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Abstract 

According to Einstein's general theory of relativity, a gravitational field bends electromag- 
netic waves in much the same way as low atmospheric air layers (subject to a vertical density 
gradient) curve the aajectory of a propagating light ray. Large mass concenaations in the 
universe (stars, galaxies, clusters, etc) can thereby act as a type of lens, a gravitational lens. 
Magnificent cosmic mirages may sometimes result and it is therefore not surprising that 
gravitational lensing perturbs our view of the distant universe and also affects OUT physical 
understanding of various classes of extragalactic objects. 

After briefly reviewing the history of gravitational lensing since the early thoughts of 
Newton in 1704 until the serendipitous discovery of the first gravitational lens system by 
Walsh, Carswell and Weymann in 1979, we recall the basic principles of atmospheric and 
gravitational lensing. We then describe a simple optical gravitational lens experiment which 
has the merit of accounting for all types of image configuration observed among currently 
known gravitational lens systems. Various types of gravitational lens models (point mass, 
singular isothermal sphere, uniform disk, spiral galaxy, etc) are described in detail as well 
as the resulting image properties of a distant source. 

An updated list as well as colour illustrations of the best known examples of multiply 
imaged quasars, radio rings and giant luminous arcs and arclets are presented. Some of 
these observations are discussed in detail. 

Finally, we show how it is possible to use gravitational Lensing as a cosmological 
and astrophysical tool, the most interesting applications being the determination of the 
Hubble parameter Ho, the mass of very distant lensing galaxies as well as the distribution 
of luminous and dark matter in the universe. We also show how to determine the size and 
structure of distant quasars from observations of micro-lensing effects. Such observations 
may also be used to probe the nature of dark matter in the universe. 
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General guidelines. We recommend that physicists who are not very familiar with the 
field of gravitational lensing first read sections 1-6 (just subsections 6.1.1, 6.1.2 and 6.2), 
section 8 (just the first few lines of introduction preceding subsection 8.1.1 and those 
following subsections 8.3 and 8.4, see also tables 2 and 3 and figure 24) and section 10. At 
second reading, more details concerning the gravitational lens models, the astrophysical and 
cosmological use of gravitational lenses and the observations may be found in sections 6-9. 
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1. Introduction 

The first example of a gravitational lens system, the doubly imaged quasar Q0957+561 A 
and B, was serendipitously identified by Walsh, Carswell and Weymann in 1979. Since 
then, gravitational lensing has become a very ‘hot’ topic in astronomical research. Several 
tens of new lens systems have been found and studied during the last decade. Furthermore, 
theoretical modelling of these enigmatic objects has already provided us with important 
astrophysical and cosmological information, unattainable by any other standard methods. 
This article summarizes the history and present status of the observations and of our physical 
understanding of gravitational lensing effects. 

The general layout of our article is organized as follows (see contents): we first briefly 
review the historical background of gravitational lenses in section 2. The reader will note 
with some interest that, unlike most other astrophysical discoveries made during this century, 
the basic physics of gravitational lenses was understood well before the first example was 
actually found. Then a brief discussion of atmospheric lensing, which presents many 
analogies with gravitational lensing, follows in section 3. 

In section 4, we describe the basic principles of gravitational lensing. We derive there the 
form of the lens equation and, by making use of the Einstein deflection angle, we determine 
an expression for the image magnification (or amplification). For didactical purposes, we 
show in section 5 how to derive the shape of optical lenses in order to simulate and to 
understand better the image properties of distant sources which are gravitationally lensed by 
various types of axially sjmmetric mass distribution. The optical setup of our gravitational 
lens experiment is presented at the end of that section. 

In section 6. we discuss in detail the image properties of a distant source resulting from 
the gravitational deflection of light rays passing near a black hole, a singular isothermal 
sphere, a spiral galaxy seen face on, a uniform disk of matter as well as a truncated one. 
We first establish a sufficient condition for an observer to see multiple images from a distant 
source. In the case of perfect alignment between an observer, a symmetric deflector and 
a source, the resulting lensed image consists of a ring (the so-called ‘Einstein ring’) and 
we show how the expression for its angular diameter relates to physical parameters. By 
means of ray-tracing and bending-angle diagrams, the optical gravitational lens experiment 
and by directly solving the lens equation, we study the image properties associated with 
the lens models mentioned earlier. The concept of ‘caustics’ emerges naturally from the 
ray-tracing diagram associated with the spiral galaxy model and we then show with the help 
of  our optical lens experiment how all image configurations observed in the universe may 
be simply understood in terms of the relative location of the observer (or equivalently of 
the source) with respect to the caustics associated with a singular asymmetric lens. 

Considering both the point-mass and the singular isothermal-sphere-lens models, we 
derive in section 7 an expression for the optical depth for multiple imaging. The importance 
of taking into account a correction factor due to the amplification bias is pointed out. Some 
observational results on gravitational lensing statistics are then presented. 

A detailed description of the best known gravitational lens systems is given in section 
8. These include accepted and proposed cases of multiply imaged distant sources, radio 
rings and giant luminous arcs and arclets. 

Some of the most promising cosmological and astrophysical applications of gravitational 
lensing are addressed in section 9. We first describe the independent determination of the 
Hubble parameter H, via the measurement of the time delay At between the observed light 
curves of multiply imaged extragalactic sources. The possibility of weighing the mass of 
lensing galaxies and galaxy clusters from the observation of multiply imaged quasars, arcs 
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and arclets is also briefly described. The great scientific interest of using micro-lensing 
effects as an astrophysical tool is discussed at length. Finally, general conclusions form the 
last section. 

2. Historical background 

Do not Bodies act upon Light at a distance, and 
by their action bend its Rays; and is not this action 
strongest at the least distance? (Isaac Newton 1704) 

Considering that light may be composed of elementary constituents, as early as 1704 Newton 
suggested that the gravitational field of a massive object could possibly bend light rays as 
well as the trajectory of material particles. About 100 years later, the astronomer Soldner 
(1804) from Munich Observatory found that, in the framework of Newtonian mechanics, a 
light ray passing near the limb of the Sun should undergo an angular deflection of 0.875”. 
However, because the wave description of light prevailed during the whole 18th and 19th 
centuries, neither Newton’s conjecture nor Soldner’s result were ever taken seriously. 

During the elaboration of his theory of general relativity, Einstein predicted that a 
massive object would curve the spacetime in its vicinity and that any particle, massive or 
not (cf the photons), will move along the geodesics of this curved space. He predicted in 
1915 that a light ray passing near the solar limb would be deflected by an angle equal to 

I 4GMo = - = 1.75” 
czRo 

where G stands for the gravitational constant, c for the velocity of light and MO. Ro for 
the mass and radius of the Sun, respectively. As we may note, this deflection angle turns 
out to be exactly twice the value derived by Soldner. 

Using photographs of a stellar field taken during the solar eclipse in May 1919 and six 
months later, Eddington and his collaborators (see Dyson et ai 1920) were able to confirm, 
within a 20-30% uncertainty. the deflection angle predicted by Einstein. This was not 
only a triumph for general relativity but also a marvelous confirmation of the concept that 
light rays may undergo deflections in gravitational fields. Let us note that this uncertainty 
has been presently reduced to less than 1% thanks to radio interferometric observations of 
quasi-stellar sources (Fomalont and Sramek 1975a,b, Robertson et ai 1991). 

It seems that Eddington (1920) was the first to propose the possible formation of multiple 
images of a background star by the gravitational lensing effect of a foreground one. Let us 
note, however, that Lodge (1919) had already characterized massive objects l i e  the Sun to 
be imperfect focusing lenses since they had no real focal length; the light from a background 
object being mainly concentrated along a focal line of ‘infinite’ length. In 1923, Frost, then 
director of the Yerkes Observatory, initiated a progranme to search for multiply imaged 
stars in the galaxy but it seem that these observations never really took place. 

Chwolson (1924) suggested that, in the case of a perfect alignment between an observer 
and two stars located at different distances, the former should see a ring-shaped image 
of the background star around the foreground one. Furthermore, following Etherington 
who demonstrated in 1933 that gravitational lensing preserves the specific intensity (or 
surface brightness) of elemomagnetic waves, it is then straightforward to establish that the 
amplification of a source is just equal to the ‘magnification’ ratio of its image size (cf the 
solid angle subtended by the ‘Chwolson’ ring) to that it would have if no lensing was taking 
place (i.e. the solid angle subtended by the real stellar disk). Independently, Einstein (1936) 
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rediscovered the major characteristics (double images, the ‘Chwolson’ ring usually referred 
to as the ‘Einstein’ ring, etc) of a star lensed by another one but he was very sceptical as 
to the Possibility of observing this phenomenon among stars. 

Zwicky (1937a,b) was the first to realize the very high probability of identifying a 
gravitational lens mirage, i.e. one made of several distinct images resolvable from the 
ground, among extragalactic objects (see figure 1). He even proposed using galaxies as 
natural cosmic telescopes to observe otherwise too faint and distant background objects. He 
also emphasized the possibility of weighing the mass of distant galaxies by simply applying 
gravitational lens optometry and, in addition, of testing the theory of general relativity. 
Link (1937) has thoroughly discussed the effects of gravitational lensing expected from 
such galaxies. In 1937, Zwicky stated that ‘the probability that galactic nebulae which act 
as gravitational lenses will be found becomes practically a certainty’: and he was therefore 
very much sqr i sed  to note some 20 years later that no such lensing effects had yet been 
found with the 200-in Palomar telescope (Zwicky 1957). 

GRAVITATIONAL BENDING OF LIGHT RAYS 

distant 
quasar 

* ’”’_’.’._. . .. .. . . . . ... .. , . , ._, ,,, ,, , , , , ,, , , 

Figure 1. An observer sees the lensed images of a distant quasar dong the direaions of light 
rays deflected by a massive intervening galaxy. 

After an inter-regnum of nearly a quarter of a century, interest in the theory of 
gravitational lenses was revived by Klimov (1963; galaxy-galaxy lensing), Liebes (1964; 
star-star lensing) and Zel’dovich (1964) and Refsdal (1964% b, 1966a; cosmological 
applications of gravitational lensing). Some of these proposed applications were particularly 
promising because of the recent discovery of quasars by Schmidt (1963). It would indeed 
be much easier to prove the lensing origin of multiple quasi-stellar object (QSO) images 
rather than that of extended and diffuse galaxy images, since the former consist of very 
distant, luminous and star-like objects. Based on the great similarity between the spectra of 
quasars and nuclei of Seyfert 1 galaxies, Barnothy (1965) even proposed that high redshift 
quasars could actually be the lensed images of distant Seyfert 1 galaxy nuclei. 

Theoretical work continued on a low level of activity throughout the 1970s. Refsdal 
(1965, 1970) and Press and Gunn (1973) discussed problems on lens statistics, Bourassa 
and Kantowski (1975) considered extended non-symmetric lenses (see also Sanitt 1971, 
Bourassa et al 1973) and Dyer and Roeder (1972) derived a distanceredshift relation for 
the case of inhomogeneous universes. In spite of clear theoretical predictions, the interest 
from observers was low and no systematic search for lenses was initiated. 

Forty-two years after Zwicky’s prediction, the dream of some astronomers finally 
became reality: Walsh, Carswell and Weymann serendipitously discovered in 1979 the 
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first example of a distant quasar (0957+561), multiply imaged by a foreground massive 
lensing galaxy. Following this pioneering detection, the levels of observational as well 
as theoretical activities have increased dramatically: up to now, more than 1000 scientific 
publications have been written on the subject of gravitational lensing (cf the non-exhaustive 
bibliography on gravitational lensing by Pospieszalska-Surdej et al (1993)). As shown 
in this article, gravitational lensing does constitute a new and very important branch of 
extragalactic astronomy. We refer to Schneider et a[ (1992) for a more detailed account of 
the history of gravitational lensing, as well as for a more complete and general presentation 
of this subject. 

Before studying the bending of light rays in the gravitational field of massive objects, 
let us first describe a better known and somewhat related phenomenon, i.e. the bending of 
light rays by atmospheric lensing. 

3. Atmospheric lensing 

It is interesting to note that gravitational fields in the universe deflect light rays in a way 
that is very similar to the refraction properties of the lower atmospheric air layers: because 
of significant temperature and density gradients near the ground, light rays often undergo 
significant bendings (figures Z(at(d)).  Figure 3 gives a schematic representation of the 
light ray paths when the ground is somewhat hotter than the ambient air. As air refraction 
always bends light rays towards regions of colder air, the formation of one lower, inverted 
and somewhat deformed image of a distant source may result (see the distant truck in 
figure 2(b)). Similarly, upper mirages may form when the temperature gradient is reversed 
(see figures 2 ( c t ( d ) ) .  

In order to understand in more detail light propagation across a plane parallel atmosphere 
whose refractive index is affected by a vertical gradient dn/dz, we may apply Fermat’s 
principle according to which the path@) followed by light between two given points is that 
(or those) which correspond(s) to an extremum in the propagation time, i.e. 

6( l; ds) = 0 (3.1) 

where ds = 4- represents an infinitesimal element along the light trajectory and 
U = c / n ,  the velocity of light in the medium with a refractive index n(z) (see figure 3). 
It is easy to show, by means of the Euler-Lagrange equation, that the variational equation 
(3.1) simply reduces to Descartes’s law 

n ( z )  cos(i(z)) = K (3.2) 

where K is a constant and i ( z )  represents the angle between the tangent to the light ray 
and the horizontal direction. I t  is then straightforward to derive the expression for the small 
angle increment 6i of the ray between two neighbouring points whose abscissae are x and 
x + dx. For a small but finite value of dr, we find with a good approximation that 

(dn/dz)dx 
= n ( z )  + (dnldz) tan(i)dx‘ (3.3) 

This relation is very useful in order to construct numerically the hajectory of light rays 
across an atmosphere characterized by a refractive index distribution n(z)  (Claeskens er 
al 1994). In doing so, one finds that under special circumstances (cf specific refractive 
index distributions n ( z ) ,  source distance, etc) there may exist several geodesics between 
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Figure 2. Atmospheric lensing: (a) represents a sunset as photographed at the European 
Southem Observatory (hereafter ESO, La S i b )  in Chile on 25 November 1987: ( b )  illustrates 
the double image of a dismt  truck along the Noith Panamericana highway between the towns 
of Piehidangui and La Serena (Chile, 2 December 1987): (c) and ( d )  correspond to two different 
views of the nonh-south arm of the Very Large A m y  (U) at the National Radio Astronomical 
Observatory (Swarm, New Mexico) as seen in the early moming of 17 January 1989. All 
photographs are fmm the authors. 
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the source and the observer, resulting in the possible formation of multiple images. It is 
also interesting to note that, because of the difference in the geometric lengths and light 
velocities ( c / n ( z ) )  along two geodesics, there will generally be a delay between the arrival 
times of a signal from the source (cf a hypothetical light flash) as seen by a distant observer. 
This time delay depends on the refractive index distribution n ( z )  and also on the absolute 
distance between the source and the observer. 

S Refsdal and J Surdej 

Figure 3. Formation of atmospheric mirages across an atmosphere characterized by a refractive 
index distribution n(z) ,  BS shown along the len horizontal axis 

Finally, let us remark that because atmospheric lensing preserves surface brightness, 
just as in the case of gravitational lensing, the amplification of a mirage's luminosity is 
simply given by the ratio of the solid angle of the observed (lensed) image to that of 
the (unlensed) source. Therefore, in addition to affecting significantly our view (image 
deformation, multiplication, etc) of distant resolved Earth sources, atmospheric lensing is 
also often responsible for the light amplification of distant unresolved objects located along 
straight and long roads or across flat countrysides. As we shall see in the remainder, there 
exist quite a few other similarities between atmospheric and gfavitational lensing. 

4. Physical basis of gravitational lenses 

4.1. General remarks 

The physical basis of gravitational lensing essentially consists in the deflection of light, and 
electromagnetic waves in general, in gravitational fields as predicted by Einstein's theory 
of general relativity. In the regime of small deflection angles and weak gravitational fields, 
which are of practical interest to us here, the so-called Einstein deflection of a light ray 
passing near a compact mass at a distance 5 is 

(4.1 ) 
4GM 2Rsc << 1 - &({) = ~ - - 
CZC F 

where G and c stand for the constant of gravitation and the velocity of light, respectively, and 
where R., represents the Schwarzschild radius associated with the mass M (see. figure 4). For 
an extended mass, it is easy to calculate the deflection angle by just summing (integrating) 
the individual deflections due to all the mass elements constituting the lens. Since there is 
usually just one mass concentration which acts as a lens, and which has a small size relative 
to the distances involved, the thin lens approximation is usually justified. We therefore 
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introduce a lens plane (C = (e, 7)) through the centre of mass of the lens and perpendicular 
to the deflector-observer line (see figure 4). All the mass can then be considered to be 
located in the lens plane and the deflection to take place where the ray crosses the lens 
plane. The deflection can therefore be expressed as a two-dimensional vector, 

where C(C) represents the surface mass density of the lens at the location C. In Newtonian 
terms, the Einstein deflection also follows if one assumes a refractive index n which depends 
on the Newtonian gravitational potential U of the lens via the relation n = 1 - 2U/cz. We 
see here once more some analogy with atmospheric lensing. 

