Sne-shaped surface scattering calculations: Embrechts et al

Calculation of the random-incidence scattering coefficients
of a sine-shaped surface

Jean-Jacques Embrechts
Department of Electrical Engineering and Computer Science
Université de Liege, Belgium

Lieven De Geetere, Gerrit Vermeir
Laboratory of Acoustics and Laboratory of Building Physics
Katholieke Universiteit Leuven, Belgium

Michael Vorlander
Institute of Technical Acoustics
RWTH Aachen University , Germany

Tetsuya Sakuma
Institute of Environmental Studies
University of Tokyo, Japan

Summary

Random-incidence scattering coefficients obtained by measurement in reverberation
chambers (ISO 17497-1) are compared with theoretical results. Holford-Urusovskii’s
method and a hybrid plane wave decomposition - FEM method are applied to infinite
periodical surfaces, while the Kirchhoff approximation and 3D BEM give numerical
results for finite-size surfaces. The validity of the computations is compared and
discussed with regard to the approximations involved. Finally the applicability and
reliability of the measurement method is evaluated by comparison with the most
appropriate approaches. Although the measured scattering coefficients are slightly
higher than expected from the calculations, the measurement method seems to yield
reliable data to be used in ray tracing or other prediction models.
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1. Introduction

The scattering properties of surfaces are more and more considered in room acoustics,
especially when the sound field distribution or the reverberation in an architectural space are
analysed. Recently, measurements methods for determination of the “scattering coefficient”
and the “diffusion coefficient” were developed and standardised, respectively by ISO [1] and
AES [2].

The scattering coefficient is defined as the ratio of the non-specularly reflected power to the
total acoustic power reflected by the surface. In particular, the random-incidence scattering
coefficient is defined for a perfectly diffuse incident sound field. The importance of the use of
the random-incidence scattering coefficient in room-acoustical computer simulations is
already known [3,4,5].

In a former publication [6], the authors of this paper have compared several measurements of
the random-incidence scattering coefficient of a sine-shaped surface. These measurements
were performed in real-size reverberation rooms, as well as in scale models, according to the
ISO method [1]. Among others, this study aimed at testing the reliability, accuracy and
robustness of this method, by comparing measurements results obtained in three different
laboratories.

At the same time, it was also intended to compare these measurements results with theoretical
values of the random-incidence scattering coefficients, calculated for the same sine-shaped
surface. It is the purpose of this paper to report on the theoretical results computed by several
methods, to discuss and compare them with measurements results and to draw conclusions
about the reliability of the ISO measuring technique.

2. Surface scattering: a short review of theoretical methods
2.1. Rough surfaces

Several theoretical methods have been used to analyse the sound waves reflected by a
corrugated surface. Most of them are approximations, in the sense that they give reliable
results if and only if some assumptions are satisfied. These assumptions may be related to the
incident wave (most often a monochromatic plane wave, conditions on the wavelength, the
angle of incidence), to the surface itself (finite or infinite, perfectly rigid or pressure release
surface, surface impedance) or to the roughness profile (periodic or random, conditions on the
average height or slope).

It is not intended here to write an extensive review of all these methods, but well to find
theoretical results to which our measurements on the sine-shaped surface sample could be
compared. More detailed reviews can be found in [7,8,9], for example.

Following Thorsos and Broschat [8], there are two classical methods to solve the theoretical
problem of the scattering by a rough surface: the small perturbation method (SPM, sometimes
called Rayleigh or Rayleigh-Rice approximation) and the Kirchhoff approximation (KA).
Beyond these two classical methods, more recent theories have been set up to extend the
domain of validity. Among them is the “small slope approximation” or SSA [8,10,11].
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The small perturbation method relies upon Rayleigh’s original work [12], in which a periodic
surface (a sine-shaped one in that case) is shown to generate, above the rough surface, a
reflected sound pressure field represented by a sum of outgoing plane waves. Rayleigh’s
hypothesis consists in assuming that this representation also holds inside the corrugations of
the surface, which allowed him to find the amplitudes of these outgoing waves, and therefore
to solve the scattering problem (Dirichlet condition: p=0).

It has been shown that Rayleigh’s hypothesis is valid for slightly rough surfaces (height of the
corrugations, h, much less than the surface wavelength, A). For a sine-shaped surface, the
ratio h/A must be less than 1/14 [13,14], but Wirgin [13] showed that ratios up to 0.34 were
acceptable. Furthermore, there’s also a condition on the wavelength of the incident sound
wave, i.e. kh<4.1 [13]. Both conditions are satisfied by our sine-shaped surface profile (for
frequencies up to 8700 Hz), but these conditions have been derived for pressure-release
conditions (p=0 on the surface). For our surface, Neumann boundary conditions (perfectly
rigid surface) rather hold.

In the following, the Holford-Urusovskii’s method [14] will be developed, taking into account
Neumann boundary conditions. This method gives an exact solution, indicating that
Rayleigh’s assumption is not necessary, but it is required that the surface should be periodic
and, therefore, infinite.

Another way of avoiding Rayleigh’s hypothesis is to split the fluid domain into two sub-
domains by an imaginary plane lying on the top of an infinite periodical surface [15]. A plane
wave decomposition (PWD) still applies for the infinite outside domain, and the FEM is used
inside the domain limited by the imaginary plane and one period of the rough surface. We will
show results obtained with this hybrid FE-PWD method up to 8 kHz.

