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Abstract

We develop a functorial interpolation theory for finite families of Ba-
nach spaces associated with Boyd-function parameters. This framework
unifies two classical extensions of real interpolation—interpolation with
function parameters and interpolation of multiple spaces—by providing
a common functorial framework encompassing both interpolation with
function parameters and interpolation of multiple spaces.

Within this unified setting, we establish the equivalence between the
associated K- and J-methods and investigate the resulting interpolation
functors. In particular, we prove a power theorem together with sev-
eral stability and reiteration results. Finally, we illustrate the scope of
the theory by identifying interpolation spaces for generalized Sobolev and
Lorentz spaces, obtaining generalized Besov spaces as interpolation spaces
and deriving reiteration formulas for interpolation of multiple spaces.
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1 Introduction

The theory of interpolation of Banach spaces originated with an observation of
Marcinkiewicz [29], which ultimately led to the Riesz—Thorin theorem [35, 37].
Informally, if a linear operator acts continuously on two spaces LP and L9, then
it also acts continuously on every intermediate space L”. Real interpolation
methods [3, 8] provide a systematic framework for this principle. Over the
past decades, real interpolation theory has evolved along two complementary
directions.

The first replaces the scalar interpolation parameter by a function parameter.
Initiated by Peetre [33] and subsequently developed by Gustavsson, Brudnyi,
Cwikel, Janson, Ovchinnikov and many others [14, 7, 10, 17, 32, 31, 28, 34, 23],
this approach considerably enlarges the class of interpolation spaces while pre-
serving the operator-theoretic nature of interpolation. Boyd functions, in partic-
ular, provide a flexible framework that naturally includes limiting interpolation
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scales. Alternative formulations have been proposed in [20, 26], while the rela-
tionships between these approaches have recently been clarified in [22].

The second direction concerns the interpolation of more than two spaces.
Beginning with the pioneering work of Foiag [13], this theory has been further
developed in [18, 39, 36, 38, 2]. Beyond extending the classical interpolation
framework, these constructions have led to a rich theory of structural properties,
notably reiteration, with important applications to scales of function spaces.

Although these two directions are rooted in the same interpolation princi-
ples, they have largely evolved independently. The aim of the present paper is
to develop a functorial interpolation theory for finite families of Banach spaces
associated with Boyd-function parameters. Our framework unifies interpolation
with function parameters and interpolation of multiple spaces, showing that they
are complementary manifestations of the same interpolation principle. It recov-
ers the classical theory, naturally incorporates limiting interpolation parameters,
and provides a common setting for structural results such as equivalence, power
theorems and reiteration.

The interest of this approach is not merely one of generality. By separating
structural properties from the particular realization of interpolation spaces, the
functorial point of view allows fundamental questions to be treated in a unified
manner. In particular, classical results such as the equivalence between the
K- and J-methods, power theorems and reiteration formulas naturally extend
to the present setting. The applications developed in the final sections should
therefore be viewed as illustrations of the general theory rather than as isolated
examples.

The paper is organized as follows. Section 2 recalls the properties of Boyd
functions and interpolation functors required throughout the paper. Section 3
introduces the interpolation construction for finite families of Banach spaces.
Section 4 establishes the equivalence between the associated K- and J-methods.
Section 6 investigates the structural properties of the resulting interpolation
functors, including the power theorem and stability results. Finally, Sections 8
and 9 demonstrate how the abstract framework naturally applies to generalized
Sobolev and Lorentz spaces and leads to reiteration formulas for interpolation
of multiple spaces.

2 Boyd functions

Boyd functions constitute the parameter class underlying the interpolation the-
ory developed in this paper. Their stability properties and associated indices
will play a central role in the construction of the interpolation functors and
in the analysis of their structural properties. We briefly recall the definitions
and results that will be needed throughout the paper; for a more detailed ac-
count, we refer to [22, 31] and the references therein. We denote by LI(E,dt/t)
the space of measurable functions f defined on F, satisfying the condition that
([, |f19dt/t)}/2 is finite; with the conventional adjustment made for the case
when ¢ = oc.

Definition 2.1. A function ¢ : (0,00) — (0, 00) is classified as a Boyd function
if it satisfies the following conditions:

e ¢(1) =1,



e ¢ is continuous,
e for any ¢ > 0,

)
¢(t) B s>g (b(s)

The set of Boyd functions is denoted by B.

< 00.

The function ¢ is sub-multiplicative, Lebesgue-measurable and it holds that

1/¢(1/t) < ¢(t) < ¢(t) and 1/¢(t) < ¢(1/1).

Definition 2.2. For a given ¢ € B, the lower and upper Boyd indices [30, 6]
are defined as follows:

W) = sup 2B o) _ i, lozd(®)
- te(0,1) logt t—ot+ logt
and _ _
te(l,00) logt t—oo logt ’
respectively.

For instance, considering v > 0 and 0 € R, if we set
o(t) = 1°(1 + |log])",

for ¢ > 0, it can be readily verified that b(¢) = b(¢) = 6. If ¢ € B, for € > 0 and
R > 0, there exists a constant C' > 0 such that

O 1,b(@)+e < ¢(r) < Cri@)—¢
for any r € (0, R) and a constant C' > 0 such that
C b9 - < B(r) < CT5(¢')+€’

for any r > R. Furthermore, for such a function ¢, the following properties
hold:

* U(9) >0 & e LN((0,1),dt/t) & lim g(t) =0,
o b(¢) <0< ¢ L((1,00),dt/t) & Jim B(t) =0,
® b(¢) > 0= ¢ L>0,1),

e b(p) <0 = ¢c L>®(1,00).

Definition 2.3. A function ¢ : (0,00) — (0,00) is considered Boyd-regular if
it satisfies the following conditions:

o ¢(1) =1,
* p€C'(0,00),



e the inequalities

o g OOl _ Do)

Y I Y

hold.
The set of Boyd-regular functions is denoted by 5*.

It is known that B* C B. The subset of functions ¢ € B* that are strictly
increasing (resp. strictly decreasing) is denoted by B (resp. B*).

Given two functions f and g defined on (0, 00), the notation f =< g is used
when there exists a constant C' > 0 such that C~1g(t) < f(t) < Cg(t) for any
t > 0. If ¢ € B is such that b(¢) > 0 (resp. b(¢) < 0), then there exists { € B
(resp. £ € B*) such that £~! € B (resp. £~' € BX) and ¢ < £ (see [31]).

