Constructing approximately diabatic states from LCAO-SCF-CI calculations
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We consider here two approaches which have been proposed in the literature to obtain diabatic
states from ab initio calculations. First, by calculating explicitly the coupling vector

g = (,|V¢,) which describes the nonadiabatic interaction between two adiabatic states ¢; and
¥,. Second, by some extrapolation process of the wave functions obtained at a particular
reference point. The coupling vector g is the sum of three contributions:

€ = gc1 + 8rcao + 8ao - The first two represent the change in character of the adiabatic states
in the region of nonadiabatic coupling due to the variation of the CI and LCAO coefficients,
whereas g, results from the translation of the atomic orbitals with the moving nuclear
centers. Criteria have been given to recognize when it is possible to transform a set of CI wave
functions into a pair of useful diabatic states. A particularly favorable situation is obtained
when the interacting electronic states are doubly excited with respect to each other. Within the
two-state approximation, g¢; is strictly irrotational and never gives rise to problems. One can
expect situations in which this is also true for g c,o . However, that part of the coupling
represented by g, can never be described as a rotation of two diabatic functions.
Nevertheless, the latter contribution can frequently be neglected, at least when the
nonadiabatic coupling is strong. The theory of the electron translation factors (ETF’s)
provides further insight into the problem and confirms our conclusions.

I. INTRODUCTION

It is well known that as long as adiabatic potential ener-
gy surfaces remain separated by an energy gap which is
much larger than the nuclear kinetic energy, the Born—Op-
penheimer method is a good approximation. It is then suffi-
cient to consider a single potential energy surface to describe
the nuclear motion. When this is not the case, nonadiabatic
coupling takes place. The literature on the subject is really
enormous'™ (see especially the recent review by Koppel et
al.’). Since the problem can be treated from several points of
view, we have to restrict the scope of the present contribu-
tion right at the beginning. Our objective is to study the gen-
eral rules which control the nonadiabatic transitions and to
obtain simple analytical expressions for the probabilities of
hopping between potential energy surfaces. For that pur-
pose, the simplest level of approximation will be adopted
throughout the present paper.

(i) We assume that a LCAQ-SCF-CI calculation has
been carried out which has generated a set of IV eigenstates.
For simplicity we assume all electronic wave functions to be
real.

(ii) We restrict our attention to a limited portion of
configuration space in which it is meaningful to assume that
only two electronic states out of &V interact. In the first sec-
tions of this paper, we assume that the corresponding poten-
tial energy surfaces come close to each other but do not inter-
sect. This restriction is lifted in Sec. V.

(iii) We restrict ourselves to a classical trajectory for-
mulation in which the nuclear motion is described by a clas-
sical equation of motion.!">’~® Nuclear wave functions thus
never appear in the present treatment. The time-dependent
electronic wave function is then expressed as a two-state ex-
pansion:
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Ygn =73 a,-(t)lj[q,Q(tmexp[ -~ (i/ﬁ)f H, dt'] ,
j=1
(L.1)

where |1) and |2) are the electronic functions used as a basis
set (thus not necessarily the eigenfunctions of the electronic
Hamiltonian); H;; are the elements of the electronic Hamil-
tonian matrix in this representation; ¢ and Q(#) are the elec-
tronic and nuclear coordinates, respectively. The time-de-
pendent coefficients a; (¢) are solution of a system of two
coupled differential equations

a, () = a,()[ — (/A H,, + 2|V|1) - Q]

13
XeXp[ - (i/ﬁ)f (H,, —Hu)dt’] (1.2)
and a similar equation for a,.

In the adiabatic representation, the basis functions are
the eigenfunctions of the electronic Hamiltonian H (in other
words the CI wave functions) and the dynamical coupling
results from the term {1,|V¢,) < Q. It is then convenient to
introduce a coupling vector g(Q):

g= (V9 (13)
whose components are
g = (¥ _8_ |¥:) . (1.4)
IO

What has been consistently looked for is a so-called dia-
batic representation’~>>"-'¢ in which the coupling results
from the off-diagonal H,, only. The diabatic basis [hereafter
denoted y,(¢,Q), x.(4,Q)] is required to obey two condi-
tions:
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(1) It should be related to the adiabatic basis by an or-
thogonal transformation

()(l(q,Q)) _ ( cos (Q)  sin 0(Q))(¢1(q,Q))
¥2(4,Q) —sin 6(Q) cos 8(Q)/\,(¢,Q)/
(1.5)
(2) The second a priori desirable property would be
x2lVx) =0 (1.6)

The significance of this requirement is that their phys-
ical character (ionic, covalent, Rydberg, n-7*, etc.) should
remain unaltered as the nuclear geometry changes. How-
ever, the diabatic states we are looking for are allowed to
move along with the nuclei.!"'? They are not the fixed func-
tions commonly referred to as “crude adiabatic.” '8
Hence, they will be denoted y; (¢,Q) to emphasize the fact
that Vy, 0.

