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Résumé : We propose an algorithm for estimating the finite-horizon expected
return of a closed loop control policy from an a priori given (off-policy) sample
of one-step transitions. It averages cumulated rewards along a set of “broken tra-
jectories” made of one-step transitions selected from the sample on the basis of
the control policy. Under some Lipschitz continuity assumptions on the system
dynamics, reward function and control policy, we provide bounds on the bias and
variance of the estimator that depend only on the Lipschitz constants, on the num-
ber of broken trajectories used in the estimator, and on the sparsity of the sample
of one-step transitions.

Mots-clés : reinforcement learning, policy evaluation, Monte Carlo estimation

1 Introduction

Discrete-time stochastic optimal control problems arise in many fields such as fi-
nance, medicine, engineering as well as artificial intelligence. Many techniques for sol-
ving such problems use an oracle that evaluates the performance of any given policy in
order to navigate rapidly in the space of candidate optimal policies to a (near-)optimal
one.

When the considered system is accessible to experimentation at low cost, such an
oracle can be based on a Monte Carlo (MC) approach. With such an approach, several
“on-policy” trajectories are generated by collecting information from the system when
controlled by the given policy, and the cumulated rewards observed along these tra-
jectories are averaged to get an unbiased estimate of the performance of that policy.
However if obtaining trajectories under a given policy is very costly, time consuming or
otherwise difficult, e.g. in medicine or in safety critical problems, the above approach
is not feasible.

In this paper, we propose a policy evaluation oracle in a model-free setting. In our
setting, the only information available on the optimal control problem is contained in a
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sample of one-step transitions of the system, that have been gathered by some arbitrary
experimental protocol, i.e. independently of the policy that has to be evaluated.

Our estimator is inspired by the MC approach. Similarly to the MC estimator, it eva-
luates the performance of a policy by averaging the sums of rewards collected along
several trajectories. However, rather than “real” on-policy trajectories of the system ge-
nerated by fresh experiments, it uses a set of “broken trajectories” that are rebuilt from
the given sample and from the policy that is being evaluated. Under some Lipschitz
continuity assumptions on the system dynamics, reward function and policy, we pro-
vide bounds on the bias and variance of our model-free policy evaluator, and show that
it behaves like the standard MC estimator when the sample sparsity decreases towards
zero.

The core of the paper is organized as follows. Section 2 discusses related work, Sec-
tion 3 formalizes the problem, and Section 4 states our algorithm and its theoretical
properties. Section 5 provides some simulation results. Proofs of our main theorems are
sketched in the Appendix.

2 Related Work

Model-free policy evaluation has been well studied, in particular in reinforcement
learning. This field has mostly focused on the estimation of the value function that
maps initial states into returns of the policy from these states. Temporal Difference me-
thods (Sutton (1988); Watkins & Dayan (1992); Rummery & Niranjan (1994); Bradtke
& Barto (1996)) are techniques for estimating value functions from the sole knowledge
of one-step transitions of the system, and their underlying theory has been well inves-
tigated, e.g., (Dayan (1992); Tsitsiklis (1994)). In large state-spaces, these approaches
have to be combined with function approximators to compactly represent the value
function (Sutton et al. (2009)). More recently, batch-mode approximate value iteration
algorithms have been successful in using function approximators to estimate value func-
tions in a model-free setting (Ormoneit & Sen (2002); Ernst ef al. (2005); Riedmiller
(2005)), and several papers have analyzed some of their theoretical properties (Antos
et al. (2007); Munos & Szepesvari (2008)).

The Achilles’ heel of all these techniques is their strong dependence on the choice of
a suitable function approximator, which is not straightforward (Busoniu et al. (2010)).
Contrary to these techniques, the estimator proposed in this paper does not use function
approximators. As mentioned above, it is an extension of the standard MC estimator to a
model-free setting, and in this, it is related to current work seeking to build computatio-
nally efficient model-based Monte Carlo estimators, e.g., (Dimitrakakis & Lagoudakis
(2008)).

