Goodness-of-fit tests for censored regression based on

artificial data points

Wenceslao Gonzalez Manteiga
Departamento de FEstatistica e 1.0.

Universidad de Santiago de Compostela

Cédric Heuchenne*
QuantOM,T
HEC-Management School of University of Liége

Université de Liege

Cesar Sanchez Sellero
Departamento de FEstatistica e 1.0.

Universidad de Santiago de Compostela

June 1, 2010



Abstract

Suppose the random vector (X,Y) satisfies the regression model Y = m(X) +
o(X)e, where m(-) = E(Y|-) (for instance a linear function of the exogenous vari-
able X), 02(-) = Var(Y]-) (by example a constant in the homoscedastic case) and ¢
is independent of X. The response Y is subject to random right censoring and the
covariate X is completely observed. New goodness-of-fit testing procedures for m
and o%(-) are proposed. They are based on an integrated regression function tech-
nique which uses artificial data points constructed with the method of Heuchenne
and Van Keilegom (2007b). Weak convergence of the resulting processes is obtained
and their finite sample behaviour is compared via simulations with the method of

Stute, Gonzédlez Manteiga and Sanchez Sellero (2000).
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1 Introduction

For a long time, the econometric literature devotes an increasing interest to modeling
censored data. This is displayed in a number of papers provided, e.g., by Chamberlain
(1988), Kiefer (1988) or Lewbel and Linton (2002). The main motivation for this interest
comes from the fact that in many econometric settings, duration variables can be subject
to random right censoring. Indeed, durations are possibly not completely observed since
their evolution can be interrupted for several reasons, by example, simply the limits of a
survey. Since lots of econometric studies use these durations as endogenous variables, it
is necessary to achieve statistical inference for censored data in the regression context. In

this paper, we therefore consider the following heteroscedastic regression model
Y =m(X)+o(X)e, (1.1)

where ¢ is independent of X (one-dimensional), m(X) = E[Y|X] and 0?(X) = Var[Y|X].
Suppose also that Y is subject to random right censoring, i.e. instead of observing Y, we
only observe (Z,A), where Z = min(Y,C), A = I(Y < () and the random variable
C represents the censoring time, which is independent of Y, conditionally on X. Let
(Y, Ci, X, Zi, A;) (i =1,...,n) be n independent copies of (Y,C, X, Z, A).

The aim of this paper is to test the hypothesis
Hy: W e M versus H : U ¢ M, (1.2)

where M = {Uy : 9 € O} is a class of parametric functions, ¥(-) is either m(-) or ()

and © C R”.



The approach used in this paper was introduced by Stute (1997) and is based on an

estimator of the integrated function W(-),

xT

I(z) = / W(2)dFx(2),

where Fy(z) = P(X < z). Following the lines of Stute (1997), the corresponding inte-

grated process is given by

IP(@) =02 30 (90, Y)) = W (X)) T (X, < ), (13)

i=1
using the fact that I(z) = E[l{x<;¢(X,Y)], where E[¢(X,Y)|X] = U(X). Therefore,
P(X,Y) =Y or (Y —m(X))? and may depend on a vector of parameters according to
the required test. When censored data are present, extensions of methods proposed by
Heuchenne and Van Keilegom (2007a, 2007b) are used to estimate the parameters of W(-)
(possibly ¢ (-, -)) and replace censored (-, -) by artificial versions which can be considered
as uncensored.

Although a number of goodness-of-fit tests exists for the regression function with
censored data, few results are obtained for the conditional variance and especially for a
function to test which is nonlinear instead of polynomial. Stute, Gonzalez Manteiga and
Sanchez Sellero (2000) developped a goodness-of-fit test for censored nonlinear regres-
sion but it suffers from restrictive assumptions. This is due to the use of the bivariate
Kaplan-Meier estimator of Stute (1993). It assumes that (1) Y and C are independent
(unconditionally on X') and that (2) P(Y < C|X,Y) = P(Y < ClY), which is satisfied
when e.g. C' is independent of X. Both assumptions are often violated in practice.
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The paper is organized as follows. In the next section, the testing procedure is de-
scribed in detail. Section 3 summarizes the main asymptotic results, including the weak
convergence of the proposed process (the extension of I P(x) to censored data) to a Gaus-
sian process. In Section 4, we present the results of a simulation study, in which the new
procedure is compared with the method of Stute, Gonzalez Manteiga and Sanchez Sellero
(2000). Section 5 applies the proposed techniques to a study of unemployment in Galicia
whereas the Appendix contains the assumptions, functions and proofs needed to obtain

the main results of Section 3.

2 Notations and description of the method

The idea of the proposed method consists of first estimating the unknown functions (-, -)
due to censored observations, and second comparing those so-obtained artificial functions

with a parametric estimation of W(-) via the classical process (1.3). Define
WX, Z,8) = 6 Y)A + ERH Y)Y > G XI(1— A), k= 0,12,

and note that E(*(X,Y)|X) = B (X, Z,A)|X) = Uy (X), k = 0,1,2, under the
null hypothesis (Uy, (X) = ¥(X) if Hy is true). The index k indicates to which test

corresponds the new data point **(X, Z, A). Indeed,

1. for k=0, ¥%(X,Y) =Y corresponding to a goodness-of-fit test for the conditional

mean m,



2. for k=1, 91 (X,Y) = (Y —myg,(X))? corresponding to a goodness-of-fit test for the
conditional variance o2, assuming that the conditional mean has a known parametric

form (and the true vector of parameters is defined by 6y),

3. for k =2, v*(X,Y) = (Y — m(X))? corresponding to a goodness-of-fit test for the

conditional variance o2, not assuming any parametric form for the conditional mean

Hence, we can work in the sequel with the variable ¥**(X, Z, A) instead of *(X,Y). In
order to estimate 1**(X, Z, A) for a censored observation, we first need to introduce a
number of notations.

Let m°(-) be any location function and ¢°(-) be any scale function, meaning that
m®(z) = T(F(:]z)) and ¢"(z) = S(F(-|z)) for some functionals 7" and S that satisfy
T(Foyip(|x)) = aT(Fy(-]z)) + b and S(Fuyis(-|z)) = aS(Fy(-|x)), for all @ > 0 and
b € IR (here F,y4(:|z) denotes the conditional distribution of aY + b given X = x). Let
e’ = (Y — m%X))/c%(X). Then, it can be easily seen that if model (1.1) holds (i.e. &
is independent of X), then €° is also independent of X. Define F(y|z) = P(Y < yl|z),

G(ylz) = P(C < ylz), H(ylz) = P(Z < ylx), H(y) = P(Z < y), Hs(ylz) = P(Z

IA

b2 = 8le), Fx(r) = P(X < 1), FO(y) = P < ), $y) = 1 — Fy), for BV =
(Z = m%(X))/0%(X), we denote HJ(y) = P(E® < y), Hg(y) = P(E” < y,A = 0),
HY(y|lz) = P(E° < ylz), H%(ylx) = P(E° < y,A = §|z) (6 = 0,1) and for CY =

(C—m°(X))/0%(X), we denote G2(y) = P(C® < y). The probability density functions of



the distributions defined above will be denoted with lower case letters and Rx = [z., x]

denotes the compact support of the variable X.

