1.00 1.00 1.00 1 1.00 0.97 -0.97 

nlH
 0.94 0.96 1.00 1.00 1.00 1.00 1 0.98 -0.98 


 0.97 0.98 0.97 0.96 0.97 0.95 0.97 1 -1.00 

m  -0.96 -0.97 -0.97 -0.96 -0.97 -0.95 -0.96 -1.00 1 
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In the third case, a reloading cycle is introduced into the load history. The maximum load in the 

first loading cycle is 60% of the maximum load in the second loading cycle. The corresponding 

parameter correlations are shown in Table. 5. 8. 

Table. 5. 8. The cosine matrices of the Hessian matrices obtained by the loading-holding-

unloading-loading-holding-unloading cycle: upper triangle with imprint data, lower triangle 

without imprint data. 

 Spherical indenter 

 E    
0

y
 

Q    
kinH

 nlH
 

  m  

E  1 0.96 0.84 0.79 0.84 0.76 0.80 0.41 -0.18 
  0.99 1 0.92 0.88 0.92 0.86 0.89 0.29 -0.04 

0

y
 0.93 0.95 1 0.99 1.00 0.99 1.00 0.21 0.04 

Q  0.89 0.92 0.99 1 0.99 1.00 1.00 0.20 0.04 

  0.94 0.96 1.00 0.99 1 0.99 1.00 0.23 0.03 

kinH
 0.87 0.90 0.99 1.00 0.98 1 1.00 0.18 0.06 

nlH
 0.91 0.93 1.00 1.00 1.00 0.99 1 0.21 0.04 

  0.57 0.53 0.48 0.47 0.51 0.45 0.48 1 -0.97 

m  -0.43 -0.39 -0.33 -0.33 -0.36 -0.30 -0.34 -0.99 1 

 

 Conical indenter 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.97 0.93 0.88 0.90 0.83 0.87 0.23 0.21 
  0.99 1 0.97 0.92 0.94 0.87 0.91 0.10 0.34 

0

y
 0.97 1.00 1 0.98 1.00 0.96 0.98 0.08 0.36 

Q  0.95 0.98 1.00 1 1.00 1.00 1.00 0.08 0.33 

  0.96 0.99 1.00 1.00 1 0.98 0.99 0.08 0.35 

kinH
 0.93 0.97 0.99 1.00 1.00 1 1.00 0.08 0.32 

nlH
 0.94 0.98 0.99 1.00 1.00 1.00 1 0.08 0.33 


 0.39 0.32 0.26 0.22 0.24 0.19 0.21 1 -0.89 

m  -0.03 0.05 0.11 0.14 0.12 0.16 0.14 -0.92 1 
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 Arbitrary shape indenter 1 

 E    
0

y
 

Q    kinH
 nlH

 
  m  

E  1 0.98 0.86 0.82 0.84 0.80 0.82 0.49 -0.10 
  0.99 1 0.90 0.86 0.88 0.84 0.86 0.43 -0.02 

0

y
 0.90 0.92 1 0.99 1.00 0.99 0.99 0.41 0.01 

Q  0.84 0.85 0.99 1 1.00 1.00 1.00 0.41 0.00 

  0.88 0.89 1.00 1.00 1 1.00 1.00 0.42 0.00 

kinH
 0.82 0.83 0.98 1.00 0.99 1 1.00 0.40 0.01 

nlH
 0.84 0.86 0.99 1.00 1.00 1.00 1 0.41 0.00 

  0.53 0.49 0.46 0.43 0.46 0.41 0.44 1 -0.90 

m  -0.29 -0.25 -0.20 -0.17 -0.20 -0.16 -0.18 -0.96 1 

 

 Arbitrary shape indenter 2 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 0.98 0.84 0.79 0.82 0.78 0.79 0.53 -0.18 
  0.99 1 0.90 0.86 0.89 0.85 0.86 0.47 -0.09 

