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Abstract

In magnetic materials angular momentum can be mediated by different carriers, includ-
ing electrons, magnons, and phonons. The magnons can interact with circularly polar-
ized phonons which are close in energy, provided specific symmetry conditions are met.
If the interaction is strong enough the phonons and magnons shift in frequency and start
to mix to form hybrid magneto-elastic quasi-particles. In this paper, we develop a con-
strained Hamiltonian framework which incorporates hybrid stiffness matrices and Berry
curvatures. We quantify the degree of hybridization between phonons and magnons (up
to 8% in CrI3 and 25% in CrBr3) using a decomposition of the total energy, which is a
generalization of the norm decomposition for atomic contributions to phonons used in
the literature. We also explore how the total angular momentum is conserved but shared
between the phononic and magnonic subsystems upon hybridization.
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1 Introduction

Phonon angular momentum (PAM) has attracted broad interest since its prediction more than
a decade ago [1]. It has come to light that phonon angular momentum plays a central role in
many phenomena, such as the Einstein-de Haas effect [ 1], ultrafast demagnetization processes
[2] and the thermal Hall effect [3-5]. Novel phenomena centered around PAM have also
been unveiled, e.g. the phonon magnetic moment and the phonon Zeeman effect [6-9], the
phonon diode effect [10] and the PAM Hall effect [11,12]. Phonon angular momentum has
been investigated as a mechanism for possible dark matter detectors [13], as well as for spin
current injection in spintronics application [14]. PAM has been observed numerous times,
both indirectly through phonon-assisted intervalley electron-hole recombination in WSe, [15],
and directly through ultrafast electron diffraction in ferromagnetic Ni [2], by inelastic X-ray
scattering in WC [16] and chiral quartz [17], and by measurement of the torque induced by
generation of PAM by a temperature gradient in chiral Te [18].

Phonon angular momentum requires symmetry breaking to be well-defined and non-degenerate
[19,20]. The breaking can involve the spatial inversion symmetry which can be found in
non-centrosymmetric materials. It can be induced, for example, by a static external electric
field [21-23], or driven by a time-dependent external electric field [24, 25]. The symmetry
breaking can also concern time reversal symmetry, if the material itself is magnetic [19, 26],
subject to an external magnetic field [6,7], or to a rigid-body rotation [27].

Phonon angular momentum can interact and couple with other angular momenta, such
as spins in magnetic materials. This interaction between PAM and spins can be modeled phe-
nomenologically via a Raman spin-lattice coupling [28,29]. Other modeling approaches use
either an explicit magneto-elastic energy term, or a magnetic (Heisenberg) exchange coupling
that depends on the interatomic distances [30-32].

The ab initio study of phonon angular momentum in magnetic materials goes through the
inclusion of the molecular Berry curvature [19,33], possibly including the dynamic of atomic
magnetic moments [26,34] into the equations of motion for lattice dynamics. The molecular
Berry curvature is an adiabatic correction resulting from the contribution of the electronic
cloud to the nuclear kinetic energy and canonical momentum [35,36]. In the equations of
motion, it manifests itself as a velocity-dependent force analogous to a (non-local) magnetic
field.

In this paper, we develop a rigorous unified quantum theory of coupled phonon-magnon
dynamics and hybridization. We treat the ionic and (atomic) spin degrees of freedom on the
same footing. We reformulate the preexisting equations of motion to highlight particle-hole
symmetry and the link with the total energy. We derive a novel orthonormalization scheme for
the eigenmodes and establish a measure of the phonon-magnon hybridization, based on the
partitioning of the total energy, which is one of the main results of this paper. Finally, we exam-
ine the exchange of angular momentum between magnons and phonons upon hybridization,
which had not been quantified in the literature up to now.

The layout of the paper is as follows. Section 2 details the theoretical developments made,
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which is subdivided in four parts: the derivation of the Lagrangian and Hamiltonian dynamics
alongside the equations of motion, the second quantization of the framework, determining
the total energy and quantifying the hybridization, and a discussion of the link between the
current theory and Raman spin-lattice interaction. Section 3 presents applications of the theory
to first-principles computations through the study of phonon-magnons in bulk Crl; and CrBrs.
Lastly in section 4, we conclude and discuss possible future developments and applications.