We have

fgjo PF (X, m(Xy) 4+ 0(Xa)y) dF(y)
1 — FO(ED)

V(X Ziy ) = M (X, Y9 A+
k =0,1,2, for the following choices of m® and o9 :

0(z) :/F’l(s]x)J(s) ds, o%(z) :/F*l(s\x)ms) ds —m®(z), (2.1)

where F~!(s|z) = inf{y; F(y|z) > s} is the quantile function of Y given x and J(s) is a
given score function satisfying [, J(s)ds = 1. When .J(s) is chosen appropriately (namely
put to zero in the right tail, there where the quantile function cannot be estimated in a
consistent way due to the right censoring), m°(z) and ¢°(z) can be estimated consistently.
The distribution F(y|z) in (2.1) is replaced by the Beran (1981) estimator, defined by (in

the case of no ties) :

Foln=1- T A= 7 ) 22)

where

Wiz, an) K (X*)
7 .’L‘, ap) = N\
j=1 K (x;f])

K is a kernel function and {a,} a bandwidth sequence. Therefore,

:/1 ~!(s|x).J(s) ds and 62 :/1 “L(s|w)?J(s) ds — % (x) (2.3)



estimate m°(z) and ¢%?(z). Next,

By =1- ] (1 _ 1_) , (2.4)

B9, <y A=t n—1+1
denotes the Kaplan-Meier (1958)-type estimator of FP (in the case of no ties), where

EY = (Z; — m°(X;))/6%(X;), E (i is the i-th order statistic of E9,...,FE% and Ay is
the corresponding censoring indicator. This estimator has been studied in detail by Van
Keilegom and Akritas (1999). This leads to the following estimators for ¥*(X;,Y;)(k =
0,1):

5°(X)
1—FO(EOAT)

(X 20, ) = Vi, = Vil o+ (i (X,) + L, v AE) (1= 2025
(X, Zus 80) = (% = oy (X0 = (¥ = (X)) + { (X)) = may (X)) (26)

onAT 60 (X:)y[6°(Xi)y + 2(m°(X,) — mo, (X)) dE2(y)
1— FO(EPAT)

b1-Ay),

where mg,(-) in (2.6) is replaced by m(-) to obtain the expression of 2 (X;, Z;, A;),
T < 7tpo and 7p = inf{y : F(y) = 1} for any distribution F. Truncations by 7" in the
above integrals and denominators are due to right censoring (however, when 70 < 760,
T can be chosen arbitrarily close to 7z0). In Q/AJ%*(XZ-, Zi, A;), 0y can be replaced by its
estimator obtained by the method of Heuchenne and Van Keilegom (2007b), while m/(-)
in 1&%* (Xi, Z;, AA;) can be replaced by a nonparametric estimator, say mr(X;), developed,

by example, in Heuchenne and Van Keilegom (2007¢, 2007d).



Finally, the functions ﬂ%*(Xi,Zi,Ai) (resp \I/ﬂTk(Xi)), k = 0,1,2, replace ¥(X;,Y;)

(resp ¥U(X;)),i=1,...,n,in (1.3) for which we define

n

O = argming, co, S [OR (X4, Zi, A) — Wy, (X)), (2.7)

i=1
as estimators for the parameters describing My = {WUy, : Uy € O} (O is a compact
subset of IRP*, Dy is a positive integer and Wy(-) is either my(-) or o2(-), the tested
parametric variance), the class of parametric functions corresponding to the goodness-of-
fit test k, £k = 0,1,2. In order to focus on the primary issues, we assume the existence
of a well-defined minimizer for (2.7). Solutions for those problems can be obtained using
an (iterative) procedure for nonlinear minimization problems, like e.g. a Newton-Raphson
procedure. Since Y (X;, Z;, ;) = P8 (Xi, Zi, A, 0T,) = (Y; — mﬁAZO (X )&, i=1,...,n,
we will use in the sequel Y5 (X, Z;, Ay, 07,) = k= (97)), k = 0,1, 2 (especially to develop

the proofs). Therefore, we consider the following expression

ICPy(x) = n™ "2 3 ((05) — Wr (X)) (X <), k=0,1,2. (2.8)

=1

More precisely, we propose a Kolmogorov-Smirnov type statistic

Trsrr = sup [ICPy(x)]

TERX

and a Cramer-von Mises type statistic

TCMI,k == / (]Cpk(l’))Zdﬁx(ZE),

Rx
where Fx(-) is the empirical distribution of the X-values. The null hypothesis (1.2) is
rejected for large values of the test statistics.
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As it is clear from the definitions of ¥z (97,), Wyr (X;) and 9, for k = 0, 1,2, expres-
sion (2.8) is actually estimating

n2Y(W0)) — Wor (X)) (X, <), k=0,1,2, (2.9)

=1

where
b= Vi = ik (X0 4 T [ v} - A0, (210)
500) = (= mag (X0)F = (V= mag (X0, + {(m®(X) —mgp (X)) (21)

+f§gAT o (Xa)ylo®(Xi)y + 2(m°(Xy) — mgr (X3))] dF2(y)
1— FO(EOAT)

b1 - ),

where ¥} is obtained by replacing mgr (X;) in ¢75(65) by mr(X,), i = 1,...,n (mr(-) is

the stochastic limit of my(-) when n — 00), Wor(-) = myr(-), Wor(-) = opr(+), p=1,2,

and 0] = (6,,...,60/p, ), k= 0,1,2, are the unique parameters which minimize
E[{B(y7(05)1X) — Wg, (X)}?]

(see hypothesis (A10) in the Appendix). However, Y (07), Wor(X), 0 can be made

arbitrarily close to ¢**(X, Z, A, 6y), ¥g,(X), O, k =0,1,2, provided 750 < 7¢o.

Remark 2.1 (Test with known parametric variance) In the case k = 0, we test
a parametric form for the conditional mean without assuming any parametric form for

the conditional variance. We could consider such a parametric form introducing it at

9



the denominator of each term of (2.8) for £ = 0. This would be equivalent to define
PY(X,Y) = Y/op(X) for some 6. An estimator for the vector of parameters 6 could be
obtained by example using (2.7) for k = 2 and the analytic form of the corresponding test

statistics would be straightforward.

3 Asymptotic results

We start by developing an asymptotic representation for the expression (2.8) under the
null hypothesis and where the remaining term is op(n~'/2) uniformly in 2. This will
allow us to obtain the weak convergence of the process ICPy(x), k = 0,1, 2. Finally, the
asymptotic distributions of the proposed test statistics are obtained. The assumptions,

proofs and involved functions in the results below are given in the Appendix.

Theorem 3.1 Assume (A1)-(A10) (in the Appendiz). Then, under the null hypothesis

H07

n n

n_l Z( A%(ﬁgo) - \Ilﬂzk (X’L))I(XZ S JZ) = n_l Z Xi(Xlﬁ Ziv Ai7 ng 9%) + Rn(x)a

i=1 i=1
k= 0,1,2, where sup{|R,(z)|;x € Rx} = op(n~Y?) and xF(Xi, Zi, A, 0L, 0F) is defined

in the Appendiz.

Theorem 3.2 Assume (A1)-(A10). If v (0F), k = 0,1,2, follows a model such that
Bk (0D)|X] = Wor(X), then, under the null hypothesis Ho, the process 1CFy(z) =

10



2y (ke (9T) — Wyr (Xi))I(X; < ), © € Rx, converges weakly to a centered gaus-

sian process Wy (x) with covariance function
COU(Wk<x>? Wk<x/)) = E[Xi(‘)(a Z7 Av eg7 eg)Xil(Xa Za Aa ega 6%)]
Corollary 3.3 Under the null hypothesis Hy and the assumptions of Theorem 3.2,

Tksrk <, sup |[Wi(x)],
rERX

Tonrs 2 / W2(x)dFx(z),
Rx
k=0.1.2.

Remark 3.1 (Non zero mean asymptotic representation) In the asymptotic rep-
resentation of Theorem 3.1, the expression n=t 37, (¥&:(01) — Wor(Xi))I(X; < x) has
in fact a mean different from zero. This is due to the use of the estimator (2.4) which
is inconsistent in the right tails. That can lead to errors when testing parametric hy-
pothesis. However, as also studied in Heuchenne and Van Keilegom (2007d), the incon-
sistent region of (2.4) is smaller than inconsistent regions of other distribution estimators
for censored data (like,e.g., the Beran estimator). Indeed, as mentioned in Section 2,

7(05) — Ugr(X), k = 0,1,2, can be made arbitrarily close to a random variable with
zero conditional mean provided 7po < 7go. Moreover, even if this last inequality is not
true, the results of Theorem 3.2 and Corollary 3.3 could remain valid if % (6%) would

satisfy a model for which its conditional mean would be Wyr(X) + R, (X), for some R, (y)
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such that sup,cp, |Ra(y)| = op(n™'/?).