3 Problem statement
We consider a discrete-time system whose behavior over 1" stages is characterized

by a time-invariant dynamics ;41 = f(zy,ug,wy) t = 0,1,...,T — 1, where x;
belongs to a normed vector space X of states, and u; belongs to a normed vector space
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U of control actions. An instantaneous reward r; = p(z¢, us, wy) € R is associated with
the transition from ¢ to ¢ 4 1. The stochasticity of the control problem is induced by the
unobservable random process w; € W, which we suppose to be drawn i.i.d. according
to a probability distribution pyy(.), V¢ = 0,...,T — 1. In the following, we signal this
by w; ~ pw(.) and, as induced by the notation, we assume that pyy (.) depends neither
on (x4, uz) noron ¢t € [0,7 — 1] (using the notation [0,7 — 1] = {0,...,T —1}).
T € Ny is referred to as the optimization horizon of the control problem.

Let h : [0,T — 1] x X — U be a deterministic closed-loop time-varying control
policy that maps the time ¢ and the current state x, into the action u; = h(t, z;), and let
J" () denote the expected return of this policy &, defined as follows :

J"(z0) = E [R"(z0)] ,

wo,...,wr —1~PWw (.)

where R"(zg) = ZtT;Ol p(xe, h(t, xe), we) and x40 = f(ae, h(t, 1), we). A realiza-
tion of the random variable R"(z() corresponds to the cumulated reward of i when
used to control the system from the initial condition x( over 7' stages while disturbed
by the random process w; ~ py(.). We suppose that R"(z() has a finite variance
O (o) = Var ( [R"(x0)].

wo ..., Wr—1~pwl.

In our setting, f, p and py(.) are fixed but unknown (and hence inaccessible to si-
mulation). The only information available on the control problem is gathered in a given
sample of n one-step transitions JF,, = [(z!, ul, r!, y!)]_,, where the first two elements
(x' and u') of every one-step transition are chosen in an arbitrary way, while the pairs
(rt,y') are consistently determined by (p(x,u!,.), f(z!,u!,.)), drawn according to
pw(.). We want to estimate from such a sample F,,, the expected return J" () of the

given policy h for a given initial state xg.

4 A model-free Monte Carlo-like estimator of .J" ()

We first remind the classical model-based MC estimator and its bias and variance in
Section 4.1. In Section 4.2 we explain our estimator which mimics the MC estimator
in a model-free setting, and in Section 4.3 we provide a theoretical analysis of the bias
and variance of this estimator.

4.1 Model-based MC estimator

The MC estimator works in a model-based setting (i.e., in a setting where f, p and
pw(.) are known). It estimates J" () by averaging the returns of several (say p € No)
trajectories of the system which have been generated by simulating the system from z(
using the policy h. More formally, the MC estimator of the expected return of the policy
h when starting from the initial state z, writes

p T-1

Mh 1‘0 %Z Z Z‘t, t xt wzlf)

i=1 t=0
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MFMC sampling (arguments : F,,, h(.,.), o, A(.,.), T, p)
Let G denote the current set of not yet used one-step transitions in F,, ;
Initially, set G = F,, ;
For i = 1 to p, extract a broken trajectory by doing :
Sett = 0and i = z¢;
While ¢t < T do
Setul = h(t,xl);
Compute the set H = argmin (A((z,u), (2%, ul)));
(z,u,ry)EG
Let [} be the lowest index in F,, of the transitions that belong to H ;
Sett =t+ 1,z =yl ;
SetG =G\ {(xl;7ul;” Tl17yl;)} )
end While
end For ‘
Return the set of indices {I{}/=}{=0 '

F1G. 1 — MFMC algorithm to generate a set of size p of T'—length broken trajectories
from a sample of n one-step transitions.

with V¢t € [0,T — 1],Vi € [1,p] : wi ~ pw(.),xh = xo ,Jciﬂ = f(ai, h(t,zi), w}).
It is well known that the bias and variance of the MC estimator are

_E (M} (o) =" (a0)] = 0.
wirpw (.),i=1...p,t=0...T—1
2
| Var {M]f;(xo)} _ Tgn(w0)
wirpw (.),i=1...p,t=0...T—1 p

4.2 Model-free MC estimator

From a sample F,,, our model-free MC (MFMC) estimator works by selecting p
sequences of transitions of length 7" from this sample that we call “broken trajectories”.
These broken trajectories will then serve as proxies of p “actual” trajectories that could
be obtained by simulating the policy h on the given control problem. Our estimator
averages the cumulated returns over these broken trajectories to compute its estimate of
J" (). The main idea behind our method consists of selecting the broken trajectories
so as to minimize the discrepancy of these trajectories with a classical MC sample that
could be obtained by simulating the system with policy h.