From Eq. (1.3) one gets

(x2|Vx1) =V0 +g. (L7

Hence, if it is possible to satisfy simultaneously condi-
tions (1.5) and (1.6), the angle (Q) is a solution of a differ-
ential equation:

Vo= —g. (1.8)
However, as pointed out by Mead and Truhlar,'* fol-

lowing up previous discussions by McLachlan'' and by
Baer," Eq. (1.8) admits a solution only if
curlg=0. (1.9)

Unfortunately, this condition cannot, in general, be ri-
gorously fulfilled in a multidimensional Q space, and one
has to look for approximate diabatic basis sets. Our objective
is to analyze this problem within the context of ab initio
calculations.

It is possible to calculate for polyatomic molecules ma-
trix elements of the type (1.4) when ¢, and ¢, are configura-
tion interaction (CI) wave functions.'%'%?° We assume that
a particular pair (¢,,3,) gives rise locally to a large value of
g, whereas the coupling with the other adiabatic states 1,
(a#1,2) is negligible. More precisely, we assume that with-
in the region of interest one has

lm'(¢i|v¢a)|<|Ea_Ei,’ (1.10)

As discussed by Mead and Truhlar,'® approximate dia-
batic states can be constructed only when the irrotational
part of g is large with respect to the remainder. This leads to
two questions. First, can one expect situations in which this
is the case? It would be impractical to calculate the compo-
nents of curl g by numerical double differentiations. For sim-
ilar reasons, we have to abandon the study of an equation'®
which is equivalent to condition (1.9):

2
aQ;

2] (ag) 140 [3g2) ~agr o)
(1.11)

a=3 an an

but which requires in principle the ab initio calculation of an
enormous number of matrix elements. Thus, our first ques-
tion tranforms into: “Is it possible to recognize the favorable

situations by inspecting the characteristics of the output of*

an ab initio calculation?.” Second, since the construction of
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diabatic states necessarily involves approximations, “is it
possible to define tolerance parameters?”

An answer to the first question will be proposed in the
next section. As far as the second question is concerned,
tolerance thresholds can be found in Eqgs. (1.2). Consider a
particular region of strong nonadiabatic coupling and let
AE ™" — 2H,, be the smallest energy gap between adiabatic
surfaces, g7** the maximum value of the coupling matrix
element along coordinate Q,, and £, the corresponding
Massey parameter.® Then, if the conditions

aX 1 — ax
<X 2 a Qa > - § agzn
are fulfilled for all a, the basis set {y,, Y»} can be considered
“diabatic enough” for a classical trajectory calculation of the
transition probabilities. Conditions (1.12) thus replace Eq.
(1.6). Note that the tolerance thresholds depend on the in-
ternal energy through the nuclear velocities.

In summary, the concept of diabatic states involves a
certain vagueness since approximate solutions have to be
looked for. In the remainder of the paper we discuss two
possible approaches which have been proposed to extract
approximate but acceptable solutions from ab initio calcula-
tions. The present analysis is an extension of a previous dis-
cussion given by Mead and Truhlar'’ recast in the language
appropriate to ab initio calculations. It should also be useful
in the discussion of the interesting alternative procedures
developed by Werner and Meyer?' and by Hendekovi¢.??
Numerical applications to specific cases will be presented in
forthcoming papers.

<AE min /ﬁQa

(1.12)

il. METHOD INVOLVING A DIFFERENTIATION OF THE
WAVE FUNCTION

In a CI calculation, the adiabatic wave functions
¥, (¢,Q) are expanded® in a set of N configuration state func-
tions (CSF’s) 7, (¢,Q):

¥1(2.Q) 7,(4,Q)
¥,(¢,Q) 7,(4,Q)
=C(Q) , (2.1)
¢N(q’Q) ﬂN(qu)
where C is the orthogonal matrix of the CI coefficients. Then
g2 =Zc + 8mo (2.2)
with
ga =2 GVC, (2.3)
7
and
gmo = 2.3 G;,Cy, (7;(V) (2.4)

j#k
Since V is a one-electron operator, expansion (2.4) is
severely limited by the fact that %; and 7, should be singly
excited with respect to each other.?®
However, according to the previous discussion, another
decomposition is required. The problem is to express g as the
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sum of two vectors. First, an irrotational component which
can be equated to a gradient. The second component which
has a nonzero curl is the residual quantity (y,|Vy,). This
leads to two questions.

