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Abstract

In [1] we studied a mixed-integer set arising from two rows of a sim-
plex tableau. We showed that facets of such a set can be obtained from
lattice point free triangles and quadrilaterals associated with either three
or four variables. In this paper we generalize our findings and show that,
when upper bounds on the non-basic variables are also considered, fur-
ther classes of facets arise that cannot be obtained from triangles and
quadrilaterals. Specifically, when exactly one upper bound on a non-basic
variable is introduced, stronger inequalities that can be derived from pen-
tagons involving up to six variables also appear.

Keywords Mixed Integer Programming, Valid Inequalities, Two Rows,
Lattice-Point-Free Polyhedra

1 Introduction
The mixed-integer set considered in this paper is given by

P = {(J:,s)eZQxR’}r:x:f—i—Zsjrj, and s; <u; for j € N},
JEN

where N :={1,2,...,n}, f € Q% 17 € Q% for j € N and u; € Ry U {+o0} for
j € N. We partition N into N = BUU where U is the index set for variables
s; with u; = +o00. The set Pp denotes the LP relaxation of P; and the jth
unit vector in R™ is denoted e;. We call the vectors {r/};cn for rays, and we
assume 17 # 0 for all j € N.

Various attempts have been made to understand the polyhedral structure
of conv(Pr). Gomory’s mixed integer cuts [6], mixed integer rounding cuts [10],
lift-and-project cuts and split cuts [3, 4] are all valid for conv(FP). However,
these classes of inequalities do not suffice to describe conv(P;). The reason is
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that all these inequalities can be derived from a one-row relaxation of conv(F;),
and this is not sufficient in order to characterize all valid inequalities for conv(P)
[4].
The polyhedron conv(P;) was introduced in [1] in the special case when
uj = oo for all j € N, and all facets of conv(P;) were characterized geomet-
rically: It was shown that all facets of conv(FP) could be derived from either
one-row relaxations or lattice point free triangles and quadrilaterals associated
with three or four non-basic variables respectively. Cornuéjols and Margot later
characterized exactly which lattice point free triangles and quadrilaterals give
rise to facets of conv(P;) [5]. Cornuéjols and Margot also related conv(F;) to
the corner polyhedron introduced by Gomory [7, 8] by associating a variable
s, with every vector r € Z2?, and then imposing finite support on the set of
variables that are positive in a feasible solution. The key result in both papers
[1, 5] is to provide a bijective map between the facets of conv(FP) and certain
two-dimensional lattice point free triangles and quadrilaterals.

In this paper we explore the geometric structure of conv(P;) when upper
bounds are present, i.e., when we have B # (). It turns out that upper bounds
substantially complicate the structure of conv(F;). In the special case of ex-
actly one upper bound on a non-basic variable, we provide a complete de-
scription of the lattice point free polygons associated with the facet defining
inequalities for conv(FP;). Specifically, in this case, we show that a complete
description of conv(F;) is available if pentagons obtained from up to six vari-
ables are considered in addition to triangles and quadrilaterals. Furthermore,
in the obtained inequalities, the coefficient of the bounded variable is strictly
stronger. If we wanted to obtain such an inequality using a standard trian-
gle or quadrilateral, it would contain at least an integer point in its interior.
This case is however interesting, since relaxations of this type can be obtained
from two adjacent bases of the LP relaxation of a mixed integer program. Such
relaxations might therefore be interesting computationally. Specifically, con-
sider two rows of a simplex tableau with basic variables (z1,z2) € Z? and
nonbasic variables s € R”, and assume (z7,25) ¢ Z?, where 2® denotes the
value of = in the basic solution associated with the simplex tableau. Choose
any edge in the polyhedron associated with the linear programming relax-
ation that connects the vertex 2P with a second vertex 2P, where B and
B’ are adjacent bases. We can now write (2, 25) = (2B, 28) 4+ w;r?, where
(11, 22) = (28, 28) + D jen s;77 denotes the two rows of the simplex tableau
associated with B and ¢ € N. A natural mixed integer programming relax-
ation associated with the pivot along the edge from zP to 2P is now the set
{(z1,22) € Z2 : (w1, 22) = (2B, 25) + djen 8577 s >0 and s; < ug}.

In the general case when several upper bounds are present, we have not
been able to characterize all lattice point free polygons that arise from facet
defining inequalities for conv(P;). An explicit and geometric construction of
these polygons is an interesting open problem for future research.

The remainder of the paper is organized as follows. In Sect. 2 we give some
basic polyhedral properties of conv(P;). In particular, we derive a general form
of a facet defining inequalities for conv(P;). Representations of integer points
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x € Z? in terms of the non-basic variables are considered in Sect. 3. Finally we
characterize the structure of the facets of conv(P) in Sect. 4, where we show
that pentagons suffice to derive facets for conv(P;) when only one upper bound
is present.

2 Basic polyhedral properties of conv(Fy)

We now describe a number of structural properties of conv(P;). Many of these
properties are generalizations of results in [1].

Observation 1 The set conv(Py) has the following properties.
(i) If dim(cone({rj}jeU)) = 2, then the dimension of conv(Py) is n.
(ii) The extreme rays of conv(Py) are (r7,e;) for j € U.

(i1i) The wvertices (x,s) of conv(Pr) are such that the number of indices for
which 0 < s; < u; is at most two.

In the following, we study properties of the valid inequalities for conv(P)).
We are interested in non-trivial valid inequalities, i.e., valid inequalities that
are tight for at least a point (Z,3) € Pj, and inequalities that are not conic
combinations of the upper and lower bounds.

Lemma 1 Every non-trivial valid inequality for P; can be written as

Z ai(u; — s;) + Z Q;8; +ZO@S¢ > 1,

i€B_ i€B, =
where c; > 0 for all i and (B_, By) is a partitioning of B.

Proof: Let 37,y s > 3" be a non-trivial valid inequality for conv(F) and
let (Z,5) € P be a tight feasible point. From the fact that the vectors (r7,e;)
for j € U are the extreme rays of conv(/}), we conclude that of > 0 for all
J € U (these non-negativity constraints are explicitly part of the inequality set
that defines the polar of conv(F)).

Define B_ := {j € B | o] <0} and By := B\ B_. Also define o := —a
for j € B_, o) == af for j € N\ B_ and p' := " — Z]EEL uja/. Then
e @(uj—si)+3enp. @js; = B is equivalent to 3, v afs; > 57, and
o > 0 for all j € N. Inserting the tight point (Z, 5) into this inequality, and ob-
serving that - cp o) (uj—8;)+ 2 ;e v p_ @;8; = 0, we can therefore not have
3 < 0. Furthermore, if 3/ = 0, then the inequality is a trivial conic combination
of the non-negativity constraints and the upper bounds which contradicts the

assumption that the inequality is non-trivial. Hence, if we let «o; := %, we
obtain the desired form. [ |



We now interpret Lemma 1 in terms of the following sets that are isomorphic
to Pr. Given B C B, let By := B\ B- and let f(B_) = f+ > ,cp ujr’.
The set

P(B-) :={(z,s) € Z* x R :

x:f(B,)JrZrisif Z i s; + Z i s; and

iU jeB_ j€EBy
sj < u; for j € B} (1)

is isomorphic to Pr. Indeed, given any (z, s) € Pr, the point (z, s') with s’ = s;
for j € BLUU and s = u;—s; for j € B_ isin Pr(B-), and this mapping is one-
to-one. Furthermore, from Lemma 1 it follows that an inequality > jen. G (u;—
si)+ Zj€B+ s+ > ey aisi > 1 with a; > 0 for i € BUU is valid for Py if

and only if the inequality
ZO[Z'SZ'+ ZOAJ'SJ' Z 1, (2)
ieU jEB
is valid for P;(B_-). Since the purpose in the remainder of this paper is to study
the structure of an arbitrary non-trivial facet defining inequality for Py, we may
assume without loss of generality that this inequality is of the form (2). We call
valid inequalities for Py of the form (2) in standard form, and we are interested
in characterizing all non-trivial facet defining inequalities for conv(P;) that are
in standard form. Observe, however, that to obtain all of the valid inequalities
for conv(Py), every set B_ C B must be considered. In other words, every basic
feasible solution of Ppp needs to be examined.