0

y
 0.88 0.91 1 1.00 1.00 0.99 1.00 0.45 -0.07 

Q  0.82 0.85 0.99 1 1.00 1.00 1.00 0.44 -0.07 

  0.86 0.89 1.00 1.00 1 1.00 1.00 0.46 -0.08 

kinH
 0.79 0.83 0.99 1.00 0.99 1 1.00 0.43 -0.06 

nlH
 0.82 0.85 0.99 1.00 1.00 1.00 1 0.44 -0.07 


 0.57 0.53 0.49 0.46 0.49 0.44 0.46 1 -0.91 

m  -0.33 -0.29 -0.24 -0.21 -0.25 -0.20 -0.22 -0.96 1 

 

 Arbitrary shape indenter 3 

 E    
0

y
 

Q    kinH
 nlH

 


 m  

E  1 1.00 0.91 0.85 0.91 0.83 0.88 0.83 -0.81 
  0.99 1 0.92 0.86 0.92 0.84 0.88 0.82 -0.81 

0

y
 0.90 0.92 1 0.99 1.00 0.99 1.00 0.94 -0.93 

Q  0.85 0.87 0.99 1 0.99 1.00 1.00 0.95 -0.94 

  0.90 0.92 1.00 0.99 1 0.98 1.00 0.94 -0.93 

kinH
 0.83 0.84 0.99 1.00 0.99 1 1.00 0.94 -0.94 

nlH
 0.87 0.89 1.00 1.00 1.00 1.00 1 0.95 -0.94 


 0.83 0.83 0.94 0.95 0.95 0.95 0.96 1 -1.00 

m  -0.82 -0.82 -0.94 -0.94 -0.94 -0.94 -0.95 -1.00 1 
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From the results obtained by the spherical indenter, we can clearly see that the two viscous 

parameters, D and m , are significantly decoupled from the elastic and plastic parameters. 

Particularly, when the imprint data are added in the objective function (see the data in the upper 

triangle), the correlations of D  and m  with the elastic and plastic material parameters decrease 

below 0.414 and 0.179, respectively. However, for the other parameters, the couplings among 

the elastic and plastic material parameters do not show a remarkable change in comparison with 

the ones obtained under the loading-holding-unloading cycle. In the blocks of elastic, plastic and 

viscous parameters, the material parameters are still strongly coupled among themselves.  

Similar phenomena also appear in the results obtained by the other indenters. In the blocks of 

elastic, plastic and viscous parameters, the material parameters are always strongly coupled 

among themselves. However, it should be noted that the couplings of m  and D  are lower than 

0.9, when they are identified by the conical indenter and the arbitrary shape indenter 2 when the 

objective function includes the imprint data. 

Here, we can also note that all the parameter correlations, which are obtained by the arbitrary 

shape indenter 3, are very high. The material parameters are not sensitive to the shape 

geometries of the indenter tip. 

5.2.1. Illustration 

Herein, the spherical indenter is used to identify the material properties of the elasto-viscoplastic 

material which is shown in Table. 5. 5. Different forms of the objective function are used. When 

the objective function takes into account the imprint data, it is written as Eq. (2.51) and when the 

objective function does not include the imprint data, it is written as Eq. (2.56). Besides this, two 

loading histories are used: loading-unloading cycle and loading-holding-unloading-loading-

holding-unloading cycle. For the second loading history, the maximum load in the first loading 

cycle is 60% of the maximum load in the second loading cycle. The curves of load versus time 

for both loading histories are shown in Fig. 5. 1. 

The experimental P h  curve is a set of pseudo experimental data obtained by the spherical 

indenter using the real input material parameters. The plastic behaviour is described by Eq. (4.1), 

and the non-linear kinematic hardening is approximated by Armstrong-Frederick law (see Eq. 

(4.2)). The viscosity is described by Eq. (5.1). The values of the real input material parameters 

can also be seen in the first line of Table. 5. 9. The initial values of the elasto-viscoplastic 

material are listed in the second line of Table. 5. 9.  
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Table. 5. 9. The identified material properties for the elasto-viscoplastic material. 