(1) Is gy an irrotational vector?

Mead and Truhlar® have shown this to be the case with-
in a two-state approximation. This means that in a CI calcu-
lation, the matrix C should have the following form:

cos @ —sin @ :
- AR
O\ sing ___emo I___ [T Y
0 1 UN(Q)

where U is an orthogonal constant matrix and U'(Q) is a

nonconstant (N — 2) X (N — 2) orthogonal matrix. The

vector g¢ is then strictly irrotational and is equal to — V6.
(2) Similarly, when is gy,o an irrotational vector?

The answer to that question is much less straightfor-

ward. One has, from density-matrix theory,?*

8mo = g f T (Q){(¢1|V8,,)

where ¢, and #,, are MO’s and 7}, (Q) is the first-order
transition matrix for states 1, and ¥,. Each element of this
matrix can be expressed as a sum of products of CI coeffi-
cient times fixed coefficients expressing the CSF’s in terms of
Slater determinants. The MOQ’s are expanded in a basis of
nonorthogonal AQ’s:

(2.6)

¢1 §1
=A(Q) (2.7)
¢M M
Then
8mo = Brcao 1 Bao (2.8)
with
M M M M
€Lcao =§l:ET,m ZZGlpVamq(§p|§q) , (2.9)
M M M PM !
80 =3 X Tim XX apan (&,19,) . (210)
m P q

The first contribution results from the nonconstancy of
the LCAO coefficients, whereas the second is due to the fact
that the AQ’s translate with the moving nuclear centers.!?

Let us now return to curl g and consider the following
particular cases.

(a) The first-order transition matrix is negligible be-
cause the terms which dominate the CI expansion of 3, are
doubly excited with respect to those which dominate the
expression of ¢,. Then, gy is negligible, i.e., g~ gc; which
is irrotational if condition (2.5) is satisfied. The constant
orthogonal matrix U (or at least its first two rows) deter-
mines the CI expansion of the diabatic states. This result is of
course independent of the nature of the AO basis set which is
used (cf. Sec. VI).

The argument is again valid in the limit since the first-
order transition matrix never strictly vanishes in practice.

The leading term of wave function is always contaminated
by additional singly excited configurations which are the
only ones to have a nonzero component on the gradient of
the other function.”?

(b) The LCAO coefficients a,,, happen to be constant
across the region of strong nonadiabatic interaction. Then,
grcao = 0and gyo = Zao - It Will be shown in Sec. IV that
the curl of g, does not, in general, vanish. Thus, the main
source of the difficulties encountered in the definition of the
diabatic states is to be found in the properties of the basis set
of AO’s. However, orders of magnitude will be given in Sec.
IV and it will be found that it is often safe to neglect g, with
respect t0 ¢y and grcao -

(c) The coupling vector gy can be expected to be
dominated by a single (/,m) contribution. This circum-
stance results from the fact® that V¢,,, has a nonzero compo-
nent on ¢, only if ¢; is an occupied and ¢,, an unoccupied
spin orbital or vice versa. If ¥, and ¢, were SCF wave func-
tions, they should be singly excited with respect to each oth-
er. For CI wave functions, a similar but less stringent condi-
tion can be expressed in the language of density matrix
theory. The sets of occupation numbers of ¥, and ¥, should
differ roughly by the transfer of one electron only, say from
&, to ¢,. Then, the transition matrix has a single large ele-
ment T,(Q).

It is appropriate to expand the MO’s in a set of ortho-
gonalized AO’s:

$: 3
=B(Q) 2.11)
Pm M
with
(65165 =8, - (2.12)
B is now an orthogonal matrix equal to
B=A(1-S)""', (2.13)
where S is the overlap matrix defined by Léwdin.?* Then
gmo = Bicao + 830 > (2.14)

each term having an expression analogous to Egs. (2.9) and
(2.10).

