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Abstract

Strong gravitational lensing offers a powerful probe of the detailed distribution of matter in lenses, while
magnifying and bringing faint background sources into view. Observed strong lensing by massive galaxy clusters,
which are often in complex dynamical states, has also been used to map their dark matter (DM) substructures on
smaller scales. Deep high-resolution imaging has revealed the presence of strong lensing events associated with
these substructures, namely galaxy-scale sub-halos. However, an inventory of these observed galaxy–galaxy strong
lensing (GGSL) events is noted to be discrepant with state-of-the-art ΛCDM simulations. Cluster sub-halos appear
to be over-concentrated compared to their simulated counterparts yielding an order-of-magnitude higher value of
GGSL. In this paper, we explore the possibility of resolving this observed discrepancy by redistributing the mass
within observed cluster sub-halos in ways that are consistent within the ΛCDM paradigm of structure formation.
Lensing mass reconstructions from data provide constraints on the mass enclosed within apertures and are agnostic
to the detailed mass profile within them. Therefore, as the detailed density profile within cluster sub-halos currently
remains unconstrained by data, we are afforded the freedom to redistribute the enclosed mass. We investigate if
rearranging the mass to a more centrally concentrated density profile helps alleviate the GGSL discrepancy. We
report that refitting cluster sub-halos to the ubiquitous ΛCDM-motivated Navarro–Frenk–White profile, and further
modifying them to include significant baryonic components, does not resolve this tension. A resolution to this
persisting GGSL discrepancy may require more careful exploration of alternative DM models.

Unified Astronomy Thesaurus concepts: Cosmology (343); Galaxy dark matter halos (1880); Strong gravitational
lensing (1643); Galaxy clusters (584)

1. Introduction

While the cold dark matter (CDM) model has been
incredibly successful in supporting our current best-under-
standing of structure formation on large scales, challenges to
this paradigm on small scales have repeatedly surfaced over the
years (e.g., Weinberg et al. 2015; Bullock & Boylan-
Kolchin 2017; Del Popolo & Le Delliou 2017; Perivolaropou-
los & Skara 2022). Tensions between theoretical predictions of
the model and observations have arisen as the following
problems: the cusp-core issue—simulations predict a universal,
cuspy inner density slope of dark matter (DM) halo profiles
while some observed galaxies appear to have cores (de
Blok 2010); abundance of satellites—simulations appear to
overpredict the number of expected halo substructures hosting
dwarf galaxies compared to observations (Klypin et al. 1999;
Moore et al. 1999); the predicted kinematics of DM sub-halos
coupled with their abundance appear to be inconsistent with
data (Boylan-Kolchin et al. 2011); and the recently reported
Galaxy–Galaxy Strong Lensing (GGSL) discrepancy wherein

the observed lensing properties of cluster sub-halos are in
disagreement with CDM predictions (Meneghetti et al.
2020, 2023), which is the subject of this study.
Gravitational lensing—the deflection of light due to space-

time deformations by matter—is a powerful probe of DM on all
scales, since it is insensitive to the dynamical state of the lens
(Mao & Schneider 1998; Vegetti et al. 2023). Clusters serve as
extremely efficient natural telescopes and via their lensing
bring into view faint, background galaxy populations that
would otherwise remain undetected. There are two regimes in
which gravitational lensing effects are observed (for a review,
see Kneib & Natarajan 2011). Strong lensing refers to events
that produce arcs, multiple images, and other deformations that
are easily discernible, while weak lensing can only be detected
statistically by measuring small yet systematic distortions in the
shapes of many background galaxies. In the strong lensing
regime, curves can be discerned along which the most extreme
distortions occur for sources that lie behind. These curves are
called critical lines, and they enclose the most concentrated
regions of mass in the lens plane. Thus, lensing configurations
trace the detailed spatial distribution of the underlying matter.
Clusters of galaxies are dominated by DM and contain member
galaxies that also contain individual bound, DM sub-halos.
Within clusters, DM is distributed on both large and small
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scales, both of which are implicated in the observed lensing
effects.

GGSL refers to strong lensing events that occur due to the
lensing effect of individual cluster member galaxies and their
associated DM sub-halos. These smaller-scale lensing events
are increasingly seen in high-resolution images of cluster lenses
such as those that constitute the Hubble Frontier Fields
Initiative sample (HFF; Lotz et al. 2017). Individual GGSL
events can be identified as perturbations to the large-scale
cluster critical lines produced by the smoother DM compo-
nents, and can be used to map the complex mass substructures
and their properties in cluster lenses (Natarajan & Kneib 1997;
Natarajan et al. 2002, 2009). In particular, GGSL measure-
ments can be used to constrain the sub-halo mass function
(SHMF) within clusters, offering a stringent test of the ΛCDM
paradigm on small scales (Dalal & Kochanek 2002; Keeton &
Moustakas 2009; Vegetti et al. 2014; Hezaveh et al. 2016;
Gilman et al. 2020a; Ostdiek et al. 2022; Wagner-Carena et al.
2023).

Meneghetti et al. (2020; henceforth, M20) reported on the
lensing properties of substructure—GGSL—in 11 clusters
observed with the Hubble Space Telescope (HST), and
demonstrated that there appears to be an order-of-magnitude
inconsistency with mass-matched hydrodynamical simulations
of clusters performed with the TreePM-SPH code GADGET-3
(Springel 2005; Beck et al. 2016). Simulated sub-halos were
found to be under-concentrated and hence unable to match the
observed GGSL in these clusters. In particular, they measured
the GGSL probability, defined as the area enclosed by GGSL
caustics in the source plane divided by the full field of view
(FOV) of the lens plane projected onto the source plane, as a
function of source redshift. They computed the GGSL
probability arising from cluster sub-halos with masses in the
1010–1011Me range. They find that the observed clusters are
over-efficient lenses on small scales compared to their
simulated counterparts, with their GGSL probability exceeding
them by an order of magnitude or more. Since SHMFs derived
from lensing models agree with those derived from simulations
(e.g., Natarajan et al. 2017; Srivastava et al. 2024), the finding
of M20 implies that cluster sub-halos are more centrally
concentrated than those predicted in CDM simulations.

