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Stalagmites in karstic caves preserve valuable palaeoclimate records through calcium-7
rich layered deposits, presenting curvature variations both across and within individual8
stalagmites. Stalagmites always remain covered by a thin water film fed by a discrete inflow9
of drops, which bring in new ions in solution for the stalagmites to grow. However, the10
gravity-induced drainage of this film and its response to the stalagmite underneath shape and11
the discrete drop inflow remain poorly characterised in existing growth models. To address12
these limitations, we develop a theoretical framework that captures the combined effects13
of shape curvature and discrete drop inflow on thin film drainage dynamics, starting from14
Reynolds lubrication theory expressed in curvilinear coordinates. From there, we show that15
the limiting cases of thickness-dominated and inclination-dominated drainage translate into16
distinct scaling laws for both the front propagation position and stationary film thickness.17
We further illustrate these regimes and assess the corresponding scaling laws by numerically18
solving the governing equations. Finally, experimental measurements conducted in both19
cave and lab settings confirm the predicted stationary film thickness. Our findings provide20
insights into the influence of substrate shape and inflow dynamics on thin film drainage, with21
implications for stalagmite growth modelling and other gravity-driven surface flows.22
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1. Introduction24

Palaeoclimatology refers to the study of past natural climate variations, as opposed to25
human-induced climate change (e.g., IPCC (2022)). A wide range of palaeoclimate proxies26
record past temperature and precipitation variations (e.g., Bradley (2015)), refining our27
understanding of long-term climate patterns and informing future predictions. Among them,28
stalagmites in karstic caves are particularly valuable, especially in regions lacking glacial ice29
cores or other continental proxies (e.g., Wang et al. (2008)). Their significance stems from (i)30
their global distribution (e.g., Goldscheider et al. (2020)), (ii) their long-term preservation31
given the stability of environmental conditions (temperature, atmosphere composition) inside32
caves (e.g., Burns et al. (2002)) and (iii) the presence of a variety of palaeoclimate indicators,33
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such as trace elements and isotopic ratios, that can be precisely dated (e.g., Taylor (1987);34
Tan et al. (2006)). Specifically, the laminae revealed in a stalagmite cross-sectional cut are35
correlated to the past upstream flows and soil coverage above the cave (e.g., Xu (2015); Rossi36
& Lozano (2016)). Hence, the shape of these laminae, and therefore of the stalagmite top37
surface, changes over time in response to variable conditions (e.g., Dreybrodt (1988); Baldini38
et al. (2021); McDonough et al. (2022)). As a result, variations in stalagmite composition can39
be directly linked to external climate changes, such as shifts in precipitation or temperature,40
rather than local environmental noise.41

Yet, the causal link between past flows and stalagmite shape variability remains poorly42
understood. Existing models describing stalagmite growth involve strong simplifying as-43
sumptions regarding the aerodynamics and hydrodynamics of drops impacting stalagmites in44
caves (e.g., Dreybrodt (1988); Mühlinghaus et al. (2007)). For instance, drops were assumed45
to always land at the apex of the stalagmite, thereby feeding the thin residual film covering46
it in one central point. However, it was recently shown that the falling drop interacts with47
its own wake. Hence, its impact position is sometimes scattered over several centimetres,48
which largely determines stalagmite width (e.g., Parmentier et al. (2019)). The concave shape49
exhibited by some stalagmites, called drip cups (e.g., Breitenbach et al. (2024)), has also50
been associated with drops splashing at impact. More generally, according to the splashing51
criterion of Cossali et al. (2004), most drop impacts occurring in caves are expected to lead52
to splashing. Their impact locations may therefore not be directly related to a particular53
stalagmite shape. Another assumption of existing stalagmite growth models is that the thin54
residual film lying on top of the stalagmite remains uniform in time and space. This overlooks55
the possible interplay between the intermittent inflow of discrete drops feeding the film and56
the effect of stalagmite shape on the film thickness. Hence, this assumption may not always57
be valid to describe stalagmite morphogenesis. Similar questions arise in a broader class of58
speleothems and related systems, including for instance stalactites or icicles. These systems59
exhibit complex morphologies such as ripples or fluted patterns, partly rationalised by studies60
on diameter selection (e.g., Curl (1972, 1973)) and on ice analogues (e.g., Papa et al. (2025)),61
but for which the role of unsteady thin film dynamics driven by discrete droplet inflow remains62
largely unexplored.63