 E     
0

y
 

Q    kinH
 nlH

 
  m  

 (GPa )  ( MPa )
 

( MPa )  ( MPa )
 

 ( 1// mMPa s ) 
 

Real input 200 0.3 400 200 10 100 5 1000 2 

Initial 300 0.2 600 300 7 400 3 800 5 

Case 1 224.9 0.22 423.0 160.1 7.56 152.5 1.87 445.9 1.24 

Error (%) 12.5 26.7 5.8 19.9 24.4 52.5 62.6 55.4 38.0 

Case 2 208.1 0.23 426.3 150.8 7.27 154.2 1.77 455.6 1.55 

Error (%) 4.1 22.0 6.6 24.6 27.3 54.2 64.6 54.4 22.3 

Case 3 207.9 0.19 427.6 152.0 7.35 192.9 2.90 589.8 1.81 

Error (%) 3.9 36.7 6.9 24.0 26.5 92.9 42.0 41.0 9.5 

Case 4 207.0 0.17 420.4 180.6 6.32 150.2 2.16 465.3 1.52 

Error (%) 3.5 43.0 5.1 9.7 36.8 50.2 56.9 53.5 23.9 

 

 

Fig. 5. 1. Two used loading histories: loading-unloading cycle (left), loading-holding-unloading-

loading-holding-unloading cycle (right). 

The optimized P h  curves and the pseudo experimental data are compared in Fig. 5. 2 and Fig. 

5. 5. In Fig. 5. 2, the loading history is single loading-unloading. In Fig. 5. 5, the loading history 

is more complex. The loading-holding-unloading-loading-holding-unloading cycle is used. In 

the cases 1 and 3, the objective function does not take into account the imprint data. In the cases 

2 and 4, the objective function takes into account the imprint data. The corresponding 

convergence histories of the objective function can be seen in Fig. 5. 3 and Fig. 5. 6. Moreover, 

the evolutions of the material parameters are shown respectively in Fig. 5. 4 and Fig. 5. 7. In Fig. 

5. 4 and Fig. 5. 7, the normalized material parameter value is defined as the evaluated material 

parameter value divides the input material parameter value. The final evaluated results obtained 

by both loading histories are listed in Table. 5. 9. 
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Fig. 5. 2. The optimized P h  curves compared to the pseudo experimental one: loading-

unloading cycle is used. 

 

Fig. 5. 3. The convergence histories of the objective function: loading-unloading cycle is used. 
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Fig. 5. 4. The evolutions of the material parameters: loading-unloading cycle is used. 

It is obvious that the optimal P h  curves usually have a good agreement with the pseudo 

experimental data. However, we should note that the evaluated material parameters are 

significantly different from the input material parameters for the case 1. That is because in this 

case which uses the loading-unloading cycle, all parameters are strongly coupled. The parameter 

correlations are shown in the lower triangle in Table. 5. 6. However, once the imprint data are 

taken into account by the objective function, it seems that the accuracy of the Young’s modulus 

is improved. For instance, the error of  E  is lower than 5% for the case 2. 

For the cases 3 and 4 which use the loading-holding-unloading-loading-holding-unloading cycle, 

the Young’s modulus can be correctly evaluated. However, except for the Young’s modulus, 

every identified material parameter has a significant error compared to the input material 
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parameters. For example, the error of kinH  is even larger than 92% compared to the input value 

in the case 3. 

  

Fig. 5. 5. The optimized P h  curves compared to the pseudo experimental one: loading-

holding-unloading-loading-holding-unload cycle is used. 

 

Fig. 5. 6. The convergence histories of the objective function: loading-holding-unloading-

loading-holding-unload cycle is used. 
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Fig. 5. 7. The evolutions of the material parameters: loading-holding-unloading-loading-

holding-unload cycle is used. 

According to the parameter correlations which are listed in the lower triangle in Table. 5. 8, it 

seems that the viscous parameters,   and m  are decoupled from the other parameters. However, 

the evaluated   and m  are not correct, this may be due to the fact that   and m  are still 

coupled to each other. Therefore, in order to verify this, three parameters are chosen respectively 

from elastic, plastic and viscous parameters and the other material parameters are fixed in the 

following part. For instance, herein E , Q  and m  are chosen to be variable and the other 

material parameters are fixed at the input values. Moreover, the different forms of the objective 

function and the loading history are used to show that the imprint data and the loading history 

with holding and reloading cycles are helpful in identifying material parameters. 
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Table. 5. 10. The identified material properties for the elasto-viscoplastic material: E , Q  and 

m  are evaluated. 

