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A fracture framework for Euler Bernoulli beams based on a full
discontinuous Galerkin formulation /extrinsic cohesive law

combination
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SUMMARY

A new full Discontinuous Galerkin discretization of Euler Bernoulli beam is presented. The main
interest of this framework is its ability to simulate fracture problems by inserting a cohesive zone
model in the formulation. With a classical Continuous Galerkin method the use of the cohesive zone
model is difficult because as insert a cohesive element between bulk elements is not straightforward. On
one hand if the cohesive element is inserted at the beginning of the simulation there is a modification
of the structure stiffness and on the other hand inserting the cohesive element during the simulation
requires modification of the mesh during computation. These drawbacks are avoided with the presented
formulation as the structure is discretized in a stable and consistent way with full discontinuous
elements and inserting cohesive elements during the simulation becomes straightforward. A new

cohesive law based on the resultant stresses (bending moment and membrane) of the thin structure
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2 G. BECKER, L. NOELS

discretization is also presented. This model allows propagating fracture while avoiding through-the-
thickness integration of the cohesive law. Tests are performed to show that the proposed model releases,
during the fracture process, an energy quantity equal to the fracture energy for any combination of

tension-bending loadings. Copyright (© 2009 John Wiley & Sons, Ltd.

KEY WORDS: Euler Bernoulli beam; discontinuous Galerkin method; fracture; finite-element; cohesive

model

1. INTRODUCTION

When considering thin structures, tearing prediction remains challenging. This increases the
interest of fracture and rupture numerical models for thin bodies, which must be able to take
into account a through-the-thickness fracture.

A common approach in fracture mechanics is the cohesive zone concept pioneered by
Dugdale [1] and Barenblatt [2]. This approach considers a tension between crack faces in
the zone ahead of the crack tip. This tension is modeled by a "Traction Separation Law"
(TSL) which gives a relationship between the tension and the opening of the crack faces (A).
For Dugdale’s model, developed for thin perfectly plastic steel sheets, tension is constant with
A and corresponds to the yield stress, while for Barenblatt’s model, developed for brittle
materials, this tension represents the atomic cohesion and so decreases with the opening A.

In Finite Element (FE) methods this cohesive zone concept can be combined with cohesive
elements [3-10], which are interface elements inserted between bulk elements. There are two
ways of inserting these cohesive elements. On one hand the cohesive elements can be inserted at
the beginning of the computation [4,6,9,11], in which case the cohesive elements must consider
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FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 3

the stage of pre-fracture and the cohesive law is called intrinsic. This pre-fracture behavior
is achieved by introducing an initial slope in the TSL (see figure 1), and in order to have a
correct wave propagation this slope must tend to infinity which leads to an ill-conditioned
stiffness matrix or to a time step tending toward zero for explicit resolution schemes [12].
This problem limits the applicability of the intrinsic approach to cases where the crack path
is known in advance which allows to insert cohesive elements only in well defined zones or
to cases where a physical interpretation can be given to the slope of TSL (e.g. fiber coating,
adhesive layers,...). On the other hand the cohesive elements can be inserted on the fly during
the simulation when a criterion of crack initialization is reached [3,7,8,10]. In this approach
the cohesive element does not consider the phase of pre-fracture so the cohesive law is said
to be extrinsic. During the pre-fracture stage, there is no modification of stiffness and so no
alteration of the wave propagation. However the insertion of the cohesive elements during the
simulation is very complex due to the dynamic modification of the mesh topology. Moreover
the cohesive methods require a large number of elements in order to achieve convergence [7],
requiring a large number of nodes. Therefore the use of a parallel code becomes mandatory,

which complicates the dynamic modification of the mesh.

Insertion of cohesive elements with an extrinsic approach in a efficient way requires the
use of complex topological data structure [13, 14] or topological graphs [15]. It was shown
that such implementation could result in efficient 2D [14] or 3D [15] simulations. However the
extension of such methods to parallel simulations has still yet to be proved. The main problem
in the extension to the parallel case lies in the inherent difficulty associated with propagating
topological changes in the mesh across processor boundaries. A way of avoiding these issues
is presented by I. Dooley et. al. in [16] where their formulation is based on dormant nodes
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4 G. BECKER, L. NOELS

concept. Another method combining advantages of both extrinsic and intrinsic approaches
has been developed by Y. Monerie and F. Perales [17,18]. It is based on inserting interface
elements from the beginning but compatibility is enforced by Lagrangian multipliers, which,
in turns, introduces new unknowns. An alternative approach avoiding to resort to new degrees

of freedom is the recourse to Discontinuous Galerkin (DG) method.

DG is now commonly used to solve hyperbolic problems [19] and, more recently, has been
used to solve elliptic problems [20-35]. This method allows to enforce weakly the compatibility
condition through element boundary integral terms, and since the interface elements are
naturally present, they can be directly used to model fracture. This approach has been
pioneered by J. Mergheim et al. [36] and by A. Seagraves et al [37,38]. This method is scalable
when parallelized [37] and, as it will be shown, it does not require the use of complex topological
information and can be implemented easily into existing FE codes. In this paper this framework
is extended to thin structures, and more particularly to beams. For completeness, let us note
that combination of cohesive law and discontinuous Galerkin method can also be achieved using
a space-time discontinuous method [39]. This method allows controlling spatial and temporal
resolutions and has been successfully implemented for 2D spatial problems with predefined

cohesive surfaces [39].

Discontinuous Galerkin methods can also be applied to enforce weakly the C! continuity
required by high-order formulations, which leads to displacement-field only methods (nodes
have no degree of freedom of rotation). This method can be applied advantageously to beam,
plate and shell problems where the C! continuity must be guaranteed [21,29, 33, 34, 40].
In these works only C! is enforced by recourse to the DG method while the displacement
field is continuous. By inserting discontinuous test functions and interface elements in such
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FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 5

formulations a new full-DG formulation is obtained and the study of its numerical properties
shows that it is consistent, stable (if stabilization parameters are larger than mesh-independent
constants) and converges in the L? norm with the optimum rate. Afterward, this formulation
can be used to solve fracture problems, as extrinsic cohesive law can easily be combined to the

method. In this paper, such a displacement-field approach is developed for beams.