Let us now assume that B can be block diagonalized as
follows:

cos @ —sinw

1
| o

B(Q) = UM, (2.15)

sin @ cosw |

0 1 U(Q)
where the angle w and the elements of the orthogonal matrix
U™ depend on the nuclear coordinates 0, whereas U™ is a
constant orthogonal matrix. In the particular case where U™
is also a constant matrix, then

goo = T(Q)Va . (2.16)
orth

If UY is not constant, gitao is a sum of several pair
contributions. However, as argued above, T, is the leading
term and it is often a good approximation to neglect the
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others. Note that, even if Eq. (2.16) is strictly valid, githo is
not necessarily an irrotational vector because the element of
the transition matrix T, is a function of Q. Nevertheless, it is
easily seen that when the CI coefficients are given by Eq.
(2.5) one has

8,y = (‘”;2)3 9,

where the symbol d, represents the partial derivative opera-
tor with respect to a particular degree of freedom Q,, The
vector giTh o I8 irrotational if

d,08,0 —3,08,0=0 (2.18)

This will be the case if either go; Or g1 cap is €qual to
zero. For example, in the Renner-Teller coupling (see Sec.
V), gcr = 0and d, 8 = 8,6 = 0. When this is not so, we can
use the fact that both angles 8 and w parametrize a 2X2
orthogonal transformation.?® Hence, they have the func-
tional form

(2.17)

0 =k arctan[ f,(Q)/f2(Q)], (2.19)

o =k’ arctan[ f3(Q)/ f4(Q)], (2.20)
so that condition (2.18) becomes

0.fi6yf; —8yf:0.f;=0, 1<i,j<4. (2.21)

In practice, it is not unreasonable to expect this condi-
tion to be fulfilled. For example, if /', and f, are constant,
whereas f,and f, are linear functions of the coordinates Q.
This implies that the loci of the angles & and w are a set of
parallel straight lines. One is then dealing with an avoided
crossing.'® Conditions (2.18) and (2.21) will be fulfilled if
both sets are parallel to a common direction. At first sight
this may seem an extremely restrictive condition. However,
this simply means that this common direction has some sim-
ple physical significance determined, e.g., by a low-energy
dissociation process. Then, the variation of both the CI and
LCAO coefficients is naturally controlled by the orientation
in Q space of the reaction coordinate. This is especially clear
if the avoided crossing takes place at fairly large distances
along the reaction coordinate, i.e., if the region of strong
nonadiabatic interaction corresponds to a weak interaction
between both fragments. Then, the internal degrees of free-
dom can hardly be expected to change the nature of the wave
function and the loci of both § and w are quite naturally
oriented along the reaction coordinate.

(d) A similar discussion is possible if several pairs of
MO’s give rise to nonnegligible elements of the transition
matrix. The condition is then that the first matrix of the
right-hand side of Eq. (2.15) be block diagonal for each
(1,m) pair having a nonnegligible 7,,, and that each block be
parametrized by the same angle ».

In summary, there exist a number of particular cases in
which g and g;c.0 are to a good approximation irrota-
tional vectors. From a mathematical point of view, these
cases are very special if not exceptional. However, this is not
so in practice because they correspond to standard physical
situations having a simple interpretation. When these condi-
tions are not satisfied, a detailed mathematical treatment is
necessary to see whether curl g does not vanish by the combi-
nation of other circumstances. If not, the concept of diabatic
state loses much of its interest.

In addition, it should be kept in mind that, unless gyo
vanishes [case 2(a) ], there always subsists a contribution to
g due to the displacement in space of the nuclei on which the
AO’s are centered. In general, g, cannot be equated with a
gradient because its curl does not in general vanish (Sec.
IV). It is then crucial to compare its magnitude with that of
gcr and gy cao - This will be done in Sec. IV.

lil. DIRECT CONSTRUCTION OF DIABATIC STATES

The calculation of the coupling vector g is a tedious
task.!92027.28 Therefore, one often finds in the literature,
especially that relative to diatomic molecules and atom-—
atom collisions,? attempts to obtain directly (sometimes to
guess) an expression of the diabatic states, e.g., by assuming
that they retain everywhere their asymptotic expression or
by approximating them by a single configuration state func-
tion. In this section, we examine the rationale of this ap-
proach in the case of polyatomic molecules.

The diabatic functions y,(¢,Q) and y,(g,Q) should
obey Eq. (1.5). However, we start from their expansion in a
complete set: that of the adiabatic functions at some refer-
ence point Q,, right in the middle of the region of strong
nonadiabatic interaction. (This is much more satisfactory
than considering their asymptotic expression since there is
vagueness in the definition of the boundaries of the coupling
region.)

