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The method developed in Thoul, Similon, and Sudan [Phys. Plasmas 1, 579 (1994)] is used to
calculate the transport due to drift-Alfvén-wave turbulence, in which electromagnetic effects
such as the fluttering of the magnetic field lines are important. Explicit expressions are obtained
for all coefficients of the anomalous transport matrix relating particle and heat fluxes to density
and. temperature gradients in the plasma. Although the magnetic terms leave the transport by
trapped electrons unaffected, they are important for the transport by circulating electrons.

l. INTRODUCTION

Drift-wave turbulence is believed to be a major source
of anomalous transport in tokamaks (see Thoul et all,
hereafter Paper I, and references therein). However, tur-
bulent magnetic fluctuations have also been suggested as a
possible source of anomalous transport in magnetically
confined plasmas. There have been several attempts to
evaluate the transport resulting from these magnetic

fluctuations,” but all used the quasilinear theory and there--

fore neglected the effects of the self-consistency constraints
(quasineutrality and Ampére laws). Terry, Diamond, and
Hahm® have included these self-consistency constraints in
a study based on the clump theory.* They constructed a
model for the evolution of the “incoherent fluctuations”
that result from mode coupling processes, and are there-
fore not described by quasilinear theories. They reached
the conclusion that the magnetic fluctuations do not con-
tribute to the relaxation of the average electron distribution
function, and therefore do not contribute to the radial
transport of any velocity moment.

In this paper we examine the role of magnetic fluctu-
ations in the evaluation of the incremental anomalous
fluxes. We show that the electron heat transport produced
by electromagnetic fluctuations does not vanish, in dis-
agreement with the results of Terry, Diamond, and
Hahm.>® Qualitatively, our results can be understood as
follows. Electrons diffuse because of resonant processes
such as Compton scattering. Because of the resonance con-
dition vﬁ res= (/K )2&v?  [the propagator s
75 (w—k" Y )], these electrons have small parallel energy.
However, they create self-consistent electromagnetic fields,
and other electrons are exchanged to maintain quasineu-
trality. These other electrons may have parallel velocities
Y- of order the thermal velocity v,, because they are not
constrained to be resonant. This explains how there can be
transport of electron parallel energy without transport of
particles. The same reasoning applies to the transport of
perpendicular energy.
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Il. ANOMALOUS TRANSPORT FROM DRIFT-ALFVEN-
WAVE TURBULENCE

A. Basic equations

As in the electrostatic regime (see Paper I), the elec-
trons will be described by the drift-kinetic equation®’
(hereafter DKE).

In the electromagnetic regime, where the plasma pa-
rameter 8% m,/m;, additional terms corresponding to the
magnetic field fluctuations appear in thé DKE. The elec—
tromagnetic DKE is given by

af
aU“

where f (x, o J4,t) is the electron distribution function,
p=m? /2B is the electron magnetic moment, parallel ||
and perpendlcular L subscripts refer to the direction of the
magnetic field, vy=(c/B)EXDb is the EXB drift velocity,
b is the direction of the magnetic field, and e and m, are the
electron charge and mass. We neglect the magnetic shear
and curvature (see Paper I). The electromagnetic fluctua-
tions modify the DKE as follows. The direction b of the
magnetic field is no longer fixed; it is a function of both
position and time,

b _ B(x,1) 5
(Lﬂr—m. (2)

af

Correspondingly, the electric field has a magnetic compo-
nent, and must be calculated as

E=—V¢—-—, 3)

where ¢ is the electrostatic potential and A is the magnetic
vector potential. The parallel gradient has now a variable
direction, since it is defined with respect to b(x,z). The
parallel electric field has a magnetic component
E-b=—V, ¢$—(1/c)(3A; /3t). Finally, the EXB drift
velocity vy has a magnetic component (—1/B)
X (8A/0t) Xb.
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We can write the magnetic field as
B(x,1) =By+B(x,0), (4)

where the fluctuating part B is given in terms of the mag-
netic vector potential by B=VXA. We use Coulomb’s
gauge, in which V+ A=0. In terms of Fourier components,
this implies & All +k, +A, =0. For drift waves, the par-
allel and perpendlcular wave numbers are such that
ky ~(gR)™' and k; ~p;! (see Paper I), so that
ky /k, <1. Therefore, we can neglect the perpendicular

component of A, since |A L |=(ky /ky YAy <4) . The
magnetic field can then be written as

