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Summary. In this paper, we study the pointwise Holder regularity of some space-
filling functions. In particular, we give some general results concerning the pointwise
regularity of the Davenport series.

1 Introduction

In the seminal paper [1’], Cantor showed that there exists a one-to-one map-
ping between the unit interval and the unit square. A few years later, Peano
discovered a continuous map from the unit interval onto the unit square
(see [13]). Such “Peano curves” have been used in connection with differ-
ent branches of mathematical analysis and are still used in data transmission
and mathematical programming, where one looks for functions from IR to IR?
which are onto and preserve some neighborhood relationship. In other words,
one searches for curves that go through all the elements of an array in a “reg-
ular way.” Such considerations naturally lead to the use of Peano functions,
satisfying some “regularity” conditions (see, for instance, [12,14]).

We will study the pointwise Holder regularity of some space-filling func-
tions; since several of the historical ones were given by Davenport series, we
will also give some general results concerning the pointwise regularity of such
series. This work improves some previous results of [6,7].

2 Definitions

In this section, we recall the definitions related to the space-filling functions
and the pointwise Holder regularity. Let £¢ denote the d-dimensional Lebesgue
measure.

Definition 1. A function f : [0,1] — IR? (d > 2) is space-filling if
LA(f([0,1])) > 0; a Peano function is a continuous space-filling function.
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Morayne proved that there is no everywhere differentiable space-filling func-
tion [11]. We will be interested in obtaining the precise Holder regularity of
such functions.

2.1 Holder Spaces and Holder Exponents

The Hoélder exponent refines the notion of a continuous, non-differentiable
function.

Definition 2. Let o« > 0 and x € IR; a locally bounded function f belongs to
the Hélder space C*(x) if there exist C, R > 0 and a polynomial P such that

rl <R=|f(z+r)—P(r)] < Clr* (1)
A regularity index of f at each point z is given by the following definition.
Definition 3. The Holder exponent of f at x is

h(x) = h(z; f) = sup{a: f € C%(2)}. (2)

Obviously, h(x) < 1 implies that f is not differentiable at . This exponent
is sometimes called the lower Holder exponent in order to emphasize the
difference from the wupper Hélder exponent, which is a counterpart of the
Holder exponent, and is a way to measure the irregularity of a function at
a point.

Definition 4. Let 0 < « < 1; a function f belongs to I*(x) if there exist
C, R > 0 such that

r<R= sup |f(x+71")— f(z)] > Cre. (3)

[r'|<r
The upper Hélder exponent of f at x is
h() = la: f) = inf{a: f € I9(2)}. (4)
The spaces I1*(x) can be generalized for a > 1 (see, e.g., [2]).
Definition 5. The r-oscillation of a function f at x is
osc,(x) = osc,(z; f) = diam f(B(z,1)).

An equivalent definition of the spaces C“(x) and I*(z) can be given in
terms of r-oscillation, which sheds light on the duality between these two
notions; indeed one immediately checks that:

e A function f belongs to C%(x) if and only if there exist C, R > 0 such that
r < R= osc,(x) < Cre. (5)
e A function f belongs to I*(z) if and only if there exist C, R > 0 such that

r < R = osc,(z) > Cr®. (6)
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2.2 Uniform Holder Spaces and Strongly Monohélder Functions

We give here the uniform versions of the pointwise Holder spaces and introduce
the important notion of strongly monohdlder functions which formalizes the
idea of a function which has everywhere the same regularity, in a way as
uniform as possible.

The previous definitions concerning the pointwise regularity have a uni-
form counterpart.

Definition 6. Let 0 < a < 1; a function f belongs to C* if there exist C, R >0
such that, for any x,

Il <R=[f(z+r) = flx)] <Clr|%,

or equivalently,
r < R= osc.(x) < Cr®.

In the same way, f € I% if there exist C, R > 0 such that, for any x,

r<R= sup |f(x+7")— f(x)] > Cr®,
[r/|<r

which can be rewritten as
r < R = osc.(z) > Cr®.