3 Interpolation

The construction developed in this paper is based on extending the functorial
viewpoint of real interpolation from couples of Banach spaces to finite fami-
lies of spaces. While the passage from two to several spaces does not always
preserve the full structure of the classical theory, a large class of interpolation
functors can still be constructed by combining the K- and J-functionals with
suitable parameters. This section introduces the general framework in which
these constructions will be carried out.

Definition 3.1. We denote A (resp. B) as a (n + 1)-tuples of Banach spaces
Ap, ..., Ay (resp. By, ..., By) such that each A;(resp. each B;) can be linearly
and continuously imbedded in a Hausdorff topological vector space A (resp.
B): A = (Ayp,...,A,). Given two such sets A and B, morphisms 7' : A —
B are homomorphisms 7' : A — B such that T : A; — B, are continuous
homomorphisms.

Definition 3.2. The standard norm on L(A) = Ag + --- + A, is defined by

a s llallsea) = nf{flaolla +- -+ llanlla, },

where the infimum is taken over all decompositions a = ag + -+ + a,, with
a; € Aj.

Definition 3.3. The standard norm on A(A) = Ay N---N A, is defined by
a— |lallaa) = max{|la] ;- - [la]l . }-

Let 4, be the collection of the elements A; if % denotes the category of
Banach spaces, it is evident that ¥ and A are functors from 4, to %.

Definition 3.4. An interpolation functor of order n is a functor F' : &, — £
such that

(i) A(A) = F(A) — X(A) for any A in %,
(ii) F(T)=T|pa) for any morphism 7": A — B.



Definition 3.5. Let f be a function from (0, 00)""! to (0, o0); an interpolation
functor F is of type f if there exists a constant C' > 1 such that

1Tl pa),rm) < CF (1T 40,805 - 1T 4,,B,.) 5
for any morphism 7 : A — B. If, moreover,
o f(to,...,tn) = max{tg,...,tn}, we say that F is bounded,
e C =1, we say that F is exact.

Definition 3.6. Given ¢1,...,¢, € B, p € [1,00], we will say that condition
(H1)p is satisfied when

]- . pdtl dtn 1/p
————  min{1,#y,...,t, — e — < 00,
(/(O’oo)n (¢1(t1)-~-¢n(tn) {1t ) t tn)

with the usual modification in the case p = cc.

Definition 3.7. Given ¢1,...,¢, € B, we say that condition (Hs) is satisfied
if

min{b(¢1),...,b(¢,)} >0 and max{b(¢y),...,b(¢n)} <1

and that condition (H2) is satisfied if

min{b(¢1),...,b(¢n)} >0 and max{b(¢y),...,b(¢n)} < 1.

Remark 3.8. Using the properties of Boyd functions, one can readily show
that (Ho) implies (H1), for all p € [1,00) and that (Hz) implies (H1)oo-

Let ~ be the equivalence relation defined by (to, ..., t,) ~ (S0, -, $n) if and
only if there exists A > 0 such that t; = As; for all j € {0,...,n}.

Definition 3.9. Let p € [1,00], ¢1,...,¢, € B satisfying (Hs) and f be a
function from (0, 00)" ! to (0,00); one defines

@il,.i.,(pn(f) _ (/P (tjsdtl(z(szl)).::'(;s;ﬁgi)f(tmtl,...,tn))Pdw(t))l/p7

with the usual modification in the case p = oo, where w is the Haar measure on
P} = (O,oo)"'H/ ~

Remark 3.10. For the Haar measure w in the previous definition, we have

- dt dt; dty,
dw(t):Z(—l)ﬂt—;/\mAt—?A-~-At—,
=0 ! "

where the symbol ~ indicates a missing factor. Consequently,

v =(f fllitnosta) o diy | dinyilr

'atn)
0,00)" ¢1(t1)"'¢n(tn)) it @)

with the usual modification in the case p = cc.



Definition 3.11. Given a € ¥(A) and t € (0,00)" "1, let
K(t,a) = K(to, -, tn, a) = inf{tolaollay + trllar[a, + -+ tullan]a,},

where the infimum is taken over all the decompositions a = ag+- - -+an, a; € A;.
In the same way, for a € A(A), we set

J(t,a) = J(tg, ..., tn,a) = max{tollal|ay, t1llall A5 - - -, tnlla]

Ayt

When the dependence on the couple A needs to be specified, we write K2 (t,a)
(resp. JA(t,a)) instead of K (t,a) (resp. J(t,a)).

It follows that, for ¢, s € (0,00)" "1,

t tn
K(to, .rtn,a) < max{—>,..., "2} K(So, ..., sn,a) for a € $(A),
S0 Sn

t tn
J(to, -y tn,a) < max{s—o7 ey s—}J(so, ey Snya)  for a € A(A)
0 n

and
to

ln
K(tg,...,tn,a) <min{—,..., —}J (S0, ..., Sn,a) for a € L(A).
S0 Sn

Definition 3.12. Let p € [1,00] and ¢4, ..., ¢, € B satisfying (Hz); we define
K19 (A) as the set of all a € X(A) for which

lallsegs-oion (a) = 25 (K (-, 0)) < oo

Proposition 3.13. Let p € [1,00] and ¢1,...,¢, € B satisfying (H1)p; the
functor Kgl """ Pn s an exact interpolation functor of type f, where

f(to, ... tn) = todi(t1/to) -+ G (tn/to)-

Moreover, there exists C > 0 depending on p, ¢1, ..., ¢, such that for a €
S(A), t1, .y ty >0,

K(l, t1,...,tn, Cl) < C¢1(t1) ce (bn(tn)Ha'”K;bl ----- ¢n(A)~

Proof. Using (H1)p, for s1,...,s, € (0,00) and a € £(A), we have

(/ min{l,u, ..., un} , dur %)1/1)
(0,00)™ o1 (ulsl) ce ¢7L(un3n) Ui Up,
K(1,81,...,8n,a)

(/ min{l,%,...,%}K(le,...,sn,a))p dt, dtn)l/p
(0,00)™ ¢1(t1) e ¢n(tn) t1 tn

< ”a”Kf)’l ’’’’’ *n(A)