Since the Einstein deflection is independent of wavelength, gravitational lenses are 
achromatic (indirect chromatic effects may, however, be induced by micro-lensing, see 
section 9.4). Furthermore, geometrical optics can be used since the physical optical effects 
are negligible in realistic situations, 

Dos 

Figure 4. Geometrical quantities characterizing the deflection of a light ray by a pointmass 
lens PA). 

4.2. The lens equation 

Let the true position of the source S on the sky now be defined by the angle 0, and the image 
position(s) by 0, ( i  = 1.2, . . .). These correspond to the solutions of the lens equarion 

where D& and Dos represent respectively the ‘deflector-source’ and ‘observer-source’ 
angular size distances and where a is the displacement angle, a = -(D&/D,,)& (see 
figures 4 and 5). We note that a given image position always corresponds to a specific source 
position whereas a given source position may sometimes correspond to several distinct 
image positions. Such cases of multiply imaged sources constitute the most spectacular and 
interesting aspects of gravitational lensing. 

A typical lens situation is shown in figure 5, where source and image positions (one 
image in this case) are seen projected on the sky. We see again that the image position is 
shifted by a relative to the source position; note, however, that LY is usually not constant 
over the source and this results in possible (de-)magnification and deformation of extended 
sources. 

e -0, = = -(D&/D,)&(~) (4.3) 
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Figure 5. Image of a lensed s o w  as seen projected on the sky 

4.3. Magnificdion and amplification 

Since gravitational lensing preserves the surface brightness of a source, the ratio 
(magnification) between the solid angle dwi covered by the lensed image and that of the 
unlensed source dw, immediately gives the flux amplification pi due to lensing. More 
formally, this is given for an infinitesimally small source by the inverse Jacobian of the 
transformation matrix between the source and the image(s): 

pi = dwi/dw, = I det(ae,/aei)l-’. (4.4) 
If there are several images of a given source, the total magnification (amplification) 

is given by the sum of all individual image magnifications (amplifications). We suggest 
hereafter using the term ‘magnification’ whenever the lensed images (e.g. luminous arcs, 
radio rings, etc) are resolved by the observer, thus emphasizing the change in angular size, 
and the term ‘amplification’ otherwise (cf when referring to micro-lensing effects or to the 
integrated flux of resolved macro-lensed images). 

4.4. Axially symmetric lenses 
Considering a thin gravitational lens that is axially symmetric with respect to the line-of- 
sight, we can, by virtue of Gauss’ law applied to the two-dimensional case, rewrite the 
deflection given in equation (4.2) as the scalar angle 

It is as if only the mass M ( 6 )  located inside the cylinder defined by the impact parameter 
6 was contributing to the light deflection and may be thought of as acting like a single 
point mass located at the centre (compare with equation (4.1)). The deflection caused by 
the matter distributed outside this cylinder exactly cancels out. All this reminds us of 
gravitational (or Coulomb) forces caused by spherically symmetric mass (or electric charge) 
distributions. 

Since light deflection by an axially symmetric lens reduces to a one-dimensional 
problem, it is also straightforward to simplify expression (4.4) for the magnification pi 
of the lensed images as follows 
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Figure 6. Deflection of a light ray passing thmlrgh an axially symmetric optical lens. 

5. The optical gravitational lens experiment 

For didactical purposes (see the applications in section 6), it is very useful to construct and 
use optical lenses that mimic the deflection of light rays as derived in equation (4.5) for the 
case of axially symmetric gravitational lenses. Such optical lenses should be rotationally 
symmeric, flat on one side (for simplicity) and have, on the other side, a surface determined 
in such a way that rays characterized by an impact parameter # are deflected by the angle 
E ( . $ )  = G(.$) (see equation (4.5) and figure 6). 

5.1. Shapes of axially symmetric optical lenses 

Applying Descartes' law (cf equation (3.2)) to t&e ray depicted in figure 6 and assuming 
that the angles (r and i) between the normal TZ to the optical surface and the incident and 
refracted rays are very small, we may write the relation 

where n represents here the refractive index of the lens with respect to the air. Furthermore, 
since we have 

and that the tangent to the optical surface at the point [#, A) is merely given by (see figure 6) 

d A j g  =-r (5.3) 
it is straightforward to derive the shape of a lens by means of the following differential 
equation 

dA -4GM(.$) 
- 5  

dt (n - I)cz(' (5.4) 
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5.1.1. The optical point-niass lens. By definition, the mass M of a point lens model 
is concentrated at one point such that we have M({) = M. It is then simple to solve 
equation (5.4) and derive the thickness A.0) of the corresponding optical lens as a function 
of the impact parameter f.  We find that 

(5.5) 

where R,, represents the Schwarzschild radius of the compact lens (cf equation (4.1)). 
In practice, the point (eo, A&)) is chosen in order to specify a given thickness (e.g. 
A&) = I cm) for the optical lens at a selected radius (e.g. $0 = 14 em). The resulting shape 
of such an optical 'point-mass' lens is illustrated in figure 7(a). It looks very much like 
the foot of some glasses of wine which, therefore, have been commonly used in the past by 
well known astronomers to simulate lensing effects. A realistic 'point-mass' lens, made of 
plexiglas-like material (refractive index n = 1.49; diameter of 28 cm), was manufactured in 
1979 at the Hamburg Observatory for the particular value of R,, = 0.3 cm. This corresponds 
in fact to the Schwarzschild radius of one-third of the Earth mass (see figure 8). 

a 

Figure 7. Several examples of axially symmevic optical lenses simulating the light deflection 
properties due lo a point mass (a),  an sIs galaxy (b). a spiral galaxy (c ) ,  a uniform disk (d )  and 
a lruncated uniform disk of marter ( E ) .  

5.1.2. The SIS optical lens. For the case of a singular isothermal sphere (hereafter SIS) lens 
model, i t  is well known that the mass of such a galaxy increases linearly with the impact 
parameter e ,  i.e. M ( 5 )  c( 5 .  We may thus rewrite equation (5.4) in the form 

dA/dc = - K  (5.6) 

where K represents a positive constant. Integration of this equation leads to the solution 

A G )  = A ( t d  + KEo -0. (5.7) 

The shape of the resulting SIS lens is thus merely an axially symmetric cone as illustrated 
in figure 7 ( b ) .  
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Figure 8. Examples of (left-hand side) a 'point-mars' lens (28 cm in diameter) manufactured 
at the Hamburg Observatory and of (right-hand side) a 'spiral galaxy' optical lens (30 cm 
in diameter) produced by the authors at €SO (Garching bei Munchen). We have used these 
particular lenses, made of plexiglar-like material ( n  = 1.49). to simulate the formation of 
multiple images Of a distant source (see Section 6 ) .  Our optical gravitational lens experiment is 
described in section 5.2. 

5.1.3. The 'spiral galaxy' optical lens. Given the exponential surface mass density 
E(<) = &exp(-F/Sc) (5.8) 

which describes reasonably well the mass distribution of a spiral galaxy disk having a 
characteristic size 4 ,  we may derive the mass distribution M ( 5 )  of such a deflector by 
means of the relation 

M ( 0  = 27l J n  {' c(F')F'dF'. (5.9) 

Integration of this last expression leads immediately to the result 

Inserting this result into equation (5.4) and performing the integration, we find that 
ME) = 2 7 + 2 ~ o [ l  - exp(-F/tc)(6/cc + 111. (5.10) 

8 n G ~ c 2 C o  F'L exp(-z) 
A(F) = A(Fd + (n - I)cz [ I n  (f ) - exp (2) + exp (2) + io,, 74. 

(5.11) 
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The general shape of a ‘spiral galaxy’ optical lens is illustrated in figure 7(c). A 30-cm 
diameter ‘spiral galaxy’ lens, produced by the authors at the European Southern Observatory 
(ESO, Garching bei Miinchen, Germany) is shown in figure 8. This lens is characterized by 
the following physical parameters: an equivalent Schwarzschild radius of one-third of the 
Earth mass, i.e. Rs, = 2GM(5 + w)/c2 = 4nCt2&/c2 = 0.3 cm (see equation (5.10)), 
& = 2.0 cm, t o  = 15 cm and A&) = 0.7 cm. We should also like to mention that 
Vanderriest (1985) has manufactured a similar type of lens (2 20 cm in diameter) directly 
from a piece of glass, at the Meudon Observatory. 

5.1.4. The uniform disk optical lens. As we shall see in section 6.1.5, a uniform circular 
disk of matter leads to a perfect convergence of all incoming light rays from a distant source 
into a single ‘focal’ point, assuming that the line-of-sight is perpendicular to the disk. We 
conclude that a classical converging optical lens constitutes the natural counterpart of such 
a deflector (see figure 7(d)) .  

5.1.5. The truncated uniform disk optical lens. For the case of a truncated uniform disk of 
matter, let us assume that the surface mass density C(t) is constant (= CO) for values of 
the impact parameter 5 in the range [0, tC] and that it is zero outside. We then get 

M(t) = nCot2 if t < tc (5.12~) 
and 

WO = zEotc2 if 6 > .$. (5.1%) 
Inserting these results into equation (5.4), a simple integration leads to the solutions for the 
thickness A([) of the optical lens as a function of the impact parameter [ 
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from which we may derive 

(5.13b) 

(5.13~) 

We have illustrated in figure 7ie) the shape of such an optical lens that simulates the 
gravitational lensing effects due to a truncated uniform disk of matter. 

5.2. Setup of the optical gravitational lens experimnl 

In order to simulate the formation of lensed images by a given mass distribution @oint 
mass, etc), we have used the optical setup that is shown in figure 9. A compact light source 
is located on the left-hand side (not clearly seen), then comes the point-mass optical lens 
(see figure 8 )  that deflects the light rays very nearly as a black hole having one-third of 
the Earth mass (RSE N 0.3 cm). Behind the lens, we find a white screen with a small hole 
at the centre (pinhole lens). Further behind, there is a large screen on which is projected 
the lensed image(s) of the source (the Einstein ring, in this case) as it would have been 
seen if our eye were located at the position of the pinhole. In the example illustrated here, 
the pinhole is set very precisely on the optical axis of the gravitational lens so that the 
source, the lens and the pinhole (observer) are perfectly aligned. Considering other relative 
positions between the source, the lens and the observer, and also for the additional case of 
an asymmetric lens, we shall illustrate in section 6 the resulting lensed images as a function 
of the pinhole position in the observer plane. Note that the bright regions seen on the lens 
in figure 9 are caused by scattered light. 
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Figure 9. Setup of the optical gravitational lens experiment. 

6. Gravitational lens models 

6.1. Axially symmetric lens models 

6.1.1. Generalities. In the case of perfect alignment between a source ( S ) ,  an axially 
symmetric deflector (D) and an observer (0) (see figure lo), we easily see that, with the 
exception of the direct ray propagating from the source to the observer, the condition for 
any other light ray to reach the observer is 

BIDd, rz &dD,, (6.1) 

as obtained from the direct application of the sine rule to the triangle SXO and assuming 
that the angles 0 and rYO remain very small. This will also be true if the real deflection 
angle 6 > &0 since it will then be always possible to find a light ray with a greater impact 
parameter 6 such that equation (6.1) is fulfilled. Expressing the angle 0 between the direct 
ray and the incoming deflected ray as 

0 Y cl& (6.2) 

and making use of equations (4.5) and (6.1), we may thus rewrite this condition as follows 

c(< e )  > c c  (6.3) 

i.e. the average surface mass density of the lens 

X(< 6) = M ( t ) / n S 2  (6.4) 

evaluated within the impact parameter 6, must simply exceed the critical surface mass 
density E,, defined by 

(6.5) czD., c, = 
4nGD,d D,js 
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Figure 10. On lhe condition for an observer 0 to see a light ray fmm a distant source S. 
deviated by a deflector D so hat more Ihan one image can be seen. Note hat 0, D and S are 
w-aligned and that axial symmetty is assumed. No scale is respected in lh is and all subsequent 
diagrams. 

Let us note that the latter quantity is essentially determined by the distances between the 
source, the deflector and the observer. As we shall see in section 6.1.5, a circular disk with 
uniform surface mass density E acts as a perfect converging lens, and we have C = Ec for 
the particular case when the observer is precisely located at its focal point. 

Although this reasoning essentially applies to a static Euclidean space, Refsdal (1966b) 
has shown that it also remains valid for Friedmann-Lemaftre-Robertson-Walker (FLRW) 
expanding universe models, provided that Dos, Dad and D b  represent angular size distances. 
Adopting typical cosmological distances for the deflector (redshift z d  N 0.5) and the source 
(z, N 2), we find that Cc N 1 g 

Substituting M ( t )  and in equation (6.4) with a typical mass M and a radius R for 
the deflector, we have listed in table 1 values for the ratio C(< R ) / E ,  considering a star, 
a galaxy and a cluster of galaxies located at various distances. 

Table 1. Ratio of Ihe average Z(< R )  and critical & surface mass densities. angular (a) 
and linear (&) radii of the Einstein ling for different values of Ihe mass M. distance Dd and 
radius R of the deflector. assuming that Ds = 2 x D d  (1 parsec = 1 pc = 3,262 light y w n  = 
3.086 x cm). 

Galaxy core IO1* io9 5 103 4 2" iop 
Cluster core 1014 I 09 16 1 20" 105 

We see that only stars and very compact, massive galaxies and galaxy clusters, for 
which E(< R ) / C ,  > 1, constitute promising 'multiple imaging' deflectors. 

In the case of axial symmetry, it is clear that in the presence of an efficient deflector, an 
observer located on the symmetry axis will actually see a ring (the so-called 'Einstein ring', 
see figure 9) of light from a distant source, Combining equations (4.3, (6.1) and (6.2). the 
angular radius of this ring may be conveniently expressed as 

We have also listed in table 1 typical values of 0, for different types of deflector located 
at various distances. 
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As we shall see in the next sections, the value of & derived here is very important 
because it can usually be used to estimate the angular separation between multiple lensed 
images in more general cases where the condition of perfect alignment between the source, 
deflector and observer is not fulfilled or even for lens mass distributions which significantly 
depart from the axial symmetry. Observed image separations (E 2%) can therefore lead to 
the value of MID,d or to the value of M times the Hubble constant, if the redshifts Z d  and 
zs are known. This is the simplest and most direct astrophysical application of gravitational 
lensing. We see from table 1 that for a source and a lens located at cosmological distances 
( Z d  N 0.5 and zs N 2), the angle can vary from micro-arcsec (stellar deflection) to arcsec 
(galaxy lensing), and up to some tens of arcsec in the case of cluster lenses. Let us also 
finally note that condition (6.3) for a deflector to produce multiple images of a lensed source 
turns out to be usually applicable, even when there is no axial symmetry. We shall now 
describe in more detail some of the best known lens models. 

6.1.2. The point-muss lens model. We first consider the classical model consisting of a 
single point mass (cf a black hole or a very compact object, see figure 4). Due to the axial 
symmetry, the propagation of light rays essentially reduces to a one-dimensional problem. 
Given the deflection angle in equation (4.1), the lens equation (4.3) may thus be rewritten 
as 

We have used this result to illustrate in figure 11 a typical ray-tracing diagram for the 
model of a point-mass lens. In the case of perfect alignment between the source, the lens 
and the observer, the latter (01 in figure 11) sees a ring of light due to the symmetry (cf the 
Einstein ring in the gravitational lens experiment shown in figure 9). As the observer moves 
away from the symmetry axis (cf 0 2  in figures I 1  and 12(b)), the Einstein ring breaks into 
two images that are located in the direction of the deflected rays, on opposite sides of the 
deflector (cf figures 11 and 12(c)). 