2 Theory

2.1 Lagrangian and Hamiltonian mechanics

In this section, we will derive the equations of motion for coupled spin-nuclei dynamics. We
denote R = {R;} the positions of the atoms. We define the mass-weighted displacement u; of
atom i from its equilibrium position R;, as u; = 4/M;(R; —R;o). We note s = {s;} the deviations
of the atomic spins from their equilibrium values S;, such that s; = S; —S;y. We will consider
a ferromagnetic material for which we have S;; = S, Vi. We use the notation i, $ to denote
their time derivatives. u, i1, s and s will constitute our dynamical variables. We consider that u
and s evolve sufficiently slowly such that the electronic system remains in its ground state and
we can write the wavefunction as a parametric function of u and s, which we denote ¥(r;u,s).
The system’s Lagrangian is given by
2 d
L(u,1u,s,s,t)= 5+ (\IJlihE—Hel\I/) (D

where H, is the electronic Hamiltonian and includes the electron-electron, electron-ion and
ion-ion Coulomb interactions, and the electronic kinetic energy. Considering that the dynam-
ical variables are functions of time and using the chain rule, the total time derivative can be
written as:

d 1%} d

— =0, +Uj=— +5;=—. 2

de Mgy, Thigs) 2)
This yields the following Lagrangian in u and s:

)

L= +ihi (3, ) +ihs (8,)—v 3)

where V = (H,) and where we used the short-hand notation d/dx = 9,. We can perform a
Legendre transform with respect to u, ¢ and s, §. The conjugate momenta are given by

oL . u
pi :8_zli:ui+AE ) )
Mg A ®

1

where we defined the atomic and spin Berry connections AE“) = ih(é’ui >, AE.S) = ih<85i> L
The first relation can be inverted to obtain an expression of the velocity @ as a function of
the position u and momentum p. However the same cannot be done for s with the second
relation. Instead, we formulate the constraint ¢; = m; —A(is) ~ 0. The "~" sign means that the
constraint should only be imposed after the equations of motion have been obtained [37-39].
The constrained Hamiltonian arising from the Legendre transform is written as:

H(u,p,s, m, t) =p;it; + m;8; — L+ A; P, (6)

1 2
oH=(p—A") +V+ad, @

1To lighten the equations, the factor # has been absorbed in the usual definition of the Berry connections.
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where A; are Lagrange multipliers. The appeal of the Hamiltonian formulation over the La-
grangian is that it offers a natural path to obtain an expression for the total energy of the
system and a decomposition of the eigenmodes in phononic, magnonic and coupled contribu-
tions. This will be shown in Sec. 2.3.

Since we started from an effective adiabatic Lagrangian formulation, the current approach
does not include the Born contribution to the total energy [40,41]. However the Born contri-
bution does not break time reversal symmetry and is almost always neglected [26,33, 34]. If
needed, the Born contribution can be reincorporated while maintaining a Lagrangian starting
point as detailed in Ref. [41].

From the above Hamiltonian we can derive the coupled equations of motion for the atomic
spins and positions. Using Hamilton’s equations, we obtain:

. JH u
u; = ap: =Dp; —AE ), (8
: oH ) )
H
5i= aa_n =20 %) (10)
) JoH u u

We can now impose the constraint and use it to eliminate 1. We can further use Eq. (10) to
eliminate A. We obtain:

U =pi _Agu): (12)
pi=(p;—A")3,4% -3,V +5,8,4, (13)
AP = (p;—A) 3,4 — 5,V +5;8,A. 14)

If we place ourselves near an equilibrium reference configuration, the potential energy V and
the Berry connections A® and A®) can be expanded as Taylor series in u and s. The potential
energy is expanded up to second order to retrieve the harmonic approximation. The Berry
connections are expanded up to first order to obtain the Berry curvatures which are gauge-

invariant:
1 K" K%\(u
V:E(u S)(Ksu Kss)(s); (15)

AW 1(¢™ G“\(u
(A(s))z_a(csu Gss)(s)- (16)

For simplicity, we assumed a symmetric gauge for the Berry connections [33]. The matrices
G", G*, and G* and G*" are the molecular Berry curvature, the spin Berry curvature, and the
mixed "spin-molecular" Berry curvatures respectively. Their general definition is given by

G" =3,A,—0,)A,
=i (.0]0,9)— (2,|3,4)) (17)

From this definition, it can be seen that the Berry curvatures G** and G* are real antisymmet-
ric: G*™ = —(G"™)', G* = —(G*)"'. G* and G*" are real and the antisymmetric of one another:
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G" = —(G*™)'. The equations of motion become:
. 1
u; = EG;‘j“uj +p; + ij i (18a)
pi— %Gl“j $j =—Djj'u; + ! G”“p] Dis), (18b)
—Gf;‘u] + Gf]ss] = Df]”uJ — —Gsupj + Df}s i (18¢)
where we introduced the following matrices:
DUt — g _ %GuuGuu, (19)
us _ pus _ %GuuGus, 20)
D¥® =K% — }}Gs”G”s. 2n