To build a sample of p substitute broken trajectories of length 1" starting from zo and
similar to trajectories that would be induced by a policy h, our algorithm uses each
one-step transition in F,, at most once; we thus assume that p7" < n. The p broken
trajectories of 1" one-step transitions are created sequentially. Every broken trajectory
is grown in length by selecting, among the sample of not yet used one-step transitions,
a transition whose first two elements minimize the distance — using a distance metric
A in X x U — with the couple formed by the last element of the previously selected
transition and the action induced by h at the end of this previous transition.
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T-1
n
r k
t=0
T-1
E
r
t=0
Y
. Real trajectory I' I’ MFMC Estimator
under disturbances W ",... W "’ . 1 p T—1
I;
Transition generated ! . — Z Z r
under disturbance W' ) P i=1 =0
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F1G. 2 — The MFMC estimator builds p broken trajectories made of one-step transitions.

A tabular version of the algorithm for building the broken trajectories is given on
Figure 1. It returns a set of indices of one-step transitions {/} }i’fiig ~! from F,, based
on h, xg, the distance metric A and the parameter p. Based on this set of indices, we
define our MFMC estimate of the expected return of the policy & when starting from
the initial state zq by :

p T-1

M (F, 20) = %Z S

i=1 t=0

Figure 2 illustrates the MFMC estimator. Note that the computation of the MFMC esti-
mator smg (Fun, o) has a linear complexity with respect to the cardinality n of F,, and
the length 7" of the broken trajectories.

4.3 Analysis of the MFMC estimator

In this section we characterize some main properties of our estimator. To this end, we
proceed as follows :

1. we first abstract away from the given sample F,, by instead considering an en-
semble of samples of pairs which are “compatible” with F,, in the following
sense : from F,, = [(x!, ul, r!, y!)]_,, we keep only the sample P,, = [(x!, ul)]_,
€ (X x U)™ of state-action pairs, and we then consider the ensemble of samples
of one-step transitions of size n that could be generated by completing each pair
(2!, u!) of P, by drawing for each [ a disturbance signal w' at random from

pw(.), and by recording the resulting values of f(z!,u!, w') and p(z!,u!, w').
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We denote by F,, one such “random” set of one-step transitions defined by a
random draw of n disturbance signals w! [ =1... n. The sample of one-step
transitions JF,, is thus a realization of the random set F,, ;

2. we then study the distribution of our estimator 93”(]’; (Fpn,x0), seen as a function

of the random set .7:"n ; in order to characterize this distribution, we express its
bias and its variance as a function of a measure of the density of the sample P,,,
defined by its “k—sparsity”; this is the smallest radius such that all A-balls in
X x U of this radius contain at least £ elements from P,,. The use of this notion
implies that the space X x U is bounded (when measured using the distance
metric A).

The bias and variance characterization will be done under some additional assump-
tions detailed below. After that, we state the main theorems formulating these characte-
rizations. Proofs are given in the Appendix.

Lipschitz continuity of the functions f, p and h.

We assume that the dynamics f, the reward function p and the policy h are Lipschitz
continuous, i.e., we assume that the states and actions belong to a normed vector space
and that there exist finite constants Ly, L, and L, € RT such that V (z, 2/, u, v, w) €
X2 XU x W,

1 (2w, w) — F(@' sl < Ly(lle — 'l + [l — o[,

o, u,w) — p(a',u', w)| < Loz — o o + [l — o' o),

vt € [0,T — 1], [|h(t,z) — h(t,z")|lu < Lnllz — 2’| x ,

where ||.|| x and ||.||; denote the chosen norms over the spaces X’ and U, respectively.

Distance metric A and k—sparsity of a sample P,,.

We assume that V(z, 2/, u,v’) € X2 x U?, A((z,u), (2/,v')) = (|z — 2’| x + [Ju—
u'||z¢). We suppose that X x U is bounded when measured using the distance metric A,
and, given k € Ny with k < n, we define the k—sparsity, a(P,,) of the sample P,, by

ar(Pn) = sup {Af" (z,u)} , where AP (x,u) denotes the distance of (2, u) to
(zu)eX xU
its k—th nearest neighbor (using the distance metric A) in the P,, sample.

