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Abstract: A cardiovascular and circulatory system (CVS) model has been validated in silico, and in 

several animal model studies. It accounts for valve dynamics using Heaviside functions to simulate a 

physiological accurate “open on pressure, close on flow” law. Thus, it does not consider the real time 

scale of the valve aperture dynamics and thus doesn’t fully capture valve dysfunction particularly where 

the dysfunction involves partial closure. This research describes a new closed-loop CVS model including 

a model describing the progressive aperture of the mitral valve and valid over the full cardiac cycle. This 

new model is solved for a healthy and diseased mitral valve. 
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1. INTRODUCTION 

Mathematical models of the cardiovascular system (CVS) 

vary significantly in their complexity and their objectives. 

They range from the simple Windkessel model (Burkhoff et 

al., 1988) to very complex network representations of the 

vascular tree (Shim et al., 2008) and finite element models of 

several million degrees of freedom (Kerckhoffs et al., 2007, 

Hunter et al., 1992).  

 

The model described in this study can be considered as a low 

to intermediate complexity model known as a “minimal 

cardiac model” (Smith et al., 2004). The model was first 

developed and optimized (Hann et al., 2005, Smith et al., 

2004) to assist health professionals in selecting reliable and 

appropriate therapies. This model is based on the “pressure-

volume” (PV) lumped element approach. It divides the 

cardiovascular system in several chambers described by their 

own PV relationship (Olansen et al., 2000, Smith et al., 

2004). This method requires a limited number of parameters, 

allowing for easy and rapid simulations and for patient 

specific identification of disease state at the bedside (Desaive 

et al., 2008, Desaive et al., 2007). 

 

A first attempt to describe the progressive aperture of the 

mitral valve was made by Szabó and co-workers (Waite et 

al., 2000, Franck and Waite, 2002, Szabó et al., 2004, Waite 

and Fine, 2007) but their model is only valid during the early 

ventricular filling phase. We will first describe this model 

and then explain how we extend it to the complete cardiac 

cycle.  

In this research, we couple this closed-loop CVS model with 

a model describing the progressive aperture of the mitral 

valve. The goal is to better take into account valve dynamics 

during an entire cardiac cycle and their impact on circulatory 

dynamics, particularly in capturing the impact of valve  

 

dysfunction. Clinically understanding, this impact and the 

ability to indentify it would lead directly to new model based 

diagnostic capabilities.  

 

Results are shown for a heart with a healthy valve and for a 

heart with a common valvular dysfunction, namely mitral 

insufficiency. 

 

2. METHODS 

2.1 The cardiovascular system model (CVS) 

We used a CVS model with six elastic chambers which are 

the left and right ventricles, the vena cava, the aorta, the 

pulmonary artery and veins (Fig. 1). This model was first 

described by Smith et al (Smith et al., 2004) and has already 

been validated in silico and in several animal model studies 

(Smith et al., 2005, Starfinger et al., 2007, Desaive et al., 

2008, Starfinger et al., 2008b, Starfinger et al., 2008a). In 

Figure 1, resistances (R), inductors (L) and diodes 

respectively model the resistance of the flows through the 

arteries, the effects of inertia, and the cardiac valves. 

 

 

 

Fig. 1. Closed-loop model of the cardiovascular system 

This work was supported by the F.R.I.A. (Belgium), the University of Canterbury and the French Community of Belgium (Actions de Recherches Concertées  

Académie Wallonie-Europe) 



 

 

     

 

The cardiac chambers are modeled using pressure-volume 

(PV) relationships. The upper and lower limits of the cardiac 

cycle (Figure 2), respectively the end systolic pressure-

volume relationship (ESPVR) and the end diastolic pressure-

volume relationship (EDPVR) are defined: 

 

   dESES VVEVPESPVR :  (1) 
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where PES is the end-systolic pressure, EES the end-systolic-

elastance, V the volume, Vd the volume at zero pressure, PED 

the end-diastolic pressure and A, ,V0 are three parameters of 

the nonlinear relationship. 

 

To account for myocardial activation, a time-varying 

elastance driving function is used over a single heart beat and 

is defined: 
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There are three differential equations describing the rate of 

change of the cardiac chamber volume and the inflow (Qin) 

and outflow (Qout) for each ventricle: 
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where Pup, Pdown and P are the upstream, the downstream and 

the chamber pressures, Lout and Lin respectively the outer and 

inner inductors, and Rout and Rin the outer and inner 

resistances. These equations are valid for the six chambers of 

our model. 

 

Ventricular interaction and valve dynamics 

 

Both the septum and the pericardium play major roles in 

ventricular interaction as they link the two chambers directly.  