Remark 3.2 (Local alternative hypothesis) The behaviour of the process can also
be studied under the alternative hypothesis. By example, in the conditional mean case,
a local (Pitman) alternative of the type Hy, : m(x) = mg,(x) + n~/?r(x) is considered
in the sequel. In order to keep the proportion of censoring fixed for any value of n, we
use in this context the following assumption on the censoring variable. There exists a
random variable Cy such that P(C < y|X) = P(Co+n"?r(X) < y|X). Next, we define
Yo = me,(X) + 0(X)e, Zy = Yo A Cp and assume that E[r?(X)] < oco. We also replace
E[{E(Y}|X) — my,(X)}?] of the assumption (A10) in the Appendix by E[{E(Ygp|X) —
m,(X)}?], where Yy = Y3 — n~'/27(X). Theoretically, the use of Cy, Yy, Zy and Yy
enables in fact to make the main parts of the asymptotic representations under Hi,
independent of n and equal to the asymptotic representations obtained under the null

Omyr (X)

hypothesis. Then, it can be shown that the term n~'/?Q~'E[r(X)—2%—] is added to
0

the asymptotic representation of Theorem 3.2 in Heuchenne and Van Keilegom (2007b),
where the matrix Q = () (j,k =1,..., Do) is defined by

Omyr (X) Omgr (X)
Mo; Mo,

aneg (X)
01,0005,

Qjp =B — {Yor — mgz (X))}

and y; is the j™ component of ¥y, j = 1,..., Dy. That leads to add the term

Do 8m9T X Ompr (X
nY2h(x) = n VHEF(X)I(X < 2)] - 3 Q7 E[r(X) 529(() g 6050(d )1(x < 2)]}

12



to the asymptotic representation of Theorem 3.1 (in the conditional mean case), where
Q" represents the d™* row of the matrix Q~'. As a consequence, we will have for the

resulting statistics under Hy,,,

Tksrp <, sup |Wo(z) + b(z)|

TERX

and

Tomro < /RX(WO(HC) +b(2))*dFx (z).

4 Practical implementation and simulations

In this section, we study the finite sample behavior of the different test statistics. We
are interested in the behavior of the percentage of simulated samples for which the null
hypothesis is rejected. The simulations are carried out for samples of size n = 100 and
the results are obtained by using 10000 simulations. We develop simulations for the three
proposed goodness-of-fit tests and the two corresponding statistics (Tksrx and Tonrr g,
k=0,1,2).

The problem of testing the goodness-of-fit of a parametric model for the conditional
mean, when the response variable is subject to random right censoring, was also considered

by Stute et al. (2000). They proposed the following process

=1
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where W, are the Kaplan-Meier weights attached to the censored sample (Z;, A;) (i =

1,...,n), S <1y (for H(y), the distribution of the observable Z) and 9%, is obtained by

n

93y = min > Wi, (Zi — my, (X3))°. (4.1)

YoE€Og i1
Again, Kolmogorov-Smirnov and Cramer-von Mises statistics can be obtained from the

process WP,

Tisw = sup |[WP() Tentw = / (WP(2))? dFx ().

z€Rx
Therefore, in the regression case, we compare those methods with the ones proposed in
this paper.

First, we describe chosen characteristics of the proposed methods. For the score

function J, we recommend the choice J(s) = b~'1(0 < s < b) (0

IN

s < 1), where
b = min;<;<, F'(+00|X;). In this way, the region where the Beran estimators F'(:|X;), ...,
F(:|X,) are inconsistent is not used, and on the other hand, we exploit to a maxi-
mum the ‘consistent’ region. For K (), we work with the Epanechnikov kernel function
K(z) = (3/4)(1 —2?)I(Jz| < 1). In order to improve the behavior near the boundaries of
the covariate space, we use the reflection method to compute all kernel estimations. The
point 7' can be chosen larger (or equal) than the last order statistic E?n) of the estimated
residuals E?, i =1,...,n. In this way, all the (unconditional) Kaplan-Meier jumps in (2.5)
or (2.6) are considered. Next, for each method, equations (4.1) and (2.7) have an explicit

solution in the considered models. Finally, the last order statistic on which each global

Kaplan-Meier estimator is constructed may be censored. In this case, it is redefined as

14



uncensored.

In order to develop simulations for the testing procedures, two tables (for Kolmogorov-
Smirnov and Cramer-von Mises statistics) of critical values were constructed for each
method and each parametric model supposed under Hy. So, for each value of the couple
(parameter, bandwidth), test statistics were computed on 1000 samples of size 100 pro-
viding in this way estimations of their distributions under the null. Next, other samples
were simulated. For each of them, the values of the statistics were compared with the
corresponding critical values for the chosen bandwidth and for the estimated parameter.
Each of the following tables contains the percentages of rejections obtained for different
deviations from the null and different values of the bandwidth. The sample size is also
100 and each percentage of rejection is obtained from 10000 replicates.

For the goodness-of-fit test 1, the first simulated model is constructed in this way:

Y = 55X +a(X)+e,

C = X +a(X)+1+¢, (4.2)
where X is uniform on the interval [0, 1], ¢ and &* are standard normal, independent of
X, € is independent of £*, and a(z) is a function that indicates the deviation from the
null hypothesis which consists in the parametric model

Hy:m(z) = Yoz, (4.3)
where ¥y € IR is an unknown parameter. It is easy to see that, under this model,

P(A =0|X) = ®(—1/V?2),
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which is independent of X, where ® is the standard normal distribution function.

Table 1 gives the rejection percentages of null hypothesis (4.3) when the model (4.2)
has different shapes of the deviation a(z) and when different values of the bandwidth
are used. Under the null hypothesis, a(z) = 0, the level of the test, 5%, is respected
by the four tests. Under two of the alternative models the four tests show a similar
behaviour, with the tests based on W P(x) being sligthly more powerful, while under the
third alternative model, the tests based on IC Py(z) are much more powerful.

Table 1 provides a number of tools for intuitive understanding of the new method. The
most important one is the fitting of the the curve under the null on the samples generated
under an alternative model. More precisely, we consider a theoretical distance between
models (hereafter abbreviated by TDM): a curve measuring the distance between the true
alternative curve and the curve under the null using the asymptotic values of the least
squares estimators obtained under the true alternative model. For example, an integral
(over a part or the entire support Rx ) of the absolute value of the difference between both
curves could be used. According to the alternative model, TDM is relatively small (for
the second and third models in Table 1, the line leaves its position under the null to fit
approximately well the alternative models) or larger (for the fourth model in Table 1, the
line is perturbed by the alternative samples but does not fit well the bumps of a sinus func-
tion). So, when TDM is large, alternatives should be more easily detected. According to
Heuchenne and Van Keilegom (2007b), Stute’s method suffers from restrictive conditions

leading to increases of biases and variances of resulting estimators. On the other side,
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a(r) an,  Txsw Toemw Trsr Towmr

0 0.20  5.00 0.12 476 4.78
0 0.25 5.14 5.23 470  4.67
0 0.30  5.07 2.13 462 4.44

x? 0.20 2423 24.82 20.03 19.07
x? 0.25 2490 2535 20.02 19.13

x? 0.30 24.34 2472 19.21 18.14

xxexp(z) 0.20 59.56 57.95 46.23 42.94
rxexp(x) 0.25 57.85 56.74 46.05 42.22

xxexp(z) 0.30 5850 57.80 44.74 40.47

sin(2rz)  0.20 51.33  47.46 90.12 85.35
sin(2rx) 025 51.56 47.55 91.67 87.73

sin(2rz) 030 52.64 48.14 93.05 89.86

Table 1: Percentage of rejections of (4.3) for model (4.2) under the null hypothesis,

a(x) = 0, and under three alternatives (nominal level 5%).
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constructing new data points (2.5) using model (1.1) enables to add information improv-
ing the fit of a curve to a data set. For each simulated sample, the obtained least squares
estimators determine the critical value we use and therefore the corresponding distribu-
tion of the statistic. If TDM is small, we obtain slightly weaker rejected proportions for
the new method with respect Stute’s method because statistics constructed with the new
method often correspond to acceptance regions of distributions (small TDM combined
with well fitting method) while statistics obtained by Stute’s method more often reach
tails of distributions (variable least squares estimators determining statistics distributions
for which a smaller proportion of generated samples corresponds). If TDM is larger, the
above characteristics of Stute’s method still appear while use of the model in the new
method allows to obtain less variable, well fitted least squares estimators and therefore
easier detection of alternatives. For the fourth model of Table 1, this effect is still more
pronounced if the value of the bandwidth parameter increases (since that decreases the
variances of least squares estimators). Note that this is not true if the increasing of a,
leads to samples too easily fittable by the curve under the null (see second and third

models of Table 1).

For the goodness-of-fit tests 2 and 3, the simulated model is constructed in this way:

Y = 142X +0(X)e,

C = 14+2X+1+0(X)e", (4.4)

18



where X is uniform on the interval [0, 1], € and £* are standard normal, independent of X,
e is independent of ¢*, and 0?(X) = Var[Y|X]. Different functions o(z) are considered,
one of them under the null and two under the alternative, where the null hypothesis

consists of a constant conditional variance,

Hy:o(z) = vy, (4.5)

where ¥y € IR is an unknown parameter.