In discretization of thin structures with beam (plate or shell) elements, thickness is modeled
implicitly as mesh discretization is in the plane of the structure only. This induces some
difficulties for considering cohesive-separation laws for a bending problems where a part of the
thickness is in compression and the other part is in tension. F. Cirak et al. suggested in [6]
to use numerical integration on the thickness to take into account the stress field distribution
on the thickness, but this requires to recompute the position of the neutral axis during the
fracture process, which is not always numerically efficient. Therefore a new model is presented,
which applies the cohesive principles directly to the resultant stresses (bending and membrane)
in terms of the resultant openings (angle and mid-plane opening). This is based on the physics
of fracture phenomena which require loadings to decrease with the increase of the crack length
on the thickness. The new traction separation law is defined in such a way that the model
respects the energetic balance during the fracture process for any coupled bending-traction

loadings.

The article is organized as follows, first the governing equations of beams are summarized
in section 2. Afterward, in section 3, these equations are discretized with a new full-DG
formulation. Thereafter, the numerical properties of this new method are studied in an analytic
way and illustrated by numerical examples. In section 4, a new cohesive zone model based on
the resultant stresses is presented and then coupled with the full-DG formulation to take into
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6 G. BECKER, L. NOELS

account brittle fracture. This section finishes with numerical applications of fracture testing
to show the ability of the presented framework to simulate fracture problems. Finally some

concluding remarks are drawn.

(a) (b)

Figure 1. Linearly decreasing monotonic (a) extrinsic and (b) intrinsic "Traction Separation Law"

2. CONTINUUM MECHANICS OF THIN BODIES: GOVERNING EQUATIONS OF

BEAMS

For simplicity the following developments are made under the assumption of linear elasticity.

The theory is based on the equations of linear momentum equilibrium,

V-o=0inC (1)
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FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 7

and angular momentum equilibrium,
PAV-0=0inC (2)

where, in the two equations, the body forces B are assumed to be equal to zero for simplicity,
o is the Cauchy stress tensor, and where C represents a configuration of the thin body. In this
last equation ® is the mapping of the thin body, which can be written in the particular case

of linear Euler Bernoulli beam? as,
D =)+ u(¢)E +us(§)Es + & (By —uz 1 Ey) (3)

where ®, represents the mapping between the configuration of reference and the initial
configuration, u; is the displacement in the direction of i axis, F; are the unitary vectors
of the inertial basis, &' is the curvilinear coordinate along the beam, and &2 is the curvilinear
coordinate over the thickness, which varies between i, and hy,q, (of the undeformed beam)
and is equal to zero on the neutral axis.

Using Simo [41, 42] developments in the particular case of the mapping ® (3) the two
equations (1) and (2) can be rewritten ¥ in making by simplicity the assumption that there is

no force exerted on the top and bottom surfaces of the beam, as

where the notations e ; is used to refer to the derivative of e with respect to the curvilinear

In this formulation the shearing is neglected, and the cross sections remain always perpendicular to the neutral

axis, which leads to the expression of mid surface’s direction for straight beams: (E3 — u3,1 E1) used in equation

(3)

tFor more details see [33]
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8 G. BECKER, L. NOELS

coordinate 4. and,

hmax

n! :/ o-Ed¢ (6)
hmin
hrn,a,rn

n3 = / o - Esdé? (7)
hm,in
hnuzw

m' = o - Edé? (8)
h'm'in

Finally, using plane stress assumption for beams (o125 = 091 = 099 = 023 = 032 = 033 = 0),

the strong form of the problem can be expressed by,

’ (9)

11 1 1

where n'!, m!! and n3! are the first component of vectors n', m' and n? respectively. The

others components of these vectors are equal to zero with regard to the plane stress assumption.

Note that however the shearing component n3!

is usually neglected for Kirchhoff-Love and
Euler-Bernoulli problems, it is kept in the present work to develop a full-DG formulation. The

shearing will be neglected only at the end of formulation.

In the particular case of linear elasticity, the values of n'', m!! and n3' can directly be
computed from the deformation mapping,
hmax hmax
nll = / 0'11df3 = / (E(ulyl — U3’1lf3)) dfs = Ehul,l (10)
Rmin hmin
hnza;n hrnam Eh3
it = [ ongae = [ (Bluns - uan€) €46 = - uan (1)
hnLin h'm,in

. hmaa . Rmax E . . Eh _
31 3 _ 3 _
= [ e = [ (gt +9) € = e 4D 02

min min

where E and v are the Young’s modulus and the Poisson’s coeflicient respectively, where us 1 +0
is the angle between the normal of the neutral axis and the cross-section direction. The signs
result from convention as a positive angle around E5 corresponds to a negative slope in O,
plane. This angle is equal to zero in case of Euler Bernoulli assumption.
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FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 9
3. FULL DG FORMULATION OF LINEAR BEAMS

3.1. Weak form of the equations

In this section the full DG FE discretization of equations (9) is introduced for Euler Bernoulli
beams. Afterwards, the numerical properties of the new presented method are studied and
illustrated on a numerical example. In this example the full discontinuous Galerkin formulation
is compared to the CG/DG formulation introduced by Engel et al in [40]. It is observed
that the full DG formulation gives the same results as the CG/DG approach, and has the
same advantages, i.e. one-field locking-free approach. Obviously the full DG approach has a
meaning only to take into account a pre-fracture stage. For the particular case of beams in

small deformations and linear elasticity, the weak form of the problem (9) corresponds to
L «
/ [n}féul + m’1115(—U3’1) — nslé(—ug,l)] dr =0 (13)
0

This equation can be integrated by parts on each element I, = [I,, l,,11] of the FE discretization,

Z {/ [nnéul,l + ﬁl115(—U3711) — n?llé(—u;),)] dx
e le (14)

_ (nu(;ul}le +mie(—ug,)], — ”315(*“3)]16)} =0
where an unusual integration by parts is made on §(—us3;) instead of n3! for the third
term of (13). In the equation (14), the following terms 35, n''dui], , 35, n*'6(~us)], and
Yo ﬁ@llé(fU371)]le are related to discontinuities in the polynomial approximation between 2
elements. For a continuous Galerkin formulation, the continuity of the test functions allows
to simplify the two first terms as ) o], = o]g = 0, since the test functions or the strains
are null in 0 and L (depending on the boundary conditions). For the DG formulation, the test

functions are discontinuous and these two terms can be rewritten as a sum of jumps over the
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10 G. BECKER, L. NOELS

interface elements? s,

Z nn&ul]le =— Z [[nnéul]]s (15)
Z n3t( —dug)], =— Z 31 (—6us) (16)

with the jump operator [o], = [@" — e7].. The remaining third term is related to discontinuities

in the displacement derivative which leads to,

Z Mo (—usz "“ = Z [[m —u3 1) ﬂ (17)

In DG formulations these jumps are commonly replaced by fluxes, which must be consistent.
The developments are exactly the same for the three jumps, so in the following, only the
equation (15) is developed and the two others terms (16) and (17) can be derived in the same

way. Using the mathematical identity [ab] = (a) [b] + (b) [a], relation (15) is rewritten as,