Robertson (2021) repeated the analysis without implement-
ing the same cuts as M20 for the selection of cluster sub-halos
in the higher mass resolution C-EAGLE simulations to
compute the GGSL probability. They included group-scale
sub-halos with masses ∼1013Me in their census, which
automatically increases the GGSL probability and hence
claimed that there was no discrepancy given the two-orders-
of-magnitude higher mass resolution of the C-EAGLE suite
compared to the simulations presented in M20. However,
detailed follow-up studies by Ragagnin et al. (2022) and
Meneghetti et al. (2022) have pointed out this inconsistent
selection of sub-halo masses and hence inappropriate compar-
ison to challenge their claim. Furthermore, Ragagnin et al.
(2022) and Meneghetti et al. (2022) demonstrate that even with
modifications to the simulations, the estimated GGSL prob-
ability from the data cannot be recovered from ΛCDM
simulations while also matching observed properties of cluster
galaxies such as their stellar mass and luminosity. The
modifications considered include increasing the mass resolu-
tion by factors of 10 and 25; significant adjustments to
feedback schemes and baryonic physics prescriptions, and

changes to the cluster orientation. The subsequent detailed
studies demonstrate that mass resolution alone cannot account
for the GGSL discrepancy, and in fact increased mass
resolution coupled with modified feedback prescription also
does not alleviate the issue.
Moreover, it is well known that most, if not all, current

simulations are unable to adequately reproduce all of the
observed baryonic properties of cluster galaxies (Ragone-
Figueroa et al. 2018; Ragagnin et al. 2022). Srivastava et al.
(2024) similarly tried to address the GGSL discrepancy using
simulations from The Three Hundred Project (Cui et al. 2018)
and found that while the SHMF aligns with the lensing
observations of M20, the Msub–Vcirc relation could not be
brought into alignment with any of the baryonic schemes they
employed, corroborating the results of M20 and again
indicating that observed sub-halos are more concentrated than
their simulated counterparts. The results reported in Robertson
(2021) are attributable to the inconsistent criterion adopted to
classify strong lensing effects by individual galaxies in
simulated clusters as demonstrated by Meneghetti et al. (2022).
In addition to the finding of M20, unexpected lensing

measurements have been reported in observations of field
galaxies and Milky Way satellites in recent years. Perturbations
to the lensed arc image around the galaxy SDSSJ0946+1006,
for instance, imply the presence of a DM sub-halo. Fitting a
truncated Navarro–Frenk–White (NFW) profile to the sub-halo,
Minor et al. (2021) found that the lensing measurements imply
an extraordinarily high halo mass concentration (∼102–103)
relative to IllustrisTNG simulation analogs. More recently, van
Dokkum et al. (2023) reported the discovery of an Einstein ring
around a distant (z≈ 2) galaxy found in the JWST COSMOS-
Web survey and showed that the mass enclosed within the
Einstein radius is higher than what can be accounted for using
ΛCDM-informed models (though the results of that study have
been disputed; see Mercier et al. 2024). Andrade et al. (2023)
studied Milky Way dwarf spheroidal galaxies and reported an
anticorrelation between satellite orbit pericenter distance and
sub-halo mass density, which is in tension with the positive
correlation expected from ΛCDM simulations.
While the majority of the CDM tensions listed above appear

to have resolutions within the traditional paradigm, and
typically involve taking better account of role of baryons in
simulations, occasionally they have catalyzed exploration of
alternate DM models, such as self-interacting dark matter to
account for the cusp-core issue (Spergel & Steinhardt 2000).
Similarly, possible solutions to the GGSL discrepancy fall into
two main categories: resolutions within CDM that refine
simulations and their predictions (e.g., Ragagnin et al. 2022),
and resolutions that explore alternative DM models and their
effects on halo lensing properties (e.g., Yang & Yu 2021; Zeng
et al. 2022; Amruth et al. 2023; Nadler et al. 2023; I. Dutra
et al. 2024, in preparation). Alternate DM models must
comport with the large-scale strengths and successful explana-
tory power of ΛCDM while addressing the small-scale
shortcomings. In the context of lensing, alternate DM models
may predict different density profiles for cluster sub-halos, thus
impacting the overall cluster lensing efficiency. In this study,
we work within ΛCDM to explore how rearranging the detailed
internal distribution of mass within cluster sub-halos effects the
computed GGSL, to see if such rearrangements resolve the
observed discrepancy.

2
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The key issue in the GGSL tension relates to the detailed
distribution of mass within sub-halos. Even with the current
highest-resolution HFF images, lens models can only provide
integral mass constraints (i.e., total mass within an aperture)
from data and are agnostic to how the total matter is configured
inside individual sub-halos. Thus, the detailed distribution of
matter within sub-halos is not well-constrained from observa-
tions, particularly in cluster environments. Working within the
ΛCDM cosmological paradigm, we investigate the impact of
altering the detailed distribution of DM and baryons in halo
substructures on the GGSL probability. Note that while the
abundance of substructures in mass-matched clusters of ΛCDM
simulations are well-aligned with observations (Natarajan et al.
2017), we are still permitted the freedom to rearrange the mass
enclosed inside substructures due to these considerations.
GGSL probability is directly related to the area enclosed by
small-scale critical lines. Since critical lines are produced
where the projected mass density reaches a critical value (see
Section 3.2), rearranging the mass into cuspier profiles may
decrease the GGSL probability, bringing the observations into
agreement with simulations. However, since GGSL calcula-
tions are highly nonlinear, the GGSL effects of different mass
profiles can be difficult to predict without computing them
directly.

In this study, we first reproduce the results of M20, which
show the GGSL tension, using the publicly available lensing-
derived mass profiles for five observed clusters. We then
rearrange the mass in galaxy-scale sub-halos of those clusters
into other profiles consistent with the ΛCDM paradigm to
explore the effect on the computed GGSL probability, and to
see if such rearrangements can resolve the GGSL tension. The
five clusters to which we apply this methodology are (see
Section 2): AS1063, MACS J0416.1-2403, MACS J1206.2-
0847, and A2744 from the M20 sample, as well as PSZ1
G311.65-18.48 from the sample of Meneghetti et al. (2022).

The outline of our paper is as follows: we describe the data
set in Section 2. In Section 3 we define GGSL probability and
describe our methodology for its computation. In Section 4, we
compare the GGSL probability of two separate interior mass
profiles for sub-halos. The role of baryons is addressed and
explored in Section 5, and we conclude with a discussion in
Section 6. Throughout this paper, we assume h= 0.69 and
Ωm,0= 0.3, consistent with the WMAP9 results (Hinshaw et al.
2013).

2. Cluster Sample

In this Section, we summarize the relevant properties of the
five lensing clusters studied here. Four are lensing selected
clusters that are part of the HFF program, and which were
shown in M20 to be over-efficient GGSL lenses, while one of
the clusters, PSZ1 G311.65-18.48, is from the ESA Planck
catalog of Sunyaev–Zeldovich (SZ) selected clusters (Planck
Collaboration et al. 2014), and was shown in Meneghetti et al.
(2022) to also be an over-efficient GGSL lens (see also
Meneghetti et al. 2023), even though it was selected using
completely different criteria from the HFF clusters.