To define the septum volume Vspt we introduce the free wall 

volumes Vlvf and Vrvf which are not exactly physical volumes. 

They are defined in Figure 3. 

 

Fig. 3. Free wall volumes definitions in the heart 

 
 

At each time step, Vspt is obtained from the following non-

linear equation (Smith et al., 2004): 
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where Ees,spt, Ees,lvf, Ees,rvf, V0,spt, Vd,spt, rvf and lvf are 

parameters defined in (Smith et al., 2004).  

 

Finally, the model used in this paper assumes that the 4 

cardiac valves only exist in two different states: open or 

closed (Smith et al., 2004). Thus, a special procedure is used 

(Hann et al., 2005) that automatically accounts for the valves 

opening and closing, instead of using an event solver to 

detect when the valve should open or close. This procedure is 

based on the Heaviside formulation in Equation and 

minimises computation and computational instability (Hann 

et al., 2005). 
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For each valve, the argument of the Heaviside function is 

chosen to fulfil the law: “open on pressure, close on flow” 

(Smith et al., 2004, Hann et al., 2005). 

 

2.2 The mitral valve model  

 

The main drawback of the Heaviside formulation is that it 

does not take into account physiological time scale of the 

valve aperture (Saito et al., 2006). Therefore, the initial 

model is not able to fully capture valve dysfunctions. Given 

the common occurrence of valve dysfunction, it has 

important clinical implications. 

 

 

The normal motion of the mitral valve during a cardiac cycle 

has been analyzed by Saito et al. (Saito et al., 2006). The 

qualitative normal mitral aperture evolution during the 

P 

V 

ESPVR 

EDPVR 

Filling 

Contraction 

Ejection 

Relaxation 

Fig. 2. Pressure-volume diagram 



 

 

     

 

diastole is given in Figure 4. It describes the two peaks E-

wave and A-wave corresponding respectively to the passive 

filling of the ventricle and the active one, due to the atrial 

contraction. 

 

Fig. 4. Effective mitral aperture evolution during the filling 

phase (diastole), shown schematically 

 
A first attempt to describe the progressive aperture of the 

mitral valve was made by Szabó and co-workers (Szabó et 

al., 2004) but their model is only valid during the early 

ventricular filling phase. We will first describe this model 

and then explain how we extend it to the complete cardiac 

cycle.  

The model begins at the time when pressures are equal in the 

atrium and the ventricle. It thus begins from the instant of 

mitral valve opening. The model then describes flow and 

pressures during ventricular filling up to the point of atrial 

systole. This model is then valid until the end of the early 

diastole also denoted as E-wave. The interval of validity of 

this model, the early diastolic ventricular filling phase, is 

shown in Figure 5. 

 

Fig. 5 A typical pressure waveform in the left atrium, left 

ventricle and aorta, the electrocardiogram evolution and the 

corresponding cardiac events. The section marked shows the 

period designated as “Early diastolic filling”. 

 
The mitral apparatus is modelled as a cylinder of a cross-

sectional area A and length l constant (Thomas and Weyman, 

1989, Waite et al., 2000) (Figure 6).  The concept of mitral 

valve impedance is derived from these two geometric 

parameters and other physiological parameters such as blood 

density and velocity (Waite and Fine, 2007).  

 

 

Fig. 6 Schematic of the left heart used to develop a 

mathematical model of flow through the mitral valve.  

 

A system of three ordinary differential equations describes 

the system (Equations 9-11).  
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Where the active relaxation term captures the exponential 

decrease of the pressure independently of the changes of 

volume of the ventricle (Szabó et al., 2004). 

 

This model uses the following variables and parameters: 

 

PA = left atrial pressure 

q = instantaneous flow rate 

through the mitral valve 

RC = convective resistance 

CA = atrial compliance 

A = mitral valve effective 

area 

PV = left ventricular pressure 

RV = viscous resistance 

L = inertance term 

CV =  ventricular compliance 

V = average velocity of 

blood through the mitral 

valve 

 

Using a systems approach, the mitral valve aperture is viewed 

abstractly as a mechanical system whose behaviour is 

governed by intrinsic dynamics and forces acting on it.  

 

The intrinsic dynamics of the valve aperture are modelled by 

a second-order linear differential equation taking into account 

the mass of the valve cusps, the elasticity of the tissue and the 

damping experienced by the valve cusps, while minimising 

valve model complexity:  
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Where D  is the damping coefficient and describes the 

amount of damping the valve cusps experience,   is the 

natural frequency of the valve and F(t) models the forces 

acting on the valve. 