Stalagmites are naturally covered by very thin films (∼ 100 µm) in comparison to their64
average width (between 5 cm and 50 cm) or the more or less constant radius of the falling65
drops (approximately 2.7 mm, which is the capillary length of water in air, e.g., Parmentier66
et al. (2019)). Some exceptions include drip cups (e.g., Breitenbach et al. (2024)), which can67
form pools of water up to 1 cm deep due to their unique concave shapes. Thin film flows are68
ubiquitous in both natural and industrial settings. They can be categorised into (i) free surface69
thin film flows such as lava flows (e.g., Dietterich et al. (2022); Griffiths (2000)) or free soap70
film drainage (e.g., Barigou & Davidson (1994)), and (ii) flows between confined boundaries71
like synovial flows in joints (e.g., Maqbool et al. (2022)), Bretherton bubbles in narrow72
tubes (e.g., Bretherton (1961)) or oil and gas transport in pipes (e.g., Liu et al. (2017a)).73
We focus exclusively on free-surface thin film flows, whose dynamics responds primarily74
to competing viscous and gravity effects. These flows can be induced by the spreading of a75
given liquid volume onto a substrate, or by a constant flow feeding it (e.g., Huppert (1982);76
Simpson (1982)). In both cases, the resulting thin film dynamics depends strongly on the77
boundary conditions considered, substrate geometry or other competing physical processes78
at play such as the deformability of the substrate (e.g., Spence & Sharp (1985), Lister et al.79
(2012)), its permeability which induces partial fluid loss (e.g., Liu et al. (2017a), Liu et al.80
(2017b)), or even inertial effects (e.g., Momen et al. (2017)).81

In many configurations, self-similar solutions can be derived (e.g., Huppert (1982); Gratton82
& Minotti (1990); Jensen (1994); Ball & Huppert (2019)), where the film thickness and its83
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Figure 1: Experimental film thickness measurements. (a) Cave experimental setup used
for in situ measurements on natural stalagmites. (b) Lab setup with drop dispensing tube

and optical sensor. The scale bar is 1 cm. (c) Example of experimental film thickness taken
over Lab01 as a function of time, in successive stationary (periodic) regimes, where the

oscillations reflect the periodic forcing by individual drops. Each regime corresponds to a
given drop dripping period indicated in the legend.

front position can both be expressed as power laws of time (e.g., Liu et al. (2017b)). However,84
most of these models assume idealised or particularised geometries (flat or linear slopes)85
and continuous inflow conditions. In contrast, natural cave environments involve non-trivial86
substrate geometries and discrete drop impacts. Intermittent discrete inflows feeding the film87
are usually not taken into account in modelling thin film drainage (e.g., Simpson (1982);88
Liu et al. (2017b)), although they could be of interest for geophysical or industrial chemical89
applications, such as trickle-bed reactors (e.g., Guo et al. (2022)). To our knowledge, there90
is no dedicated general model describing how the shape of the substrate and a discrete91
drop inflow jointly affect subsequent film drainage dynamics. From a phenomenological92
viewpoint, the film responds to discrete droplet forcing through local thickening events93
followed by gravity-driven drainage. Depending on the dripping rate and substrate geometry,94
this can lead to either quasi-steady films or pronounced spatio-temporal variations. Figure 195
illustrates this behaviour through the experimental configurations considered in this study96
(panels (a) and (b)) and a representative film thickness signal obtained under periodic droplet97
forcing. The signal in Fig. 1 (c) highlights the periodic response of the film to successive98
drop impacts and the existence of distinct stationary regimes as the dripping period varies on99
the stalagmite shown in Fig. 1 (b). This raises the following question: how does a thin film100
fed by discrete drops evolve over a curved stalagmite?101

In this study, we model how the underlying stalagmite shape and the discrete drop inflow102
jointly affect the spatio-temporal response of the film through the competing effects of gravity103
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and viscosity. Using Reynolds lubrication theory expressed in a curvilinear framework, we104
derive in Sec. 2 the governing equations of gravity-driven drainage on an axisymmetric105
stalagmite of general shape. In Sec. 3, we solve the equations numerically and use the106
resulting solutions to characterise the stationary and transient drainage regimes induced by107
discrete drop inflow. We then extend the theoretical analysis to limiting cases of flat and108
parabolic stalagmite profiles in Sec. 4. These predictions are subsequently compared in109
Sec. 5 with film-thickness measurements performed both in caves (see Fig. 1 (a)) and in a110
controlled laboratory setting (see Fig. 1 (b)) using complementary experimental techniques.111
Finally, Sec. 6 discusses the interplay between inflow, geometry and film thickness, together112
with its implications for natural cave formations. This work combines theoretical modelling,113
numerical simulations and experimental measurements to identify the physical mechanisms114
governing thin-film drainage on stalagmites. The numerical solutions are used to interpret115
the observations and support the scaling behaviours derived from the model.116

2. Theoretical description117

A stalagmite in a karstic cave grows upward by approximately 1 µm to 1000 µm over a year118
(e.g., Baker et al. (2008)). It is formed by the progressive deposition of calcium carbonate119
brought by the successive water drops falling from the stalactite located directly above the120
corresponding stalagmite. In this study, we only focus on individual stalagmites associated121
with a single stalactite (see Fig. 2 (a)). Upon impact, each drop merges with the existing122
liquid layer, forming a thin film that spreads over the stalagmite surface. Due to the high123
humidity levels inside caves, this film persists and drains slowly under gravity, enabling124
mineral precipitation over time.125