B, =VX (4, by) =V4; Xby,

B, =0, ©)
and the fluctuating electric field as

E =-V. ¢

(6)
_ vl
B =~V ¢~ bo

In this approximation, the EXB velocity yj is unaf-
fected by the magnetic component of the electric field.
Therefore, the DKE for the trapped electrons is not mod-
ified by these electromagnetic effects, since the last two
terms in Eq. (1) disappear after bounce averaging (see
Paper I).

As in the electrostatic case (see Paper I), we treat the
ions as fluid background. The relation between the ion
density 7; and the electrostatic potential ¢ is still given by

n/no="(ed/To)x:( ||, Y]

[Eq. (4) of Paper I]. To close our system of equations, we
use the quasineutrality law,

n{x,t) =n,(x,t), (8)

and Ampere’s law,

) dr . 4

VA =—— Uy ety d=—"1Jj (9)
where jy (x,2)=—e[ fv| dv and jj (x,?)=eny; ;. The
parallel ion current can be neglected compared to the par-
allel electron current.

B. Transport equations

As in the electrostatic case, we use the separation of
length scales and time scales between turbulence and trans-
port to obtain two separate systems of equations (see Sec.
II B in Paper 1). In the following calculations, we will use
a caret for quantities that vary on the transport scales, and
an overtilde for turbulent quantities. Subscripts 0 will be
used for the equilibrium values of the parameters. The
electron distribution function f is written as the
sum of an equilibrium Maxwellian distribution,
fo=no(2nTo/m,) ¥ exp(—mp*/2T,), where ngand T
are the local electron density and temperature, a fluctuat-
ing part f and the response to the modulation £,
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f=fotf+F. (10)
The equations describing the response functions f' and #;
are obtained by taking the low-frequency and long-
wavelength htmt of Eqs (1) and (7), and adding the ex-
ternal sources & and & (see Paper I). This gives

af _3fo\ &

at rotan <VE av > 5 ( it )

and

A=no(ed/To)xi+&. (12)

On the transport scales, the quasineutrality and Ampére
laws, Egs. (8) and (9), become

ﬁi‘:ﬁe: f}dv

g 4o, N dme | ,
Vidy =——Upet/yd=—" ffvu dv.

(13)

and
(14)

Equation (11) can be rewritten in terms of the incremental
anomalous flux,

P ( Gty T+ P . L), (15)

as

af

—4V-T=£ (16)

If we separate f~into an adiabatic and a nonadiabatic
contribution, as f=(e¢/Ty}fo+h, the anomalous flux
becomes

={((Vg+y b)A) + ((7E+U|; b) %fo)
e ~ 3dfy
(P a)

The fluxes of particles, f‘,,, and heat, §, are given by

(17)

f‘,,sff‘dv (18)
and
v —302
=T, r——ZTdV (19}

[also see Egs. (13)—(17) in Paper I}. They are obtained by
taking even velocity moments of Eq. (17). The last term on
the right-hand side of Eq. (17) is odd in I since both ¢
and b are velocity independent and f, is a Maxwellian.

Therefore, that term does not contribute to the transport of
either particles or heat. Similarly, the second term in the
second bracket is odd in vy and does not contribute to the
transport. We will omit these terms in the following cal-
culations, although one should remember that they can
contribute to the transport of quantities derived from odd
velocity moments, such as the current. The first term in the
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second bracket is divergenceless and does not contribute to
the relaxation of the density and temperature profiles. We
will also omit this term in our calculations. Therefore, we
will write I" as

I'=((¥g+v) B)A). (20)

C. Turbulence

To calculate the right-hand side of Eq. (20), we need
to solve the equations describing the turbulent variables.
The fluctuations are described by the following set of non-
linear equations:

v v V.3 104 \ /o
(3t+v" I )f+VE’ fo+—( Il ¢+-c‘-—a-t—) 8—1)"_
~6f0

=—Vg* Vf—u" b- Vf—me E (21)
Ri_ep
nO—TOXi’ (22)
A== ffdv, (23)