In this paper, the KA method will also be applied. This method starts from the Helmholtz
integral expression of the sound field scattered by a finite-size rough surface [16], relating the
far-field pressure in any direction to the pressure and its gradient on the rough surface. These
last values are then estimated by their tangent-plane expression, which leads to the solution of
the surface integral. The Kirchhoff or tangent-plane approximation holds for “sufficiently
smooth” surfaces, for which the local radii of curvature exceed the wavelength [7,17]. The
KA method has mainly been developed for random surfaces [7,16,17], but it is also valid
(under the same kind of conditions) for deterministic surfaces, in particular periodic or flat
ones.

BEM methods are also efficient to find the sound field distribution around a finite-size
scatterer at low frequencies. These methods also solve the Helmholtz surface integral
problem, but without requiring any approximation. The scattering surface has to be
discretized into several sub-elements which should be smaller than the wavelength. The
compromise between the size (upper frequency limit) and the number (computing time and
memory requirements) of elements is a well-known problem. To face this problem, efficient
algorithms have been proposed for very thin plates or periodic surfaces [18,19]. In this paper,
3D BEM results up to 2 kHz will also be obtained for our sine-shaped surface.

2.2 Rigid plate

The ISO method for measuring the scattering coefficient is a two-step method. Scattering by a
circular plate (the upper surface of the turntable) is first measured [1], then a test sample with
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the same circular shape and external diameter is laid down on the turntable and scattering is
measured again. Some numerical methods used in this paper to calculate the scattering
coefficient of the sine-shaped surface will also need to evaluate the sound field scattered by a
circular rigid plate.

This problem has already been investigated by several authors: see for example [21,22,23].
One of their conclusions is that the scattered field is made of two contributions: the reflected
(specular) wave and the sound diffracted by the edges. It also appeared that no general
(analytical) solution could be found for this (apparently) simple problem.

In the absence of general solutions, scattering by the rigid disc will be evaluated in this paper
by the methods that use Mommertz’ correlation technique [16,20] to obtain the scattering
coefficient, i.e. the KA and the 3D BEM methods. Reliable predictions require that the results
be computed in the far field, a condition being particularly important for the Kirchhoff
approximation [22].

3. The test surface

The reference test surface is the same sine-shaped surface that was used for the laboratory
measurements reported in [6]. The dimensions of this surface are recalled in figure 1. Not
shown is the 3m diameter circular shape of the sample. It is obvious that the reflection of
sound waves on a surface of this shape will be strongly angle-dependent and that this surface
is not applicable to create random diffusion in room acoustics. In this study it only serves as a
reference for comparison purposes.

6.5 mm

51 mm
| 177 mm

Figure 1: Dimensions of the test sample: structural wavelength A = 177 mm,
structural depth =51 mm.

4. Results obtained by the Holford-Urusovskii’s method
4.1. Description of the method

In 1981, R.L. Holford proposed an exact solution for the problem of the scattering at an
infinite periodic surface [14]. In this publication, the case of a pressure-release surface is
developed, but the more general impedance boundary condition is treated in an appendix,
which is referred as “Urusovskii’s method” [24].
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This method has been applied to our sine-shaped surface, which is of course periodic. The
impedance boundary condition is expressed by a zero normalized admittance in Holford’s
equation (A1), since the surface is here perfectly rigid. This assumption is justified by the
relatively weak absorption coefficient of our sample. There’s no a priori condition of validity
for the application of this method. However, the size of the surface must be infinite, which
represents a significant difference with our sample.

Despite this difference, it was decided to compute Holford-Urusovskii’s solution and to
compare this solution with the measured values of the random-incidence scattering
coefficients. One reason is that the ISO procedure is defined to give measurements results
which should represent an infinitely large surface, even if the test sample has itself finite
dimensions. This could be verified by applying Holford-Urusovskii’s method. Another reason
is that the diameter of the sample is much greater than the wavelength for most frequencies of
interest.

The detailed operations of this method are described in [14, Appendix A]. Only a short
summary is recalled in the following. However, some particular developments have required
more extensive work, since their derivation from Holford’s paper was not really obvious.
These particular developments are also mentioned in the following.

The sound field reflected by infinite periodic surfaces can be expressed by a sum of plane
waves. If axis Ox is taken perpendicular to the sine-shaped corrugations and Oz perpendicular
to the mean plane of the surface (see fig. 2), and if the incident plane wave vector lies in the
(Ox,02) plane, then the reflected sound field does not depend on “y” :

preﬂ (X’ Z)= z & ejk(xa"ﬂy"’ ! an:COS¢O+n% for Z>&max (l)

In this equation, ¢ is the angle of incidence measured from Ox and R, is the undetermined
complex amplitude of plane wave number n. Two cases must be distinguished in the sum (1):
if abs(ain)<1, then the n™ plane wave is a radiating wave in direction on (see fig. 2) given by :

Y — A e
cos¢n_a n_cos¢0+n—, ) 7/n—sm¢n (2)
otherwise, it is an evanescent surface wave.