The mass maps obtained from lensing observations that we
use in this study are derived from LENSTOOL, a publicly
available lens inversion code (Kneib et al. 1996; Jullo et al.
2007; Jullo & Kneib 2009). For each cluster, LENSTOOL
returns parameter values for the mass distribution that offer the
best fit between the shapes, positions, and brightness of the

observed multiple images with those predicted by the model.
The optimized result is a projected mass map that is fully
described by parameters that partition the mass into the large-
scale cluster halos and the smaller-scale galaxy components.
The LENSTOOL models assume dPIE profiles (see Section 3.1
below) and are publicly available for the four HFF clusters.10

The details of the reconstructions themselves can be found in
Johnson et al. (2014), Mahler et al. (2018), Bergamini et al.
(2019, 2021), Pignataro et al. (2021), Meneghetti et al. (2022),
and the supplementary materials of M20 (henceforth, M20sup).
In order to reduce the number of free parameters when
performing fits to dPIE profiles, LENSTOOL employs lumin-
osity scaling relations for certain parameters of the small-scale
cluster components (see Section 3.1). In the paragraphs that
follow, we describe each of the clusters analyzed in this work.
Table 1 summarizes their pertinent properties.
AS1063, located at z= 0.348, was first identified by Abell

et al. (1989) and was observed as part of HFF as well as the
Cluster Lensing And Supernova survey with Hubble program
(CLASH; Postman et al. 2012) CLASH. It was further observed
as a CLASH-VLT target (Rosati et al. 2014), and is a year three
target of the Beyond Ultra-deep Frontier Fields And Legacy
Observations survey (BUFFALO; Steinhardt et al. 2020).
AS1063 stands out for its high X-ray luminosity, which suggests
that it is going through a major merging event (Gómez et al.
2012, and references therein). The cluster has also been studied
in the radio (Rahaman et al. 2021) and optical (Beauchesne et al.
2024, and references therein) bands, as well as via weak lensing
(Gruen et al. 2013). Williamson et al. (2011) estimated the SZ
derived mass to be M200=(2.90± 1.33)× 1015Me h−1. The
mass models obtained consist of 227 potentials, three of which
were high mass (>5× 1012Me) and another two that were also
optimized outside of the scaling relations.
MACS J0416.1-2403 (M0416) is located at z= 0.397 and was

discovered by the Massive Cluster Survey (MACS) of ROSAT
X-ray selected clusters (Ebeling et al. 2001). It has been imaged
by HST as part of HFF and CLASH, was further observed as part
of CLASH-VLT, and is a year one BUFFALO target. In the
context of the BUFFALO, Gonzalez et al. (2020) measured the
surface mass density of M0416 from a weak-lensing analysis and
obtained a higher number of sub-halos when compared to a
simulated cluster of similar mass. M0416 is in a complex
dynamical state, featuring a bimodal distribution and elongation
of the main substructures, suggesting a pre-collisional stage
(Balestra et al. 2016). Jauzac et al. (2014) used the HFF image
data of M0416, which includes 194 lensed images of 68
background galaxies, to constrain the projected mass enclosed
within 140 kpc h−1 to be (1.12± 0.01)× 1014Me h−1. The
CLASH analysis presented in Umetsu et al. (2016) estimates
Mvir= (0.909± 0.230)× 1015Me h−1 for the cluster. The mass-
model reconstruction of M0416 consists of 197 potentials, six of
which are large-scale components optimized outside of the
scaling relations.
MACS J1206.2-0847 (M1206), located at z= 0.440, is also

included in the MACS survey of X-ray luminous clusters, and
was observed as part of CLASH-VLT. While X-ray emission
suggests an overall relaxed state, much of the intracluster light is
not centrally concentrated, suggesting ongoing galaxy-scale
interactions (Eichner et al. 2013). Among its 82 spectroscopically
confirmed multiple images is a prominent 15″ long gravitational

10 https://archive.stsci.edu/prepds/frontier/lensmodels/
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arc west of the central galaxy (Sand et al. 2004). Assuming a
spherical NFW halo, Umetsu et al. (2012) estimated the virial
mass of M1206 to beM132= (1.1± 0.3)× 1015Me h−1. Richard
et al. (2021) performed integral field spectroscopy analysis of
M1206 multiple images using data from the Multi Unit
Spectroscopic Explorer instrument on the Very Large Telescope
(VLT), and using LENSTOOL models, they measured the mass
within the Einstein radius of the cluster (for a source plane at
zs= 4) to be (1.23± 0.04)× 1014Me h−1. The mass models
obtained consist of 265 potentials, six of which are high-mass
halos optimized outside the scaling relations, and an additional
potential representing the cluster shear field within the FOV.

A2744, at z= 0.308, is another merging cluster, nicknamed
“Pandora’s cluster” by Merten et al. (2011) due to its exciting
complexity. For example, it has the largest offset between
X-ray and lensing centers among the 38 clusters studied by
Shan et al. (2010). The cluster has been extensively studied
from radio to X-ray bands, is part of the HFF program, the
Ultra-deep NIRSpec and NIRCam ObserVations before the
Epoch of Reionization program (Bezanson et al. 2022) with
JWST, and is a year one BUFFALO target. One of the galaxies
lensed by A2744 was recently confirmed using combined
Chandra and JWST observations to harbor the most-massive
distant (z> 10) accreting black hole observed to date (Bogdán
et al. 2024). The HFF strong lensing analysis by Jauzac et al.
(2015) measured the projected mass within a 140 kpc h−1

radius to be (1.513± 0.004)× 1014Me h−1, and strong and
weak lensing measurements by Jauzac et al. (2016) constrain
the projected mass within a 0.9 Mpc h−1 radius to be
(1.6± 0.1)× 1015Me h−1. The mass models obtained consist
of a total of 258 potentials, six of which were large-scale
potentials, and another six that represent lensing potentials
beyond the FOV needed in order to best fit the observed
lensing.

PSZ1 G311.65-18.48 (PG311) is located at z= 0.443 and was
first confirmed as a galaxy cluster as part of the ESA Planck
catalog of SZ selected clusters (Planck Collaboration et al. 2014).
We include this cluster in our sample to explore the applicability
of our results to clusters that are not selected via strong-lensing, in
case that selects preferentially for over-concentrated halos (Oguri
et al. 2009; Gralla et al. 2011). Its most notable feature is a striking
tangential arc image of a background star-forming galaxy at
z= 2.369 that is imaged at least 11 other times, dubbed the
“Sunburst Arc” by Rivera-Thorsen et al. (2017). Sharon et al.
(2022) used a strong lensing model together with Chandra X-ray
data to measure the projected cluster mass within 175 kpc h−1 to
be M h2.05 100.01

0.01 14 1´-
+ - . The mass models obtained consist

of a total of 202 potentials, eight of which are large scale and
optimized outside of the scaling relations.

