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ABSTRACT

We consider a viscous incompressible two-phase fluid flow, gov-
erned by a Stokes system, in a domain containing a free fluid, a
random filter of finite thickness, and the interface between them.
Thefilter consists of vertical small diameter pipes with random rough
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sections. We suppose that, within each tube, the interface fluid-fluid
admits a random structure. We construct boundary layers describ-
ing the flow at the interface between the free fluid and the filter and,
using I'-convergence methods, we study the asymptotic behavior of
thefluid as the thickness of the filter tends to zero. We derive a macro-
scopic model with a viscous incompressible two-phase fluid flow in
the free domain coupled with a Darcy law, connecting two-phase
velocities on the permeable interface, all combined with random
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interface conditions linking the velocity in the free domain and that
in the porous interface.

1. Introduction

The main objective of this work is to study the homogenization of a slow viscous two-
phase incompressible flow in domain consisting of a free fluid domain, vertical small
diameter pipes with random sections encrusted in a periodic network of rectangular par-
allelepiped of height h > 0 and width ¢ « 1, and the interface between them denoted
by X and located in the plane {x3 = 0}. Several methods exist in the literature to model
randomly distributed surface roughness, such as Gaussian distributed roughness heights
and the Mandelbrot—-Weierstrass function involving random parameters (see, for instance,
[1,2]). We suppose here that the pipe which is centred at the point (i, £f) for (i, j) € Z* has
radius ¢ (x3 yij (w)e™Y/2, w), where ¢ is a stationary ergodic process and xij(w) isarandom
variable. The topography of the rough surface of the pipe wall is characterized by using the
random process (. Based on this characterization, the roughness on the pipe wall takes
the form of small random asperities. Such a process with similar scaling was introduced
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in [3] in order to study the passage of plane H-polarized electromagnetic waves through a
perfectly conducting layer with random gaps.

We assume that the flow in each pipe is annular, which means that non wetting phase
flows in the channel core and the wetting phase flows along the channel walls (see,
for instance, [4-6]). Taking into account the influence of small diameter pipe surface
roughness on the capillary surface (see, for instance, [7-9]), we suppose that the capil-
lary surface inside the (i, j)-th pipe centred at the point (g7, €f) is represented as graph
g0 (x3 xij (w)e~/2, w), where g is a stationary ergodic process.

Using I'-convergence methods (see for instance [10,11]), we derive rigorously (as the
parameter ¢ tends to zero) Equations (72)-(73) (see Corollary 7.3) governing the effective
two-phase flow through the random filter. Due to the random scaling of the filter’s rough-
ness, the two-phase flow within the filter is asymptotically represented by a two-phase flow
on the permeable interface X and is described by a Darcy law connecting two-phase veloc-
ities. The transition between the free-flow and the porous interface is described by the
following conditions:

ou 2

‘ = Z $(K,‘;‘1’bl(w))t.(u— v*) on X,
Ous - — Z 2'u—m(K""hl(w))t.(u —v*) onX
ax3 X320 Mot My Pt Lo + Hw 3

where u, is the tangential component of the free-flow velocity, u3 is the normal compo-
nent of the free-flow velocity, v¢ is the tangential component of the Darcy velocity of the
a-phase, a. = o0, w, where o0 and w denote the non-wetting phase and wetting phase respec-
tively, y, is the kinematic viscosity of the a-phase, p is the free-flow pressure, and Kla’bl (w),
I =1, 2, 3, is the I-th row vector of the boundary layer random matrix K“’bl(w) defined
in (67) for o = o, w.

Flow of fluids through permeable interfaces separating free flow regions from porous
media has been extensively studied (see, for instance, 12-22]), starting from the original
experimental work of Beavers and Joseph [13], who proposed an empirical slip boundary
condition at the interface of the form

aur CB]

TR
where 7 is the outer unit normal, v, is the tangential component of the Darcy velocity of
the fluid in the porous medium, Kj, is the permeability of the porous medium, and Cg; is a
dimensionless coefficient, which is strongly dependent on the local geometry of the inter-
face. Saffman [22] justified the boundary condition of Beavers and Joseph, using statistical
model, and derived an alternative condition

_ YK ou

u, =
i Cp; On

(uy —vr), (2)

+ O(Kp), 3)

arguing that v; is of lesser order than the other terms. The mathematical proof of the
Saffman modification of the boundary condition of Beavers and Joseph was obtained
by Jager and Mikelic in [18] by applying the theory of homogenization. A generaliza-
tion of the boundary condition of Beavers and Joseph is proposed for curved surfaces in
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[20]. Alternatives to the Beavers-Joseph condition have been proposed in [12,16,17,21].
In [19] J dger and Mikelic derived rigorously the laws governing the flow at the interface
by combining homogenization and boundary layer approach and compare their results
with those obtained in [13,16,21,22]. The work [19] has been extended to curved con-
tact interfaces in [14]. Using the standard methods of homogenization, the authors in [15]
derived a macroscopic boundary conditions of Beavers and Joseph type at the interface
between a two-phase free fluid and a two-phase fluid-filled porous medium. Note that
here only the first equation of the transmission condition (1) above seems to be similar
to a Beavers-Joseph condition with random coefficients.

A viscous incompressible and nonstationary single phase fluid flow through a filter, con-
sisting of e-periodically distributed small diameter pipes separating two reservoir, has been
considered by Jager and Mikelic in [23]. Assuming that the flow is generated by the differ-
ence of the pressures imposed at the two sides of the filter, they proved that the effective
velocity in the filter part is a constant vector in the axial direction, the effective pressure
obeys the fourth-power law, and the effective flow is determined through the stabilization
constants of boundary layers.

The present work can be extended to the case where the height of the pipes is also equal
to ¢. This can be done by a new scaling of the parameters, for instance, by replacing the
radius of the pipe centred at the point (i, &j) for (i,j) € Z? by g((x3)(,-j(a))s_3/2, ), the
capillary surface by eo(x3 )(ij(w)e_3/ 2, ), and performing some appropriate new scaling
of the viscosities of the two fluids in the pipe.

Due to the highly coupled interaction between the two-phase flow through the ran-
dom filter and the free-fluid domain, including the coupling of different length scales and
the presence of interfacial boundary layers phenomena, simulations at narrow cylinder
scale are not feasible. Numerical simulations can be applied to the macroscale problem
obtained in this paper. Several numerical methods exist in the literature; we mention
here the multiscale numerical methods, which enjoy several similarities with both domain
decomposition approaches and multigrid methods (see, for instance, [24, Chap. 5]) and
the numerical volume averaging method, which is based on the volume averaging method
(see, for instance, [25]). The latter, combined with the Monte Carlo method, can be used
here to compute the effective coeflicients of the macroscopic model.

Two-phase annular flows in vertical pipes play a significant role in many industrial and
environmental applications, including air conditioning, enhanced oil recovery, groundwa-
ter flow, nuclear reactors, and refrigeration systems, see, for instance, [26] for a compre-
hensive bibliographical and historical survey. Due to the influence of surface tension on
two phase processes, vertical small diameter pipes produce flow regimes different from
those in conventional pipes and are of particular importance in practice (see, for instance,
[27,28]). Surface roughness play an important role in solving industrial problem insofar as
several studies indicate that surface roughness affect the velocity profile and consequently
increase the pressure drop and flow resistance (see, for instance, [27-29]).

An important field to which the present investigation is closely related is the behavior
of the transport of a class of organic groundwater contaminants such as organic pesti-
cides, for instance a class of fungicides called weedkillers. Organic contaminants exist
as non-aqueous phase liquids and their transport in underground environments consti-
tutes a two-phase liquid-liquid flow through fractured porous media. Their presence on
agricultural soils can lead to their infiltration through small, random cracks into shallow
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groundwater. The present work can help to determine the characteristics of the mobility of
organic contaminants present in agricultural fields to the groundwater.

This paper is organized as follows. The statement of the problem is presented in Section
2. In Section 2, we formulate and prove a priori estimates for the velocity and pressure
fields. Section 3 is devoted to compactness results for the convergence of velocity and pres-
sure fields. The two-phase relative permeability is computed in Section 4. In Section 5 we
construct boundary layer problems. In Section 6 we formulate the main result of this work.
Section 7 is consecrated to the proof of the main result.