Holford-Urusovskii’s method of course consists in finding the values of the undetermined
amplitudes Ry, in particular for the radiating waves which are the only ones that scatter energy
in the far field. The amplitude R, corresponding to the radiating wave n=0 is the specular
component. Therefore, as the surface is assumed to be perfectly reflecting, the scattering
coefficient is, by definition :

A K=1-|R[ 3

The total fraction of energy reflected in the far field is the sum of the contributions of all
radiating modes :

\&fsinq% sing, =1 4)

radiating waves
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For frequencies less than (c/2A), the only radiating wave is the specular (n=0) one, whatever
the angle of incidence. In the case of our sine-shaped surface, this lower frequency limit is
about 960 Hz (c=340 m/s). Therefore, there should be no scattering below this value.

Figure 2: Scattering at a periodic surface, definition of axis and angles.

To find the undetermined amplitudes R,, Holford starts from the general Helmholtz integral
formulation. In the Helmholtz integral, the total pressure on the rough surface is

called g(x)=pa(X.£(X)) ), and the pressure gradient vanishes since the surface is perfectly rigid.
The periodicity of the rough surface allowed Holford to write the following expression :

W= ¢ & (5)

= —00——

He showed that the coefficients of this series expansion can be found by solving the following
(infinite) system of linear equations :

B2 P e =2 =2]Pulxétde ok m0£1£2,. (6)

0

In our implementation, this system is truncated to an order Nmax and the coefficients ¢n are

computed through the inverse of matrix (I-U). The difficulty here is that the elements of this
matrix have a quite complicated expression, given by eq. (Al) of this paper.

Once the problems of implementation are solved (see appendix), the Holford-Urusovskii’s
method can be applied, through the following steps :

1. Given a maximum number of equations (2Nmax+1), solve the system (6);
2. Introduce the coefficients ¢n in (5) to find the pressure on the surface;

3. Introduce #(x) in the Helmholtz integral to find the pressure in the far-field.
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A shortcut for steps 2 and 3 is proposed (it is valid for z>&n.x, Which is the case in the far-
field) :

2’. Compute the amplitudes R, with Holford’s expression (A19), in which the admittance
No=0;

3’. Verify eq. (4) for radiating waves only;

4’. Finally, compute the scattering coefficient by (3).

There’s still an important problem to solve if we want to obtain the random-incidence
scattering coefficient. Indeed, up to now, eq. (3) only gives the scattering coefficient for an
incident wave vector belonging to the plane perpendicular to the sinusoidal corrugations (fig.
2). Again, Holford gives a hint to compute the scattering coefficient for an incident wave
vector lying outside this plane. He first defines 6 as the angle between the incident wave
vector k; and the plane (Ox,0z), as shown in fig. 3, which gives :

—

kl:k(coseo COS¢h,Siné, ,—cos@osin%) < <rm —l2<6,<7/2 @)

He further proves that the scattered field can still be expressed by a sum of plane waves
whose complex amplitudes R, are those computed for the case 6,=0 with the wavenumber
k’=kcos6 .

Again, the reflected wave “n=0" is in the specular direction, which leads to :
Ao B K)=1-|Ry(keos)| = Agh.6r=0,kcos6) ®)

This expression shows that the scattering coefficient for any incident wave can be deduced
from the coefficient computed for the corresponding incident wave perpendicular to the
sinusoidal profile, by simply shifting the frequency (the shift factor being cos6y).

Figure 3: Definition of angle 6 (left) and classical angle description
for the Paris formula (right)



Sne-shaped surface scattering calculations: Embrechts et al

This conclusion is very important for the computation of the random-incidence scattering
coefficient. Indeed, the application of the Holford-Urusovskii’s method can be restricted to
that plane 6,=0, and the integration over 0 is then replaced in the Paris formula [25] by an
integration over frequency. The classical formulation of the Paris formula is (see fig. 3) :

l2 2z

Suna(f)=L [d8 [X& 4, DsinG cosd dg )

Changing from (61,¢ 1) to (60,9 o) gives :

72 Ve

Srana () =% [d6h [Sgh. 6, Fysings cos26deh (10)

-2 0

Taking (8) into account, and integrating over f’=f cos6y , finally gives :

zl2 f 2
_A H L &%16020!1: I) '
Grana () =2 lsm;ﬁod%ﬂ ¢ j NE=E df (11)
This modified Paris formula has been implemented and computed as a weighted sum with 10
degrees step in ¢o and 20 Hz step in frequency (below 4500 Hz) or 50 Hz step (above 4500

Hz).
4.2 Results and discussion

The first results of the Holford-Urusovskii’s method for our sine-shaped surface show the
scattering coefficient obtained for directional incident waves, with the incident vector

perpendicular to the sinusoidal corrugations ( €,=0°).

Figure 4 illustrates the scattering coefficient for an incident wave at ¢ =40° . Clearly, for

8

frequencies less than TC—)=1088H2, there’s only one radiating mode (n=0), leading to a

All+cosg,
scattering coefficient equal to zero. An interesting finding is that, at the frequency at which
the mode n=-1 appears at ¢,=180°, it contains almost all the reflected energy, and the
scattering coefficient suddenly rises to one. Whereas at 2176 Hz, i.e. the frequency at which
the mode n=-2 appears at ¢ ,=180°, the mode n=0 seems to carry all the reflected energy
again.
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Figure 4: Scattering coefficient of the sine-shaped surface for a plane wave incident along ¢o
= 40° (60 = 0°), and for several values of the parameter Npmax.