 

This term is derived by considering Bernoulli’s equation for 

unsteady, inviscid flow along a streamline. The equation 

states that on any point, the total pressure is composed of 

three components: static pressure, dynamic pressure and 

acceleration-induced pressure. These three components of the 



 

 

     

 

fluid pressure inside the mitral valve apparatus lead to a force 

acting on the valve cusps. 
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The force term contains the remaining 4 

parameters maxA , sK , dK  et aK , as defined in (Szabó et al., 

2004). 

 

2.3 Coupling both models 

The model described in the previous section is only valid 

during a small part of the cardiac cycle (the E-wave). To 

couple it with the closed-loop CVS model, we need to have a 

valve model valid over a complete cardiac cycle.  

 

However, the CVS model does not include a chamber for the 

left atrium so it does not capture strictly the atrial systole also 

referred to as the A-wave. In this research we propose a 

simplified approach to account for both the E-wave and the 

A-wave as illustrated in Figure 8.  

 

Fig. 7. Simplified mitral aperture evolution, shown 

schematically 

This modified model of the variable mitral aperture is then 

introduced into the closed loop model of the CVS. To achieve 

this correction, the system of ordinary differential equations 

was modified. The Heaviside functions related to the mitral 

valve were deleted and replaced as defined hereafter. 

 

Based on the expression of the resistance in a cylindrical 

flow, the mitral resistance is modified to be a function of the 

mitral aperture:  
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8
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In the same way, we adapt the expression of the inertance: 
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The variation of the mitral flow qmt is also updated to take 

into account the variation of the mitral aperture:  
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Thus this approach introduces two new state variables A   

and A  and consequently two new ordinary differential 

equations. 

In summary, the new system of ordinary differential 

equations can be written: 
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(17) 

 

We simulate the model with Matlab (The MathWorks, USA) 

and solve the system of ordinary differential equations with 

the ode45 routine. 

 

3. RESULTS 

The models of Sections 2.1 and 2.3 are simulated for a 

healthy human (Smith et al., 2004). Figure 9 shows the left 

and right PV-loops using the original model of Section 2.1. 

Figure 10 shows the same simulation with a healthy mitral 

valve but for the model of Section 2.3. 



 

 

     

 

 
Fig. 8. Pressure-Volume loops for the model introduced in 

the Sec. 2.1 for the left and right ventricles. 

 

 
 

Fig. 9. Pressure-Volume loop for the model introduced in the 

Sec. 2.3 for the left and right ventricles. 

 

 

3.1 Comparison of the results 

 

Comparing the simulations with the initial CVS model and 

the Heaviside valve law, with the new model including 

variable mitral valve aperture provides initial model 

validation. Hemodynamic variables trends in both models 

show very good correlation and the new model accurately 

describes the opening and closing of the valve as expected 

physiologically.  

 

 

3.2 Mitral valve dysfunction 

 

The new model is now evaluated for a common pathological 

situation, namely the mitral valve insufficiency. This 

pathology consists of a defect in the mitral valve structure 

and/or dynamics leading to mitral regurgitation (Lancellotti, 

2004-2005, Raff et al., 2000), as shown in Figure 11. 

 

Figure 12 shows schematically a typical pressure-volume 

loop for such a valvular dysfunction, as observed clinically 

(Raff et al., 2000). 

 

 

 

To model this situation, the parameters of the mitral valve 

model are modified close with some of the hemodynamic 

variables to take into account the cardiac adaptation to the 

pathology. Despite the large number of parameters realistic 

mitral valve regurgitation was simulated and resulted in and 

found pressure-volume loops in figure 13 comparable to 

those observed clinically.  

 

 

Fig. 11. Pressure-volume loop for a left ventricle with a 

mitral insufficiency, shown schematically. 

 

Fig. 12. Computed pressure-volume loop for the left ventricle 

 
Hence, mitral valve regurgitation was simulated. The results 

very close in shape and magnitude to clinical results further 

validating the model. 

 

 

 

Fig. 10. Mitral regurgitation. The green arrow characterises 

the correct ejection from the ventricle to the aorta. The red 

arrow characterises the mitral regurgitation from the ventricle 

to the atrium during systole. 



 

 

     

 

4. CONCLUSIONS 

 

This work describes a new closed-loop model of the 

cardiovascular system that accounts for progressive mitral 

valve aperture. Simulations show good correlation with 

physiologically expected results for healthy or diseased 

valves. The large number of valve model parameters 

indicates a need for emerging, lighter and minimal mitral 

valve models that are readily identifiable to achieve full 

benefit in real-time use. These results suggest a further use of 

this model to track, diagnose and control valves pathologies.  
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