2. Statement of the problem

Nomenclature

(I, 7, P) probability space

B(R) the Borel o -algebra on R

(7 (5)ser a group of transformations

) stationary ergodic processes on R x II

1) arbitrary realization from the set of full measure on IT
(xij(®))ijez a sequence of random variables

0<exkl small parameter

Fij(w) the (i, j)-th pipe centred at the point (&7, &)

e (e xij(@)e ™%, w)

the height of the pipe
the radius of the pipe FZ (w)

w the wetting phase respectively

0 the non-wetting phase

F, (@) the part of F;(w) containing the wetting phase

Fj i(@) the part of Fj;(w) containing the non-wetting phase
A (@) the capillary surface between F;, ;;(w) and F ;;(w)
Q; (o) the random filter

Qf, (@) the part of Q (») containing the wetting phase

QF (@) the part of Q} (w) containing the non-wetting phase

e0(x3 rj(@)e ™2, )

the radius of Fg’ij(co)

Aé (o) the capillary surface between Q7 ; () and Qf ; ()
H? the mean curvature of the capillary surface A%,
n® (x3e¢ 12, ) the unit normal on A%

K the surface tension

Ua the kinematic viscosity of the phase a = o, w
Re characteristic Reynolds number

Fr characteristic Froude number

Eu characteristic Euler number

We characteristic Weber number

Q free fluid domain

Qu the part of Q containing the wetting phase

Q, the part of Q containing the non-wetting phase
Sow the capillary surface between Q,, and Q,

H the mean curvature of the capillary surface S,y
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In this Section we formulate a boundary value problem modeling a slow viscous incom-
pressible two-phase fluid flow through a random rough-walled filter and address the exis-
tence of solutions. We start with determining the geometry of the problem. Let (I1, Y, P) be
aprobability space and (7 (s))ser be a group of transformations on (I1, Y), that is satisfying

7(0) = Idn(Idn being the identical mapping),
TG1+s) =T(s1)o07T(s2), Vs, €R, (4)
P(T71(s)A) =PA), VAeY, VseR,

and such that, for every A € Y, the set {(s,w) € R x I1: 7 (s)w € A} is ds ® dP measur-
able. We suppose that 7 is ergodic, which means that every A € Y such that 7 (s)A = A,
for every s € R, has a probability P(A) equal to 0 or 1.

Let ¢ be a random process defined on R x IT and satisfying the following conditions:

(1) ¢(t w) is a stationary ergodic process, that is
VseR, VBe BR),P({w]|(t+s w) € BY) = P({w| (s, 7T (H)w) € B}),

where B(R) is the Borel o -algebra on R. Since 7 preserves the measure P, the above

equality implies that (s, .) and ¢ (¢ + s,.) have the same probability distributions.
(2) The derivative ”Zh—,;‘: exists, for m = 1, 2, 3, and there exist non-random constants c;

and ¢, such that, with probability 1,

m

0< c] < C(t,(z)) < 1/2, dt_m

< 0. (5)

From the properties of 7 and ¢, we derive the ergodicity property (see, for instance,
(30])

1 L
Vn e Z*, (¢"(0)) = ngﬂoﬂ/fn(t’ w) ds, (6)

almost surely, where the symbol (.) stands for the mathematical expectation with
respect to the measure P.

Let (xij(®))ijez be a sequence of random variables satisfying, with probability 1,
lxij(@)| < c3, VijeZ, (7)
where ¢3 is a non-random constant. We define, for every (i, j) € 72,
Gij(h w) = {(trij(w), o). (8)
Let p be a stationary ergodic process on R x II such that
0 <do <eltw) <{(tw)/2 (9)

m
where Jy is a non-random constant. We suppose that, for m = 1, 2, 3, the derivative ddt—,f
is a stationary ergodic process and there exists a non-random constant d;, such that, with
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probability 1,

dm
am <1, (10)

o

and define, for every (i, j) € Z2,

0ii(t, w) = o(tyij(®), ). (11)
Lete € (0, 1) be a small parameter and h be a fixed positive constant. We take e an arbitrary

realization from the set of full measure on II for which the conditions (5), (7), (9), and (10)
are satisfied, and define, for every i,j € Z,

Fj(0) = {x € R} | Ri(x1,x2) < egij(3e™"2, 0), x5 € (=h,0)), (12)

where Rf;(x1,x2) = V(x1 — ig)? + (x2 — je)?. We suppose that

Fi(o) = F; j(0) U A5, (@) U F;, (),
where the subscripts 0 and w denote the oil (or non-wetting) phase and wetting phase
respectively (see Figure 1) and where the disjoint subsets Fj ;;(w), A? (o), F, () of

0, i

Fy.ij(w)

N

A, (@)

Figure 1. Representation of the pipe centred at the point (¢i, &), for (i,j) € Z2, with th two phases

Fglij(w), Fyji(®), and the capillary surface Aé - (w) between them.

ow,ij
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F?jj(w) are defined by

Fg)ij(co) ={xeR? |Rg(x1,x2) < ag,-j(x3e_1/2,a)),x3 € (=h,0)},

x € R | e0ji(xse™"%, 0) < Ri(x1,x2) < eijlxe™", ),

X3 € (—h, 0) ’ (13)

Ffv,ij(w) = {

AGyii(@) = {Rj(x1,x2) = e0ij(x3e™ %, ).

ow,ij

Let g, b be fixed positive constants. We set

Q= (0,a) x (0,b), Q= (0,a)* x (—h,0),
T =(0,a) x {0}, X =(0,a)%x {b}, (14)
2p = (0,a) x {—h}, T =0Q\ Z.

We assume that
Q=Q,US,,UQ,, (15)

where Q, and Q,, are disjoint open sets and Sy, = 0Q, N 0Q,,. Let us set

L(0) = {(i,j) € Z* | F*jj(®) C Q).

We define
Q () =Uijer@Fjl@), Q (o) = U@gelg(w)FZ,ij(w)a a =o,w,
A (0) = E(i,j)elg(w)Aiw,ij(w)» 22_(60) =QuNZ, a=o,w, (16)
2¥w) =Que)NE, Zio)= Q@) NI,
and
Q(w) = QU Z(0) UQj(0), TI'(w) =0Q(0)\(ZpU Zj(w)). (17)

Let w be a fixed event for which the conditions (5), (7), (9), and (10) are satisfied. We
suppose that QFf (w) is filled with a two-phase viscous incompressible fluid. The difference
between the characteristics of the flows in Q and Qj (w) leads to a different scaling in the
two media. Taking into account the typical pipe diameter in the filter, which is small com-
pared to the macroscopic characteristic length, we suppose, according to [31, page 98], that
the Froude number Fr and the Reynolds numbers Re are low in Qf (), and that the ratio
% behaves as £2. This implies, using, for instance, [32, Paragraph 5.2 ], that the Euler num-
ber is high and that the inertia effects can be neglected in the filter. Thereby, assuming that
the Euler number Eu in Qj (w) behaves as 1/Fr, we suppose that the two-phase fluid flow
in Q°(w) is governed by the following Stokes equations supplied with suitable boundary
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and transmission conditions:

—UgAu¥ +Vp®? =f inQ,, a=o,w,
— s Auf + Vp* =f in Qi)h(a}), o= o,w,
div(u®) =0 inQ%(w),

oué aujg
M ! + == nj — pn; =2xHn; onSyy,i=1,2,3,
ow

oué  oui '\ , _ (18)
|:'u*82(8x; + 6—;1)@5 —p°nf =2xH’n} on A’g’j(a}),

(4*]5¢@y =0 onXf(w),
u¥ =0 onl¥(w),

=p’e; onX,U ZZ(a)), o= o,w,

where u® and p? are, respectively, the velocity and the pressure of the flow in Qf(w),
la> 0 = 0,w, is the kinematic viscosity of the phase a, which is a positive constant,
f e L2(QU T U Qy, R?) is the density of an external body force, [¢]oy is the jump ¢p — by
of a function ¢ through the capillary surface S,,, U A%, nand n° are, respectively, the out-
ward unit normals on S,,, and Af,’vﬁ (w) directed to the non wetting phase, e3 = (0,0, 1)/,
I« = lo on the non wetting phase side and x, = u,, on the wetting phase side, « is the
surface tension, H is the mean curvature of the capillary surface S,,, and H? is the mean
curvature of the capillary surface A% .

Assuming that the ratio of the Froude number Fr to the Weber number We in the filter
is very small, which means that surface tension forces are more dominant than gravita-
tional forces, we define, using Equation (13)3, the mean curvature on each capillary surface

Agy,ij(@) by H* = eHE, where H is given by

N\ —3/2
020ii(x3e V2%, w) d0i(x3e™2, w)
HE (x3,0) = — 1 (0) ———— L+ ¢ | () ————— (19)
0x3 0x3
The unit normal »® is given in cylindrical coordinates on each Af)w)ij(a)) by
\ —1/2
o0ii(x3e™ V%, 0
ns(x38—1/2)w) =[1+4+¢ Xij(a))M e,
6x3
N\ —1/2 (20)
d0ii(x3¢7 Y2, w) 00ii(x37 2, w)
—e12(0) LD | e) B2 .
0X3 0x3

Let w be a fixed event for which the conditions (5), (7), (9), and (10) are satisfied. Let us
define the space

V¥ (w) = {u € HY(Q%(0),R*); divu =0, u=0onI?(w)}. (21)
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The variational formulation of problem (18) reads as follows.

2ua [ DD+ 2408 [ DDy (9) dx
Q, &) (22)

—2/ xHn.p ds — 2/ kHn®.pds, = f.pdx,
Sow Ay (@) ¥ (@)

foreveryp € V®(w), where D;j(u®) = %(g—'ﬁ + Z—L)Z) and where the summation convention
with respect to repeated indices has been used and will be used in the sequel except in
certain cases where the summation symbol will be used explicitly. Then, using, for instance,
[33, Theorem 5.1]), we deduce that problem (18) has a unique solution (1%, p?) € V#(w) x
L*(Q%(0))/R.