The regularity of most of the “historical Peano functions” is the same at
every point; we will make an intensive use of the following notation.

Definition 7. Let 0 < a < 1; a function f is strongly monohdélder of exponent
a (feSM*)if fe C*NIY, ie., if there exist C, R > 0 such that, for any z,

r<R= Lr*< sup |f(y) - f(@) < Cre, (7)
c yeB(z,r)

or equivalently,
1
r<R= 57"0‘ < osc,(z) < Cre.
Strongly monoholder functions share the following property (see [3]): Let dimp
denote the box-counting dimension; if f : [0,1] — IR is continuous, then
f € SM*™" = dimp(graph(f)) = h.

Since the associated box-counting dimension is larger than one, the graph of
such a function is usually qualified as a “fractal set.”
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3 The Peano Function

The Peano function [13] is the first continuous space-filling function ever
exhibited.

Let K be the function defined by K(j) =2 —j (0 < j < 2); we denote
by K7 the jth iterate of K, and set by convention K°(j) = j. The Peano
function is defined in [13] as follows (Figs.1 and 2):

P:[0,1] = [0,1 2+ (p1(2),p2(x)),

where, if

=> o (8)

with z € {0,1,2} (Vk),

Kzl 1 m2l x?k—l)

k=1

Fig. 1. Approximations of the Peano curve by polygonal curves: one sets t(J ) =0

and tgj) = to + k/j; the polygonal curve parameterized by 7; approximating the
curve parameterized by 7 is the piecewise linear curve made of the j + 1 segments
of extremities y(¢;), y(ti+1) (0 < i < j). Here are represented 35 and 73s
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Fig. 2. The Peano functions p; and p2
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and

o KZf;ol 241 (197,
pz(l’) = Z 3k :
k=1

It is easy to check that this function is well defined, i.e.,

ko T ko— 1xk Thy —
P Zg_k =P ng 3ko + Z

k=1 k= k0+1

for any k9 > 1 and any sequence (zy)renw defined on {0,1,2} such that
TR, # 0, thanks to the operator K (in other words, P(x) does not depend on
the sequence chosen to represent x).

Peano proved the following result in [13].

Proposition 1. The Peano function is onto [0,1]%.

Proof. If x has (8) as an expansion, let us denote x,(gl) = KXo P2k (Top_1)

and %) = KXi5 #2121 (25,). We have K7(I) = [ if j is odd and K7(l) =
2 — | otherwise. Since the operator K leaves the parity unchanged, x,(:) =
K5 (295 1) and :c(Q) = KXi 2 (2ay,). Therefore,

k—1_(2) -1 .(1)

Topo1 = K200 (af), = KX (@) (9)
and any element (z(M), z(?)) = (Zk 1)3 koS e 2y 37k) of [0,1)% gives
rise to an element x = Zk:l rp37F of [0 1], using relatlon (9). O
Proposition 2. The Peano function belongs to SM/2.

Proof. Let us work with p;. The case of po can be treated in the same way.
Let 2 € [0,1] and r > 0. Define ky € IN such that

1 < 1
3707T<W.

If y = > 12, yx3~F belongs to B(x,r), we have
00 5k
k=ko

for a sequence (0 )kenv defined on {0, 1,2}. One immediately gets

> KIS 2 () 0 KX e (g )
pi(z) —pi(y) = Z 3k - Z 3k :
[ko/2]+1 [ko/2]+1
Therefore, |p1(z) — p1(y)|] < Cv/]z —y| < C'37%0/2 and osc,(z) < C"\/r.
Moreover, if d, # 0, setting § = lfiol/ﬂ To;, one has Kﬁ($2[k0/2"|+1) +

KB(yaro21+1)- This implies osc,(z) > C'37k/2 > C"\/r. O
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4 A Strong Monoholderianity Criterion

We now prove a general strong monoholderianity criterion. This criterion
extends a less general one proved in [7]. It immediately implies that most
of the “historical Peano functions” (e.g., the functions of Peano, Wunderlich,
Hilbert, Moore, and Sierpinski (see [15]) and also the time-changed Polya func-
tion introduced in [10]) are strongly monoholder with Holder exponent 1/2.