And we have (D”“)t = D", (D“s)t =D, (D“)t = D*. The system of equations Eq. (18) can
be recast in matrix form by multiplying the second line by minus one and permuting it with
the first:

u
MX=DX, X=|p (22)
S
with the matrices:
1
0 -1 5G*
M= 1 0 0 , (23)
1
EGsu O GSS
1
Duu _iGuu Dus
D=|3iG" 1 3G |. 24)

Dsu _% Gt Dss

Since the D** and G** matrices are real symmetric and antisymmetric, the matrices M and
D are real antisymmetric and symmetric, respectively. Eq. (22) admits the general solution
X (t) = Xe™. This yields the generalized eigenvalue problem

QAMX)L = DX)L (25)

Since D is real symmetric and M is real antisymmetric, the eigenvalues are purely imaginary
and come in complex conjugated pairs iw, —iw. There are 3 x N,; + N; modes with positive
frequency, and the same number with a negative frequency. The pairs bear the same physical
meaning and correspond to the same physical solution. Furthermore, the corresponding eigen-
vectors X also come in complex conjugated pairs. They can be M-orthonormalized through
X MX;, = +£i8,,. The choice for the prefactor will be made clear in Sec. 2.3.

From Eq. (22), (23) and (24), we can recover the equations for the bare phonons by
discarding the spin parts and the molecular Berry curvature (which embodies adiabatic cor-

rections):
0 —1\(u D" 0\[u
& 960 3)6)

Si=—D"u. 27)
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This equation is the standard equation for phonons [42]. For spins, by discarding the ionic
degrees of freedom, one obtains

G*$ = K%s. (28)

This is the equation of motion derived by Niu and Kleinman [43], and has been shown to
simplify to the Landau-Lifshitz equation under the assumption of rigid spins [44].

2.2 Second Quantization

We proceed to second quantize the equations of motion in Eq. (22). First, we perform a Fourier
transform to make use of the periodicity of the problem:

. 1 . iR
X = '\/_ﬁ ;xqmelq e, x= {u)p)s} (29)

The matrices transform accordingly. No mass factor appears here as u, p are already mass-
scaled.

We now introduce the Holstein Primakoff transformation for the spins [45,46]. For this,
we switch from a cartesian representation to a +/- ladder representation:

sey 1 (1 1 Se ) —1(5x
()= E)- )

where the q, k indices have been omitted for clarity. This transformation is unitary. The ma-
trices pertaining to the spins transform as:

Dss — T—lesT’ Dus — DusT. (31)

The Berry curvatures transform similarly. The pure phonon part of the hessian matrix (D**)
and of the Berry curvature (G**) are left unchanged. This is a similarity transform of the M
and D matrices. Therefore, it leaves the eigenvalues unchanged.

We can now introduce the Holstein-Primakoff transformation

sie=+/Soy/1—ala;/25, a;, (32a)
si_=a v/Soy/1—ala;/2S,, (32b)

Si,z = Si,z - SO = _ajai, (32(:)
where i = (g, «). The Holstein-Primakoff operators obey the usual bosonic commutation re-
lations: [ai,a;] =6y, [a;,a;] = [ag,a]’.] = 0. Relations (32a), (32b) can be linearized within
the large S limit [47,48]:

Si+ = 4/Sp q;, (33a)
si.=1+/Soq. (33b)

In order to diagonalize the Hamiltonian and solve the equations of motion, we use a Bo-
goliubov transform [38,49-511]:

1 1

Uge = E(qubq +e bl (34)
1 .

Pgx = E(qubq +nu_q,<biq): (35)
1

b, +o*

Agic = E(O—qkﬁ q _qK,_biq), (36)
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where we made use of uZK = U_gy, pZK = P—qx» Which stems from u,, p;,. being real, to reduce
the number of free parameters. The eigenvectors have components along u, p, and s which
are ¢, y and o. We note that £* S, .. does not reduce to ¢4, , in general since time reversal
symmetry is broken. The bosomc creatlon/ ann1h11at1on operators obey the standard commu-
tation relations: [b;, ]] = 6;j, [b;, bj] = [b! i ]] = 0. The semiclassical equations of motion
(22) now become:

~ - qv
—iwg,MEg, by, =DEbgy,  Egy = | Bgv 37)
Ogv
with the new matrices:
1 =
i 0 -1 3G*
M= 1 0 0o |, (38)
%Gsu 0 Gss
pu _lGuu Dus
~ 2 ~
D=|36" 1 1G“|, (39)
Dsu 1 Gsu Dss
2
and where we used bq lcoqquv As it was the case for Eq. (25), the eigenfrequencies
obtained from Eq. (37) come in pairs of positive and negative frequencies: w,_, = —w, ,. Itis

customary to assign positive frequency solutions to the annihilation operator b,, and negative

frequency solutions to the creation operator bT_qv [49]. In that sense, there are 3 x N, + N;
independent modes, although there is double the amount of solutions to Eq. (37).