3. Methodology

3.1. Parametric Lensing Mass Models

Mass maps derived from strong lensing measurements are
typically constructed using parametric models, in which the
mass distribution is described by a finite number of mass
“clumps”: the superposition of a few that represent the smooth
large-scale cluster components, and multiple, smaller galaxy-
scale components that are overlaid on top, around which GGSL
events are detected. Each mass clump is described by a finite
number of parameters contingent upon the specific choice of
mass profile adopted. In addition, the mass distribution is
generally assumed to be self-similar, with both large- and
small-scale clumps being modeled using the same density
profile. Moreover, while current lensing measurements con-
strain the 2D projected mass enclosed within an aperture for
chosen profiles, they are agnostic to the detailed spatial
distribution of mass within that aperture. On small scales,
cluster mass modeling only provides integral constraints,
namely, the total mass enclosed within an aperture. Lensing-
derived masses are therefore reliant on the modeling of the lens,
and the choice of density profiles adopted can lead to
differences in the estimated sub-halo masses (Meneghetti
et al. 2017; Minor et al. 2017).
The most commonly used mass profile is the dual-Pseudo-

Isothermal-Elliptical profile (dPIE; or Pseudo-Isothermal
Elliptical Mass Distribution, PIEMD; e.g., Limousin et al.
2005; Kneib & Natarajan 2011). This is the profile used by
LENSTOOL in the publicly available mass reconstructions
for the five clusters we consider in this study. The dPIE
projected mass distribution is given by (e.g., Elíasdóttir et al.
2007)

( )

( ) ( )

R
G

r r

r

R r R r r r

3

2

, 1

0
2

cut 0

cut

2
0
2 2

cut
2

cut 0

ps
S =

+

´ + - + + -

where R is the 2D projected distance from the sub-halo center.
This profile is constrained by three parameters: the velocity
dispersion (σ0), core radius (r0), and cut radius (rcut). The dPIE
3D profile behaves like an isothermal sphere (R−2) between r0
and rcut, but steepens to an R−4 profile outside of the cut radius.
It is a powerful lensing model due to its finite mass, its ability
to reproduce a wide range of component sizes, and its

Table 1
Summary of Cluster Lenses

Cluster Name Redshift Reported Mass Estimate Mass (1015 Me h−1)a Galaxy-scale Sub-halos
(1) (2) (3) (4) (5)

AS1063 0.348 M200 2.90 ± 1.33 222
MACS J0416.1-2403 0.397 Mvir

b 0.909 ± 0.230 191
MACS J1206.2-0847 0.440 Mvir

c 1.1 ± 0.3 258
A2744 0.308 Menc(0.9 Mpc h−1) 1.6 ± 0.1 246
PSZ1 G311.65-18.48 0.443 Menc(175 kpc h

−1) 0.205 0.001
0.001

-
+ 194

Notes. Column 5 includes sub-halos that are optimized using the dPIE scaling relations used for that cluster.
a See the text for references to each cluster.
b See Table 3 of Umetsu et al. (2016).
c
Δvir ≈ 132.
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analytically derivable lensing potential and derivatives.
Furthermore, we can transform our coordinates to allow for
nonspherical distributions via

⎜ ⎟
⎛
⎝

⎞
⎠( ) ( )

( )
 

R
x y

1 1
. 22

2

2

2

2
=

+
+

-

The eccentricity ò and position angle of the ellipse represent
two additional degrees of freedom. After accounting for sky
position and redshift, we find that each model component is
defined by eight parameters (σ0, r0, rcut, ò, the position angle of
the ellipse θò, sky position (x, y), and redshift z). In order to
reduce the number of free parameters, σ0 and rcut for the small-
scale components are pegged to the luminosity of their galaxies
using the scaling relations described in the M20sup.

The NFW (Navarro et al. 1997) profile represents another
parametric model that can be used to construct mass maps from
lensing measurements. This is the profile to which we rearrange
the dPIE mass profiles obtained for the five clusters, in order to
explore the effect on GGSL computations. The NFW density
profile has been shown to provide a good approximation for a
universal mass profile for DM halos over a wide range of halo
masses, from cluster scales to dwarf galaxy scales, and
simulations tend to result in the production of halos and sub-
halos that conform to the NFW profile. While there is debate
regarding whether NFW-like profiles offer the best description
for tidally stripped cluster sub-halos (e.g., Green & van den
Bosch 2019; Green et al. 2021), since we are not following the
dynamical evolution of sub-halos here, but rather studying
snapshot lensing data for derived constraints, we adopt the
truncated NFW profile, which we proceed to describe.

The NFW profile is especially elegant in that it is completely
specified by two parameters. These may be chosen to be c, the
concentration parameter, and r200, the radius inside which the
density of halo is 200ρc, where ρc(z)= 3H2(z)/8πG is the
critical density for a flat universe. The 3D density profile is then
given by (e.g., Equation (1) in Navarro et al. 1997):
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where r is the 3D distance from the halo (or sub-halo) center,
rs= r200/c is the so-called scale radius, and δc is the
(dimensionless) characteristic overdensity, given by
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The characteristic feature of the NFW profile is that the power-
law index steepens from −1 to −3 near rs. The overall shape,
and crucially the concentration parameter c, offer reasonable
fits to simulated data, as well as to observed profiles, including
stacked lensing analyses. In practice, the NFW is widely used
for its simplicity and relative accuracy.

One drawback of the NFW profile is that the integrated halo
mass is infinite, which is unphysical. This is of special concern
for cluster sub-halos, which are tidally stripped, and are
therefore expected to have truncated mass profiles. Baltz et al.
(2009) put forth a truncated NFW (tNFW) model, which
introduces a third parameter, rt, that corresponds to the tidal
radius for tidally truncated halos. The 3D density profile is

given by:
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where τ= rt/rs. The total integrated mass of a tNFW halo is
finite. For rt� rs, the 3D density profile drops off from r−3 to
r−5 at rt, while for rt< rs the profile goes to r−5 at rt and then
further drops to r−7 at rs. As would be required, the tNFW
profile reduces to an NFW for τ→∞.
As described in Section 4, we rearrange the well-constrained

mass enclosed within apertures that correspond to the truncation
radius of the dPIE models provided by the best-fit lens model
from LENSTOOL, and refit the enclosed mass derived from the
best-fit mass models with best-fit tNFW profiles.

3.2. Definition of the GGSL Probability

We now define the GGSL probability and other relevant
quantities used in lensing computations. Further details for all
computations can be found in, e.g., Kneib & Natarajan (2011) and
Meneghetti (2021). The two planes of interest for any lensing
configuration are the source plane, where the lensed background
objects lie, and the lens plane, where the foreground mass and
hence the lensing potential reside and in which the lensed images
appear. We adopt the thin lens approximation, in which the source
and lens planes are approximated as 2D planes, as it is only
projected quantities that are relevant for calculating the lensing
signal. This approximation is valid since the physical extent of the
lenses of interest (i.e., galaxies and clusters) is significantly smaller
than the distances from the observer to the lens and source.
Structures in the source plane are mapped onto the lens plane using
the deflection induced by the projected surface mass density Σ(θ),
where θ is the 2D vector position on the lens plane.
The deflection of light and the distortions it produces can be

thought of as effecting a mathematical transformation that
occurs between the source plane and lens plane and is
characterized by two quantities: the convergence (κ) that
quantifies the isotropic (radial) focusing of light and affects the
apparent size and brightness of a galaxy, but not its shape; and
the shear (γ), a tensor that quantifies the stretching or
compression of light rays tangential to the lensing object’s
center, causing elliptical distortions to the background galaxy
image. A positive (negative) convergence magnifies (reduces)
the apparent size and brightness of the galaxy; the orientation
of the shear indicates the axis along which the galaxy image is
stretched. κ(θ) is calculated from Σ(θ) and the components of γ
(θ) are calculated from κ(θ) and partial derivatives of the
deflection angle α(θ), which is the angle by which light rays
deviate from a straight line. From κ(θ) and γ(θ), we can define
where in the lens plane Σ(θ) exceeds a critical value (Σcrit),
thus generating critical lines at the contours defined by (see,
e.g., Equation (16) of Kneib & Natarajan 2011)