The solutions of the lens equation may be obtained in a simple way from a bending- 
angle diagram (see figure 13(b)) where CY and 0 -8, are plotted as a function of 0 and where 
the intersections between the hyperbola (i.e. C Y @ ) )  and the straight line (i.e. 0 - 8,) passing 
through the point (Os, 0) correspond to the desired solutions. For a given circular source S, 
it is then stmightfonvard to construct geometrically the resulting images projected on the 
sky, as seen by an observer for the two cases of perfect and non-perfect alignments (see 
figures 13(a) and (c), respectively). Finally, an alternative way to solve the lens equation 
(6.7) is to make use of the results (4.1) and (6.6) and to rewrite the former equation as 
follows 

(6.8) e 2 -@,e -8: = o 

so that the two solutions may be simply expressed as 

For 0, = 0, we find that the angular radius of the Einstein ring is given by @A,B = 9z& and 
by means of equation (4.6) that the magnification of this ring is 

PE = 2&/d& (6.10) 
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Figure 11. Ray-tracing diagram for the point-mass (PM) lens model. This diagram, as well as 
all subsequent ray-tracing diagrams. represent a set of parallel light rays, originating fmm a very 
distant point source. that deviate from their path as they cross the deflector plane. Different 
observer positions are represented in the 'observer' plane fmm where multiple lensed images 
may usually be seen. 

(.I (61 (4 
Figure 12. Optical gravitational lens experiment: in this first experiment used to simulate the 
gravitational deflection of light rays by a point-mass lens model (see section 5.2). the pinhole 
(observer) is set very precisely an the optical axis of the gravitational lens so that the source. 
the lens and the observer arc perfectly aligned (a). The resulting image is an Einstein ring (see 
figure 9). As the pinhole is moved slightly away from the symmetry axis (b). the Einstein ring 
breaks up in two images (c). 

where d&(<< &) represents the true angular radius of the source. As we depart from perfect 
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Figure 13. Combined tending-angle diagram (b) and resulbg lensed images ((a) and (c)) 
produced for the circular source S by a point-mass lens model. In this and all subsequent 
bending-angle diagrams, the solutions (9) of the lens equation (see equation (4.3)) are obtained 
from the geomevic intersections between the bending c w e  U(@) and h e  straight line 0 -Os,  
for the case of a circular source S whose centre is located at a me angular distance 9, from the 
deflector. The resulting lensed images are then constructed from simple geometric projections. 
For the particular case 0, = 0. the circular source S is lmsed into an Einstein ring whose angular 
radius is &. 

alignment (i.e. 0, # 0), it is easy to show (see equations (6.9) and (4.6)) that the angular 
separation between the two lensed images is 

A0 = 4% (6.11) 
and that their magnification is given by 

The total magnification of the two images is thus 

(6.12) 

(6.13) 
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We can then easily deduce that for great misalignment between the source, the lens and the 
observer, one of the two images approaches its m e  luminosity whereas the second one gets 
very close to the position of the deflector and becomes extremely faint. 

When the true position of the source lies inside the imaginary Einstein ring (i.e. Or < @e), 
the net magnification of the two images amounts to p~ 2 1.34. This means that the 
cross section for significant lensing (by convention p~ 2 1.34) is equal to n&', which is 
proportional to M (see equation (6.6)). We shall make use of this result when discussing 
the optical depth for lensing in section 7 and when using the observed frequency of multiply 
imaged sources within a sample of highly luminous quasars to set an upper limit on the 
cosmological density of compact objects in the universe (cf subsection 7.4). 
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Figure 14. Ray-tracing diagram for he SIS lens model. 

6.1.3. The SIS lens model. The SIS provides us with a reasonable approximation to account 
for the lensing properties of a real galaxy. Since the mass M ( e )  of an SIS galaxy is 
proportional to the impact parameter 6 ,  the value of the deflection angle &(e) is constant, 
irrespective of the value of 5 (see equation (4.9, the ray-tracing diagram in figure 14 and 
the bending-angle diagram in figure 15(b)). From galaxy modelling, it can be shown that 
the value of the deflection angle is given by 

(6.14) 

where U represents the one-component (observable) velocity dispersion of the galaxy. For 
le,l < cy0 = &o(D~,/D, , ) ,  the solutions of the one-dimensional SIS lens equation are then 
found to be 

2 2  &(f) = 20  = 4x0 / c  

eA,B = e, * 0 1 ~  (6.15) 

in accordance with equation (4.3). From these equations, we may directly infer that an 
observer located on the symmetry axis (i.e. for 0, = 0; see 01 in figure 14) will also see in 
this case an Einstein ring, the latter one being characterized by the angular radius 

eE = 0 1 ~  (6.16) 
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Figure 15. Combined bendingangle diagram (b) and resulting lensed images produced for lhe 
circular source S by a SIS lens model ((a). ( e )  and (d) ;  see text). 

and that the magnification of this ring amounts to 

pLE = 4eE/des. (6.17) 

This last value for the magnification is found to be twice as large as that for the point- 
mass lens; the reason being that the angular thickness of the SIS Einstein ring is 2d0, (see 
figure 15(a)), i.e. it is twice as large as that in the point-mass case. As the observer moves 
away from the symmetry axis (cf 0 2  in figure 14), the Einstein ring also breaks here into 
two images with an angular separation A0 = 7.6'6 (see figure IS@)). As long as 0, < SE, we 
easily find by means of equations (4.6) and (6.15) that the magnification of the two images 
is 

L L ~  = w e s  + 1 (6.18a) 

and 

= w e ,  - 1. (6.186) 
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The net total magnification affecting the two images is thus 
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PT = P A  f PB = %/9s. (6.19) 

For 8, > e€, the observer only sees one image (cf 03 in figure 14, see also figure lS(d)) 
and its magnification is given by 

(6.20) 

We see that -+ 1 when 8, increases to large values. We recall that the SIS lens model 
constitutes a good first approximation with which to simulate the lensing properties of real 
galaxies over a large range of impact parameters and that it is therefore often used to estimate 
lensing probabilities (see section 7). The most serious shortcoming of this model is that 
for light rays passing near to the centre of the galaxy the deflection is too large. However, 
for statistical purposes, this is not too serious since small values of the impact parameter 
occur very seldomly. Since for real (finite) galaxies, the deflection angle obviously tends to 
zero as the impact parameter increases, one may naturally introduce truncated SIS models 
or even more complex ones, as shown in the next section. 

P A  = &/e$ + 1. 

Figure 16. Ray-tracing diagram for the spiral galaxy lens model. 

6.1.4. The spiral salary lens model. If we combine equation (4.5) with equation (5.10) 
that characterizes the mass distribution of the disk of a spiral galaxy, seen face on, we may 
easily construct the resulting ray-tracing diagram (figure 16) and the combined bending- 
angle diagrams (figures 17(b) and (c))  in order to understand the formation of multiple 
lensed images due to this somewhat more complex deflector model. From these diagrams, 
we directly see that whenever the observer is located between the lens and the focal point 
caused by the inner pail of the disk (cf 01 in figure 16, see also figure 17(a)), we have 
C, > CO, where C, represents the critical surface density defined by equation (6.5) and Eo 
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Figure 11. 
produced for the circular source S by a spiral galaxy lens model ((a), ( d )  and (e); see texl). 

Combined bending-angle diagrams ( (b)  and (c)) and resolting lensed images 

the central surface mass density of the spiral galaxy (cf equation (5.8)). In this case, the 
observer only sees one single image of the distant source. However, when the observer is 
located behind the focal point ( C ,  < CO), he may see either three images (cf 02 in figure 16, 
see figure 17(d)) or one single image (see O3 in figure 16, see figure 17(e)), depending on 
whether he is located within, or outside, the caustic line. This caustic is very well seen in 
the ray-tracing diagram as the envelope curve formed by the deflected light rays originating 
from a very distant point source. Mathematically, the caustic corresponds to the solution 
of equation (4.6) for the case when the magnification of one of the lensed images becomes 
infinitely large (i.e. pi + CO). We will see in subsection 6.2 that caustics constitute generic 
features characterizing realistic lens models and that, very generally speaking, an observer 
crossing a caustic (i.e. going from the positions 02 to O3 in figure 16) always sees two of 
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the lensed images approaching each other, becoming very bright while they merge and then 
totally vanishing when the observer reaches the other side of the caustic. For the case of the 
spiral galaxy lens model, this sequence of events may easily be understood while changing 
the position of the source in the bending-angle diagram illustrated in figure 17(c). 
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Figure 18. Ray-tracing diagram for the uniform disk lens model. 

6.1.5. The uniform disk lens model. A transparent circular disk of matter, seen face on, 
characterized by a uniform surface mass density EO has an effective deflecting mass equal 
to ne2&, where represents the impact parameter of a chosen light ray. The deflection 
angle is thus (see equation (4.5)) given by 

&(e) = ~ x G & ~ / c ~ .  (6.21) 

The disk is therefore acting as a normal converging lens (see the ray-tracing diagram in 
figure 18), whose focal length is 

f = C2/4j?GCo. (6.22) 

It is then easy to show that the lens equation (4.3) leads to the solution 

6 = Os/( 1 - K )  (6.23) 

where K = &/&, & being the critical surface mass density defined in equation (6.5). With 
the exception of a hypothetical observer that would be precisely located at the focal point 
( K  = 1, the perceived image would then be a fully illuminated disk of light!), the observer 
just sees one single image of the distant source, somewhat displaced and (de)magnified (see 
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Figure 19. Combined bending-angle diagram (b) and resulting lensed images produced for the 
circular source S by two differenr uniform disk lens models ( K  < I in (a) and K =. I in (c): see 
text). 

the combined bending-angle diagram in figure 19). The magnification of this lensed image 
is directly found to be 

= 1/(1 - K ) ' .  (6.24) 

Let us note that for an observer located between the lens and the focal point we have K < 1 
(see 01 in figure 18, see also figure 19(u)), whereas we have K 1 when the observer is 
located behind the focal point (see 02 in figure 18, see also figure 19(c)). 
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Fiyre 20. Ray-tracing diagram for the truncated uniform disk lens model 

6.1.6. The truncated unifonn disk lens model. Let us finally consider the case of a truncated 
uniform disk, i.e. such that we may possibly have ( > R. For those external rays, the 
disk effectively acts as a point mass and the lens equation leads to a combination of the 
solutions (6.9) andlor (6.23), depending on whether the condition 8 > R/D,d or 0 < R/D,d 
is fulfilled. From the ray-tracing diagram depicted in figure 20 and the combined bending- 
angle diagrams represented in figures 21(b) and (c) ,  we see that only one image can be 
formed for K < 1 (see 0 1  in,figure 20, see also figure 21(a)), whereas for K > 1, there 
may result the formation of one or three images (see 0 2  and 0 3  in figure 20, see also 
figures 2 l ( d )  and (e)) .  

6.2. Asymmetric lenses 

Let us first summarize some of the important results that have been obtained in the previous 
subsection when considering the formation of multiple images by an axially symmetric lens 
model. For the case of the point-mass and SIS deflectors that are singular in their centre, the 
maximum number of lensed images has been found to be equal to two. For non-singular 
deflectors such as the spiral galaxy or the truncated uniform disk, we have seen that there 
were one or, at most, three lensed images, one of these being often very faint and located 
very near to the centre of the lens. 

As we may expect, symmetric lenses are very seldomly realized in nature; usually the 
main lens itself is asymmetric or some asymmetric disturbances may also be induced by the 
presence of neighbouring masses. In an important paper, Burke (1981) has demonstrated 
that a non-singular, transparent (symmetric or asymmetric) lens always produces an odd 
number of images for a given point source (except when located on the caustics). However, 
for the case of a singular lens, as in our optical lens experiment, one may obtain an even 
number of images. 
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Figure 21. Combined bending-angle diagrams ((b) and (c)) and resulting lensed images 
produced for fhe circular source S by a truncated uniform disk lens model ((a), ( d )  and (e); see 
text). 

In our optical gravitational lens experiment (cf section 5.2). the effects of a typical non- 
symmetric (singular) gravitational lens may be simulated by simply tilting the optical lens. 
In this case (see figure 22(a)), the bright (focal) line along the optical axis which existed 
in the symmetric configuration (cf figures 9 and 12(n)) has changed into a two-dimensional 
caustic surface, a section of which is seen as a diamond-shaped caustic (made of four folds 
and four cusps) in the pinhole plane. As a result, the Einstein ring that was observed in the 
symmetric case has now split up into four lensed images (figure 22(b)). Such a configuration 
(Dad N 10 kpc), we find tE to be just a few months (V N 200 km s-I). The timescale for 
the merging and disappearance of lensed images, as shown in our optical gravitational lens 
experiment, can be much shorter than the timescales given here; this will be discussed later. 
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of four lensed images always arises when the pinhole (observer) lies inside the diamond 
formed by the caustic. Let us immediately note that such caustics constitute a generic 
property of gravitational lensing, the focal line in the symmetric configuration being just a 
degenerate case. Figure 22(d) shows the merging of two of the four images into one, single, 
bright image when the pinhole approaches one of the fold caustics (figure 22(c)). Just after 
the pinhole has passed the fold caustic (see figure 22(e)), the two merging images have 
totally disappeared (figure 22(f)). A particularly interesting case occurs when the pinhole 
(observer) is located very close to one of the cusps (cf figure 22(g)). Three of the four 
previous images have then merged into one luminous arc, whereas the fourth one appears 
as a faint counterimage (figure 22(k)). For large sources that cover most of the diamond- 
shaped caustic (figure 22(i)), an almost complete Einstein ring is observed (figure 22(i)), 
although the source, lens and observer are not perfectly aligned and the lens is still being 
tilted. In this last experiment, the increase of the source size has been simulated by enlarging 
the pinhole radius by a factor Y 4. In order to show that this is a correct simulation, one 
may consider the pinhole and the screen behind it as a camera. It is then clear that an 
increase in the size of the pinhole leads to a larger and less well focused image of the 
compact source, corresponding indeed to an increase in the source size. A more detailed 
and rigorous analysis does confirm this result. The image configurations illustrated in 
ligwes 22(a)-(j)  are all found among the observed gravitational lens systems which will be 
discussed in section 8. It is obvious that if our optical lens were to have been non-singular 
in the centre (cf the ‘spiral galaxy’ optical lens shown in figure 8), we would have seen 
an additional image formed in the cenwal part of the lens. For the known lenses with an 
even number of observed images, it may well be that a black hole resides in the centre 
of the lens. The presence of a compact core could also account for the ‘missing’ image 
since then the very faint image expected to be seen close to, or through the core, would be 
well below the detection limits that are presently achievable (cf the third faint lensed image 
(c) in figures 17(d) and Zl(e)). Let us finally note that whereas the formation of multiple 
lensed images by asymmetric gravitational lenses is mathematically well understood (cf the 
pioneering work by Bourassa et al (1973)), the theoretical developments turn out to be very 
technical and rather tedious. The main results, however, reduce to the conclusions obtained 
in the above optical gravitational lens experiment. 

6.3. Timescales of gravitational lensing effecfs 

Since for asymmebic lenses the size of the diamond-shaped caustic is usually comparable 
with the radius of the Einstein ring associated with a compact object of similar mass, a 
characteristic timescale t E  for a gravitational lens system should be the time it would take for 
an observer (the pinhole) to cross the radius xg = &Dos/Dds of the Einstein ring projected 
onto the observer’s plane. The relative motion between the observer and the caustic arises 
because of relative velocities between the observer, the lens and the source. If V represents 
the effective transverse velocity of the observer, then tE is given by 

t E  N X E / V .  (6.25) 

Referring to table 1 and assuming V 2: 600 km s-’, we see that, for typical cosmological 
distances and for the case of a massive galaxy lens, we obtain t~ 2 x IO7 y, whereas 
for one solar mass star acting as a lens, we get rE Y 20 y. If the star is in our galaxy 

Figure 22. The ,optical gravitational lens experiment for the Case of an asymmetric, singular deflector (see 
text in section 6.21. 
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I .  Optical depth for lensing and some observational results 

7.1. The point-mass [ens model 

For randomly distributed point-mass lenses (e.g. stars, a putative cosmological population 
of black holes, etc), let us now estimate the frequency of significant gravitational lensing 
from observations of distant compact sources, i.e. objects and lenses whose angular sizes 
are definitely smaller than 0, (see equation (6.6)). 