This figure also shows that Nmax=7 is the minimal order leading to a correct evaluation of the
scattering coefficient in the whole frequency band of interest (in fact, the curves Nma=7 and
Nmax=12 coincide perfectly on this graph). This is confirmed by the calculation of the total
reflected energy by eq. (4) which significantly deviates from one above 4500 Hz if Nmax<7.
The same conclusions have been drawn from the computations at ¢ =10°.

Graphs similar to figure 4 have been computed every 10 degrees step in ¢o. Finally, all these
results have been introduced in (11) to obtain the random-incidence scattering coefficient,
which is illustrated in figure 5.

9
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Figure 5: Random-incidence scattering coefficient of the sine-shaped surface computed by
the Holford-Urusovskii’s method (10° step in ¢o) and by the hybrid FE-PWD method with
directional resolution of every 10° step in ¢o, and every 2° or 10° step in 6.

5. Results obtained by the hybrid FE-PWD method
5.1. Description of the method

Considering an imaginary plane on the top of a sine-shaped surface, it divides the fluid
domain into a semi-infinite outside domain and periodic inside ones (see fig. 6). As a
numerical approach, the FEM is applied to the inside domain bounded by the imaginary plane
and one period of the surface, while the plane wave decomposition (PWD) is theoretically
applicable in the outside domain as described in sections 2.1 and 4.1.

If the incident plane wave vector lies in the (Ox,0z) plane, the total sound pressure and its
gradient on the imaginary plane (z=0 in fig.6) are expressed by:

. +m .
Pgp(X) = elo +n:2-oo R/

(12)
O Proin(X . _ o _
p‘—éﬁ( ) jkygeloco + 2 (jKy)Reln (13)
Subsequently, eq. (13) can be transformed into:
_ 1 * aQot,b(x) .
R= 4 _/ LELL—
—n= 0 —on
iky )] (14)

Substituting eq. (14) into eq. (12) gives the relationship between the total pressure and its
gradient:
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gllxan 8pot b(x ) ~ jhoxery dx’
= ikyaA ), —on

”Mé‘

hb(x) = 2eikxag 4

(15)
The above equation (which is valid for the imaginary plane) can be discretized to express the
boundary condition for the FE modelling in the inside domain :

{p}= {f}+ [TIIVI{ay} (16

where {py} and {qy} are the pressure and its gradient at nodes on the imaginary boundary (Nb
is the number of nodes), [T] and [U] are matrices of the size (Nb, Nmax) and (Nmax, Nb),
respectively.

On the other hand, the FE system for the inside domain is expressed by:

(1 - il - T - [M]{ } .

where [K], [M] and [C] are the stiffness, mass and damping matrices, respectively.

This system can be solved, which determines {pin}, {po} and {gn}. Substituting the sound
pressure gradient {gy} into eq. (14) gives the value of Ry, and finally, the scattering
coefficient is obtained by eq. (3).

If the incident plane wave vector does not lie in the (Ox,0z) plane, two simple modifications

are required for the plane wave decomposition and for the FE modelling, respectively. In the
former, the factors o, and » must be redefined as :

an:cosgo(cos¢o+n%):cosgocos¢n, y =cos@)sing). (18)

In the FE system (17), only the frequency conversion from k to k cosé, is needed.

outside domain

imaginary plane

Figure 6: Division of fluid domain into inside and outside domains by the imaginary plane
(z=0) on a periodic surface.

5.2.Results and discussion

Figure 7 shows the scattering coefficients of our sine-shaped surface computed by the hybrid
FE-PWD method and by Holford-Urusovskii’s method, which are obtained for directional

incident waves with 6,=0 and ¢ =40°. In the computation with the hybrid method,
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Nmax=100 was given for the plane wave decomposition, and elements of width less than 1/15
wavelength were used for the FE modelling. It is seen in this figure that both curves
correspond up to 8 kHz.

1.0 ~

0.9

0.8 4

o
Y

o
o

—O—Hybrid FE-PWD

—o— Holford-Urusovskii

Scattering coefficient [-]
o
6]

I .
>
. .

o
w

o
N

|
|

1000 2000 3000 4000 5000 6000 7000
Frequency [Hz]

o
-

o
o

o

Figure 7: Scattering coefficient of the sine-shaped surface for a plane wave incident
along $o=40° (6o = 0°), computed by the hybrid FE-PWD method and Holford-Urusovskii’s
method

The scattering coefficients for directional incident waves have been computed for several
incidence angles 6pand ¢o and, finally, the random-incidence scattering coefficient was
obtained according to Paris' formula. Figure 5 shows the results obtained with the hybrid FE-
PWD method, where the directional scattering coefficients are computed every 10 degrees
step in ¢, and every 2 or 10 degrees step in 6y. Apparently, the results with high resolution in
0o draw a smooth line, and also give slightly lower values at high frequencies. Thus, it is
considered that in this case, 10 degrees step in 6 is not enough to smooth the high gradients
in the frequency characteristics of directional scattering coefficients due to radiating modes.

Correspondence with the Holford-Urusovskii’s method is again observed, which confirms the
validity of both methods.