  E  (GPa ) Q  ( MPa ) m   E  (GPa ) Q  ( MPa ) m  

  Initial set 1 Initial set 2 

  300 300 5 150 150 1 

Id
en

ti
fi

ed
 

Case 1 220.9 180.6 0.24 189.2 186.7 2.51 

Error (%) 10.5 9.7 88.1 5.4 6.7 25.6 

Case 2 207.6 200.2 1.69 203.6 186.4 2.56 

Error (%) 3.8 0.1 15.6 1.8 6.8 28.1 

Case 3 205.0 195.2 2.04 194.4 202.7 1.98 

Error (%) 2.5 2.4 2.1 2.8 1.4 1.0 

 

Two sets of initial values and the corresponding evaluated values of the material parameters are 

listed in Table. 5. 10. In the cases 1 and 2, single loading-unloading cycles are used. In the case 

1, the objective function does not take into account the imprint data. In the case 2, the imprint 

data are included in the objective function. For the case 3, the loading history is loading-

holding-unloading-loading-holding-unloading and the objective function does not take into 

account the imprint data. 

Fig. 5. 8 shows the optimized P h  curves for the cases 1 and 2 which use loading-unloading 

cycle. It is clear that the optimized P h  curves have a good agreement with the pseudo 

experimental data. However, Table. 5. 10 shows that E , Q  and m  are not correctly evaluated 

in the case 1 for both sets of initial values, all of them have a large error compared to the input 

values. In the case 2, the accuracy on E  is improved by the objective function taking into 

account the imprint data. The errors of E  are lower than 5%. However, the evaluated m  are 

obviously different from the input value for both sets of initial material parameters, the errors of 

m  are larger than 15%. Besides this, it seems that Q  is also not correctly evaluated, although its 

error is very small for the first set of initial material parameters. This is due to the fact that the 

correlation parameter between  Q  and m  is -0.99 (see it in the lower triangle of Table. 5. 6) and 

the error of  Q  is 6.8% for the second set of initial material parameters. 
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(a) For the initial set 1. 

 

(b) For the initial set 2. 

Fig. 5. 8. The optimized P h  curves (only E , Q  and m  are evaluated) compared to the 

pseudo experimental one: loading-unloading cycle is used. 
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(a) For the initial set 1. 

 

(b) For the initial set 2. 

Fig. 5. 9. The optimized P h  curves (only E , Q  and m  are evaluated) compared to the 

pseudo experimental one: loading-holding-unloading-loading-holding-unload cycle is used. 

Furthermore, we note that for the case 3 which uses loading-holding-unloading-loading-holding-

unloading cycle, the accuracies of the evaluated material parameters are significantly improved 

by the loading history, although the objective function does not take into account the imprint 

data. The errors of the evaluated material parameters compared to the input values are lower 

than 5% for both sets of initial material parameters. The optimized P h  curves are shown in 

Fig. 5. 9. They are almost identical compared to the pseudo experimental one. 
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Finally, the optimized P h  curves for all the cases are compared in Fig. 5. 10. It is obvious 

that the optimized P h  curves are nearly identical and Fig. 5. 10 shows they have a good 

agreement with the pseudo experimental data for both loading histories. 

 

(a) For loading-unloading cycle. 

  

(b) For loading-holding-unloading-loading-holding-unload cycle. 

Fig. 5. 10. The comparison of the optimized P h  curves for all the cases. 

In the following part, the optimized results for isotropic hardening case are studied. The same 

initial material parameters which are listed in Table. 5. 9 are used, yet the kinematic hardening 

parameters, kinH  and  nlH  are fixed at zero. The imprint data are included by the objective 

function and the loading-unloading cycle is used. 
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Fig. 5. 11 shows the optimized P h  has a good agreement with the pseudo experimental data. 

The corresponding convergence history of the objective function and the evaluations of the 

material parameters are shown respectively in Fig. 5. 12 and Fig. 5. 13. However, Table. 5. 11 

shows that the evaluated material parameters have a large error compared to the real input 

values expect for Q .   