Let us define the functional F; by

2,ua/ Dij(u)Djj(u) dx
Qu
Fe(u) = +2,ua82/ Dij(u)Djj(u) dx  if u € V¥(w), (23)
o n(@)
+00 otherwise.

Then, the solution (1%, p?) € V¥(w) x L*(Qf(w))/R of problem (18) can be also obtained
from the minimization problem

fu dxl . (24)

inf [fg(u) - 2/ xkHn.uds — 2/ kH®n®.uds, —
ueve ow A (@) @ (o)

3. A priori estimates

In this Section we formulate and prove fundamental a priori estimates for the velocity and
pressure fields.

Lemma 3.1: Let u® € V¥(w). There exists a non-random constant C independent of €, such
that

(1) fgz(a}) |1/l'3|2 dx < Ce? fgz(w) |Vu‘9|2 dx, fg |u’3|2 dx < Cfg |Vu‘9|2 dx,
(2) | 2k Hn.uf dS| < C”Vug” 2 9, | [ e 2 HE né uf dsal < Ce
Sow L2(QRY) (@)
”VI’!C”LZ(QZ(CU)’H@).

Proof: 1. Letw € HY(D(0, 1) x (—h,0)), where D(0, 1) is the unit disk centred at 0. We
suppose that w = 0 on 0D(0,1) x (—h,0). Using the Poincaré inequality in the disk
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D(0, 1), we have that

/ w? dyy dys < C/ |Vwl* dy1 dya,
D(0,1) D(0,1)

where Cis a positive constant. Then, rescaling by (x; — ie) = eg“ij(x38_1/ 2, w)y; and (x; —
je) = SC,']'(X3€_1/ 2, )y, we obtain for u® the inequality

/ 0 dxy dxy
D((ia,jg),sgij(x38*1/2,w))

< Cezgi]z(x38_1/2,w) [Vuf|? dx; dx,,
D((ig,je) egij(x3e~1/2,0))

where D((ie, je), & (x3671/2, w)) is the disk of radius Gij (x3671/2, w) centred at the point
(ie, je). Then, integrating over (—h, 0) by taking into account hypothesis (5), we deduce

that
/ |uf]? dx < ng/ |Vuf)? dx,
Fg-(a)) F‘;(w)

1

where C is a non-random constant independent of ¢. Therefore, summing over all (i, j) €
I, (w), we obtain the estimate

/ [uf)? dx < CE,‘Z/ |Vuf|? dx. (25)
Q () Q@)

On the other hand, since u®* = 0on 0Q\ X, U X Z (w), we have, using the Poincaré inequal-

ity,
/ |uf)? dx < c/ [V |? dx,
Q Q

where C is a constant independent of ¢.
2. Using the trace theorem, we immediately obtain that

/ 2k Hn.uf ds
SUW

Let (i,) € I.(®),x3 € (—h,0),and r € (SQZ/Z, EQZ),where ij = Qij(x3s_1/2,co). Observ-
ing that

< CllH|l 25, ) IV [l 2 r9)-

ds,

2 oyt
(e 0x) = (n0.) = [
; O0s

we deduce that

€05 out 2
|u® (e05, 0,x3)1* < 2|u*(r, 0, x3)|” + 21In(s0/7) / : a‘: sds
.
< 20t (r,0,x3)|* + 21n(2) [Vuf|? dx,

()
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then, multiplying both sides of the inequality by r and integrating between 0 and QZ-, we
infer, using (25), that

/ |M£(SQZ,(9,X3)|2C1$£ <C / |u6|2dx+8/ |Vué|? dx
AGw (@) Q} (v) Q} (v)

<C 82/ |Vu8|2dx+8/ [Vuf|? dx
Q& (o) Qj (o)
< Ce/ |Vuf|? dx. (26)
Qi (@)

Furthermore, using conditions (7) and (10), we have

2
(/ 2k Hén® uf dsg) < 4x? (/ |Hn?|? dsg)/ [uf)? ds,
AGw (@) AGw (@) A (@)

w3 / PP s | 16 o)
(i)el (@) Howis (@)

< Ce|lu® ||i2(A§W(w),R3)' 7

Thus, combining (26) and (27), we get

2
(/ 2k Hén® uf dsg) < ng/ Vi |? dx.
Abw (@) Qf (o)

We have the following estimates:

Lemma 3.2: Let u® € V¢ (w), such that sup F,(u°) < +00. Then

(1) sup, Jo IVuf|*dx < 400, sup, & fﬂﬁ(w) |Vué|? dx < +oo,
(2) sup, Jq [u¥]* dx < 400, sup, fQ’i’,(w) |uf]? dx < 4-o00.

Proof: Observing that
Fo(w) = min(uo, p) IV U 72 oy + €IV I T2t () 200 b (28)
we deduce that
Sl:P{HVUS Iz2@ro) + €l Vi'lli2(Qs @),ro)} < +00.
Then, using Lemma 3.1, we deduce the second point of the Lemma. |

Remark 3.3: Let u® be the (velocity) solution of problem (24). Then

Fe(®) — 2k Hn.u® ds

SOW
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- 2x/ Hén®uf ds, — fufdx <0,
Al (@) ()
from which we deduce that

2K Hn.u? ds
SGW

Fe(u) < +

2K/ Hén® ulds,
Al (@)

+ Ifllzz@@uzua, e 14 2@ R?)

+ I l2uzs gy, k) 14 11205 (o), R3)-
Then, using Lemma 3.1, we deduce that
Fe(®) < AUV ll2ro) + €l VU 2008 )k b
and, using inequality (28), we deduce that sup, F; (4%) < 400 and

sup{[| Vil [l 2 qrs) + €l Vil 2 (s ()0} < +00.
&

We now deal with the pressure. We start with the following useful result due to Bogovskii
[34]:

Lemma 3.4: Let D C R? be a bounded domain with Lipschitz continuous boundary oD.
There exists a linear operator I3 : L*(D) — H{(D,R?) such that, for every g € L*(D)

satisfying [, g dx =0,

div(B(g)) =g inD,
IVB@ 2wy < CD)glzm)

where C(D) is a constant which only depends on D.

Let (u?, p?) € V¥(w) x L*(Q¢(w))/R be the solution of problem (18). We define the
zero mean-value pressure

~ 1
e :pg—@/gp”dx in Q,
1

&

(29)

f = pg — m—(a))l o (w) p{,‘ d.x in Qz’h(a))
@, a.h

We have the following estimates:

Lemma3.5: (1) sup, [p°ll2q) < +00,
(2) sup, ”ﬁEHLZ(Q‘;(w)) < +o0.
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Proof: According to Lemma 3.4, there exists ¢® € HO1 (Q, ]R3) such that

|—d1vgo' =p® inQ, (30)

7 =0 onoQ,

and || Vo?ll2@qr9) < Clp°ll2(q)> where Cis a positive constant independent of ¢. Then,
using the variational formulation (22) with ¢ := ¢?, we have that

2ta / Dyi(u)Dy(p°) dx
Q,

+/@8)2dx—/ 2Kk Hn.g° ds:/f.qog dx,
Q Sow Q

which implies, using Lemma 3.1, that

|62 < Cllflazs + 19z + 1P Lz
from which we deduce, using (29) and Remark 3.3, that

sup [Ip°ll2(q) < +o0. (31)
&

Let us now define the cylinder
Gji(®) = {(y1,y2,%3) € R | y3 455 < (Z-Jz-(x3£_1/2,co),x3 € (—h,0)}. (32)

We consider the following problem in ij (w):

(33)

divy(y*®) =p"(ey1 +ie,ey2 +je,x3)  in Gj(w),
wé& =0 on GGZ.(co).