In this section, we describe the gravity-driven drainage of a thin liquid film lying on top of a126
stalagmite modelled as an axisymmetric body, a reasonable assumption for most stalagmites127
fed by a single drip (e.g., Szymczak et al. (2025); Parmentier et al. (2019)). As represented128
in Fig. 2 (b), the radial system of coordinates along a given polar angle, (𝑟, 𝑧), is aligned with129
the stalagmite axis of symmetry. The stalagmite top is either flat (horizontal) or curved, and130
may present macroscopic irregularities with a radius of curvature down to 1 mm. By contrast,131
the film thickness lying on top of the stalagmite is of the order of 30 µm to 300 µm (e.g.,132
Parmentier et al. (2023)), which is much smaller than the aforementioned minimum radius of133
curvature of the stalagmite surface. We thus consider a curvilinear coordinate system (𝜉, 𝜁)134
aligned with the local stalagmite geometry at each point. As shown in Fig. 2 (b), 𝜉, resp. 𝜁 ,135
represents the direction parallel, resp. normal, to the stalagmite surface. The corresponding136
unit vectors e𝜉 and e𝜁 are locally defined at each point of the surface, with e𝜉 inclined by137
an angle 𝜑 with respect to the horizontal, counted as positive downward. The film thickness138
measured normally to the solid/liquid interface is ℎ. We further approximate the stalagmite139
elevation profile, 𝜂, as either entirely flat or represented by a parabola oriented downward.140
These two shapes are commonly found among stalagmites (e.g., Szymczak et al. (2025)) and141
are defined by142

𝜂(𝑟) = −Ψ𝑟2 , 0 ⩽ 𝑟 ⩽ 𝑅 , (2.1)143

where we denote Ψ the shape factor with units of inverse length, and where 𝑅 is either the144
domain width or, in the degenerate case Ψ = 0, the stalagmite top surface radius. We restrict145
our analysis to convex surfaces (Ψ > 0), although the developed framework remains valid146
even for mildly concave surfaces (Ψ ≲ 0).147

We limit our study to an incompressible Newtonian fluid of density 𝜌 and kinematic
viscosity 𝜈. The ions in solution are assumed sufficiently diluted to neglect hydrodynamic
interactions. Under the thin film approximation, velocity gradients within the film in the
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Figure 2: (a) General phenomenology: a drop of volume 𝑉d is shown just before detaching
from a stalactite hanging from the cave ceiling. The previous drop fell 𝑡0 earlier (the
dripping period) and contributed to the thin film covering the underlying stalagmite.

Successive drops from the same stalactite form a thin film on the stalagmite surface. The
dashed red rectangle indicates the region magnified in (b). (b) Cross-sectional sketch at a
fixed polar angle of an axisymmetric stalagmite (in beige), covered by a thin film of local
thickness ℎ(𝜉) (in blue). At position (𝑟, 𝑧), the stalagmite elevation is 𝜂(𝑟), and the local

inclination angle with respect to the horizontal is 𝜑(𝜉) (positive when downward). A local
curvilinear coordinate system (𝜉, 𝜁) is defined accordingly. The pressure field in the film

is 𝑝(𝜉, 𝜁), with atmospheric pressure 𝑝∞, and the local velocity field is u(𝜉, 𝜁), with
integrated cross-sectional flux q(𝜉). Gravity acts along g. (c) Example of a flat stalagmite

(Ψ = 0), modelled as a disk of radius 𝑅, surrounded by a cone of constant opening
angle 𝜑★. (d) Example of a stalagmite with a parabolic profile of revolution (Ψ > 0),

defined over the domain 𝑟 ∈ [0, 𝑅] by Eq. (2.1).

direction normal to the surface are much larger than those parallel to the surface. Additionally,
inertial effects can be neglected if changes in velocity occur at a timescale ≫ ℎ2/𝜈 ∼ 10−2 s,
ensuring that the flow remains laminar (i.e., the Reynolds number ≪ 1). In this case,
the flow is predominantly oriented along e𝜉 , with a velocity u = 𝑢(𝜁) e𝜉 . The thin film
approximation also implies that second-order derivatives parallel to the stalagmite surface
become of negligible order. Therefore, under these approximations and in the absence of
drop inflow, the Navier-Stokes momentum equation reduces to a balance between pressure
gradients, and viscous and gravitational forces. We can thus adapt Reynolds lubrication
theory (Reynolds (1886)) to quantify the drainage dynamics in our curvilinear coordinate
system. Under the lubrication approximation, the projection onto e𝜉 and e𝜁 of the momentum
balance reads