6. Results obtained by the Kirchhoff Approximation (KA) method

In both methods previously applied, it is assumed that the sine-shaped surface is of infinite

size, which is not the case for the real surface that was tested during our measurements (see
section 3). The KA and 3D BEM will allow to take this finite size into account.
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6.1. Description of the complete KA method

The complex scattered pressure at point R in the far field is [7, q.(19.18)] :
Pa(R=K [[e " (vy)dxdy (19)
S

In this equation, the sound pressure has been evaluated in the Fraunhofer zone (far field), for
an incident plane wave [16]. The geometrical parameters and vectors included in expression

(19) are defined in figure 8. In particular, the vector v is the difference between k;
(incidence) and k, (scattering), both vectors having a magnitude of k=2r/A, r is the position
vector of the surface element dS with co-ordinates (x, y, z=§(x,y)) and » is a vector

perpendicular to the rough surface at dS, with co-ordinates (-d&/dx, -d&/dy,1). Finally, K is a
complex constant inversely proportional to ro, the distance between the point R and the centre
of the rough surface.

Equation (19) is valid for perfectly hard rough surfaces, a condition which is assumed
throughout this paper.

Figure 8: Scattering geometry for a plane wave incident along vector k; .
The receiver R lies in the far field along scattering direction k, .

Equation (19) is used to compute by numerical integration the sound pressure scattered by our
sine-shaped sample in all directions k, (0,¢). The roughness profile function to be included in

this equation is &(x,y)=Hcos(2nx/A), with H=0.0255m and A=0.177m (see fig.1).

Once the free-field scattering distribution has been computed, the scattering coefficient can be
derived from the Mommertz formula [16,20], for a specified direction of incidence k; .
Finally, the random-incidence scattering coefficient is obtained by numerical integration over
all vectors k, , using Paris’ formula.
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The procedure is repeated for each frequency of interest, which can lead to particularly long
computing times. This can be avoided by the following method.

4.2. The “characteristic function” model [16]

As the far-field scattering distribution of the rigid disc reduces to a specular lobe (as long as
the radius of the disc is “much greater” than the wavelength), then the Mommertz formula can
be simplified [16], and the following expression is found for the scattering coefficient:

2
é(@l,k)=1~% [tz dxdy{ (20)
S

In the particular case of our one-dimensional sine-shaped sample, equation (20) reduces to:
R 2
1o’ 1,k)=1~{é j efZikcosﬂé(x) / —deX{ (21)
-Re

where Rq is the radius of the circular sample (R =1.5m).

Expression (21) shows that the scattering coefficient 5 depends on the direction of incidence
k, through angle ©;. Furthermore, it can also be shown that a rotation of the sample in the

plane (x,y) does not change the value of the scattering coefficient computed through this
expression. As & only depends on the elevation (6,) of the direction of incidence (and not on
its azimuth), this greatly simplifies the random-incidence computations through the Paris
formula.

Numerical integration in (21) is carried out with 100 discretization intervals per wavelength
(this has been shown to give reasonable accuracy). The results for our sine-shaped sample are
shown in figure 9, for several angles of incidence 6, (from 5 to 85 degrees). Finally, numerical
integration over angle 6; through the Paris formula gives the random-incidence scattering
coefficient values, which are also illustrated in figure 9.

The validity of the “characteristic function” model has been tested in this study by comparing
some results of figure 9 with those obtained with the classical KA method (19), coupled with
the Mommertz formula. Several computations have been carried out, including nine directions
of incidence in the plane $,;=0° (perpendicular to the sinusoidal corrugations) and nine in the
plane ¢;=90° (parallel to the corrugations). The correspondence between both models was
excellent between 315 and 8000 Hz, as long as the angle of elevation 6; did not exceed 80
degrees.
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Figure 9: Scattering coefficients of the sine-shaped surface computed by the Kirchhoff
approximation (“characteristic function” model), for several angles of incidence 61, and for
random-incidence.

The validity of the Kirchhoff approximation for the rigid disc as well as for the sine-shaped
surface will be discussed later in section 8. It will be concluded that KA results are not
reliable enough in this case. This can already be expected from fig. 9 that shows different
trends than figs. 4 and 7. In particular, KA predicts that scattering starts at lower frequencies
for lower incidence angles 6;. This is contradicted by the Holford-Urusovskii’s and hybrid
FE-PWD methods which show the inverse trend. The finite size of the surface is not
responsible for this effect, as will be shown in section 7. On the other hand, the random-
incidence results seem to coincide quite well with the previous methods: this is probably due
to an “averaging” effect.

Another method is therefore necessary to analyse the finite size effect of the rough surface.