By using (2) with s;1 = ... = s, = 1, we get

(a)

so that Kp1-9n(A) < B(A).
Now, for a € A(A), since

K(l,tl, A ,tn, a) < mil’l{Ltl, ce ,tn}”a”A(A)’
we have, using (H1),,

lallgoronay < Cllallaca),

and thus, using (H1),, A(A) — Kgl ..... én(A).
Now, let A and B be two couples in %,, and let T': A — B; we can write

T T
KB(1,t1,... ,tn,Ta) < \|T|\AO7BUKA(1,t1m,...,thHAi"’B",
HTHAU,BO ||THA07BO
so that, for a; = [ENEST we have
’ J HTHA(]yBO’

P duy duy,

KA(I,Ul,...,’LLTHGJ)) v, S q/p
T """ " = T Ul Un
il e = |A°’B“(/<o,oo>n( bl o) Bulinfn) )

thus completing the demonstration. O

Remark 3.14. If (1), is not satisfied, then K¢?"(A) = {0} and thus
K@% is not an interpolation functor, since A(A) — Kg+9n(A) is not
true when A(A) # {0}.

Remark 3.15. The fact that we employ assumption (H;), rather than a more
restrictive type of (H2) in Proposition 3.13 indicates that we are addressing
“limiting cases”, following [24]. This provides an additional justification for
using Boyd functions to generalize real interpolation spaces, since the conditions
guaranteeing, for instance, that the equivalence theorem remains valid (see [24]
for the case n = 1, and Remark 4.6) can be stated straightforwardly in terms
of Boyd functions.

Definition 3.16. Let p € [1,00] and ¢y, . .., ¢, € Bsatisfying (Hz); J3' 9" (A)
is the set of all a € X(A) such that there exists a function u : P’} — A(A) for
which we have

a:/u(t)dw(t):/ u(l,tl,...,tn)?---‘i" in $(A)
(000" i

tn

and

||a||J;>1 etn Ay = igf@f}’l ----- bn (,](.’u(.)))

the infimum being taken on all u : P — A(A) such that a = [ u(t) dw(t).



Proposition 3.17. Let p € [1,00] and ¢1,...,¢, € B satisfying (Hz); the
functor ng’“"% is an exact interpolation functor of type f where
[ty stn) = togi(t1/to) - - Pultn/to).

Moreover, there exists C > 0 depending on p, ¢1, ..., ¢, such that for a €
A(A), t1, ...ty >0,

1
< -
||a||,];fl"”’¢" (A) — C¢1(t1) w On(tn)

Proof. For a € A(A), we have

J(Lth...,tn,a).

a= 1 / a (t tn) iy dtn
(IOg 2)n (0,00)" X (1,2)m 1, s bn t th )
and
||a||1§1 vvvvv “n(A)
1oy (L1, ,tn
<(/ (J(l,tl,...,tn’a/x('()lo(g;)n)))pdtl'.'dtn)l/p
= VN J(0,00)m ¢1(t1) -+ dnltn) t tn
- (/ max{l,%,...,z—:}J(l,sl,...,sn,a))p dt, dtn)l/p
N (0,00)™ P1(t1) - dn(tn)(log2)n 131 tn
1
<C———FFJ(,81,...,8n,0).
RN P % RASR A
In particular, by taking s; = ... = s, = 1 in the previous inequality, one gets

lall jor.won ay < Cllallaay,

so that A(A) < J@19"(A). Moreover, with the natural inclusion of the
equivalence theorem (see Proposition 4.1), one has

s"'7¢TL TN
Jo (A) = KJv 9" (A) < S(A).

Now, let A and B be two couples in %,, and let T : A — B. If a = [ u(s) dw(s)
belongs to J¢1++¢n(A), then Ta = [Tu(s)dw(s) € J¢+*"(B) and

JB(1,s1,.. . 50, Tu(l,s1,...,5,))

Tl 41,5, 1Tl a,.,B.,

< ||T||AO,BOJA(17 slm’ o Snm,u(l, S1s--ey5n)),
Z 0,Bo j 0,50
1Tl a; 5,
so that we have, for o; = T 5
0,50

JA( tran, ..ty u(t))\p dty  dt,\1/P
< T / 9 9 9 9 =
> ” ”AO,BO( (0,00)" ( b (tl) .. an(tn) ) t tn )

= |7l (/ JA(, 81,00, 80, u(t)) P@._.dﬁ)l/fﬂ
o (0,00)™ p1(s1/0n) - nlsn/om) S1 Sn,

which ends the proof. O



Remark 3.18. Similarly to Proposition 3.13, a milder assumption can be
adopted in the last proposition. Given ¢y,...,¢, € B, p € [1,00], we say
that condition (H3) is satisfied when

i v dtl...dﬁ
/ooo)n(dn(tl) oy Lt J1/ta}) < 0,

where p’ denotes the conjugate exponent of p. The last proposition remains
valid upon replacing (Hz) by (Hs3). Moreover, note that (#Hz) implies (H3) and
if p=1, (Hz) implies (H3).

By following the methodology outlined in [36, Remark 4.6], one can readily
verify the following equivalent definitions.

Proposition 3.19. Let p € [1,00] and ¢1,...,¢, € B satisfying (Hz2); an
equivalent norm on K$'%"(A) is given by

l/p - tid1(to) - -~ Pnlto) 1/p
nt ([ ten(0ltsdott) 4 3 [ GG 20l oy )L, o(0)

where the infimum is taken over all decompositions a = ap(t) + -+ + an(t),
aj(t) S Aj.
Proposition 3.20. Let p € [1,00] and ¢1,...,0, € B satisfying (Ha); an

equivalent norm on J]‘fl"” Pn(A) is given by

infwmase(( [ Jut)|f, dott)) "
o ([ (GO0 l0ky ) ) 7,

1<j<n t0¢1(t1)"'¢n(tn)

where the infimum is taken over all u : Py — A(A) such that a = [u(t) dw(t)
in X(A).

4 On the equivalence theorem

The equivalence between the K- and J-methods is one of the fundamental struc-
tural properties of real interpolation. In the classical setting of Banach couples,
this equivalence provides two complementary realizations of the same interpo-
lation functor. For finite families of Banach spaces, however, the situation is
more subtle: the J-method is no longer equivalent to the K-method in general,
and additional structural assumptions are required.