𝜕𝜉 𝑝 = 𝜇𝜕𝜁 𝜁 𝑢 + 𝜌𝑔 sin 𝜑 , (2.2a)
𝜕𝜁 𝑝 = −𝜌𝑔 cos 𝜑 , (2.2b)

where g = −𝑔e𝑧 .148
To complete the well-posedness of the formulation, we impose a no-slip condition at the149

solid/liquid interface between the stalagmite and the film, such that 𝑢(𝜁 = 0) = 0. The150
absence of significant tangential stress at the liquid/air interface further yields 𝜕𝜁 𝑢 = 0 and151
𝑝 = 𝑝∞ at 𝜁 = ℎ, where 𝑝∞ denotes the atmospheric pressure in the vicinity of the stalagmite.152
As aforementioned, the principal radii of curvature of the stalagmite should remain much153
larger than the film thickness. In the present curvilinear formulation, this condition translates154
into ℎ ≪ 1/|𝜕𝜉𝜑|, where 1/|𝜕𝜉𝜑| represents the local radius of curvature of the substrate155
profile. For an axisymmetric surface, the thin-film approximation additionally requires the156
vicinity of the origin to remain nearly flat, i.e., 𝜕𝜉 ℎ → 0 around 𝜉 = 0. Strongly concave157
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geometries, such as drip cups (e.g., Breitenbach et al. (2024)), for which Ψ ≪ 0, may158
violate these assumptions and are therefore left out of the present study. If the stalagmite159
surface is sufficiently smooth, capillary pressure gradients scale as 𝜎/𝑅2, where 𝑅 denotes a160
characteristic radius of curvature of the entire stalagmite. For 𝑅 larger than the capillary length161
(about 2.7 mm for water), these gradients remain small compared with the gravity-driven162
pressure gradients responsible for film drainage and can therefore be neglected in the bulk.163
They may nevertheless become locally significant near advancing fronts or in the presence of164
surface corrugations with characteristic length scales comparable to the film thickness. The165
disjoining pressure can also be neglected. Arising from Van der Waals interactions between166
water and calcite, it would only become comparable to the hydrostatic pressure for films167
thinner than about 500 nm (e.g., Bergström (1997)). Capturing these effects would require168
a more detailed description of the moving contact line and surface roughness, which lies169
beyond the scope of the present study. Inserting the boundary conditions at 𝜁 = 0 and 𝜁 = ℎ170
into Eqs. (2.2), we eventually find that171

𝑝 = 𝑝∞ + 𝜌𝑔 (ℎ − 𝜁) cos 𝜑 , (2.3)172

𝑢 =
−𝑔
2𝜈

𝜁 (2ℎ − 𝜁) [ (
𝜕𝜉 ℎ

)
cos 𝜑 − sin 𝜑

]
. (2.4)173

The pressure at height 𝜁 in the film is thus primarily hydrostatic, but modulated by the174
inclination of the stalagmite surface underneath. Additionally, the half-parabolic profile of175
the velocity field is modulated by (i) the film thickness heterogeneity over the stalagmite, and176
(ii) the surface inclination.177

The macroscopic evolution of the film can be connected to the above local fields by178
introducing the surface-parallel flux q = 𝑞e𝜉 , which is obtained by integrating the velocity179
profile from Eq. (2.4) across the film thickness normal to the solid/liquid interface. This flux180
represents the local drainage rate per unit width along the stalagmite surface and is expressed181
as182

𝑞 =
∫ ℎ

0
𝑢 d𝜁 =

−𝑔ℎ3

3𝜈
[ (
𝜕𝜉 ℎ

)
cos 𝜑 − sin 𝜑

]
. (2.5)183

Using the continuity equation integrated over the film thickness, we obtain184

𝜕𝑡 ℎ = −1
𝑟
𝜕𝜉 (𝑞𝑟) (2.6)185

in conservative form. Equations (2.5) and (2.6) describe the time evolution of the film186
thickness resulting from the sole gravity-driven drainage, at any location on the stalagmite187
surface. Drainage is facilitated by either (i) a thicker film, (ii) a film with larger thickness188
gradients, or (iii) a stronger inclination of the stalagmite wall below the film. However, the189
relative importance of these two additive effects depends on the local surface orientation:190
on an almost vertical wall (𝜑 → 𝜋/2), the contribution from film thickness variations191
(∼ (

𝜕𝜉 ℎ
)

cos 𝜑) becomes negligible compared to the surface inclination term (∼ sin 𝜑) of192
Eq. (2.5). Hence, for parabolic stalagmites, the local inclination of the surface (∼ sin 𝜑) drives193
the drainage for positions that are characterised by

(
𝜕𝜉 ℎ

) ≪ tan 𝜑, a limit case to which194
we refer as inclination-dominated drainage. Conversely, on an almost horizontal stalagmite195
surface for which

(
𝜕𝜉 ℎ

) ≫ tan 𝜑 (also denoted flat stalagmites), drainage will be mostly196
driven by film thickness gradients (∼ (

𝜕𝜉 ℎ
)

cos 𝜑).197
To connect the local drainage dynamics with the global mass transport, the surface-198

parallel flux 𝑞 can be related to the total volumetric drainage flow rate over a circular ring199
of radius 𝑟 (𝜉) as Qdrain = 2𝜋𝑟 (𝜉)𝑞. Assuming near-saturated cave conditions, evaporation200
and condensation are neglected. We further assume that each impacting drop contributes its201
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entire volume to the film, so that the inflow is solely controlled by the dripping period 𝑡0.202
The discrete inflow of drops, denoted Qdrip, is given by203