Since the total amplification p~ of a compact source lensed by a point-mass lens exceeds 
1.34 whenever the true source position lies inside the imaginary Einstein ring associated 
with the deflector (i.e. for 0, c 0,. see section 6.1.2), the probability P to have significant 
lensing (by convention, p~ > 1.34) for a randomly located compact source at a distance 
Do, is simply given by 
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where U ( c  0) represents the Newtonian gravitational potential of the deflector as measured 
at the observer. We see that the probability P is linear in U so that equation (7.1) is also 
valid when several deflectors are acting independently of each other, irrespective of their 
individual masses. Considering a constant density of deflectors in a static universe, we may 
take an appropriate average of Dds (D- being fixed) and derive the expression for the total 
probability P (or optical depth r for lensing) 

where UL is the gravitational potential at the observer due to all possible lenses at distances 
D d  c DoS. We note that r is equal to the fraction of the sky being covered by the 
corresponding Einstein rings. From this simple result, it is clear that stars in ow galaxy have 
an extremely small optical depth for lensing (I U,'/c2 12 The situation, however, 
looks much more promising for distant sources. Following Refsdal (1965, 1970) and Press 
and Cunn (1973), it can be shown that for small source redshifts (typically zs < 0.5) 

(7.3) 
where S ~ L  is the cosmological density parameter of compact lenses. For zs > 0.5, T still 
increases with zs but not as fast as indicated by equation (7.3). For a more detailed discussion 
on lensing optical depth, see Canizares (1982) and Turner er al (1984). We see that values 
of r near unity may be reached for zs 2 1, if QL is close to one, and that very distant 
cosmic sources constitute the best candidates for being lensed. Therefore, even before the 
discovery of the first gravitational lens in 1979, it was natural to consider quasars as the 
best candidates to search for gravitational lensing effects. Since an upper value on r may be 
directly derived from the most optimistic estimated frequency of multiply imaged compact 
sources in a given sample (e.g. quasars), we may generalize equation (7.3)-including 
cosmological corrections-to infer an upper limit on S2;2~. However, because of instrumental 
limitations (e.g. restricted ranges in accessible angular separations, etc), the derived upper 
limit on S ~ L  will essentially concern a specific mass range M L  for the point-mass lenses. 

Let us remark here that, in this reasoning, we have assumed that our quasar sample is 
volume-limited in space. However, in practice, only flux-limited samples of sources are 
available such that a correction due to an amplification bias must be taken into account 
before using equations such as equation (7.3). As we shall see later, the amplification bias 
correction may turn out to be very substantial. 

1 2  r = $ 2 ~  z, 



Gravitational lenses 147 

7.2. The amplification bias correction 

Indeed, because multiple imaging is intimately connected with large amplifications of the 
selected sources, a swong bias effect arises if the inhinsic luminosity function of the latter 
objects is very steep since then an appreciable number of multiply imaged sources which 
were originally fainter than the flux threshold of the sample are boosted into it. The 
net effect is that the frequency of multiple imaging appears much greater in flux-limited 
samples of quasars than in volume-limited ones (Turner et al 1984). Following Fukugita 
and Turner (1991), amplification bias correction factors amounting to approximately 15, 25, 
40 and 50 must be applied to estimates of the frequency of multiply imaged quasars when 
considering samples limited in flux down to blue apparent magnitudes B = 18, 17, 16 and 
15, respectively. 

Another direct consequence of the amplification bias is that one would naturally expect 
to find an excess of foreground (amplifying) galaxies near distant and bright quasars selected 
from a flux-limited sample (see Narayan (1989) and Schneider (1987a, b)). Van Drom et 
al (1993) have recently reported the detection of a significant excess (cz 2.5) of moderately 
bright galaxies (R < 21) located in the neighbourhood (< 3") of a sample of 185 highly 
luminous quasars (Mv < -27). in good agreement with current expectations. 

7.3. The SIS lens model 

As already discussed in section 6.1.3, the SIS lens model has been successfully used in the 
past to represent as a first approximation the lensing properties of galaxies in the universe. In 
accordance with this model, an observer sees two lensed images of a distant source provided 
that 0, < &, which means that the cross section for an SIS deflector to produce double lensed 
images is rei, just like the cross section for a point-mass lens to produce a total amplification 
p~ > 1.34. If, because of the limited dynamical range of existing imaging instruments, a 
condition is imposed on the maximum detectable brightness ratio of two lensed images (e.g. 
only systems for which the magnitude difference does not exceed four magnitudes), one can 
easily show that the real cross section is only reduced very slightly (smaller than 5% in our 
example), so that we can effectively use a cross section equal to re: when evaluating the 
frequency of multiply imaged sources (e.g. quasars). Given the dependence of the angular 
Einstein radius on the one-component velocity dispersion a of a SIS galaxy (i.e. & a a', 
see equations (6.14)-(6,16)), it is straightforward to establish that, for a given cosmological 
distribution of SIS galaxies, the optical depth for producing multiply imaged quasars will 
be directly proportional to the efficiency parameter F(a nou&), where no represents the 
local number density of the different known types of galaxies (elliptical, SO, spiral) and ad 
an effective value for their one-component velocity dispersion. Of course, if one wishes to 
determine the value of the F parameter from the frequency of quasars which are multiply 
imaged by galaxies, here we must also take into account an amplification bias correction 
factor, as described in the previous section. 

Finally, it is important to note that only the mass 'inside' the imaginary Einstein ring in 
fact contributes to the cross section re: (cf equation (6.6)). so that for an extended deflector, 
there is no way from the observed frequency of multiply imaged sources to trace the mass 
located outside the Einstein ring. In the case of non-symmetric and/or non-singular lenses, 
more than two images may be seen, but for such more realistic types of deflectors, the 
probabilities depend unfortunately on many uncertain parameters (ellipticity, core radius, 
etc) and are therefore more difficult to evaluate. Let us finally note that in most statistical 
estimates of the lensing effects, it is assumed that the unlensed population of the sources is 
the one that is actually observed and that these same sources consist of point-like objects. 
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Figure 23. Adopting ffo = 50 km s-’ Mpc-’. 00 = I and A = 0, we have illustrated in this 
diagram the various upper bounds derived for the density parameter RL of compact lenses, with 
mass Mr, capable of producing multiple images of distant sources. The various determinations 
=e: -, C a n i m s  (1982); 0. Hewin (1986); t, Nemimff (1991); =, Kassiola et nf (1991); and 
x. Surdcj et d (1993a). Figure reproduced courtesy of lhc As~ron. 3, 

7.4. Some obsewational results on gravitational lensing statistics 

Given the dependence of the optical depth for lensing on the redshift (cf equation (7.3)) and 
on the apparent magnitude of the sources (via the amplification bias correction factor, see 
section 7.2), it was natural to expect that high angular resolution (typically better than 0.3”) 
direct observations of a large sample of bright and distant quasars would constitute the best 
approach to searching for new gravitational lens systems, and also to setting limits on the 
parameters C ~ L  and F, previously described. The possibility of using statistical gravitational 
lens studies as an astrophysical and cosmological tool has led a group of observers to 
obtain direct images for 469 highly luminous quasars (i.e. characterized by an absolute 
visual magnitude MV c -27), either from the ground at the ESO (La Silla) and with 
the Canada-FrancwHawaii telescope under optimal seeing conditions or using the Hubble 
Space Telescope (HST)  (see Surdej et a1 (1993a) for a more detailed account of these 
observations). These authors have reported the identification of three certain gravitational 
lenses (see the description of PG1115tO80, UM673 and H1413+117 in section 8) and of 
ten additional possible candidates. From these numbers, it is straightforward to estimate 
realistic values for the effectiveness parameter F of galaxies to produce multiply imaged 
quasars (i.e. 0.005 < F -= 0.5, at the 99.7% confidence level) and an upper limit for the 
cosmological density QL(< 0.02, at the 99.7% confidence level) of uniformly distributed 
compact objects in the mass range 5 x 10’O - 7 x 1O”M0. The range of values derived for 
the efficiency parameter F essentially overlaps previous estimates that have been made by 
Fukugita and Turner (1991) on the hasis of direct observations of local galaxies. In a more 
elaborate study, Kochanek (1993) shows that the statistics of multiply imaged quasars are 
in agreement with our standard knowledge of the distribution and luminosity function of 
galaxies, on the relation between luminosity and velocity dispersion, on the quasar apparent 
magnitude number counts, etc. Finally, we have summarized in figure 23 all previous 
upper limits quoted for C ~ L  over a wide range of deflector masses. It is striking that the 
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cosmological density of compact objects in the mass range 5 x 10" - 7 x 10" MO already 
appears to be lower than that of known galaxies! 

8. Observations of individual gravitational lens systems 

By now, more than twenty proposed cases of multiply imaged distant sources, five radio 
rings and several tens of giant luminous arcs and arclets have been identified (see tables 
2-5 for an updated list). Because of space limitation, we shall only describe some of these 
gravitational lens systems. 

8.1. Accepted c u e s  of multiply imaged sources 

We shall first have a look at some examples of distant sources lensed by an intervening 
galaxy and which belong to the two major classes of image configurations (i.e. two or four 
images, see section 6.2). In the two-image configuration (cf figures 12(c) and 22(f)), the 
lensing galaxy is usually located between the two images. In the four-image configuration 
(cf figure 22(b)), the lensed images lie roughly on a circle; the deflector being located near 
its centre. 

8.1.1. The hvo-image configuration. 

0957+561: The first reported example of a multiply imaged quasar (0957+561) consists 
of two components (A and B) at a redshift z = 1.41, separated by 6.1". accompanied by 
an extended radio source (Walsh et a1 1979; see figure 24(a) and table 2). The principal 
lensing galaxy at z = 0.36 is found to lie very near (cz 1") the southern component (cf the 
fuzz seen near this image in figure 24(a)). This galaxy is a member of a rich cluster whose 
mass also contributes to the lensing. 

0957+561 has turned out to be important from the point of view of cosmological 
application (determination of the Hubble parameter by means of the measurement of the time 
delay). Indeed, not only does the light coming from the source along the northern image 
travel along a different geometric path from that associated with the southern image but the 
photons travelling along this second path do encounter stronger gravitational potential effects 
due to the galaxy. These are therefore more slowed down and, at the end, one can show 
that light from the northern component should reach a terrestrial observer approximately 
one year ahead. As explained in section 9.1, the measurement of such a time delay can be 
used to determine the value of the Hubble parameter Ho. 

The most extensive optical and radio photometric monitoring ever canied out for a 
gravitational lens system over more than ten years has been made for this famous double 
quasar (Vandemest et al 1989, Schild 1990, Lehir et al 1992, Conner et al 1992, see also 
a table summarizing the available data sets in Vanderriest et al 1992). 

Although a value close to 1.45 y had been previously derived from both the optical and 
radio light curves (press etal 1992% b, Beskin and Oknynanskij 1992), a value of 1.14 y is 
preferred today (Vanderriest et a1 1992, Kayser 1993, Schild and Thompson 1993). Based 
upon VLA data recorded at A 6 cm, Conner et a1 (1992) have derived an amplification 
ratio ( B / A )  of 0.697 f 0.003 between the two images of the radio core and VLBI jet and 
B / A  = 0.75 & 0.03 for the core alone, in agreement with the value directly inferred from 
optical photometry. 

Following the measurement of the line-of-sight velocity dispersion of the primary lensing 
galaxy (303250 km s-'), Rhee (1991), Narayan (1991), Roberts etal (1991) and others have 
published independent determinations for the value of the Hubble parameter, The values 
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range between 37 (f15) and 69 (f20)  km s-' Mpc-'. However, due to large uncertainties 
remaining in the lensing model, Falco et a1 (1990, 1991a) and Kochanek (1991a) have cast 
some doubts on the possibility of deriving a reliable value for Ho from this system (see also 
Falco (1992) and Refsdal (1992)). The recent discovery of an additional foreground cluster 
of galaxies at a redshift z = 0.5 still adds more free parameters to the modelling of the lens 
(Garret et a! 1992a, Angonin and Soucail 1992) and strengthens this conclusion. Two giant 
blue luminous arcs have been discovered at some 20" from the centre of this gravitational 
lens system by Bernstein et al (1993) and these authors have discussed the constraints that 
these new images impose on the deflector models. Schild and Smith (1991) and Falco et al 
(1991b) have also discussed the possible role played by micro-lensing effects in the light 
curve of component B. A spectrophotometric monitoring of the two image components of 
0957+561 would certainly help in disentangling the effects due to intrinsic variability and/or 
micro-lensing. 

Based on x-ray images of 0957+561 obtained with the high-resolution imager onboard 
the Einstein satellite, Jones et al (1993) have reported the detection of an arc of radiation 
forming an approximate semi-circle that extends from the northern quasar image (A) to the 
southern one (B). In addition to this, they find unresolved x-ray emission associated with B, 
while the A image lies in a region affected by the x-ray arc. They interpret these results as 
due to the gravitational lensing of an extended source of x-ray emission, slightly offset from 
the unresolved x-ray source associated with the quasar itself. They suggest that the origin 
of the extended x-ray emission could arise from radiative cooling of hot gas surrounding 
the quasar. 

Whereas the estimate of the mass of the lensing galaxy comprised between the two 
images is fairly secure assuming that the time delay is correct (cf Borgeest 1986). it is 
to be hoped that in addition to the ongoing optical spectroscopy obtained for the lensing 
clusters associated with this gravitational lens system (Garrett et a1 1992a, b, Angonin and 
Soucail 1992). the high angular resolution radio observations of images A and B made at 
several epochs (cf Wilkinson 1990, Garrett et al 1993a) as well as subsequent searches for 
luminous arcs and arclets will help in constraining more efficiently the mass distribution in 
the lens(es). 

Due to the rather complex nature of the lens for 0957+561, it is probable that 
observational studies of other systems with a more simple lens (cf 0142- 100, 0218f357, 
1104 - 1805, 1115 + 080) will lead to a more accurate value of Ho. 
0142 - 100 = UM673: This is the first gravitational lens system that has been discovered 
at the ESO (La Silla) in a systematic survey among highly luminous quasars (HLQs) (Surdej 
et al 1987). The two QSO images ( z  = 2.72) are separated by 2.2" (see figure 24(b)) and 
their spectra turn out to be strikingly similar. After subtracting a double point spread 
function (PSF) from the observed QSO images, the lens of this system is seen and it 
appears to be made of a single isolated galaxy at a redshift I = 0.49 (cf figure 24(c)). 
The mass of this deflector (within an angular radius of 1.1") has been estimated to 
Y 2.4 x 1Oi'h;;Mo(hso = Ho/% km s-' Mpc-'). Because no trace of a galaxy cluster 
has been detected around the lensing galaxy, this system constitutes a clean and good 
candidate to attempt an independent determination of Ho. The expected time delay is of 
the order of 7 weeks. A photometric monitoring of this system is under way at ESO and 
with the Nordic Optical Telescope. However, because of scheduling constraints, uncertain 
weather and seeing conditions, it  has been difficult so far to obtain sufficiently well sampled 
light curves. Preliminary results have been recently reported by Daulie et al (1993); no 
significant light variation could be detected between the two lensed QSO images. A plea for 
a 2-3-m class optical telescope, fully dedicated to the monitoring of known gravitational 
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lens systems, has been presented by Refsdal and Surdej (1992) in order to alleviate such 
a frustrating problem. It is very probable that continuous observations of a few selected 
multiply imaged quasars would bring, after only a few years, major contributions in the 
fields of cosmology and the physics of quasars. 

Speckle interferometry (i.e. speckle masking reconstruction) of UM673 (Weigelt et al 
1994) shows that the lensed A and B images are unresolved down to angular separations 
near 0.1" and magnitude differences near 2 for the A component. 

Smette er al(1992) have reponed a study of the Lya forest on the basis of high-resolution 
spectra of this gravitational lens system. Making use of the number of coincidences and 
anti-coincidences for the Lya absorption lines detected in the spectra of the two lensed 
images and by means of Monte Carlo simulations, these authors have derived a value of 
12h;d kpc (40 = 0) for the 20 lower limit of the diameter of spherical Lya clouds. Smette 
et a1 have also suggested how to make use of their present results and those reported for the 
number of Lycy anti-coincidences in the spectra of 2345t007 A and B (Foltz etul (1984) and 
see section 8.2) in order to assess the physical nature (binary quasar or dark gravitational 
lens) of the latter system. 

Let us finally mention that UM673 A and B were not detected at radio wavelengths 
(< 0.3 mJy RMS noise), despite serious observational efforts made with the VLA at 1 6 cm 
(National Radio Astronomical Observatory, New Mexico). 

lU)8+1011: Magain et al (1992a, b) have reported convincing observational evidence that 
this very high redshift (z = 3.803) and luminous quasar (Mv = -28.9, Hazard eta/ 1986, 
Sargent et al 1986) consists of two lensed images, with a record angular separation of only 
0.45" and a brightness ratio of 3.5, in red light (see figure 24(d)). 