Table 2 gives the rejection percentages of null hypothesis (4.5) when the model (4.4)
has different shapes of the conditional standard deviation o(x) and when different values of
the bandwidth are used. The columns headed by the caption, kK = 1, contain the rejection
percentages corresponding to the goodness-of-fit test for the constant conditional variance,
assuming that the conditional mean is linear, whereas the columns headed by the caption,
k = 2, are obtained from the test that is constructed without assuming any parametric
form for the conditional mean (in this case, the conditional mean is estimated using the
method of Heuchenne and Van Keilegom, 2007d). Under the null hypothesis, o(z) = 1
and the level of the test, 5%, is respected by the four tests.

Under the alternative models, the test constructed assuming the parametric model,
k = 1, is more powerful than the test constructed without this assumption, which could

be expected. But it is interesting to see that the difference in power is very small.
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k=1 k=2

o(r) ap, Tksr Towmr Txsr Towmr

1 0.20 414 474 6.02  6.26
1 0.25 4.52 4281 .77 5.54

1 0.30 416  4.56 5.80  4.55

exp(z) 020  65.80 74.85  61.74 72.16
exp(z) 025  71.70 78.29 6859 75.22

exp(x) 0.30 73.72  79.66 70.89 76.22

(14+2)2 020 83.61 89.96 81.29 88.77
(14+2)2 025 89.28 93.03  88.19 92.12

(1+x)* 0.30 91.72 94.03 90.39 93.08

Table 2: Percentage of rejections of (4.5) for model (4.4) under the null hypothesis and

under two alternatives (nominal level 5%).
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5 Data analysis

In order to analyse the data set hereunder, the distributions of the statistics Tk g and
Temrik, k= 0,1,2, under the null hypothesis are needed. Unfortunately, the asymptotic
distributions obtained in Corollary 3.3 are too complicated and contain too many unknow
quantities. We therefore propose a bootstrap procedure to estimate the critical values of
the tests in practical situations. This is based on a smoothed version of the 'naive boot-
strap’ described in Efron (1981) and on the method of Pardo Fernandez, Van Keilegom
and Gonzélez Manteiga (2007).

First, define E%, ... E% the standardized versions of the residuals E?, ..., E°. Note
that this standardization depends on the testing procedure. Indeed, define A\ = [ edF Y(e),
A2 = [(e=\)2J(FO(e))dFO(e) and A2 = [(e—\)2dE0(e). We will have E® = (EP—X;) /A,
and B = E = (E9 — \)/)As, i = 1,...,n. The boostrap procedure consists of the

following steps. For fixed Band b=1,..., B,

1. Fore=1,...,n:

- Let

Yipo = myr (Xi) + 53T0 (Xi)éf’% for k =0,

Yign = myr (Xi) + ogr, (X;)ery for k=1,

1;7

Y-beg = ﬁlT(XZ) + TyT, (Xz)é;k’% for k = 2,

)

where (33T0(X¢) = [(y — mﬁgo(Xi))QJ(ﬁ’(y|Xi))dF(y|Xi), ek = Vi + aSiy, V£ is

21



drawn from F% k =0, 1,2, (the Kaplan-Meier estimator based on the standardized
residuals) and S; j is a random variable with mean 0 and variance 1 which introduces
a small perturbation in the residuals (controlled by the constant a).

- Select €7} from a smoothed version of G(-|X;), the Beran (1981) estimator of the
distribution G(-|X;) obtained by replacing A; by 1 — A, in the expression of F(-|X;).

*k s *x Kk *x . Kok
- Let Z}5 , = min(Y;y, Cfp) and Ay, = 1Yy, < Cf).

2. The bootstrap sample is {(X;, Z5 , A7} ), 1 =1,...,n} for k=0,1 or 2.

3. Let Tisrpr and Ty, be the test statistics calculated with the corresponding

bootstrap sample (k= 0,1 or 2).

Let Ti's; @y, be the b—th order statistic of Tis; ... T k£ = 0,1,2, and
analogously for T¢7, 7 4 - Then T (a—aypa1)x a0 T80 7 (1—ayB)+1)  (Where [] denotes
the integer part) approximate the (1 — a)—quantiles of the distributions of Tkgy; and
Tomrg k=0,1,2.

This bootstrap procedure will be applied to approximate the critical values in the
following practical situation. The survey Encuesta de Poblacin Activa (Labour Force Sur-
vey) is carried out by the Spanish Institute for Statistics to collect information about
employment. About 60,000 homes in Spain are surveyed each three months. Each home
is followed for the next 18 months. Here the available information corresponds to unem-
ployment spells of married women in the region of Galicia. It is 1,009 spells in total, but
three of them were deleted after outlier detection, so the sample size will be 1,006.
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If a woman is still unemployed when the follow-up ends, then a censored observation

appears. In this data set, 563 out of 1,006 observations were censored. Here a regression

model of the time of unemployment over the age when entering the unemployment stock

is studied. In particular, the goodness-of-fit of a linear model of the logarithm of the time

of unemployment over the age is tested by using the techniques proposed in this paper.
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Figure 1: Logarithm of unemployment time of married women in Galicia against age:

parametric and nonparametric estimations.

Figure 1 shows a scatter plot of the unemployment data, together with a linear regres-
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sion fit and a nonparametric estimation of the regression function. The horizontal axis
represents the age in years when becoming unemployed, the vertical axis represents the
natural logarithm of the time of unemployment in months, squares are used for uncensored
observations and diamonds for censored ones, the straigth line is a linear fit obtained by
the method of Heuchenne and Van Keilegom (2007b), and the curve is a nonparametric es-
timation of the regression function as described in Heuchenne and Van Keilegom (2007d).
A bandwidth of nine years was used in these estimations. The goodness-of-fit of the lin-
earity was tested by using the methods proposed in this paper. The p-values were 0.005
when using the Kolmogorov-Smirnov type statistic and 0.007 when using the Cramer-von
Mises statistic. Other values of the bandwidth parameter led to similar p-values. Then,
some evidence is found against a linear model, due to a different evolution of the loga-
rithm of unemployment time in relation with the age. In particular, the unemployment

time doesn’t look monotone as function of the age.

Appendix

The following notations are needed in the statement of the asymptotic results given Section

YNz

&(2,8,y) = (1 — F(y)) {_ / 0 {HE;O(;;W + I(jfi}g(j) 1) } :

YNz

a0 sy |- 2 <o)
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1(z dla) = /ézéwx ole)) dvo®(a)~,

(z,0]z) = / &(z,0,v|z)J )) U(le;x) dv o (z)7",
B ho(s|x) 0 [ dhl (s|z)
n(ylz) —[o = gy Hal®) +700 1— H(s)’

shQ(slz) [ d(shQ(s|z))
Y2(y|x) Z_ZO de]z@l(‘s) J I——HU(s)’

€

maa&wz&(z‘m%”ﬁw)—%wmwﬁuwmmﬂ—ﬁwx@ﬂ@wwmx

o%(z)
Xio(v1, 22,05, p) = 1(1 = 0)f" (@1)0™ (1) { l_ (%i( ])T):(];O(T( (S it

fo( OT(ZI))fOT(zl)U dF? (u)
(1= F(ed (21)))?