Qdrip =
𝑉d
𝑡0

, (2.7)204

where 𝑡0 is the dripping period between two successive drops, ranging from less than a205
second to several weeks in most caves (e.g., Genty & Deflandre (1998); Parmentier et al.206
(2019)). The volume 𝑉d is approximately constant as it results from the balance between207
gravitational and surface tension forces when a drop hanging from the ceiling detaches (e.g.,208
Tate (1864)). Hence, Qdrip varies solely in response to variable 𝑡0. We also consider that all209
the drops land at position 𝑟 = 0, i.e., that there is no impact point position dispersal. Impact210
point dispersal can nevertheless be incorporated easily using a 2D description of the problem211
(e.g., Parmentier (2024) for the case of flat stalagmites), but that lies beyond the present 1D,212
axisymmetric model.213

A perfect balance between the drop inflow Qdrip and drainage outflow Qdrain yields a214
periodic stationary regime. Because drops are added discretely, the film thickness oscillates215
between a maximum immediately after impact and a minimum just before the next drop216
addition. In the following, this minimum value is referred to as the stationary film thickness ℎs.217
Departures from the balance between Qdrip and Qdrain should result to transient evolution of218
the film before it reaches a new stationary state. For an initially dry stalagmite, this transient219
corresponds to the propagation of a liquid front driven by successive drop additions. In the220
following, we formalise how the non-linear structure of Eqs. (2.5) and (2.6) leads to various221
drainage regimes for either flat or parabolic stalagmites in response to variable inflow.222

2.1. Characteristic scales and drainage timescale223

The thin film approximation implies a clear decoupling between characteristic length scales224
across and along the liquid film (e.g., Liu et al. (2017c,b)). Typical film thicknesses in225
caves are of the order of 100 µm while stalagmite radii usually reach a few centimetres. We226
therefore define two length scales to normalise variables and equations: ℎd = 100 µm for227
variations across the film, and 𝑟d = 1 cm for variations along the film. These definitions228
match the typical height and radial extent of the puddle formed by a drop upon impact and229
correspond to a drop volume of the same order of magnitude (𝑉d = 1.6 × 10−8 m3 for a230
paraboloid of radius 𝑟d and height ℎd) as in lab experiments (𝑉 lab

d = 5.1×10−8 m3) and caves231

(𝑉cave
d ≃ 8.2 × 10−8 m3).232
If 𝑡d and 𝑞d designate the corresponding characteristic drainage timescale and surface-233

parallel flux scale, respectively, the variables appearing in Eqs. (2.1), (2.5) and (2.6) now234
write as235

𝑟 = 𝑟 ′𝑟d , 𝑅 = 𝑅′𝑟d , 𝜉 = 𝜉′𝑟d , 𝑡 = 𝑡′𝑡d , ℎ = ℎ′ℎd , 𝜂 = 𝜂′ℎd , Ψ = Ψ′ ℎd

𝑟2
d

, 𝑞 = 𝑞′𝑞d ,236

where the primes refer to the nondimensional variables. The prime notation will be systemat-237
ically used in scaling analyses (see Sec. 4), but will be dropped for the numerical resolution,238
where all variables remain nondimensional by construction. The nondimensionalisation of239
the shape factor Ψ preserves the structure of Eq. (2.1) in nondimensional form. Inserting the240
above notations into Eqs. (2.5) and (2.6), it is found that241

𝜕𝑡 ′ℎ
′ =

𝑔ℎ3
d𝑡d

𝜈𝑟2
d

1
𝑟 ′

𝜕

𝜕𝜉′

[ (ℎ′)3

3

( (
𝜕𝜉 ′ℎ′

)
cos 𝜑 −

(
𝑟d
ℎd

)
sin 𝜑

)
𝑟 ′

]
. (2.8)242
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The drainage timescale is thus defined as243

𝑡d =
𝜈𝑟2

d

𝑔ℎ3
d
, (2.9)244

which is about 10 s for the chosen values of 𝑟d and ℎd, taking into account that 𝑔 ≃ 10 m s−2245
and that, for water, 𝜈 ≃ 10−6 m2 s−1. Correspondingly, the characteristic surface-parallel flux246
scale is given by247

𝑞d =
𝑔ℎ4

d
𝜈𝑟d

. (2.10)248

This scale can also be interpreted as 𝑞d = 𝑟dℎd/𝑡d, i.e., the flux required to drain a volume249
equivalent to a single drop over a width 𝑟d during one drainage timescale 𝑡d.250

