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e 2.3 Le principe variationnel d’Hamilton modifie

L(q,4(q,p,1),1) = pigi(q, p,t) — H(g,p,1) (2.11)

5/ (pigs — H(q,p,1))dt =0 (2.12)




e 2.4 Transformations canoniques

. OH
pr = 6%—0 (2.15)

H(qlv ooy Q=15 Gk415 -4 fs P1e++y Ph—15 Oy Pk415 '"7pf7t)

si H = H(p1,...,ps, 1)

p; =0 p= «; = constante (1 = 1,..., f)
i= 5| =n0(216)  nl=1))



e 2.4 Transformations canoniques

. OH
qi = ap,

= (1) (2.16)  wii=1,... )

pi=a;

o = / w(t) dt + 8; (2.17)

tg

st le hamiltonien n’est pas une fonction explicite du temps
¢ = vit + [
Q: = Qilart) (2.18)

q4 = {qlv"'a(Jf;i — 177f} Q — {Qla--w@f;i — 177f}
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* 2.4 Transformations canoniques

Qz’ — Qi(Q7pv t)
2.19
{ Pz':Pé(Q7p7t) ( )
: 0K : 0K .
Gi=S5  R=-3r (=l (220)

2
5/ (pig: — H{q,p,t))dt =0
1

5/@(13@-@,,; — K(Q,P,1)dt=0 (2.21)

szz — H = P,&Qz — K+ dd_]; (222)
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* 2.4 Transformations canoniques

a) Le premier choix possible est :

pii—H = PO - A+@
at (2.24)
oF, oI, . OF; -

= PzQz’—fX—I-W—I- 8%%—'_8@4@5
OF]
T g %
OF, Q; = Qi(q, p, 1)
P, = ——_ 2.25b 2.19
K = H—I—% (225C) 16

ot



* 2.4 Transformations canoniques

b) Un autre choix intéressant possible pour la fonction /' est :

F=Fy)q,P,t)—Q:FP;  (2.20)

ng

ppigi — H=PQ; — K ‘|‘ —- (2.27)
OF,
OF,
;7 — — ( g.p
9= 35 {9 9“” (2.19)
oF, P = Fi(q,p,t
K = H+W (228C)



* 2.4 Transformations canoniques

c) F=gqgpi+Fs(p.Q,t) (2.29)

OF,

“ = o (2.30a)
P,

P o= =30, (2.30b)

Kk = H+2Z2 (2.300)

ot



* 2.4 Transformations canoniques

d)  F=qp; — QP+ Fyp, P,t) (2.31)

R

“ = "G, (2.32a)
OF,

0 = 55 (232b)

K = H+Z% (2320

ot
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* 2.4 Transformations canoniques

Qi = Qi(q, p,1)
2.1

: oK . DN |
Q=3  P=-g5  (=1..0)| (220

t2
5/ (pigi — H(q,p,1))dt =0
- I = Fl(QaQat)

b= FQ(vaat)_QéB

19
dF — = q;pi — Qi P + Fy(p, P,1)
pigi — H = PQ; — K + — (2.22) .



» 2.5 Exemples de transformations canoniques
a)  Ia(q, P)=qb (2.33)

po= 22 - p o (2.34a)
dq;

O F5
@ = 57 = @ (2.34b)

b) Fi=qQs (2.35)

oF,
poo= S0 @ (236
po= - (236D

T
K(Q,P) H(-P,Q) (2.36¢)
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» 2.5 Exemples de transformations canoniques

¢) Considérons le probleme classique de 1’oscillateur harmonique

2

H—p——l—lqu (f=1 (2.37)

Im 2
F= " g (238)
p=—5— = muwq Coth2>39&1)< g = \/%squ (2.40a)
b 6F1 B gﬁqu (2.39b) ~ p= V2w V2mwP cos Q (2.40Db)

K=wP (2.41) 2



» 2.5 Exemples de transformations canoniques
K =wP (241)

: 0K
Po= —55=0 (242)

. {4
Q = s5=w (2.42b)

P = o = constante et . Q=wi+ [ (2-43)

1=\ =sinQ +5) (2.44)

p = V2mwP cos ()
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2.6 L’approche symplectique des transformations

canoniques

vecteur colonne na 2f €éléments. 7, =q¢; , nipr=pi 1< f
(2.45)

l | OH (8_[{)_8[{ (8_H> - oH i< f

€ vecteur colonne 8_77 an ).~ Bg M)y = o =
(2.46)