Then, according to Lemma 3.4, there exists a solution y? € Hé (G%(w),]l@) of prob-

lem (33), such that
/ |[Vy??dydx; < C (?°)? dy dxs, (34)
Gi(w) Gjj(e)

where the constant C is non-random and independent of ¢. Let us define

e(w)1((a —ie)/e, (x2 — je) /e, x3)
¢ (x) = [ e(w®)a((x1 —ie) /e, (x2 — je) /e, x3) | »
(w?)3((x1 —ie)/e, (x2 — je) /e, x3)

then ¢? verifies

(x1 —ie)/e
div(¢®)(x) = divy(y®) [ (x2 ;3]'8)/8 =p'(x) inFj(o), (35)

¢ =0 on aFfj(a)),

and, according to (34),

/ |v¢€|2dx532/ Ve |* dydx;
Fi () G(@)
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<&’C (?°)? dydxs
Gi ()

=C / (°)? dx. (36)
F ij (@)
Then, applying the variational formulation (22) for ¢ := ¢, we get

2 / DyDy4)d
¢ (o

Qa,h(

+ (%) dx — / 2kHn® .¢% ds = 0,
Qi () Al ()

from which we deduce, using inequality (36) and Remark 3.3, that
/Qr( )(I_’g)z dx < C{82||Vug||L2(QZ(w),R9) + BIVE©ll2(s @),r9)
}ll (&)

< ClIP* 2 (g (@)
hence

sup [1P° [l 12 (@ () < +00-
&

Remark 3.6: We define the mean of extension of the pressure in each phase by

=€

1 =&
- x)dx inQ¢  (w),a = o,w,
. P o ) / c o h .
a - 1 e
_— ‘(x)dx  in Q% (w), B # a.
€2 , ()] Qz,h(w)p Boh
Then, p* = p% + pj, and, using Lemma 3.5,, we have

sup ||ﬁ§||Lz(Qz(w)) < 400, a=o,w. (38)
&

4. Compactness results

In this Section we establish compactness results for the convergence of velocity and pres-
sure fields. Let w be a fixed event for which the conditions (5), (7), (9), and (10) are satisfied.
We prove the following convergence in the filter:

Lemma4.1: (1) Foreveryp e Cl(Qy), we have

lim Z / 0 (x1,x2,x3) dx = h(c2(0)) / ¢ (x',0)dx/,
e—0 . Fé (o) s
(ij) el (w) ¥ i

where X' = (x1, x2).
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(2) Let w, € LZ(QZ ()), such that sup, fgi(w) (w;)? dx < +00. There exists a subse-

quence of the sequence (w;),, still denoted in the same way, and w € L*(2), such
that, for every ¢ € CO(R3),

lim wep dx = h(Z2(0)) / w(x)p(x',0) dx’.
i20J0¢ () z

(x1 —ie)
g(,-j(x3g—1/2,a))

Proof: 1. Let us introduce the change of variables y; = and y; =

%&;—]y’m) Then, using conditions (5), the smoothness of ¢, and the ergodicity prop-

erty (6), we infer that

11_1}'1}) /s ¢(X1,X2, x3) dx
(el () T3 (@)
ey1Gij(x3e™ /Z,a)) + ie
= lgn / / syzg’,-j(xge_l/z,a)) + je (ijz-(xgg_l/z,a)) dy dx;
(el PO X3
= lgn Z / o (&, 8],X3)CIJ (x3e™ 172 ,co) duxs
(i)l (@) B

h 0
=1 [ (om0t ) 0

2 / dx’.
c (o>>/2 0 (X,0)

2. Let us introduce the measure v, =1 Q (o) dx, where 14 is the characteristic function of
the set A. We can easily check that, as ¢ goes to 0, the sequence (v ). converges in the weak
sense of measures to the measure v = h(¢2(0))1x (x’) dx’. By Holder inequality

1/2
/|wg|dvgs{ / (wg)zdx} :(R*))2,
R3 Q (w)

thus, using the hypothesis on (w,)., the sequence (v.w.). is uniformly bounded in
variation, hence *-weakly relativement compact. We deduce from this that, up to some sub-
sequence, the sequence (v;w; ). *-weakly converges to some measure y. Let ¢ € Co(R?).
We have, using Fenchel’s inequality

liminfg_m/ (wg)2 dv, > liminf,_, (2/ weo dvg —/ q02 dvg)
R3 R3 R3

2(x, ) —/ p*dv. (39)
R?}
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As the left hand side of (39) is bounded, we infer that
sup {(X,qo) g € CO(R3),/ 9*(x,0)dv < 1} < +o0.
RZ

Therefore, according to Riesz representation Theorem, there exists w € Lﬁ (R3), such that
X = wv. |

We have the following convergences:

Lemma4.2: Letu® € V¥(w), suchthatsup F,(u®) < +00. Then, there exists a subsequence
of the sequence (u®),, still denoted in the same way, u € HY(Q, R3), andv e L*(Z, R3), such
that

¥ lo — u HYQ,R)-weak,
e—0

lim ut - g dx = h(¢%(0)) / v(x).p(x,0)dy, Vo e C(R* R?),
¢20./ 0t (w) z
divu = 0in Q, divv, = 0in X, where v; = (vi,v2), and vz = é'f(lg)}.

Proof: 1. Due to Lemma 3.2, there exists a subsequence, still denoted in the same way,
and u € H'(Q,R?), such that

¥ lo — u HYQ,R?)-weak.
e—0
Let ¢ € C.(QQ). Then

0=1lim [ divipdx=—1lim [ u® - Vpdx
e—0 /0

e—0 /0
=—/ u.Ve dx
b

= / divue dx,
)

from which we deduce that divu = 0 in Q.
Due to Lemmas 3.2 and 4.1, there exists a subsequence, still denoted in the same way,
and v € L>(Z,R?), such that

lim ut - pdx = h(cjz(O))/ v(x).p(x,0)dx, Vo e Co(R? R?).
20 J0¢ () z

Let 9 € C1(Z). Then, since divu® = 0, we have, using Lemmas 3.2 and 4.1,

99
6x1

0 = lim divufp dx = — lim ut - | 99 | dx
e—0 Q& () e—0 Q& () (3_362

0
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o9
axl
:_h@z(o))/ v.| 99 | d¥
z 6x2
0
=h((2(0)>/ pdivy, dx/,
z

from which we deduce that divv; = 0in X.
Letp € C.(Q x X x Qp), then

0=lim [ divitpdx = —1lim [ u® - Vpdx— lim usp dx
650 /g -0 Jg =052 ()
= —/ u.Vo dx — lim ubp dx’
Q e—0 Z”(w)
= / uz () (x/,0) dx’ — lim up dx’,
5 e—0 T4 (w)

from which we deduce that

lim ulp dx’:/ uz (X (x',0) dx’. (40)
=0 2¢(w) >

Let us now take ¢ € C.(X). Then, using (40) and the fact that divv, = 0in X, we have

0 = lim (h + x3)divu®p dx = — lim (h+ x3)ul - Vo dx
e—0 Qz(w) e—0 Qz(m)
— lim u§p dx + lim h up dx’
e—0 Qz(w) e—0 24 (o)

:—h((z(O))/ V3godx/+h/ uzp dx’,
b b

from which we deduce that v3 = 7 523 (|§)> . u

Remark 4.3: Let (uf,p?) € V¥(w) x L*(Qf(w))/R be the solution of problem (18). Then,
using Remark 3.3, Lemmas 3.5, and 4.2, we deduce that there exists a subsequence of the
sequence (1, p%),, still denoted in the same way, u € H'(Q,R?), p € L>(Q), v € L*(2),
and g € L?(X), such that

(1) v |g—e0 uHY(Q,R?)-weak, P’ —es0 pLZ(Q)—weak, and divu = 0in Q,
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(2) forevery ¢ € Co(R3,R?),

lim ut - pdx = h([z(O))/ v(x').p(x,0) dx/,
=0 Qi (o) s

for every ¢ € Co(R?),

lim P dx = h{¢?(0)) / q(xNp(x,0) dx/,
=0 QZ(“’) s
divv, =0in X, and v3 = %.

5. Local problems determining the two-phase relative permeability

In this Section we introduce and study the auxiliary problems determining the two-phase
relative permeability in the filter. Let D(0,1/2) and D(0, 1/4) be the disks centred at the
origin with radii 1/2 and 1/4 respectively. We set

D, = D(0,1/4),
D,, = D(0,1/2)\D(0, 1/4),

Cow = {O12) € Rz;m = 1/4}.

For m = 1, 2, we consider the following two-phase viscous incompressible fluid problem:

—,uaAywm—{—Vynm =e, InD,, a=o0,w,
diviw™) =0 1inD(0,1/2),
(W"low =0 onCop, (41)
m m
|:,Lt* (% + ai)nj_ﬂ:mni] =0 OnCOW!
R o
w" =0 ondD(0,1/2),

where e, = (d1m> d2m) and #n is the outward unit normal directed to the non wetting
phase. Problem (41) has a unique solution (w™, ™), such that w™ e H}(D(0,1/2),R?)
and 7™ e L*(D(0,1/2)) /R (see for instance [33, Theorem 5.1]). Let us now consider
the following problem related to a two-phase axisymmetric Poiseuille flow in the circular
cylinder D(0, 1/2) x (—h,0):

,uaAyn =1 inD,, a =w,o,
[W]ow =0 onCoy, (42)
n =0 onoD(0,1/2).
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The solution of problem (42) is given explicitly (see, for instance, [5]) by a radial function

n(r), r = /y* + y3, defined by

1 3
(ﬂw"z _ ( ﬂo+ﬂw)) in D,,

4piofw 16
3
ﬂ(r) =13 on COW’ (43)
4 uy
1 , 1 .
— - - in D,,.
4y 4

Let w be a fixed event for which the conditions (5), (7), (9), and (10) are satisfied. Let us
introduce the following intermediate random functions:

1
4G (x3e™12,0) — pij(x3e712, )