N [62?( ) Fd (1)) Jer oy 0P AFD () fr oy w0 dFD ()

<T)

x] —

—I(p= 1)] n(22, 62|21)

Jio
(1= F2(eg7 (1)))? " Fo(eof(a))
o (2

£

(g (2 ( D)2 (21) sl _
— FO(eW (zy)) I(z,, < T)] ( (22, 02| 1)}, p=12,

Jebr (o) WP dFY (w)
1— FO(eOT(z )

Uop<x1)1(51 = 0)
Xa0(v1, V2, ) = 1— FP(edT(21)) {

- (62?(21))1’]

X ¢<$27 22, 627 62,{(21)) + Tp¢<x27 22, 527 T)

T
—p Up_l(ﬁ(x% 22, 527u)du} , P= 17 27

9T (21)

X11(U1,Z275279(?) = 2[m0(x1) - meg(xl)]Xlo(UhZz,(Sz, 1)

20" (1) Jeor ey wdF? (u) 0
— (01 =0)——— F(1)<€0T(21) fx(@r)o” (21)n(z2, 0a]21)

+X10(v1, 22, 02, 2),

x3(vi,m) =1(6; = 1)(m(x1) — z1)
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o%(x1) fe%(zﬂude(u)
S Y

—1(6; = 0)(m°(zy1) +

Xa1(v1, 02,8 ) = 2[m(1) — mgr (21)]x20(01, V2, 1) + Xa0(v1, V2, 2)

8m9T (1)
+2Z 29 —a X3 U17m95)ﬁ0d($2722752),
0d

K 0,00 = X {Axon) [ xunon,2,0,21,00, 05 dHs (o) (a1 < 0)
§=0,1

TAT s

[T a0, 00 08 s (Gl vy}

Te AT

Dy TAT éhpeT( )
— F
;“"“d(“)/xm a0 X )

+(W1(05) = Yor(z1) (21 < x), k=0,1,2,

where v, = (x4, 24,0,) forallz, € Ry, z, € R, 0,=0,1,¢=1,2.T = (T,—m®(z))/o°(x),
ze = (2—=mP(x))/0%(x) and €27 (2) = 2, AT, for any x € Ry, z € R. O4q (91,4, 0F,) is the
d™ component (d = 1,..., D) of 9y (9%, 0F), 9T, ,—0F, has an asymptotic representation
given by n ™' S kra(Vi) + op(n™Y?), koa(Xi, Zi, A;) is the d™* component of the vector
O 'o(X;, Z;, A;), i = 1,...,n, in the representation of Theorem 3.2 in HVK (2007b) (K4,
for k = 1,2, is obtained by a straightforward extension of this theorem to the condi-
tional variance case). Finally, in order to work with general functions, we denote (in the
proofs below and the functions x¥(vy, 0%, 6%) above) x10(v1, 22, 02, 0L ) = x10(v1, 22, 02, 1),
Xa20(v1, 02, 08) = X20(v1,v9,1) and define y12(v1, 22,02, 08 ) and xa2(vy,v9,68) in Lemma

A.1 as functions corresponding to the third test described in Section 2.

Let T, be any value less than the upper bound of the support of H(-|z) such that
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infyepy (1 — H(Ty|x)) > 0. For a (sub)distribution function L(y|z) we will use the nota-
tions (y|z) = L'(y|z) = (8/dy)L(y|x), L(y|z) = (9/8z)L(y|z) and similar notations will
be used for higher order derivatives.

The assumptions needed for the asymptotic results are listed below.

A1)(3) nat — 0 and na3**(loga;')~' — oo for some 6§ < 1/2.
n n g n

(17) Rx = [z., x4 is a compact interval of length Lx.

(1i1) K is a symmetric density with compact support and K is twice continuously differ-

entiable.

(1v) Q is non-singular.

(A2)(i) There exist 0 < so < s, < 1 such that s, < inf, F(T,|z), so < inf{s €
[0,1]; J(s) # 0}, s > sup{s € [0,1]; J(s) # 0} and inf,ep, inf,<s<s, f(F(s|z)]z) > 0.
(i) J is twice continuously differentiable, [} J(s)ds = 1 and J(s) > 0 for all 0 < s < 1.

(7i) The function x — T, (z € Rx) is twice continuously differentiable.

(A3)(7) Fx is three times continuously differentiable and inf,cg, fx(z) > 0.
(ii) m® and 0¥ are twice continuously differentiable and inf,cg, 0°(x) > 0.

(iii) E[e%?] < oo and E[|Z|**Y)] < oo for some v > 0.

(A4)(7) n(z,6|x) and ((z,d|x) are twice continuously differentiable with respect to x and
their first and second derivatives (with respect to z) are bounded, uniformly in x € Ry,

2z < T, and é.
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(71) The first derivatives of n(z, d|z) and ((z, §|z) with respect to z are of bounded varia-

tion and the variation norms are uniformly bounded over all x.

(A5) The function y — P(m%(X) + ec®(X) < y) (y € IR) is differentiable for all e € IR

and the derivative is uniformly bounded over all e € IR.

(A6) For L(y|z) = H(y|z), Hi(y|z), H(y|x) or HY (y|x) : L'(y|z) is continuous in (z,y)
and sup, , [y°L’(y|z)| < co. The same holds for all other partial derivatives of L(y|z) with

respect to x and y up to order three and sup, , ly3L" (y|z)| < .

(A7) (Z) Sup:}:g,zg 251:0,1 f |X/1k(m2721751a 2276270(1)—‘)|h<21) d21 < o0 (52 - Oa 17 k= Oa 172)7
(“) Supz2 251:0,1 fsupxg ’X/l/k(x% 2’1,(51,22,52,981)’h(21) le <00 (52 = 07 17 k= 07 17 2)7

where Xl(k) (w2, 21, 01, 22, 09, OF ) equals the first (second) derivative of x5 (w9, 21, 01, 29, 62, 02 )

with respect to xo when 2, # T, and equals 0 otherwise.

(A8) For the density fx|za(z[z,0) of X given (Z,4), sup, . |fxza(z|z,6)] < oo,

sup,, . ]f.X|Z’A(:c|z,6)| < 00 and sup, , |f'X|Z7A(a:\z,5)\ < oo (6=0,1).

(A9) ©,, is compact and @7 is an interior point of O, k = 0,1,2. All partial derivatives
of Wy, () with respect to the components of ¥ and x up to order three exist and are
continuous in (x,dy) for all z and 94 (k =0, 1,2).

(A10) The function E[{E (W5 (6F)|X) — Uy, (X)}?] has a unique minimum in 9y, = 6} for

each k, k =0,1, 2.
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Proof of Theorem 3.1. The expression to develop to obtain an asymptotic representa-

tion is decomposed according to
n Y (W (Oh) = War (X)X < ) =n™" Y (D (000) — 505 ) I(X: < @)
i =1
+n! ; 7(05) — Uor (X)) I(X; < x)

— QT+ 05 (A1)

First, we treat €)7,. By Lemma A.1, this term is decomposed into two parts for which the

first one is rewritten

X.
D xaulVi Z, A ) I(X; < 2) 4 op(n ™). (A2)

n=2 _1ZK(

J#i Un

We can easily show that (A.2) can be written as

(nan)” Z{Xle (Vi, V5, 05) + Elx o (Vi, V;, 05)| Vi)
J#i

+E Xk (Viy Vi, 05)1Vi] = Bl (Vi, V3, 05)]} + op(n™'/?) (A.3)

= T1 + T2 + T3 + T4 + Op(n_l/Q),

where

X, .
ngkK(Vi’ ‘/;79(?) = K(TJ)XUC(V;> ZJ'7 Ajﬂeg>I(Xi < :L‘),

n

and

XTZK(‘@?‘GvH(?) = XT/@K(V;J/JWQ(?) - E[X:ka(V;v ‘/;79(7)1)“/;}

—ExTux (Vi Vjaeépﬂvj] + Exirx (Vi, Vjaeg)]-
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Counsider

n

(nan) ™ > ElXirk (Vi Vi, 00)1V]]

J=1
- T Xj
=)™ 2 3 foan(n:0,25, 80, 0K (=0T < ho(el) i) ddy
n X 2. 6. 7;. A, 67
=n'y //K(U)(Xm(Xj’Z@%’a%ﬁ?)+anUaX1k< 3220 25, B o)
j=16=0,1 8y

2 82X1k(y/7 2y 57 Zj’ Aj’ 981)
oy?