( ) ( ) 1,q qk g =

where γ(θ) is the norm of the shear. The + corresponds to
tangential critical lines, where background sources become
infinitely stretched (resulting in arcs and Einstein rings) and the
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− corresponds to radial critical lines, where background
sources become infinitely magnified. Since observations of
strong lensing by the galaxies seen in our cluster samples are
expected to have negligible radial critical lines (see M20sup),
we focus only on the tangential critical lines

( ) ( ) ( ): 1. 6tq q qk g+ =

Ultimately, any particular θt curve produced by the small-scale
clumps is due to the entirety of Σ(θ) in the lens plane including
the boosting provided by the underlying smooth gravitational
potential of the larger-scale clumps. Critical lines can be
assigned a size according their enclosed area Aenc, which can
serve to roughly associate the critical line to the mass of the
“subclump” that gave rise to it. From Aenc we can further define
the effective Einstein radius of the critical line

( )A
. 7E

encq
p

=

We wish to distinguish between the critical lines that are
produced by the larger cluster-scale mass distribution, and
those that are produced by the smaller-scale individual cluster
sub-halos (and thus are attributable to GGSL). To do so, we
adopt the convention of Meneghetti et al. (2022) wherein
critical lines with θE> 5″ are considered primary, those with
0 5< θE< 3″ are considered secondary, and all others are
excluded for the purpose of this small-scale analysis. θE= 0 5
corresponds to a physical radius of ∼2.3 kpc and a mass of
∼1010Me, assuming a point mass lens at z= 0.3. It is the
secondary critical lines produced by the smaller-scale clumps—
cluster sub-halos—that we define as giving rise to GGSL
events. Our criterion for secondary critical lines is motivated by
the ability to effectively compare observational results with
simulations: anything less than 0 5 cannot be resolved by the
numerical simulations considered for comparison in this work.
Moreover, this is ∼5 times larger than the resolution of HST
images. The 3″< θE< 5″ regime, which implicates group-scale
masses, comprises ones that we exclude by definition of the
secondary critical lines given our intent to focus on properties
of individual cluster galaxy sub-halos. Simulations, meanwhile,

tend to have significant lensing events due to critical lines of
this size indicating the presence of in-falling groups in these
massive assembling clusters (Meneghetti et al. 2022, 2023;
Ragagnin et al. 2022).
Any critical line θt can be mapped to a corresponding curve

in the lens plane, called a caustic line (e.g., Equation (3.97) of
Meneghetti 2021):

( ) ( ). 8t t tb q qa= -

The total area enclosed by the secondary caustics βt in the
source plane is defined to be the GGSL cross section, σGGSL
(see the rightmost panel of Figure 1).
Placing the background sources and hence the source plane

at different redshifts z results in different values of α(θ) and
therefore different curves θt and different caustics βt, so in
general, σGGSL= σGGSL(z). From the GGSL cross section, we
can further define the GGSL probability, PGGSL, as the ratio of
the area enclosed by the secondary caustics to the area in the
source plane that maps to the entire FOV in the lens plane, As:

( ) ( )
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A z
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s
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This is the quantity that was shown by M20 to be discrepant
between cluster lensing data and ΛCDM simulations.

3.3. Computational Procedure

As stated above, magnification maps obtained from
observations of clusters assume mass-model priors, and in this
paper we explore how altering the DM distribution model
within the sub-halos impacts the GGSL probability. We
compute PGGSL(z) for each of the five clusters in our sample
for both the dPIE and tNFW models. For both cases, we do so
using a method independent of the one used in M20 by
utilizing the lenstronomy, a package that implements
lensing calculations in Python (Birrer & Amara 2018; Birrer
et al. 2021).11 The steps of this procedure to compute GGSL
from the lenstronomy package are outlined as follows:

Figure 1. Our GGSL probability calculation pipeline illustrated with the HFF cluster A2744. Left: the HFF image of A2744; Center: the projected 2D mass density
reconstruction from parametric dPIE lensing mass model. The colorbar indicates the scale of κ, the convergence, represented by the heatmap. Contours show the
critical lines calculated with the lenstronomy software package for a source plane at z = 7. The central blue critical line is the only primary critical line in this case,
and the secondary critical lines are shown in white. In black we show the critical lines that are excluded as described in the text. Right: the corresponding primary,
secondary, and excluded caustics in the source plane. The FOV caustic is the caustic associated with the FOV of the image plane. The area enclosed by the secondary
caustics defines the GGSL cross section, and the ratio of GGSL probability to the total area enclosed by the FOV caustic defines the GGSL probability. Image credit:
A2744 at https://hubblesite.org/.

11 https://github.com/lenstronomy
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1. For each cluster, we take a list of potentials from the best-
fit lensing model (either the LENSTOOL dPIE or the re-
fitted tNFW models) that includes the properties of each
potential, its position in the lens plane, and other relevant
parameters for the dPIE or tNFW.

2. Consistent with the FOV used in M20, we impose a
200″× 200″ FOV for all clusters to normalize PGGSL,
which cuts some potentials out of the computation. This
ensures that the normalization of PGGSL is the same in our
study as in M20. See Equation (9).

3. We then pass the list of potentials to lenstronomy,
along with some source plane redshift zi, and we use its
functionality to construct maps of Σ(θ) and α(θ), as well
as the relevant derivatives for calculating κ(θ) and γ(θ).

4. Using those results, we use Equation (6) to return lists of
image pixels that make up the critical lines.

5. We calculate the equivalent Einstein radius for each
critical line, and label each critical line as primary or
secondary as shown in Figure 1 (central panel).

6. We use lenstronomy to map the secondary critical
lines to their corresponding caustics in the source plane
(Figure 1, right panel).