-1/2
Kij(x3€ 12 @) =

_ _ (44)
Li(e™ V2 w) = Gij(xse ™12, 0) — 204(x3e 712, w)
TR T A 0) — 0y(ae % 0)
for every (i, j) € I, (w), and set
o} (x, ) = Kji(x3e ™2, )i () + Az ™2, ), (45)
where
N N2
X x] — ig X — je
0= (7)< (7).
€ €
We define the sequence of functions (w®™),, m = 1, 2, 3, by
wor = (W) in Fy(),V )) € L),
0
(46)
0
w? = 0 in Fi(w), ¥ (,)) € (o),
.3
w‘;ij
where, using the polar components w]" and wy'of w" for m = 1, 2,
r( " cos O 7" sin6) rfj(x/) 0] f F? (o)
wi cos @ — w})! sin —_— orx € F¢ (w),
Wi = 1" ’ 40ii(xse71/2, @) o
| (W) cos @ — wy' sin 0)(0'5- (x, ),0) forx € Ffv’ij(a)),
(47)
r( " sin@ 4+ wy' cos0) ri) o) f F? (o)
wi sin wi' cos _ orx € F% (w),
whil () =17 o 40ii(x36 =12, ) >4
| (W) sin6 + wy' cos 9)(05 (x, w),60) forx e Ffv’ij(a)),
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and where

77(7'5-()6’)/4Qij(X3g_1/2’a))) for x € Fﬁ’lj(w),

n(oj; (x, w)) for x € Fy, ;i(w). (48)

Wi () = [

Let us introduce the 2 x 2 matrix K = >
with

a a __ o _
a—ow K% where K% = (Klm)l,mzl,z, o= o,w,

K2 = 16((0)%) /D W' () dy,

Kj, = 1600 — ) [ w7 0)dy )
Dy
O a0 200 [ O,
|Dw| . 1yl

and the constant y = y, + y,, with

i _277(6luo + ﬂw)<Q2(0)>

Yo =

44#0/“14/ (50)
_ 22 ((£(0) = 0(0))(72(0) — 50(0)))
N 4y '
Letv € CI(Z,R3). We set
ve = (vi,n2),
Vi = K 'K%,, a=o,w, (51)
vg‘ = y—av3, a = o, w.
14
define the sequence of functions (v*¢),, & = o, w, by
. (0 0
V() = o) }E ) Z vqu(ig,jg)K_a/ wZ-’m(x) dxs,
(i)l (@) h
(2(0)) ° o
V() = e z V5 (e, je) (/—h wg;;(x) dx3) ,
()€l (w)
and the sequence of test-functions (v*), by
c v inQf (),
Vo= {vwg in Qih(w). (53)

We define the matrix A = > _ A% a = o,w, by

Ap, = /D wi(y) dy,
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Ap, = / w}'(y) dy

w

_1<C(O)—2a(0)>/ Vw"(y) : Vw'(y) &,

54
1\ 70 = 20 i 59

The sequence (v¥), verifies the following convergences:

Lemma 5.1:

(1) limg—o fgi(“’) Ve - dx = h(¢?(0)) fz v.p dx’, for every ¢ € Co(Z,R?).
(2) limg—02e%uy fggh(w) [VVE|2 dx = 2014(C%(0))? [ (K**) ™1 0% dx/, where

K*a — A—a (Ka)z

(3) limg_sq2e%u, fﬂih(w) IVVEE12 dx = 2006 (2 (0) 2y 2y %[5 (vE)? dx, where

.« 2m
Yo = #346’
, 2 (15 7 [¢(0) —20(0)
w2 \16 3\ ) - 20 /)
Proof: 1. We have
lim vi.p dx
e—=0 Qz(w) T
1 2 o T —a &,m
= lim (¢*(0)) > (p)(ie, jo)K /F » wi™ (x) dxs dx. (55)
m=1,2 aij
a=o0,w
(ij)els ()

for every ¢ € Cy(Z, R3). Let us set, for every x3 € (—h,0),
D} (x5, 0) = {x € R* | Ri(x1,x2) < e0ij(xse™ "%, )}, 56)
Dew’ij(x3,a)) ={xeR| ggij(x3£_1/2,w) < Rfj(xl,xz) < 8[,-j(x38_1/2,w)}.

Then, using the expression (47) of wfj’m in polar coordinates, we can write

0
/ Wf]f’” (x)dx = / / w' (aijg- (x, ) cos 0, 05- (x, @) sin @) r dr dd dxs,
Ffj,),-j(a)) —h JDE ..(x3,0)

w,ij

and

/ w%’m (x) dx
E§ ij(w)
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0 () ()
:/ / w J — 75— cos0, J — 75— sinf |rdrdf dxs,
—h Df),ij(xg,,a)) 4Qij(x38 / ,CO) 4Qij(x38 / ,Cl))

we obtain, introducing first the change of variable
s =0jj(x,0) inDy,;(x3,0),

and then passing to Cartesian coordinates, that

L.,

wyij

0
= 16¢2 /_h((Cij - Qij)z(x36_1/2,w)) dxs (/D w" (y) d)’)

w™ (0;]“'T (x, w) cos B, ai’; (x, w) sin@)r dr dO dx;
-(X3,(l))

0 m
- /_h((&'j = 0§) (¢ = 209)) (3™ %, ) dxs (/W le(ly) dy) S

and similarly, by first introducing the change of variable

()

=——~= ——— inDf.(x3,m),
4Qij(x38_1/2,60) 0,1]( 3 )

we have
0 ) )
/ / w U—_lzcose,zj—_lzsinQ rdrd6 dx;
—h ) DE (x30) 40ii(x3¢~12, ) 40ij(x3¢ V2%, )

0
= 16&2 /—h Qizj(x3g_1/2,a)) dx; (/D w"(y) dy) , (58)

hence, inserting (57) and (58) into (55), we obtain, after some computations and using the
ergodicity property (6),

lim Ve g dx = h(¢%(0)) / K7*K*v% - ¢ dx’
e—0 QZ(“’) a:zo,w s
—n o) Y [ pd
a=o,w z

= h(2(0)) /E ve - pdx.

Similarly, using the expression (48) of w%’3 in polar coordinates, we have, for every ¢ €
Co(2),

. . (vV§)(ie, je) .
lim vap dx = lim (¢*(0)) > w3 (x) dos dx

£—0 Q& () d—ow Yo ngj(w)
(ij)€l: (w)
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= lim(0) Y 8752 B0 4

(i<l () Vo

+gi_r>r%)((2(0)) > SMZM(BE(COHCE@)),.

(i) ele (@) T
where
0 1/2
Ag(w) = 4/h((ézj - sz)z(x38_1/2aw)) dixs (// n(s)s d5) >
- 1/4
0 1/2
i) = = [ (= etay =206 2o da ([ Cnoras).
- 1
0 1/4
Ce(w) = 4/ Qizj(xgg_l/z,a)) dxs (/ n(s)s ds) ,
—h 0
from which we deduce, using the ergodicity property (6), that
iim [ Vipdr=hic) [ Bodx +hc0) [ o ar
i20J0¢ () z z

_h((z(o))/sz dy.
2. We have
lim Zezua/ |VV?8|2dx
£>0 @, (@)
C,ﬁf) i 3 et io e oMo,

1,2
(IJ)GIs (@)

where, for a = o, w,

0
o) = [ ( [ kv xo aVng(x)dxs) dx.
F ()

a,ij

i) in FZ ..(w), we have

Passing to polar coordinates by setting s = Py e e 0,

1/4
HOlm(a)) = h/ / "Vw‘p "(s,0) : K_OVWZ’I(S, 0)s ds do dxs,

and by setting s = K,‘j(X38_1/ 2, a))r,-gj(x’ ) in F¢ ..(w), we have

w1]

Kijqij
e () —h/ / TR KTYWE s 4 Agese ™, @),0)s ds dd ds.
K

ijQij



24 M. EL JARROUDI ET AL.

We deduce, after some computations, using the ergodicity property (6), that

lim Z Zyaszvam(ie,je)vf‘(is,js)H?’l’m(a))zzhzﬂa/(K_“)zA“vf.vf dx/,
b

e—0
m=1,2
(i) el (w)

and consequently

e—0

nmzﬁya/ |Vﬁﬁdx=2uﬂﬁ«m2/fA%Kﬂ6—W$ﬂdz
Q (@) z
3. In similar way, we have

4 20-200))2 [1/4
282#0/9£ ( )|V1/g£|2dx= M/O (q’(s))zsds z (vg)z(ig,jg),
oah\?

2
Vo (ij)el @)

and

282,uw/ |VV§/E|2 dx

(@)
Az e (%(0))? - Oz -
=’uw+fl) Z (V;V(w,]s))z/ / (1 ($))*(s + Aij(x3e ™2, @) ds dxs,
Tw (el (@) —hJ1/4

from which we deduce, using the ergodicity property (6), that

lim 2&2 11, / |VV§‘8|2 dx = 2/,¢a<(2(0)>2y;ya‘2/ (vg‘)2 dx’.
¢=0 Q) (@) z

6. Boundary layer problems

In this Section we introduce and study auxiliary problems connected with the bound-
ary layers in a small zone at the inlet of the filter. Let @ be a fixed event for which the
conditions (5), (7), (9), and (10) are satisfied. Let Y = (—1/2,1/2)?, such that

Y=Y,UAu(@w)UY,, (59)

where Y, and Y, are disjoint open subsets of Y and A, (@) = {,/ y% + y% = 0(0, w)}. Let

us set
D°(w) = {(1,y2) € R* | 0 < \Jyi +y5 < 0(0,0)},

D"(®) = {(y1,y2) € R* | 0(0,0) < /% +y3 < (0, )},
D(w) = D°(w) U Agy(w) U D" (w),
and

Zo =Y, x (0,4+00),
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Zyw =Yy x (0, +00),
Z =Y x (0,+00).