The results presented in this section place this phenomenon within the frame-
work developed above. We first recall the general inclusion between the two
methods, provide a counterexample showing that the reverse inclusion fails in
general, and then introduce a sufficient condition ensuring equivalence. These
results will also be used later to investigate further structural properties of the
interpolation functors.

Forn > 1, the K- and the J- methods are not equivalent, with the K-method
being more general.



Proposition 4.1. Given p € [1,00], if ¢1,...,0, € B satisfy (Hz), then
e Pn P1yeesPn
JrOn(A) < Kfoofn(A).

Proof. The arguments provided in the proof of Theorem 1 in [1] are sufficient
to conclude. 0

Now, we provide a counterexample for the reverse inclusion, inspired by the
one used in the classical case ([36, 39]):

Example 4.2. Let Ag and A; be two Banach spaces and ¢ € B with 0 < b(¢) <
b(¢) < 1, such that
Al g Kg)o(AOvAl) - A(].

Let a € K& (Ap, A1)\A; and let Ay denote the (one dimensional) vector space
generated by a with norm inherited from Ay. We then consider the triplet
A = (Ao, A1, Ay). Tt is clear that A(A) = 0, so that J¢+?2(A) = 0 for all p,

¢1, and 3.
We can construct ¢1,¢, € B such that a € KV (A). Without loss of

generality, one can assume that
mac{]|alay. all o (4, 0} < L.
By the given assumptions, for tg,t1,t2 > 0, we obtain

K(t07t17t27 (L) < min{tOHa”Aoa K(AO’Al) ((tovtl)v a)thHQHA2}

tog(t1)
B(to)

Therefore, using (s1, $2) = (¢(t1),t2), one has

< min{to, ,tg}.

t t . top(t 1/p
Ha”KZ’W?(A) < ( bs Wmm{to’ (;(?io;),tz})p dw(t)) /

min{1, ¢(t1), t2})r L2902

)1/p
t1 to

1
B (/(0,00)2(<Z51(f1)¢2(t2)

1
min{1, s1, s5})? @@)1/117

= C(/(o,oo)2(¢1(§(81))¢2(82) 51 52
where ¢ = ¢~1. Thus, choosing ¢, ¢ € B such that
b(¢1 0 &) + b(¢2) = b(¢1)/b(¢) + b(¢2) < 1,
we have a € K$192(A).
We introduce a sufficient condition for the equivalence theorem to hold.
Definition 4.3. We denote by o(A) the set of all @ € ¥(A) for which

Klt,a) dw(t) < 0.
maxt

10



Definition 4.4. The condition F(A) is satisfied if, for every a € o(A), there
exists a function u : PY — A(A) such that

a= /u(t) dw(t) in X(A)

and
J(t,u(t)) < C(A)K(t,a).

In the case n = 1, F(A) is satisfied for any Banach couple A [36, Remark
5.3]; for n > 1 however, it is not necessarily the case.

Theorem 4.5. Let p € [1,00] and ¢1,...,¢, € B satisfying (Ha); if F(A) is
satisfied, then
ng’m’¢n (A) _ Kgl"”’d)" (A) (3)

Proof. This follows from Theorem 1 in [1] upon taking the particular case (1).
O

If the condition is satisfied, we denote the space (3) by Ag’l""’d’".

Remark 4.6. If one wishes to impose a weaker assumption than (H3) (given
that F(A) is known to be optimal), one must consider conditions involving the
Boyd functions and their derivatives in order to establish a modified fundamental
lemma. We do not provide the details here, but the adaptation from [24] is
straightforward.

The condition F(A) is a structural property of the underlying family of
spaces.The following result establishes the stability of the construction with
respect to retracts. We recall their definition. Let A and B be two objects in a
given category, we say that B is a retract of A if there exist morphisms P and
I such that the diagram

B—4 B
X 17
A
is commutative, i.e. P oI =id.

Proposition 4.7. If F(A) is satisfied and B is a retract of A, then F(B) is
also satisfied.

Proof. Let b € 0(B), so that Ib € o(A). Therefore, there exists u : P} — A(A)
such that

Ib = / u(t) dw(t) in D(A)

and
J(t,u(t)) < C(A)K(t, Ib).
We have
b=PIb= /Pu(t) dw(t) in X(B)
and
JB(t, Pu(t)) < CJA(t,u(t)) < CK™(t,1b) < CKB(t,b),
bringing the proof to a close. O

11



By interpolation, we have the following result:

Proposition 4.8. If B is a retract of A, then Kg’l’“"d’"(B) is a retract of
Kgv9(A) and Jgv-(B) is a retract of J¢ %" (A), with the same P and

We conclude this section by showing that the equivalence theorem is com-
patible with reiteration procedures, thereby recovering the expected stability of
the interpolation scale.

Theorem 4.9. Let 1 <m <n—1,0< A1 +-+Xpn <1, 00, Pm+15---,7m €B

be such that 0 < b(10)+b(m+1)++ - +b(n,) and b(no)+b(gm+1)+- - -+b(n,) < 1.
Set

(¢17"'5¢ma¢M+17"'7¢n) = (77(3\1’---777())\7”777771—&-1,---a77m)
and let BY) = (A, Appy1, ..., Ay) for j €{0,...,m}. If

(this is the case if F(BWY)) is satisfied) for j € {0,...,m} and if
Kot (A) = J9t (A)

(this is the case if F(A) is satisfied), then

Moo Ar

0 yMm+41,5--57n
((B( ))Zon H1sen) ;

(B(m))207n7n+17~--7"7n) L A$17~--1¢n.

yeeey

Proof. This follows as a direct consequence of the reiteration theorem in [1],
with @ defined by (1). O

5 Some properties

We now establish several structural properties of the interpolation functors in-
troduced above. These properties show that the proposed framework preserves
the natural features of real interpolation, such as monotonicity with respect to
the interpolation parameter, invariance under permutations of the underlying
family, and compatibility with reductions to lower-order interpolation schemes.

From now on, we assume that condition (H2) is always satisfied. The first
property expresses the monotonicity of the interpolation scale with respect to
the exponent p.

Proposition 5.1. For 1 < p < ¢ < 0o, we have
Kgla-<~7¢n (A) < K:Izﬁl,---,qﬁn(A)

and
P1seeesPn Plyeees P
Jpl (A) = Jq1 (A).