7. The area enclosed by the secondary caustics is calculated
and summed to compute PGGSL(zi).

8. We iterate this procedure over different values of zi to
calculate PGGSL(z).

4. GGSL Results with dPIE and tNFW Fits

Following the procedure outlined in Section 3.3, we use the
publicly available dPIE fits from LENSTOOL to independently
calculate PGGSL(z) for each cluster using the lenstronomy
software package. While LENSTOOL and lenstronomy
perform similar computations,12 lenstronomy is a more

flexible and user-friendly package, since it is written for
Python, and it also offers many more parametric models for the
lensing potentials (for example, tNFW is not offered by
LENSTOOL). In M20, GGSL was computed using the lensing
mass model derived from LENSTOOL in which the sub-halos
are modeled with a dPIE. Here, we first re-calculate GGSL
from the lensing mass models with dPIE sub-halos using
lenstronomy and find that our results are in agreement with
those reported in M20 for a subsample of their clusters that
now includes an additional massive cluster lens that was found
via a completely different selection technique, its SZ emission.
Our results are shown in Figure 2. In both panels, the blue

band labeled “M20 HFF+Ref+CLASH” is a composite of the
three observed samples studied in M20, and the orange band is
their simulation set (both are adapted from Figure 3 of M20).
We briefly describe each of those data sets here; more details
can be found in M20sup. The 11 HST clusters used by M20 for
their observational data set consist of four HFF clusters, four
clusters from the CLASH “gold” sample, and three additional
clusters with extremely well-constrained mass models (the
“reference sample”). The GGSL probability was measured as a
function of redshift for each of the clusters. M20 also
performed the same analysis for 25 simulated clusters, matched
in mass, morphology, redshift, and mass concentration to the
observed samples. Cluster halos from a parent DM-only
simulation with 10243 particles were identified in a periodic
low-resolution simulation box with comoving size of 1 h−1 Gpc
using a standard friends-of-friends algorithm. The simulation is
a flat ΛCDM universe with cosmological parameters h= 0.72,
σ8= 0.8, Ωm,0= 0.24, Ωb,0= 0.04, and an adopted primordial
power spectrum of P(k)∝ k0.96. The clusters were then re-
simulated with baryonic physics using the TreePM-SPH code
GADGET-3 several times, to include different sub-grid physics
models. These incorporated different prescriptions for gas
cooling, star formation, and energy feedback from supernovae
and active galactic nuclei (AGNs; some variants even turned
AGN feedback off entirely). The mass of DM particles in these
simulations was 8.47× 108 h−1Me and that of gas particles
was 1.53× 108 h−1Me. To identify potential inaccuracies due

Figure 2. PGGSL as a function of source redshift for the five clusters, shown for both the dPIE and tNFW mass models, compared with the results of M20. The “M20
HFF+Ref+CLASH” band is a composite of the three samples studied in M20, combined for simplicity, and is included to guide the eye. The orange band represents
the simulation sample of M20. (a) dPIE results for the five clusters in our study recovers the result of M20. (b) Redistributing the mass within rcut as a tNFW profile
does not significantly change the GGSL probability. Confidence intervals shown are based on 95% confidence in the tNFW concentration parameter.

12 There are slight differences in, e.g., how ellipticity is calculated.
lestronomy performs the coordinate transformation described in
Equation (2) on the lensing potential field, while LENSTOOL performs the
transformation directly on the mass density field. This can result in slight
discrepancies for small ellipticities, such as those considered in this study.
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to limited resolution, a subsample of clusters were re-simulated
with a factor of 10 increased resolution with no change to the
results. M20 also verified their results by producing mock
realizations of the clusters using the semianalytic code MOKA
(Giocoli et al. 2012). To compute the GGSL probability in the
simulated clusters, they smoothed the particles over the cluster
volume and employed ray-tracing to compute deflection angle
maps from their projected mass distributions.

As shown in Figure 2(a), we have recovered the results
of M20 for the dPIE case, and our independent computation of
the GGSL probability is also discrepant with their ΛCDM
simulation results. We then investigate the effect of redistribut-
ing the mass enclosed within cluster sub-halos using tNFW
profiles. Recall that lensing mass models only offer an integral
constraint on the inferred mass enclosed within a fixed aperture
for sub-halos, and are agnostic to how the mass is distributed
radially inside sub-halos. The tNFW profile has three degrees
of freedom, which can be represented by r200, c, and τ. We
require that Mcut, the mass enclosed at rcut of the dPIE profile,
remains constant, which reduces the number of degrees of
freedom to two. Note that even if we allow all of Mcut to
contract into a single point mass, corresponding to a dPIE inner
slope of −2.99, the computed PGGSL lies within the band
derived for the observed lensing samples by M20. We constrain
τ and rs using a least-squares fit to the remaining dPIE profile
between r0 and rcut, and then determine c using those best-fit
values and the fixed data point at (rcut, Mcut). We estimate 95%
confidence intervals with a Monte Carlo method, using 500
iterations for each sub-halo with random selections of data
points for the least-squares fit. See Appendix A for a detailed
description of the fitting procedure and error estimation. We
retain the largest-scale potentials as dPIE profiles, since we are
interested in how these changes specifically affect GGSL, while
the background cluster density remains similar. We passed
these new tNFW models to lenstronomy to calculate
PGGSL(z), and the results are shown in Figure 2(b). Note that
there is some cluster-to-cluster variation in the computed
GGSL, with the more massive cluster lenses having a higher
GGSL probability.

We have thus demonstrated that changing the mass model
for the sub-halos does not resolve the reported GGSL
discrepancy with ΛCDM simulations.

5. Effect of Inclusion of Baryonic Contributions to Halo
Substructure on GGSL

As shown above, redistributing the matter within each sub-
halo into an tNFW profile accounts for the total mass.
However, virtually all halos that contribute to GGSL host
luminous, baryonic galaxies. Baryons affect the concentration
of their DM hosts in a number of ways: they can steepen the
inner slope due to adiabatic contraction (Gnedin et al. 2004),
but also soften the slope due to dynamical friction (Petts et al.
2015; Banik & van den Bosch 2022), supernova feedback
(Pontzen & Governato 2012), and three-body interactions. We
focus our attention here on adiabatic contraction, since we have
already probed the cored dPIE profiles, and the other effects
will make the tNFW develop a core. Exploring the effects of
adiabatic contraction allows us to explore a greater range of
even more cuspy profiles beyond the tNFW that are still
consistent with ΛCDM.