Bias of the MFMC estimator.
We propose to compute an upper bound of the bias and variance of the MFMC esti-
mator. To this end, we denote by E;};L,P” (o) the expected value :

h
EP

»In

(xo) = E [EmZ(]':m 960)]

w0 o ()

We have the following theorem (proof in Appendix A) :
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Theorem 4.1 (Bias of the MFMC estimator)

| 7" (20) = Ep p, (20)] < Copr(Pn)

p
T-1T—-t-1

withC =1L,y Y [Li(1+Ly)] .

t=0 =0

This formula shows that the bias is bounded closer to the target estimate if the sample
sparsity is small. Note that the sample sparsity itself actually only depends on the
sample P,, and on the value of p (it will increase with the number of trajectories used
by our algorithm).

Variance of the MFMC estimator.
We denote by Vp}?Pn (x0) the variance of the MFMC estimator defined by

Ve =, Ve )]
Wl w ~py ()

and we give the following theorem.

Theorem 4.2 (Variance of the MFMC estimator)

Vph;rpn (J}O) S (O’Ribffo) =+ QCOépT(Pn))

T-1T-t-1

withC' =1L, Y [Le(1+Ly)]".
t=0 =0

The proof of this theorem is given in Appendix B. We see that the variance of our
MFMC estimator is guaranteed to be close to that of the classical MC estimator if the
sample sparsity is small enough. Note, however, that our bounds are quite conservative
given the very weak assumptions that we exploit about the considered optimal control
problem.

5 Illustration

In this section, we illustrate the MFMC estimator on an academic problem.

Problem statement.

The system dynamics and the reward function are given by ;11 = sin (g(xt +

U + wt)) and p(x4, up, wy) = %e‘é(’”f‘*“?) + w; with the state space X being equal
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to [~1,1] and the action space U to [—3, 3] . The disturbance w; is an element of
the interval W = [—£, £] with e = 0.1 and pyy is a uniform probability distribution

272
over the interval V. The optimization horizon T is equal to 15. The policy h whose

performances have to be evaluated writes h(t,z) = —5,Vx € X',Vt € [0,7 —1] . The
initial state of the system is set zp = —0.5 . The samples of one-step transitions JF,,
that are used as substitute for f, p and pyy(.) in our experiments have been generated
according to the mechanism described in Section 4.3.

AN R
BT *
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100 400 500 1600 2500 3600 4500 8400 &100 10000

F1G. 3 — Computations of the MFMC estimator for different cardinalities of the sample
of one-step transitions with p = 10. Squares represent J" ().
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FIG. 4 — Computations of the MC estimator with p = 10.

Results.

For our first set of experiments, we choose to work with a value of p = 10 i.e., the
MFMC estimator rebuilds 10 broken trajectories to estimate .J"(—0.5). In these expe-
riments, for different cardinalities n; = (105)? j = 1...10, we generate 50 sets
Fryseeo Fr2 and run our MEMC estimator on each of these sets. For a given cardi-

nality n; = m?, all the different samples F, , ..., F," are generated considering the
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same couples (zhul) 1=1. nJ that uniformly cover the space according to the re-
lationships ! = —1 + 231 andu! = -1+ 2J2 with j1, jo € [0, m; — 1]. The results of
this first set of expenments are gathered in Flgure 3. For every value of n; considered in
our experiments, the 50 values outputted by the MFMC estimator are concisely repre-
sented by a box plot. The box has lines at the lower quartile, median, and upper quartile
values. Whiskers extend from each end of the box to the adjacent values in the data
within 1.5 times the interquartile range from the ends of the box. Outliers are data with
values beyond the ends of the whiskers and are displayed with a red + sign. The squares
represent an accurate estimate of .J"(—0.5) computed by running thousands of Monte
Carlo simulations. As we observe, when the samples increase in size (which corres-
ponds to a decrease of the pT'—sparsity a1 (P,,)) the MEMC estimator is more likely
to output accurate estimations of .J"(—0.5). As explained throughout this paper, there
exist many similarities between the model-free MFMC estimator and the model-based
MC estimator. These can be empirically illustrated by putting Figure 3 in perspective
with Figure 4. This figure reports the results obtained by 50 independent runs of the
MC estimator, every of these runs using also p = 10 trajectories. As expected, one can
see that the MFMC estimator tends to behave similarly to the MC estimator when the
cardinality of the sample increases.
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FI1G. 5 — Computations of the MFMC estimator for different values of the number of
broken trajectories p. Squares represent J" ().