The next result shows that the construction is intrinsic to the family of
spaces and does not depend on the particular ordering chosen for its realization.
Given ¢ € B, let us set ¢,(t) = ¢(t?)'/9, with the usual modification in the case
q = 0o. We directly get the following result:

12



Proposition 5.2. Let 7 be a permutation of {0,1,...,n} and set
A(ﬂ-) = (A‘n'(O)a Aﬂ(l)v cee 7A7r(n))a
Po(t) =1/(¢1(t) - Pn(t)) and

(1/}07 P1,... 71/}71) = ((¢ﬂ(0))pa (¢ﬂ'(1))p7 R ((bﬂ'(n))p)

We have
Kfjl’”'@"(A) — K;Z)L...,wn (A(‘n-))

and
Jz?lyuwdsn (A) — J;flw--awn (A("r)>

A natural consistency requirement for an interpolation theory of finite fam-
ilies is that repeated spaces can be merged without changing the resulting in-
terpolation space. The following proposition verifies this property.

Proposition 5.3. If A,_1 = A, (n> 1), then
th---@n (A) = Kﬁl""’(ﬁ"—lqﬁ" (Ao, . ;An—l)

and
JOrrfn(A) = JOr o On10n(Ag, L Apg).

Proof. Let us show the result for the case K. For A’ = (Ag, ..., A,—1), we have
KA(la t1, .0 tn, a) = KAI(17 t1,. .. 7min{tn—1a tn}7 a’)'
This identity allows to conclude, since

1 dtn_1 dt
KA1 ty,.. . ty,a))’ ——=—"
/(0700)2 (¢”*1(tn*1)¢n(tn) ( ! )) th—1 tn

o > 1 A/ pdS
_C/O (7¢n—1(5)¢n(s)K (1,t1,...,8,a)) <

Let us highlight the following outcome from [36].

Proposition 5.4. If A,,_1 = A, and F(Ao,...,An_1) is satisfied, then F(A)
is also satisfied.

6 Power theorem

The stability of interpolation spaces under power transformations is one of the
fundamental structural properties of real interpolation. In particular, it shows
that the interpolation construction is compatible with the natural extension of
the theory from Banach spaces to quasi-normed spaces. We recall the required
notation and establish the corresponding power theorem in the present setting
of finite families and Boyd-function parameters.

The real interpolation method does not rely on all the properties of a norm; in
particular, the triangle inequality can be replaced by a quasi-triangle inequality
of the form

la+ 0] < C(laf + [b]),
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which naturally leads to an extension of the theory to quasi-normed spaces [3].
Let us remind ourselves that if || - || is a quasi-norm on A, then || - ||* is also a
quasi-norm for a > 0. We denote the space equipped with this functional by
A If A = (Ay,...,Ay) is in B,, we naturally define

AP = (AP A,
We also set ¢, (t) = ¢(t?)1/P for all t > 0.

Theorem 6.1. Let p € [1,00|, ¢ > 0 and ¢1,...,d, € B satisfying (Ha); we
have

Kgﬁl,..-,(bn (A(q)) — Ké‘gl)qr"v(‘zsn)q (A)(Q)
Proof. Let us define

KR(t.a) = Koo(t,a) = inf max{toflao|lay. t1alla, -, tullan]|a, },

where the infimum is taken over all the decompositions a = ag + - - - + a,,, with
a; € A;. It can be observed that

Ky(t,a) < K(t,a) < nKoo(t,a).

If p = o0, we have

1
||a||Kfol ----- P (A@) = Slip $1(51) In(on)
1 1
P 00e0)T T (Gn)g(tn)e

(@
K(iq (1,815 +-,8n,0a)

Ké(l,tl, “ee ,tn,a)q.

If p < 00, we get

lall

KZ1 % (Al)
1 1 d dsp
x/ ( Koo(Lst, ... s,)? 250 B0
(0,00)™ $1(s1) bn(sn) S1 Sn,
1 1 dty  dt,
= Koo(L,ty,... t,))" — ... =2,
/(0,00)" ((¢1)q(t1) ((bn)q(tn) - " ) 3] tn
thereby concluding the proof. O

7 Stability

In this section, we establish several stability properties of the interpolation
spaces introduced above. These results show that the generalized K- and J-
methods behave consistently with respect to changes of parameters, reiteration
procedures, and interpolation of intermediate spaces. In particular, we prove
stability results extending classical properties of real interpolation to the present
multi-parameter framework.

In this section, we use X to denote an intermediate space with respect to A.

Definition 7.1. Let ¢1,...,¢, € B satisfying (H2),

14



1. X isofclass €k (¢1,...,¢n; A) if there exists C > 0 depending on ¢4, ..., ¢,
such that

K(l,tl, <o atnaa) < C(bl(tl) : "¢n(tn)”a”X7
for all a € X and tq,...,t,, > 0;

2. Xisofclass €5(¢1,...,Pn; A) if there exists C' > 0 depending on ¢4, ..., ¢y,

such that 1

for all a € A(A) and t4,...,t, > 0.

We say that X is of class € (¢1,...,¢,; A) if X is of class Cx(p1,...,dn; A)
and of class € (P1,- .., dOn; A).

lallx <C J(L ity tn,a),

The following two propositions are immediate consequences of these defini-
tions.

Proposition 7.2. X is of class €k (¢1,...,dn; A) if and only if
X s K&9n (A).
Proposition 7.3. X is of class €5(¢1,-..,0n; A) if and only if
JOrfn (A) s X
We have the following result.

Proposition 7.4. Let p € [l,00], m > n, 0 < A\ + -+ A\, < 1 and
(;5(1]),..., ) € B satisfying (Ha) for all j € {1,...,m}. Set

(D10 os 0n) = (@F) - (@) (gD (g Am)

and suppose that for all t1,...,t, > 0, the rank of the matriz

(uDQWmU
¢1(c])(tk) 1<k<n, 1<j<m

is n. Finally, let X = (Xo,..., Xm)-

(1) If X; is of class Gk ( §j),...,¢£5);A) for all j € {0,...,m}, then, with
obvious notations,

Aoy Am 15--,Pn
K; (X) = Kgv 9 (A).

(2) If X is of class €;( gj),...,qb;j);A) for all j €{0,...,m}, then
1s--5Pn >\1;<-~7A7n
Jgrtn(A) < J) (X).