+(anu) ) (hs(2]X;) + awuhs(21X;) + (anu)*hs(z]y"))

x (fx(X;) + anufi (X5) + (anu)* fX (") I(X; < @ = aqu) dz du

S {f

=1

)Y [ an(XG.2.8, 25,80, 08) dH(21X;) /I (X, < = — anu) K (u)du

6=0,1

—I—/ Olan| Z;N1(X; < & — apu)uK (u)du + op(n='/%).

where 3/, ¢ and y"” lie between X; and X; + a,u. In a similar way, using two Taylor

expansions of order 2, we get

(n*an)™ > Blxiex (Vi Vi, 05)IVi] = op(n™72).
i#]

It follows, using Lemma A.2, that

T2+T3+T4 = n_IZfX( Z /Xlk Xz,Z 5 ZmAza‘gT)dHé( |X) (X <$)

i=1 6=0,1

+0p(n_1/2).
Now, let
Xii_k(‘/iaZj)Aj?eg) = maX(Xlk(%aZj7Aj7eg)ao)a

Xl_k(‘/;’ Zj7Aj7gg) = - min(Xlk(V;v Zj’ Ajveg)vo)
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and similar definitions for x5 (Vi, V;,00) and x15% (Vi, V;,600). So,
X (Vs Vi 00) = Xt (Vi Vi 60) — B (Vi Vi, 05) V]
— B[k (Vi Vi, 00) Vil + Elxaik (Vi, V5. 60)]

and similarly for x5 (V;, V;,00). Tt is clear that x§i(Vi,V;,00) = x3&n(Vi, V;,08) —

—T*

Xinw(Vi, V;,0F). Partition Ry into ¢ = [Tfﬁ%sl] intervals ([-] denotes the integer part)
(xo,21), -y (X, 2141), ooy (Tge1,g) (1= 0,...,¢ =1, >0, 29 = x, and x, = x)
of length Cin Y21 where 1 < C; < 2. Using the monotonicity of the functions
Xtk (Vi Vis 00) + Elxiig (Vi, Vi, 00)] and E[x {5 (Vi, Vi, 00) Vi) + Elxx (Vi V5, 05) V3]

with respect to x, we have

sup | n an Z Xle VZ? V;’ 9T)| (A'4>
J#i

+
< max |( n? a) lekxf( Vz;Vjvegﬂ
0<i<q i

+2 max |(na,)” 1Z{E[K(Xi_X

<<
0<i<qg—1 e an,

Xi— X
IR (S 23 85 0 (@1 < X < ) Vi),

Qn

Wk (Vis Zj, A, 00)] (1 < Xi < @11) V]

First, we treat the first term on the right hand side of the inequality (A.4). By Chebichev

inequality and for some C5 > 0,

(n%an) ™S Xanke (Vi V3, 00)] > Con~1/251) (A5)
J#

EL S Xtk (Vi Vi, 00Xt (Vi Vi, 6).

S S 303
< -
C’n U i rZe

Since E[Xfﬁ;(\/;, V;,68)] = 0, the terms for which 4, j # r, s are zero. The terms for which
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either i or j equals r or s and the other differs from r and s, are also zero, because, for

example when ¢ = r and j # s,
+x +x¥
Elxak (Vi, Vi 06 ) E[Xaic (Vi, Vi, 00) Vi, V3] =

Thus, only the 2n(n — 1) terms for which (7, j) equals (r, s) or (s,r) remain. Under (Al)-
(A10), it is easy to check that those terms are O(a,) uniformly in x such that (A.5) is

O(n~1t%1g-1) and

P(max [(n%a,) "3 x 1ok (Vi, V3, 00)| > Con™/2751)

0<I<q vy
q

<3 P((n%an) Y Xk (Vi V3, 00)] > ConH/2e)
=0 j#i

— O(n—1/2+351a—1)

which tends to zero for e; sufficiently small, for instance, ey = 1/18. Next, we treat the

second term on the right hand side of the inequality (A.4). Write

X —X.
X (V. Z5, 8, 00) I (2 < X < 1144 |V5]

(nan)™' > BIK(

=1 tn

/

fx (X + apu)hs(2|X; + apu)l (2 < X + ayu < xp4q) K (u)dzdu

<nt

/|X1k(Xj + anu72767 Zijj7eg)|

7j=1

6=0,1

< /nlil [fx

) 3 [ (X576, 2 A, 67) | dHs(21X,)
0=0,1

xI(z; — apu < X; < 241 — ayu) K (u)dul

+/”71 > O(an|Zi) I (21 — anu < Xj < @141 — agu)|u| K (u)du + O(ad).
=1
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S/n_l [fX(XJ> Z /'Xlk(Xja275>Zj’Ajveg)|dH5(Z|Xj)
=1

i 6=0,1

xI(x; < X < xp49) K (u)dul

+/n_1 > O0(an|Zi))(z1 < Xj < @) |ul K (w)du + op(n~1?)
=1

= Ajpi + Asyy + op(n'7?),
uniformly in x; and using Lemma A.2. In this way,

—1/2—e1y _
P(Q Ognllgaq}il |A1nl + A2n1| > Csn ) = 0(1)’ (A6)

using Lemma A.3 with 1 = e;. With similar arguments, it is easy to check that

- X, —X; _
2 max |(na,)”' > B[K( I (Vi Zj, 84, 00) Vil (1 < X < i) = op(n'12).

0<i<q—1 P

Qn

The second term in the expression of Lemma A.1 is also written

2> o (Vi, V3, 00)1(X; < @) + op(n™?). (A7)
i

Asin (A.3), (A.7) can be decomposed in

2> X5 (Vi, Vi, 00) + Elxar(Vi, Vy, 00 |[VI I (X; < ) (A.8)
J#i

+Exan(Vi, V;, 0 (X; < 2)|V;] — Elxar(Vi, Vi, 05)1(Xi < 2)]} + op(n™1/?),
where

Xan (Vi Vi 0g) = xaw(Vi, Vi, 0)1(X; < @) — Elxan(Vi, V3, 00) VI (X < )

—Ex2x(Vi, V;,00)1(Xi < 2)|Vj] + Elxar(Vi, V;,60)1(X; < ).
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The second and fourth terms of (A.8) equal zero by definition of X2 (Vi, V;, 60). For the
third term of (A.8), we obtain

TNATs

_12/

TeNT 50,1

S [ xarly 2 0. Vi 0 s <ly) Fe(y)dzdy + op(n ™). (A9)

The first term of (A.8) is treated similarly to 7} in (A.3) but in an easier way.

Now, we treat €25, . It is given by

05, =~ S (08 — W (XO)I(X, <
4n ! zn:(\peg (Xi) = Wyr (Xi))I(X; < ). (A.10)

i=1
The first term of (A.10) enters the asymptotic representation and easy calculations for

the second term show that it is given by

n n Dr oo T
-2y Y Y O )/‘fkd(Xj7 Z;, ANI(X; < x) + op(n~'?)

i=1j=1d=1

2k wnas OWgr (y)
=-n! Z Z kea(Xi, Zi, ;) / WdFX(y) + 0p(n’1/2),
i=1d=1 TeNT kd

where the last equality is obtained using weak convergence of the above empirical process.

This finishes the proof.

Proof of Theorem 3.2. First, let rewrite the asymptotic representation of Theorem 3.1

as

“1/22{ {fX(Xi)/Xlk(Xiaz,é, Zs, N, 67VAH; (2| X)) (X < )
6=0,1

=1
TATs

[ [ Xl 2,0, Vi 6 hs(ely) )y |

TeN\T
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Dr zhzs OUgr (1)
=Y kra(X;, Zi7Ai)/ 0% dFx(y)
d=1 Te AT 8’L9kd

+(Wh(05) = War (X)) I(X; < 2)} + op(n™72)

n TAT s
=12 > {X4k(‘/§)](Xi <z)+ . X5k (Y, Vi)dFx () (A.11)
i=1 TeAT
Dy TAL s 6\11 T( )
-y mkd(%)/ % AP (y) + (BR(0F) — Tpr (X)) I(X: < 7) b + op(n~Y/?2),
d=1 Te AT aﬁkd k
where the last term is uniform in 2. Since n ™2 ", #4(V;) = Op(1), d =1..., Dy, using
a‘I’gT(y)

Theorem 3.3 of Heuchenne and Van Keilegom (2007b) and the term [I/\% — 5—dFx(y)

is continuous with respect to z, the third term of the above expression is tight by Stone’s

TATs

condition. For xg,(z) = n~ 230 [2% vai(y, Vi)dFx (y) and 21 < x < x5, we compute

n n

E(xgr(r2) — Xex(2))* (X6 () = XGi(21))°] =n*E[Q_ )’ Q_6)7,  (A12)

i=1 i=1
according to the notations «; and (; of Lemma 5.1 of Stute (1997). In this case, o; =
f(gfjﬁxmvx xs:(y, Vi)dFx(y) and 3; = ffx;)vﬁ xs:(y, Vi)dFx(y) are ii.d. square inte-
grable random variables with zero mean. Therefore, using this lemma, the term on the

right hand side of the above expression is bounded by

w23 2 + D oy e 1) 2 < 3(Bld) 2 E1B),

which is O(( f((;va_,i ° Avgfe dFx(y))?) and where ["*)V*¢dFy(y) is a continuous nonde-
creasing function on Ryx. For the first (respectively fourth) term on the right hand
side of (A.11), we also use Lemma 5.1 of Stute (1997) with x4 (Vi)I(z < X; < x3)
(resp. (Y (6F) — \Ifeg(Xi))I(a: < X; < x9)) for o and x4 (Vi) I(x1 < X; < x) (resp.
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(V35 (05) — Wor (Xi))I (21 < X; < @)) for §; in (A.12). Note that in this case a;3; = 0. We
also refer to Remark 3.1 for the calculation of the conditional mean of (%5 (01) — Wor (X))
Thus, applications of Lemma 5.1 of Stute (1997) lead to establish that the right hand side
of (A.12) applied to the first and fourth terms of the right hand side of (A.11) is also
O((f((mms)v% dFx(y))?). Finally, applications of Theorem 15.7 in Billingsey (1968) to the

T1VZe)ATs

first, second and fourth terms on the right hand side of (A.11) finish the proof.