In our second set of experiments, we choose to study the influence of the num-
ber of broken trajectories p upon which the MFMC estimator bases its prediction. In
these experiments, for each value p; = j? j = 1...10 we generate 50 samples
Flo.0000 - > F76 000 Of one-step transitions of cardinality 10, 000 and use these samples
to compute the MFMC estimator. The results are plotted in Figure 5. This figure shows
that the bias of the MFMC estimator seems to be relatively small for small values of p
and to increase with p. This is in accordance with Theorem 4.1 which bounds the bias
with an expression that is increasing with p.

In Figure 6, we have plotted the evolution of the values outputted by the model-based
MC estimator when the number of trajectories it considers in its prediction increases.
While, for small number of trajectories, it behaves similarly to the MFMC estimator,
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F1G. 6 — Computations of the MC estimator for different values of the number of broken
trajectories p. Squares represent J" (zp).

the quality of its predictions steadily increases with p, while it is not the case for the
MFMC estimator whose performances degrade once p crosses a threshold value. Notice
that this threshold value could be made larger by increasing the size of the samples of
one-step system transitions used as input of the MFMC algorithm.

6 Conclusions

We have proposed in this paper an estimator of the expected return of a policy in a
model-free setting. The estimator named MFMC works by rebuilding from a sample of
one-step transitions a set of broken trajectories and by averaging the sum of rewards
gathered along these latter trajectories. In this respect, it can be seen as an extension to
a model-free setting of the standard model-based Monte Carlo policy evaluation tech-
nique. We have provided bounds on the bias and variance of the MFMC estimator ;
these were depending among others on the sparsity of the sample of one-step transi-
tions and the Lipschitz constants associated with the system dynamics, reward function
and policy. These bounds show that when the sample sparsity becomes small, the bias of
the estimator decreases to zero and its variance converges to the variance of the Monte
Carlo estimator.

The work presented in this paper could be extended along several lines. For example,
it would be interesting to consider disturbances whose probability distributions are
conditioned on the states and the actions and to study how the bounds given in this
paper should be modified to remain valid in such a setting. Another interesting research
direction would be to investigate how the bounds proposed in this paper could be useful
for choosing automatically the parameters of the MFMC estimator which are the num-
ber p of broken trajectories it rebuilds and the distance metric A it uses to select its set
of broken trajectories.

However, the bound on the variance of the MFMC estimator depends explicitly on the
“natural” variance of the sum of rewards along trajectories of the system when starting
from the same initial state. Using this bound for determining automatically p (and/or
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A) suggests therefore to investigate how an upper bound on this natural variance could
be inferred from the sample of one-step transitions. Finally, this MFMC estimator adds
to the arsenal of techniques that have been proposed in the literature for computing an
estimate of the expected return of a policy in a model-free setting. However, it is not
yet clear how it would compete with such techniques. All these techniques have pros
and cons and establishing which one to exploit for a specific problem certainly deserves
further research.
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Appendix
A Proof of Theorem 4.1

Before giving the proof of Theorem 4.1, we first give three preliminary lemmas. Gi-
ven a disturbance vector Q = [Q(0), ..., Q(T — 1)] € WT, we define the Q-disturbed
state-action value function Q?’i(m,u) fort € [0,T — 1] as follows : Q?F{Zt (x,u) =

P, u, QD)+ Y0y plaw, (', 2p), Q) with x4 = f(z,u, Q(t) and 2y 4y =

flxe, h(t, 2v),Qt')),Vt € [t+1,T — 1]. Then, we define the expected return given

Q) the quantity E[R"(z¢)|Q)] = E [RM (o) |wo = (0),...,wpr_; =

wo,...,wr—1~pw(.)

Q(T —1)]. From there, we have the two following trivial results : V(Q2, 79) € WT x X,
E[R" (20)|0] = Q7" (w0, (0, 20)) ()

and V(z,u) € X xU,¥Q € WT,

QS 1 () = pla,u, Qt — 1)) + QS (f (v,u, Qt — 1)), h(t, f(z,u,Qt — 1)) (@)

Then, we have the following lemma.