We now associate a two-dimensional lattice point free polyhedron with a
valid inequality jen @jsj = 1 for conv(P;) in standard form. This polyhedron
gives a two-dimensional geometric representation of the facets of conv(Pr).
Lemma 2 Let ) .y
standard form. Consider the following convex polyhedron in R?

a;s; > 1 be a valid inequality for conv(Pr) that is in

Lo = {x € R?: there exists s € R" s.t. (z,s) € Prp and Z a;s; <1}
JjEN
The interior of L, does not contain any integer point.

Proof: If & € interior(Ly ), then there exists 5 € R’} such that (z,5) € PLp and
> jen @85 < 1. Since } .y ajs; > 1is valid for P, we can not have that 7 is
integer. |

Example 1: Consider the set
Plz{(x,s)eZQXRi:Ogsegland

x(8:§)+<067)se+<11)sl+<})52+<_01>53},



and the inequality

3—70se+51+252+253 > 1. (4)
The corresponding set L, is shown in Fig. 1. As seen from the figure, L, does
not contain integer points in its interior. Hence (4) is valid for conv(F).

Note that, conversely, the coefficients «; for 7 = 1,...,3 can be obtained
from the polygon L, as follows: «; is the ratio between the length of r/ and
the distance between f and the intersection of {f + ArJ : A > 0} with L,.
The coefficient «, is obtained by the ratio of the length of ¢ and the distance
between f and the intersection of the dotted lines on Fig. 1. We will see in the
last section how to find the coefficients from the geometry in general. [ ]
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Figure 1: The set L, for a valid inequality for conv(FP)

The interior of L, gives a two-dimensional representation of the points x €
R? affected by adding the inequality > jen @55 = 1 to the LP relaxation Pprp
of Pi. In other words, for any (x,s) € Ppp satisfying ZJEN ajsj < 1, we have
z € interior(Lq). Furthermore, for a facet defining inequality 3 ;.\ ajs; > 1 for
conv(P;), there exist n affinely independent points (z¢,s%) € P, i = 1,2,...,n,
such that }_,c v a;s; = 1. The integer points {z'},. are on the boundary of
Ly, i.e., they belong to the integer set

Xo:i={z€Z*:3s € R} st. (z,5) € PLp and Z ajs; =1}
JEN
We have X, = L, NZ?, and X, # () whenever ZJEN ajsj > 1 defines a facet
of conv(Py).

In the remainder of the paper we only consider inequalities for which o; > 0
for all j € U. The reason is the following result.



Lemma 3 Any facet defining inequality ZJEN a;s; > 1 for conv(Pr) of the
form (2) with a zero coefficient on some unbounded variable is a split cut. In
other words, if ay = 0 for some j € U, then there exists (7, my) € Z* x Z such
that Lo C {(21,22) : mp < M@y + moxs < mo + 1}.

Lemma 3 was proven in [1] in the case when B = (). This proof also applies
when bounded variables are present, so we do not repeat it here. We will only
sketch the main ideas. The key observation is that, if a; = 0 for some k € U,
then the line {f + ur® : u € R} is lattice point free and strictly contained in
L. Hence r* and —r* are extreme rays of L., and therefore L, is of the form
{z e R?: 7w} < (n')Tx < md} for some 7’ € Z? and 7} < 3. Since L, is lattice
point free, this implies there exists (m,mp) € Z> such that L, is contained in
{x € R? : 1o < 7lx < mp + 1}, which shows that ZjeN a;s; > 1 must be the
split cut derived from (7, mo).

In the following we therefore assume «; > 0 for all j € U. Clearly conv(X,)
is a convex polygon with only integer vertices, and since X, C Ly, conv(X,)
does not have any integer point in its interior. The following lemma shows that
conv(X,) can have at most four vertices.

Lemma 4 [2, 9] Let P C R? be a convex polygon with integer vertices that has
no integer points in its interior.

(i) P has at most four vertices
(i) If P has four vertices, then at least two of its four facets are parallel.

(iii) If P is not a triangle with integer points in the interior of all three facets,
then there exist parallel lines 7z = m and 7o = 7o+ 1, (7, m0) € Z3, such
that P is contained in the corresponding split set, i.e., P C {x € R? : 1y <
mx < mo+1}.

3 Representations of integer points

In order to characterize the geometry of the facet defining inequalities for
conv(P), we exploit properties of the set of valid inequalities for conv(F). An
inequality > @js; > o is facet defining for conv(Fy) if and only if (o, ap)
is an extreme ray of the following polyhedral cone

V(Pr) = {(a,ap) €ER™ 1 j > 0,5 € U and Z a;s; > ag,s € 8%}, (5)

JEN

where SV := {s € R" : 3z € Z? s.t. (z,s) is a vertex of conv(F})}.

The set V(Pr), also known as the polar of conv(Py), describes the set of valid
inequalities for conv(P;). Recall that we are only interested in valid inequalities
in standard form, i.e., valid inequalities for conv(F;) of the form ZjeN a;s; > 1,
where o; > 0 for j € N. To understand these inequalities, we investigate
different representations of an integer point in terms of the variables s.



Definition 1 Let }; y a;s; > 1 be valid for conv(Pr) and in standard form.
Suppose T = f + ZjeN s;77 with 0 < s; < w; for all j € N.

(a) We call s a representation of Z.
(b) The representation s of T is tight if }° .y ajs; = 1.

(c) The set To(Z) :={s € R" :Z=f+ 3,y sjrj,zjeN a;s; = 1} denotes
the set of tight representations of T.

(d) The representation s of T induces a partitioning of N into the sets
So:={jeN:s; =0}, Sy ={jeN:s; =uj}, Setrict ={j EN:0<
s < uj}.

(e) The dimension of s is the dimension of the set span{r’ : j € Sgpict}-

Example 1 (continued): Consider again the set (3)

sz{(ac,s)eZ2xRi:Ogsegland

0.2 0.7 —1 1 0
o= (03) = (T ) () me (1) e ()
and the inequality (4) given by %se + 51+ 252+ 253 > 1.

The point Z = (0, 1) is on the boundary of L, (see Fig. 1). We have that
can be written in any of the following forms

T=f +0.5 r140.3 2, (6)
2

T :f—|—?re+0.6 r40.2 72, (7)

T=f+ r°+0.9 r! +0.1 73,

The representations s' = (0,0.5,0.3,0) and s* = (%,0.6,0.2,0) give tight
representations of Z with respect to inequality (4) whereas the representation
53 = (1,0.9,0,0.1) does not. The partitionings of N induced by the represen-
tations s? and s® are given by the sets S2 = 0, S2 .. = {e, 1,2}, S? = {3},
Si = {6}, Sgtrict = {1’3}5 and S§ = {2} u

The following concept will be key in the following.