In other words, adding drops with a dripping period equivalent to the drainage timescale251
can serve as an onset to efficiently compare high inflows such that 𝑡0 < 𝑡d, and low inflows252
for which 𝑡0 > 𝑡d. However, high inflows such that 𝑡0 ≪ 1 s in dimensional units could,253
in practice, lead to the emergence of chaotic dripping or transition to jetting (e.g., Clanet254
& Lasheras (1999)), which is out of the scope of our modelling. The case of a regular jet255
feeding the film in the limit 𝑡0 → 0 will nevertheless be considered later. Finally, the surface256
inclination term from Eq. (2.8) is observed to be multiplied by the aspect ratio 𝑟d/ℎd ≫ 1,257
reminiscent of the fact that even small surface slopes can dominate over film thickness258
gradients.259

2.2. Nature of the governing equations and numerical approach260

We propose a numerical framework that resolves the time-dependent drainage equations.261
Using the characteristic scales from the former section, the nondimensional version of262
Eqs. (2.5) and (2.6) reads263

𝑞 = −ℎ3

3

[ (
𝜕𝜉 ℎ

)
cos 𝜑 −

(
𝑟d
ℎd

)
sin 𝜑

]
, (2.11)264

𝜕𝑡ℎ = −1
𝑟
𝜕𝜉 (𝑞𝑟) , (2.12)265

for which no analytical solution exists in the unsteady regime. For the sake of simplicity,266
variables will now be written without primes but remain nondimensional, as defined in267
Sec. 2.1. The stalagmite profile, 𝜂(𝑟), is defined according to Eq. (2.1) for 0 ⩽ 𝑟 ⩽ 𝑅, with 𝑅268
the horizontal truncation of the domain, or the stalagmite radius for flat cases (see Fig. 2 (c)).269
The numerical domain is discretised along the arc length coordinate 𝜉 (𝑟), which defines a270
one-dimensional computational grid. The local inclination, 𝜑, and the arc length, 𝜉, are given271
by272

𝜑 = arctan (𝜕𝑟𝜂) , 𝜉 (𝑟) =
∫ 𝑟

0

(
1 + (𝜕𝑟𝜂)2

)1/2
d𝑟 ,273

respectively. The first cell corresponds to the stalagmite centreline, in 𝑟 = 0, for which 𝜑 = 0.274
The above parabolic system is closed by one initial condition and two boundary conditions.275

As detailed in Sec. 4, the computational domain is truncated at 𝑟 = 𝑅, where the film276
physically continues flowing along the outer stalagmite wall. To account for this downstream277
drainage, we approximate the outer region 𝑟 ⩾ 𝑅 (see Eq. (2.1)) by a cone of constant278
opening angle 𝜑★, for which the film thickness can be calculated (see Eq. (4.5)). For inclined279
stalagmite profiles, the opening angle can be computed from the tangent to the surface at the280
outer edge of the domain. The cross-sectional flux at the outer edge is then matched with281
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the equivalent flux that would be obtained on a cone with this angle. On the other hand, flat282
stalagmites require to impose a value for 𝜑★. Unless specified otherwise, 𝜑★ = 45◦ is chosen283
as representative of flat stalagmites (e.g., Szymczak et al. (2025)). The choice this cone284
opening provides a simple closure for the boundary condition. The results are not expected285
to be sensitively to this choice, except for very shallow slopes, as further illustrated by the286
limiting case of a vertical wall discussed in Sec. 4.1.1.287

The film is initialised as dry everywhere, i.e., ℎ(𝑟, 𝑡 = 0) = 0 ∀𝑟, until drops are added. At288
early times, when the film front advances over the solid surface, only the upstream boundary289
condition in 𝑟 = 0 remains relevant due to the locally hyperbolic nature of the system. By290
axisymmetry, drainage at the stalagmite centreline should only occur in the downstream291
direction (𝑟 > 0), which imposes 𝑞(𝑟 = 0, 𝑡) = 0. At the outer boundary, the flux is matched292
to that of the conical extension,293

𝑞(𝑟 = 𝑅, 𝑡) = ℎ3(𝑅, 𝑡)
3

(
𝑟d
ℎd

)
sin 𝜑★.294

The corresponding implementation of these conditions is detailed in App. A.295
The equations are solved using a finite-volume discretisation along the curvilinear296

coordinate 𝜉, with film thicknesses defined at cell centres and fluxes evaluated at cell faces. A297
standard 4th-order explicit Runge-Kutta scheme is used for time integration with a fixed global298
time step, which is reduced as needed to maintain stability. Spatial derivatives are discretised299
using second-order centred finite differences on a uniform grid. Typically, Δ𝑡 = 10−4 and300
Δ𝜉 = 0.05 to limit the computational cost of long time integration cases. Comparison with a301
much more refined grid shows that the error is lower than 3 % for the film thickness at 𝑟 = 0.302

2.3. Discrete drop inflow303

An inflow of successive drop impacts is added over the stalagmite to create the liquid film304
and maintain it at stationary state. To include this discrete inflow of drops, Eq. (2.6) is305
reformulated by including punctuated source terms as follows:306