Do [ntow], =3 [(n') [bua] + [n"'] (Gur)] (18)

S S

with the mean operator () = % (e + o7). As for the exact solution there is no jump in the
stress tensor between two elements, the second term of (18) can be neglected without altering

the consistency and the flux related to (15) becomes,

[n*6ui] — (n'") [0u] (19)

To guarantee the compatibility and symmetry of the formulation, an extra term is introduced:
(Ehduy 1) [ui]. As the exact solution of the problem is continuous, this term does not modify

the consistency of the problem. Finally, as it is well known that, for elliptic problems,

8The equation (15) is obtained as follow : >, n116u1|l = S.ndend'Toul +ngent! Touy =
-3 [[nu&ul]]s, as normals n} . = —1 and ng,, = 1
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1
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FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 11

such a formulation is unstable, the method is stabilized by introducing a quadratic term:

[uq] <62 >[[5ul]} where hg is the characteristic dimension of the element and where (5 is
a constant sufficiently large to ensure the stability of the problem. Such an introduction of
interior penalty term is usual for discontinuous Galerkin method applied to solid mechanics,
[20,22,25,26] among others, and allows ensuring stability. Although the DG method is now
slightly dissipative, this does not impact on the numerical accuracy as the method remains
consistent and converges toward the solution with an optimal rate, see section 3.2, contrarily
to methods using only a penalty coefficient. This user’s parameter (5 is independent of the
mesh and material properties and is without dimension. Following these developments, the

mathematical fluxes related to the equations (15), (16) and (17) are,

Z nlléul]le — — Z (<n11> [dua] + (Ehouq 1) [ur] + [ua] <ﬁ2

Deul) @
Z m11(5 —u3,1 n“ — Z ( T 11 [[(5 —ug,1)] + <E1h3 (—us 11)> [—us]
+ [—us] (S5 ) [6(~us)])

S ot o, = =3 (1] (g1 g, ) 1o 22)

€

(21)

as (n3! = 0) in the relation (22), which implies that only the stabilization term remains in this
equation. Let us note that the asymmetry in signs of relation (22) results from definition (12).
Finally, after introducing the expressions (20), (21) and (22) in (14) the weak discretized form

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1

Prepared using nmeauth.cls



12 G. BECKER, L. NOELS

of the problem becomes,

(u, 0u) Z/ 115u11+m 0(—usz 11)]d

+Z< Y [0us] + (Ehdus, 1>[[U1ﬂ+[[“1]]< >[[5u1]] (23)

+ (MY [6(—us1)] + <E1—’§6(—u3,11)> [—us.1]

+ (sl (B2 ) [~6us ] + [us] { 52220 [Fus]) = 0

The relation (23) shows that a DG framework can be easily integrated in a CG FE code.
Indeed the integral part of (23) is exactly the same as the one of a CG formulation of the
problem with, as differences, the computation of a sum on interface elements which can be
easily added in the FE code. For more convenience of further explanations the relation (23)

can be expressed on the form,
Structural terms + DG terms = 0 (24)

with Structural terms and DG terms respectively the integral part and the interface sum part
of (23).

Note that a Gauss’ rule is used to compute the bulk elements. For non linear law, Simpson’s
rule can be used to integrate (6) - (8) on the thickness.

Furthermore, if continuous test functions are used for displacement (ie the elements are

continuous), it leads to [du1] = [dus] = 0 and the equation (23) can be simplified as,
Z/ [nlléul,l +’ﬁl115(—7.63,11)] dx
le
- EhR3
"'Z( 11 [[5 —uz1)] +< 2 d(—usz 11 >[[ us3 1]]) (25)
+ [usq] <B112b;7,s >[[—5U3,1ﬂ) =0

This last equation is identical to the previously CG /DG formulation defined by G. Engel et al

in [40].

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1
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FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 13
3.2. Numerical properties

In this section the numerical properties of the weak formulation (23) are studied. It is
demonstrated that the framework satisfies two fundamental properties of a numerical method:
consistency and stability. This last one is demonstrated if the parameters §; and (2 are large
enough, and if (33 is non zero. The convergence rate of the method in the energy norm
with respect to the mesh size is proved to be equal to k — 1, with k& the degree of the
polynomial approximation. Finally, optimal-convergence rate in the L?*-norm is demonstrated
for at least cubic elements. Afterward, some numerical examples are presented to illustrate

these properties.

3.2.1. Consistency To prove the consistency of the method, the exact solution u of the
problem is considered. As this exact solution is C2([0 L]), this implies [u1] = [us] = [us1] =0,

and relation (23) becomes,

Z/ [nlldum +Th115(—u3,11)} dx
n le

+3 (') [dua] + () [6(—us1)]) =0

(26)

Integrating by part on each element, as n'! and /m!! of the exact solution are continuous, leads

to
L L
—/ n' Suydx —/ i (—6us1)de =0 (27)
0 0

The arbitrary nature of the test functions leads to the two following equalities,

n' =0in [0 L] (28)

~11 _ .

mi =0in [0 L] (29)
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1
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14 G. BECKER, L. NOELS

These two equations (28) and (29) correspond to the strong formulation of the problem
expressed by the relations (9) where the shearing is neglected (n®! = 0). Thus the consistency
of the method is demonstrated. This property implies that the exact solution w satisfies (23),

which provides the orthogonality relation,

alup, — u,0u) = a(uy, du) — a(u,du) =0 (30)
where uy, is the FE solution.
3.2.2. Stability To study the stability and convergence rate of the framework, an energy

norm has to be defined. If constrained displacements w and directions of the mid-surface ¢ are

assumed to be equal to 0 on boundaries then the following energy norm can be considered,

2 2 ﬁgEh
Mell® = 32 {|VERua [, +Z [u1]
s L2(s) )
/Eh3 ER3
+ Z H 12 —U3.11) + Z H ﬁ112h (—us,1)] (31)
L2(s)
BsEh
* Z H \/ 2(1 + ), H““H ]
s L2(s)
where,
2
H\/ﬁa‘ - / Ha2d A (32)
L2(le) le
VA [al|[] ~|lvA ||
Z: H HM]HL?(S) B Ze:i H H[[a]]‘ L2(0l.) (33)
The expression (31) defines anorm as |||u||| = 0 only for w = 0 on [0 L]. This is demonstrated
in the following way : if |||u||| = O then each term is equal to 0. So on each element the

derivatives u; 1 and —ug 11 are also equal to zero which implies that u; and us; are constant
on each element. Moreover, as jump are equal to zero on the interface, u;,u3 and us; are
constant on |0 L. Finally, the boundary conditions w = 0 and ¢ = 0 imply u; = u3 = uz; =0
on [0 L.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1