Definition 2 A subset J C N has the linear dependence property with respect
to o € R” if for all A € RII,

Z)\j?‘j :0:>Z)\jaj =0.

jeJ jeJ

The linear dependence property means, geometrically, that the boundary of
L, follows a straight line through the cone formed by the rays in J.



Example 1 (continued) Consider again the set (3) and the valid inequality
(4). Observe that % = 27 + r!, where we have

(V) (3 ) = (1)

Furthermore ay = 2—70ae + o since a, = %,al =1,ay = % Hence {e, 1,2}

satisfies the linear dependence property wrt. «. Observe that in Fig. 1, the
border of L, follows a straight line through the cone spanned by 7¢ and r'. ®

Lemma 5 Let ) ;. ajs; > 1 be a facet defining inequality for conv(Pr) in
standard form. Also let s be a tight representation of x € Z?. Then Ssirict
satisfies the linear dependence property wrt. .

Proof: Since s is a tight representation of x, we have z = f + >,y ris;, and
Z ;S = 1. (8)
ieN

Consider multipliers o for k& € Sgirict (not all zero) such that 7, Sutrier oprt =
0. There exists € > 0 such that we have the following representations of

r=f+ Z ris; + Z (s 4 ope),

1€ N\ Sstrict k€ Sstrict
x=f+ g r's; + g rk(s;C — O)E).
1€ N\ Sstrict k€ Sstrict

‘We therefore have

Z 0;Si + Z ap(sk +ore) > 1, (9)

1€ N\ Sstrict k€ Sstrict
Z ;8 + Z (s —ore) > 1. (10)
1€ N\ Sstrict k€ Sstrict

Using (8) and (9) we obtain ), ¢ opare > 0, and using (8) and (10) we
obtain — Zkessmct orage > 0. It follows that Zkesmm ooy, = 0. [ |

The linear dependence property can be used to create additional tight repre-
sentations from a given tight representation. Specifically, given a valid inequality
> jen @jsj = 1 for conv(Fy) that is in standard form, if J C N has the linear
dependence property wrt. «, if {A;},c; satisfies >, ; Ajrd =0 and if s € R"
is a tight representation of some x € X, that satisfies 0 < s; + A\; < u; for
all j € J, then t € R" is also a tight representation of x, where t; := s; for
j €N\ Jandt;:=s;+\; for j € J. For example, in Fig. 2, the set {1, 2, 3,4}
satisfies the linear dependence property wrt. «. Any representation of x that
use rays from {1,2, 3,4} is tight. We formalize this construction in the following
lemma.
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Figure 2: Example of rays that satisfy the linear dependence property

Lemma 6 Let ZjeN a;s; > 1 be a valid inequality for conv(Pr) that is in
standard form. Suppose s is a tight representation of x € Z2, and let t be a
representation of x satisfying Sy C Ty and Tsrict U (T \ Su) C Sstrict- Then

(i) t is tight.
(i1) For any B € R™, if

(a) ZJEN Bijsj =1 and
(b) Sstrict has the linear dependence property wrt. [3,

then ZjEN ﬂjt]‘ =1.

. - i L
Proof: (i) Since s and ¢ are representations of z we have > 517 = .y ti77.
We can rewrite this as

Z sjrj + Z ujrj = Z tjrj + Z ujrj

JE€Sstrict JESu JE€Tstrict JET,
- 2 d
= E tir! + g ujr.
J€Tstrict U(Tu\Su) JESu

This implies Zjesstrict s;rd = ZjeTsmctU(Tu\Su) t;r7. Since Tirict U (T \ Su) C
Sstrict, the linear dependence property of Sgtrict wrt. « implies > €S XSG =
ZjeTsmctU(Tu\Su) ajtj. Since s is a tight representation, ¢ is tight as well.

(ii) We need to prove that (a) and (b) imply >,y B8jt; = 1. From what was
shown in (i), we have 3 -, g . sjr7 =3 cq s, b’ - By using (b), it
follows that 3 cq  Bi8j = 3 jer i u(mi\s,) Biti- From (a) we now conclude
that ZjeN ﬁjtj =1. |

Example 1 (continued) Consider again the set P; from (3) and the valid
inequality (4). We have seen earlier that {e, 1,2} satisfies the linear dependence
property wrt. . We also have representations s' and s? of Z = (0, 1) given by
(6) and (7) that use rays from {e, 1,2}. Since s! is tight, it follows from Lemma
6 that s? is also tight. [ |



Given an integer point z € Z? and a tight representation s € T,(x) of z,
the set Sgirict U Sy denotes the relevant rays in this representation of z. An
important question is whether the cone cone{rj : J € Sstrict USy } obtained from
these rays cover R? or not, since this shows whether two or three rays are needed
to describe cone{r? : j € Sgrict U Sy}

Lemma 7 Let ),y js; > 1 be a facet defining inequality for conv(Pr) that
is in standard form. Also let s € R"™ be a tight representation of x € Z2. Then
cone{r? : j € Sgrict U Sy} # R

Proof: If cone{r’ : j € Ssirict U Sy} = R?, there exists o > 0 for j € Sgtrict U Sy
such that Zjesmmusu o;jr? = 0. This implies there exists € > 0 such that we
have the following representation of x

x=f+ Z (sj — eaj)r.

JE Sstrict USu

Hence > cg. . s, @j(sj —e€o;) > 1, and therefore > . 5 o 0ja; < 0.
However, since a; > 0 and o; > 0 for j € Sstrict U Sy, this means o; = 0 for
J € Sstrict U Sy, and this contradicts that s is a tight representation of x. [ |

For any z € Z* and valid inequality Y,y ais; > 1 for conv(P) in stan-
dard form, T, (z) is a polyhedron. If T,,(z) is not full dimensional, there exists
S3(x) C Band §§(z) C N s.t. s; =uj and s, =0 for all s € T, (), j € S (2)
and k € S (z). Furthermore, T, (z) has an inner point, i.e., a point § € T, (z)
that satisfies 0 < §; < u; for all j € N\ (S§(z) UST(x)).

Definition 3 Let ),y ais; > 1 be walid for conv(Pr) and in standard form,

and let © € 7% satisfy To(x) # 0. Define the sets
S () == ﬂ S0, Soyici(x) = U Sstrict and S (x) = ﬂ Su
s€ET (x) SET (x) SET, (x)

of coordinates on lower bound in all tight representations of x, coordinates be-
tween bounds in some tight representation of x, and coordinates on upper bound
in all tight representations of x respectively.

In the following, s* € T,,(z) denotes a representation of x satisfying
50 =50 (%), Slrict = Sariet(z)  and S5 = 57 (). (11)

The coefficients a € R™ in a facet defining inequality Zie N @8, > 1 for
conv(P;) in standard form is the unique solution to following equality system in
variables (3.