¥,(q,Q,)
¢2(q900)

N (Xl (qu)) =
\Y2(4,Q)

¢N (ano)

(/5 (q,Qo)
72 (%Qo)

=RC(Q,)| , (3.1)

75 (4,Qo)
C being a (N X N) orthogonal matrix [Eq. (2.1)], whereas
Ris a (2 X N) matrix whose structure will now be discussed.
(1) The fixed set (crude adiabatic) approximation*”'®
is the zero-order approximation in which R is the upper part
of a block-diagonal orthogonal matrix:

D O
0 UIV‘

This form ensures that y, and y, are expressed in terms
of only adiabatic functions. D is a 2 X 2 constant matrix for
which various expressions can be proposed: either the unit
matrix or, more appropriately for an avoided crossing:

1 1
—1/2
2) (— 1 1) '

As argued by Mead and Truhlar'® among others,® with such
a definition, the adiabatic states calculated by inverting Eq.
(3.1) will agree with the genuine states only in a very re-
stricted range of configuration space.

3.2)
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(2) Much less crude is the approximation in which a
basis set is used that follows the nuclei but does not otherwise
distort.’>*® This amounts to keeping the block-diagonal
character of R while allowing the CSF’s to follow the nuclei.
Equation (3.1) is now replaced by.

7.(9,Q)
17,(4,Q)

(Xz(q:Q) (Qo) 3.3)
ﬂN(q:Q)

with R being the same constant (2 X N) matrix as in Eq.
(3.1). In contradistinction to the fixed set approximation,
the CSF’s are now allowed to follow the nuclear displace-
ments.

According to this definition, the diabatic functions y,
and y, are now expressed as an orthogonal linear combina-
tion with constant coefficients of nonconstant CSF’s. The
constant CI coefficients are those of the adiabatic functions
at Q, tranformed by the posited 2 X2 matrix. The LCAO
coefficients are determined variationally and the AQO’s fol-
low the nuclear positions.

With this definition, there is no difficulty in calculating
the Hamiltonian matrix in the diabatic representation and in
defining therefrom an angle 6(Q):

6(Q) = (1/2)arctan{2H,,(Q)/[H»(Q) — H,,(Q) ]} .
(3.4)

The diabatic functions resulting from the present proce-
dure are acceptable if two conditions are fulfilled:

(a) Inserting these functions into the inverted Eq. (1.5)
with 8 given by Eq. (3.4) should generate adiabatic func-
tions in good agreement with those calculated ab initio. This
condition also implies that the calculated quantity
[(H,, — H)?>+4H?3,1"? should agree with the energy
gap AE calculated ab initio. How large the region where
these two equivalent conditions are fulfilled is a question
which has to be examined in each particular case (orders of
magnitude will be suggested in the next section).

(b) The second condition is that (y,|Vy,) should be
smaller than the threshold given by Eq. (1.12). There is no
contribution to this term due to the CI coefficients which are
now constant. The LCAO coefficients give rise to a contribu-
tion which, according to the discussion given in Sec. II, is
sometimes negligible. Note that in the present case the tran-
sition matrix is constant which simplifies the discussion.

However, unless (y,|Vy,) is zero or negligible because
one of the wave functions is doubly excited with respect to
the other, a third contribution subsists which results from
the fact that the atomic orbitals follow the nuclear motion.

When criteria (a) and (b) are both fulfilled the set of
diabatic states can be used to calculate transition probabili-
ties.

As a final remark, we note that the present procedure is
simpler than that of Sec. II but also less general. The two
gradients V@ (resulting from the CI coefficients) and Vw
(due to the LCAQ coefficients) have to be added to give a
total gradient which, if g, is negligible, should be equal to

the coupling vector g. It is sometimes observed that the two
gradients have opposite signs, e.g., when the CI coefficients
try to compensate the inadequacies of the LCAO coefficients
obtained from an inappropriate SCF calculation.?® (This re-
sults from the fact that both wave functions have to be built
on the same set of MO’s and that it is sometimes hard to find
a SCF calculation which is adequate for both.) In such a
case, the second approach leads to great difficulties.