A tree T of subintervals of [0,1) will be called regular if it satisfies the
following requirements. There exists C' > 0 such that:

1. The root of T is [0,1).

2. Each element of T" has at most C children, which form a subdivision of
their parent.

3. For each generation G;, Ve, f € G;, |e| < C|f].

Proposition 3. Let f : [0,1) — IR? be a continuous function satisfying the
following conditions: There exists a constant C' > 0 and « € (0,1) such that

Ve e T, %(diam(e))o‘ < diam(f(e)) < C'(diam(e))?, (10)

where T is a regular tree. Then, the function f belongs to SM®.
Proof. Let x,y € [0,1); there exists e € T such that
z€e and |e|]<|z—y| <Clel.

The points = and y are separated by at most C' intervals e; = e, ea, ..., e of
the same generation, with endpoints x1, ..., zx. It follows that

[f (@) = f)l < [f (@) = flz)] + [f(@1) = f@a) [+ -+ [f (@) = Fy)]
< (CH+1Cel* < (C+ )| f(x) = fy)l™

Let us now show the uniform irregularity. Because of the lower bound in
(10) there exists two points w and v in the interval e; such that

[f(u) = F(0)] = C’|ea]”.

Since the interval e; can be chosen including any point z, and at any scale,
the uniform irregularity follows. O

The Peano functions introduced by Peano, Wunderlich, Hilbert, Moore,
Sierpinski, and the time-changed Polya function are defined in a recursive
way, so that the images of p-adic intervals are exactly triangles or squares;
therefore one immediately checks in these examples that the assumptions of
Proposition 3 are satisfied with o = 1/2.
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5 The Lebesgue Function

The Lebesgue function [9] is a classical example of an almost everywhere
differentiable continuous space-filling function.
Let us first recall the definition of the triadic Cantor set.

Definition 8. The triadic Cantor set K is the subset of [0, 1] such that

oo

xEK@x:Z
k=1

2$k
3k

for a binary sequence (Tk)kemn -

The Lebesgue function is defined on K as follows:
Lig:K—[0,1? zw (Ii(z),l(2)),
where, if
.t
k=1

for a binary sequence (Zg)kem,

o0 Tof— o0 X
lh(z) = 22'2 Looand b(z) =) 21:
k=1 k=1

The Lebesgue function can be continuously extended to [0,1] as follows. If
x ¢ K, let I, denote the largest (open) interval of K¢ containing z. The
Lebesgue function L is defined as the continuous function satisfying (Figs. 3
and 4)

Lig(x) ifre K

. 2 T
L:0,1] —[0,1] xH{LislinearoanifxeKC'

Lebesgue showed in [9] that L is onto the unit square. We show here a

slightly stronger result [7].
LR
L

Fig. 3. Approximations of the Lebesgue curve by polygonal curves (see Fig. 1). Here
are represented ys6 and 710

=
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Fig. 4. The Lebesgue functions !; and [»

Proposition 4. Let K* be the subset of [0,1] such that

233k

xeK*@x:ig—k,

k=1

where (zk)kem 1S a binary sequence for which there is no ko such that k >
ko = xx = 1. The restriction of the Lebesque function to K* is onto [0,1]? —
{(1,1)}, but is not a one-to-one function.

Proof. Let (y,2) € 0,12 = {(1,1)}. Ify=>7" w2 Fand 2 = Y 07, 2x27F,
for two binary sequences (yx)xew and (zk ke, (Y, 2) defines a number © € K|

> ka 2Zk
= Z 321 Z 32k
k=1
Moreover, since (y, z) # (1,1), one of the associated binary sequences ((yx)x,
say) can be chosen to be not ultimately equal to 1 (i.e., such that there is no kg
such that k > ko = yr = 1). As a consequence, x € K* and, by construction,
L(z) = (y,2). If y or z is a dyadic number, it will have two different binary
representations, which give rise to two different pre-images in K*. 0O

The regularity of the Lebesgue function is given by the following result,
which was obtained in a different way in [7].