Proof. Remark that since ¢§j ), .. ,¢£lj ) eB satisfy (Hz), they are differentiable.
First suppose that m = n and remark that

s1= ¢ (1) 08 (tn)

s = 0 (1) - 65 (tn)

15



is an appropriate change of variable if and only if the vectors

t1D¢(1j)(t1)
o7 (t1)
(Ge{l,...,n})
tn DD (tn)
) (tn)

are linearly independent.
Fora =ap+ -+ a, € 3(X), we get

n
KA1ty tn,a) < Jlagllag + Y KA1t ooy tn, ag)
k=1

< Clllaollxe + & (t1) - D (ta) as | x,
o @ () - 0 () [lanl |, )-

Therefore, using

s1= 0 (t1) - 9% (t)

Sn = 01" (1) 017 (1)
one gets (1), since
= @ (KA (t,a))
< C<I>;‘1""’)‘"L (Kx(s,a))

Ha”Kgl vvvvv n(A)

Let us prove (2). Set a = [u(t)dw(t) € J*?"(A) and define v (see (3.21) of
[36] for the construction) so that

C(s)v(s(t)) = u(t).
We have
H(1||J$1 ..... A x) = <I>2“'"Am (JX(S,U(S)))

= Cog O (X (s(t), v(s(1))))
< ODgr O (TA(t u(t))).

Now suppose m > n and consider the (m + 1)-tuple
A= (Ag,..., A, Ap,y L Ay).
Using Proposition 5.3, we get
Kb (Al) = K nsbn o (A),
bringing the proof to a close. O

By adjusting the reasoning from the preceding demonstration, we derive the
following results.
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Xo

X3

X
A1, A2, — A 91,02
Xp - Ap

X1

AO XO Al

Figure 1: Illustration inspired of [36, Figure 9.1] of Theorem 7.5 with m = 3
and n = 2.

Theorem 7.5. Letp € [1,00], m >n, 0 < A\ +---+\,, < 1 and gbgj), oW e
B satisfying (Ha) for all j € {1,--- ,m}. Set

(D1, v b)) = (BN - (@) (I - (¢l )

and suppose that for all t1,...,t, > 0, the rank of the matriz

(tkw,(j’(tk))

(4)

¢kj (k) 1<k<n, 1<j<m

is n. Finally, let X = (Xo,...,Xm). If X; is of class %(qbgj), ey %j);A) for

all 5 €{0,...,m} and
Kzﬁl,---,d)n (A) — ng»-~7¢n, (A)
(this is the case if F(A) is satisfied), then
>\ )"‘7A77l P— ¢ )"‘7¢n
XAt A =A@,

Corollary 7.6. Let m > n, p,pg,...,Pm € [1,00], 0 <Ay + -+ A\, < 1 and
(bgj),..., ) € B satisfying (Ha) for all j € {1,...,m}. Set

(D1, s 0n) = (B0 (BT ), (D) - (@l )Am)

and suppose that for all t1,....,t, > 0, the rank of the matrix

)
() ) 1<ken, 1<i<m

17



N2 — JP1,n
Kot (A) = J9 (A)

(this is the case if F(A) is satisfied), then

QUG TS
(Agé reen® . grln ¢ )21, JAm, :Agh P
Proposition 7.7. Let m > n, ¢§j), cey ) ¢ B be such that (Hz) is satisfied
for all j € {1,...,m}. Suppose that for all t1,...,t, > 0, the rank of the matriz
(tde)]ij)(tk))
()
P (tk) ) 1<hen, 1<i<m

isn. Finally, let X = (Xo, ..., Xy) such that X; is of class ‘f(gbgj), cee ¢$Zj); A)
for all 5 €{0,...,m}. If F(A) is satisfied, then F(X) is also satisfied.

Additional stability results can be achieved by imposing restrictions on
Aoy Amy Py PO, - .-, Pm instead of ¢§J),...,¢£$). The ensuing result can be

inferred from [36]:

Theorem 7.8. Letp,po,...,pm € [1,00], 0 < A+ +\, < 1 and ¢gj)’ B .7(2551]') c
B satisfying (H2) for all j € {1,...,m}. Set

(@15 -s0n) = (@5 - (@) ), (B - (M) )

and suppose that

@4 @ 40
If K;jjl e (A) = Jgjl e (A) for j €{0,...,m} and if

K;ﬂl,---,dm (A) — J1?17--~7¢n, (A)
(this is the case if F(A) is satisfied), then

(0) (0) (m) (m)
D1 e Py D1 P U\ AL, A A Plseees "
(A} e AL 0t = AP

8 Interpolation of generalized Sobolev spaces

We now apply the abstract interpolation framework developed above to a con-
crete and important class of function spaces. The aim of this section is to
show that the multi-parameter interpolation method naturally extends classical
results on Sobolev spaces. More precisely, we show that interpolation of general-
ized Sobolev spaces associated with Fourier multipliers yields generalized Besov
spaces. This provides a direct extension of the classical reiteration results for
fractional Sobolev spaces to a broader scale of smoothness parameters.

First, let us provide a brief introduction to generalized Sobolev and Besov
spaces ([31, 9]).

18



Definition 8.1. Let ¢ € [1,00] and ¢ € B; if X is a Banach space, the space
13(X) consists of all sequences (a;); of X such that

(@(2)lla;lx); € 1.
This space is equipped with the norm
1€@)sllig ) = [[ (62 lasl1x); -
o If ¢(t) =t° (s € R), we set 12(X) = I3(X);
o If X = C, then we set I} = I} (X).

Let LP := LP(R?), S = S(R?) be the space of test functions, S’ = &' (R9)
the space of tempered distributions and F the Fourier transform on S’.

Definition 8.2. Let J be the Bessel operator of order s, that is
T =F A+ 72FS),

for f € 8’ and s € R. Given s € R and p € [1, 0], the fractional Sobolev space
H_ is defined by
Hy={feS8 :|T°fllLr <oc}.

We denote by B” the set of functions ¢ € B which are C* on [1,00) and
such that
t" D™ o(t)| < Crmo(t),

for all ¢t € [1,00) and all m € N.
Example 8.3. Given 6,7 € R, let us set
o(t) = t°(1 + |logt])",

for ¢ > 0; it can be readily verified that ¢ € B”.
Definition 8.4. Given ¢ € B”, the generalized Bessel operator J¢ is defined
b

' 7o = F UG PIFS)
for f € S'.