In order to investigate the influence of the kinematic hardening on P h  curve, the P h  curve 

for the isotropic hardening case ( kinH  and  nlH  are set to zero, other material parameters are 

chosen at the same values as the input values) is compared to the pseudo experimental one in 

Fig. 5. 14. It is obvious that the maximum penetration depth for the isotropic hardening case is 

larger than the one for the kinematic hardening case for the same maximum load. Thus, it can be 

said that the influence of the kinematic hardening should not be ignored although the loading 

history does not include a reloading cycle. 

Table. 5. 11. The identified material properties for the elasto-viscoplastic material with isotropic 

hardening. 

 E     
0

y
 

Q    kinH
 nlH

 


 m  

 (GPa )  ( MPa )
 

( MPa )  ( MPa )
 

 ( 1// mMPa s ) 
 

Real input 200 0.3 400 200 10 100 5 1000 2 

Initial 300 0.2 600 300 7 0 0 800 5 

Identified 227 0.01 420 196 3.0 − − 417 3.7 

Error (%) 13.5 96.7 5.0 2.0 70.0 − − 58.3 85.2 

 

  

Fig. 5. 11. The optimized P h  curves for the isotropic hardening case. 
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Fig. 5. 12. The convergence history of the objective function. 

 

Fig. 5. 13. The evolutions of the material parameters. 
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 Fig. 5. 14. The P h  curves for the kinematic hardening and isotropic hardening cases. 

5.2.2. Conclusions 

It is obvious that the residual imprint data are also useful to decrease the parameter correlations 

for the time-dependent material models. Indeed, the imprint data perform well to decouple the 

elastic, plastic and viscous parameters from each other, particularly in the case with a holding 

cycle. 

Moreover, the addition of a holding period visibly decreases the correlations of viscous 

parameters from the other material parameters. From the cases with two holding periods 

presented in Table. 5. 8, it can be seen that the two viscous parameters of D  and m are 

significantly decoupled from the other material parameters, and that the correlation between D  

and m  also decreases below 0.9, when it is evaluated by the conical indenter and the arbitrary 

shape indenter 2. 

The reloading cycle seems not to reduce the correlations of kinematic hardening parameters with 

other parameters in a significant way. 

From the overall cosine matrices of the Hessian matrices determined by different indenters with 

different load histories, it can be seen that the blocks of elastic, plastic and viscous material 

parameters can easily be separated from each other, but they are always fully coupled among 

themselves. 

Besides, it is noted that the conical indenter performs better compared to the other indenters in 

the identification of the viscous properties of the investigated material. 
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CHAPTER 6 

CONCLUSIONS AND PERSPECTIVES 

 

Overview 

The final conclusions of this thesis and some outlooks and perspectives are stated in this chapter. 

  

 

Contents  

 

6.1. Conclusions 

6.2. Outlooks and Perspectives 
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6.1. Conclusions 

This research project started on September, 2006. Its main aim is to investigate the effect of the 

indenter tip geometry on the parameter correlation in the identification of material parameters by 

indentation testing. Through the illustrations presented in this thesis and some researchers’ 

investigations (Constantinescu and Tardieu, 2001; Huber and Tyulyukovskiy, 2004), we have 

noticed that strongly coupled material parameter correlation is a serious problem in the 

identification of material parameters. If the material properties are identified using the inverse 

analysis based on gradient-based optimization algorithms, such correlation of material 

parameters leads to near-singular matrices in the optimization algorithms, which has a strong 

effect on convergence rates and on the accuracy with which the location of the minimum of the 

objective function can be determined. A unique solution is difficult to achieve and the identified 

material parameters have high errors. 

The effects of the tip geometries of some indenters on the correlation of material parameters in 

parameter identification are investigated in the present thesis. Three arbitrary shape indenters are 

designed in order to produce different mechanical responses, namely, load versus indentation 

displacement, and residual imprint. The effects of those indenter tip shapes and the residual 

imprint data on material parameter correlation are assessed under different loading histories. 

Several representative material constitutive laws are used, e.g. elasto-plastic, elasto-viscoplastic, 

in order to evaluate their sensitivity towards indenter tip geometry. 

According to the investigations mentioned in this thesis, a deep understanding of the effect of 

the indenter tip geometry on the parameter correlation in the identification of material 

parameters is achieved. It is useful to find a strategy to reduce the material parameter correlation. 