Prepared using nmeauth.cls



FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 15

Now to demonstrate the stability of the framework an upper and a lower bound of the
bilinear form are needed. These two bounds can be established by following the developments
given in [33]. The full DG formulation presented in this work implies more DG interface terms
but they can be treated exactly as in [33] and the interested reader can refer to it for more

details. An upper bound of the bilinear can be found as,
|a(w, §u)| < C"*(By, B2) [[|wl]] |||l (34)

where C”%(j31,32) is a number larger than max(4, (C*)%/3,), where C*¥ > 0 are constant

depending only on the degree of polynomial. A lower bound of the bilinear form is given by,

| Eh3
a(u,u) 2 (1—61)2“\/Ehll/171H L2(1.) 1—62 ZH —5 U311

2(C5(62))? Ehﬂz
* <1 B 6152 ) Z [[ 1]] ngalﬁ)

2(Ct (61))? ER3p,
+ <1 I )Ze: 24, [us,1]

2
| B3Eh
+Ze: H 41+ v)hs el L2(dl.)

where €; and e; are constant larger than zero coming from the so-called e-inequality Ve > 0 :

e

€

L2(al,)

lab| < £a® + £b% or Ve > 0 : |ab] < ea® + L2
Finally, the stability of the method is directly demonstrated by relation (35). Indeed by

definition of the energetic norm (31),

L2 ZH\/Ehgurzn

lhalll® = ZHFW

2
1 8, ER3
*3 Z H 12h, [usa]

L2(1,) L2(ol,)
BaEh ﬂ?,Eh
+3 Z H [1]
L2(0l.) L2(0l.)
(36)
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1

Prepared using nmeauth.cls



16 G. BECKER, L. NOELS

Comparing the right term of equation (36) to the right term of equation (35) leads to,

a(un, un) = C(Br, Ba) [[|unl|l (37)

where C(f1,32) >0 as for given 0 < ¢; < 1 and 0 < e5 < 1 there always exist §; > @

k\2
and [y > % This shows that the stability of the method is conditioned by the constant

B1 and B2 which must be large enough. Note that the equation (37) does not imply stability

conditions on the parameter (3 as long as 83 > 0.

3.2.8. Convergence rate in the energy norm In the following the error between the FE
solution and the polynomial interpolation of the exact solution is calculated to establish the
convergence rate in the energy norm of the method. First some definitions and hypothesis are
given. Consider u the exact solution of the problem and w* its FE interpolation defined by

fOL (u — u¥)dudl = 0. Furthermore, the errors on exact solution and on its interpolation are

respectively defined by e = uj, — u and e* = u;, — u”.

The demonstration follows the same procedure as in [33] so only the final result is given

here,

e ll| < CBr. Ba. Bs) S E fualggene, (38)

the order of convergence is one order lower than the degree of polynomial approximation which

is consistent with the presence of high-order derivatives in the governing equations (9).

3.2.4. Convergence in the L? norm The convergence of the solution in the L? norm is

demonstrated under the two assumptions:

1. Proper elliptic regularity of the problem
2. Pure Dirichlet boundary conditions (ie w =t =0 on 9([0 L]))

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1
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FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 17

As well as the convergence rate in the energy norm, the demonstration of the convergence

in the L? norm follows the method presented in [33] so only the final result is given here,

ZCth Ul i k> 2
lellLzq) < © (39)
D CR2 |ulys,y if k=2

where the case k = 2 is obtained by following the work of Wells et al. [29]. The relation (39)

demonstrates that the method has an optimal convergence rate for at least cubic element.

3.3. Numerical example: Double clamped beam with uniformly distributed loading

The numerical properties demonstrated above are illustrated on a test case. It shows that the
convergence of solution with respect to the mesh size is in accordance with the theory and that
the results are as accurate as the ones obtained with CG/DG formulation previously developed
by Engel et. al. [40].

The example consists of a double clamped beam (DCB), whose material and geometrical
properties are given in Table I, submitted to a distributed force p = 4 [kN/m] (see Figure 2).

This force induces a displacement field described analytically by (see [43]),

B pr?(L — x)?
o 24FE171

ug(x)

This case is simulated with quadratic and cubic elements for different mesh sizes hy =1/4,
1/6,1/8,1/10,1/12,1/14,1/16,1/32,1/64, 1/128, 1/256 and different stabilization parameter
values 81 = 5,10, 100, le4, 1e6, B3 = 1008;. The choice for (35 is illustrated on figure 3a which
shows the convergence with (3 of the normalized deflection of the test case for hy = 1/64,
B1 = P2 = 10 and for two different beam’s height of 10[mm] and 100[mm]. It appears that the
curves are exactly the same but are scaled by a factor 100. Therefore, the convergence with

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1
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DCB
material properties
Young’s modulus (E) 10 [GPa]
Poisson’s coefficient (v) 0.21 []
density (p) 10000 [kg/m?]
geometrical properties
length (L) 1000 [mm)]
height (h) 10 [mm]

Table I. Material and geometrical properties used of the DCB

JUTTT

Figure 2. Double clamped beam in bending

(B3 depends on the geometry. To remove this dependency, §3 has to be multiplied by a factor
(h/L)?. Indeed, when the height is divided by 10 the minimal 33 which gives a converged
solution is divided by 100. Furthermore, the same study can be realized on the beam’s length
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(3b), which shows than when L is divided by 10, the minimal 83 which gives a converged
solution is multiplied by 100. These results show that 33 should be of the order of 3;/(h/L)?
to be independent of the geometry. As in this test case the ratio h/L = le — 2, (5 is set to 100
times (3 instead of 10000 in order to avoid ill conditioned matrix for large value of 3;. Note
that as this test is in pure bending¥, there is no displacement along x (u; = 0) and the value

of By does not modify the results.

O h=10 [mm] O L=1000 [mm]
% h=100 [mm] % L=100 [mm]
T — Analytic T — Analytic
: 2 : 2
Er_l 10 * <r_l 10 *
» Ed
a ]
E E
& 2
T 0P * o 100 *
< T
] ©
) ]
e} * (o] *
Wwl—o o % & & @ w0 o % & o @

Figure 3. Convergence of normalized deflection with respect to (3 in function of geometrical

parameters. (a) study on height and (b) study on length.