IV. PROPERTIES OF THE AO BASIS SET

Consider a basis set of nonorthogonal AO’s |£,). It is
readily seen that (£, |V&, ) is not, in general, an irrotational
vector. Let Q, and Q, denote two particular degrees of free-
dom and let £(Aa,Ab) represent an AO centered on point
(Aa,Ab). The quantity

aa (;r lab§s> - ab <§r|aa§s)
= <aa§r labgs) - (ab§r|aa§s> (4~1)

does not, in general, vanish. This is easily seen if derivatives
are replaced by finite differences. One has, e.g. (see Fig. 1),

(25(0,4b)|2p, (Aa,0))
= — (25(Aa,0)|2p, (0,Ab)) . (4.2)

We have calculated numerically about 200 integrals
(£, |V, ) with the most commonly used 2s and 2p AO’s of
carbon and oxygen and 1s hydrogen orbitals centered at rea-
sonable distances. These integrals were found to range
between 0.01 and 0.8 A~! for valence displacements and
between 10~ * and 102 deg~ ' for bending motions. These
values are useful in determining the thresholds of tolerance
mentioned in the previous sections. However, it should be
kept in mind that what matters is the total value of g,o
which [cf. Eq. (2.10)] is given by a multiple summation of
terms with different signs. It thus seems reasonable to admit
asaruleof thumb that g, can be neglected for strong nona-
diabatic interactions with g™** substantially larger than 1.0
A~'or 1072 deg . This concurs with Mead and Truhlar’s
estimates according to which the nonremovable part of the
coupling is of the order unity in atomic units. In the two-
state approximation, the components of g are nearly al-
ways'®192027 close to Lorentzian functions with an area
equal to /2. (This is no longer true if more than two states
interact.’®) Therefore, a large value of g™ implies a small
extension of the region of strong nonadiabatic coupling.
Thus, the methods described in Secs. IT and ITI will be satis-
factory for strong and localized coupling and will fail when

Qp Qp
‘?5 Qq ) Q
A AT

FIG. 1. The translation of atomic basis functions along with the nuclear
centers does not give rise to an irrotational coupling vector (see the text).

J. Chem. Phys., Vol. 86, No. 3, 1 February 1987

Downloaded 11 Jul 2008 to 139.165.210.244. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



1434 Desouter-Lecomte, Dehareng, and Lorquet: Constructing diabatic states

the coupling is weak and operates over a large region (in
practice, larger than a few tenths of an A).

The only way to get rid of g, would be to work with a
basis set of fixed AO’s frozen at some point Q,. This gives
rise to another estimate which confirms the previous orders
of magnitude. Let us carry out the LCAO expansion in a
basis set consisting of M AQ’s which we assume orthogonal
for simplicity. In general, such a set centered on point Q, is
not complete at a neighboring point Q and one has to include
a number n of additional AO’s. Then

Mi4n
Q)= 3 0.5(Qy), I<r<M (4.3)
t=1
with
Ve = (5, (Q)1£€:(Q0)) - (4.4)
Substituting into Eq. (2.11) one has
M M
M M Min
+3 > 5,(Q)b;(Q) Y v,V . 4.5)

The first term of the right-hand side contributes to
8rcao and has been discussed in Sec. II(2). The trouble-
some terms are v,, Vv, which typically are of the order of 0.4
A~ This confirms our previous estimates.

V. GENUINE CROSSINGS

Our considerations have so far been restricted to avoid-
ed crossings and have excluded genuine intersections of the
conical, Jahn-Teller, and Renner—Teller type. The reason is
that in the latter cases @ becomes a multivalued function !¢~
(modulo 7 or 27), at least in the framework of the semiclas-
sical approximation where vibrational wave functions are
not introduced.*! In fact, 8 is single valued in an exceptional
case only: that of the avoided crossing with parallel energy
contours. The loci of @ are then a set of parallel straight
lines.!®

However, our previous discussion still applies if a
branch cut is introduced. Consider a system with two nu-
clear degrees of freedom Q,, O, (Fig. 2). When the polar
angle y varies from 0 to 27, 8 varies from O to 7 (conical and
Jahn-Teller intersections) or from O to 27 (Renner—Teller
interactions).'®'®?° In order to keep 6 single valued, one
sets up a branch cut along the positive part of axis @,. The
numerical integrations of g which is necessary to calculate
6 13141620 should be carried out along closed loops which do
not cross this branch cut. Asin our previous discussion, such
calculations require either that gy, = Oor that g, be suffi-
ciently small.

Qp
' \‘ FIG. 2. Branch cut not to be
~ Q

crossed during the numerical inte-
grations leading to the angle 6.

VI. THE ELECTRON TRANSLATION FACTOR

It has been seen repeatedly that the main source of the
difficulties encountered in the definition of the diabatic
states is to be found in the properties of the basis set of AO’s.
The problem is well known in the theory of diatomic colli-
sions and has given rise to an important literature.’>?%3? As
shown by Delos and Thorson,? the use of a basis set which
properly describes the trar .ation of the electrons along with
the nuclei increases the insight into the problem and pro-
vides a much more satisfactory definition of the diabatic rep-
resentation. A clear distinction is introduced between the
change of character of the adiabatic wave functions near a
crossing or an avoided crossing and the simple translation of
the basis functions along with the moving nuclei.