𝜕𝑡ℎ + 1
𝑟
𝜕𝜉 (𝑞𝑟) =

∑︁
𝑘

Hd (𝜉 ) 𝛿(𝑡 − 𝑘𝑡0) , 𝑘 ∈ N , (2.13)307

where 𝛿 is the Dirac distribution and Hd(𝜉) = 1 − [𝜉 cos 𝜑(𝑟)]2 for 𝑟 ⩽ 1 and 0 otherwise,308
denotes the drop-shaped film thickness increment. To approach the early-stage shape of a drop309
crushing at impact (e.g., Rioboo et al. (2002)), we model each drop addition in the film using a310
parabolic profile spread over a radius 𝑟 = 1 and height ℎ = 1. The corresponding dimensional311
drop volume, 𝑉d = 𝜋𝑟2

dℎd/2, sets the characteristic scale for the nondimensionalisation.312
Consequently, the nondimensional drop volume is equal to 1 in the simulations, and the313
drop inflow is solely set by the dripping period 𝑡0. The exact added drop shape has limited314
effect on subsequent film thickness variations. This approach does not capture the exact315
dynamics of drop impact since inertial and capillary effects were not taken into account in316
Eqs. (2.5) and (2.6). However, the relevant timescales remain consistent with experimental317
measurements as drops can be viewed as instantaneously added to the film (a drop impact318
in a thin film typically lasts for ≲ 200 ms as shown in, e.g., Fedorchenko & Wang (2004);319
Parmentier et al. (2023)).320

3. Numerical results321

Using the numerical resolution described in the former section, we investigate how the322
interplay between discrete drop inflow and geometry-constrained drainage outflow governs323
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Figure 3: Numerical film thickness evolution in space (a, c) and time (b, d), for flat
(Ψ′ = 0) and slightly curved parabolic (Ψ′ = 0.5) stalagmites, for 𝑡′0 = 1. Panels (a) and

(c) show the evolution of the film thickness (in blue) over the stalagmite (in beige), after 1,
5 and 25 drops were added and have spread into the film. Panels (b) and (d) show the

corresponding film thickness evolution with the successive drop impacts at the centre (in
𝑟 ′ = 0), and very close to the edge of the stalagmite. These radial positions are indicated
by black crosses in (a) and (c). The film reaches a stationary state after about 25 drops in
the flat case and 3 drops in the inclined case. Panels (e) and (f) represent the difference

between the two envelopes of the oscillating signals, i.e., the difference between the
maximum and minimum film thickness values at stationary state shown in (b) and (d) for
various radial positions, illustrated in the corresponding inset by the black crosses. The

radius/domain size was set to 𝑅′ = 3 for both geometries. The profile ℎ′s (𝑟 ′) just before an
impact

(
𝑡′ = 𝑘𝑡′−0 , 𝑘 ∈ N

)
is shown in (a), (c), and insets of (e), (f) in dark blue. The

legend in the grey box refers to all panels. Primes denote nondimensional variables where
explicit normalisation is absent. See also Supplementary Movies 1 and 2 for similar cases

(𝑡0 = 1, 𝑅′ = 5 and Ψ′ = 0 and 1, resp.).

the film dynamics. We first describe the general phenomenology and identify the main324
stationary and transient regimes observed numerically. We then examine how the stationary325
film thickness and transient front propagation depend on the dripping period 𝑡0, the substrate326
geometry through Ψ (or 𝑅 in the flat case), and the radial position 𝑟. The numerical results327
are primarily used to characterise these regimes and to provide a reference framework for the328
theoretical analysis developed later in Sec. 4. All quantities in this section are nondimensional329
and written without primes. Legends and captions clarify the use of dimensional variables330
where needed for consistency with the rest of the paper. Unless stated otherwise, the scaling331
exponents shown in the figures correspond to the theoretical predictions derived in Sec. 4; the332
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numerical data are used to assess their consistency and to illustrate the transitions between333
the corresponding asymptotic regimes.334

3.1. Numerical behaviour335

We first examine the general phenomenology of the film spreading over an initially dry336
stalagmite of variable shape and/or with variable drop inflow. Figure 3 displays the film337
response to a fixed drop inflow such that 𝑡0 = 1 (i.e., intermediate inflow) over two stalagmite338
profiles with identical domain size (𝑅 = 3): Ψ = 0 (a, b, e), Ψ = 0.5 (c, d, f). Panels339
(a) and (c) show snapshots of the film shape over the surface. Panels (b) and (d) track the340
corresponding oscillating film thickness at the centre (𝑟 = 0), i.e., where the drop impacts341
the stalagmite, and at the domain outer limit (𝑟 ≃ 𝑅). Supplementary Movies 1 and 2 further342
show the time evolution of the film for two similar cases (𝑡0 = 1, 𝑅 = 5, Ψ = 0 and 1,343
respectively).344