2y 4T ~ -~ dme (" ~

Vidy =—— Uy ethyd="" ffvu dv, (24)

obtained from Egs. (1), (7), (8), and (9) by using the
expansions (4), (5), and (10). Equations (21)—~(24) are
the electromagnetic equivalent of Eqgs. (20)-(23) in Paper
L. We have kept the nonlinear EXB drift, ¥+ V¥, the mag-
netic fluttering term, vy 1 b-v f and the nonlinear parallel
acceleration, (— e/m,)E-b(3 fo/dy ), on the right-hand
side of Eq. (21).

Equations (21), (23), and (24) can be rewritten in
terms of the nonadiabatic distribution function /4 and the
diamagnetic velocity,

cToh % Vno VT, (v¥—302 s
Vi —eBo 0 + TO 20;5 ’ ( )
as
efo [0
(a +o1 V) )h+ (aﬁv* )(¢—*~f’u )
S (¢— L4, )Xb., v, &, (26)
e~ ~
7; ﬁe-_no?o—i— h dy, (27)
and
e k2 v“
TOVA“ =— h-——dv, (28)

where kp = \j41rnoe“/ T, is the Debye wave number.
Considerable simplification occurs because the v, and
v, dependences in Eqgs. (26)—-(28) decouple. Indeed, we
note that Eqgs. (26)—(28) are linear in 4 and depend ex-
plicitly on the electron perpendicular velocity v, only
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through f,, or the product fov,. Therefore, the depen-
dence on v, is of the form exp(—uv? /20%)  or
v exp(—v? /20%). This suggests that we look for a solu-

tion of Egs. (26)—(28) of the type
2 2

~ - - v A
h(v) o} )=p(v) ) for +q(v ) for _lgl‘)f", (29)

where p and g are new functions that depend only on v" R
and

Sfou -5—2 P( 21) ) (30)

We substitute expression (29) for % in Eq. (26) and inte-
grate over v, . This gives an equation for 7,

d v - ] T " 2 V e
e R AR Frad R +V*—T‘2 Ty

X{e—— Ay |fo
(5— Au )Xbo v, b, (31)
where
. 1 —«vﬁ 3
So| —WGXP a2 ) (32)
and we have defined v, = —(cTo/eBy)byX(Vny/n),

and v = —(cTy/eBy)byX(VTy/To) = 7v, (where
n=d In Ty/d In ny). We now multiply Eq. (31) by fo. »
subtract it from Eq. (26) and divide the result by
(vf —2v%)/2v2. This gives an equation for g,

(:ﬁ"" A/ )q+(v V)= (¢—_~A" )fou

Ied ~
=-—-—B-V_|_ (¢— A" )Xbo V" q ‘ (33)
Equations (31) and (33), together with the definition
(29), are equivalent to Eq. (26), but are considerably sim-
pler to solve, since they involve only one dimension in
velocity space. The quasineutrality and Ampére laws [Eqgs.
(23) and (24)], can be rewritten as

;1—_;__+f plyy ddy (34)
o Mo '
and
° v, =k [ La 35
?OVAH =kp | P(y ) —dyy , (35)

which are both independent of g. Therefore, Eqgs. (31),
(34), and (35) form a closed system of equations for p, ¢,
and A“ The potentials ¢ and Ay do not depend on 7,
which is only passively convected according to Eq. (33).

Thoul, Similon, and Sudan 603



We can similarly write the anomalous flux I in terms
of p and g. Substituting expression (29) for & in Eq. (20),
we obtain

I'=((Fg+v) 5)5(0y ) for )
2

- vy — 20,
+ ((?E+U;| b)q (v ) for —252'_> (36)

The flux of electrons f‘,, is obtained by integrating I over
velocity space [cf. Eq. (18)]. We obtain

= no f Fe+oy BBy Dy ).

