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Finite element method in a nutshell

▶ Partial differential equation

L[u(x)] = f(x) & BCs

▶ Weak formulation∫︂
Ω

(L[u(x)] − f(x))v dΩ = 0, ∀v

▶ Approximation of the solution within a
basis of shape functions

u(x) ≈
∑︂

ujφj(x), choose v ∈ {φj}

▶ Linear system Au = f
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Example: Poisson problem

−∇2u(x, y) = sin(x) sin(y) in Ω
u(x, y) = 0 on ∂Ω

▶ Weak formulation:∫︂
Ω

∇u · ∇v dΩ =
∫︂

Ω
sin(x) sin(y) v dΩ,

▶ Choice of Shape functions

u(x) ≈
∑︂

j

uj φj(x)

▶ linear system Au = f

Aij =
∫︂

Ω
∇φi · ∇φj dΩ,

fi =
∫︂

Ω
f φi dΩ
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Classical solvers for Au = f

N : unknowns count
κ: condition number
ε: precision

Some usual classical solvers :

2D problems solver cost

Sparse direct LU O(N3/2)
Sparse, SPD (Poisson) iterative CG O(N

√
κ log 1

ε )
Sparse, indefinite (Helmholtz) iterative GMRES O(N κ log 1

ε )

−→ even for simple problems, floor is Ω
(︁
N

√
κ log 1

ε

)︁

Y. Saad, Iterative Methods for Sparse Linear Systems, 2nd ed., SIAM (2003).
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Quantum algorithms for linear systems

Modern quantum algorithms (QSVT)

▶ O
(︂

λ
∥A∥ κ log

(︂
1
ε

)︂)︂
calls to A

▶ through a block encoding

UA =
(︄
A/λ ∗

∗ ∗

)︄
▶ total cost:

O
(︂ λ

∥A∥
d⏞ ⏟⏟ ⏞

property of UA

κ log 1
ε

)︂
...

Uc

U1 U2 UM

U †
c· · ·

Us

...
...

...

A =
∑︁

j cjUj , λ =
∑︁

j |cj |

|ψ⟩ A |ψ⟩ /λ

d

A. Gilyén, Y. Su, G. H. Low, N. Wiebe, Proc. 51st ACM SIGACT Symp. Theory of Computing (STOC), 193–204 (2019);
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Our work Classical : O
(︂
N

√
κ log 1

ε

)︂
Quantum : O

(︃
λ

∥A∥
d κ log 1

ε

)︃

Find an efficient block encoding for finite elements operator on a non-uniform mesh
(graded structured)

λ

∥A∥
= O(1)

d = O(poly logN)

⎫⎪⎪⎬⎪⎪⎭ =⇒ O

(︃
poly logN κ log 1

ε

)︃
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Block-encodings

i) Decompose A into a sum of unitaries

A =
∑︂

j

cjUj

ii) Define
Uc |0⟩ = |c⟩ , ⟨j|Uc |0⟩ = cj

iii) Apply the Prep Sel Prep† circuit

...
Uc

U1 U2 UJ

U †
c· · ·...

...
...

|ψ⟩ A |ψ⟩ /λ
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Our use case

Helmholtz problem

∇2u+k2u = f

↓
Ku+Mu = f

↓

Kij =
∫︂

Ω
∇φi · ∇φj dΩ

Mij =
∫︂

Ω
k2φiφj dΩ

Aij = Kij +Mij
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The uniform case
Aij =

∫︁
Ω ∇φi · ∇φj dΩ

In the uniform case, A has a beautiful translation invariance property

Y. Cao, A. Papageorgiou, I. Petras, J. Traub, S. Kais, New J. Phys. 15, 013021 (2013)
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The uniform case

Translation invariance = compact decomposition

A 2I −C −C† B (boundary)

= + + +

depth = O(1) depths = O(logN)
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The uniform case

C|x⟩ = |x+ 1 mod 2n⟩

X

C

X

C†

→ O(log(N)2) deep circuits
→ ∃O(logN) alternatives, with ancillas
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The uniform case
σ0 = |0⟩ ⟨0| , σ1 = |1⟩ ⟨1|
σ+ = |1⟩ ⟨0| , σ− = |0⟩ ⟨1|