7. Results obtained by the BEM method

As a fourth method, 3D BEM calculations are used to calculate the scattering coefficient for
our circular sine-shaped surface using the Mommertz correlation method [16,20]. The indirect
boundary integral formulation (infinitely thin surfaces) is chosen in combination with a
variational solution scheme, as provided by the software Sysnoise Rev. 5.5 [26]. Therefore, a
3D BEM model of the circular sine-shaped surface and an equally sized flat surface is
constructed. 2000 Hz was found to be the upper limit for reliable calculations, in relation to
the element size of the surface mesh, which is made up of 18786 triangular elements. The
receiver mesh is a hemisphere with an elevation and azimuth resolution of 2° and radius of
100 m [27]. Directional scattering coefficients are calculated for incidence angles with a
resolution of 10° in azimuth and elevation angle. For each elevation angle, the obtained
scattering coefficients can be averaged over all azimuth angles. These averaged directional
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scattering coefficients can then be combined using Paris’ formula to obtain the random-
incidence scattering coefficients (figure 10).
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Figure 10: 3D BEM calculated scattering coefficients of the sine-shaped surface using
Mommertz’ correlation method for different elevation angles (averaged over all azimuth
angles) and for random-incidence.

The calculations point out that, as expected, the surface starts to scatter at lower frequencies
when the incidence elevation becomes more and more grazing. Due to lobing effects caused
by the finite size of the surface, the transition at the frequency at which a first order (n=x1)
scattered wave appears, is smoother compared to infinite periodic surfaces. Also interesting to
note is the cross-over of the curves at the hinge point around 1600 Hz; from 1782 Hz on, the
order of the curves is comparable with the order of the curves in the KA model (figure 9),
which is more valid for higher frequencies than for lower ones. For near grazing incidence
angles, the scattering coefficient seems to be overestimated since reflected pressure
amplitudes become more and more sensitive to the particular geometry of the surface.
Possible explanations might be numerical instabilities or energy losses due to downward
scattering.

Recently, identical calculations [28] have been made, also on a 3 m diameter circular
sinusoidal profile but with a structural wavelength of 20 cm and amplitude of 6 cm, so only
differing slightly from our reference surface. Kosaka and Sakuma studied the effect of the
receiver mesh radius, the discretisation of the source and receiver mesh, the minimal number
of structural periods for the sample and the influence of the shape of the sample. They came
to the conclusion that, for calculations up to 2000 Hz, the radius of the receiver mesh should
be at least one diameter of the sample and the elevation step size for the receiver mesh should
be at most 3°. They further found a minimum number of 10 structural periods to obtain
scattering coefficients representative for infinite periodical surfaces. They finally applied the
same procedure on a 3 x 3 m2 square sinusoidal sample with the same structural wavelength
and amplitude as the circular sinusoidal sample. They obtained practically identical
directional and random-incidence scattering coefficients, indicating that Mommertz’ way to
compensate for the edge effect is very effective.
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3D BEM results can be compared with Holford-Urusovskii’s ones : this is done in figures 11
and 12 for directional scattering and in figure 13 for random-incidence scattering coefficients.
A good correspondence is observed between both sets of results (better than with KA) until 2
kHz, which is the upper frequency limit for the 3D BEM. The differences are explained by the
finite size of the surface: clearly, the influence of the reflection modes is smoothed over a
larger frequency interval, and significant scattering starts at lower frequencies for 3D BEM.
See also this effect for the mode n=-2, around 2 kHz, in figure 12.

Beyond 2000 Hz, it is expected that the finite size of the surface would play a minor role,
since the wavelength becomes much smaller than the surface diameter. The KA results (which
are more valid in this frequency range) indicate an overall trend that correspond quite well
with the Holford-Urusovskii’s and hybrid FE-PWD methods. However, there still remains a
5% deviation beyond 4000 Hz (see figure 13).

8. Comparison with measurements and discussion

This study is focused on the comparison of several methods for computation of scattering of a
plane incident wave on a hard-impedance sinusoidal surface. As discussed in [6], the aim of
this joint project was to check the validity of the ISO measurement method and its parameters.
The results of the previous paper clearly indicate the limitations of measurements. This
finding is supported by using the calculation results, but this paper focusing on the calculation
of random-incidence scattering coefficients gives new and interesting insight into efficiencies
and limitations of the analytical and numerical approaches as well. The numerical approaches
were partly related to infinite surfaces (Holford-Urusovskii, FE-PWD) and to finite surfaces
(KA, 3D BEM). Accordingly the influence of the finite size was studied as specific feature.
At first, however, the prerequisites of calculations are discussed in detail, especially for the
Kirchhoff approximation (“slight corrugation slope™).

8.1. Validity of the Kirchhoff approximation

The conditions of validity of equation (19) are not well established, even today. Developing
the condition that the “local radius of curvature of the rough surface must be greater than the
wavelength” [7] leads to relationships between the amplitude of the corrugations and their
spatial period (for periodic surfaces) or correlation length (for random surfaces). Grazing
incidence and observation angles must also be avoided, for several reasons including the
shadowing effects between surface elements. Finally, the size of the rough surface must be
much greater than the wavelength, in order to minimise the influence of the diffraction effect
(by the edges), which does not seem to be accurately modelled by the Kirchhoff
approximation [22].

These conditions of validity have a first impact on the calculation of the scattering distribution
created by the rigid disc. Obviously, this flat surface naturally satisfies the conditions with
regard to the local radius of curvature, which is here infinite. However, inaccuracies could be
introduced at low frequencies by the Kirchhoff approximation, especially if the size of the
surface approaches the wavelength of the incident wave. These inaccuracies are revealed by
the computation of the total power reflected by the rigid disc, which significantly deviates
from the incident power at low frequencies: the deviation is significant (more than 5 %) below
500 Hz if 6:<40°, and below 1 kHz at 6;=60°. We therefore have an indication (but not a



Sne-shaped surface scattering calculations: Embrechts et al

rigorous proof !) that the scattering distribution of the rigid disc is correctly estimated for
frequencies greater than 1kHz and 6, less than 60°.