The heat flux [cf. Eq. (19)] can be written as =4, +4, ,
with

2
. &Y Y
q” =T0 I‘Tz—dv
e

2 2
~ =~ ~UI[ -V,
:=nOT0 f (VE-I-U“ b)p jz—dvu R
e

(37)

(38)
and
—Zv
= To F _22——' dv

D. Statistical solution

We now follow the method developed in Paper I, Sec.
II C, to evaluate the flux I', given by Eq. (36). In the DIA
formalism, this flux can be written as

; <) T i
Ipia={ (Vg +y b ) foy l’+q 27

+ (Fg+o) B) fou (*11)_,_*(1) _21;2_e) ) s

(40)

where the superscript (1) is used for the beat fluctuations.
Following the procedure of Paper I, we find the electro-
magnetic equivalent of Egs. (37)-(40) of Paper I for the
forced beat fluctuations. These can be written (in Fourier
space) as

g;lﬁg) *’r‘bﬁ,fo“ (eég)/To)

= — Wik, (e/ To) (R¥5,~ i, 7). (41)
80 3y +b% fo (€D /To)
= — Wier,(e/ To) (DG, — Pi GE), (42)
ity =nolediy’/To)x! (43)
1
ﬁfﬁ,’—ﬁi,ii_no(‘*"“ ))+n0fpk, dyy , (44)
and
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K e ~

(1) ~ Y
_F_—A“ o= J-pk, dl)”
In Egs. (41) and (42) we havg used a new, velocity-
dependent, fluctuating potential ®, defined by

(45)

¢———A" (46)
The coefficients g, 5%, and b are given by
g=[—ilo—kjv )1, (47)
vf —v?
b‘,’;:—i[m—w;(l+n"—2v§fe)], (48)
and
bi=moy. (49)

The nonlinear coupling coefficient Wy is defined by
Wkko=(CTo/€Bo)bo‘(k><ko) (50)

The linear system (41)-(45) can be solved for pk, .
ii) R (’5(1) , and Al([l,)‘, After some algebra, we find

B

24
—&ibifo) T, +Wkk0T (Db, — B, Pr)s
(51)
<I)(l) e
= —giblfq T, Wk T PACT AR AN
(52)
bl Wik, WX =X\ [ € .=
e [ Xe T Xeb f—— )
TO Xi—Xe [( + 4 Xea ) Togk( Apkﬂ
2
—X oy Xi—X,
—(Pkopk)dv([ + e¢( _*__lf__}_L_ef)
ed

f 8k— (Db, — Di, Pie) oy ] (53)

where the coefficients y%, yZ, and yZ, are defined by Egs.
(B10)-(B11) in Appendix B, and we have used the sepa-
ration of scales |kg| <|k|, so that k' =ky—k=—*k.
Equations (51)—(53) give the beat quantities :p'}(”, 7,
and @V in terms of the response functions pko, qko, and
d)ko, and the fluctuations py, gy, and ®,. In Fourier space,

the anomalous flux I‘DIA is

N ¢ ~ -
I'pia= R > ( (ik,d);c}) Xby) (Pk

—2:)
+—2—z—qk)f01
, 2ve~(1)
+ (k d)kxbo) pk, +——§—qk: Sfoo }-

(54)
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In Eq. (54), we can substitute expressmns (51) and (52)

for ﬁg,) and qk§ in terms of <I>k, and the sources pko,

qko, and <I>k0 This gives

2

A etﬂcl) ¥ —20
rDIA——l 2 |< T [(ﬁ:'** ) eﬁ)
0 Ve

k

2
e®} v} —2
XSfor +— T, gkfo( k+_7_bi)]>
vt =202
WkkogkaL (€p+—202" §q)

(o]

where again we have used the separation of scale
lkg| €| k|, and we have replaced the response functions by
their lowest-order approximations,

(55)

Tpia=

X fgkv—‘ip—kécpdvu ”(

—8&ufoL (§p+—‘%2‘v— §q) < \% M) ]

Note that the electrostatic result (without trapped elec-
trons) can be recovered by replacing @, by &y (i.e., letting
A" x—0) and xe¢ by Xe in Eq. (58).

We can now proceed to the calculation of the various
transport coefficients. The source terms are given by

&,=(—iwo) fo Ao,
§q=o, (59)

&i="Ao,
for perturbations of the density profile, and

N cT
n—n( °)2 xm

eBy
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an e[ )= [ (1

L L g
Xe —Xep vum Xo ed¥
HE (1 )(f i s L6 72)| (s ) )|

Pr,=E,/ (—iwy),
Gr =&/ (—iay), (56)

&, =0.