Z Bjsj =1 forallz € X, and s € Ty (z) (12)
JEN
It is clear that the system (12) contains many redundant equalities. In

the remainder of this section, we construct a system equivalent to (12) that is
significantly smaller.
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Lemma 8 Let ),y ais; > 1 be wvalid for conv(Pr) and in standard form.
Suppose {z*}3_, C 72 satisfy x3 = Az +(1—\)2?, where x1 # 2 and X €]0,1].
If there exists a tight 2D representation (see Definition 1.(e)) of either x! or
22, then the following equalities in variables 3

Z Bisi =1 for all s € To(z®) (13)

JEN
are implied by the following equalities in variables 3

Z Bisj =1 forall s € Tp(a")UTy(z?). (14)
JEN

Proof: Suppose {z*}3_, C Z? satisfy 23 = Xz! + (1 — \)2?, where 2t # 22
and X €]0,1[. Let 8 € R™ satisfy (14), and let € T, (2%) be an arbitrary tight
representation of z3. We will show that ZjeN ijj = 1.

Let s* and t* be tight representations of #! and z? that satisfy (11) for 2!
and 22 respectively. Observe that 5 := As* + (1 — \)t* is a tight representation
of 23 satisfying

go = ﬂ SO and S_’u = ﬂ Su (15)

SETq (x1)UTo (22) s€Tq (x1)UTo (x2)

In other words, the representation 5 of 2> only has a coordinate which is on
lower bound (on upper bound) if all representations of z* and x? are on lower
bound (on upper bound) on this coordinate.

To finish the proof we show that the representations 5 and ¢ of 3 satisfy

(i) Sstrict satisfies the linear dependence property wrt. 3 .
(ii) S, € T, and
(111) Tstrict U (Tu \ Su) g gstrict

Lemma 6.(ii) then shows 3,y B;t; = 1 which proves the lemma.

By assumption either x! or 22 have a tight 2D representation. Without loss
of generality suppose x' has a tight 2D representation. Let s' be a tight 2D
representation of !, and let s be an arbitrary tight representation of z2

xlzf—l—Zs;rj andx2:f—|—23?rj.

JEN JEN

Define the tight representation z := %51 + %52 + %t_ of 23. Observe that, if

j € So, then (15) shows s; = 0 for every representation s € T, (x') U To(2?),
and therefore s} = s? = 0. Similarly if j € Sy, then s} = s? = u;.

Since s! is a 2D representation of !, there exists linearly independent vectors

riand r'2 with I1,ly € Sk ;... Therefore, for every j € N, there exists o}, 01, €

R such that 77 = O‘Zjl rh 4 af2rl2. We can now prove (i)-(iii).
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(i) Let X' € R™ satisfy °,c5 N7 = 0. Since 5 = As* + (1 — \)t* with

s* € To(z') and t* € T,(2?), and J satisfies (14), we have Y.y Bjs] = 1
and ZJEN Bjt; = 1. Now partition the set {j € Sstrict : )\’ # 0} into the sets
St = {j € Seuict : \j > 0,87 < u;}, 57 :={j € Ssmct DN < 0,87 > 0},
T+ :={j € Sstrict : )\3» >0,7¢ ST} and T~ := {j € Sstrict : )\J <0,57¢ 5}
This implies there eXists e>0st. 2t =f+ ZjGN g;rj +e Zj€S+U57 )\;rj and

Y=Y et A€ X jepiup- Njrd are tight representations of x! and 2?2
respectively. Hence from (14) we have >, (557 + EZjGSJrUS* BiN; =1 and

E]eN ij;‘—i— GE]€T+UT BJ N =1, which implies Zyesmm ﬁ)\' =0.

(ii) Suppose, for a contradlctlon that j € S, and j ¢ T,. Since j € Sy,

(15) shows s; = 3 for all tight representations s € T, (z') U T, (2?) of 2" and
$2. Hencej € Slns? and therefore j ¢ T, implies j € Zgrict. We have

j # 1, and J # l2 since Jj & Sk and ly,ls € S} Furthermore, since

strict*

{l1,12,5} € Zstrict, {l1,12,7} satisfies the linear dependence _property wrt. o
Hence there exists € > 0 such that ' = f + 37, sir/+ (o] 7' + o] 12 —17)
is a tight representation of 2. However, this contradmts that s; = uj for all
tight representations s of z!

(111) Observe that (11) 1mphes Titrics NSy = 0 : If j € Sy, then (ii) implies
j € Ty, and therefore j ¢ Tiyict. Hence, to show (iii), it suffices to show

T U Tyrict € Su U Sgirict- Suppose for a contradiction that j € Ty, U Tytricr and

j € Sp. Since j € Sy, (15) shows that s; = 0 for every tight representation

s € To(z') UTa(2?) of 2* and z°. We therefore have s; = s7 = 0. Since j €

T, UTutrics, this implies j € Zagrict. Furthermore we have j # 1 and j # Io since
J ¢ Sk and 1, ls € S} Since {l1,12,7} C Zstrict, Lemma 5 shows {l1, 12, j}

strict*
satisfies the linear dependence property wrt. a. Hence there exists ¢ > 0 such

that o' = f+3",c v strit e(r7 —of ' — o] r'2) is a tight representation of 2.
However, this contradicts that s; = 0 for all tight representations s of xl. [ ]
We now identify “important rays”.
Definition 4 Given ' € X, NZ?, define
(i) 1Y (x%) to be s.t. cone({rJ}JeIU(ml)) = cone({rj}]es

(ii) I(x%) to be IV (x%) if |IU(zi‘)| = 2. Otherwise I(x%) is defined to be s.t.
cone({r7} ey (i) = cone({r? biese . (ai))-

()0 )5

strict

Observe that Lemma 7 implies that the cardinality of these two sets is at most
2. Using this notation, we now reformulate system (12) as follows.

Lemma 9 Let ZieN a;s; > 1 be wvalid for conv(Pr) and in standard form,
let € 72, and suppose T has a tight 2D representation. Also, given j €
8% (T )OU and k € 1Y(z), let o}, > 0 be defined such that r’ = D kel (z) oirk

Finally, given j € 8%.,..(T) N B and k € I(Z), let ol be defined such that
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j o 7.k . .
rl = Zke](i) o, 7%, The two linear systems in unknowns 3

Z Brsy =1 for all s € T, (Z) (16)

kEN

and

Z Brlr = 1, (17)

keN

Bi= Y olBx  forallj€ (S (@NnU)\ 1Y (), (18)
kellU(z)

Bi= Y b for all j € (Sgyict(®) N B) \ I(Z) (19)
kel(z)

have the same solution set.

Proof: We call the solution sets of (16) and (17)-(19) for X; and X5 respectively.
Let ¢ be the representation of T that satisfies (11).

We first prove X; C Xo. Therefore suppose § € X;. We prove that (18)
holds. The proof for (19) is similar. Consider | € (8%,..(Z) NU) \ IY(z).
Observe that, since IV (Z) C 82 ... (%), we have IV (2)U{l} C Titrict and therefore
Lemma 5 shows that IV (Z) U {I} satisfies the linear dependence property wrt.
a. Hence oy = 3 ,crv(y) a;ol. We need to show (3 = Dierv (a) Biol. Since
IY(z) U {I} satisfies the linear dependence property wrt. «, there exists € > 0
s.t. the representation z = f + .y tird +e(rl — it (@) olrt) of 7 is tight.
Since there is an equality of (16) for every tight representation of Z, we have
djen Bt; + (B — zielg(i) Biol) = 1. Therefore, since djen Bit; = 1, we
have 3, — ZiEIU(i) Biol = 0 which shows 3 € Xo.