The validity of the Kirchhoff approximation has not yet been investigated for sine-shaped

surfaces scattering, but well for random surfaces with a gaussian profile. Thorsos [17]

summarised the results of his investigations on gaussian surfaces by the following

conclusions. The Kirchhoff approximation gives valid results if:

- the r.m.s. slope does not exceed 0.35;

- the correlation length (which, for gaussian surfaces, is /2 times the ratio of r.m.s. height
to r.m.s. slope) is greater than the wavelength;

- the angles of incidence and scattering are less than 60 degrees.

Applying these conditions to our sine-shaped sample would indicate that the limits of
Kirchhoff validity have been (slightly) transcended (r.m.s. slope =0.64). This seems to be
confirmed by the comparison with the results obtained by other methods (see figures 11 and
12), mainly for great angles of incidence 0;. But, it is questionable to notice how the random-
incidence scattering coefficients computed by KA are close to the measured values (figure
13). Thorsos’ conditions must therefore be carefully considered here, especially since they
have been derived for random surfaces, and not for deterministic, periodic surfaces.

It is then concluded that KA results are not reliable enough in this case to give a firm opinion

on the accuracy of the measurements, which justifies the application of other methods in our
study.
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Figure 11: Free-field scattering coefficients for ¢,=80° (6,=10°).
The plane of incidence is perpendicular to the corrugations.
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Figure 12: Free-field scattering coefficients for ¢,=30° (6:=60°).
The plane of incidence is perpendicular to the corrugations.
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Figure 13: Random-incidence scattering coefficients.
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8.2 Comparison with measurement results

Figure 13 shows that 1ISO-measured random-incidence scattering coefficients are reliable
since they give an overall trend of the scattering properties of the test surface which
corresponds to the predictions of theoretical methods of evaluation. However, some more
details can be discussed on the basis of the computed reference results.

As illustrated in figures 13 and 14 systematic errors of measurement results can be observed
with reference to the Holford-Urusovskii (or FE-PWD which gives similar results) and 3D
BEM results. The real-scale measurement results overestimate the scattering coefficient by
some 0.05 above 1.5 kHz, whereas the scale model measurement overestimates little more
than this in mid-range frequencies, see also figure 11 in [6]. Several reasons can be identified
and conclusions be drawn. In scale models, the relatively high placement of the sample on the
turntable and little height variations of the reference plate and the sample can lead to apparent
scattering in the measurement result. Overestimation is, therefore, easy to explain. In real
scale, these effects are smaller due to much larger dimensions and relatively low mounting
gap of the turntable.
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Figure 14: Random-incidence scattering coefficients computed by Holford-Urusovskii’s
method compared with real-scale and scale model measurements.

Most significant is the limitation to measure small scattering coefficients, below 0.05 at low
frequencies. These differences are not only explained by the finite size of the rough surface
(this could be a possible explanation since it is mainly influential at low frequencies): indeed,
the comparison with 3D BEM that takes the real size of the surface into account shows that
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another effect is responsible for this limitation (see figure 13). Here we can observe the effect
of too similar decay slopes (scattering coefficient of zero), the error inherent in decay slope
measurement (some percent) and the resulting uncertainty in the measured result. The
systematic tendency in this effect is that the specular decay curve is more steep than the total
decay curve, so that the probability for the random-incidence scattering coefficient is high for
a small positive value. Negative values will hardly occur. This is caused by the fact that the
specular absorption coefficient is obtained after rotation of the sample which involves a non-
zero decorrelation and results in a reduction of the corresponding reverberation time. An
increase of the reverberation time for the rotating sample compared with the reverberation
time of the fixed sample is highly improbable.

At high frequencies the smaller wavelengths lead to higher precision required for the flatness
and axi-symmetry of the reference plate, higher sensitivity on the stability of environmental
conditions and on time-invariance during the measurement. Therefore it has to be accepted
that the measurement results following the standard 1SO 17497-1 will be slightly higher
(about 5 to 10 %) compared to computed results.

It is questionable, however, if theoretical reference results are a better basis for acoustic
scattering effects in the field than measured results. The ideal scattering of theoretically
perfect conditions will hardly occur in practice in room acoustics or on corrugated noise
barriers. Instead, higher surface scattering effects can be expected. In other words: it is much
harder to obtain a perfect plane or spherical reflection than to accept some scattering side
effect, either due to surface corrugation or due to finite surface effects. Whether the amount of
overestimation is a more or less constant value, must be checked by further comparisons
between theoretical and measured scattering coefficients of surfaces.

9. Conclusion

In this study, several methods were used to obtain the theoretical scattering distribution,
directional and random-incidence scattering coefficients of a sine-shaped surface with a given
profile. The results of our study can serve as a reference case for further research, in particular
for the conception and testing of new theoretical modelling methods to predict sound
scattering.

For the infinite size surface, the results obtained by the Holford-Urusovskii’s and the hybrid
FE-PWD methods compare very well and can therefore be considered as a reference for other
techniques.