Let us define form =1, 2

NSRS

W bl
1 40(0, w)

v
pea N[ e

m
w " (y1y2) = 1 | "2 40(0,w)

0
wi' (o (y, »),0)
wi (o (y, w),0) in D" (w),

0

where

o (y,w) = k(0,w) y% +y§ + A(0, w),
1
4((0,0) — 2(0,w))’
¢(0,0) —20(0, w)
4¢(0,0) = 0(0, )’

k(0,w) =

A0,w) =

and form = 3

WO 1y) = {n( Y+ 3 /400.0)e in D),
1o e in D)

We make the hypothesis that
Sow N (D(@) x {0}) = Aow(®),

and consider the following boundary layer problems for m = 1,2 :

[ — sy AWV Vbl = ¢ inZ,a=o,w,
divw™b! = o inZ, oa=o,w,
[Wm’bl]ow =0 on Sy

bl
ow™Pl ow!™
M ! + / nj — T™n; =0 onS,y,
ayj 5}’1‘ ow
WP (y1, 92)
w™tl(y1,32,0) = [ W™ (y1,y2) on D(w),
0

w™(y1,y2,0) = 0 on YN\ D(w),
| (wm’bl, T m’hl) is (y1, y2)-periodic,

(60)

(61)

(62)
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and the following for m = 3:

—,uaAw3’bl—|—V7r3’bl =0 inZ, o=o,w,
divw>? = 0 inZ, o=o,w,
[W3’hl]ow =0 on Soy»
bl
aw.3’bl 6w-3’
1 pl ——+ J nj—7r3ni =0 onS,, (63)
% o ow
w3t (y1,5,,0) = W3 (91, 32) on D(w),
whbl (1,92,0) =0 on Y\ D(w),
(wmbl g mbly g (y1, y2)-periodic,
where
1
—0,3 0,3 0,3
w> = w7 (y2) — w” (}’1,)/2)) es.
( |D(w)| D(w)

Let us define the space

wel} (Z,R%) | Vw e L*(Z,R?),
VP (w) = }diviw) =0 inZ, . (64)

w(¥1,2,0) =0 on Y\ D(w)
Then, using for instance [19, Section 3], one can prove that, for m = 1, 2, 3, problems (62)

and (63) each have a unique solution (W™, z ™), which depends on € IT and belongs
to the space (V% (w) N CX(Z,R?)) x C®(Z). For everya, b € R, b>a> 0, we define

loc loc
Z(a,b)y=1{yeZ|a<y; <b}
The following Phragmen-Lindel6f type estimates can be obtained for (w™!, z™b) (see,
for instance, [35,36]):

,bl -C
W™ = C" 25513y < Coe™ " VseN,

™ — Cl 2z 54 1)3) < Coe™'F Vs e N, (65)
VW™ |2 o1y re) < Coe™ @ Vs eN,

where Co, Cy, and CI" are arandom constants with Cyp, C; > 0,and C™ is arandom constant
vector of R3. We introduce the 3 x 3 matrix K (w) = 3 K*P (), where K*(w) =

(K[“,,;bl(w))l,m:1,z, a = o, w, with

a=0,w

Kzoﬁ,’lbl(w) = / VWm’bl(Z)(CU) : le’bl(z)(co) dz. (66)

o

Let
Zioj’g = eY° + (ig, je),
Z;”‘o’ =eY" + (ig, je),
. o (67)
owij = ESow + (i€, j€),

ZZ- = ¢Z + (ig, je).
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We define, for every (i,j) € I.(w), the sequence of functions wmbhe o — 1,23, by

Wbl () = bl (’% 2= - je x;) inZ5,V(i,j) € I (). (68)

We have the following

Lemma 6.1: Let 5« € (0,1). For every ¢ € cl(Q, ]R3), we have

e—0

lim 2¢ 11 / Ve () s Vihthe g (x) dic
N(Z x(0,6%))

= 24, /Z K (@)p (). () d.

Proof: Observe that

lim Ze,u,,[/Q (0 V™t g (x) : Vhth g (x) dx dx
o X (0,67

e—0

=lim >, 2o / (0me1) (ie, je) VW™ (x) : VhPh (x) dx.
0 (ij) el (w) Zg (@)N(Z % (0:67))

x1—ie x2—je X
Ay, =L and y; = 2, we

Then, introducing the change of variables y; =
deduce, using the expression (68) defining wnble (x), that

hm Z 21 / (@mon) (e, je) V™0 (x) - Vinhthe (x) dx
=0 (i) el (w) Z?’g(w)ﬁ(Ex(o,g%))
_hm Z 2uqe (¢m¢l)(l€,]g)/ / mbl VWlhl)(y)dy
(l])ele(w)

= 2uq4 ( /Z V™ (y) - Vb (y) dy) /Z (Pmep) (', 0) dx’

=2,ua/EK“’bl(a))¢(x’).go(x/) dx'.

7. The main result

The purpose of this Section is to state our result on asymptotic behavior of problem (18).
According to Lemmas 4.1 and 4.3, we are now able to introduce the following topology 7o,
which will be used to describe the asymptotic behavior of the sequence (F ), of functionals
defined in (23):
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Definition 7.1: A sequence (u%),, such that u® € V*(w), rg-converges to the couple (u, v)
if

u’ |a —\Oqu(Q,]R3)—weak,
E—>

lim ug-(pdxzh(g‘z(O))/ v-pdx, Vo eCy(Z,R%.
i20J0¢ () b

We define the space V° by

1 3 2 3 : _ :
V0:[(u,v)eH(Q,]R)xL(2,R)|d1vu_0 in Q, }’ (69)

divi, =0 inX, wu3=(20)v; onX, u=00ndQ\ X
and the functional 5y on L*(Q, R®) x L*(Z,R?) by

24ta Jo, Di(u)Dy(u) dx + 2444 (£%(0))? [ (K**) 71w 5 dx’
_ 20,20y y 77 5 (5)7 d
Folwv) = +2pq [ K@) —v) - (u—v)dx’ if (u,v) € VO,
+00 otherwise.
(70)
Our main result reads as follows.

Theorem 7.2: We have

(1) (lim sup inequality). For every (u,v) € V° there exists a sequence (u*%),, such that
u%® e V¥ (w), (u®®),1o-converges to (u,v), and

lim sup F, (1) < Fo(u,v).

e—0

(2) (liminf inequality). For every u® € V¢(w), such that (u®).to-converges to (u,v), we
have (u,v) € VO and

lim inf F, (u%) > Fo(u,v).
e—0

Before proving this main result, let us write the problem associated to the limit energy
functional (70).

Corollary 7.3: Let (1%, p®) be the solution of problem (18). Then, the sequence (u?).7o-
converges to (u,v) € V° and

¢ — p L*(Q)-weak,
e—0

lim [ Fodx=hic20) /2 J)p(.0) &Y, Vo e CoRD),

e—0 QZ (®)
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lim [ Fodx=hic2©) / 1 (o (,0)d¥, Vo € GoR),
200 (w) b

q=qo+ qw>
where (4, v, p, o> qw) is the solution of the problem

[—puaAu+Vp=f inQy0a=o0,w,

divu =0 inQ,

2uDij(u)n; — pnjlow = 2xHn; in Spy,i = 1,2,3,
v=v"4+v" inZ,

W= K**(Vgqo — f2)

! 2{! (¢2(0))
(2(0) 2 mZI:Z(K*aKa bl(w)) (u—v") inZ,a=o0,w,
" <4“2(0)> ’

divi¥ =0 inXZ,a =o,w,

with the following boundary conditions for u on X and q, on 0%

. 2
Ya a,bl *
us + K (@).u—-v) =f; nXx,
azow CZ(O) 3 azow /uaya
0 2
e = $(K§1’bl(w))t.(u —v*) onZX,

0X3 | = me1a Mo T fw

6113 2

2 o L= S (k@)= v) o,
0x3 fot fw S fo+ flw

do =0 ondZ,
(=0 onQ\Z,

where K** is the permeability tensor of the a-phase in the filter defined by the relations
(49) and (54), the coefficient y, and y, are defined, respectively, in (50) and Lemma 5.13,
K** (w) is the boundary layer (random) tensor corresponding to the a-phase given in (66),

and Kla’bl(co), I =1, 2, 3, is the I-th row vector ofK“’bl(a)).