We now prove that Xo C X;. Let f € X and w € T,(Z) be arbitrary. We
must prove ), By = 1. Define

Xu = TuﬂV_Vu, Y = (Tu\Xu)UTstriCt Z = (V_Vu\Xu)UV_VStriCt-

Observe that X and Y form a partitioning of Tatrict U T, and that X* and Z
form a partitioning of Wit U Wy, Also observe that, since T, = ﬂseTa(i) S,

and w € T, (%), we have X% =T, and Y = Tict. We may write

T=f+ Zfiri + Z u;r!  and (20)

ey jexw
f:f+zwiri+ Z w;rd. (21)
= jexwu

Both ¢ and @ are tight representations of T wrt. Zie N @8; > 1. Therefore, since

8% ,ict (T) consists of those coordinates that are between bounds in some tight
[e3

representation of Z wrt. Y.y ags; > 1, we have Titrict U Witrict © S piee (T)-

Also, for I € W, \ X*, we have 0 < #; < u; and w;, = w;, and therefore the
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tight representation %er %w of 7 satisfies 0 < %fl + %wl < ;. It follows that
Wu \ X¥ C 8%, (%), and therefore Z C 8% .. (Z). Assume that 1(z) = IV (%)

strict strict

(otherwise the proof applies with I(Z)). From (18) it follows that

Bi= Y ol 1eYUD\IY(@). (22)

€1V (z)
For i € IV (Z), define

fho=1 + Z Jffl and Wy = w; + Z O’é’lf)l.
leY\IY (z) leZ\IY (z)

Adding Y5 cy vz (=7 + e vz i) (= 0) to the right-hand-side of (20),
and adding 3¢ 7\ v () wy (—r! + D ie1v (z) alr’)(= 0) to the right-hand-side of
(21), we obtain

T=f+ Z tirt + Z ur’ (23)

1€V (x) iEXH
T=f4+ Y wprt+ Y (@ —w)r' + Y ur (24)
€IV (z)NZ €IV (2)\Z iEXH

Both (23) and (24) give an expression for the vector  — f — 3, vv u;r’ as an
element of cone({r'};c;v ;). Since the non-negative numbers involved in this

expression are unique, we have t. = @}, for i € IY(z) N Z and i, = W}, — w;
for i € IY(z) \ Z. We may now write, denoting I := IV (Z),

1= Zﬂﬂi + Z u; i

ey eXv
= Zﬂﬂi + Z u;i B + Z ti(—6 + Z Uéﬂi))
5% iexw ley\I i€l
= Zﬂi@ + Z w; B3
el ieXv
= > By + Y, By —w)+ Y whi— Y, w(-fi+ > 0iB)
ieInZ iel\Z iEXw leZ\I i€l
=Y @b+ Y Bilwy—w)+ Y By —wi) =Y fi(wy —wi)
iEN ieInZ i€I\Z iel
= wiBi.
1eEN

The next step is to consider possible interactions between the sets IV (x%)
and I(x") for different vertices of conv(X,).
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Observation 2 Let ZjeN a;s; > 1 be facet defining for conv(Py) and in stan-
dard form. If 82,...(z%) C 82,...(z"), then the equalities

Bi= > olf  forall j € (Sh(a®) N B)\ I(a?),
i€l (x?)
are implied by the equalities
Bi= > olf  Jorallj € (Shu(x)NB)\ I(a").
i€l (al)

(z*)NU) C (8

strict

Bi= Y olpi forallje (SGx?) nU)\IY(a?),

€I (22)

If (8%

strict

(x1) N U), then the equalities

are implied by the equalities

Bi= > ol forallje (St )NU\IV(").
iU (a)

Lemma 10 Let ZJEN a;s; > 1 be facet defining for conv(Pr) and in standard
form. If j € U satisfies j € S,,.,(x) \ IV (x1), then j ¢ IV (2?).

Proof: Assume, for a contradiction, that j € U, j € 8% (z) \ IY(2!) and
j € IV(2%). Let s* be a tight representation of x? satisfying (11), and let
k,l € IY(x'), which by definition means k,! € U. Lemma 5 implies that there
exist op,0; > 0 satisfying 77 = orr® + oprt and a; = opr® + o10q. Hence
there exists € > 0 such that #* = f+ Y, v sir" + e(—rf + opr® + or!) is a
valid and tight representation of x2. This implies k,l € S% .. (z?), which is a

strict
contradiction since j € IY(z?) and 77 € cone{r*,r'}. [

We can now prove the main result of this section, namely that for a facet
> jen @j8j > 1 of conv(Pr) in standard form, o is the unique solution of a
system consisting of one equation expressing the tightness of each wverter of
conv(X, ), at most one linear dependence property for each unbounded ray and
possibly some linear dependence properties for bounded rays.

Theorem 1 Consider the set (5). Let XV denote the set of vertices of conv(Xy).
If « is an extreme point of (5), then « is the unique solution to the following
system in variables (3

Zﬂjsf =1 for all x € X, (25)
j=1
Bi=> okBe  forallz € Xy and j € (Syuua(x) N B)\ I(x),  (26)
kel(x)
Bi= S "B forallz € Xo and j € (SSu(z) NU)\IV(2), (27)
kETY ()
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where s* € T,(x) satisfies s* > 0 for all i € IY(x) and s =0 forall j €
U\ IY (). Furthermore, the system (25)-(26) is also uniquely solvable.

Proof: Consider the set (5). An extreme point satisfies a subset of the inequal-
ities with equality. These we call the tightness equalities. Using Lemma 8,
we know that we only need to consider equations corresponding to wvertices of
conv(X,) - except for possibly points 23 € X, that are true convex combina-
tions of vertices x! and x? of conv(X,) that do not have 2D representations.
We will deal with the latter case later in the proof. Then using Lemma 9, we
can write the system of tightness equations equivalently as a system consisting
of one tightness equation (25) per vertex x of conv(X,), and equations of type
(26)-(27). Observe that, 52 may be nonzero for i € U \ IY(z). However we
can create a new tight representation (using r¢ = DokelV(x) ofrF together with
X = perv(a) oFay) that satisfies s¥ = 0 for i € U \ IV (x).
We now classify the unbounded rays in two sets. Let

Uy :={i € U| there exists a vertex z of conv(X,) with i € IV (x)},
Uy := {i € U | there exists a vertex x of conv(Xg) with i € 8%, (z) \ IV (z)}.

In Lemma 10 we have proved that U; N Uy = @. Observe that if ¢ € Us, then
B; only appears once in the equations (27). Deleting these equalities from (27)
therefore leaves a system that remains uniquely solvable.