Proposition 5. The Lebesgue function L belongs to C", with h = log2/2log 3.
Ifx ¢ K, L € C>(z); if v € K, the function belongs to C"(x) N I"(x).

Proof. The uniform regularity was obtained in [7], using a generic result
(Proposition 17). Let us show the pointwise regularity. We will work with
l1 (defined on [0, 1]); the case of I3 is similar. We can suppose that = € K; let
a =log2/2log3. If y € K is such that

20y,
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for a binary sequence (dy)rem, one has

oo 5 N
() —hyl= Y 2—',Z§C|x—y| : (11)
k=[ko/2]+1

Now, if y ¢ K, let I, = (a,b) and set ¢ = a if y > x, ¢ = b otherwise. One has
li(z) =l (y)| < |li(z) =)+l () =h(y)] < Clz—c|*+[e—y|*) < Clz—y|*,

where we have used either the relation (11) or the linearity of /;. Let us now
show the pointwise irregularity of I;. Let z € K, r > 0 and let kg € IN defined
by the relations

1 1

3]@071 S r< 3]@072.

Let also y € B(x,r) N K such that
— 20
k=ko

for a binary sequence (dx)gemn, with g, # 0 (this can be done by choosing
a point y in a different triadic interval of generation ky coming up in the
construction of K). For such a number,

=9
|ll($) — ll(y)| — Z 2_: 2 C|x _ y|a 2 Cl3—k;0a 2 C”’r‘a'
k=T[ko/2]+1

6 The Schoenberg Function

Let A be the 2-periodic even function such that
0 ifo<az<1/3
Alz)=¢3x—-1if1/3<x<2/3
1 if2/3<2<1.
The Schoenberg function [16] is defined by (Figs.5 and 6)
S:00,1] = (0,1 @ (s1(2), 52(2)),

where
oo A 32k 1) )

k=1
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Fig. 5. Approximations of the Schoenberg curve by polygonal curves (see Fig.1).
Here are represented ~3s and 310

1 1
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Fig. 6. The Schoenberg functions s: and s2

and

> A(32k—1 :L‘)
s2(a) = ) =
k=1
The fact that S is onto the unit square can be deduced from Proposition 4
and the following result, which was obtained by Schoenberg in [16].

Proposition 6. For any x € K, S(z) = L(x) (where L denotes the Lebesgue
function).

Proof. Let © € K; if x = > 2, 22437 % for a binary sequence (zy)ken, we
have
o0

2z
A(3Fox) = A Z 3—: = Tho+1,
k=ko+1
by definition of A. Therefore,

by definition of ;. In the same way, s2(x) = lo(x). O
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Concerning the regularity, S is strongly monohdlder. The following result
was stated in [7], but can be obtained in many different ways, see e.g., [1,5,8].

Proposition 7. The Schoenberg function belongs to SM'082/210g3

7 The Cantor Function

In a letter to Dedekind, Cantor proposed the construction of a new function as
a candidate to be the first one-to-one correspondence between the unit interval
and the unit square [4]. Dedekind pointed out that this function actually is

not one to one (as showed by Proposition 8).

In this section, any number z € [0, 1) will be implicitly associated with the
sequence (xy)ren of its proper expansion in the decimal base; i.e., it takes

values in {0,...,9}, satisfies

and there is no kg such that k > kg = x = 9.

(12)

The Cantor function C : [0,1) — [0, 1]? is defined by C(x) = (c1(x), ca()),

where
o0

X Tok—1 L2k
c1(z) = E 10F and  ca(x) = 1ok
k=1 k=1

One extends C on [0, 1] by picking C(1) = (1,1) (Fig. 7).