Proof: Let us introduce the vectorial measure v, = 2keH*n®1 A () dx, where H? and n®
are respectively the mean curvature and the unit normal given, repectively, by the rela-
tions (19) and (20). Then, using the law of averages and the ergodicity property (6), we

have, for any ¢ € C (R3,R?),

lim go dv, (x) = lim 2kH*n® ¢ ds,
e—0 e—0 Ahé( )

= lim Z 2K8Hf]1(x3,w)n8.go ds,

70 el (@) T Ao (@)

) 1 0 . o 2
=2thgr%) Z &2 (m /_h(Qinij)(Z,a))(o(l,],zel/z). (/0 nd@) dz)

(i)€le ()
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2T
= 2xh(H*(0)) / (¢1 cosO + @, sin0)(x',0) d9 dx’
zJo

=0, (73)

52 i (s
where n = (‘Scigség) and H;‘j (tw) = — X; (w) Qa’)g “) We deduce that (ve)e*-weakly con-
verges in the sense of measures to the zero vectorial measure. Let u® € V*(w), such that

sup, J; (u®) < 400. We have, using Lemma 3.1, and Lemma 3.2,

/h 2k H n® u® ds,
Agiy ()

which implies that the sequence of measures (4%.v;), has bounded variation, thus *-
weakly converges, up to some subsequence, to some measure v. On the other hand, using
Lemma 4.2, we have, up to some subsequence, for every ¢ € Co(R3,R),

< 400,

sup
&

lim uf.pdx = h((Z(O))/ v(x).p(x,0) dx/,
s

e—0 QZ (@)

As (v;).*-weakly converges to the zero vectorial measure, we deduce that v = 0. We thus
obtain that, up to some subsequence,

lim 2kHn® ufp ds, = 0. (74)
70 Az @)

Let (1%, p®) be the solution of problem (18). Then, according to Remark 3.3, Theorem 7.2,
and convergence (74), we infer, using [11, Theorem 7.8], that the sequence (u%).7¢-
converges to (u,v) € V0 solution of the minimization problem

Folu,v) —2 fsow xHnju; ds—
inf

(,v)eVO —i/jﬁudx—hgianx/fxvdg > (75)
Q b

with
lim F, (u®) = Fo(u,v), (76)
e—0

and, using Lemma 3.5, Remarks 3.6, and 4.3, we have that p* —,_,¢ p L?(Q)-weak and,
for every ¢ € Co(R?),

im [ Fodx=hic20) /2 4(¥)p (', 0) d’,

e—0 Q}e’ (@)

lim [ Fgdx=hic?(0)) / 4u ()p (', 0) &',
e—0 QZ(("") s

(77)

with g = qo + q. The variational formulation associated with the minimization prob-
lem (75) reads as follows.

/Q (—paAu+ Vp) - pdx+ / [+ Dij(u)nj — pnilowepi ds

ow
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—2/ KH”i¢id5_/E(ﬂaV”_PIdR3)e3-(/’ dv’
+ 2014 /2 KM (@) — %) - (p — p®) d¥' + 214 (£2(0))? /2 (K)ot dx
2O [ Avs &+ hEo) [ Voo af

— hic2(0)) /6 danp” s

— . 2 o /
—/Qf g dx+ R (©0) D /Zf y“ dx, (78)

a=0,w

for every (¢, ) € VY, from which we deduce the homogenized problem (71)-(72). W

8. Proof of the main result

This section is devoted to the proof of Theorem 7.2. This proof is split into two steps.

8.1. First step: verification of the lim sup property
Let 5 € (0,1/3). We set
27 =% x (0,6%),

(79)
2% = 3 x (—%,0).
We introduce the following smooth functions y#(x) and y; (x) defined by
ey |1 onZX, ey |1 onZX,
Vil = [o ino\xix, M VW= 10 0 52 (80)

Let u € C'(Q, R?), such that 4 = 0 on 8Q\ (T U X}) and divu = 0 in Q. There exists u°
in C°(Q, R?) such that div(z®) = 0 and ||u — u’|l[2(q) < e Since div(u —u®) = 0in Q,
there exists u/—\ﬂs e H'(Q,R?), such that (see, for instance, [37, Section 2] and [38])

divi — =0 inQ,

L — T
cglu> u u—u® inQ, (81)
u—ué.n =0 onodQ,

lu — ut I gt QR3) = CQ)lu—u ||L2(Q,R3)'

Letv e C1(Z,R3), such that v; = 41 We define the sequence %% as

(¢2(0))
" inQ\ Tl”,
u — div((u — ué)y®)
% = +VeWHE 4 adpes) (i — v yi in TX¥NQ,, a=ow, (82)

ﬁwg’i(ui — v s + v — i in Zg’” NQ¢,(w),a =o,w,
Y in Qgh(w)\Zg’”, a=o,w,
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where (v*#), is the sequence of functions associated with v by the relations (52) and a =

4 0 5 ~
— / n(\/y? + y3) dy. The function %%¢ belongs to H!(Q¢ (), R®) with %% = 0 on
T JD(0,1/2)

I'*(w) but is not divergence-free. In order to satisfy this property, we first introduce, for

o = o, w, the functions

WL = Jew ot didses) (ui — vy,

o1 = —div(¥;) +/ P; 1.esds,
Z{ ()

a

and consider the solution ®7, | of the problem

divei, =r, inZ}*NQ, (83)
®;,, =0 on Azl NQy).
Then we introduce the functions
ve, = JewH i (u; — VWS +v*E(1—yi) in 27N Q' (w),
oo = —div(¥;,) —/ ¥7 .esds,
i ()

and consider the solution @7, , of the problem

. _ . 2)

d1v®§’2 =F%5 in Egz%%ﬂ th(a)), (84)
Oy, =0 ond(Zy"NLy).

The following statement is a consequence of Lemma 3.4 (one can see [15, Lemma 2] for
the proof):

Lemma8.1: Let U C R? be a bounded domain with Lipschitz continuous boundary dU and
€ > 0.Let Uc = U x (0,€). There exists a linear operator B, : L*(U¢) — Hé(UE,R3) such
that, for every g € L*(U,) satisfying er gdx=0

div(Be(g)) =g inUe,

c(U)
IVBc@ 2. roy < c Igllz2(ueys

where C(U) is a constant which still only depends on U.
We have the following

Lemma 8.2: We have

. . ‘ 2
(1) limg—so [1ong, 10517 dx = lim,o /E . IVOg11"dx =0,
(2) 1ime o [s2nge (o) 1961 dx = lim 22 |VOS 5> dx = 0.

20 J527N0¢ , ()
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Proof: 1. According to Lemma 8.1, there exists a constant C independent of ¢ such that

c .
I|V®Z:1”L2(ZS’KHQ,R9) =< 8_%”le(LP;’I)”LZ(ZJ’%HQQ)' (85)

Taking into account the fact that divw®?! (x) = %divwi’bl (y) = 0, where y; = "18;“, Y =

x2—je _ x
=, and y3 = 2, we have

div (¥,) = Ve"™ + adies) (u; = v¥) - Vo

i o(u; —v¥)
 E 4 aben) SN o Ly
Xi

= Ve W — Cy(u; — ) - Vit

o (u; —' V) e

i bl .
—|-\/E(WH _CI) ;

0x;
+ Ve(adizes + CY(u; — v¥) - Vi
o — V-
+ Ve(adzes + C’)M T
8xj

where C' is the constant vector in the Phragmen-Lindel6f inequalities (65). Observing that

o Wetataes + €= ) Vit
T27NQ,

2
+ /
=27 NQ,

pR—
0Wi =) el a4y < cel>,
and by using inequalities (65)

1 &

Ve(ades + C)——— =y
%j

/1 o WEGHH = O =) - Vil dx
27N,

+ /
=17 nQ,

we deduce, according to (85), that

2
1_
dx < Ce ™%,

1 &

O(ui — v{)
e Y1

\/E(Wg’i’bl _ Cl)

IVOS ,I*dx < Ce' 7%,
=27 NQ, *
from which we deduce, using the fact that 5 € (0, 1/3), that

lim IVOZ > dx =0,

e—0 Eg)%mga

and, using Poincaré’s inequality,

lim 1% > dx = 0.

e—0 Eg)%ﬂga
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2. Likewise, we have

C
= ” div(¥;,) ”LZ(E?”‘

& <
” V®a,2 ”LZ(E%KQQ}DRQ) = gx

nQy) *

Passing to polar coordinates by setting

s = Kij(xze” 172 ,a))r () forx e F,, ii(w),
r,‘j(x)
s=————— forx e Fj ;(w),
40ji(xse~12, @) 0 (@)

we deduce that, for every (i, j) € I.(w),
div(iw®™) = divs(w®™)

. —1/2 m m m
kij(x3e™ /5 0) fow!"  wl' 10w
= — Aij 0

€ ( as + s s s 60 (S+ y )

=0,
and divv*¢ = 0. Hence
div(‘I’;’z) = ﬁwg’i(ui —v{)- Vy;

o(ui —vi) .
+[W81 Ui 25

v Vit
e L P)

from which we deduce, using expressions (47) of w®, that

lim 82/ VO 2| dx = lim |©¢, 2| dx = 0.
e—0 22>%r~|gh =0 Eg)ﬂmg
|
We now define the test-function u®¢ by
u inQ\ b,
u—div((u —u)yy) + 0%,
0.6 _ i,bl.e ’ AN : 1,2
u’ = +/e(WHPE 4 adizes) (uj — vyl inX*NQy, a=o,w,
Jewt (u; — v s +v*EQL =yl + ®fl)2 in Zg’” N th(a)), o = 0, W,
Yae in th(w)\Zg’”, o = o,w.
(86)

The sequence (1%¢), verify the following

Lemma 8.3:

(1) u% e V¢(w).
(2) (u%%).7o-converges to (u,v) € V° and lin}) Fe(®®) = Folu,v).
&E—>
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Proof: 1. Observe that u®¢ = 0 on I'*(w) and

[z = Ve + adies)(u; — vy
— W s — )y
=0.
On the other hand

divi®® = divu — div{div((m i)}
+ div{v/e (W + adpes) (i — v i) + dive;, |
+ div{/ew™ (u; — v ys + v (1 — yi)) + div(©y, ,).
As
divu = diV{div((m)t//f)} =0,

we have, according to Equations (83) and (84), and to hypothesis (61), that

divu®* = / Wy e3ds — / Wy ,.e3ds
i) i ()

=0.