It is to be stressed that sophisticated data reduction methods (PSF subtraction, 
deconvolution, etc) had to be used in order to disentangle blended images with such a small 
angular separation (Magain et a1 1992b). Q1208+1011 has independently been discovered 
in the gravitational lens snapshot survey performed with HST (Maoz et al 1992, Pirenne et 
a1 1992). Additional imagery and spectroscopy obtained with HST essentially confirm the 
gravitational lens hypothesis for this very interesting system (Bahcall et ul 1992a. b). 

1009 - 025: This quasar (R = 17.6, z = 2.74) is the fourth gravitational lens system 
that has been discovered at ESO (La Silla) in the context of the ESO Key Programme 
'Gravitational Lensing' (Surdej et a/ 1993b). This system consists of two lensed QSO 
images with an angular separation of 1.55" and a magnitude difference of 2.4 in red light 
(see figure 24(e)). The image of the lens has not yet been identified. Quite unexpectedly, 
a quasar with a redshift z = 1.62 and a magnitude R = 18.9 has been found at 4.6" from 
this multiply imaged quasar. Furthermore, during the course of this imaging survey of 
highly luminous quasars (Mv < -27 calculated for HO = 50 km s-' Mpc-' and go = 0.5; 
see section 7.4). another pair of quasars (1 148+055 A and B) with quite different redshifts 
(LA = 1.89 and ZS = 1.41) has been discovered. The magnitudes of these two quasars 
are R = 17.9 and R = 20.7, their angular separation being only 3.9". The probability of 
randomly identifying two such tight (< 5") associations of quasars with discordant redshifts 
within a sample of less than 500 highly luminous quasars turns out to be very small. it 
is very suggestive that a preferential amplification due to gravitational lensing along the 
line-of-sight to 1009 - 025, and probably also towards 1148+055 is responsible for this 
excess of apparent quasar associations. For completeness, we should still like to mention 
that Wampler et a1 (1973) twenty years ago reported the discovery of another interesting 
close pair (A0 = 4.8") of quasars 1548+115 A ( R  = 18.1) and B ( R  = 18.8) having very 
different redshifts (ZA = 0.44 and ZB = 1.90). 
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Table 5. Giant luminous arcs and arclets. 

Cluster name Arc magnitude 4 Y Reference 

Abell 370 R = 19.4 0.725 0.374 Soucail er al 1987 

CI 2244 - 02 

Abell 963 

CI 0024t1654 

CI 0500 - 24 

Abell 2218 

Abell 1689 

C1 1409152 

Abell2390 

AC 114 

AbeU 2163 

Abell 1942 

Abcll 222 

Abell 2397 

MS 2137 - 23 

CI 0302+1658 

MS 1621.5+2640 

MS 2053.7 - 0449 

CL 2236 - 04 

0957661 

R = 22.3 

R = 20.4 

R=23.1 

R = 22.3 

R = 19.8 

r=21.4 
r=21,7 

R = 20.0 

R =21.2 
R =21.8 

R=21.6 
B = 23.3 

R = 22.4 
R = 22.6 

V = 23.9 

V = 22.9 

R = 19.1 

R = 23.5 

1.3? 

2.237 

0.771 

1.39? 

0.91? 

0.702 
1.034 

0.913 

0.728 
0.742 

1.116 

0.336 

0.206 

0.391 

0.316 

0.176 

0.231 

0.203 

0.23 

0.213 

0.32 

0.42 

0.426 

0.583 

0.56 

0.5 
R = 23.7 0.36 

Lynds and Petrosian 1989 

Lynds and Petrosian 1989 
Mellier ern1 1991 

Laveiy and Henry 1988 

Koo 1987 
Mellier ern1 1991 

Ciaud 1988 

Pello-Descayre er a1 1988 
Pello et a1 1992 

Tyson e l  01 1990 

Tyson er a1 1990 

Pello er a1 1991 

Smail et ol 1991 

Soucail elnl 1993 

Smail ern1 1991 

smail ern1 1991 

Smail era1 1991 

Fort er 01 1992 
Mellier CI a1 1993 

Mathez et 01 1992 

Luppino and Gioia 1992 

Luppino and Gioia 1992 

Melnick el ul 1993 

Bemstein er 01 1993 

0952 - 01: McMahon et af (1992) have recently reported the optical discovery of the most 
distant multiply imaged quasar BRIO952 - 01, with a redshift z = 4.5 (see figure 24(f)). 
This new gravitational lens system consists of two unresolved lensed images, separated by 
0.95". with a magnitude difference AM = 1.35. No trace of the lens has yet been found. 



Gravitational lenses 157 

8.1.2. The four-image configuration. 

1115t080 By means of the pupil segmentation technique used with the Canada-Franc+ 
Hawaii (CFH; Lelikvre et al 1988) telescope, high angular resolution observations of 
PG1115tO80 ( z  = 1.72) have been obtained in the past (see figure 24(g)). This so- 
called 'triple quasar', discovered serendipitously by Weymann and his collaborators in 1980, 
consists of four images (A, B and C); the brightest component A being a nearly merged 
double image (hereafter A1 and A2) whose separation is just 0.5" (cf the analogy with 
figure 2 2 ( 4  in the optical gravitational lens experiment). 

Angonin-Willaime el al (1993b) have recently measured the redshift zg = 
0.294(~0.005) of the prime lensing galaxy (catalogued as G5; see Shaklan and Hege (1986) 
and Christian et a1 (1987)) located between the A and B images. From this, one may easily 
estimate that the time delays between the different pairs of four images range from some 
days to several months. 

Following the photometric variability study reported by Vanderriest et al (1986), it 
is likely that micro-lensing effects are responsible for the brightness variations observed 
between the A1 and A2 images. Spectrophotometry of the whole system at various epochs 
should provide us with a definite answer as to the reality of these effects (cf Saust 1991). 
Note that in addition to the main galaxy G5, Henry and Heasley (1986) found that there 
was also a galaxy (G4) centred approximately between the two A components. If real, 
this would lend support to the micro-lensing-induced variability suspected for the A twin 
components. 

By means of speckle interferometric observations, Fay eta! (1985) have reported the 
possible detection of a fifth image (A3), located at 0.04" from A2. 

From all these observational results, it seems very clear that further high angular 
resolution imaging of PGI 115+080 is mandatory in order to confirm the reported detections 
of the A3 and G4 components and that measurements of the velocity dispersion of the prime 
G5 galaxy are highly desirable to better constrain the lensing model. 

2016t112: The MIT-Green Bank radio source MG2016t112 was the first lens system 
actually discovered through a systematic VLA search (Lawrence etal  1984; see figure 24(h)). 
This gravitational lens system appears to be very complex because it consists of at least 
three lensed images A, B and C' at a redshift zs = 3.27, two foreground lensing galaxies C 
and D, with a measured redshift z,j = 1.01 for the latter one, and two diffuse narrow line 
emission regions that appear to be physically distinct, and located near images A and B (see 
Schneider et al 1986). Obsenrational evidence for the possible occurrence of micro-lensing 
effects has also been reported for this system. 

Heflin et nl (1991) have reported on first epoch A 18 cm VLBI observations for this 
gravitational lens system, indicating that the A and B images show milli-arcsec stmctures. 
These should turn out to be very useful in order to set tight constraints on the possible lens 
models. Garrett er a1 (1993b) have recently obtained h 6 cm MERLIN images of this system, 
with a 50 milli-arcsec angular resolution. They find that the C' component is extended 
(east-west) on a scale of E 150 milli-arcsec. 

Langston etal  (1991) have obtained K-band observations of 2016t112 from which they 
propose a model consisting of a single lens component (galaxy D). However, Lawrence et 
al (1993) have also obtained, under somewhat better seeing conditions, K-band images of 
MG2016t112 showing very clearly the presence of the two foreground lensing galaxies. 
From the r-K colour of galaxy C ,  they suggest that its redshift is probably substantially 
higher (2 2) than that of D and that this may have important consequences for models of 
this system. 
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Table 6.  Observational information relevant to figure 24. 

Figure Source name Imagds) Wavebandftelescope Courtesy of 
~ 

0957+561 

0142 - IC0 

0142 - 100 

1208+1011 

IO09 - 025 

0952 - 01 

11 15+080 

2016t112 

223710305 

3c324 

1413+117 

04 I4t0534 

1422t23 1 

1938+666 

I13lt0456 

1654t1346 

I830 - 211 

1549+3047 

MI81357 

AbeU 370 

Cl2244 - 02 

A-B t lens 

A-B 

Lens 

A-B 

A-B 

A-B 

A-D 

A X ’  t lens 

A-D + lens 

A-C t lens 

A-D 

A-D + lens 

A-D 

A-D t mini-arc 

A-B + ring 

Ring 

A-B t ring 

ring 

A-B + ring 

Arc 

Arc 

Optical R 
CFH 
Optical R 
ESOlMPI 2.2 m 
Optical R 
ESOMPI 2.2 m 
Optical R 
NOT 
Optical R 
N n  ’ 

optical I 
CFH 
Optical R 
CFH 
Optical R 
NTT 
Optical R 

Optical R 
CFH 
Optical R 
NTT 
Optical R 
C M t N T r  
Radio (5 GHz) 

Radio (5 GHz) 

Radio (8.6 CHz) 
V U  
Radio (5 GHz) 

Radio (5 GHz) 
MERLIN 
Radio (5 CHz) 

Radio (5 CHz) 

cm 

MERLM 

MERLIN 

VLA 

V L A  

MERUN 
optical I 
N I T  
Composile BNR 
fTH 

Dr C Vandeniest 

Dr P Magain 

Dr P Magain 

Drs J Hjorth and 
F. GNndohl Jensen 
Dr M Remy 

Dr R McMahon 

Dr G L e l i h e  

Dr C Vanderriest 

Dr 0 LeMvre 

Dr F Hammer 

Dr A Smette 

Dr C Vanderriest 

Dr A Patnaik 

Dr A Pamaik 

NRAO 

NRAO 

Dr A Patnaik 

Dr J LehSr 

Dr A Pattnaik 

Dr G Soucail 

Dr F Hammer 

Vanderriest (1992a. private communication) has obtained new spectra for images A and 
B (mag N 22.5) with a higher resolution in which the emission lines are just being resolved 
(E 300 km s-’), indicating that they correspond to a starburst-type nucleus or a LINER 
observed at an unprecedented distance lhanks to gravitational lensing. 

2237+0305 (the Einstein cross): The gravitational lens system 2237+0305 consists of a 
spiral galaxy at z E 0.04 in which Huchra et al (1985) discovered serendipitously a 
high redshift (z = 1.69) quasar coincident with the galaxy nucleus. The denomination 
‘Einstein cross’ comes from the fact that high angular resolution imagery Wee 1988, 
Schneider ef al 1988) and spectroscopy (De Robertis and Yee 1988, Adam et al 1989) 
have convincingly demonstrated that 422374305 consists of four lensed quasar images 



Gravitational lenses 161 

with angular separations between 1.4" and 1.8", in addition to the central galaxy nucleus 
(see figure 24(i)). The mass of the deflector inside the four lensed images has been estimated 
to about 2 x  10iOh;b'Mo and the total quasar image amplification to N 18.5 (Rix eta1 1992). 

This system is unique for displaying micro-lensing effects (Kayser and Refsdal 1989). 
Indeed, because the expected time delays are so short (at most a few days), intrinsic 
variability should show up almost simultaneously in the four images so that any brightness 
variation affecting just some of the four single images may be attributed to micro-lensing. 
Also, due to the large distance ratio between the source and the lens, micro-lensing should 
lead to more frequent and rapid high amplification events (HAES, see section 9.4.2) and the 
expected number of HAES should he large (about 0.3 events per year and per image). It was 
therefore not a surprise when Irwin et al (1989, see also Comgan et a1 1991) announced 
the first detection of a micro-lensing event for the A component during the summer 1988. 
Analysis of CCD frames obtained at ESO (La Sillia) by Remy eta1 (1994) in the framework 
of the ESO key-programme 'Gravitational Lensing' and with the Nordic Optical Telescope 
reveals that at least three (A, C, D) of the four lensed components of the 'Einstein cross' 
display appreciable light variations (see the preliminary light curves of the A, C and D 
images normalized to that of B in Surdej et af (1992)). In particular, the visual brightness 
ratio A / B  has recently been observed to vary from about 1.3 to 0.8 in less than one year. 
During this event, Racine (1992) has reported a significant variation in the continuum of 
image B relative to the flux in the CIII] emission-line. Re-analysing the HA€ of image 
A that took place between 1988 and 1989, Racine finds that, under the assumption of a 
transverse velocity for the micro-lens of 600 km Ci ,  the continuum region of the quasar 
must be < lOI5 cm in radius and that the broad-line region responsible for the observed 
CIII] emission line is probably at least ten times larger. Theoretical analysis of these data 
favours relatively small masses for the micro-lenses: it is, however, not necessary to invoke 
masses below 0.1Mo (Wambsganss et al 199Ob), although masses as small as lO-'M0 
cannot be excluded at the moment (Refsdal and Stabell 1993). Let us still mention that 
a small difference in the Mg II emission line profile between images A and B, possibly 
caused by micro-lensing, has been reported by Filippenko (1989). 

Nadeau et a/ (1991) have obtained infrared and additional visible photometry of the 
Einstein cross, allowing them to characterize the extinction in the deflector. 

Simulations of micro-lensing effects for 2237+0305 by Wambsganss et al (1990a) 
predict that the shape of HAE light curves should not only depend on the source size and 
the relative transverse velocity between the source, the lens and the observer but that, due 
to the very strong effect of the shear by the galaxy, it should also depend on the direction 
of this velocity. Theoretical work related to the interpretation of the high amplification 
micro-lensing event reported by Irwin et a1 (1989) has been published by Wambsganss eta1 
(1990b). Wambsganss and Paczyriski (1991), Witt era! (1993) and by Rauch and Blandford 
(1991). The latter authors examine the constraints that one may place on the quasar source 
(accretion disk around a black hole, etc) assuming that the relative motions of the source 
with respect to the caustics network are caused, not by the proper motion of the micro- 
lens, but by that associated with different moving source regions (cf large Keplerian orbital 
velocities). Wambsganss (1992) also discusses the expected colour variations in some of 
the micro-lensed images of 2237+0305 as a tool for the determination of the quasar size. 

Crane et nl (1991) have reported images of the gravitational lens system 2237+0305 
obtained with the HST faint object camera. They did not find evidence for a fifth component 
down to 1/20-1/30th the brightness of image B. Racine (1991) has obtained CCD frames in 
the R and I bands with the direct camera HRCam at the CFH telescope in 0.4" (m) seeing 
with very high signal-to-noise ratio (> 500) and he claims to have detected a fifth image, 
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4.5 mag fainter than component A, at 0.07" L!Z 0.035" SSE from the lensing galaxy centre. 
Confirmation of his finding as well as obtaining a spectrum of this putative component 
would be of great interest. Yee and De Robertis (1991) have reported the possible detection 
of a compact star-forming region between the A and B images that is possibly associated 
with either the host galaxy or a companion galaxy at z N 1.7. We refer to De Robertis and 
Yee (1992) for a more detailed account of these observations. 

Finally, Foltz et a1 (1992) have recently measured the projected central velocity 
dispersion (up N 215 i 30 km s-') of the galaxy nucleus. Although these authors find 
some good agreement between their measurements and the predictions of published lensing 
models, they point out that the velocity dispersion of the galaxy bulge could be affected by 
some degree of anisotropy. 

3C324: With this object, Le F h e  et a1 (1987) have reported the first example of 
gravitational multiple imaging of a giant radiogalaxy at a redshift z = 1.206 by a foreground 
(spiral?) galaxy at z = 0.84. The optical source 3C324 is composed of at least three lensed 
images within an area having an angular extent less than 3" (see figure 24(i)). Such 
gravitational lens systems should be monitored photometrically for the possible detection of 
a supernova event in the different images. This could lead to a very original determination 
of the Hubble parameter HO (cf subsection 9.1). 

1413+117 (the Clover Leaf): H1413t117 is the second example of a multiply imaged QSO 
( z  = 2.55) that has been identified at ESO, within a systematic search for lenses among HLQs 
(Magain et a1 1988, cf figure 24(k)). This quadruply imaged quasar has also been resolved 
at h 3.6 cm with the VLA in the A configuration. A detailed modelling of these observations 
has been made by Kayser er a1 (1990) and nicely supports the optical observations. The 
estimated time delays between image pairs range from a few days to less than a month. 
High angular resolution (FWHM = 0.6") integral field spectroscopy of this system obtained 
with the bidimensional spectrograph SLmD at the CFH telescope has enabled the spectra 
of the four individual images to be resolved. The spectra, which show characteristic broad 
absorption line and emission line profiles, turn out to be very similar, except for narrow 
absorption line systems at za = 1.44 and za = 1.66 (probably related to the lens(es)) seen 
in images A and B and also for small but significant differences in the spectrum of image 
D which are probably caused by micro-lensing effects (Angonin et al 1990). 