σ⊗n
j = 1

2(Pj +Rj), σj ∈ {σ0, σ1, σ+, σ−}

X

X

X

P+

q0

qn−2

qn−1

P− P0 P1

X

X

X

→ O(1) deep circuits
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The uniform case σ0 = |0⟩ ⟨0| , σ1 = |1⟩ ⟨1|
σ+ = |1⟩ ⟨0| , σ− = |0⟩ ⟨1|

σ⊗n
j = 1

2(Pj +Rj), σj ∈ {σ0, σ1, σ+, σ−}

X

X

X

−R+

q0

qn−2

qn−1

X

X

X

−R−

X

X

X

−R0 −R1

X

X

X

→ O(logN) deep circuits
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The uniform case

At the end of the day, the block-encoding has

d = O(1) +O(logN) +O(logN)

λ/||A|| =O(1)

⎫⎬⎭ =⇒ O

(︃
logN κ log 1

ε

)︃
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Graded meshes

h0 h1 h2 · · ·

hj = f(j; q)

▶ geometric : f(j;h0, r) = h0r
j

▶ inverse : f(j; c, d) = c/(j + d)
▶ power : f(j; k, p) = kjp

Aij =
∫︂

Ω
∇φi∇φj dΩ depends on (hi, hj)

Grading breaks translation invariance
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Graded meshes

K B⊤ D B

= × ×

C − I diag(1/hj) CT − I

UB UD

UK

UBT
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Encoding D

geometric grading : hj = h0r
j

D = diag(1/hj) = 1
h0

diag(1/rj)

= 1
h0

[︄
1 0
0 1/rN/2

]︄
⊗ · · · ⊗

[︄
1 0
0 1/r

]︄

CRY(θ)⎡⎢⎢⎢⎣
1 0 0 0
0 cos(θ/2) 0 − sin(θ/2)
0 0 1 0
0 sin(θ/2) 0 cos(θ/2)

⎤⎥⎥⎥⎦
⏞ ⏟⏟ ⏞

cos(θj/2) = 1/rj

→ CRY natively block encodes
[︄
1 0
0 α

]︄
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Encoding D

geometric grading : hj = h0r
j

Ry(θ0)

Ry(θn−2)

Ry(θn−1)

∝ D |ψ⟩
..
.

..

.|0⟩⊗na

|ψ⟩

O(1)

O(n)
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Encoding D

Inverse profile:
D = diag(1/j) ≈

m∑︂
k=1

ck exp(dkj)
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Encoding D

Inverse profile:
D = diag(1/j) ≈

m∑︂
k=1

ck exp(dkj)

m = 3
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Encoding D

Inverse profile:
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Encoding D

Linear profile:

D = diag(j) = N − 1
2 I − 1

2
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Encoding D

Linear profile:

D = diag(j) = N − 1
2 I − 1
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2D meshes

For tensorial meshes,

K2D = Kx ⊗My +Mx ⊗Ky

M2D = Mx ⊗My

K(2D) = ⊗ + ⊗ =
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2D meshes

For tensorial meshes,

K2D = Kx ⊗My +Mx ⊗Ky

M2D = Mx ⊗My

M (2D) = ⊗ =
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Depth scaling

At the end of the day, the block-encoding has

d =O(logN)

λ/||A|| =O(1)

⎫⎬⎭ =⇒ O

(︃
logN κ log 1

ε

)︃(∗)

(*) with higher constants than the uniform case
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Numerical results

∇2u(x, y) =
{︄

1, 0 ≤ y ≤ 1/4
0, 1/4 < y ≤ 1

u(x, y) = 0, x, y ∈ ∂Ω

uniform

hj = h0

geometric

hj = h0r
j

Inverse

hj = 1/(aj + b)
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Numerical result

Uniform mesh

exact FEM QSVT

0

0.93

1.85
·10−2

|uQSVT − uexact|

0

1.2

2.39
·10−3

L2 = 9.6 %
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Numerical result

Geometric mesh

exact FEM QSVT

0

0.93

1.85
·10−2

|uQSVT − uexact|

0

1.2

2.39
·10−3

L2 = 4.4 %
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Numerical result

Inverse mesh

exact FEM QSVT

0

0.93

1.85
·10−2

|uQSVT − uexact|

0

1.2

2.39
·10−3

L2 = 4.4 %
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Concluding remarks

Btw, this generalizes to
▶ high-order FE
▶ triangle elements

Some future works :
▶ Other differential operators;
▶ Space dependent material parameters;
▶ Non-tensorial meshes.
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