It remains to check the case when there exist z!,2% 2% € X, and X €)0,1]
such that 22 = Azl + (1 — \)2? and neither 2! nor 22 admit a 2D representation.
This implies that ' and 22 admit exactly one tight representation, say T, (z!) =
{s'} and T, (2?) = {s?}. Consider a tight representation s € T, (23) of 2. If
S it WSS C SL L USLUS?, .., US2, the equation derived from the tightness
of the representation s? is a convex combination of those obtained from s' and
52 (see the proof of Lemma 8). Assume now there exists J C (S2,,.., US2), J N

strict

(8L, USLUSE, . ,US2) = () with |J| > 1. Now consider the tight representation

strict
t3 1= 25t + 15252 4 1% of 23, Let K C N denote those coordinates of s!, s2
and s® for which not all representations have identical values, i.e., s} = s7 = s3
for i ¢ K. Observe that s' and s must differ on at least two coordinates, since
otherwise we would have either -,y a;s! # Lor Y,y a;s7 # 1. Furthermore,
since |J| > 1, we have |K| > 3. Also note that K C T3, and therefore
K satisfies the linear dependence property wrt. «. We now consider 7 :=
5% — Ast — (1 — A)s® which satisfies 0 = Y, 777, Observe that the equation
0=3;cx 753 must be a linear combination of equations of type (26)-(27). It

follows that the equation ) jeN sf B; = 1is the linear combination of equations
of type (26)-(27) obtained by A(3_ ey 8j08; = 1)+ (1 =N (X ey 570 =1). ®

4 A characterization of the facets of conv(F)

In this section we focus on the set L,. We assume a; > 0 for all j € U. Due
to the direct correspondence between the set L, and a facet defining inequality
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> jen @jsj = 1 for conv(F) in standard form, this gives a characterization of
the facets of conv(Fr). We first provide some general results on the structure
of L, in Sect. 4.1. We then review the main results in [1] in the case where
B = in Sect. 4.2. Finally, in Sect. 4.3, we characterize L, when exactly one
upper bound is present, i.e., when |B| = 1. The presence of an upper bound
might seem to be only a minor extension. However, as we will demonstrate
later, the addition of an upper bound on a variable substantially complicates
the geometry of L,. Indeed, whereas L,, is either a triangle or a quadrilateral
when no upper bounds are present, L, can also be a pentagon when an upper
bound on a variable is present. The following theorem was proved in [1].

Theorem 2 Suppose B = ). Let ZjeN ajs; > 1 be a facet defining inequality
for conv(Pr) that satisfies aj > 0 for all j € N. Then Ly is a polygon with at
most four vertices.

Theorem 2 shows that there exists a set S C N such that |S| < 4 and
> jes s > 1is facet defining for conv(F(S)), where

Pi(9) := {(z,5) € Z* x R‘_’_S‘ = [+ Zsjrj}.
JjES
The main theorem in this section is the following.
Theorem 3 Suppose |B| =1. Let 3y ajs; > 1 be a facet defining inequality

in standard form for conv(P) that satisfies a; > 0 for all j € U. Then Ly is a
polygon with at most five vertices.

Throughout this section we assume that no two rays point in the same
direction.

4.1 General geometric statements about L,

The set L, is the projection of a polyhedron onto the 2-dimensional plane. It
is therefore a polygon. First we characterize all points that are candidates for
being vertices of the polygon.

Assumption 1 All upper bounds w; for j € B are equal to one, i.e., we have
u; =1 for all j € B.

Lemma 11 Let ZJEN a;s; > 1 be facet defining for conv(Pr) and in standard
form. Assume a; > 0 for all j € U. All vertices of L, are of one of the following
two forms

(i) f+ er, where I C B (28)
Jel
o l=>
(ii)f—i—ZrJ—l—@rk, where I C B and k € N\ I. (29)

Q
jel k

Furthermore, if cone;eyr® = R?, then all vertices of L, are of the form (29).
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Proof: By definition L, is the projection of the polyhedron

Ly ={(x,s) €P: Y ajs; <1}
JEN

onto the space of the x variables. From LP theory, every vertex of L, is the
projection of a vertex of L?. Let (Z,5) be a vertex of L. We first distinguish
two cases based on whether 2?21 a;5; < 1is at equality or not.
Case 1) 7 —1 @585 < 1.
If there ex1sts j € B such that 0 < 5; < uj, then there exists € > 0 such that
(z—erl,5—ee;), (T +er!,5+€ej) € LE, which proves that (z, 5) is not a vertex
of L?, and therefore Z is not a vertex of L,. Hence it follows that, in this case,
every vertex of L¥ must be of the form (28).
Case 2 )7 a;5; = L.
A vertex v of L?, is determined by setting n linearly independent inequalities
from the description of L? to equality. A vertex of L? is therefore determined
by n — 1 lower and upper bound constraints and the equality > jen @jsj = 1.

Finally, if cone;epyr? = R?, then there exist i1,142,43 € U such that o, 7" +
05,7 + 05,7 = 0, with o, > 0 for k = 1,2,3. We claim that this implies that
Case 1 cannot occur. Indeed, consider (z,5) € Lf with Z?Zl a;5; < 1. Then
there exists € > 0 such that (Z + eo;, 7%, 5 + €0y, €5, ) € LS, for k =1,2,3, which
shows that (7, 3) is a convex combination of points in L?,. |

In the following we assume cone;epr® = R? in order to reduce the number
of cases to consider. We therefore only consider vertices of L, of the form
(29). We next prove that, for vertices of L, of the form (29) generated from
an unbounded ray 7¥ with k € U, we only need to considerk € IY(z) for some
vertex x of conv(Xy).

Lemma 12 Let ZJEN a;s; > 1 be facet defining for conv(Pr) and in standard
form. Assume o >0 for j € U. Let I C B satisfy 0 < ), ;a3 < 1, and let
{j,k,1} C N be such that k,l € U and r? € cone{r® rl} If {4, k, 1} satisfies
the linear dependence property wrt. o, then f+3 .., i %7’] is not a
vertex of L.

Proof: From linear dependence property there exist o, 0; > 0 such that v/ =
opr® + oprt together with o = opay + 070y. Hence we have

+ Jr — zEI + Jr — zGI ko l
ey Y S L
el el
— (67}
_ O'kak +ZT + 161 4 k)

Oy + 010y

Uloq — r Qi
§ T ’LG l)
OO OlOél

which proves that it is the convex combination of two points of L. [ ]
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Lemma 12 shows that rays r* with k € U that are in cone{r?,77} where
i,7 € U, and with {4, j, k} satisfying the linear dependence property wrt. «, do
not generate vertices of L,, of the form (29). From this lemma we conclude that
it is enough to consider unbounded rays involved in maximal representations
(rays in some IY(x)) and the bounded rays to construct the vertices of L.
Note that this corresponds to the indices appearing in the simplified polar (25)-
(26) in Theorem 1.

4.2 The unbounded case

In the unbounded case, there is no linear dependence property (26) involving a
bounded ray, and therefore the simplified polar only consists of (25), and this
gives the same number of equations as the number of integer points with at
least one tight representation. We conclude that the simplified polar, which is
uniquely solvable, contains either three rows and three rays or four rows and four
rays. The vertices of L, are given by f+ —r as stated by Lemma 11. This leads
to either a triangle or a quadrilateral. We can therefore obtain the coefficients
of a facet from the polygon L. In the unbounded case, it is explicitly given
by the ratio of the norm of a ray 7 divided by the distance to which the ray i
intersects L. See [1] for more details on the geometry of the unbounded case.

4.3 The one edge case

In the remainder of this section, we consider the case when B = {e}, and we call
the only bounded ray r¢ for the edge. The situation is slightly different in this
case. There is still one maximal tight representation (25) for each integer point,
and some linear dependence equations (27) (that we discard as in Theorem 1)
and (26) (that we keep).

The difference comes from the fact that the edge may occur in several distinct
linear dependencies (26). This number is however limited by two as we will prove
in the following lemmas.