On the basis of direct CCD images obtained with the ESO/MPI 2.2-m telescope, Altieri 
and Giraud (1991) have described new interesting data obtained on 17 February 1991 for 
the 'Clover Leaf. Their CCD frames reveal a dramatic increase in the relative brightness of 
B when compared with observations taken earlier. These authors state that the luminosity 
of B is about 1.5 that of A, whereas it was 0.85 that of A in March 1988. As also 
suspected independently by Lindblad (1991, private communication), doubt may be cast on 
this interpretation. Indeed, analysis of the figure published by Altieri and Ciraud seems to 
indicate that there may have been an inversion in their component labels (i.e. A with C and 
B with D, respectively). If this is the case, it would mean that it is the D component that 
has been subject to micro-lensing effects, as already suspected earlier (Angonin et al 1990, 
Kayser et al 1990). Preliminary photometric lightcurves of H1413+117 A-D have been 
recently reported by Arnould er& (1993). 

0414+0534 In their presentation of preliminary results of the VLA gravitational lens survey, 
Hewitt et a1 (1989) have reported the detection of a new lens candidate for the radio 
source MG0414t0534 (see figure 24(1)). It consists of four radio components with angular 
separations between 0.4" and Z", showing rather similar flux ratios at h 2 and 6 cm (see 
also Katz and Hewitt (1993) for a presentation of more recent VLA data). Furthermore, 
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Hewitt et a1 (1992) have obtained direct multi-colour CCD frames, showing very clearly that 
the optical morphology of this faint object is reminiscent of that seen at radio wavelengths. 
These authors have also obtained a spectrum of the whole object indicating that its light is 
unusually red, with no trace of emission lines and being very distinct from any conventional 
spectrum of known active galactic nuclei (AGN). Furthermore, the four components of this 
system have been detected with VLBl to show compact flux at h 18 cm (Hewitt 1989, private 
communication). Garrett et a1 (1993b) have recently obtained very interesting h 6 cm 
MERLIN images of this system with a 50 milli-arcsec angular resolution. They find that 
MG0414c0534 exhibits extended emission in the A and B images which appears to form 
an unusual ‘S-shape’ structure. 

Recent optical studies of this system by Schechter and Moore (1993) and by Angonin- 
Willaime etol (1993a) have led to the identification ofa fifth image (very probably resolved) 
on I and R band CCD frames, lying very near to the centre of the four compact images, 
within 0.1’’ of the predicted position of the lensing galaxy (Kochanek 1991b). Schechter 
and Mo,ore also report the possible detection of a sixth image and they mention the fact that 
Elston and Lawrence (see their private communication in Blandford and Narayan (1992)) 
have obtained an IR spectrum indicating that the source redshift is possibly z = 2.63. It 
would be very important to confirm this proposed redshift as well as measuring that of the 
lens. Annis and Lupino (1993) have obtained K-band imaging for this system and they 
conclude in their study that MG0414c0534 merely represents a member of the expected 
population of distant radio galaxies. 

This gravitational lens system, observable at both radio and optical wavelengths, may 
also turn out to be useful in the context of an independent determination of HO from the 
mwsurement of time delays (see section 9.1). 

1422+231: Patnaik et a[ (1992a) have discovered B1422t231 to be a new gravitationally 
lensed source at a redshift z = 3.62. They first identified this object as a multiply imaged 
radio source, consisting of three (and very probably four) unresolved components whose 
measured spectral index between 8.4 and 5 GHz, fractional polarization and direction of the 
polarization position angle are identical, within the measurement errors (see figure 24(m)). 
The largest angular separation between the lensed images amounts to 1.3”. Therefore, they 
were only able to obtain an optical spectrum covering the whole system. It turns out to be 
that of a very bright quasar ( R  = 16.5) showing a prominent emission line component due 
to Lyor+NV. Direct infrared (K band at 2.2 pm) and optical (V, R and I) imaging of this 
system by Lawrence et al (1992) and by Remy eta1 (1993). respectively, fully corroborates 
the above interpretation: four unresolved images were detected. These coincide with the 
radio ones and they are characterized by similar brightness ratios. Individual optical spectra 
of these components are needed to better understand the physical model of this interesting 
and very bright gravitational lens system. 
1938t666: By means of h 6 cm MERLIN radio observations, the source B1938c666 has been 
imaged by Patnaik et al (1993) with an equivalent 35 milli-arcsec angular resolution and 
found to be a very fascinating gravitational lens system (see figure 24(n)). It consists of four 
compact components having a similar radio flat spectrum, a jet-like feature connecting one 
of the compact sources and a well developed but unresolved arc-like structure, reminiscent 
of the giant optical arcs seen around rich galaxy clusters (see subsection 8.4). The entire 
structure lies within a diameter of 0.95 arcsec. The source is associated with a faint object 
(r = 23 mag) of unknown redshift. 

8.2. Additional proposed cases of multiply imaged sources 
2345407: This system constitutes the most controversial gravitational lens candidate. It 
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was identified by Weedman er al (1982) as a pair of QSO images (A and B), separated 
by 7.3" at a redshift z = 2.15. The fact that all the arguments used in the past (e.g. 
the suspected double image structure for component B (Nieto et af 1988). the peculiar 
redshift distribution for the narrow Lycu absorption lines (Foltz eral 1984, Duncan 1991)) 
to support or to dismiss the gravitational lens hypothesis for 2345~007 (cf the unexpected 
orientation derived for the double image B (Weir and Djorgovski 1991a,b), the absence 
of photometric light variations between images A and B and also their slightly different 
emission line characteristics (Steidel and Sargent 1990)) have turned out to be wrong is 
very surprising, To summarize, let us mention the following: the emission-line redshift 
difference (15 20 km s-I) between the spectra of 2345+007 A and B is found to be 
non-significant and because of the similarity between the emission line profiles observed in 
the spectrum of 2345t007 A and B, Steidel and Sargent (1991) conclude that this system is 
indeed a gravitational lens; contrary to past claims (Nieto et ai 1988, Weir and Djorgovski 
1991% b), there does not seem to be any evidence for image B to be multiple or elongated 
(Shaya 1991, private communication), although it could be somewhat redder than image A. 
Furthermore. flux variations have been reported between the two components of this system 
(Sol ef al 1984, Weir and Djorgovski 1991a, b). Heavy absorption line systems have been 
identified at z = 1.491 (Steidel and Sargent 1990) and possibly at z = 0.7545 (Steidel and 
Sargent 1991). Because of the important astrophysical consequences implied by the exact 
nature of this complex system (size of the Lyol forest clouds in the range 5-25 or 100 kpc; 
type of dark matter for the lens, etc), more observations should be obtained in the near future 
(spectrophotometric monitoring, high-resolution direct imaging of component B and search 
for arclets and/or for the lens in the K band, Lycu forest studies of other known gravitational 
lens systems (cf uM673) or binary quasars (1429-008?), etc). This would help in finally 
closing the longstanding debate of whether 2345+007 A and B consist of a physical pair of 
quasars or are the gravitationally lensed images of a distant QSO. 

1634t267: The pair of QSOs 1634+267 A and B. separated by 3.8" and identified in a 
slitless spectroscopic quasar survey by Sramek and Weedman (1978). was first proposed 
to be a gravitational lens system by Djorgovski and Spinrad (1984). Their conclusion was 
based upon the analysis of better quality spectra from which they could derive a similar 
redshift (I N 1.96) for the two images. Furthermore, the detailed spectroscopic study of 
1634+267 A and B by Turner er al (1988) has reinforced the conviction that this double 
quasar constitutes a g o d  case of gravitational lensing. Indeed, not only were they able 
to show that, after a proper scaling and to within measurement errors, the wavelengths, 
strengths, \r*idths and profiles of different emission lines were the same in the two image 
spectra, they also found that the excess of red light in the bright component resembles the 
continuum emission of a z Y 0.57 galaxy. Independently, the modelling of this system 
by Narasimha and Chitre (1989) also led to the prediction that a lensing galaxy should be 
located at 0.75" from component A. However, neither the galaxy predicted at z = 0.57 
(Turner et al 1988) near image A nor the expected multiplicity of this latter component 
(0.75", Nxasimha and Chitre 1989) have been seen on direct images obtained recently with 
HST (Turner 1992, private communication). 

Nevertheless, the similarity observed between the detailed emission line profiles and 
between the continuum shapes in the spectra of 1634+267 A and B has also led Steidel and 
Sargent (1991) to conclude that this system is caused by a gravitational lens. Note that as 
for the case of 2345+007 A and B (see earlier), these authors assign the slight differences in 
velocity between some of the observed emission lines to temporal changes in the structure 
of the QSO broad emission line region. 
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Vanderriest (1992b, private communication) has reported variations for the brightness 
ratio A / B  = 3.7 k 0.1 BS measured in 1985, compared with the value 2.83 derived by 
Turner et al (1988). 

1429-008: This is a pair of Qsos (redshift 2.08) separated by 5.1" and having a brightness 
difference of N 3.1 mag (Hewett et a1 1989). Because of the slight, although significant, 
differences in the spectra of the two components, higher signal-to-noise spectra remain 
mandatory in order to confirm or reject the lensing hypothesis for this system. 

1120+019 = UM425: To our knowledge, little work has been done recently, i.e. since 
the discovery paper by Meylan and Djorgovski (1989) on this pair of quasi stellar images 
(z  = 1.46) separated by 6.5 arcsec, and whose brightness differs by Am = 4.7 mag. Except 
for images A and B, no spectra have been obtained for the many other objects in the field; 
the redshift of the lens remains uncertain (z Y 0.6?). Let us note that it is very unlikely 
to observe a mirage with two such unequally bright images (but see Kassiola and Kovner 
1992). 

For completeness, several additional cases of multiply imaged distant sources 
(0023+171, 3C194, 3C297) that have been proposed in the past are also listed in table 3. 
New observations of these systems are mandatory in order to assess their real physical 
nature. 

8.3. Radio rings 

This new class of lensing phenomena, first discovered with the VLA, occurs when some part 
of the extended radio source covers most of the diamond-shaped caustic associated with 
the lensing object (see figure 22(i)). The resulting lensed image then consists of a slightly 
elliptical ring of radio emission (see figure 220)). 

1131+0456: Maps of the radio source MG1131+0456 in Leo have revealed such an elliptical 
ring of emission with two compact sources lying on opposite sides of the ring (angular 
separation 2: 2ao Y 2.1". see figure 24(0)). It was found by Hewitt and her collaborators 
in 1988. A very sophisticated modelling of this lensed radio source has been reported by 
Kochanek er a! (1989). Their numerical inversion of the observed mirage leads to a normal 
galaxy-like elliptical potential for the lens and an ordinary double-lobed structure for the 
background radio source. In this model, the two compact images correspond to the lensing 
of the central core of the source while the ring is associated with a radio jet which covers 
most of the diamond-shaped caustic in the sowce plane. 

Hammer ef al (1991) have obtained deep optical cu) frames for this object with the 
ESO-"IT telescope. They have detected a red excess emission at the exact location of the 
radio Einstein ring. Subtraction of the lensing object, assumed to be a massive elliptical 
galaxy, results in the detection of an optical ring that is very similar to the radio ring. They 
have also obtained a spectrum of the whole optical source and derived tentative redshifts 
for the background source (z = 1.13) and the lens (z = 0.85). Annis (1992) has described 
the unusual K-band characteristics of this gravitational lens system. He also suggests that 
the infrared image of this object is reminiscent of the structure Seen at radio wavelengths. 
Annis proposes that a likely candidate for the source object could be a very red radio galaxy, 
in agreement with the optical observations of Hammer eta! (1991). 

Chen and Hewitt (1993) have obtained new multi-frequency VLA maps of 
MG1131+0456. Their 8 GHz image reveals one additional unresolved image near the 
centre of the ring. It is likely that this new image represents radio emission from the 
lensing galaxy. However, it could also be due to an additional lensed image of the source. 
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1654+1346: A second ring was found in Hercules by Langston er a1 in 1989. A deep 
red optical CCD frame of MG1654+1346 shows only an elliptical galaxy ( z  = 0.25) and a 
quasar (2 = 1.74) located 2.5" away (see the two crosses in figure 246)). However, VLA 
radio maps at L. 3.6 cm reveal that the foreground galaxy lenses one of the quasar's radio 
lobes into a ring having an angular diameter of 2.1" (see the ring in figure 246)).  From 
the angular size of the radio ring, it is easy to show (cf equation (6.6)) that the mass of the 
deflecting galaxy (projected inside the ring) is about 3 x 101'h;dMoM,. 

1830-211: Following the suggestion by Rao and Subrahmanyan (1988). the very bright 
radio source PKS1830-211 has been confirmed to be a doubly lensed flat-spectrum radio core 
surrounded by a partial, elliptical, Einstein ring whose diameter is roughly 1" (Subrahmanyan 
eta1 1990, Jauncey era! 1991; see figure '24q)) .  Radio VLBl observations of this system at 
2.3 GHz reveal that the two compact images remain unresolved at rr 20 milli-arcsec angular 
scales (Jauncey et a1 1992). As far as optical observations are concerned, the location of 
the source close to the galactic plane (1 = 12.2, b = -5.7) makes optical imaging or 
spectroscopy (i.e. source and lens redshift measurements) very difficult. Even searches for 
an optical or IR counterpart of the radio object have been unsuccessful (Djorgovski et a1 
1992). Deep direct CCD imaging (I band) only reveals a rr 2&22 mag object (mv rr 23). 
Subrahmanyan et al (1992) have observed the HI emission and absorption spectra due 
to galactic neutral hydrogen towards this source and conclude that it is indeed located at 
extragalactic distance. The high angular resolution radio maps described in these papers 
as well as theoretical modelling of this source convincingly show that the observed double 
flat-spectrum compact images surrounded by a fainter but steeper radio spectrum Einstein 
ring may be naturally accounted for by the gravitational lensing due to a foreground galaxy 
of a flat-spectrum radio source having a core-jet-knot structure (see Nair er a1 (1993) and 
Kochanek and Narayan (1992)). This radio source figures among the six brightest known 
flat-spectrum radio sources in the sky and, given the very low geometrical probability for 
lensing a randomly located radio source, the chance of observing such a system turns out to 
be extremely small (Jauncey eral 1991). Amplification bias effects certainly play here also 
a very important role in order to account for the discovery of this system (cf subsection 7.2). 

1549+3047: Lehk eral (1993) have reported the discovery of a new radio Einstein ring for 
the source MG1549t3047 within their VLA search for gravitational lenses (see figure 24(r)). 
Their original 4-min VLA map showed a lobed radio source with a core and two lobes. One of 
these lobes has been resolved as an Einstein ring, somewhat elliptical in shape. Comparison 
of these observations with an optical finder chart immediately revealed that a bright, 16th 
magnitude galaxy, that is probably elliptical, is superposed over the brighter radio lobe. The 
angular diameter of this ring is approximately 2", which is comparable with the diameters 
of the three previous Einstein rings. The bright galaxy appears in the CfA Redshift survey 
with z = 0.1 11. Although the source redshift has not yet been measured, Leh& and his 
collaborators have derived a lower limit of 8 for the value of the mass-to-light ratio of that 
part of the galaxy which falls within the observed Einstein radio ring. This lower limit is 
found to be entirely reasonable with typical mass-to-light ratios of about 20 that have been 
derived for elliptical galaxies. There is thus no need to invoke dark matter in the inner 
parts of thii lensing galaxy to reconcile its observed luminosity with the measured angular 
diameter of the Einstein ring. 

0218t357: On the basis of multi-wavelength radio observations obtained with the VLA and 
MERLIN interferometers and with the Very Long Baseline Interferometry (VLBI) European 
Network, Patnaik er a1 (1992b.c) have reported the discovery of a new gravitationally 
lensed system, B0218+357, which consists of two bright flat-spectrum radio components 
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separated by 335 milli-arcsec, one of which is located near the centre of an Einstein ring 
(see figure 24(s)). The diameter of this ring is comparable with the separation between the 
bright components but it is characterized by a much steeper radio spectrum. This is so far 
the smallest Einstein ring that has been detected. Because the two bright radio components 
show variability, Patnaik et al (1992b,c) point out that this system constitutes a promising 
candidate in order to attempt an independent determination of the Hubble parameter Ho. 