If the finite size of the surface has to be taken into account, the 3D BEM results must rather
be considered below 2000 Hz. Beyond this upper calculation limit, Holford-Urusovskii and
hybrid methods correspond with KA, within a tolerance margin of about 0.5-0.10 for random-
incidence. Our study does not firmly conclude about the origin of this discrepancy (validity of
KA or finite size effect).

The Kirchhoff approximation method and, in particular, the simpler expression of the
characteristic function, are easy and intuitive ways to analyse the scattering of any rough
finite surface. However, this study has shown that their conditions of validity should be
carefully investigated. This could be an interesting challenge for further research.
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Finally, ISO-measured random-incidence scattering coefficients are reliable since they give an
overall trend which corresponds to theoretical results. Overestimation of about 0.05-0.10 units
has however been observed, at low as well as at high frequencies, but this could on the other
hand lead to better predictions for real situations in room acoustics.

10. Appendix : Implementation of Holford-Urusovskii’s method

The most difficult task in this method is to evaluate the elements of matrix U in (6) :

U ke o[ JSH Pooleterd-a00-es )™ (A1)

0

with K:ZT”, p:\/z'2+(§(x+r)—§(x))2 and " is the first order Hankel function of the first
kind.

The following technique is proposed for this evaluation : it is first observed that | J

vanishes if (m-n) is even. This can be shown by splitting the integral over x in two parts : an
integral between 0 and A/2, and a second integral between A/2 and A. If (m-n) is even, both

integrals cancel each other, while if (m-n) is odd they are equal and (A1) simplifies to
Al2

Um,n=%£----

Then, the integral over zis also split in two contributions. The first one contains the results of
the integration between —A and A, where A is a sufficiently great positive real value : this first

partof | J  iscalled\/ _anditiscomputed by numerical integration, using the simple

rectangular method. In this method, the intervals [0, A/2] for x and [-A,A] for rare discretized
into several sub-intervals, the number of which being chosen so that convergence is reached
for the value of the scattering coefficient.

The second part of | J _is called \\/_ . It contains the result of the integration between —oo

and —A, and between +A and +oo. For this part, an analytical approximation is searched, by
noticing that if A>>) (in practice kA>40), then the Hankel function can take the value :

H ](_l)(kp) ~ % ej(kp—0.757r) (A2)

since kp>Kr[>kA>>1. Also, if A>>H, p can be approximated by || in the exponential (in
practice, A>200kH?) and in the denominator of (A1) and (A2), in practice if A>17.3H.

These approximations greatly simplify the integration task, in particular if we integrate first
over X, expressions like the following are obtained :

A
—j(m-n)K x ) _
%!e : cosK(x+a)dx  with a=0, t or —-n/2K (A3)
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This integral is shown to vanish, except for n=m-1 (for which it is equal to ?/2) and n=m+1
(for which it is equal to e7%/2). For n=mt1, integrating gives :

W= iH %e"“‘“”ﬁ(e""a”“)—e"”s"‘+e”‘”r“*” &)z & jK(1(Afr)- l(Aam))} (A%)
- A

jzb

In this expression, dm=k(1+am) and Bn=K(1-am), whereas 1(A,b) = J.—dr This last integral

can be expressed as a function of Fresnel integrals, but if |b|A is much greater than 1, it can be
approximated by :

JbA

[(Ab)= 14—+0( )j (A5)

b\/K 2jbA

Of course the cases where b=0 must be avoided, which always correspond to am=%1 or
an=11. This occurs when the angle of incidence or the frequency are such that a grazing wave

is generated in the direction ¢,=0 or =, as indicated by (2). We decide in our implementation
to leave this unusual situation unsolved (see also the discussion in the appendix of Holford’s

paper).

Finally, taking into account that each term in the integral of (A4) is of the order of A", and
introducing approximation (A5) into (A4), leads to (for n=mtl) :

. JHK 1 ej(kA—0.757lﬁ( am CoS(KAam)— Js|n(kAam))+ O( s,

M 1-ad\ 27KA (A6)

Al 5)

The last term in (A6) can be neglected, given that an additional condition is expressed for the
value of A. Summarizing with the previous ones, we have :
}} (A7)

_ 50
' min{]iam‘,bian

Recall that, for n=mtl, \\/ =0. Therefore, the third condition in (A7) should not be taken

kA=max{40,200(kH ¥

into account in that case.

Beyond the computation of | J _, the system of linear equations (6) requires the knowledge

of ¢ . Taking into account that the incident wave is of unit amplitude, we have :
L m

~

A
¢ :%.([ jk(xcosgy, —&(X)sing,) —Jkamde ( ) Jm(kHS|n¢b) (A8)

As indicated previously, Jn( ) is the Bessel function of order m. There’s no particular problem
for computing this function.
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However, this is not the case for the Hankel function in (Al). Indeed, it could be that its
argument tends to zero (if T approaches zero), leading to an infinite value for the Hankel
function. A hint to solve this problem is to take the limit of the integrand of the second
integral in (A1) as t tends to zero :

HK 2 COSKX—&SinKX

- _ 3 — jkarmt
lim=- 5, T H7Kasin?Kxa 7 H 2K 3sinKxcoskx € (A9)

7—0

This last expression can now be evaluated as t tends to zero.
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