Before pursuing with the next sub-section, it is noteworthy to mention that the factors /S,
introduced in the Holstein-Primakoff transformation Eq. (33) effectively bring a rescaling of
the spin-related matrices as D% — S,D%, D — ,/S;D*", and similarly for the other matrices
(see Ref. [52]). In the case of non-equivalent spins S;y # Sjo, the rescaling would become:
Dy - Sl-OSJODf;, Dt — 4/SioDj}'. This is in total analogy to the mass rescaling of the
dynamical matrix in the standard theory of phonons [53, 54].

2.3 Total energy and phonon-magnon hybridization

We now turn our attention towards the total energy of the system. We restart from the Hamil-
tonian from Eq. (7). By using the Harmonic approximation for the potential energy and the
Taylor expansion of the Berry connections from Eq. (15) and (16), we obtain the following
expression for the total energy:

1
E= EXfDX. (40)

The constraint does not contribute to the total energy due to it being identically zero for so-
lutions satisfying the equations of motion. Plugging in the solutions from Eq. (25), we obtain
the expression of the total energy in real space in the semi-classical regime:

1
= D iXIMX;. (41)
A

The superscript H denotes the complex conjugate transpose. Using the second quantization
procedure from the preceding sub-section, the total energy becomes

1. _
E=—§Zv:1quuqv/\/l Equ(b) bgy+1/2), (42)
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where fluctuation terms of the form by, by, bjl' vbjl , have been set to zero. This expression can

be compared to the usual expression for the quantum harmonic oscillator: E = e (b'b + %).
Identifying the former expression with the latter results in the normalization:

=H = — o
B, MEq, = 2ih. (43)
The total energy can be rewritten:
E= Hwg (b} by ,+1/2). (44)
qv

With this, one can write the total energy for a single mode: E,, = —iquEgv/\;lEqv /2 =Hwg,.

The M-normalization defined in Eq. (43), beyond establishing an orthonormalization
of the eigenmodes, grants access to a natural decomposition of each mode into a phononic,
magnonic, and coupled character based on their respective contributions to the total energy
of the mode. The M-norm can be decomposed into

- 0 —1\[e¢
=H \y= _|(H H
quMuqv—[(e W )(1 0)(#)
+ol1G%0 + (8HG“SU + OHGS”S)]. (45)

From this decomposition, we can define the respective contributions to the total energy:

1 0 —1\[e¢
(ph) — H H qv
nqv Zlh qu ‘u'q»' (1 0 ) (qu) ’ (463)
1 -
ngrgag) - Ziﬁo.gIszso.qw (46b)
1 - -
ﬂécvpld) =5 (evausaqv + vaGsueqv) , (460)

with the different contributions summing to one
B 4 (me) 4. (P _ . “7)
The energy for a single mode now becomes:

Eqy = heog, [0 + 1528 + P, (48)

This decomposition of hybrid modes into different characters (phononic, magnonic, coupled)
is an improvement with respect to the current literature where no clear method surfaces, and
the spin norm choice is often not explicit [55-58]. The phononic character can be further
decomposed into atomic contributions

1
7]51}:;1:1,)( = ﬁ[“gv,Kgqv,K - gglv’KMqv,K]: (49a)
) =" neh) (49b)
K

Such an atomic-resolved decomposition is generally not possible for the magnonic and the
coupled character. However, it may still provide a good physical insight. Within the approxi-
mation of rigid atomic spins, the spin Berry curvature G* is block diagonal and the magnonic
character can be decomposed exactly in atomic-resolved contributions [44].
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Incidentally, nfﬁlag) corresponds also to the reduction AS, = S, — (S,) of the spin z-
component with respect to the ground state due to the excitation of the mode qv [44]. In
consequence, the spin angular momentum carried by a magnon is

(mag) _ #.,(mag)
{9 = ™ b b, (50)

Additionally to magnons, phonons can also carry angular momentum which in this case
originates from the collective rotation of atoms around their equilibrium position. The canon-
ical angular momentum of a single atom can be written classically [; = u; x p;. Introducing
the second quantization procedure from Section 2.2, we obtain the expression for the phonon
angular momentum

1
l(ph) = Re{ng x ,qu}(bqv ot E) (51)

2.4 Nondimensionalization and reduction to pure phonons

We now turn to the special case where phonons do not interact with magnons, but still incor-
porate effects of the time reversal symmetry breaking through the molecular Berry curvature
G"". In this setting, the equations of motion Eq. (37) become

