12¢me cours de Mécanique Analytique (2/12/2010)
















© ESA/DLR/FU Berlin (G. Neukum)










o 2.4 Transformations canonigues

2.19
F; = Pi(q,p,t) (2.19)

: oK : 0K |
Qi = oP P = ~90, i=1,... /)| (2.20)

to
& b= Fl(Qa Qat)

F = Fyq, P,1) — Q:P,
F=qp; + F3(p,Q,1)
—>  F'=qip; — Qi P; + Fu(p, P, 1)

pigi — H = PQ; — K + — (2.22)

/t (PQ: — K(Q, P,1))dt =0
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e 2.5 Exemples de transformations canoniques
a)  Iyq,P)=qP (2.33)

I _ p o (2.34a)

Pi = 3_%
OF,

Q: = ap = @ (2.34b)

K = H (2.34c)

b) F1 — Qka (235)
o
o,

Pi — —%——q (236b)

(2.36¢C)

]
=

|
<

K(Q, P)



e 2.6 L’approche symplectique des transformations

canoniques
vecteur colonne na 2f éléments. 7, =q¢; , nigpr=p; 1< f
(2.45)
le vecteur colonne o (8_[{) _ oA (8_[{) _ ol 1< f
vecteur nn an o). " g o)., " o <
(2.46)
. , 0 1
J la matrice carrée 2f x 2f J =
~1 0 ) (2.47)

?7—J (2 48)
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2.6 L’approche symplectique des transf. canoniques

- . OH
( = MJMé)—C (2.55)

- OH

MJIM = J (2.57a)
MJM =J (2.57b)
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e 2.7 Les crochets de Poisson

[ it ]

du Ov du Ov
(%L . 5u oV
SI =— et = =&
vl = o 3?7 (2.59) U on, Vi on,
= Uj i Vi

= U [Oik-f Ta<ist fr1<k<2f] - Oi-fix [r+1<i<of 1<k<f ]V
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e 2.7 Les crochets de Poisson

matrice crochet de Poisson
désignée par [n,n] dont I’élément (¢m) est [n,, n,,]

[7,m)s = J (261)
C — C(nvt)

_ %
[Cvd’ﬁ T 8?7

7% (2.62)
I
€, ¢l = MJM (263)

¢, ¢, = (2.64) ¢, ¢e=J (2.65)



e 2.7 Les crochets de Poisson

&u

[u, v], = I (9?7
Ov ~ Ov
p Ma—C (2.66)
67)
~10v
, Ma—C (2.68)

(2.69)

(2.59)
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e 2.7 Les crochets de Poisson

wu] = 0
[u,0] = —[v, 4]
lav+ bv,w] = afu,w] + blv,w
[uv,w] = [u,wlv + ufv,w]
[, [o, ]+ [, [w,a]] + [w, [u, 0] = 0
— I i
Og T Ono;

[, [v, w]] = uidij[v, wlj = widij(vgSrews)

(2.70a)
(2.70b)

(2.70c)
(2.70d)

(2.70e)



e 2.7 Les crochets de Poisson

[, [v, w]] = widij[v, wl; = widij(vrJrewe);

[, v, w]] = widij(vpJpewe; + vg Jrewy) (2.71)
Jii St vpwy;

(v, [w, ul]] = vrJpe(w; Jjini)e

Sjid o vpw;y

(Ji; + Jj) Jpewsvpwe; = 0 (2-72)
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e 2.7 Les crochets de Poisson

0 (2.70a)
—[v, 4] (2.70b)
alu,w] + blv,w] (2.70c)
[u, wlv + ulv,w) (2.70d)

[v, [w,u]] + [w,[u,v]]=0 (2.70¢€)



e 2.8 Heormulddtoonoed danneeaamygeciaanniiooneemee ]
dans le langage des crochets de Poisson
9(q, p,1)

@_89,'+3g,+@_8gﬁﬂ Qc]@H dg
0 0 T o T 9 o opoq ot

dg dq dg @g @ dg OH (9g
dt g, 11+ E‘ (273) dt 3?7 (s ot 8?7J on E%
| (2.74)
{ “ltl 75 e pa= 120 (@276)
= |pi, }
dH OH
= r (2.77)
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e 2.8 [Formulation de la mecanique hamiltonienne]