Using these expressions for the response functions, we can
also rewrite Eq. (53) as

e&;,(cl) Wk,ko 1 [(1 l)" XeL_Xgﬁ) J‘ (I)kg d
= - '—-—-T' — 1)}
T, Xi'—XeE —1wg + € Xea /. 8k .
L L
Xe ~Xeg b Xi—Xep f ﬂ|___k 2
+ ed ( * € Xed ¢ Ty Epvy |

(57),

If we substitute this expre§sion for 515}(1) in Bq. (55), we
obtain the anomalous flux I'p;, in terms of the fluctuation
spectrum and the sources,

cTy Wi, [ 17, vy X=X edy Xe—Xo v Xi—Xos
—f— EkXb . (—'——L 14— f =& dyy +—1— | 1 +— 71—
eBy 'k ® —iwo | \xi—Xz [( € Xea B §,, PN € Xet

ed¥
Qk)fm +7 T, gkfo(bi

— 22
o))
(58)
I
| U TO
§p—(—lwo)nof0|| _7_20 Ty’
. T
€= (—iwp)nofo —7-;2 (60)

g i =0’
for perturbations of the temperature profile. The transport
matrix coefficients are obtained by substituting one of these
expressions for 2‘ and §q in Eq. (58), and integrating over

velocity. The calculatlons are straightforward but lengthy.
The flux of electrons is given by

V| Xe

<)

~ e@k
dvy 8ibp

(61)
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The flux of parallel heat is given by

Ty
Gy =noTo| i B, l(Xbo

vy Xi—

XE—x5
+= (1
Xea

Finally, the flux of perpend1cular heat is given by

—noTo(z—) z Xbo

E(Dk
Ty

dy [g&(

e<1>k

fdvuv"—v‘ (?

+1+ )(fdv“ 8- 5,, Ty )](m—l-gkfou

a e<I>k
A dvy 8ikp

e ([
)

(62)

1 ‘ v" XeL_X.e[;b a eCDk
b—Xt"—Xe <[(1+T Xed )(fdv" gkép )

Xe —Xep v Xi— Xe¢ qe(b*
+—;6LA—( +— )(fdvq| 8- é'p T )](Qk*f-gkfoub To .

(63)

All the velocity integrals in these expressions can be written in terms of the integrals Gy, defined in Appendix A. For
example, consider the test-particle contribution to the flux of electrons I‘ due to a perturbation in the density profile, Eq.

(59). We have

f‘;I:P="lo( ) 2k Xbo

eq’k

f dy gk§p<

Gg< e¢k

)

..no( )Z XbOW

It is of interest to determine the regime in which the
contribution from the electromagnetic terms to the trans-
port is important. To evaluate the relative order of magni-
tude of the electromagnetic terms compared to the electro-
static terms, let us calculate the ratio 4 /$ in the linear
regime for the particular case of the TEXT tokamak. From
Egs. (B10) and (B11) in Appendix B, we find

4 Xi—X%
) Xex

L
Xea
T = (/) + (el /o— 1) G+ n(@)/0) Gl

3 (0}/0—1)Gi+n(0}/0)G]
[~ (KR + (@ o—1) Gat (0 /0) ]
(65)

We can evaluate this expression numerically using the
TEXT parameters (cf. Table I in Paper I). We obtain

(66)

The ratio of the electromagnetic to the electrostatic con-
tributions to the transport coefficient (64) is of the order

Gi(|edy /To|® ( ® )3( m,»)z
= ~ B— ~4x10*B%
Golled/To|> ~\kyv.) \" m.
(67)

This ratio becomes of order unity when 8=5%1073. In
the Texas Experimental Tokamak (TEXT),® a typical

606 Phys. Plasmas, Vol. 1, No. 3, March 1994

&, ed
) 2G‘Re<;,50 jli)">+c%<

eZ" k
Ty

2> ] (64)

value is B=~2X 1073, The electromagnetic contribution to
the transport by circulating electrons is therefore important,
in spite of the small value of 3. However, we have shown in
Paper 1 that the transport is dominated by the trapped
electrons, which are not affected by the magnetic fluctua-
tions.

ill. SUMMARY AND DiSCUSSION

We have used the new approach developed in Paper I
to calculate the anomalous transport in tokamak plasmas
due to electromagnetic drift-Alfvén-wave turbulence. This
method is based on the direct-interaction approximation, a
renormalized theory of turbulence that provides the re-
sponse functions due to infinitesimal perturbations.