0 —1\[e L VL WP
—i | = 2 v, 52
(s 5)(r)= (o )(e) 52

The normalization condition (43) becomes
HeEqy — Egyblgy = 2ih. (53)

Up to now, the eigenvectors &,, g, associated to the atomic displacements and momenta
carried the dimensions of a mass-scaled length LM /2, and a mass-scaled length divided by
a time LM'/2T~1. The units of the momenta incidentally correspond to that of an action
divided by a mass-scaled length. To nondimensionalize the displacements we can define a
characteristic mass-scaled length lgv such that ¢,, = lgvéq,,. Inserting this expression in the
normalization condition (53), we see that in order to conserve the structure of the equation,
we need to define ug, = fijig,/ 1° o which appropriately adimensionalize the momenta. We
will further impose ||£qu = 1. Multiplying the second line of Eq. (52) by va on the left, one
obtains

1 uu H
la)ququqv 28 G™eqy + £, Ugy- (54)
Subtracting the complex conjugate and rearranging the terms, one gets

1
qusg[veqv— —¢ll G"e, Z(,Ulgvgqv_g?vuqv)- (55)

Using the normalization condition (53) and replacing ¢, by its nondimensional form &,,, we
finally obtain the characteristic length

h
0 _
19, = ey (56)
wWqy — 3£4,G e,
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In the case of time reversal symmetric phonons, it reduces to lgv = 4/fi/wgq,. Furthermore,
the definition of the atomic displacements and momenta Eq. (34) and (35) becomes

=Z\ —zqu( Eamacbay + &bl ), (57)

v

:Z\ hc; (‘quKqu—i_'u’—qVKquv) (58)
v

Both of these results agree with the textbook definition [53].
Alternatively, instead of ad1men31onnahzmg the momenta via ,uqv = fi,uqv/ 19 . one could

q»
have defined a characteristic frequenc w , such that 1° . Inserting this expres-
q y A’J"qv .uqv qv g p
sion in the normalization condition (53), one would have found @?® v = ©qv— %s"f;vG““éqv.

This yields the same results as the procedure outlined above.

We now show that the decomposition of the mode energy as well as the atomic-resolved
mode decomposition of the phononic character defined in Eq. (49) is a generalization to the
decomposition usually performed in the literature for pure time reversal symmetric phonons
[59]. Since we are dealing with purely phononic modes, we have n(p M=, Restarting from
Eq. (49a) and extracting Uy from the second line of Eq. (52), one obtains

né%hi = Efv (g — iG““/Z)sqv,K/ﬁ. (59)

Inserting the nondimensionalized &;, and using (56), the atomic-resolved mode decomposi-
tion reduces to

Mg = [Ean]

B = Z B =1. (60)

This decomposition is valid for both time reversal symmetric and non time reversal symmet-
ric phonons without phonon-magnon interaction. It matches the decomposition used in the
literature for time reversal symmetric phonons [59].

2.5 Link to Raman spin-lattice interaction

In this paragraph we establish the link between the molecular Berry curvature and the Raman
spin-lattice interaction, which was already discussed by [33, 60]. Since the molecular Berry
curvature (MBC) is non-zero only in systems where the 7 symmetry is broken and that, in
ferromagnetic materials, the symmetry breaking is due to its magnetization M, it is natural to
write the MBC as a function of M: G = G*“(M). Since the ground states with +M and —M
magnetizations are linked by time reversal symmetry, we have GU(M) = —G™(—M). To first
order in M the MBC can be expanded as

Gyj“(zf/[) G M. (61)

Injecting this expression into the Hamiltonian of Eq. (7) and isolating the term proportional
to p and u, one obtains:

= 2> piGlluM; (62)
115

= _Z Z PicaGlq i p s W s Ms> (63)
I xa,x’'p,o

10
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where a, 3, 6 correspond to cartesian directions. This term is non-local in general. Restricting

ourselves to the on-site contribution (Ix = I’x’), we can make use of the skew-symmetry of the

MBC to write G** €apy8ler 5- Lhis effectively transforms the matrix-vector product as
K,7,6

IkalkfB,6
a vector cross-product. Developing the above expression gives:
1
Hi,ouc =3 Z Pixa(€apy 81y 5UixpMs (64)
lk,afBy,6
1
=5 2 Pu (815 X wp )M (65)
Ik,6
1
=2 2t X Pu) -8l sMs (66)
Ik,6
1
= D Ly 8 5Ms. (67)
Ik,yd

Further assuming an isotropic g*“, this can be simplified into:
1
loc _
Hye= IZ gLy M, (68)
K

which is the expression of the Raman spin-lattice interaction under the mean field approxima-
tion [28].