Browne et a1 (1993) have recently obtained a spectrum of thii gravitational lens system 
(r N 20) with the William Herschel telescope. They report a redshift of 0.6847 for the 
lensing galaxy (late type spiral?) and a possible redshift z = 0.94 for the source (see also 
the spectroscopic investigation of this system by ODea et al (1992)). 

8.4. Giant luminous arcs and arclets 

We shall now describe a final class of lensing phenomena consisting of the fascinating 
optical giant luminous arcs and arclets. The most spectacular cases of giant arcs occur (see 
figure 22(h)) when some part of an extended source (e.g. a distant galaxy) covers one of the 
cusps of the diamond-shaped caustic associated with a cluster of galaxies as deflector (see 
figure 22(g)). Various other types of arc are also observed corresponding to the cases when 
the distant source covers different parts of the caustic. By definition, arclets are elongated 
images having an axis ratio larger than about 3:1, usually distributed perpendicularly to 
their radius vector pointing towards the centre of the deflecting mass distribution. They 
are usually the result of weak gravitational lensing caused by an asymmetric distribution of 
matter around the image position, giving rise to a shear term. 

The first giant luminous arcs (angular extent N 20". angular width 6 0.5") were 
discovered serendipitously in 1981 by Hoag, and quite independently in 1986 by Soucail 
and Fort and by Lynds and Petrosian plus their collaborators, to lie in the centres of rich 
clusters of galaxies (mass N As suggested by Paczyriski (1987), the measurement 
of several arc redshifts has confirmed that they result from the gravitational lens distortions 
of distant background galaxies by rich foreground clusters acting as lenses (cf figures ?A@)- 
(U)). Up to now, about 20 giant arcs, whose surface brightness is only about one-tenth of the 
sky brightness, have been identified in rich clusters; half of them have a measured redshift 
which, in all cases, is larger than that of the cluster. TWO well known examples of giant 
luminous arcs are presented below. 

Ab& 370: The A370 arc (see figure 24(f)) has been found to be the gravitationally lensed 
image(s) of a background source at a redshift zs = 0.72 (Soucail et al 1987, Lynds and 
Petrosian 1986, 1989). This source is most probably a nearly edge-on spiral galaxy, lensed 
by a rich foreground cluster at zl = 0.37. 

Cl2244 - 02: The core of the cluster C122A4-02 seems to be dominated by galaxies that 
belong to two clumps. The detected arc (full angular extent N 110", see figure 24(u)) 
consists of the gravitationally lensed image@) of a background source (Lynds and Petrosian 
1986, 1989), which is probably a star-forming galaxy at a redshift z = 2.238. This 
is one of the most distant regular galaxies that has been observed and it  clearly shows 
how gravitational lenses may be used as cosmic telescopes to detect very faint and distant 
galaxies. 

We discuss in subsection 9.3 how the fitting of giant luminous arcs and of the more 
numerous faint arclets has led to a new way of determining the mass distribution in the 
lensing clusters. 

A non-exhaustive list of arcs and arclets that have been reported in the literature is given 
in table 5. Review papers on the astrophysical use of giant luminous arcs and arclets have 
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been recently published by Blandford and Narayan (1992), Fort (1992), Tyson (1992) and 
Soucail and Mellier (1993). 
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9. Cosmological and astrophysical applications 

9.1. Determination of the Hubble parameter HO 

We shall now address one of the most interesting cosmological applications of gravitational 
lensing: the determination of the Hubble parameter HO via the measurement of the time 
delay At between the observed light curves of multiply imaged @Os. We discuss hereafter 
the wavefront method for the case of an axially symmetric lens (Refsdal 1964a, b, Chang and 
Refsdal 1976). An alternative way of calculating At was suggested by Cooke and Kantowski 
(1975); they showed that the time delay could be split into two parts: a geometrical time 
delay and a potential time delay. The equivalence of the two methods has been demonstrated 
by Borgeest (1983). A third independent method based on Fermat's principle has been 
developed by Schneider (1985, see also Blandford and Narayan 1986). The principle of 
the wavefront method for determining HO can easily be understood by looking at figure 25 
which shows wavefronts in a typical gravitational lens system. Close to the point source 
the wavefronts are spherical, however as they approach the deflector they are deformed 
because of curvature effects and time retardation and can, in many cases, self-intersect before 
reaching the observer. This self-intersection is connected with the formation of multiple 
images since each passage of the wavefront at the observer corresponds to an image in 
the direction perpendicular to the wavefront. Since all points located on a wavefront have 
identical propagation times, it is clear that the distance between the sections of the wavefront 
at the observer immediately gives the time delay between the corresponding images. 

The main point is now that if the mass distribution of the lens and the redshifts of 
the source (2 , )  and of the lens (Zd) are known, we may determine the distance ratio so 
that we can construct a wavefront diagram as indicated in figure 25. Only a scaling factor 
which determines the absolute distances in the system is unknown. It is thus obvious that 
a determination of the time delay, and thereby the distance between the wavefronts at the 
observer determines the scaling factor and aU the distances in the system, for instance also 
the values of &d and DoS. For small redshift values, these distances are given by the 
Hubble law 

Dod = C Z ~ H G '  Do, = czs HG' (9.1) 
so that HO can be determined. For large redshifts, Hubble's law must be modified; this 
requires a significant correction factor in equation (9.1) that depends on the cosmological 
model, However, because the calculation of At presented hereafter involves a distance ratio 
(cf equation (9.3)), the final correction factor which should be included in expression (9.7) 
for HO is usually found to be less than 10-20'Z (see Refsdal 1966a, Kayser and Refsdal 
1983). 

We present now a simple application of the wavefront method for the case of an axially 
symmetric lens. The wavefronts from a distant, doubly imaged quasar are shown in figure 26 
(we assume that the thud image (C) is too faint to be seen). Since the wavefronts cross 
each other at the symnietry point E, they must represent the same light propagation time 
and for an observer 0 located at a distance I from the symmetry axis, the time delay must 
be equal to the distance between the wavefronts at the observer divided by the velocity of 
light (c) .  Noting that 8- is very small, we thus obtain from simple triangle geometry 

At  = t B  - t A  N B,Qxc-' (9.2) 
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Figure 25. Deformation of a wavefront originating f” a point source (S) as it passes the 
deflector. 

where tA and tB denote the propagation times along the two trajectories. Furthermore, we 
easily find that 

OS = XDdi/(DodDos). (9.3) 

& ix [{I(+’) 

Assuming a deflection law of the type 

(9.4) 

for <A B If1 B 141, we find a simple relation between SA, 8, and eS 
(9.5) 

where we note that {B and 8, are chosen negative. It is very simple to derive equation (9.5) 
for the case E = 1 (SIS lens, see equation (6.15))- and it is also accurate for 6 = 0 (point mass 
lens, see equation (6.9)) and e --f 2. For intermediate values of E chis equation is not exact; 
it is, however, accurate enough for the purpose of our discussion. On the basis of these 

8s = (0, + W(2 - ~ ) / 2 ,  
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Figure 26. The wavefront method is here applied 10 the case of two selected light rays for lhe 
determination of lhe time delay (cf images A and B in the previous figure). 

equations and with the help of the Hubble relation, we can easily derive an expression for 
HO or, equivalently, for the Hubble age q of our universe in terms of observable quantities 

which we see can be expressed as a dimensionless number that, with the exception of E ,  
only depends on observable dimensionless quantities times At. For the case of the double 
quasar 0957+561 A and B (see section S), we know the redshifts zd = 0.36 and zs = 1.41, 
as well as the observed positions @A = 5.1” and = -1.04”, from which we derive 

Ho = 140(2 - E )  - km s-’ Mpc-’. (9.7) (2) 
The present best estimate of At, based on optical data collected over more than 10 y, is 
1.14 y (Vandeniest et a1 1992 Kayser 1993, Schild and Thompson 1993); a value close 
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to 1.45 y can, however, not yet be totally excluded (press et a1 19923, b). As more data 
accumulate, one may be confident that an accurate value of 4 I  wil be obtained. The main 
difficulty is then obviously to determine the value of E .  In particular, for the double quasar, 
this is very difficult since, in addition to the cenpal galaxy, the surrounding cluster also 
acts as a lens, thus rendering the value of E very uncertain. As Rhee (1991) succeeded 
in determining independently the galaxy mass from the measurement of its radial velocity 
dispersion, the relative importance of the galaxy and cluster to the lensing could be estimated 
more accurately. Values of the Hubble parameter in the range 30-80 km s-' Mpc-' then 
seemed possible, in reasonable agreement with results obtained from classical methods. 
Those values were derived by means of more sophisticated modelling, including a non- 
symmetric lens and all relevant observational data such as the brightness ratio of the two 
lensed images as well as radio data (Falco et al 1991a). 

Very recently, Bernstein er a1 (1993) have reported the detection of luminous arcs 
surrounding 0957+561, making it possible to better constrain the mass parameters of the 
lensing cluster. This has very interesting consequences: it does not seem possible any 
longer to model this gravitational lens system with just a single lens plane. If one hies to 
do that, the value of the Hubble parameter is rather small (H, < 32 km s-' Mpc-I). On 
the basis of recent redshift measurements, a second cluster at L,J Y 0.5 has been identified 
and this could possibly correspond to a second deflector located at a distinct redshift The 
modelling of such a system with two lens planes may lead to a more realistic value of 
Ho(> 40 km s-' Mpc-I). The uncertainties are, however, still large and there probably exist 
other cleaner gravitational lens systems (for instance 0142 - 100, 0218+357, 1104 - 1805, 
1115+080) which might lead, in the near future, to a more accurate determination of Ho. 

9.2. Determination of the mass of the lensing galmyfrom a multiply imaged quasat 

Since the observed separation (c 2ao)  between multiply lensed images scales as MHo(see 
section 6.1.1) and making use of the simple relation between the time delay 4# and HO 
(see equation (9.7)), one may determine the mass M of the galaxy deflector, located 
within an angular radius 8 m / 2 ,  from the direct measurement of the time delay 41, 
irrespective of the Hubble constant. A more detailed examination shows that this mass 
determination is also independent of the presence of the cluster and of the cosmological 
model (Borgeest 1986). For the case of 0957~561, Borgeest has derived the lens mass to 
be M = (0.8 4 0.1)10'2(At/l y)Mo. 

9.3. Determination of the mass of the lensing clusterfrom arcs and arclets 

The arcs and arclets described in section 8.4 offer exciting possibilities for determining the 
mass and the mass distribution of the lensing cluster. A rough and very simple analysis 
can be made for systems with a single arc. Indeed, such an arc can be considered as part 
of an Einstein ring so that the mass inside the ring can be estimated from equation (6.6). 
Typically, the angular radius of an arc is Y 20", corresponding to about 10'4M0. This 
results in the determination of a mass to luminosity ratio of about 100, supporting the claim 
that dark matter is the principal constituent (2 90%) of galaxy clusters. 

One may wonder why luminous arcs are not seen in pairs as one would expect by 
the breaking up of an Einstein ring. The reason is that only a slight deviation from axial 
symmetry usually transforms the second arc into a 'normal' image which may be difficult 
to detect, compare figure 22(h). 

Additional information on the distribution of dark matter may be obtained from the large 
number of arclets seen behind a galaxy cluster. These arclets are very faint blue galaxies 
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which are distorted due to the shear term caused by the cluster. By means of very deep CCD 
imaging, Tyson (1988) has found that there is some 300000 of these galaxies per square 
degree all over the sky. Due to this large number, the intrinsic distortion can be ‘averaged 
out’ and a distortion pattern which traces the gravitational field of the foreground cluster 
up to large distances from its centre can be determined Cryson 1992). It is generally found 
that the dark matter is more centrally peaked than the distribution of red light of the galaxy 
cluster (see Hammer ef al (1993) and Soucail and Mellier (1993)) and than the matter 
traced by the x-ray emitting plasma (Petrosian and Saraniti 1993). A big challenge for the 
future is to obtain the redshifts of the faint blue galaxies and arclets which are necessary 
for detailed modelling of these systems. This will be greatly facilitated with the use of the 
new generation of very large telescopes. More accurate values for the mass distribution in 
the universe will then result. This field of research is full of promise and should bring soon 
further results of great astrophysical and cosmological importance. 

9.4. Micro-lensing 

9.4.1. Generalities. We come now to another interesting aspect of lensing phenomena, the 
so-called micro-lensing due to individual stars or compact objects having a similar or even 
a lower mass, usually located in a galaxy which acts as a macro-gravitational lens. This 
was first discussed by Chang and Refsdal (1979) and further developed by Young (1981), 
Gott (1981) and Paczyriski (1986a; see Kayser 1992, Stabell 1993 and Wambsganss 1993 
for recent reviews). Since the angular sizes of quasars are smaller than, or comparable with, 
the Einstein ring of a star located at cosmological distances, this can lead to a splitting-up 
of each QSO macro-image into several micro-images, with typical angular separations of 
some micro-arcsec (see figure 27). 

Of course, these micro-images are not resolvable with techniques available to-day; 
however, the integrated luminosity observed for all those micro-images will vary with time 
due to the relative transverse motions between the source, the star field and the observer. It 
is therefore an important and very interesting phenomenon, A simple way of visualizing the 
effects of micro-lensing is by the so-called ray plot diagram (Kayser ef al 1986, Schneider 
and Weiss 1987). which consists in the mapping of a regular grid of points in the deflector 
plane onto the observer plane (source plane). One can easily show that, apart from a 
scaling factor, the ray plots in the observer plane are identical to those in the source plane. 
An example of such a diagram, constructed by a straightforward ray shooting (inverse ray 
shooting), is shown in figure 28 where the randomly distributed stars, here all with the same 
mass M, correspond to an optical depth for micro-lensing r = 0.4. This means that the 
Einstein rings of the stars cover a fraction 0.4 of the sky and that the smoothed-out surface 
mass density of the stars is 0.4&. 

If the source is point-like, the flux of the amplified macro-image under consideration 
is directly proportional to the density of points in a ray plot. For extended sources with a 
constant surface brightness, the flux is simply proportional to the number of points covered 
by the source. For sources with non-uniform surface brightness, the points in the ray plot 
diagram must be appropriately weighted. 

We see that the same diamond-shaped caustic structures appear in the ray plot as in the 
optical gravitational lens experiment (see figure 22). In the case shown here, however, the 
diamond-shaped caustics are caused by a disturbance from the neighbouring stars. If we 
neglect the motions of the deflecting stars relative to one another, the corresponding ray 
plot will not change with time. However, due to the relative transverse motion between the 
source, the star field and the observer, the source will move across the ray plot, causing a 
variation in its brightness. It thus becomes clear that light variations caused by micro-lensing 
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Figure 27. Splitting of a macro-image into several micro-images due to gravitational lensing 
by individual s m .  

are greater and faster for small sources than for large ones, as clearly seen in figure 28. 
These light curves were constructed by moving sources with different sizes along the middle 
track indicated in the ray plot. The length unit in the ray plot diagram was chosen to be the 
radius of the Einstein ring, projected into the source plane, which for cosmological distances 
is typically x; = (D,,s/D,&E N 0.01- pc, corresponding to a timescale of 

t; = xA/V’ N 20 y m ( 6 0 0  km s - ’ / V ’ )  (9.8) 

where V‘ is the effective transverse velocity in the source plane: compare with 
equation (6.25). 

Since micro-lensing variability occurs independently for the different macro-images, this 
effect may complicate the determination of the time delay from the observed photometric 
light curves (see the case of Q0957+561 A and B in section 8). Also, when modelling 
macro-lensed images, one must consider with caution the observed flux ratios of compact 
sources. Note, however, that the observed positions and the true time delays of the macro- 
lensed images are very little affected by micro-lensing. 

Gravitational lenses are basically achromatic but since the amplification factor due to 
micro-lensing depends on the source size, indirect chromatic effects may result if the source 
size depends on wavelength. In particular, the continuum source and the (much larger) broad 
emission line region of quasars may be differently amplified, causing differences between 
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Figure 28. Ray plot diagram (top) for an optical depth r = 0.4 and corresponding light C W ~ S  

(bottom) for three different sources with radii 2 1;. 0.11; and 0.0lx;. respectively. The 
simulated light curves correspond to motions of the source along the middle rrack drawn in the 
ray plot diagram. One unit along the x’ and y’ axes corresponds to 2;. the radius of the Einstein 
nng projected onto the source plane. 

the equivalent widths of emission lines observed in the spectra of the macro-images. Even 
small differences in the (emission or absorption) line profiles may occur (see the cases of 
2237+0305 and 1413+117 in  subsection 8.1.2). Such observations can be used as diagnostics 
of the geometry and kinematics of the broad line regions. 