Proposition 8. The Cantor function is onto [0,1]? but is not a one-to-one

function.
1 .
Il
iy
075} " /,{l,-‘,’] I
" ,‘Ifujlili‘l ,
05} ””l""fh Il
W}!.!hhh;
" w)s’l!ﬁ.h’
0.25 | /‘ Wﬂ//hfl‘!
" ﬂ///iﬁl:/
/ n n n H H H H
% 025 05 075 1 0 025 05

Fig. 7. The Cantor functions ¢1 and c2
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Proof. Let (y, 2) € [0,1]?. We can suppose that (y, z) # (1,1). The expression

o0
Yk 2k
T=2 ozt T Z 102k
k=1 k=1

is the proper expansion of a number z € [0, 1) such that C(z) = (y, 2).

Let now z € [0,1) be a number defined by a sequence (zx)ken such that
there exists an index ko > 0 for which xx, < 9 and zg,42r =9, Vk € IN. It is
easy to check that the number y defined by the following sequence (yx)kem,

Ti if k< ko
Ty + 1if k = ko

Ye = ay ifk=ko+20+1, withl € IV
0 if k= ko + 21, with [ € IV

is such that x # y and C(z) =C(y). O

Proposition 8 provides an injective map from [0,1]? to [0,1]. Since it is
trivial to find an injective map from [0,1] to [0,1]?, the Schréder—Bernstein
theorem implies that there exists a one-to-one mapping from [0, 1] to [0, 1]2.

The regularity of the Cantor function at a given point x depends on the
order of the approximation of the number x by numbers of the form k/10’
(k,1 € IV).

Proposition 9. If = is not of the form k/10' (k,1 € INy), let ¢(x) be the

supremum of the exponents ¢ such that the equation

k —1 l
T = | 10 ¢ (k<10

has infinitely many solutions. If x = k/10' for two k,1 € Ny, one sets ¢(z) =
0o. The Hdélder exponent of C at x is

The upper Hélder exponent of C at x is

hilz) = {1/2 if © # k/10! '

0 otherwise

Proof. Let D = {z : x = k/10', k,1 € IN}. Let us first show that the Cantor
function is not left-continuous at numbers of the form k/10! and is continuous
elsewhere. If = ¢ D, let N,(y) = inf{j : z; # y;} — 1. The continuity of the
Cantor function at x follows from the fact that for any sequence (z;);emw,

lim z; = 2 & lim N, (z;) — o0,
J J
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and from the inequality N, () (c1(y)) > [Nz(y)/2] (the same relation holds
for ¢3). Suppose now that « € D; there exists kg such that zx, > 0 and xj, = 0,
Vk > ko. Let () be the number satisfying

Tk ifk<ky—1

T =

9 if ko <k <ko+1
0 ifk>ko+1
One has
ko/2+T11/2]
01(Cc(l)) —ci(z) = Z ToF 10~ ho/2
k:k‘o/2+l

if ko is even and ¢ (M) — ca(z) — 10~ (Fo=1/2 if Ky is odd.

From now on, we can suppose that ¢ D. Since the Cantor function is
continuous on [0, 1] — D but not on [0, 1], it is sufficient to look at |C(x) —C(y)|
where y € D. For any | € INy, let k(I) € INg be such that

k()
T

k
- l<107¥®
neiot | 10l‘ = ’

where (1) is the largest integer such that the inequality holds. Let y() =
k(1)/10 if k(1) /10" > x and y© = k(1)/10" — 10~%® otherwise. Suppose that
[ is even (if [ is odd, one can consider co instead of c¢;); it is easy to check
that, as [ goes to infinity,

ler(z) — ¢ (y(l))| < c10=Y2 < C(lofl¢(w))1/2¢(w) < Clz — y(l)|1/2¢(w)’

and h(z) < 1/2¢(z). Now, if y = k/10%, with k < 10" and k # k(I), one has, by
definition of k(1), |e1(2) — c1(y)| < Clz —y[*/?¢@) | for y sufficiently close to .
Therefore h(z) = 1/2¢(x). The upper Holder exponent is easy to get, since,
by definition of C, for any [ € 21Ny, it is always possible to find a number y
such that 10~/! < |z —y| < 107" and |e1(z) — e1(y)| > 10C-1=D/2, For any
r >0,

sup |ei(x) —ei(y)| > OV
yEB(z,r)