Remark 8.5. The previous definition makes sense, since ¢ € B” and f € &’
imply ¢(1/1+ |- [2)Ff € S'. Moreover, it is clear that J¢ is a linear bijective
operator on S’ such that (7%)~' = 7% and J¢(S) = S.

Definition 8.6. Given ¢ € B” and p € [1,00], the generalized (fractional)
Sobolev space Hg’ is defined by

HY ={fe€8 :||T%fllLr < o0}

Remark 8.7. For ¢(t) = %, it is self-evident that H? = H?.
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Definition 8.8. For p € [1, 00|, the space of Fourier multipliers on LP is defined
by
MP={feS&:VgeS, |(F'f)*glwr < Clglls}-

This space is equipped with the norm
£l = sup{[[(F ' f) * gllzr : g € S and ||gz» < 1}.
Let’s recall the following classical result (Lemma 6.1.5 in [3]):
Lemma 8.9. Let N € N, if f € S is such that f € L?> and D*f € L? for
o] = N > d/2, then f € MP and

1— 5% d_
[ fllae < Cll fll 2 2”(ls‘upNHD“fHL2)2N,
ol=

for some constant C > 0.

Definition 8.10. Let ¢ be a function in S with support included in the set
{z e R?: J <|z| <2}, such that ¢(z) > 0if § < |z| < 2 and

> e(2n) =1,
j€L
for x # 0. Define functions ¢ and ®; (j € Z) in S such that
Fo;(z) =p(2772) and Fipo(z) =1— Z 0(2772)
j=1

and set @o = o, ; = ®; for all j € Ng. We call (¢;); a system of test
functions.

Proposition 8.11. Let (¢;); be a system of test functions, f € S’, ¢ € B” and
p € [1,00]. If @ * f belongs to LP for all j € N, then, for all j € N,

17205 * flle < Co(2)l0j * fliLr,
for some positive constant C.
Proof. Since p; x f = Zl1=—1 ;41 * pj * f, we have

1
1T%0; * flle < D NIFT?ipillaaelles = fllo-

I=—1

Hence, it suffices to demonstrate that
IFT?pitillmr < CH(27). (4)

From

FI%js1= (141 12)Fpjm,

we deduce that (4) is equivalent to

lp(2714/2720+D + |- [2)() | are < Co(27). ()
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Now for a € N? and g = ¢(27+1,/2-2G+D) 4| . |2)p(-), the term |D%g(z)| is
bounded by expressions of the form

02(j+l)a1|¢(a1)(2j+l [2-2G+0) + |z?)]

in finite number, with 0 < a; < |a|. Since ¢ € B”, |D%g(x)| is bounded by a
finite sum of terms of the form

C¢(2j)$(\/m)(2—2u+z> ),

From Lemma 8.9 with g, the properties of ¢ and the fact that the support of ¢
isin {z € R?: 1 < |z| < 2}, we obtain

1--4 . d_ ;
lgllare < Cligllpe 2”(|s‘upNHD fllz2)?v < Co(2),

which means that inequality (5) is satisfied. O

Lemma 8.12. If ¢ € B” is such that b(¢) > 0, then J'/¢ maps LP into LP
continuously.

Proof. Since b(¢) > 0, 1/¢ € B” and from Proposition 8.11, we get

1 .
172l < SN 205% Fllee < €37 2 (2)lps # flles
j J

1 .
<C(X 5 )l
J
1
— .d
<c([ s
< Cllfllze,
which ends the proof. O

Remark that if ¢o, ¢1 € B”, then ¢o¢1 € B” and J%%1(f) = J% (T (f)).
We deduce the following result.

Proposition 8.13. Let ¢g,$1 € B, ¢ = ¢o/P1, p € [1,00]; if b(¢) > 0, then
we have H;f“ — Hz‘fl.

Proof. From Lemma 8.12, we directly get
1T fllzr = T2 T% fllee < CIT* flleo,
hence the conclusion. O

Definition 8.14. Let ¢ € B and (¢x)r be a system of test functions. For
p,q € [1,00], the generalized Besov Space is the space

By, ={f €8 : (pr* flr € LH(L")}.
This space is equipped with the norm
1£ps. = 1ok * Dl cery = Ilow % Fllzoduls.
For ¢(t) =t* (s € R), we set By , = BY , i.e.,

By ={f €8 (pr=flrell(LV)}.
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Let v E BJ ¢O;¢1 € B” and set f = ¢0/¢17 d} = ¢0/(70f) FO} D, q € [1700]7
it is well known (see Theorem 12 in [31]) that if (b(f) > 0 or b(f) < 0) and

0 < b(y) < b(y) < 1, then we have
é P11y — BY
KJ](HS°,H') =B, ,.
Let us generalize this result to several spaces.

Theorem 8.15. Let p,q € [1,00], 71,...,7 € B, ¢0,61,...,¢9n € B” and for
ll,lg € {1,...,71}, set fll’lf = ¢l1/¢lz' If (b(fll,lz) >0 or b(flhlz) < 0) fOT‘
l1 <ly and if 0 < b(vk) < b(yk) <1 fork € {1,...,n}, then

N = én) — Y
Ko (HEo, ... HO") = BY,,

with ¥ = ¢o/(71 0 fo,1 - Tn o fon)-

Proof. Let us assume that b(f;, ;,) > 0 for Iy < lp; it is evident that ¢ € 5.
Moreover, we can suppose that f;, ;, € BY.
Let us first show that

Ko (HYe, . H) = K[ (HP . HY), (6)
with
0 = 0%} (fo,1(ff,21(t)))72 (fo,z (fle(t)))
= Jor(Fia(®)
and

() = (for(F11 1)),
for I € {3,...,n}. Since Hz‘fo — Hg’l, we already know that
S(HY, ... ,HJ") =S(H), ... H").