One might expect that we should often see lensing effects produced by stars in our own 
galaxy, because the angular size of their Einstein rings are larger than those of stars in a 
distant galaxy. But even if we add up the solid angles covered by the Einstein rings of 
all the stars in our galaxy, it comes out to only a minute fraction of the sky (2 1O-6, see 
section 7.1). So it is extremely unlikely that a star in our galaxy could act as a lens for a 
distant quasar. 

Even in our neighbouring galaxies, the total solid angle of the Einstein rings for all the 
stars covers only a small fraction of the total area of the galaxy. But the chances increase 
with distance. Indeed, the ratio between the solid angle due to all the star’s Einstein rings 
to the solid angle of the galaxy containing these stars increases in proportion to its distance 
from us, out to about half the distance to the source (cf equation (6.6)). Therefore, the 
fractional area covered by the Einstein rings of all the stars also increases with the distance 
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of the deflector, out to half the source distance. 
There is one important exception to the rule that stars in a nearby galaxy are not good 

candidates for micro-lensing. That is when we have already identified a galaxy that produces 
multiple images of a quasar by macro-lensing. In such cases, we know that a large amount 
of mass is located between the macro-images. Indeed, it is easy to show that the average 
surface mass density between the macro-lensed images is about C, (see equation (6.5)) and 
that the Einstein rings of the individual stars fill up the whole area between the macro- 
images when all the matter is in stars; we may therefore reasonably expect a large optical 
depth for micro-lensing. Only if a very small fraction of the lensing m s s  is in the form of 
compact objects or if the mass distribution is strongly concentrated towards the centre of 
the macro-lens, should we expect a small optical depth for such systems. 

There are even reasons why a small distance to a galaxy is favourable for discovering 
micro-lensing. knowing that this galaxy is acting as a macro-lens. For example, the apparent 
motion of the stars across the sky would be faster for a nearby galaxy, so that brightness 
variations of the micro-lensed images should be faster. Also, the angular size of the Einstein 
ring of a star would be larger, allowing larger background sources to show strong micro- 
lensing. For these reasons, the multiply lensed quasar Q22374305, composed of four 
lensed images surrounding the nucleus of a deflecting galaxy at a redshift of only 0.039, 
was chosen some years ago as the best bet for detecting micro-lensing effects. As already 
described in section 8, these effects were subsequently detected. Photometric monitoring of 
multiply imaged quasars is therefore a very promising way to obtain information on dark 
matter in distant galaxies. We should learn soon from such studies whether dark matter is 
in the form of large clumps, compact enough to produce micro-lensing effects, or in the 
form of much more uniformly distributed material. 

9.4.2. High amplifrcufion events (HAES). The so-called high amplification events (HAEs) 
which occur when the source (or observer) crosses a caustic are of special interest. For 
compact sources, one gets typical asymmetric peaks in the light curve of the relevant macro- 
image (see figure 28). We saw in our optical gravitational lens experiment that the number 
of micro-images then changes by two. Thus an HAE resembles an eclipse phenomenon and 
the timescale a t  for the steep rise (or decline) of the light curve is simply given by 

at N 2R,JV& (9.9) 
where V& is the component of V‘ along the normal to the caustic and Rs the radius of the 
source. By analysing the light curve observed during an HAE, it is even possible to retrieve 
the inbinsic one-dimensional brightness profile of the source following a method similar to 
that used for stellar eclipsing binaries (Grieger etal 1988). However, in contrast to a normal 
eclipse. we must take into account the increasing amplification p of the merging micro- 
images as the corresponding source element approaches the caustic (p  a d-‘”, where d is 
the distance to the caustic; this is a generic property of caustics). The results of numerical 
simulations have shown that the one-dimensional luminosity profile can usually be retrieved 
for a source whose radius is typically less than one-tenth of the projected Einstein radius, 
corresponding to a few light days for solar mass stars at cosmological distances (Grieger et 
al 1988). We shall see now how it is possible to infer independently the value of Vh such 
that R, can be determined. 

9.4.3. The parallax effect. We have just seen that micro-lensing causes flux gradients in the 
observer plane, so that a brightness difference 

6m = grad@)& (9.10) 
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is observed by two observers located at a distance Sr from each other. This effect is often 
referred to as the parallax effect (Grieger et a1 1986). Values of grad@) are typically 
between and AU-' (1 astronomial unit = 1 AU N 1.5 x lOI3  cm, but during 
HAES values up to lo-' AU-' may be reached (assuming that R, N lom3 pc and M N MO). 
For two observers (1 and 2) located some AU apart, it should then be possible to determine 
the time lag St1.2 between the photometric light curves recorded during an HAE and thereby 
obtain information on the velocity VN (perpendicular component to the local caustic tangent) 
by which the caustic is sweeping through the solar system (see figure 29). Neglecting the 
'small' velocity of the observers relative to the Sun and the very small curvature of the 
caustic, we get 
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where r1.2 represents the projected distance between the ObServerS into the observer plane 
(perpendicular to the line-of-sight) and f3 is the angle between the line connecting the two 
observers and the caustic. Since f3 is not known, we obtain an upper limit on VN. In the 
presence of a third observer, a second time lag may be derived and it then becomes possible 
to obtain a precise value for VN. Taking into account the redshifts of the source and of 
the lens and assuming a cosmological model, we can determine VA (in the source plane) 
and thereby R, from equation (9.9). We note that such velocity determinations have a great 
value in themselves since they should also allow one to probe deviations from the Hubble 
flow. Assuming VN to be about 600 km s-', we note that this corresponds to approximately 
the distance to Saturn in one month; one would therefore expect a time lag of about one 
month between a terrestrial observer and an observer located close to Saturn. 

Figure 29. Parallax effect beiween two observers during Ule crossing of a caustic (HAE). The 
observer positions and velocities are projected into the observer plane. 

From the known micro-lensing variability (N 0.1 madmonth) reported for the A and 
B images in the Einstein cross (Q2237+0305, see section 8), it is clear that simultaneous 
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observations of this system from the Earth and with an even modest space observatory 
passing near Saturn should allow one to measure the time lag at.  

An interesting point in connection with the measurement of a time lag is that it would 
immmediately prove that we are dealing with micro-lensing variability and not with intrinsic 
variations since the latter ones would only produce extremely small time lags which can 
easily be corrected for. This is particularly important for sources with only one macro-image 
since then the distinction between the two types of variability is very difficult to establish 
by other means. 

Considering baselines of the order of 100 AU or even larger, we expect that most distant 
quasars should show small brightness differences. Observations of a large number of quasars 
would then provide very valuable information on the mass distribution in the universe 
(masses between = O.OOIMo and = 100Mo). One should note that the space observatories 
needed to achieve these goals could be mostly dedicated to other scientific projects but 
that the applications suggested here would represent by-products of great astrophysical 
importance. 

9.4.4. Search for dark matter: compact lenses. Various types of lens observation can 
provide us with information on dark matter in the universe. This is a field which is still in 
its infancy, but with a great promise for the future. 

As already discussed in section 7, the frequency of multiply imaged sources (e.g. 
quasars) depends on the cosmological density parameter C ~ L  of compact objects. Let us, 
however, note that an amplification bias may strongly influence the results derived from 
flux-limited samples of quasars (cf subsection 7.2). Since the highest angular resolution 
achievable today is slightly below 10-3"(vLBI), compact masses down to lo4& can, in 
principle, be searched for at cosmological distances (see equation (6.6)). 

Another way of searching for compact objects in the universe with masses in the 
range 10-5-10*Mo is based upon the detection of micro-lensing effects which produce 
characteristic light variations of distant compact sources (e.g. quasars). Particularly 
promising are the multiply (macro-) imaged quasars whose lensing galaxy should have 
a large optical depth for micro-lensing effects. We expect that important information on the 
nature of dark matter in these galaxies will be obtained. For single isolated quasars, it is, 
however, more difficult to distinguish micro-lensing variability from intrinsic light variations 
and, therefore, parallax observations of light curves for a large number of quasars over many 
years would be very useful in order to set reasonable limits on C 2 2 ~  (see subsection 9.4.3). 
As already mentioned, instantaneous parallax observations of quasars with a large baseline 
(E 100 AU) would also offer very exciting possih es to 'detect' compact masses in the 
range given above. 

9.4.5. Search for dark matter in the galaxy halo. As first suggested by Paczyfiski (1986b), 
gravitational lensing effects of putative massive astrophysical compact halo objects (hereafter 
MACHOS) on stars in the Large and Small Magellanic Clouds (LMC and SMC) should lead 
to HAES as observed from the ground. Assuming that the dark halo of our galaxy mainly 
consists of MACHOS in the mass range 10-8-10-'Mo (including brown dwarf and planet 
candidates), such micro-lensing effects should be readily detectable by inspection of millions 
of stars in the LMC, with a timescale of hours to years (because the instantaneous probability 
of amplification is of the order of Such searches for micro-lensing effects are based 
on the expected achromaticity of the light amplification and on its expected time dependence. 
There are presently two direct imagery projects of LMC and SMC stars dedicated to a search 
for MACHOS: the Americano-Australian MACHO project carried out in Australia (see Alcock 
er al 1992) and the French EROS project at ESO (La Silla) see Vidal-Madjar et a1 (1993). 
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Paczyriski (1991) and hlao and Paczydski (1991) have also proposed searching for 
micro-lensing effects of galactic bulge stars in Baade’s windows by galactic disk stars, 
binaries and possible planetary systems, This is further discussed by Paczynski (1992). 
Udalski et al (1993a) and Szymaliski et a1 (1993) who describe their Optical Gravitational 
Lens Experiment (OGLE) consisting in direct observations of the galactic bulge stars with a 
large CCD camera from the Las Campinas observatory (Chile). 

10. General conclusions 

We have seen in  this article that the existence of gravitational lenses and their possible use 
as astrophysical and cosmological tools had been anticipated well before their discovery. 
This is probably one of the reasons why since 1979 studies of ‘gravitational lensing effects’ 
have expanded so rapidly: more than 1000 scientific papers have been written on the 
subject, among which one book in Russian (Bliokh and Minakhov 1989) and one in English 
(Schneider et al 1992). 

Just as for atmospheric lensing, the physics of gravitational lensing is straightforward: 
elementary optical experiments allow one to simulate most of the image properties seen 
from distant sources that are gravitationally lensed. For certain types of deflecting mass 
distribution, it  is even possible to handle all these interesting problems with simple analytical 
expressions. The present authors are therefore very much convinced that this field of 
research constitutes an excellent discipline for popular science diffusion as well as science 
teaching at the undergraduate level. 

It is remarkable that for any given pair of light source and compact deflecting object in 
the universe, there exists a two-dimensional caustic of light, and that an observer located 
very near to it will actually see the distant source subject to gravitational lensing effects. The 
former one will actually see the distant source amplified and usually also multiply imaged. 
This simple example helps in understanding how our vision of the distant universe may result 
from a complex convolution of an unknown background population of light sources (e.g. 
quasars, etc) by an unknown network of caustics (induced by intervening stars, galaxies, 
clusters, etc), Furthermore, this network of caustics changes with time because of the relative 
motion between sources, deflectors and the observer. In this context, we have pointed out in 
the present article how important it is to take into account the amplification bias correction 
factor when estimating the frequency of multiply imaged distant quasars or when setting 
an upper limit on the cosmological density of compact objects in the universe. We have 
also mentioned that the observed excess of galaxies found in the close neighbourhood of 
bright quasars could essentially be due to this amplification bias effect. There is no doubt 
that much more work related to quantifying the importance of gravitational lensing effects 
on our view of the distant universe will be carried out during the coming years. 

From the numerous detailed observational and theoretical investigations that have been 
made in the recent past for the several tens of known gravitational lenses (multiply imaged 
quasars, radio and optical rings, giant luminous arcs and arclets), we have learned how 
important it was to obtain deep multi-wavelength (optical, radio, x-ray, etc) direct imagery 
and, if possible, two-dimensional spectroscopic observations of these systems with an 
angular resolution as high as possible (speckle imaging, adaptive optics) in order to constrain 
at best the (luminous and dark) matter distribution in the lens as well as the physical structure 
(size of the continuum and of the emission-line regions, radio jet, etc) of the source that 
is being lensed. It is clear that gravitational lens systems will constitute prime targets 
for observations with the next generation of very large ground-based telescopes and space 
instruments. Let us also remember that gravitational lens systems consist by themselves of 
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natural telescopes, allowing one to detect galaxies which are otherwise too faint and too 
distant. 

Many efforts should also be made in tha future to monitor in good conditions 
(transparency, seeing, etc) multiply imaged distant sources known to be photometrically 
variable. We recall that there exists the possibility of determining the value of the Hubble 
parameter HO from the direct measurement of the time delay At between the light curves 
of multiply imaged extragalactic objects. Current astrophysical and cosmological projects 
would therefore greatly benefit from the possible use of a telescope (2-4 m in size) fully 
dedicated to the photometric monitoring of known lensed distant sources. Furthermore, the 
detections of high amplification events (HAES) or parallax effects due to micro-lensing would 
also offer the possibility of probing the nature of dark matter in OUT and external galaxies, 
the structure and the size of quasars, etc. We conclude that gravitational lenses do indeed 
offer very promising prospects of a better understanding of the content and geometry of our 
universe as a whole. 
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Notes added in pmof 
2345+007 (see subsection 8.2): Reanalysing the distortion pattern of the background galaxies in the field of the 
multiple os0 images 2345+007 A and B. Bonnet et a1 (1993) report good evidence for the detection of shear effects 
(including arc(let)s) compatible with weak lensing due to a foreground dark massive halo. Tyson (1994. private 
communication) h x  detected galaxy members of B high redshift cluster (z 1) that a~ most likely responsible 
for the formation of the macro-lensed images af 2345t007. 

1131+0456 (see subsection 8.3): Using the IO m Keck telescope. Larkin efal (1994) have verydistincuy detected 
in the K band the infrared counterparts of the compact radio components observed for the gravitational lens system 
MG1131+0456. The colours observed for the lensed object strongly suggest that the source is either a very 
reddened quasar or an intrinsically very red one. 

Search for dark matter in the gal- halo (see subsection 9.4.5): During last Autumn (September-October 
1993). the three teams (EROS, MACHO and OGLE) involved in the search for micm-lensing events from distant 
background stars by foreground compact galactic objects have reponed four possible detections (Atcock et01 1993, 
Aubourg ef 01 1993. Udalski et a1 1993b). All four detected photomevic events (two reported by EROS. one 
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by MACHO and also one by OGLE) tum out to be very similar lo those expected on theoretical grounds. The 
corresponding photometric light curves first show no photometric variations during most oilhe data lahing: lhen a 
sudden but similar rise in brightness (Am 2 0.9) is seen at two different wavelcngths (in lhe B and R bands i n  lhis 
m e )  followed by a decrease in brightness down to the same light levels as belore the events. The most probable 
lens mass thal is inferred from the dunlion of these candidate micro-lensing events is near Q.IM0. The number 
of events observed so far is consislent wilh the number expected if lhe halo is dominaled by compact objects with 
masses in the range 0.01-I.OMo. These compact lenses could either be large Jupiter-like objects and/or brown 
dwarfs andlor M dwarfs andtor any other unknown type of more exotic objects (cf mini black holes, etc). Because 
of the absence of detection of micro-lensing events with smaller light amplitudes (e.g. with Am 2 O.iM.9 mag). 
it cannot however be excluded al the moment hat a new type of variable star mimics the candidale micro-lensing 
events. More observations arc wently needed to confirm the micm-lensing hypothesis and the fin1 possible 
detection of compact dark malter in the halo and/or in the disk of our Galaxy. 

The parallax eflect (see subsection 9.4.3): For the type of events described above, lhe parallax effccl olfen 
interesting possibilities. Since,lhe Rux gradient grad(m) is here much larger than for lhe case of lensed quasars 
(we easily estimate values of gnd(m) up to I mag/AU). a space observatoly al a dislance of only a few hundredths 
of an AU could observe a significant difference in luminosity. This estimate is based on a maximum in the observed 
time variability i+ of about 0.01 m a 0  and an assumed effective Vansverse velocity of about 2M) km s-', Such 
measurements would of Course constitute a definite proof that we are observing a lensed star and not a variable star. 
Funhermore. the two lightcurves will provide independent determinations of V and X g  (see Refsdal 1966a.b). 
Since the uncenainty in V causes the largest uncertainty in M when we have only one observed lightcurve. this 
means b t  the parallax effect will also provide us with a much bener estimate of the lens mass. 

S Refsdal and J Surdej 
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