This may help to improve the reliability of material parameter identification procedures which 

are based on indentation testing combined with inverse methods. 

The main original contributions should be emphasised. First, an improved method to calculate 

the hardness of material for a rounded indenter tip is proposed. Second, the work assesses the 

effects of imprint data and indenter tip geometry on the correlation of material parameters. Third, 

it proposes two strategies for improving the identifiability of material parameters. Moreover, the 

achievements of this work can be summarised as below: 

1) The indentation results and the sources of their dispersion are analyzed. 

Normally, in indentation experiments, the dispersion of indentation results is mainly caused 

by the contact friction, the indentation size effect, the material deformation around the 

indenter, the imperfect indenter geometry, etc. Besides, when numerical methods are 

concerned the sources of dispersion come also from the numerical tools because the 

researchers usually introduce artefact. For instance, in numerical simulations, the errors 
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caused by the boundary conditions are significant for a small-volume specimen. In addition, 

pyramid indenters are frequently replaced by conical indenters with equivalent angles. 

Although the hardness obtained by pyramid indenters are almost similar to the ones 

obtained by conical indenters, the stress distribution under the indenters and the material 

deformations around them are completely different compared to the conical indentations. 

Moreover, chapter 3 focuses on the influences of the contact friction and of the rounded tip 

radii of the imperfect conical indenters on the indentation testing results. The results show 

that neither the contact friction nor the rounded tip radius of the imperfect indenter should 

be neglected.  

2) A method for the evaluation of the correlation of material parameters is presented. 

In the identification of material parameters using the inverse analysis based on the gradient-

based optimization method, coupled material parameter correlation generally leads to a non-

unique solution. Therefore, it is crucial to find a method to evaluate the correlation of 

material parameters. 

A cosine matrix of the Hessian matrix is proposed to assess the correlation of the material 

parameters. It can be determined from the Hessian matrix or the approximated Hessian 

matrix. They exist in the optimization procedure. 

3) A method for reducing the correlation of material parameters is presented. 

Given that the residual imprint data contain the information of the indentation piling-up or 

sinking-in, they should facilitate the quantification of plastic material behaviour. Therefore, 

the objective function is designed to take into account the residual imprint mapping data, in 

order to reduce the correlation of material parameters. 

4) Strategies for the improvement of the identifiability of material parameters are proposed and 

the effects of the residual imprint data on the identification of material parameters are 

assessed. 

The effect of the imprint data on the correlation of material parameters in the parameter 

identification is primarily investigated in an elasto-plastic material by a conical indenter. 

The result shows that the imprint data are helpful to reduce the parameter correlations 

although the reduction is not significant. Thus, the indenters with special tip shapes are 

designed in order to produce different piling-up or sinking-in, which is helpful to reduce the 

parameter correlation and to improve the identifiability of material parameters. Besides, 

different load histories are applied in the identification of material properties. 

Three indenters with arbitrary shapes are designed. The effects of the tip geometries of the 

three arbitrary shape indenters on the indentation test data are assessed and compared to the 

classical indenters. Several materials which exhibit elasto-plastic and elasto-viscoplastic 
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behaviours are used to evaluate the sensitivity of their parameters towards the indenter tip 

geometries. In addition, three different load histories are applied on the time-dependent 

material. The contributions of the holding cycle and the reloading cycle to the determination 

of the material properties are evaluated. 

According to the investigations and the illustrations, it is suggested that the imprint mapping 

data are important to the identification of the material parameters. Once the imprint data are 

taken into account in the objective function, the elastic, plastic and viscous parameters can be 

easily decoupled from each other. Moreover, it is known that the reloading cycle is helpful and 

the holding cycle is important to determine the properties of the time-dependent material. The 

viscous material parameters are easily separated from the elastic and the plastic parameters 

under the effect of the holding cycle. 

6.2. Outlooks and Perspectives 

Before closing this thesis, it is important to point out that this does not imply the end of the work 

on this subject. Much more complexities are actually involved in a practical application of 

indentation testing. On the one hand, thanks to the refinements and the developments of sensor 

and actuator technology, a more accurate result can be obtained in indentation measurements 

and the applications of indentation testing are being introduced in more and more engineering 

fields. On the other hand, indentation is a complex contact system. Some theoretical 

backgrounds involved in indentation testing are still not completely achieved and mastered. 