3 Results

We performed Density Functional Theory calculations on the ferromagnetic semiconducting Van
der Waals materials Crl; and CrBrs [61,62]. We used the ABINIT software [63, 64] with the
Perdew and Wang correlation functional [65]. We used a planewave basis set with an energy
cutoff of 40 Ha and a 6 x 6 x 6 k-point grid. The lattice parameters and atomic positions have
been relaxed to achieve forces on atoms under 10~® Ha/Bohr. We used constrained magnetic
moment DFPT to perform calculations at fixed spin and obtain derivatives with respect to
atomic spins [66]. All calculations were performed at ¢ =T.

Crl; and CrBr; belong to the space group R3 and possess the spatial inversion symmetry
(however they do not have time reversal symmetry due to their magnetization). At the T point,
the phonon modes can be classified according to their irreducible representations (irreps): 4
A, and 4 A, modes, plus 4 E, and 4 E, pairs of doubly-degenerate modes. One A, mode and
one pair of E, modes are acoustic phonons, while the rest are optical phonons [26,34]. Since
Crl; and CrBr; have two magnetic Cr ions per unit cell, they have one acoustic (AM) and one
optical (OM) magnon mode each.

The bare phonon and magnon frequencies can be obtained by solving the uncoupled equa-
tions of motion Eq. (27) and (28). In this setting, the angular momentum of phonons is zero
and the angular momentum of magnons is equal to A. The obtained bare phonon frequen-
cies are in correct agreement with Raman scattering experiments and previous DFT calcula-
tions [67-70]. A comparison table can be found in Appendix A. The optical magnon frequen-
cies predicted here at 28 and 19 meV respectively for Crl; and CrBry deviate significantly from
the experimental values of 19 and 13 meV [71,72]. This is a known limitation of DFT when
using an LDA functional [73] and is consistent with previous DFT calculations [66, 73, 74].

The coupled phonon-magnon frequencies are obtained by solving the full equations of mo-
tion (37). The bare and coupled frequencies are reported in Fig. 1(a) for Crl; and Fig. 2(a) for
CrBr;. From the molecular Berry curvature and the coupling with the magnons, the phonons

11
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10 —
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Bare Coupled —h h
PAM

Figure 1: Frequency splitting and phonon angular momentum for CrI3 at the I point.
(a) Bare and coupled frequencies for the phonons and the optical magnon. Non-
degenerate phonon A-modes are in black, doubly-degenerate E-modes in light/dark
color pairs, and the optical magnon in dashed dark blue around 28.47 meV. Non-
degenerate phonon modes undergo no shift in frequency. Degenerate phonon modes
show a slight splitting at the exception of the pair at 26.81 meV in violet/purple
where the E;” mode shifts downward significantly in response to the coupling with
the optical magnon. The optical magnon shifts upward by a similar amplitude.
(b) Phonon angular momentum for each mode in the coupled regime. The non-
degenerate phonon modes do not acquire any PAM. Degenerate phonons acquire
significant PAM through the splitting in frequency. For each pair, the PAM has almost
the same amplitude but with opposite signs. For the violet/purple pair, the PAM has
still opposite signs but no longer the same amplitudes. This is a consequence of the
phonon-magnon hybridization between the E = and the optical magnon, where the
optical magnon gains phononic character and steals PAM at the same time.
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Figure 2: Frequency splitting and phonon angular momentum for CrBr; at the
I' point. (a) Bare and coupled frequencies for the phonons and the optical
magnon. Non-degenerate phonon A-modes are in black, doubly-degenerate E-modes
in light/dark color pairs, and the optical magnon in dashed dark blue around 19.49
meV. (b) Phonon angular momentum for each mode in the coupled regime. The non-
degenerate phonon modes do not acquire any PAM. Degenerate phonons acquire
significant PAM through the splitting in frequency.
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Table 1: Bare frequencies, induced splitting/shift, and phonon angular momentum
for the E phonon modes and the magnon modes for Crl;.

Irrep  E AE L, (M)
E, 6.19 0.0079 .1401
-.1412
12.44 0.0001 5277
-.5272
12.85 0.0045 .5332
-.5327
28.61 0.0047 .8539
-.8539
E, 9.68 0.0022 .2550
-.2548
13.31 0.0071 .7037
-.7051
26.81 0.1582 -.8824
.9560

AM  0.80 0.0105 2.584x 107>
OM 2847 0.1566 -.0762

are able to obtain non-zero angular momentum, which is reported in Figs. 1(b),2(b). Up to
numerical accuracy, non-degenerate phonons (with A, or A, irreps) undergo no shift in fre-
quency or hybridization with the magnons. Doubly-degenerate phonons (with E, or E,, irreps)
are split in frequency by the inclusion of the molecular Berry curvature and the coupling with
magnons. Each pair is split into a left and a right circularly polarized mode. The largest fre-
quency splitting occurs in the E, phonon mode pair the closest in frequency to the optical
magnon. This is in agreement with the conclusions of Ref. [34]. The values of the frequency
splittings and the phonon angular momentum are summarized in table 1 and 2.