The case of ¢y is similar. O

Let us now show that the Cantor function is an example of a Davenport
series. Such series are odd 1-periodic functions defined as follows: if {z} de-
notes the “sawtooth function” {z} = = — [z] — %, then Davenport series are
of the form
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Z an{nz}  with  (an,) €', (13)

see [6]; p-adic Davenport series correspond to the case where a, = 0 except
if n = p* for a p larger than 2, i.e., are of the form

r) = a;{p's). (14)

Recent results on Davenport series can be found in [6].
Let w(x) be the 1-periodic function such that w(z) = j if = € [j/10, (j +
1)/10) (0 < j <9). Clearly, z,, = w(10""'z), so that

L w(10%F2y L w(10%k 1y
ca(z) = E % and  co(x) = E %
k=1 k=1

One easily checks that

9
w(z) = 10{z} — {10z} + 5
Therefore,

102k 1 )} {(102k72x)}
1051

{A0**ta)y  {(10%F2)}
101 10k -

wlr—*
E*jg

E*jg

1
v=3t
Thus, the coordinates of C are examples of 10-adic Davenport series. Another
remarkable space-filling function that also turned out to be a p-adic Davenport
series was the Lebesgue—Davenport function studied in [7]. We will now prove
a general result which yields the pointwise Holder regularity of any p-adic
Davenport series (and therefore applies to these two space-filling functions).
This results extends a previous one of [7], in which a regularity condition on
the sequence of jumps was imposed, which turns out to be unnecessary.

8 Holder Exponent of p-adic Davenport Series

Since (a;) € I', the function f defined by (14) is the sum of a normally
convergent series; it follows that it is continuous at every non p-adic real
number, and has a right and a left limit at every p-adic rational k-p~! (where
ged(k, p) = 1, which will be denoted k A p = 1), with a jump of amplitude

bi=a+ai41+ -
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Let 2o € [0,1). We denote by w,, the sequence of p-adic approximants of x,
i.e., for each n, w, is the point of the form k- p™" with k£ A p = 1 which is
closest to xg.

Theorem 1. Let f be given by (1/), with aj € I*. Let xo € IR; if o is not a
p-adic rational, then

hf(xo) = liminf <M) . (15)

g—o0 \log(|zo — wjl)

Assume now that zo = k- p~t with k Ap = 1. If by # 0 then hys(to) = 0, else
(15) holds (and, in this case, |xo —w;| =p~7).

Proof. Denote by « the right-hand side of (15). First, note that f has a jump
of amplitude b; at w;; therefore, it follows from a classical lemma (see [6] for
instance) that hy(xo) < a. Therefore, we only have to prove the regularity at
xg. Let € > 0. For j large enough,

bl < (p77)7 .
Let x be given; let J be defined by
—J-1 J

p < |z —mxo| <p~7,

and let [ be the first integer such that x and z( are not in the same p-adic
interval of length p~!. We have | < .J and

J
f(@) = f(xo) = Z a;p’ | (x —z0) + Zaj + Z a;({p’z} — {p’x0}).
G<Jd j=l i>J
Since a; = b; — b;11, the last term is bounded by

4 1b;| < C(p™7)* 7 < Cla —wo|* .

j>J

As regards the second term, since |xo — w;| < |z — 2o,
J
D sl = [br=bssa| < lwo —wi|* "+ (777 < Cla — |
=l
As regards the first term, we separate two cases; if < 1, then

D ap| =D (b = b)) | < C-ptTt < Cla — ol
i<J i<T

which yields the required bound for |f(z) — f(x0)|.
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If o > 1, then the series Y a;p’ = > (b; —bj11)p’ is convergent; therefore,

we can write
Yoap =Y ap =Y ap

i<J jeN i>J

and

D ap| =D (b = b))’ | < CplTot < Cla — ol

i>J i>J

which yields the required bound for |f(z) — f(zo) — (3 a;p?)(z — x0)|. O
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