9 [H, 9] (278)
[ng} — (279)
w = [u, v]
dao Ow
— = [BU?H} + En
= —|u,v|+ [|u,v], H]
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e 2.8 [Formulation de la mecanique hamiltonienne]

dw

dt

dw
dit

[w, H] +

0
E[u,v} -+ [[U,ULH}

Ow
It

ot i
9 4 [u,HLv} 4 [u% + [@ﬂﬂ
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e 2.8 [Formulation de la mecanique hamiltonienne]

e R (5 R A R A
— % -+ [ujfﬂj“v} + [u,% -+ [«ujﬂ]}
= :2—?,@} + [u,%} (2.80)
d—u = (, et @ = (
dt T d
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e 2.9 Transfeamatrdmetretnrdagsalel pregsireedss
et intégrales premieres
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2.9 Trans. can. Infinit. et intégrales premieres

F2(Q7 P) = q; b (233)
Se(q, P) = q¢:.P; (2.82)

o _ p (2.343)

P = B,
oL,
Q@- — 8P?; — 4 (234b)
K = H (2.34c)
¢ = Qs
p=p  (2.83)

K=H



2.9 Trans. can. Infinit. et intégrales premieres

£ o(q, P
- (2.84)

S(q, P,e) = Sp +eo(q, P)+ O(c?)

o = 22 _ p o (2.34a)
oS 4
O'(Q’,P) — (285)

R Qi = o = ¢ (2.34b)

b,
= — u (2.34c)
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2.9 Trans. can. Infinit. et intégrales premieres

a5

(i = b A Yo OE) (2.86)
oS _p Oo Lo 2) |
Pj = 3(]3 o 63(74 )
N  0o(q,p)
5q@ — Qz 4 = ¢ 6)]% (287)
do
opj = Pj —p; = —¢ égjp)
Oou Ov Ou dv
[, v]gp = dq; Op;  Ip; D (2.58)
<' g = €[qi,0(q, p)] (2.88)

 op; =<e|pj,o(q,p)]
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2.9 Trans. can. Infinit. et intégrales premieres

B { 0q; = ¢ [q?;,a(q,pﬂ (2 88)
op; = ¢ [p;,o(q,p)] |
on = EJagS?) = ¢[n,o(n)] (2.89)

S(q, P,e) = Sgp +co(q, P) + O(c?) (2.84)
S(q, P,dt) = Sg + H(q,p)dt (2.90)

0q; = dg; et op; = dp;

dg; = |q;, H] dt (2.91)
T\ dpy = [py, H) dt
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2.9 Trans. can. Infinit. et intégrales premieres

05 f(q,p)

M~TP-

(Soa+5an)  (292)
4k \ Ipy x

(@f do\ Of LJ)E_E][J}
dqr Opr \Opr, Ipy 7

17 Do (q,p)
= |f, H] (293) 6 op;

o
Il

v

A nne e
5 h‘_ c[H, f] A2494) (2.87)

Suf=1[f,Hldt (2.95) 28



2.9 Trans. can. Infinit. et intégrales premieres

exemples simples :

9 I -
ka(fm » T =T+d (k=1,2,3)
pk=g—5 S 7= (2.98)

qk
L (2.99)
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2.9 Trans. can. Infinit. et intégrales premieres

:g_i =4 5 H =c[H, f] (2.94)

(2.100) 1

[H,o]=0 (2.101)

]

do
T=0(2102) 4EE sus= (. (2.95)

g
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2.9 Trans. can. Infinit. et intégrales premieres

b) /

' = xcosf+ ysind
y = —axsinf + ycosd
Z’ = Z

S(, 4y 2, P Py V) = (wcos O+ ysind)p,, + (—xsind + ycosO)p, + zp),

(2.103)
05
x’ = p = xcosf + ysin b oS ,
ap’, Pa = 5= = Py €OS f — p sin
85
95 _ 95

(9]32



2.9 Trans. can. Infinit. et intégrales premieres

Py = prcosf + p,sinb
p, = —pssind + p,cosd (2.106)

p;:pz

S(z,y, Zapéap;,p;) = (vcosb + ysinf)p, + (—xsinf + ycos@)pfq + 2p

(2.103)
S = ap, +yp, +zp, + 0(ypl, —xp)) (2.107)
05
g = 20 - = YPz — TPy (2.108)
[H7 O'} =0 e d—O- = ()

dt 32



e 2.10 Le theoreme de Liouville

(dn) = dqidgs...dqsdp,dp,...dpy
(dC) = dQ1dQs...dQ :dP,dP;...dP;

(d¢) = |dtm(M)|(dn) (2.109)

e

My; =
an;

|dtm(M)|? dtm(J) = dtm(J) (2.110)

(dC) = (dn) fﬂdﬁ
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e 2.10 Le theoreme de Liouville

theoreme de Liouville :

Les transformations canoniques conservent les volumes

dans [’espace de phase




e 2.10 Le theoreme de Liouville

p(q,p;st) oV

A _
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