Let usintroduce a new basis set of AO’s !Z’ » ), each mem-
ber of which is equal to an ordinary AO multiplied by a so-
called electron translation factor (ETF) F, whose expres-
sion will be specified later on:

16,2 = Fp16,) - (6.1)

Throughout this section, the quantities to which a tilde
is appended represent wave functions built on this ETF-
modified basis set. Thus, ¢; is a linear combination of Slater
determinants built on MO’s which are linear combinations
of these 5,, ’s.

A convenient form of the coupled equations in this ETF-
modified basis set has been derived by Delos and Thorson for
the diatomic one-electron case. They introduced approxima-
tions, adequate for low nuclear velocities, which consist in
expanding the F,’s in a power series, in neglecting all terms
of order v? and higher, and also those containing accelera-
tions. We now wish to show briefly that the main results of
their analysis are transferable to polyatomic molecules. This
can be seen as follows.

Let X5,Ys,Zs represent the Cartesian coordinates of a
particular nucleus S. Then, the single-center ETF associated
with the AO £, centered on S can be written, within this
approximation:

Fo=1+4 (im/%)(Xsx + Ygy + Zs2) . (6.2)

The velocity-dependent operator can either be written
as the time-derivative operator or as the nuclear kinetic ener-
gy operator:

#o _

#Q V.
a1

(6.3)

Then, the term {4, |i#%3 /3t |1,) can be split into three
terms €cy, &.ca0, and g,0, exactly as in the previous sec-
tions.

To keep the formulas as simple as possible, the cumber-
some CI and LCAO expansions will not be repeated in what
follows. The products of LCAO coefficients, the elements of
the transition matrix, and the relevant summation signs in
front of the expression of each matrix element involving
AO’s are to be understood. Then, following Delos and Thor-
son:
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Each of these terms, which represents a particular ele-
ment in the expansion of §,, * Q, can be shown to cancel out
with similar terms deriving from the matrix element
(¥,|H |#,) which also appears in the coupled equations. Let
us consider a particular element generated by the one-elec-
tron part of H:

(grlHllgs) = (;rFrF:|H1|§s> + (é‘rFr| [HDFS ] |§s)
(6.5)
Adopting Delos and Thorson’s terminology, the first
term of the right-hand side gives rise to the ordinary matrix
element (&, |H,|¢, ) plus an element of the matrix ¥, whereas
the commutator term is an element of the matrix 4. Substi-
tuting Eqgs. (6.2) and (6.3) into the latter, one finds

<§r |[H1’F ]lgs) - <; |[Xspx + Yspy s z]lgs)

(e (afi)”s(ai)”s(a—i:) )
(6.6)

since ¢, and £, are “fixed one-center orbitals” in the sense
defined by Delos and Thorson, i.e., they depend upon the
nuclear coordinates X, Y,Z, as

gs(q;Q) =§s(x_'Xs’y— YS,Z——ZS) .
Then
., 6,
ax  3x,’ (67)

Since the quantities (6.4) and (6.6) appear with oppo-
site signs in the coupled equations, they cancel each other
out. This means that part of the coupling which derives from
the displacement of the electrons as they follow the nuclear
motion is canceled by the inclusion of the ETF’s.

Thus, the simplest way of incorporating the major ETF
correction consists in simply ignoring the component g, .
However, this procedure is not exact: the ETF’s also intro-
duce a further first-order correction (called ¥ by Delos and
Thorson), which results from the expansion of F,F* and
which gives rise to an additional velocity-dependent cou-
pling term. The latter has a double origin. Products F,F*
appear both in the expansion of (£, |H |& ) andin the expan-
sion of §; .0 . They give rise to the terms denoted as 7 and
0,2 respectively. Since the calculation of this additional cou-
pling term would raise great difficulties, it is interesting to
look for circumstances under which it spontaneously vanish-
es.

(i) As shown by Delos and Thorson, ¥ vanishes in a
basis where the Hamiltonian is diagonal. Now, the theory of
molecular ETF’s is intrinsically more complicated than that
of their atomic counterparts. Even if the calculations could

be done, ¥ would indeed be found to vanish, but the value of
A would be modified, and the cancellation between Egs.
(6.4) and (6.6) would be lost.