Therefore, some additional technical discussions are presented here. 

6.2.1. Assessment of the effect of the indenter tip geometry 

using 3D model 

According to the investigation mentioned in chapter 2, when at the same indentation depth, the 

areas produced by conical ( = 70.3 ), Vickers and Berkovich indenters are identical and the 

loads are almost the same, they give approximately the same hardness. 

However, it is easy to see that, in Fig. 6. 1, Vickers and Berkovich indenters involve more 

complex tip shape geometries than the conical indenters. The corresponding imprint maps 

produced by such indenters also have more complex stress distributions. According to the 

previous investigation (Shi et al., 2010), Berkovich indenter can lead to a larger strain and strain 

gradient. 
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The residual imprints produced by Vickers and Berkovich indenters may be more meaningful 

and valuable to quantify the behaviour of plastic materials. Consequently, in the future, 3D 

models should be used to assess the effect of the geometries of the indenter tip shapes. However, 

3D numerical simulations usually cost more computation time. In the future, this will not be a 

big problem because, thanks to the rapid development of computers, the task with 3D model can 

be computed by advanced computers or parallel computing workstation cluster. 

 

   

(a)  Conical indenter               (b)  Vickers indenter                 (c)  Berkovich indenter 

Fig. 6. 1. The maps of Equivalent plastic strain produced by (a) Conical, (b) Vickers and (c) 

Berkovich indenters.  

6.2.2. Evaluation of more arbitrary shape indenters 

Two years ago, some indenters with arbitrary shapes were used in indentation to investigate 

viscoelastic materials (Kozhevnikov et al., 2008; Kozhevnikov et al., 2010). In the work of  

(Kozhevnikov et al., 2010), an indenter with seven spherical tips (one is in the centre of a circle 

and the other six are proportionally located in this circle) is performed. We can note that the 

pressure distributions under the indenter tips, which are located in the centre and the periphery, 

are significantly different although the indenter tips have exactly the same geometric shapes. 

Those works give us some helpful insights, namely, an indenter should be modelled by several 

spherical tips with different radii, or with different spaces between them. The relationship 

between the contact areas and the contact forces are worth investigating. In an indentation test, 

the load can be written as a function of the indentation depth. For instance, according to the 

investigation (Oliver and Pharr, 1992), if a spherical indenter is used during the loading, the 

relationship between P  and h  is written as 1.5P Ch , where, C  is a positive constant. Thus, it 

is known that the slope of the P h  curve increases with an increase of h . If we want to make a 

change in this slope to investigate the mechanical response of the investigated material, it is 
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hardly possible for the indenters with symmetry of revolution. However, if the used indenter is 

modelled by several spherical tips, the relationship between total contact areas and the 

indentation depth is completely different from the relationship for a single spherical indenter. 

Therefore, the relationship between P  and h  will be changed and the slopes of the P h  curve 

are changed too. Furthermore, the contact areas will become closer to each other with an 

increase of the indentation depth. The interacting effects of the tips may produce complex stress 

distributions, it is also worth investigating. 

Therefore, the indenter with more complex geometric tip shapes will be evaluated in the future. 

Such evaluation will be useful because the mechanical response of an indented material under an 

indenter with complex geometric tip shapes and the imprint data that such indenter produce may 

contain more valuable information about plasticity. This will help to reduce the correlation of 

material parameters. 

In addition, some researchers (Chollacoop et al., 2003; Cao and Lu, 2004) demonstrated that the 

conical indenter can be used to determine effectively the plastic properties of typical engineering 

metallic materials. Besides, many researchers (Chollacoop et al., 2003; Cao and Lu, 2004; Le, 

2008; Le, 2009)  proposed the use of dual sharp indenters to determine the material properties. 

They demonstrated that the accuracy of the evaluated material parameters has improved in a 

significant way. Therefore, an idea is that an indenter with several conical indenters which have 

a different apex half angle should be used to determine material parameters in the future. Like 

the aforementioned indenter with spherical tips, the complex geometry shape of such an indenter 

may be useful to improve the identifiability of material parameters. 
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