Proof of Corollary 3.3. The convergence of Txsrx, k = 0,1,2, follows directly from
the weak convergence of the process IC Py(z) and the continuous mapping Theorem. For

TCMI,k7 write

ICPE(w)dFx(x) ~ [ Wi(z)dFx(x)

RX RX

< RX([CPkQ(IB) — Wi ())dFx (z) + - Wi (2)d(Fx (x) — Fx(2)).

For the first term on the right hand side of the above inequality, we apply the Skorohod
construction (see Serfling, 1980) to the process IC Py (z) such that sup,cp, [ICPy(z) —
Wi(z)| — 0, a.s. The second term is jointly treated by the almost sure uniform consis-
tency of usual empirical processes and the Helly-Bray Theorem (see p. 97 in Rao, 1965)

applied to each of the trajectories of Wy(z).

Lemma A.1 Under (A1)-(A10), the expression n=" S0 (ki (0T,) — ks (0INI(X; < ),
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k=0,1,2, has the following structure:

Xir(Vis Zj, 4, 00)I1(X; < )

YK

=1 j5=1

+n ZZX%(Vu Vi, 00)1(X; < x) +op(n~'?),

i=1j=1

()

where V; = (X5, Zi, A;).

Proof. First, we treat the case k = 0. Following the lines of the proof of Theorems 3.1
(the term Ay; + Ag; + As;) of Heuchenne and Van Keilegom (2007a) (hereafter abbreviated

by HVK), we obtain

- Z(Yﬁ =Y )I(X; <)

=1

n X, — X,
Y (S (Vi 23, A, DX < @)
i=1j=1 n
+n_QZZX20(V;,V},1)I(Xi < z)+op(n~V?). (A.13)
i=1j=1

Note that the representation in Theorem 3.1 of HVK (2007a) (equation (A.5)) adapted

to the integrated regression function is here complemented by the term

Sponp wdF2(u)  Jgir udF2(u)
1—FO(EOANT) 11— FO(EMT)

9

nU YA, = 0)1(X; < )5 (X)

for which T} = T, —mO(Xi) and EOT EO A T;. The above term is rewritten

60(Xy)

T all)

- s udEF? (u R
1SS LA = 0)1(X, < )e"(x) 2 p g0 g o <y
= 1 — FO(EOT)

A

0
T7 i

~

i)

V

+n1 S Op((na,)V?(log a, ) /A I(EY

7
i=1

IN

A A

i)

IN

T E9

V

)

+n7' Y- Op((nan) " *(loga, ') /*) 1 (£}

=1
- Wl + WQ + W37
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using Proposition 4.5 and Corollary 3.2 of Van Keilegom and Akritas (1999) (hereafter
abbreviated by VKA) and the fact that sup, |ef2(e)| < oo (more details about the devel-
opments above can be obtained in the proof of Theorem 3.1 of HVK (2007a) since very
similar expressions are handled). When E? < T, it holds that E? < T6%(X;)/0%(X;) +

[m9(X;) — m(X;)]/o®(X;) < T+ V, where
V = [inf o” ()] [sup [’ (z) —m" (@) |+ T sup [6°(z) — 0" ()] = Op((na,) " "*(loga;")'/?)
and hence, by Proposition 4.5 of VKA (1999), W, + W3 is bounded by

Op((na,) *(loga, VW) n Y {I(T -V <E)<T)+ (T < E) <T+V)}

=1

= Op((nay)™?(oga, " )'/*) {[HAT) = H)(T = V)] + [H(T + V) = HX(T)]},

where ]:Ig() is the empirical distribution of EY, i =1,...,n. Using the fact that I:Ig(y) —

HO(y) = Op(n~/?) uniformly in g, the above term is op(n~'/2). In the same way,

- uwdFO(u

W, =n-! ;I(Ai =0)I(X; < x)a (X; ){T_FD(<OT>) (EZO <T)+ Op(n*1/2)
- Tu dFO(u

= E“Ai = 0)I(X; < z)o” {T_FO(E)T)) (E) <T)+op(n~'/?)

=n ' I(A; = 0)(X; < 2)Bul(E) <T)+op(n*/?),

where By; = —Bs; in Theorems 3.1 of HVK (2007a). It is treated similarly such that

=S T 1) = () + T — ()

XI(AZ = O,XZ <z, EZO < T) + OP(n_l/Q),
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where use is made of asymptotic representations of Propositions 4.8 and 4.9 of VKA
(1999). The resulting representation is then added to the asymptotic expression (A.5)
with double sums of Theorem 3.1 of HVK (2007a) (adapted to the present problem of
integrated regression function) to finally obtain (A.13).

Next, we treat the cases k = 1 and 2. Straightforward calculations lead to

S (Y — g (X)) — (Y — mgr (X)X < )

=1

X11(%>Z]aA379T) (X; <x)

=na, ) 3 K

i=17j5=1

> K ()

Yy {2mO(X0) — mgr () xa0(Vis Vi 1) + xa0(Vi, V3 2) }I(X, < )

i=1 j=1

+op(n1?). (A.14)

Replacing 0 by 9%, in (Y; — mgT(Xi))%* simply adds the following term to (A.14)

0?3250 3 P Ve g X, 25 A X < )+ opla™ ). (4,15

i=1j5=1 d=

When k = 2, we have to replace mgr (X;) in (A.14) by my(X;), the limit of a nonparametric
estimator mr(X;). In this case, if we replace mr(X;) by mr(X;) in (Y; — m;p(XZ))%*, it is
casy to check for the nonparametric estimator of HVK (2007d) that, under (A1)-(A10), it
only introduces terms which don’t affect the structure of the resulting expression (A.14)
and therefore defines specific forms for x12(Vi, Z;, A;,603) and xa22(Vi, V;, 68). Indeed, if
we denote m? (+), the limit of the nonparametric estimator obtained by HVK (2007d), the

added terms are

- X;

Y Y K

=1 j=1

) {2xs(Viym]) fx* (X2)0 (X))
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% [F;)(T)n(Zj? A]’Xz) + /_7;0 €dF€0(6)C(Zj, A]|Xz)]} I(Xz < CL’)

0230 S 2y (Vi) {006 {3y (TVTH, (7))

i=1 j=1

—/RX /_+Oo ST (1/6° (W) x20(y, 2,6, X;, Zj, Ay, 1)dHs(z|y)dFx (y)

© §5=0,1

—/+Oo YU =1,2 < Tx,)v(zx,) + (1/0° (X)) fx (X5)x10(X5, 2,6, Z;, A, 1)

% §=0,1
ej();(r (=) edFsO(e)
— F2(eX(2))

fJgOAT edI(e) T
I S T8 = D)t o gy (B = 01+ /_oo edF2(e)
e \*Hj

+1(6 = 0)%‘(1 )JdHs (2| X;)

—m®(X:) (X, Z;, A, T) } I(X; < @) + 0p(n™7?), (A.16)

where v;(t) = n(Z;, A;|X;) + tC(Z;, A;|X;) and €97 (2) = ¥ (2), j = 1,...,n.