. , 0 1
J la matrice carrée 2f x 2f J =
-1 0 /) (2.47)
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2.6 L’approche symplectique des transf. canoniques

. : 0 1
J la matrice carrée 2f x 2f J = ( 1 0 ) (2.47)
J? = —1 (2.49a)
JJj = 1 (2.49D)
j = —J = J' (2.49c¢)
dtm(J) = +1 (2.49d)
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2.6 L’approche symplectique des transf. canoniques

Jij = 1 0ij-r Hi<ictrr1<i<an - 1 Oitj er1<icof 1< i<f]

Jij = Jii
=1 0 it [1<j<ttri<i<of) -1 Oj-ri [lri1<j<f 1< i<t

= - (1 0j£i Ijer15j<2f 1 i< - 1 Ojict Il[1<j<t pr1< i2f7)

— . (1 6i,j-f H[lsisf,ﬂ_lsjszﬂ -1 6i-f,j H[f+1sis2f,lsjsf])
= J;

) j-_j y



2.6 L’approche symplectique des transf. canoniques
Jii = 1 Oijr Iicictrricj<or) - 1 Oirj Ier1<icof 1< j<f
(J J)ij = Jix Jjx =

(Oix-f I1<ist fr1=k<2f] - Oifk Ijer1<icof1<k<f]) -
(0j k-t I1<i<f tr1<k<2m] - Oj-tk [jer1<j<af1<kef])

= (Oi k- Oj k-f I[1<i<tfr1<ke2r] [I[1j<t fr1<k=21]
+ Oi-tk Oj-tk Ijrri<icof1<k<f] [[r1<j<2f1<kef]

=0;; = 1 - JT=1
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2.6 L’approche symplectique des transf. canoniques

JI=1, JJ=1 mm) J=-J=J!

!

dm(J)=+1 < P2=JJ=-JJ=1

‘ c.q.f.d.

-1 (2.49a)

JJ = 1 (2.49b)

J = —J = J' (2.49¢)

dim(J) = 41 (2.49d) “



2.6 L’approche symplectique des transf. canoniques

vecteur colonne ( a 2/ €léments

nouvelles variables canoniques Q;, P; ¢ = ((n)
; 90 e (2.50)
Pg— ; ?,7 — o vees

S RS
C—Mﬁ (251) MU_ 6

OH
M.J— .
(= w751 2.53)
OH \ OH O, oH . 9H
RN am o = %7 (2.54

\
(= MJM— (2.55) 29



2.6 L’approche symplectique des transf. canoniques

{ = MJM‘a—H (2.55)

- 0H

MJM =J (2.57a)
MJM =J (2.57Db)
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e 2.7 Les crochets de Poisson

[

ou v ou v
[uvv}q,p — aqi 8]%’ T 31,0%, a% (258)
8u ou oV
Si = & =
v = I 8?7 (2.59) U a7, * VT o,
= 1; Jie Vi

=U. [Oik-f [[1<isf fr1<k<2] - Oi-fk [[fr1<i<2f1<k<f] Ve
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e 2.7 Les crochets de Poisson

=U. [Oik-f [[1<i<f fr1<k<2] - Oi-fk [[rr1<i<2f1<k<f] Ve

Ju Jv du Jv

aq..ap. Ip Jqg.
ou Ov ou Jv
:QJv('Ik}q,p = (
Pjs Prl,, =0 (2.60)
:qtivpk}q’p — _[pja Qk}q,p — Ok 20



e 2.7 Les crochets de Poisson

matrice crochet de Poisson
désignée par [n,n] dont I’élément (¢m) est [n,, n,,]

17,0y = J (261)
C — C(%f)

¢, = @C @C (2.62)

(¢l =MJIM  (2.63)

(¢, ¢l = (2.64) ¢, ¢e=J (2.65) |



e 2.7 Les crochets de Poisson

3u
on @77

[u, vy =

(2.59)

Ov

o (2.66)

5

I

\ y

[, v], = 377J8?7 = a—C%JMﬁ—C (2.68)
__ ~
ou

— aC” o¢ — [uvv}{ (269)