Lemma 13 Let ), a;is; > 1 be facet defining for conv(Pr) and in standard
form. Consider two points x,y € Z* such that 8%,,.,(x)N 8%, ...(y) 2 {i, e} with
ieU. Then Sstmct( ) = Sstmct(y)'

strict

Proof: We only prove 8%,;.:(z) € 8%t (v). The proof of the other inclusion
is symmetric. Let j € S§,..(x). Hence {4, j, e} satisfies the linear dependence
property wrt. «, and therefore there exist 0;,0;,0. € R with o; > 0 such that
oir' + ol 4+ o.r® = 0 and o0 + ojaj + oeae = 0. Let t* € Ty (y) denote a
representation of y that satisfies (11). We have {i,e} C T3,.,.,. We therefore
have t* 4 €(0;€,4+ ojej +o0ce.) € To(y) for € > 0 small enough, where e;, e; and
e, are unit vectors. This implies j € 8% ;.. (¥)- [

The previous lemma implies that if e is involved in two linear dependence
properties, then the vectors must be different. Furthermore, if e is involved in
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two linear dependence properties, then it cannot belong to the corresponding
cones as the next lemma shows.

Lemma 14 Let ), \ a;s; > 1 be facet defining for conv(Pr) and in standard
form. Consider z,y € Z* such that 8%, ,.,(x)N 8%,...(y) = {e}. Then r¢ ¢

cone{r’ : j € 85p5ee(x) \ {e}} and 1° ¢ conelr? : j € 85%,i0(u)\ {e})}.

Proof: Assume for a contradiction that r¢ € cone{r? : j € Strlct( )\ {e}}.
Then there exists k,! € 8%, (z) and oy, 0; > 0 such that ¢ = opr® + oyrt and
e = opay + ooy, Let t* € T,(y) satisfy 0 < t5 < 1. We have t* + e(—e. +
orer + ore;) € Tu(y) for € > 0 small enough, where e., e, and e; are unit
vectors. We conclude that k,l € Ssoémt( ) which is a contradiction with the

hypothesis that S ;. () N Sﬁmt( = {e}. |

The next lemma shows that the edge cannot be involved in three linear
dependence properties.

Lemma 15 Let Z ieN ozzsz > 1 be facet defining for conv(P;) and in standard
form. Consider x',x?, 23 € Z? such that 8%, (%, @) NSk (27, ) D {e} for

all pairs {i,j} C {1 2 ,3}. Then there exists at least one pair {i,7} C {1,2,3}
with © # j such that Sstmct( B = 8% (x7).

Proof: From Lemma 13, we know that if S ;.. (29)N 8%t (27) 2 {e} for some
i # j, then 80 (%) = 8% (#7). In this case the result therefore follows.
We may therefore assume 8% ;.. (z*)N Ss”émt( 7) = {e} for all {i,j} C
{1,2,3}. Lemma 7 and Lemma 14 imply —r¢,r¢ ¢ cone{r* : k € 8%,..(z%)}
for i = 1,2,3. Therefore the line span{e} separates R? in two halfspaces such
that there exists two indices {p,q} C {1,2,3} with cone{r/ : j € 8% .. (zP)}
and cone{r’ : j € 8%,.(z7)} belonging to the same halfspace. We claim
SSrict(2P) = S&iee(x?).  Since they belong to the same halfspace, we can
write cone{r? : j € 8% (2P) U 8% et (z9) U {e}} = cone{r®,r'} with wlog
i € S§iet(a?). We claim that also i € S§;.(2?), which implies {i,e} C
S viet (AP)N S i (27), and therefore Lemma 13 shows 8% (27) = 8% et (29)-
Let t* € T,(x?) and v* € T,(xP) be tight representations of z? and aP
respectively that satisfy (11). For any J € SSrict (2P) U S et (x), there exists
03,00 > 0 such that 77 = o;7" 4+ 0.r°. Now, there exist §,e > 0 such that t* +
e(—ej+o0e;+0c€.) is a valid representation of 27 and v* +d(e; —o;€; —oce.) is
a valid representation of 27. Therefore we have ) ;. v a;t5 = 1 and ) 55y azt5 +
e(—aj + oy + oeare) > 1 from which we conclude a; < ;e + gere. Similarly
we have ) ;o v azvf = land ) ;. v azvi + 0(aj — 0y —0eae) > 1 from which we
conclude o; > o0 +0cae. Therefore a; = o044 00 from which we conclude
that t* + e(—e; + 0;€;+ oce.) € To(x9) which proves that ¢ € S ;.. (z7). [ |

Corollary 4 Let ),y a;si > 1 be facet defining for conv(Pr) and in standard
form. If {e,1,2} and {e, 3,4} satsify the linear dependence property wrt. « and
cone{re,rt 2 13 r*} #£ R?, then {e,1,2,3,4} satisifes the linear dependence
property wrt. .
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Proof: The proof is identical to the second part of the proof of Lemma 15. B

In the unbounded case, the vertices of L, are given by f + a% When an
edge is present, each ray r' involved in maximal representations gives rise to
two potential vertices f + —r and f + r° 4+ 1= e r’. Observe that if a, > 1,
each ray gives rise to one potenmal vertex. This i 1s  therefore essentially the same
situation as in the unbounded case. Therefore, in this section, we only consider
facet-defining inequalities in standard form with «;; > 0 for alli € U and a, < 1.
We next present results that enable us to rule out some potential vertices of L,,.

Lemma 16 Let ),y «is; > 1 be facet defining for conv(Pr) and in standard
from. Suppose a; > 0 for alli € U and ae < 1. If r¢ € cone{r? rk} and {e, j, k}
satisfies the linear dependence property wrt. «, then f + r¢ 4+ %rz is not a

vertex of Lo for any i € U.

Proof: There are two cases to analyze. We first prove the lemma for i = j (the
case i = k is similar), and then for i # j, k

(i) We first prove f + ¢ + 1;?‘8 rJ is not a vertex when i = j.

We have r¢ = O'jTj + oprF with 05,0 > 0 and o, = 005 + oy by linear
dependence property. Therefore
1- 1—0;a; — .
f+T+ Qe f+0']7’]+0'k7" +Mri
@ @
rd r*
= f+ (1 —oror)— + (orar) —
Qi AL
rd rk
=(1—opar)(f + —) + (orar)(f + —)
Qi AL
which proves that f+r¢+ %rj is not a vertex of L, (observe that 0 < ooy <

1 since we assumed o, < 1).
(ii) We next prove f + r¢ + 1;—?67”' is not a vertex when i # 7, k
We have

1-— 1= gicvs — )
f+7»+ f+UjTj+Uk7’ +MTZ
o Q;
T‘j Tk Ti
= (oja;)(f + —) + (okar)(f + —) + (1 = 0505 — opar)(f + —)
a oy o

which shows f + r¢ + 1;—?67”' is a convex combination of three points of L,. W

Lemma 17 Let ) ..y ais; > 1 be facet defining for conv(Pr) and in standard
form. Suppose a; > 0 for all i € U and a. < 1, and let j,k be such that
r¥ € cone{r?,r¢}. Then
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(i) If {e,j,k} satisfies the linear dependence property wrt. «, then f+r¢+
= e ri and f + —Tk are convex combinations of f + r¢ 4+ 1=%epk

T and
f+?7”].

(i) If {e, j,k} does not satisfy the linear dependence property wrt. «, then
either f 4+ ¢ + 1;% rloor f+ O%krk 18 mot a vertex of L.
J

Proof: (i) We have rk = Ujrj +oer¢ with 05,0, > 0 and also oy, = o0 + ocre.
It can be verified that
rk O rd O — Qe ok
f+—=0- )(f+—)+(7)(f+r+ ).