Therefore divu® = 0 and u%* e V¢(w).
2. Using Lemma 8.2, we have

lim F, (1) = 24 / Djj(u)Djj(u) dx
=0 Q

{3

— 1€
+ 2 lim ,ua/ D’](dw((u/u\)l// )
e—0 s nq, | xDydiv((u — uf)yy)

\/_(Wlblg+al(5363)
l] x (ui — vi)yi
21 oL d
* 811?0#0(/21”09 «/E(Wl’hl’6 + a'dizes) ¥
“ xD,j ‘ N
X (ui = vy
. Dy (/Ew™ (u; — v )
+ 2 lim 82/ [ Y L T2 dx
eo0 527008 () | XDi(Vew™ (ui — v y3)

Dy(v (1 = y$)
+21 / [ Y 2 dx. 87
el—r)r%)'u @t QF () XDij(Vag(l - l/’é)) ¥ (87)

As [lu — ¥l 2(q,) < & we have, using (81),

lim 2, / Dydiv((u = w)yi) | 4, _ (88)
e—0 Zg’KQQa XD,’jdiV((Ll - u{:) l//f)
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Using Lemma 6.1, we deduce that

D (f(w’ ble 4 gigises)
T\ @i = vy
li 2 o z 1.
s /zlx"m VEWHE + aldzes)
¢ “ XDIj . ay, €
x (uj — Vi )'//1

dx

=24, /Z K* (@) (u = v*) - (u — v*) dx’. (89)

Using Lemma 5.1, we deduce that

Di(v**(1 — y3)) }
lim 244 / 2 d
922) Hat /th(a)) { XDij(Vm(1 - y5)) ¥
:2/‘1(1((2(0))2/ (K*a) 1 ava dx’

2 2O L/”og> ax, (90)

and

a . = .
£50 S200F (o) xDjj (Vew™ (ui — v y5)

We deduce from (88), (89), and (91) that
lim F, (u®%) = Fo(u, v).
e—0

We are now in a position to prove the first assertion of Theorem 7.2.

Proposition 8.4: For every (u,v) € VO there exists u» e V¢(w), such that (u%%),7,-
converges to (u, v) and

lim sup F, %) < Folu,v).

e—0

Proof: For every (u,v) € VY, there exists a sequence
(@ va)u © (CHQRY) x C;(Z,RY) N V7,

which converges to (u,v) in the strong topology of H!(Q,R?) x L*(Z,R?). We built
a test-function u%¢ € V¥(w) by replacing (u,v) in (86) by (un,v,). Then, according
to Lemma 8.3, the sequence (ug’g)gto-converges to (uy,vy) and limg_, .7:8(1,49;5) =
Fo(uin, vs). The continuity of the functional Fo with respect to the strong topology
of H'(Q,R?) x L2(X,R?) implies that lim,,_, o lim,— ¢ F: (u%?) = Fo(u, v). The topol-
ogy 7o being metrizable, the diagonalization argument of [10, Corollary 1.18] proves
the existence of a subsequence (un( ))6 such that (un(g))gro—converges to (u,v) and
lim sup,_, o Fe¢ (un(g)) = Fo(u,v). Thus, taking (u®¢), = (un(g))g, we have that (1%%),7o-
converges to (u, v) and

lim sup F, (u™) = Fo(u,v).
e—0 [}
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8.2. Second step: verification of the lim inf property

Proposition 8.5: For every u® € V¢(w), such that (u®).to-converges to (u,v), we have
(u,v) € VO and

lim inf F, (u%) > Fo(u,v).
e—0

Proof: Let u® € V¥(w), such that (u).7o-converges to (u,v). We may suppose that
sup, F¢(u°) < 400, otherwise the verification of liminf property is trivial. Then, using
Lemma 4.2, we have (u,v) € V9. Le us consider a sequence

(thn> va)n C (CH(Q,R?) x CH(Z,R¥) N VO,

which converges to (i, v) in the strong topology of H'(Q,R?) x L2(Z,R?), and a test-
function u%¢ € V*(w) constructed for each n by replacing (u, v) in (86) by (uy, v,,). Using
the definition of the subdifferentiability of convex functionals, we have that

Fo) = Fod) + 20 /Q Dy (u0)Dy(u — ul*) dx

o

+ Zyaez/ Dij(ug’S)Dij(us — ug’g) dx. (92)
()

ah(
We immediately obtain that
lim iglelua /Q Dij(u?l’g)Dij(Ug — ug»s) dx > 2/1,1/ Dlj(un)D,'j(u — uy) dx. (93)

£
o

On the other hand, using Green’s formula, we get
- 2 0, : _ 0,
812)‘1})2#0(8 Leh(m) Dij(ung)Dij(ua — u%%) dx

= lim Zluagz/ VE* (1 —yd)) : V(' — M(,),’g)dx
Q) (@)

e—0

= lim 2,uaez/ Vv eV (uf — ud®) dx
e—0 Q

on (@)

e—0

= lim —Z,uaez/ AV (uf — u(,),’g) dx. (94)
Q7 (@)

Passing to polar coordinates, we can easily check that

2 0 0 (Kﬁ 2
Apgvys = () 2 v%(ig,jg)K_w/ ;%Ar,gwm(a;f(x,a)),@) dxs,
(ij)el (@) —h

£\2 (95)

2(0 0 (x;)
Aot = (Ch( ) Z vy (ie, je) (/hg;zAfﬁ”(Ui}?(x’w)’e) dx3),

W ijel )
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—1/2
where Klf; = Kfj‘t (x3¢~1/2, w), and

2(0 U | ri(x)
AV = <C}§ ) > v;(ig,jg)K—ﬂ/_ Apgw™ (i—g,e) dxs,

2,6 0
m=12 n 166705 ij
(iJ)EIg;(CU) (96)
(*(0)) NV r(x')
AV = - Z v (ie, je) mAyﬁi’] :JI—‘?"H dxs,
° (el (o) —h 10870;; 2jj

where ij = Qij(X38_1/ 2, ®). Let us introduce the following vectorial measure

AV*E (x)

@ — 2 r & =

my = fg€ (Av‘;g(x)) lgah(w)(x) dx, a=o,w. (97)

Then, according to (95) and (96), we deduce, by introducing the change of variables
ri(x)

s=——2 inF _(w)ands= K,‘j(X36_1/2, w)r;‘}(x’) in Ffv,ij(w), that the sequence

 dgjjlneT20) Y
(m%);*-weakly converges in the sense of measures to the measure m* defined by

v‘{‘A;C
m® = p, | V5AZ | 13 (x) dX, (98)
vgvAg
where
m __ m _1 C(O)_ZQ(O)>/ Aw™(y) _
AW‘/DWAW & 4<c(0)—g(0) b P =L
3 _ 1 C(O)—22(0)>/ An(y)
AW‘/DWA”(”C” 4<c(0)—a(0) T

(99)
Agﬂz/ AwW"()dy, m=1,2,
Do

K= [ aid.

D,

Using (97)-(99) we deduce that

1/2
sca/ W — )P dx) (100)
Q (@)

where C, is a positive constant. As sup,(| |, () |uf — ”(r):’glz dx|? dx) < 400, we deduce
o

0,
‘/Ra(u‘s —u,”) - dm?

from (100) that the sequence ((u® — ug’g) -dm?), of measures has bounded variation.
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Thus, using Fenchel’s inequality, we infer that

lim inf,uagz/ AV*E - (1 — ud®) dx
e—0 Q

)
= lim inf ,uagz/ AV*E - (uf — u®®) dx
e—0 Q{:h(w)
> pah((0)AY / Vin(V = Vi) dox. (101)
)

Combining (92), (93), and (101), we deduce that

im0 7, (u°) = Pl ) + 2400 | Dy Dy = ) d
£—

‘0

- 2ﬂah<(2(0)>A;n/ v(rln(V - Vn)m dx. (102)
by
Letting n tend to 400 in (102), we conclude that

lim inf F, (u®) > Fo(u, v).
e—0
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