We focus on a single representative sub-halo from M1206
(gal_id 4229) and modify its profile in two ways. We chose

to analyze a sub-halo from M1206 because that cluster has the
largest measured PGGSL from our sample, as seen in Figure 2.
gal_id 4229 was optimized by LENSTOOL using the scaling
relations for M1206, and does not have any particular
distinguishing feature that would make it an outlier as far as
GGSL, such as ellipticity or a peripheral position within the
cluster. First, we explore the effect of adding an exponential
core, meant to represent the baryons, to the sub-halo’s
LENSTOOL dPIE profile. The dPIE profile is then renormalized
in order to conserve Mcut, which is the observational constraint
obtained from the best-fit lensing mass models. Second, we
apply an adiabatic contraction to our tNFW fits, with the same
exponential 3D density profile as the final baryonic profile
representing the hosted galaxy. We adopt the adiabatic
contraction model of Gnedin et al. (2004), implemented in
the publicly available adiabatic contraction code Contra.
Note that we conserve mass within rcut provided by lensing
mass models to within ∼10%.
For a baryonic component of total mass M0, we use an

exponential 3D density profile given by:
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where Kn is the nth-order modified Bessel function of the
second kind. We set M0 by satisfying M2D(rcut)= fbMcut, where
Mcut is the mass enclosed within rcut in the dPIE model of the
sub-halo and fb represents the baryon mass fraction. The
baryonic scale radius rd is given by rd= rbrcut.
In order to quantify the effect of these changes on the GGSL

probability, we calculate the Einstein radius rcrit, which defines
the critical line for an isolated halo, for each profile. Since the
GGSL cross section is defined as the area enclosed by
secondary caustic in the source plane, which are mappings of
secondary critical lines, rcrit is a proxy for GGSL probability.
See Appendix B for a demonstration of this relationship. We
can calculate rcrit for each profile using the relation

( )rcrit critS = S (e.g., Equation (5.34) in Meneghetti 2021),
where S is the average surface density and Σcrit is the critical
lensing surface density, which is a function of the lens plane
redshift and source plane redshift alone. We perform this
procedure for a range of baryon mass fractions ( fb) and
baryonic disk scale radius fraction (rb). The stellar mass–halo
relation for local low-mass galaxies (up to M* = 109) derived
by Zaritsky & Behroozi (2023), and that of Girelli et al. (2020)
for higher mass halos at 0� z� 4, both predict 5× 10−4

 fb 10−1 for the range of sub-halo masses in M1206. We
probe even higher values in our analysis to also explore the
potential effects of the even more extreme cluster environment
on lensing properties.
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The results of our analysis are shown in Figure 3. In most
cases, the change to rcrit is imperceptible, while in the most
extreme cases, the percent change to rE reaches ∼54% on the
positive end and ∼−38% on the negative end. For a sub-halo
with an rE∼ 0 9 at zs= 5.0, these most extreme values
correspond to changes in PGGSL by factors of approximately
2.5 and 0.35, respectively. This would still leave three of the
five curves in Figure 2(a) within the M20 band (at least for the
negative changes—extreme positive changes would further
exacerbate the tension), while M0416 and AS1063 would still

be more than two times off from the +95% confidence interval
of the “M20 simulations” band.

6. Conclusions

The GGSL discrepancy in cluster lenses motivates the study
of the concentration–mass (c–M) relation for cluster sub-halos,
which might provide new insights into their inner density
profiles. Navarro et al. (1997) noted that since less-massive
systems collapse at higher redshifts, they are expected to have
higher concentration parameters. This relation for DM halos

Figure 3. Each plot shows the Einstein radii for three cases of inner mass distribution for a representative sub-halo from the HFF cluster M1206. The Einstein radius
coincides with the critical line of an isolated sub-halo, and is correlated with GGSL probability. The numbers in the top-right of each panel are the percent change of rE
relative to that of dPIE profile. Black: the LENSTOOL dPIE profile, to which all other profiles are normalized; Red: the dPIE profile modified to include an exponential
baryonic component such that fb of the mass within rcut is in the baryonic core, and with scale length rd = rb × rcut; Blue: our best-fit tNFW profile after an adiabatic
contraction such that the final baryonic density profile is the exponential core described above. We look at four different values of baryon mass fraction ( fb) and
baryon scale radius fraction relative to rcut (rb). Even in the most extreme cases, we do not see significant enough changes to rcrit to account for the GGSL disparity
reported in M20.
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has been modeled and studied extensively, primarily through
N-body simulations (e.g., Bullock et al. 2001; Eke et al. 2001;
Wechsler et al. 2002; Zhao et al. 2003, 2009; Macciò et al.
2008; Diemer & Kravtsov 2015; Ludlow et al. 2016; Gilman
et al. 2020a). Observationally, it has been demonstrated that
strong lensing measurements are a powerful probe of the c–M
relation (e.g., Vegetti & Vogelsberger 2014; Vegetti et al.
2014; Gilman et al. 2020b; Minor et al. 2021). However, a
systematic study of the observed c–M relation among cluster
sub-halos remains to be done. As mentioned above, Minor
et al. (2021) calculated a higher-than-expected concentration
for the halo of the field galaxy SDSSJ0946+1006, and the
higher efficiency of GGSL in observed clusters suggests that
perhaps cluster sub-halos are also over-concentrated.

In this work, we address the GGSL tension as reported
in M20, in which observed cluster lenses exhibit more efficient
GGSL than their simulated counterparts. We do so within the
ΛCDM cosmological paradigm, and not through exploration of
alternative DM models, by leveraging the fact that lensing
measurements only make integral mass constraints on the
projected mass maps of cluster lenses. We are thus afforded the
freedom to redistribute the mass of cluster sub-halos within the
observed rcut, within which the total enclosed mass is
constrained. Four of the clusters we study are part of
the M20 study, while PG311 was part of later studies
(Meneghetti et al. 2022, 2023), and is included because it
was selected using a different criterion. We first recover the
results of M20, which show that using the cored dPIE profile as
the mass model, the PGGSL for each cluster is an order of
magnitude higher than that of ΛCDM-simulated counterparts.
This serves both to demonstrate the robustness of the M20
results, and to validate our PGGSL computation methods, which
are distinct from those of M20 in that they use the lenstool
Python package. We then refit the sub-halos of each cluster to
the “cuspy” tNFW profile, while conserving mass within rcut,
which yielded a comparable GGSL probability for the clusters.
Finally, we further explored the effects of modifying the DM
sub-halo profiles with inclusion of a separate contribution from
the baryonic components, accounting for the effects of
adiabatic contraction. In all cases, even with the most extreme
assumed parameters for the baryonic disk component, we
found that the lensing properties do not change significantly.
Thus, we demonstrate with detailed and careful analyses that
the redistribution of the mass within cluster sub-halos, be it the
overall density profile or the detailed distribution of baryons in
the inner regions of the sub-halo, does not significantly change
the GGSL probability that is obtained for lensing clusters.

While we have shown that a variety of profiles that are
consistent with ΛCDM yield similar PGGSL results, GGSL
computations do rely heavily on consistent and well-motivated
definitions of primary and secondary critical lines, as discussed
above (Section 3). These are typically related to their effective
Einstein radii, θE. The results reported in Robertson (2021) are
due to their inclusion of all critical lines with 0 5� θE� 5 0
as secondary critical lines, which is inconsistent with the
smaller scale cut of 0 5� θE� 3 0 made in M20. Meneghetti
et al. (2022) clearly demonstrated that the contribution from
individual sub-halos to GGSL is dominated by those with
θE� 3 0. In fact, Einstein radii of 3 0< θE< 5 0 correspond
to the group-scale sub-halos with masses ∼1013Me. From
Figure 1 in Robertson (2021), it can clearly be seen that it is the
inclusion of the contribution of the critical line of the in-falling

group in the lower right-hand corner that boosts the GGSL
signal. Their inclusion boosts the computation of the GGSL
presented by Robertson (2021) leading to their claim of having
resolved the discrepancy. Meneghetti et al. (2022) excluded
critical lines with 3″< θE< 5″, as we have done here. As noted
above, we reiterate that the increase in mass resolution alone
does not enhance GGSL to account for the order-of-magnitude
discrepancy reported in M20.
Ongoing surveys by the ESA Euclid mission (Sartoris et al.