As in the electrostatic case, the theoretical expressions
obtained for the transport coefficients are based on a spe-
cific set of equations describing the dynamics of the plasma
and on the DIA, bui do not require any further approxi-
mations.

We have shown that the electromagnetic contribution
to the transport by circulating electrons is important.
However, the transport is often dominated by the trapped
electrons, which are not affected by the magnetic fluctua-
tions.

The results obtained here were expressed in a form
such that they can be easily compared with experiments.
Since we need experimental data for the frequency and
wave number dependence of the fluctuation spectrum, new
experiments, yielding more detailed results on the turbu-
lence characteristics, would be welcome. In particular, it
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would be very useful to obtain the information on both the
fluctuations and the perturbative transport during the same
experiment. This would allow a direct comparison between
theoretical predictions and measured data.
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APPENDIX A: INTEGRALS

The electromagnetic integrals are defined by

Gm_J”“” Soy v —2\" Uu mdv
n = —oo l—k" U"/CO 21)3 "

(A1)
These integrals obey the following recurrence relation:
m_ @ | gm-1
T [G”

e o — o\
Al )

Furthermore, it is easy to show that G=H,, G}=H,, and
Gy=H,— H,, where

1 fo 2302\ "
Hn:n—o‘ J- l—k" U" /w( 21)3 ) dv.

APPENDIX B: LINEARIZED ELECTRON EQUATIONS

(A3)

The linearized electromagnetic drift-kinetic equations
are obtained from Eqgs. (31)-(33) by letting the right-hand
sides go to zero. If we Fourier transform these equations
and eliminate the adiabatic part of the density fluctuations
by using f=fy(ed/Ty) +h, we obtain

g P+ Vifoy (e®/Tp) =0, (B1)
and
gx ' Gu+bifoy (ePi/To) =0, (B2)
where
gr=[—i(o—ky y )]_ (B3)
_ e
b= z( — —?wao )
; n Ull _vz
=—z[a)-—co (1+77 2 )} (B4)
bZ:in::inw; , (B5)

and
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~ ~ U" s~
B= =L ) 1. (B6)
The electron susceptibility XeL is defined by
~ €~
AE= ffL dv=n0?¢ixf. (B7)
0
Therefore, we have here .
e$ . 1 ~ e$
TOXe _no f (h +T0f0 dv, (B8)
which becomes
e‘z L e$ ~L
TyXe =‘]To+ fp (vy ddy (B9)

after integrating over v, . Replacing p by its value obtained
from Eq. {B1), we obtain

S-S ot

T,
eZ" “’: L Py g
_ep , e
='770Xe¢ _—XeA’ (B10)

where the integrals G/’ are defined by Eq. (Al) in Appen-
le A, and the last identity defines the quantities Xe and
XeA Solving the linear system formed by Eqgs. (B1), (34),
and (35), we obtain

a)n wll wn
e[ (Gt ot at] | (T )b
n 2 n n -1
% ] T K (% Py 2
+'r]a) GI —PI;‘*' w'—l G+7]w Gl .
(B11)
The coefficient X% is given by
. 2Ty (~ V=3 2 e
L_%“*0 L el YL
T,= 3ng ff Tdv 3 Ty TOXT, (B12)
which becomes
jNL " dl)" -+ J-qL dl)"
e¢ Wy
=7 ~—-1 Gi+1—* (Gi+Gp)
eA” Dy L P 4y
(B13)
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Replacing A4 | Dby its value in terms of $, obtained by solv-
ing the linear system, we can rewrite this as

x%=[(%—1)6‘%+n% (GS+08)]—[(&—1)G%

(134

wy o )
+n— (G;+Gé)] [(3*— )G&,+n 6

-1

X (B14)

¥ (o o
e
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