Lemma A.1 (Lipschitz Continuity of Q%&)

vt € [0,T —1],¥(z, 2’ ,u,u’) € X? x U?,

’Q;l“{zt(xa u) - Qg“’s—)t(wla u/)| S LQT—#,A((:E7 u)a (xla ul))
with Lo,_, = Ly Yy [Ly(1+ L))"

Proof of Lemma A.1

We prove by induction that H(T' — t) is true V¢ € {0,...,T — 1}. For the sake of
conciseness, we denote ’Q:}F&(m, u) — QI (o u')| by A%,
Basis : t =T — 1 We have

AIQ = \p(ﬂc,u, Q(T - 1)) - p((E/, ’LL/, Q(T - 1)|7
and the Lipschitz continuity of p allows to write
AL < Ly (e =/l + u— ') = LA, u), (o))

This proves H(1).
Induction step : We suppose that H(T —t) is true, 1 < ¢ < T — 1. Using Equation 2,
one has

A o = [T ) - Q)
= |pt@, w00t - 1) = o', w0t - 1)
+ QP (f(w,u, Qt = 1)), Alt, [, u, Q(t —1))))
— QEL(F( W, 0t = 1), h(t, (20, Ot - 1))
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and, from there,

A1 < |ple,u, Q1)) —p(a’, o/, Q1)) |+ Q5 (f(z, u, Qt—1)), h(t, f(z,u, Qt—
1)) — Q% (f(2' o/, Q(t — 1)), h(t, f(a',u/, Qt - 1))))].

‘H(T — t) and the Lipschitz continuity of p give

A 1 < LyA((w,u), (2, 0)) + Lop A((f(@,u,Qt — 1)), hlt, f(a,u, Qt -
D)), (f(a!, o/, Qt — 1)), h(t, f(2/ o/, Q(t —1))))) .

Using the Lipschitz continuity of f and h, we have
Ag—ﬂrl < LPA((wv ’LL), (mlv u,)) +LQT—t (LfA(($7 u)7 (1‘17 u/))+LthA((m’ u)? (x/’ ul)))v

and, from there,
AgftJrl S LQT—t+1A((x7 ’LL), (:L'/a U/))

since
Lor_iys = Lo+ Loy, Ly(1+ Ly).

This proves H (T — ¢t + 1) and ends the proof.

Given a broken trajectory 7 = [(z't, ult, 7l ylf)}T " we denote by Q™" its associa-

ted disturbance vector Q™ = [w'o, ... ,wlT 1], i.e. the vector made of the 7" unknown

disturbances that affected the generation of the one-step transitions (z', u't, rt yt)

(cf. first item of Section 4.3). We give the following lemma.

Lemma A.2 (Bounds on the expected return given ()

Vi e [1,p], b (7%, z0) < E[R (w0)|QT | <a(rt, x0) ,
with
T-1
b (1t xg) = Z [r t — Lo, t5l]
T 01
(7, x0) Z rf+LQT 1]
t=0
0F = A((z", ul), (' At 1)) e e 0,7 — 1]
ylil = xo,Vz € [1,p].
Proof of Lemma A.2

Let us first prove the lower bound. With uy = h(0, zg), the Lipschitz continuity of
hat .
Q7" gives

i

|Qh = (‘T(]vuO) - Q’}Jl",ﬂ (xlévulé)‘ < LQTA((IO7UO)7 (Il07ul6)) .

Equation (1) gives _
Q™ (w0, u0) = E[R" (20)|27].
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Thus,

ER" (o)~ Q5 (e, uh)] = |5 (o, h(0,20)) — Q™ (als,u®)|
< LQTA((‘TO’ h(O,l‘o))7 (xl67ul6)) . 3)

It follows that
Q’%’QT (20, ulo) — Lg,.6% < E[R"(x0)|Q""] . Using Equation (2) we have

R (gl s = plas,uh, ) + QR (F(a'h, ulh wlh), (L, F(ath, uls, wlh)))

li

K i i
! o,w') = y'o . From

By definition of Q™' , we have : p(z'0, u!0, w') = 716 and f(z'0,u

there ) )
BT (gl o) = 7l 4 QBT (410, h(1, ) ,
and _
Qi (1, h(1, ")) + 7% — Lo, 5 < E[R" (o) .

The Lipschitz continuity of Q;?; gives

i hQ™, i i i i i i
QY (110, h(1,0)) — QFT (a1, ulh)| < Lo, A((y', h(1,410)), (&, ult)) =
LQT—1617
which implies that

B (G W)~ Lo, 60 < QB (4 h(1,y1%))

We therefore have
’TL’?I (xl; u 1) +r o — LQT5 Lo, 1(5Z < E[R (xo)‘QTl]

The proof is completed by iterating this derivation. The upper bound is proved similarly.
We give a third lemma.