(675 Oc + 050 Q; Oc + 0505 (75

Observe that the coefficients in the above combination are in the interval [0, 1].
It can also be verified that

) s J
f‘i‘r + aeTJ:(l_w)(f+r_)
Q; oj0 + Oc Q;
o0+ Oote 1— o,
+ () (f At ).

oj0 + O¢ A
The coefficients in the above combination belong to [0, 1] since a, < 1.

(ii) Observe that r* = 077 + 0.r¢ and either

Qap > 0505 + 0ette  OF (30)
ag < 0505 + Ol (31)

In the case of (30), f + a—lkrk is not a vertex of L,. Indeed there exists e > 0
such that (— —¢€) >0 and

1 1 )
f+—rF=f+ (— - e)rk + eajr! + eoer®
(652 (652

with

oek(a— —€)+ ajeo; + aceoe =1+ €(oja; + ocae —ag) < 1.
k

Therefore f+ a—krk is not a vertex of L, since a point f + ZjeN ;77 satisfying
> jen @jsj <1 cannot be a vertex of Lq.
The same kind of argument works for f + ¢ + 2=2=rJ in the case of (31).m

We are now able to classify the geometry of all facets occurring in a problem
with one edge. To this end, we distinguish whether or not three or four integer
points have tight representations. We then consider three subcases depending
on the number of occurences of the edge in a linear dependence property.
Three integer points

22



(i)

(i)

(iii)

The edge is involved in no linear dependence property.

This case is impossible, because then there are three equations (involving
a) that give a uniquely solvable system. Hence there are at most two rays
remaining. This is a contradiction since they do not span R2.

The edge is involved in one linear dependence property, e.g. {e, j, k} sat-
isfies the linear dependence property.

Two main cases occur. If 7¢ € cone{r?,r*}, then by Lemma 16, all vertices
are of the form f + aer which makes three vertices (see Fig. 3(a) for an

example). If ¢ ¢ cone{r’,r*}, then f + aijrj and f + ¢ + 1;—;"67“’“ are
vertices of L, by Lemma 17(i). The third ray r' involved in the reduced

polar induces a maximum of two vertices f+ —r and f+r°+1 ao‘e . We
therefore have at most four vertices in total (see Fig. 3(b) for an example)

The edge is involved in two linear dependencies.

From Lemma 13, we know that this implies that four rays are involved in
the maximal tight representations. In total, we therefore have 5 equations
and 4 rays and one edge. Let 7%, r7 7% 7l be the four rays involved in
the linear dependence properties. We must have, from Lemma 14, wlog
79 € cone{rt,r} and r! € cone{r*,r¢}. From Lemma 17(i), there are four
V((ertices f+ a%_rz, f+re+ 1(1—?67"3, f+ a%_rk, and f+7r€+ %Tl (see Fig.
3(c)).

Four integer points

()

The edge is involved in no linear dependence property

We therefore have four equations, one edge and three rays, r*, 77, r*. There
must exist a pair, say 7, j, such that v/ € cone{r?,r¢}. By Lemma 17(ii),
we have that either f-+r¢+ 1;—’;‘7’1 or f+--r7 is not a vertex. We therefore

have a maximum of five vertices (see Fig. 4(a)).

The edge is involved in one linear dependence property.

We therefore have five equations, one edge and four rays. Let {i,j, e}
satisfy the linear dependence property, and r*, 7! be the two remaining
rays. If 7¢ € cone{r’,r7}, by Lemma 16, all vertices are of the form
f+ a%rt.

Let us assume 77 € cone{r?,r¢}. Then f + %rl and f + aijrj are not
vertices of L. If we consider the line \r¢, \ € R, it separates the plane
into two half-planes Hi, Hy. Let us assume that r*,77 € H,. At least one
among 7*, 7! belongs to H. The other ray, say r!, is either in H; or in
Hy. If it is in Ha, then 7F € cone{r!,r¢} or v € cone{r* ,r¢}. In both
cases, it creates at most three more vertices (by Lemma 17(ii)) and yields
five vertices in total (see Fig. 4(b)). If 7! € Hy, then we have in one

case 1,77 € cone{r!, ¢} which implies that either f 4 ¢+ 1= ”‘E r! is not a

vertex (but makes 5 vertices in total) or f+ Z—: is not a vertex (5 vertices in
total). We obtain similarly 5 vertices in the other case if r! € cone{r?, r¢}.
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(a) 3 points, one lin. (b) 3 points, one lin. dep. (¢) 3 points, two lin. dep.
dep.

Figure 3: The possible cases with three integer points

N4

) 4 points, no lin. dep. ) 4 points, one lin. dep. ) 4 points, two lin. dep.

Figure 4: The possible cases with four integer points

(iii) The edge is involved in two linear dependence properties.

We then have six equations and five rays {r®, 77, 7% r! r™} where {i,], e}
and {k, [, e} satisfy the linear dependence property. From Lemma 14 and
Corollary 4, we have wlog 7/ € cone{r?,7¢} and r! € cone{r*, r¢}. This
implies four vertices involving 4, j, k, ! from Lemma 17(i). Now 7™ is either
on the same side as cone{r?,r7} with respect to 7¢ or as cone{r*, r'}.
Following the same reasoning as in the previous case, we also conclude to
a maximum of five vertices (see Fig. 4(c)).

When an edge is present, the vertices of L, are not necessarily located on
f + Xr®. They may also be located on f + u.r® 4+ Ar'. This observation allows
us to determine the coefficients of an inequality from a polygon L. For every
ray i such that a vertex of L, lies on f + A, X > 0, the coefficient a; can be
obtained as before.

The coefficient a, can be obtained as usual if the edge intersects the polygon
L,, (in this case the bound is irrelevant). If the edge does not intersect L, there
exist two sides of the polygon that meet on the line f+ Ar¢, A > 0. This “hidden
vertex” of L, determines the coefficient a.. It is shown by the intersection of
two dotted lines on Fig. 3 and 4.

Finally, for every ray i such that a vertex of L is on f 4 uer® 4+ Arf, A > 0,
the coefficient «; is given by (1 — uca.) multiplied by the ratio of the norm of
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the ray r* divided by A where f + u.r® 4+ Ar? is a vertex of Lq.

Some rays do not determine a vertex of L,. The coefficient of such a ray
1 can be obtained by one of the two previous ways. It is essentially obtained
through the maximum of the two previous methods.

4.4 Conclusion

In this paper, we have shown that the presence of finite upper bounds com-
plicates the geometric description of the facet structure of conv(Pr). For the
case of one bounded variable, we managed to give a complete description of
the mixed integer hull. We found that for most inequalities that have o, < 1,
stronger inequalities can be obtained than in the unbounded case. Consider,
for example, the inequality shown in Fig. 3 (b). Let us forget for a while that
the variable s, is bounded, but suppose that we can still obtain the coefficients
from the geometry of the bounded problem. In that case, the natural polygon
obtained is the large triangle supported by the solid and dotted lines. We see
that this polygon includes the integer point (1,0) in its interior. This proves
that the inequality could not be obtained from the unbounded relaxation. The
fact that we consider the bound explicitly allows us to strengthen the coefficient
Q.
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