J

For the nonparametric estimator of HVK (2007¢) (with limit mZ(-)), the added terms are

n2at S S K Doy (Ve md ) [ (X (05 (25, Al Xs) — EL63 (2, ALX)|X))

(2
i=1 j=1 n

+B3(Z, A1 X)[H (X < )

Ty,
55 i) [ e [ - )
o Do) | il
i=1 =1 ’ 27 oo 1 F(z)T(Z|X,) 1- F(Z)T(JXz) i
X SO(XJWZjaAjae?T(Z))_'_TXiSO(XjaZjaAjvT)

T
—O'O(Xi) /eQT(Z) (,0()(]-7 Zj; Aj, 6)d6‘| dH0(2|XZ)} ](Xl S ZE)
+op(n1?), (A.17)

where

Ty,
ij);\ZTXi de(leO

T (Z5, 841 X5) J J—i_{l—F(Zj/\TXJXi)

H1=4),
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Bs(Z;, Aj1X;) = E[Bi(Z,A|X)|X = Xi|n(Z;,Aj|X;)

+E[Ba(Z, Al X)X = Xi]((Z;, Aj| X5),

Tx.
i ydF(y|X;

I(A - 0) O(EOT (fZ)TQ Y (y’ ) _ ZT)

1—F(ZE|X;) |72 N 1= F(ZE X)) Xi

B1(Z7A‘X = Xi) = f)?l(Xz‘)

+f50(T)TXz - UO<X1)(F(TX1

X)) - F(Z3, X))},

Tx.
7 ydF(y|X:)

I@ﬁ ::0) T
T Faxy 4

1 — F(Z%,|X:)

By(Z,AX,) = fx'(X)) FAES)EY

FEDTT = 0*C6) [ i 1) |

Xi

Zy =Z NTx,, ES, = (Z -m°(X;))/0%(X;) and EY) = ES AT, i=1,...,n.

Lemma A.2 Let x(V) a general function of V- = (X, Z, A) satisfying E[x(V)|X] = 0,
sUP,ery EXH(V)|z] < 0o and the fact that |x(V')| is bounded by a polynom of order 1 in
|Z|. Also assume that nal — oo, na, — 0, E[Z'] < oo and sup,cg, |fx(z)| < co. We

have
sup|(1/n) iX(Vi)U(Xi <z —uay) — I(X; < 2)]| = op(n~2),

=1

forw € [-R,R], R > 0, Vi,...,V,, a set of i.i.d. r.v. with the same law as V and

r € Rx = (x.,x5), a bounded set.

Proof. Let xT(V) = max(x(V),0) and x~ (V) = —min(x(V),0). It is clear that x(V) =

X" (V) — x (V). The expression in Lemma A.2 is bounded by

n

sup [(1/n) 2xT(VO)II(X; < & —uay) = I(X; < )]

=1
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B (V)X < 2~ ua,) ~ 10X < )]
+sup(1/m) Yo x- (I(X: < 0~ uay) — 1(X; < o)

=1

—Ep (VX <2 —wuay) — I(X < 2)]]], (A.18)

where both above terms are treated similarly. Partition Ry into m = [IQTX] intervals
(xo,21), (T1,22),..., (w1, 1), oy (Tme1,Tm) (L = 1,...,m, 2y = x. and z,, = )

of length Cia,, where R < C; < 2R. Let define intervals I, = (zq_1,%a11), for a =
1,...,m — 1. Since the distance between x and x — ua,, is smaller than Ra,, there always
exists an « such that x,z — wa, € [I,. Partition each I, by a grid z,3 = 2, + B%,
pn = [al™n2 + 1], B = —pu,...,pn and §; > 0. Therefore, the first term of (A.18) is

bounded by

() YD 1)~ 10X <)
B VIX <)~ I(X < )]
< max|(1/n) 3 X (VU (X; < ) — T(X; < )]

=1

—ENXT(VI(X < 7a8) = I(X < 2o,

[EDF WX < 2ap1) = I(X < zag)lll;

max
1<a<m—1, —pn<B<pn—_1

due to the monotonicity of the functions x*(V)I(X < z) and E[xT(V)I(X < z)] with

respect to x. The second term of the above expression is O(n~"/ 2a%1). Next, denote, for
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OQ>0,

Ginages, = | (1/n) if(Vi)I(f(Vi) > Con®)[[(Xi < @a5) = I(Xi < wa)]

=1

—EXTWV)I(XT(V) > Con®)[I(X < wap) — I(X < za )]

and

Gonages, = |(1/n) Xn:X+(W)I(X+(V¢) < Con®™)[I(X; < wap) = 1(Xi < @)

i=1

—EXF(V)I(XT(V) < Con®)[I(X < 2ap) — 1(X < za )]l

for some 9, > 0. By Chebichev inequality, we have, for some C3 > 0,

- E[w%na [ (V>]
P(|Ginages,| > Csn 1260y < 03?242521 ’

where
Winases: (V) = XV (V) > Con®)[I(X < wa5) — I(X < 20)]
and by Bernstein inequality,
P(|Ganagcs| > Can™"2a3!) < 2exp(=Clvnapcsisn ),

for some Cy > 0 and where

261
an

2V arlwanases, (V)] + (2/3)n 13 52a;

VnaB¢s160 =

and

wWanapess (V) = XT(VI(xT(V) < Con”)[I(X < zag) — I(X < z0)].
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We thus have, for some C5 > 0,

P(max |Ginages,| + max |Gonages, | > C5n_1/2ai1)
a’/87< a7ﬁ7<

<5 & 5 (Pl e (@ s | (119

1 B=—pn (=—pn

The first term on the right hand side of (A.19) is bounded by
Cra,* P (E[I(|Z] > Cen™)])/? < Con™ 33 (1 — H(Cgn®) + H(—Cgn))"?,

for some Cg, C; > 0. Using the fact that E[|Z%|] < oo, it is easy to check that 1— H(Cgn??)
and H(—Cgn®) are O(n=%%2). Therefore, the first term on the right hand side of (A.19)

is O(n~1/8+(201/3)=202) Tn the second term of (A.19),

n—2(51/3

VnaB¢s,16, 2 O(n,1/4> +O(n—1/2+527(51/4)'

The number of terms in (A.19) is O(n*4+(291/3)) such that that &, = 1/2 — 6,/2 and

91 < 9/56 is a choice such that the term on the right hand side of (A.19) tends to zero.

Lemma A.3 Let x(V) a positive function of V = (X, Z, A) satisfying sup, E[x(V)|z] <
oo and the fact that x(V) is bounded by a polynom of order 2 in |Z|. Also assume that
sup, |fx(x)| < oo, inf, |f(z)] > 0, sup, |fx|z,a(z|2,6)| < oo and E[|Z|*H)] < oo for

some v > 0. We have
P(|(1/n) Zx(%)[(x <X;<z+d)|> Cln’l/zfl’l) = cnnfl/%”l,
i=1

where d = Con™ > for some Cy,Cy,1n > 0, Vi,..., Vi, is a set of i.i.d. r.v. with the
same law as V and c, independent of x tends to zero when n — oo.
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Proof. Write, for some C3, vy > 0,

n

(1) (VI < X < 2+ d)
= (1n) S (VI ((Vi) > Con®™) I (x < X, <« + d)

i=1

— (1) S V) I((V) < Con™)I(x < X; < 2+ d)

1=1

—ElxWM)I(x(V) < Csn™)I(x < X <x+d)|}
FEXWI((V) < Con™)I(z < X < 2+ d))

= Rlndug (33') + Ranug (33) + R3d1/2 (i[))

R34, () is clearly bounded by Cyn~'/271 for some C; > 0 since sup, E[x(V)|x] < oo and

sup, fx(x) < oo. For Ripa,(x), we use Markov inequality.

P(| Rinavs ()] > (C1/3)n127)

3n1/2+1/1
<
> Cy
3n1/2+yl
> Cl

Ell(z < X <z+d)x(V)I(x(V) > C3n"?)]

Ell(z < X <x+d)E[x(V)I(Z* > Csn™)|X]], (A.20)

for some C5 > 0. Since inf, | f(z)| > 0, sup,_. | fxjza(z|z,8)| < 0o and E[|Z]|* V)] < oo,

E[(WI(Z? > Csn™)|X] < Cs[L — H(CY*n2/?) + H(—C2n»2/2))1/2

< C7TL_V2(1+U)

Y

for some constants Cg, C'; > 0. Therefore, the term on the right hand side of the inequal-
ity (A.20) is bounded by Cgn™"2(%%) where Cy = 3sup, |f(x)|C7Cy/C;. Next, we use
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Bernstein inequality for Ray,a., ().
P(|Ranau ()] > (C1/3)n127) < 2exp(—Viiaa).

where

o (O oy
T OV ar (Wi e (V)] 4 (2/9)CLCan—1/2=vitvs

and

(V) = X(VI((V) < Con*) I < X < 2+ d).

Therefore, for well-chosen v, and v, we can always find v, such that (1/2+1v1)/(1+v) <
Ve < 1/2 — vy. This finishes the proof.
Acknowledgements. Thanks to Gema lvarez-Llorente, M. Soledad Otero-Girldez, and

J. de Ua-lvarez (University of Vigo, Spain) for providing the Galician unemployment data.
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