Figure 4 shows the normalized deformation for 5; = 100. As the profile is well fitted with
a mesh size of hy = 1/64 the profile is not plotted for finer mesh sizes. So the convergence
is achieved for respectively 100, 192, 128 and 168 degrees of freedom for quadratic CG/DG |,
quadratic full DG, cubic CG/DG and cubic full DG elements. The graphs are obtained with

(a) quadratic elements and a CG/DG formulation, (b) quadratic elements and the full DG

9 As shearing is neglected in Euler Bernoulli beams
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formulation, (c¢) cubic elements and a CG/DG formulation and (d) cubic elements and the full

DG formulation. They show that the analytical solution is very well approximated for both

degrees of elements and that the full DG formulation gives the same results as the CG/DG

method.

+ h/L=1/8
___h/L=1/18
-0.2 s
h/L=1/32
- s
_lz o4 o h/L=1/64
n-E — Analytic
= &
= -06
3
© 08
-1
0 0.2 0.4 0.6 0.8 1
x/L
(a)
+ h/L=1/8
___h/L=1/18
-0.2 s
h/L=1/32
- s
_lz o4 o h/L=1/64
E — Analytic
o 7
L _06 1
3
© _o0s8
-1
0 0.2 0.4 0.6 0.8 1

/L

(c)

384EI5/P

L4

384EI5/P

0.4 0.6 0.8 1
/L

(d)

Figure 4. Deformation profile of DCB for (a) quadratic elements with CG/DG formulation, (b)

quadratic elements with full DG formulation, (c) cubic elements with CG/DG formulation, (d) cubic

elements with full DG formulation
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Figure 5 plots the normalized maximal deflection of the beam for (a) quadratic elements
with CG /DG formulation, (b) quadratic elements with full DG formulation, (c) cubic elements
with CG /DG formulation and (d) cubic elements with full DG formulation. This figure shows
that for any degree of elements and for §; > 5, both methods are stable. However for values
of B; > le6 (quadratic elements) and (1 > 1000 (cubic elements) both methods suffer from
locking for the finer mesh, which leads to low convergence rate in the L? norms in these cases
Finally this figure shows that the full DG method converges toward a less stiff solution for
small values of 31 (1 = 10) due to the weak enforcement of the compatibility. Nevertheless the
error between analytic and the full DG solution with low §; value is approximately equal to 2%
which is acceptable. From this example, it appears that as long as the stabilization parameter
f1 remains in the rather wide range [5-1000], numerical accuracy of the method is ensured.
Same behavior was observed for different applications of discontinuous Galerkin methods for
solids [25,32,33] and for shells, which allows to conclude that this range is non-dependent from

the problem under consideration.

Figures 6 and 7 give the convergence rate in L? and energetic norms respectively with respect
to the mesh size, and for (a) quadratic elements and a CG/DG formulation, (b) quadratic
elements and a full DG formulation, (c) cubic elements with a CG/DG formulation and (d)
cubic elements with a full DG formulation. These figures show that both convergence rates
correspond to those predicted by theory, unless locking or numerical accuracy for low errors
prevent reaching this convergence rate. Moreover, the convergence in L? norm is in k+ 1 even
for quadratic elements where theory predicts a convergence only in k. This observation is in
agreement with what show by L. Noels et. alin [33] and by G. Wells in [29] for CO/DG shells.
One more time, the two figures show that the same results are obtained by CG/DG and full

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1

Prepared using nmeauth.cls



22

G. BECKER, L. NOELS

1.3
* By=5
1.2 -
+ By=10
": 1.1 -_.B1=103
g _— o B=te
- N o
£ o9 . By=te” |
=) o+ '
Tr s [T Analytic||
3 o}
0.7
0.6
0.5 ‘
3 2 —1 0
10 10 10 10
h_/L
s
(a)
1.3
* By=9
1.2 -
+ By=10
A 1.1 -..B,=100
x |e—e e @ @ |ob-1¢
E 1
6
£ 09 By=te” |
2= .
Tr — Analytic ||
§ 0.7
0.6
0.5
_3 -2 =1
10 10 10
hle

1.05
* B1=5
1 HW -
o + By=10
£ 09 g |-oB1o0
E 0.9 ! o |31=1e
-, [ 6
£ o5 4 e Byt
[Z=} 1
frn} 0.8l ~\ [——Analytic|
§ 0.75 He)
0.7
0.65
) _2 —1 0
10 10 10 10
h /L
s
(b)
11
* B=5
| =
1 &—R—8—8—F— | p=10
09 -..B,=100
3 o} B =te’
ELE 0.8 R |31=1ee
ﬁ 0.7¢ — Analytic ||
§ 0.6
05 o,
0.4
107 107 107

Figure 5. Maximal deflection convergence with respect to the mesh size for (a) quadratic elements

with a CG/DG formulation, (b) quadratic elements with a full DG formulations, (c) cubic elements

with a CG/DG formulation and (d) cubic elements with a full DG formulation

DG methods.

Finally, figure 8 illustrates the condition number of the stiffness matrix with respect of the

number of elements for different values of parameters §; (82 = (1 and B35 = 1008;). The

condition numbers depict on the figure are divided by the condition number of the elementary
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Figure 6. L? error convergence with respect to the mesh size for (a) quadratic elements with a CG /DG
formulation, (b) quadratic elements with a full DG formulations, (c) cubic elements with a CG/DG

formulation and (d) cubic elements with a full DG formulation

bulk matrix to be independent of material and geometry. Moreover, they are reported for both
CG/DG (a) and (c) and full DG (b) and (d) formulations, as well as for elements of degree
2 (a) and (b) and elements of degree 3 (c¢) and (d). These graphs show that the condition
number is approximately the same for the two formulations and the two degrees of element.
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Figure 7. Error in energetic norm convergence with respect of the mesh size for (a) quadratic elements
with a CG/DG formulation, (b) quadratic elements with a full DG formulations, (c) cubic elements

with a CG/DG formulation and (d) cubic elements with a full DG formulation

Furthermore, for all the cases, the condition number increases with the fourth power of the

number of elements and increases linearly with the parameter §;. So for large stabilization

~

parameters 3;, an ill-conditioned matrix is expected. However, in the practical range (5, ~ 10),

the condition numbers remain satisfactory.

Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1

Prepared using nmeauth.cls



FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 25

- 10 ¢ 10
g 10 o g 10
L1} @
£ £ o
=3 =
o o
3 3 ©
-g * By=5 E * B=5
5 5
o 10 + By=10 o 10 + B=10 |
< ---B,=100 < -..B,=100
-g o Bi-te’ E o Byte’
o ) |31=1e6 o B.=1e®
0 o
10 10
10° 10" 10° 10’ 10" 10° 10° 10"
elements elements
(a) (b)
- 10 ¢ 10
g 10 o g 10
@ Q
= =
3 3
x x
= - * 0
5 5
o 10 o 1 + B=10§
3 < ---By=100
£ £ o B=te’
o 0 B.=1e®
1
o 0 +
10 10 *
10° 10" 10° 10’ 10" 10° 10 10° 10° 10"
elements elements

(c) (d)
Figure 8. Condition number of the stiffness matrix with respect to the number of elements for (a)

quadratic elements with a CG/DG formulation, (b) quadratic elements with a full DG formulations,

(c) cubic elements with a CG/DG formulation, and (d) cubic elements with a full DG formulation

4. APPLICATION TO FRACTURE MECHANICS

4.1. DG/FEztrinsic Cohesive Law combined method

In this section, a fracture model is coupled with the full-DG beam formulation introduced in
section 3. The full-DG framework can be advantageously combined with an extrinsic cohesive
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approach as the pre-fractured stage is modeled in a stable and consistent way (see section 3.2).
As interface elements have already been introduced, it is not necessary to modify dynamically
the mesh in order to introduce the cohesive elements, which is the critical step of classical
extrinsic cohesive approaches. The cohesive elements "substitute" simply the interface elements
where the fracture criterion is reached. Mathematically the equation (24) can be rewritten as

introduced first by J. Mergheim et al. [36],
Structural terms + (1 — «) DG terms + « cohesive term =0 (41)

where « is evaluated at each interface element and is equal to 1 if there is fracture and is equal
to 0 if this is not the case. For Euler Bernoulli beams, only the normal stress component is

different from zero and a fracture criterion in tension can be considered,

11
II?.X (") —0.>0 (42)

where the operator (e) represents the mean value on the interface element and where o, the
fracture strength, is a material parameter.

The cohesive zone concept, initially presented by Barenblatt [2], is based on the existence
of a residual traction while crack faces are still in a close neighborhood. In this model of
perfectly brittle fracture, the traction represents the physical inter-atomic attractive forces
which are exerted between atoms. After a given distance A, this traction falls to zero and
there is no force exerted between crack faces. In more general cases, the traction-separation
law represents physical phenomena happening in the process zone. The application of J-integral

concept introduced by J.R. Rice [44] leads to the general form of cohesive term,
57 = / T 5(A)dS (43)

with T the traction forces exerted between crack faces and A the opening between them. In the
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article the normal to the fracture is equal to E; as the linear assumption is madell. Therefore
vectors T and 0(A) have a non-zero component only along axis 1, which are respectively noted
t and A in the following. Moreover, as the cohesive term (43) is equal to J-integral the area
under the TSL must be equal to the energy of rupture G., a material parameter [45], if the
crack grows straight ahead, which is the case in this paper. So the two parameters of the TSL
are o, and G, the critical opening value A, being deduced from the traction-separation law
shape, see Fig. 1.

As the focus is put on thin bodies where the thickness is implicitly modeled, it is not
straightforward to take into account a through the thickness fracture. A solution is suggested

by F. Cirak et al. in [6], where the traction-separation-law is integrated at each Simpson points

IThe normal to the fracture ms in the current configuration of the interface element can be computed as

suggested by F. Cirak et al. in [6],

with nf equal to,

nf:‘ri/\ti

where t and T are respectively the normal of the neutral axis and the tangent vector at the interface element.

For beam elements these quantities are equal to,

t=FE3—u31E;

T=FE>

which leads to,

E E.
" — 1+ (u3,;1) E3 ~ B,

14 (uz1)?
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describing the thickness. As the TSL makes sense only for traction, this solution is difficult to
implement and another approach considering a traction-separation law based on the resultant
stresses is suggested. The cohesive integral (43) is replaced by the application of cohesive law
on the resultant membrane (n'') and bending (m'!') stresses, which are denoted N and M

respectively after fracture is initiated, leading to,
T-5(A)dS — N(A")6([ur]) + M(A")6([—us1]) (44)

where A* is an effective opening.
What remains to be defined is the shape of the new TSLs N(A*) and M(A*), as well as

the definition of the effective opening A*. Conditions that should be satisfied are:

e N =M =0 when A* > A;

e Laws N(A*) and M(A*) must be monotonically decreasing;

e Continuity in resultant stresses™ between unfractured and fractured stage at A* = 0

should be ensured. This is the case if N(0) = Ny and M (0) = My, where Ny et My are

respectively the value of <n11> and <m11> at fractured initialization. These are defined

e At the end of the fracture process, the work induced by the TSLs [ N(A*)d([ui]) +

| M(A*)d([—us,1]) added to the change of internal energy of the structure should

**1t has been demonstrated by K.D. Papoulia et al. in [46] that if the continuity is not ensured between

unfractured and fractured stages, convergence problems can occur.
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correspond to hG;

e In case of unloading during the fracture process a linearly decreasing law is used to have

N =M =0in A* =0 as suggested by G.T. Camacho et al. in [3] (see figure 9).

The relations N(A*) and M (A*) can be determined experimentally, but in the case of this

work a monotonically linearly decreasing law is chosen to illustrate the idea,

N0(1—§Z) FA* < A*<A,

max

= (s ) 0 s v
0if A* > A,
Mo (1 8) i A < AT <A
MAT) =4 Mo (&2~ A7) A" < A .
0if A* > A,
(47

where A7 . is the maximal effective opening reached during the simulation.
In order to define the effective opening A* the simple pure traction and pure bending cases
are studied. In these cases, the value A* can be determined easily as the energy released must

be equal to hG.. If the beam is in pure tension the energy released is given by,

_ NOAC o 2h0(:Gc
2 20,

/ ™ N(AL)A, e (48)
0

(49)

with A, the jump of displacement along x-axis ([u;]) and where Ny = ho.. This shows that
in pure tension A* = A,.
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Ebending Etension

A, A* A, A*
(a) (b)

Figure 9. Linearly decreasing monotonic law for (a) resultant bending stress and for (b) resultant

membrane stress.
In the case of pure bending this energetic consideration leads to the following choice for the

opening,

A* = %Ar (50)

with A, the opening in rotation given by [—us1] if the fracture is initialized for positive

bending My > 0 and by [us 1] if My < 0. Indeed,

Are

A * 2
c 6 A 6 h“o, A
M(A")d[[—u = / +— M, (1 - ) dA* = — €= = K@, 51

Jo
as My = i% if the fracture is initialized for positive or negative bending respectively.