Lemma A.3
Vi € [1,p], a" (7, zo) — (7%, 20) < 2Capr(Py) withC = Zt o LQT .-

Proof of Lemma A.3

By construction of the bounds, one has a” (7%, z) — b" (1%, 20) = S1— 2Lg,_, 01

The MFMC algorithm chooses p x T' different one- step transitions to build the MFMC
estimator by minimizing the distance A((y't-1, h(t, y't-1)), (xlt ult)), so by definition

of the k-sparsity of the sample P,, with k = pT’, one has
6 = Al kit y), (@ uh) < ATR (4 bty 1)) < g (Pa)

which ends the proof.
Using those three lemmas, one can now compute an upper bound on the bias of the
MFMC estimator.
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Proof of Theorem 4.1

By definition of a” (7%, () and b" (7, z), we have

bh ) T-1
Vi € [1,p], r ’xo); (7', 20) Zrl .
t=0

Then, according to Lemmas A.2 and A.3, we have Vi € [1,p] ,

o B BRI = ] s B[R )7 -
o ™[] < Copr(Pn)
Thus . _
‘1 =1, _,7w@NpW(_)[E[Rh(af0)‘QT]— t=0 rlt]
<SPS, B ERNw)IOT] - S5 ] < Capr(Pa)
Wy, W~PW .

which can be reformulated

Z]E [R"(20)|Q7 1] = B} p, (x0)| < Capr(Pn),

wt,. 7“’""’101/\/() Dy

since 2377 Y rli = 9" (F,, o) . Since the MFMC algorithm chooses p x T

different one-step transitions, all the {wli }i=r ’Z%Ll are i.i.d. according to pyy(.). For

all ¢ € [1, p], The law of total expectation gives

O [ E [R" (20)|7]] = E _ [R"wo)] = J"(z0).

1 L 1
w'0,..., w T=1rpyy (L) w'o,..., w T=1~pyy(.)

This ends the proof.

B Proof of Theorem 4.2

We first have the following lemma.

Lemma B.1 (Variance of a sum of random variables)

Let Xg,...,X7r_1 be T random variables with variances 08, ce O'%_l respectively.
Then,
T-1 -1
VaT[ZXt] < (Zat) .
t=0 t=0

Proof of Lemma B.1

The proof is obtained by induction on the number of random variables using the for-
mula Cov(X;, X;) < 00, ,Vi,j € [0,T — 1] which is a straightforward consequence
of the Cauchy-Schwarz inequality.
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Proof of Theorem 4.2
We denote by ‘ﬁz (]}n, x) the random variable

- ~ 1 P i
N (F, 20) = M (F 20) — . > E[R"(z0)|"].
=1

According to Lemma B.1, we can write

p

Vp},bpn ((E(]) S < wl Var [1 ZE[R}L(ZL'()”QTlH

e epw ()P

+\/ Var [mg(ﬁn,xo>]>2 )

Wl wrapyy ()

Since all the {wli}if:iig_l are i.i.d. according to pyy(.) (cf proof of Theorem 4.1),
the law of total expectation gives

1 h ri Uéh (:L'())
Var [= Z]E[R (z0)|¥]] = - 3)

Now, let us focus on Var R (Fo, %0)]. By definition, we have 91/ (Fp, o) =

Wl w oy ()

zl) - [Zz:ol rh — E[R" (xo)\QTi]] . Then, according to Lemma B.1, we have

Var [‘ﬁz (.7:"”, xo)]

Wl wapyy ()

p T-1

< % <Z / Var [Z rli — E[R"(z0)|Q7]] ) (6)

1 nA .
PR\ et (5

Then, we can write
-1 _
Var [ Z rh — E[Rh(mo)m#]]

Wl wepyy ()

= | N
S o[ 257~ EIR @I27)]

= wl,...,w@ww(.)[(G}L(Ti’xo) —"(r,20))"] = (a" (7', 20) = V(7" o))"
< 4C*(ayr(Pa))? o

since Y1 vl and E[R" (9)|Q2"'] both belong to the interval [b" (17, z0), a” (1%, z0)]
whose width is bounded by 2C a7 (Py,) according to Lemma A.3.
Using Equations (4), (5), (6) and (7), we have

‘/p}?PH (wo) < (‘U%:/%O) + 2capT(Pn))

which ends the proof.