(ii) There exists another case where ¥ is found to vanish.
This happens in precisely the most favorable circumstance
recognized in Sec. I1, i.e., when ¢, and 4, are doubly excited
with respect to each other. Then, {#,|i#d /dt |#,) reduces to
its first term g, only. Furthermore, (¢,|H |1,) can be split
into a one-electron part which obviously vanishes, and a
two-electron part: (17/11 (r12) ~!|#,), which can be shown to
reduce to (¥, |(r,2) ~'|¢,).

All the two-center atomic integrals: [£,Z|E & 7]
where{, and § /; are two possibly different AO’s centered on
atom A (i.e., all the Coulombic plus some other two-electron
integrals) reduce identically to their usual counterpart

(645418565
AAF "’]

—”F*(l)F ()F3Q2)F, ()%, ()¢, (1)
(2)§ 7(2)(r2) *ld’rl dr,

—”;Am;m); DE 5 2) (rig)~dr, dr
—[Ecaleses].

Similarly, the expansion of the exchange-like integrals
[§A§ |§ 41 contains a term F%(1)F,(2)F}(1)
Fp(2)=1 + [(im/#)[(Qs — Qg ) (p, — py)]1). This in-
troduces into a symmetric integrand a first-order term which
is antisymmetric with respect to the exchange of two elec-
trons. The integral then reduces to its zeroth-order term
[CalBlEEET

The three- and four-center integrals can be reduced by
expansion techniques to two-center integrals.

Therefore, when the problem consists in an interplay
between two electronic states which are doubly excited with
respect to each other, the velocity-dependent coupling term
results exclusively from the change of physical character of
the states and can be calculated very simply be differenti-
ation of the CI coefficients only.

(6.8)

Vil. CONCLUSIONS

It has been repeatedly seen that, as was to be expected
from Mead and Truhlar’s analysis,'® the construction of ap-
proximately diabatic states requires a combination of cir-
cumstances. The problem is to recognize when this is possi-
ble in practice. Two approaches have been discussed. One of
them starts when the other ends up but in the favorable cases
they both should lead to the same diabatic basis set.

We have proposed a set of criteria to examine whether a
set of CI wave functions calculated ab initio can be trans-
formed into a pair of useful diabatic states. Since these condi-
tions are sufficient but not necessary, it might be possible to
find additional circumstances which allow diabatic states to
be constructed. However, the underlying reasons would
then be obscure and it is best not to depend on them. We
believe that the cases which are most frequently encountered
in practice have been considered here. On the other hand,
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counterexamples have been published in the literature®
where the only solution which could be extracted from an ab
initio calculation was the trivial solution,’® valid in an ex-
tremely restricted range of internuclear distances. It would
be useful to discuss these cases as indicated in Sec. I1 in order
to determine the origin of the breakdown.

As pointed out by several authors,>!"1>13 it is not possi-
ble to satisfy Eqs. (1.6) and (1.9) exactly. Neither is it desir-
able: Vy,; should not vanish because we want the electronic
wave functions to follow the nuclear centers. The problem
thus consists in detecting those cases where in a limited re-
gion the irrotational part of g becomes large with respect to
its other component.'> The conditions which have been pro-
posed are never rigorously satisfied, even in the most favor-
able situations listed in Sec. II. They should be considered as
a mathematical limit to be approached. The closer these con-
ditions are obeyed, the larger the irrotational part of g; and
grcao and the clearer the role played by the different com-
ponents of g. As the limit is approached, g¢; and grcao
become irrotational vectors which describe the change of
character of the electronic adiabatic wave functions as one
goes across the coupling region, whereas g, accounts for
the fact that the electronic wave functions follow the nuclear
centers.

In summary, the conclusions reached by Delos and
Thorson'? for diatomic systems remain valid for polyatomic
molecules. Approximate diabatic states can be obtained
when “that portion of the derivative coupling matrix that
represents merely the translation of basis functions along
with moving nuclei” is negligible with respect to the part
“representing actual change of character..., i.e.,... the part
that really is responsible for nonadiabatic transitions.” For
diatomic molecules, the strategy to be adopted has been giv-
en by Mead and Truhlar.’® For polyatomic molecules, the
sufficient criteria can only be approximately fulfilled. It is,
therefore, to be expected that each of the three components
will contain a nonirrotational part (of the order unity in
atomic units). As explained by Mead and Truhlar," ap-
proximate diabatic states can be constructed when this part
is much smaller than the other one associated with the
change in the nature of the wave function. The stronger and
the more localized the coupling, the easier it will be the case.?
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