Using Eq. (46a), (46b) and (46c), we can compute the phononic, magnonic and hybrid
character of each mode. In Crl;, all phonons remain pure to within +0.1%, except one of the
modes in the E, pair at 26.81 meV (see Table 3). The phonon mode hybridizes and obtains
~ 8% magnonic character, and the optical magnon incorporates around the same amount of
phononic character. Similarly in CrBrs, all phonon modes remain phonon-like within +0.1%,
except for one of the E, modes at 19.73 meV, which gains ~ 25% magnonic character. This
large fraction is exchanged with the optical magnon which itself recovers 25% phononic char-
acter (see Table 4). The fact that only one phonon from the E, pair hybridizes with the op-
tical magnon is a cornerstone of chirality selective phonon-magnon coupling. Phonons and
magnons with the same handedness will interact, whereas phonons and magnons of opposite
handedness interact much more weakly [32,34,75,76].

From Tables 1 and 2, we see that the angular momentum within one E pair of phonon
modes almost adds up to zero and shows only a small imbalance. In contrast, the E, pair that
couples to the optical magnon shows a much larger imbalance. This is explained by the fact
that the E, phonon that gains some magnonic character loses an equal amount of phononic
character to the optical magnon, and with it some of its phonon angular momentum. As a
consequence of gaining phononic character, the optical magnon also gains phonon angular
momentum, which can be seen in Tables 1 and 2. During this transfer with the E, mode,
PAM is conserved within ~ 1073 . When accounting for transfer between the optical magnon
and all phonons, PAM is conserved within ~ 10~*#. The conservation of PAM is no longer an
absolute rule due to a local metric modification by the mixed spin phonon Berry curvature.

14



Submission

SciPost Physics

Table 2: Bare frequencies, induced splitting/shift, and phonon angular momentum
for the E phonon modes and the magnon modes for CrBrj.

Irrep Ey (meV) AE (meV) L, (M)
E, 9.07 0.0004 .1555
-.1557
17.26 0.0002 .3884
-.3883
18.78 0.0008 4761
-.4760
35.23 0.0005 .7567
-.7566
E, 13.79 0.0020 .2531
-.2530
19.73 0.1212 -.6773
.5138
32.49 0.0038 -.9301
.9303
AM 0.22 -0.0002  -0.6911E-06
oM 19.49 -0.1233 0.1632

Table 3: Bare frequencies, induced shifts, and decomposition into phonon, magnon
and coupled character for selected E,, phonon modes and for the optical magnon in
Crl;. The different characters are computed from Eq. (46) and are presented in %.

Irrep | Ey (meV) | AE (meV) n(Ph) n(mag) n(q’ld)
E;/ 26.81 -0.1586 92.239 7.772 | -0.011
EJ 0.0003 100.010 | -0.010 | 0.000
oM 28.47 0.1566 7.828 92.161 | 0.011

4 Conclusion

Building upon the Lagrangian formulation of coupled spin-phonon dynamics, we derive a con-
strained Hamiltonian theory. This allows us to derive more symmetric and numerically more
stable equations of motion. More significantly, this framework allows direct access to the total
energy. By decomposing the total energy into phononic, magnonic and coupled contributions,
we are able to quantify the degree of hybridization of phonon-magnon modes. We find phonon-
magnon pairs with up to 8% and 25% hybridization for bulk Crl; and CrBr; respectively. We
particularize our findings to pure non-time reversal symmetric phonons which include effects
of the molecular Berry curvature but exclude the coupling with magnons. We show that the
quantification of the hybridization through the decomposition of the total energy is a gener-
alization to the decomposition of the norm of the displacement eigenvectors that is usually
employed in the literature. We also derive an orthonormalization condition for the hybrid
phonon-magnon eigenvectors. This step had been overlooked up to now in the literature, but
is crucial for the accurate computation of quantities relying on the mode eigenvectors. An ex-
ample of this is the phonon angular momentum that we compute in both bulk CrI; and CrBr,.
We find that, through hybridization with circularly polarized phonons, magnons are able to
steal part of the phonon mechanical angular momentum. This stealing mechanism was not
accounted for in current literature using naive orthonormalization schemes. In the future, we
aim to extend the results obtained here to the whole Brillouin zone. This gives access to the
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Table 4: Bare frequencies, induced shifts, and decomposition into phonon, magnon
and coupled character for selected E,, phonon modes and for the optical magnon in
CrBr;. The different characters are computed from Eq. (46) and are presented in %.