2016) and the planned ones for the upcoming NASA Nancy
Grace Roman Space Telescope mission (Spergel et al. 2013)
are likely to provide high-quality data for many more cluster
lenses, dramatically increasing the sample size available for
GGSL analyses (e.g., Mantz et al. 2019). This high-resolution
imaging coupled with spectroscopic follow-up will permit
building accurate lensing models for these larger cluster lens
samples as well. Additionally, many computational groups are
deeply invested in improving the implementation of baryonic
physics and feedback processes in CDM simulations. This will
provide more sophisticated simulated clusters for comparison
with observed cluster lenses.
Here we have examined a possible solution to the GGSL

discrepancy within the ΛCDM framework, and conclude that
we are unable to resolve it by modifying the lens mass model
through redistributing the matter within the sub-halo apertures,
neither by invoking cusps nor the contribution of baryons in the
inner regions of sub-halos. As noted in M20 in the first
reporting of the GGSL discrepancy, two potential solutions
within ΛCDM could be held to account. One is that because we
get integral constraints with the lensing models, there is
freedom in how mass is distributed within the sub-halos. The
second is the numerical resolution of simulations. In Ragagnin
et al. (2022) and Meneghetti et al. (2022), it was shown that
numerical resolution alone cannot account for the observed
tension. Here we demonstrate that redistribution of mass via
physical processes available within the context of the CDM
paradigm also cannot account for the unexpectedly efficient
observed GGSL. Our conclusion suggests that exploration of
alternative DM models and their impact on the lensing
properties of cluster sub-halos is warranted.
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Appendix A
tNFW Fitting

We fit the publicly available LENSTOOL dPIE potentials,
which are described by projected 2D mass profiles, to projected
2D tNFW mass profiles given by Baltz et al. (2009):
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and δc(c) as defined in Equation (4). This function has three
free parameters, which can be chosen to be c, τ= rt/rs, and
rs= r200/c. The following steps were taken to find the best-fit
tNFW parameters:

1. Calculate Mcut=MdPIE(rcut). We constrain the tNFW fit
to conserve this quantity, since this is the mass constraint
obtained from our lensing mass models.

2. Mcut thus constrained, we recast the 2D tNFW mass
profile as a function of two free parameters: rs= r200/c

and τ= rt/rs:
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Figure 4. Example of one tNFW fitting of one PIEMD potential from the
cluster M1206. The green dot is the point (rcut, Mcut), which is fixed. The two
remaining free parameters of are tuned to minimize the least-squared error
between the magenta curve and the red points.
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used for a least-squared fitting procedure. See Figure 4.
Note that with two data points, together with the mass
conservation constraint at rcut, a tNFW profile can be fit
exactly, since it has three free parameters. Three data
points is found to be optimal, since it gives significant
improvements on the error from two data points, while
four or more data points do not significantly tighten the
error bars, yet increase the computation time.

4. We build an initial parameter space in which rs Î
( )r0.01 kpc, cut and ( )0.01, 1000t Î . Note that the
parameters may settle beyond these initial intervals. Only
the conditions rs> 0 and τ> 0 are enforced. The
parameter space is a 100× 100 grid.

5. For each cell in the parameter space, the squared error is
calculated as

( ( ) ( ))M R M Rlog log .i i i2D dPIE
2S -

The cell with the least-squared error is chosen as the
center of the zoomed in parameter space.

6. A zoomed in 100× 100 parameter space is constructed
by setting the limits to be two times the distance from the
last parameter space center. For the first iteration, the
limits are chosen to be ±10% of the best-fit values.

7. This process is repeated until subsequent best-fit values
agree to within 0.01% (i.e., they agree to four significant
figures: |τnew− τold|< τold× 10−4 and |rs,new−rs,old|<
rs,old× 10−4).

8. Once a best-fit rs and τ are found, the best-fit
concentration parameter is numerically derived from

( )r r; ,c s cut,Mcutd t using a bisection method.
9. To generate confidence intervals, this process is repeated

for each potential 500 times, with different values of ri
randomly chosen, as described in step 3, at each iteration.
This gives us the range of c, rs, and τ values that fit well

to the LENSTOOL dPIE fits while also conserving mass
within rcut.

Appendix B
Relationship between GGSL and Einstein Radius

Since GGSL cross section (and in turn, GGSL probability) is
directly proportional to the total area enclosed by secondary
caustics in the source plane, we expect the Einstein radius,
which measures the area enclosed within the critical line due of
an isolated sub-halo, to increase and decrease together with the
GGSL probability. In order to demonstrate and quantify this
correlation, we analyze a single simulated sub-halo against the
large-scale background of the cluster AS1063. In this simple
construction, the sub-halo gives rise to a single secondary
critical line, while the primary critical line is due to the cluster
scale halos. For a given sub-halo mass, we model the sub-halo
using a generalized NFW (gNFW) profile (Muñoz et al. 2001).
By varying the gNFW inner and outer slope, we change the
Einstein radius of the sub-halo while conserving the sub-halo’s
virial mass, and track the corresponding change in the GGSL
probability (note that both the GGSL probability and FOV
caustic change as the sub-halo profile is varied). Note that these
gNFW profiles are not necessarily valid within a ΛCDM
framework, but are used here to illustrate the relationship
between rE and PGGSL. We repeat this for ( )M Mlog 200 Î
{ }9, 9.5, 10, 10.5, 11, 11.5, 12 , and for source plane redshifts
zs ä {3, 5, 7}.
Results are shown in Figure 5. The Einstein radius and

GGSL probability are seen to correlate tightly at all scales. We
found third-degree polynomial fits for each mass bin. In the
secondary critical line band from rE= 0 5 to rE= 3 0, there is
a power-law-like relation.

Figure 5. The relationship between the Einstein radius of an isolated sub-halo against the large-scale background of AS1063 and the resulting GGSL probability for
zs ä {3, 5, 7}. We look at five sub-halos in AS1063 representing five mass bins in order to cover the full parameter space. We change the rE while keeping the mass of
the sub-halo constant by adjusting the inner and outer slopes of a gNFW profile. Each dashed curve represents the best-fit third-degree polynomial to the data for one
Mvir, with the data points shown in a light-gray scatter behind it. The data follow each curve very tightly. The black dashed lines demarcate the rE range that we have
adopted to define secondary critical lines (Section 3.2).
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