For combined cases, the value of A* is chosen as a linear combination of the two previous

cases,
. h
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the parameter 3 has to be equal to zero if the loading is in tension only and equal to 1 for
a pure bending problem. This is ensured by choosing (§ as the ratio at fracture initialization

between the bending part of stress and the fracture strength o,

[6/h Mo

=N+ 16/h M|

(53)

In case of bending rupture for a beam under tension 8 will be between 0 and 1, but in case
of a beam under compression, fracture can still happen for higher bending stress. In that case
[ is larger than 1. This definition of A* allows to release an energy quantity equal to hG, for
any coupled loadings.

Nevertheless, as the DG method ensures weakly the continuity, there is an initial jump
before fracture and so at fracture’s initialization Afj # 0. To guarantee the continuity between
pre-fracture and fracture stages, the initial jump at fracture initialization Af is subtracted

from A*,

*
At’rue

= A" - A (54)

Finally, the use of relations (23) and (44) leads to the new weak formulation of the problem
Z/ [nlléul,l + WL115(—U3711)] dx
n Jle
11 B2 Eh

+ Z {(1 — ) <<n ) [0wa] + (Ehduy 1) [ur] + [us] < h > [6u1]

’ 3 3

+ (m) [8(-us )] + <Eh () ) v + Tl (G ) 6w 1) 59
Dol (g2 ) il

+Zas (N(Af )0 ﬂu1ﬂ+M< )8 [~z a]) =

where v is equal to 1 if ay =0 or if as = 1 and A} .. < A.. This DG terms has to be kept

true

until the end of fracture as the shearing has to be constrained even during the fracture.
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DCB

material properties

Young’s modulus (E) 71 [GPa]

Poisson’s coefficient (v) 0.21 [-]

fracture strength (o.) 400 [MPa]

energy strength (G.) 8800 [J/m?]

Table II. Material properties of the clamped beam

4.2. Numerical example: Double Clamped Beam

To demonstrate the ability of the presented framework to model fracture phenomena, studies
are made on a double clamped beam, whose material properties are given in table II. The
beam is firstly loaded only in bending before the realization of simulations in with combined
tension-bending loadings. For all the following tests, the beam is discretized with 16 full DG
cubic elements, so there are 128 degrees of freedom in the model, and the parameters Gy, G2

and f3 are respectively fixed to 10, 10 and 1000.

4.2.1. Pure bending fracture test This test case, represented in Figure 10, consists in a
vertical displacement applied downward at the middle of the beam. This introduces a vertical

displacement field symmetric with respect to the center of the beam describing by [43]

22(3L —4z) L

uy(z) =4 e uz(g) x €10,L/2] (56)

where uz(g) is the applied vertical displacement. Stress is maximal at clamping (in upper skin

of beam) and at the middle of the beam (in lower skin of it). This maximal value is given by,

12Fh L
Omax — 7“2(5) (57)
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W

/1]

Figure 10. Representation of a double clamped beam in bending

In this example, fracture at clamping is not allowed so it will be localized at the center of
the beam. After rupture, the double clamped beam (DCB) of length L becomes two simply
clamped beams (SCB) of length L/2. Note that in the simulation the vertical displacement is
applied on both nodes of beam’s center. Consequently, the archived force in the not-fractured
case is equal to half the force corresponding to the prescribed displacement and the energies
compute numerically will have to account for this.

The energy release rate G occurring during the transition can be computed by,

G= Wext - Eint (58)

where in this last equation Weyy is the work of external forces until complete fracture of the
beam, and Fj, is the internal energy of the beam, see Figure 11. In the following simulations
the relation force-displacement is archived and the different area of figure 11 are computed
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numerically at the end of simulation. Furthermore, the fracture energy hG. can be computed

by,
th = Wext7 after fracture — Eint, after fracture (59)

Another useful quantity is the difference of internal energy (AE;,) between the fractured and
unfractured cases. Indeed this quantity can be used to predict if there is a need for external
energy to achieve a complete rupture on the beam thickness. If AF;,; > hG,, once the crack is
detected, the unique solution of the problem is a complete rupture of the beam, while, on the
contrary if AEiy < hG,, energy from the loading, and thus a further displacement increment,
is required in order to achieve complete rupture. AF;,; can be computed analytically, leading

to

hL
DCB o (60)

AEwint7 bend — 2UE O¢, bending

where o, bending 1S the bending stress reached when fracture is initiated.

FA .

DCB

FSCB
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1
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Figure 11. Force-Displacement relation of DCB (half beam) and SCB
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This simulation is performed first for a beams of 200 mm in length and 20 mm in height.
APFEin, bend computed thanks to equation (60) is equal to 375.58[J] while the fracture energy is
equal t0 0.02% G, = 176[J]. As AFE;nt pend is larger than twice the fracture energy, the fracture
happens in one increment of displacement as illustrated on figure 12. Picture (a) of this figure
plots the maximal stress at center of the beam in terms of the prescribed displacement. The
stress increases until it reaches the value of the fracture strength (400 MPa). It then falls down
to zero as the center of the DCB becomes a free extremity of a SCB. Picture (b) gives the
relation between the force and the prescribed displacement at the middle of the DCB. This
curve is in agreement with the picture (a) as the force follows the analytical value of a DCB
and a SCB respectively before and after the fracture. Moreover AEin; bend can be computed
by numerical integration of this curve. The calculation gives a result of 381.47 [J], which is very
close of the analytical value. Pictures (c) and (d) represent the deformation’s map respectively
before and after fracture. Again before fracture the deformation’s map is the one of a DCB
and after fracture, it is the one of two SCB. Finally, picture (e) depicts the relation between
the angle u3 ; at middle of the DCB vs the prescribed displacement. This picture shows that
before fracture the angle is equal to zero and it is equal to the analytical value of a SCB after

fracture.

Another simulation is realized on a DCB with a length of 50 mm and a height of 2.5 mm.
For this DCB the application of formula (60) yields AEin; pena = 11.737[J]. As AEin¢, bend 1S
lower than the fracture energy of 22[.J] for this DCB, there is a fracture process. This process is
illustrated on the pictures of figure 13. Picture (a) of this figure depicts the maximal stress at
the middle of the beam. As for the previous case there is fracture when the stress reaches the
fracture strength but, this time, the stress decreases linearly with the prescribed displacement.
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The same conclusion is valid for the force-displacement relation plotted on picture (b). This
picture shows that after fracture the force decreases linearly with the displacement until it
reaches the curve force-displacement of a SCB. The numerical integration gives a value of
12.33[J] for AEiy;, bena Which is in accordance with it analytical value. Moreover, the use of
equation (58) yields an energy released equal to 21.98[J], which is very close to its analytical
value. Pictures (c) and (d) show, as for the previous case, that the displacement field is equal
before and after fracture to the displacement field of a DCB and of a SCB respectively. Finally
picture (e) depicts the value of the angle us; in function of the prescribed displacement. As
for the stress and force fields, the value of u3 ; increases linearly after fracture initialization to

reach at the end of fracture process the analytical value of a SCB.