Irrep | Ey (meV) | AE (meV) n(ph) n(mag) fr](CPld)
E;/ 19.73 0.1200 74.984 | 25.007 | 0.009
EJ -0.0012 100.003 | -0.003 | 0.000
oM 19.49 -0.1233 25.047 | 74.962 | -0.009

full characterization of anti-crossing points between phonon and magnon bands. It allows the
computation of band topology and topological transport as well [77].

An important characteristic of the current theory is that we do not employ the rigid spin
approximation when incorporating adiabatic corrections. One could easily relax the atomic
spin picture used here, as initially performed by Niu and Kleinman [43], to study materials
with weakly localized 4d or 5d orbitals where the rigid atomic spin picture does not hold
anymore [78]. The framework developed here can also be generalized and applied to other
systems of composite hybrid particles such as magnon-plasmon [79, 80] and magnon-exciton
hybrids [81].

We foresee that the theoretical tools developed in this paper will also prove useful to study
the transport of phonon angular momentum in magnetic systems. These tools, and notably the
stealing mechanism outlined in this paper, will enable the study of conversion of angular mo-
mentum between magnetic degrees of freedom and the underlying ionic lattice, for example
in ultrafast demagnetization processes [2]. The theory developed so far only deals with equi-
librium states, and one would need to include scattering through higher order force constants,
and coupling with external driving sources (light, electrical or spin currents, temperature gra-
dient).

Code and data availability The code for obtaining the results presented in this paper is
available at https://www.github.com/MaxMignolet/Hyph-m. The code repository also con-
tains the stiffness matrices and Berry curvatures to compute the hybrid phonon-magnon modes
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Table 5: Comparison table for the bare phonon frequencies obtained for Crl; by

solving Eq. (27) with experimental and numerical values from [67,68]. All values
1

areincm .

Irrep | wy | Exp.[67] | DFT [67] | DFT [68]
Egl 49.9 54.1 59.7 53
Al | 54.2 64
Alg 69.8 73.3 89.6 79
E, | 781 83
Azg 85.8 108.3 98.8 88
E§ 100.3 | 102.3 99.8 98
Eg 103.6 | 106.2 112.2 102
E> | 107.4 107
Az 1249 | 128.1 131.1 125
A2 1252 123
A‘; 206.0 - 195.2 195
E} |216.2 206
Eg 230.8 | 236.6 234.4 225
Al | 2491 240

A Comparison of bare frequencies with experimental values

In this appendix we compare the ab initio phonon frequencies obtained in the main text with
those obtained experimentally in the literature. A first comparison of the computed bare
phonon frequencies in Crl; against values obtained in Ref. [67] is shown in table 5. We use
the bare phonon frequencies as to simplify the analysis since for the majority of the modes
there is little change between the bare and the coupled frequencies. We also compare with
other first-principles works. Overall, the obtained frequencies are in good agreement, at the
exception of the A2 mode which underestimate the measured frequency by about 20%. This
can be explained by the fact that we employ an LDA exchange-correlation functional and that
we did not use a Van der Waals correction. This is in contrast to Ref. [67,68] where they use
DFT-D Van der Waals corrections as well as GGA functionals.

In table 6, we compare the phonon frequencies obtained in the main text for CrBr; with
experimental data from Ref. [69] and DFT calculations from Ref. [70]. The obtained frequen-
cies matches well with the experiment although there is a noticeable deviation from the DFT
calculations from Ref. [70] at higher frequencies.

B Additional data

In this appendix, we put the extended tables 7 and 8 regrouping the induced splitting, phonon
angular momentum and hybridization characters for the phonon E modes and magnon modes
for both bulk Crl; and CrBrs.
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Table 6: Comparison table for the bare phonon frequencies obtained for CrBr; by

solving Eq. (27) with experimental and numerical values from [69, 70]. All values
1

areincm .
Irrep | wy | Exp.[69] | DFT [70]
E; 73.2 74.7 71.3
Al | 82.0 83.8
Alg 103.4 | 107.0 105.5
E. [111.2 111.0
AZg 117.4 116.2
Eg 139.2 | 143.4 137.3
Eg 151.5 | 153.3 141.8
EZ | 159.1 149.9
A2 ] 1829 174.9
A3g 183.8 | 184.7 177.3
A‘; 246.8 222.7
E} |262.0 240.2
Eg 284.2 | 285.0 266.3
A3 | 305.6 290.1
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