From there, we can get (6) using s; = f;ll(tl) (I =2,...,n), Proposition 5.3
and

(U1, .. yun) = (fo1(s1)s -+, fon(sn))-

Applying the same procedure, we obtain
ey Im (z) ¢7l _— ¢’7’Lf d’n
Ko (Hy o HY) = K (Hym =t ), (7)

with 7 such that ¥ = ¢,,_1/(n0 f(n—1),n)- Given that the right-hand side of (7)

is equal to B;f’, 4> We can draw the conclusion. O
In the case where ¢,(t) =t% (s; € R) for j € {0,...,n}, we recover a result

of [36]:
01,...,0n s Sn) — RS
Kfvfn (HS, ... H3") = BL,,
with s = (1 — 327, 0;)s0 + >_j_, 0385, where 01,...,0, > 0 are such that

Z?:l 9]' < 1.
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9 Extension of the Stein-Weiss Theorem

To illustrate the scope of the framework developed in this paper, we consider a
weighted interpolation problem for generalized Lorentz spaces. This setting is
particularly relevant since, although the interpolation of two weighted Lorentz
spaces does not generally preserve the same scale of spaces, the use of an inter-
mediate three-space interpolation formula allows us to recover a natural block-
Lorentz structure. In this way, we extend the Stein-Weiss theorem to the gen-
eralized setting introduced here.
We begin by recalling the definition of the generalized Lorentz spaces [27]:

Definition 9.1. Let (2, 1) be a o-finite measure space and let w be a positive
measurable function on 2. We denote by wdp the measure defined by

dv = wdp.

Given ¢ € B and p € [1,00], the space A% (wdp) consists of all wdu-measurable
functions @ on € such that

Ha”Afj(wd,u) = ¢ agapllLr((0,00),dt/t)

is finite, where a7,  denotes the non-increasing rearrangement of |a| with respect
to the measure wdu. Equivalently, if

Sa,w(a) = / LUd/,(,,
{z€Q:la(z)|>a}

then
g, (t) = inf{a >0 Sy (@) <t}

The space A (wdp) is quasi-normed with respect to || - || yo-
P

Example 9.2. When ¢(t) = t1/4, one recovers the usual Lorentz-Zygmund
space (see, e.g., [3]):
A9 (dp) = L (dp).

There are thus two kind of weights here: w that is a positive measurable function
on Q and ¢ € B that generalizes the function ¢t — ¢t/ appearing in the usual
Lorentz-Zygmund space.

We now consider the generalized interpolation of two such spaces. On the
one hand, the classical Stein-Weiss theorem can be stated as follows (see, for
example, Theorem 5.5.1 in [3]):

Theorem 9.3. Let py,p1 € [1,00], 8 € (0,1), wo, w1 measurable functions on

1_1=0.,6 p
and suppose 5 SRR efine

1-6 0
W= wé )p/Po wlp/pl.

Then,
K (L (wodp), LM (wrdp)) = LP (wdp). (8)

On the other hand, in the unweighted setting, we have the following result
for the generalized case (see Theorem 3 in [31]):

23



Theorem 9.4. Let 7, ¢, $1 € B and define f = ¢o/d1, ¥ = ¢do/(vo f). Let
P,po, 1,4 € [1,00]. If (b(f) > 0 or b(f) < 0) and 0 < b(y), b(~) < 1, then

K (Age (dp), A2 (dp) = Ay (d). (9)

Outline of the proof. We apply the reiteration theorem for the real method with
a function parameter (Theorem 2 in [31]) to the couple

(XOa Xl) = (LT,OO(dM)7 LOO(dM)),

for a suitable » > 0. The generalized Lorentz spaces can be represented as
intermediate spaces of this couple, namely

AYi(dp) = K1 (X0, X1),  i=0,1,
for suitable parameters 7;. Applying the reiteration theorem with parameter

~ gives again an interpolation space of the same couple, with parameter corre-
sponding to

p= p=B
yof o1
Hence
K7 (Age (dp), A2 (dp)) = AY (dp),
with equivalence of quasi-norms. O

Combining (9) and (8), one might naturally expect a relation of the form
K (A% (wodu), A2 (wndp)) = AP (wdp), (10)

for a suitably chosen w. However, this identity (10) is generally false (see Coun-
terexample 6.3 in [2]). In fact, even in the classical setting, interpolation of two
Lorentz spaces typically yields a so-called block-Lorentz space [2]. Strikingly,
proving such a result requires the use of reiteration formulas involving three
spaces.

We now show how this can be extended within the framework developed
here.

Definition 9.5. Let ¢ € B, p € [1, 0] and w be a weight on €; we consider the
family of quasi-Banach function lattices Lg (wdy) defined by the quasi-norm

lall ey = [ 1oata)ete)Paua) .

with the usual modification if p = co.
We will need the following “intermediate” spaces.

Definition 9.6. Let ¢ € B, p,q € [1,00] and let w be a weight on €; the block-
Lorentz space Ljf’q(wd,u) is defined as the space of measurable functions a for
which the quasi-norm

1/q
<Z(||GXQ:||Ag(de))q>

kEZ

is finite, with the usual modification if ¢ = oco. Here, the level sets Y are
defined by
w={recQ:2" <w(x) <2t}
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In general, the interpolation of two spaces of the form Lg’(wd,u) does not
yield a block-Lorentz space [2]. However, a more favorable situation arises when
interpolating three such spaces.

Lemma 9.7. Let po,p1,p2,q € [1,0], ¢o, 1,02 € B, w a weight on Q and

01,02 € (0,1). Suppose that, for all t > 0, the points (tgs%()t),p%): ji=0,1,2,

are not collinear. Then
Kqv% (Lo (wdp), Ly (wdp), L2 (wdp)) = Ly (wdp),

where 1/p = 35_,0;/p; with g =1 — 01 — 05, and ¥ = ¢(° 67 ¢3*.

Proof. A direct and routine adaptation of Lemmata 4.4 and 4.5 from [2], com-
bined with similar arguments, yields the result. O

We now state a result that generalizes Corollary 6.2 in [2] within our frame-
work:

Theorem 9.8. Let v = -7, w,wy,w; be weights on Q and ¢o, , € B. Define
f=do/¢1, ¥ =do/(vo[), and

(¢po 0 wo).(y 0 ¢ owr)
Y0 ¢g 0wy

Let p,po,p1,q € [1,00] satisfy 1/p = (1—0)/po+6/p1. If (Q(f) >0 or b(f) < 0)

and 0 < b(v), b(v) < 1, then

Yow=

K (AL (wodp), AL (wydp))

coincides with the block-Lorentz-type space whose quasi-norm is given by

1/q
Jall = (Z(chxﬂ;:o/wl ||A;;(wdu)>q> .

keZ

Proof. This result is obtained by extending the proof of Theorem 6.2 in [2],
using Lemma 9.7 to accommodate the generalized framework. O

Data Availability Statement
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