4.2.2. Combined tension-bending fracture test In order to demonstrate that the model of
fracture presented releases the right amount of energy for any loading conditions, a test
involving combined tension and bending is presented. The test is the same as previous excepted
that a constant x-displacement is added (see figure 14). The simulations are performed on a

DCB of 50 mm in length and 2.5 mm in height.

The characteristic quantity AFEj,; has now to consider the internal energy in tension, which

gives the relation,

hL 13
AEmt = 21‘)ECB (uﬁQ - Qﬂ + 1) 0'3 (61)

where ( is the coupling parameter (53). The force-displacement relation depicted on figure 11,
illustrates now the energy released in bending (Ein¢, pend). The total released energy is obtained
after adding to Eipg bena the energy released in tension (Ejp tens)-This last contribution is given
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1
Eint, tens — §N0ch (62)

*

where A is the value of A, when A},

= A_. This energy can also be determined analytically
by,

Eh
Eint, tens — ——u? (63)

2 T, pres

as there is no work of external forces in tension.

The energies obtain for different loading conditions are collected in table III. This table
shows that the total energy released (Ereleased) s equal to the fracture energy for any uy pres,
the small differences being due to the application of the prescribed displacements by steps.
For g, pres = 10e75, the difference of internal energy between unfractured and fractured
case is larger than hG. = 22 [J]. Therefore for this prescribed displacement the fracture
occurs in one increment of displacement and the computation of the energies released in
tension and in bending is meaningless. Furthermore the simulation is performed for a negative
Ug, pres = —2e75 to show that the method remains valid in the compression case. As no contact
is taken into account during the simulation an energy quantity equal to Eiy, tens is released
in compression and so the energetic balance is exactly the same as for u; pres = 2¢7°. The
difference between the 2 cases is the value of the prescribed u, leading to fracture (see figure
15), which explains the difference of AFj,; between the 2 simulations.

Figure 15 illustrates the results for the different prescribed displacements. Picture (a) depicts
the maximal stress at the center of the DCB and shows that for every value of the prescribed
displacement the fracture begins when the stress reaches the value of .. Picture (b) represents
the relation force-displacement in the z-direction. It can be seen that as ug, pres increases the
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Uz, pres B AFEin: | Eine, bend | Eint, tens | Preleased
—2e7° | 1.0692 | 14.8043 | 21.26 0.71 21.98
0 1 12.33 21.98 0 21.98
2¢° 0.93 11.39 21.26 0.71 21.98
4e=° 0.86 11.99 19.14 2.84 21.98
6e~° 0.79 14.11 15.59 6.39 21.98
8e™P 0.72 17.76 10.63 11.36 21.99
10e7® | 0.66 22.95 - - -

Table III. Double Clamped Beam with combined loadings: Values of different energetic quantities for

different prescribed x-displacement

value of the z-force decreases and the complete fracture happens for a lower value of wu,.
This result is consistent with the fact than when u,, pres increases the bending part of the
stress is lower at fracture initialization, which implies a lower resultant bending stress at
fracture initialization (see picture (c)) and therefore a lower z-force. Finally pictures (¢) and
(d) represent respectively the relation M(A,) and N(A.). These graphs show that when
Ug, pres iNCTeases both the resultant stress at fracture initialization Ny and the value of A,
reached at the end of the fracture process increase, which is physically explained due to the

fact that there is more energy to be released in tension.

5. CONCLUSIONS

In this article a new full-DG formulation of Euler Bernoulli beams is presented and the
numerical properties of this method are studied. It is shown (theoretically and numerically)
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that the suggested formulation has the same numerical properties of consistency and
convergence rate in the L? norm than other finite elements formulation. Moreover it is set
out that the present framework gives the same results as the CG/DG formulation of problem
previously introduced by G. Engel et al. in [40].

The main interest of the full-DG formulation is its ability of being easily coupled with
cohesive zone models. Indeed as interface elements are introduced from the beginning, cohesive
elements can be ingserted very easily and a new cohesive zone model based on resultant stresses
is inserted in the presented formulation. Tests on a double clamped beam are simulated with
success, which proves the interest of the method.

This article constitutes an exploration of the full-DG framework for thin structures. In
further works the method will be extended to shells, which will allow to simulate more complex

problems.
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Figure 12. Double clamped beam in quasi-static bending (L = 200 mm, » = 20 mm) (a) maximal
stress at beam’s center, (b) force-displacement relation, displacement field (c) at fracture initialization

and (d) after fracture and (e) angle us 1 at center of DCB
Copyright © 2009 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2009; 00:1-1

Prepared using nmeauth.cls



FULL-DG/ECL FRACTURE FORMULATION OF BEAMS 45

x 10
10001 0r
DG degree 3 16 elements
\ O p,=p,=B,/100=10 1
™ 800
o —analytic DCB o
=
% 600" Z _3-
P [}
-4
@ 400 £
[ w -5
E 200 DG degree 3 16 elements
-6 O g _p= -
g B,=B,=B,/100=10
o -7 /—analytic DCB
- --analytic SCB
-15 -1 -05 0 s -1 -05 0
Displacement [mm] Displacement [mm]
(a) (b)
gx 107 B
DG degree 3 16 elements DG degree 3 16 elements
O BB - - O B.-B = -
2 B,=B,=B,100=10 gl B,=B,=B./100=10
1 — Analytic — Analytic
E E -04
0
e c
2 2 06
.a 'ﬁ
o [=]
o 2 58
N N
—1-

0.01 0.02 0.03 0.04 0.05
X position [m]

(c) (d)

DG degree 3 16 elements
ol © B,=B,=B,/100=10

O )]
b

_0.01/[——Analytic SCB

=15 —1 -0.5
Prescribed displacement [mm]

Figure 13. Double clamped beam in quasi-static bending (L = 50 mm, h = 2.5 mm) (a) maximal
stress at beam’s center, (b) force-displacement relation, displacement field at fracture initialization (c)

and (d) after fracture and (e) angle us 1 at center of DCB.
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Figure 14. Representation of a double clamped beam in combined case
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Figure 15. Double Clamped Beam with combined loadings for different prescribed x-displacements:
(a) maximal stress at center of DCB with respect to the z-displacement, (b) z-Force vs z-displacement,

(c) relation M(A,) and (d) relation N(A;)
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