In Figs. 3 (a-d), the film thickness at the centre gradually increases with the successive drop345
impacts, progressively extending the film coverage over the entire stalagmite surface consid-346
ered in the simulations. The resulting film is thicker for the flat stalagmite than for the parabolic347
one. The film eventually reaches a stationary state, but more rapidly in the parabolic case348
(panel (d)). The number of drop impacts after which the difference between two successive349
peaks falls below, e.g., 1 % (𝑘 such that |ℎ (𝑡 − 𝑘𝑡0) − ℎ (𝑡 − (𝑘 − 1)𝑡0) | /ℎ (𝑡 − 𝑘𝑡0) ⩽ 0.01350
in 𝑟 = 0) is indeed 6 in the parabolic case, against 24 in the flat case. Similarly, although351
the film propagates over a longer distance in the parabolic case for a given number of352
drops, it reaches the outer limit of the domain after fewer drop impacts (11 in the parabolic353
case, against 18 in the flat case). This is due to the faster and more efficient drainage on354
inclined geometries, which reduces the local liquid accumulation favoured in flat cases.355
Consequently, the stationary state at 𝑟 = 0 is also attained once the film has completely356
covered the stalagmite in the flat case (panels (a, b)), while partial coverage is sufficient in357
the parabolic case (panels (c, d)). In Figs. 3 (e) and (f), the oscillation amplitude (i.e., the358
difference between the local maximum and minimum film thickness between two successive359
drops) is reported as a function of the distance to the impact point for both geometries, at360
stationary state. Variations are substantial for 𝑟 ≲ 1 in panels (e, f), but beyond this region361
corresponding to the drop radius, the oscillations are quickly damped and the film thickness362
becomes time-independent.363

Figure 4 shows the temporal response to different dripping frequencies of the film thickness364
at the centreline (𝑟 = 0) of a flat stalagmite (panel (a)) and of a parabolic stalagmite withΨ = 1365
(panel (b)) over a larger radius/domain size 𝑅 = 5. Three inflow regimes are considered,366
as defined in Sec. 2.1: high (𝑡0 < 1), intermediate (𝑡0 = 1) and low (𝑡0 > 1). Comparing367
the intermediate-inflow cases from Figs. 3 (d) and 4 (b), the film reaches a stationary state368
after a similar number of drops in the parabolic case. Over a flat stalagmite though, this369
stationary state is delayed as it is only reached after 54 drop impacts for 𝑅 = 5 (Fig. 4 (a)),370
by contrast with 24 drop impacts for 𝑅 = 3 (Fig. 3 (b)). Furthermore, in Fig. 4, it can be371
observed that increasing the inflow leads to a larger film thickness for both geometries, as372
expected from Eq. (2.5). Increasing the inflow at fixed 𝑡d also delays the appearance of the373
stationary state, as it can be most clearly seen in Fig. 4 (a) for the high inflow over the flat374
case, where stationarity is reached after about 96 drop impacts. By contrast, as illustrated375
in Fig. 4 (b), this delay is not as pronounced for a parabolic stalagmite because of the376
faster drainage in this configuration. In dimensional terms though, the viscous relaxation377
time would remain comparable across regimes since the stationary state depends on viscous378
smoothing. Both Figs. 3 and 4 emphasize that even a weak curvature (Ψ < 1) already379
modifies the stationary film thickness, compared with a flat case. However, the temporal380
oscillations caused by successive drop impacts remain qualitatively similar and are damped381
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Figure 4: Numerical film thickness evolution in time for different inflow frequencies over
(a) flat (Ψ′ = 0) and (b) inclined geometries (Ψ′ = 1), for a domain size 𝑅′ = 5. The

dripping period was varied between high (𝑡′0 = 0.1) and low inflows (𝑡′0 = 10). Both graphs
show the first 25 drop additions in the film, then from the 125th to the 130th drop addition

with a 100-drop long gap indicated by the grey shaded area. The film over the flat
stalagmite (a) only reaches a stationary state beyond the first 25 drops shown in the

graphs, after about 96 drops (𝑡′0 = 0.1), 54 drops (𝑡′0 = 1) and 31 drops (𝑡′0 = 10). The
legend in the grey box refers to all panels. Primes denote nondimensional variables where

explicit normalisation is absent.

over comparable timescales. Only for sufficiently steep parabolic profiles does the damping382
behaviour become noticeably different.383

3.2. Stationary regime384

The stationary state of the film provides a physically meaningful and reproducible indicator385
of the system. We now explore in further details its response to variable inflow and stalag-386
mite geometry, first through numerical measurements of the film thickness. Experimental387
measurements will be compared in Sec. 5. In all the subsequent numerical and experimental388
measurements, the stationary film thickness, denoted as ℎs, is consistently defined as the389
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Figure 5: Numerical film thickness over time for 𝑡′0 = 1, at various radial positions
𝑟 ′ ∈ {0, 1, 2, 3, 4}, for 𝑅′ = 5 and (a) Ψ′ = 0, (b) Ψ′ = 0.1, (c) Ψ′ = 1 and (d) Ψ′ = 10.
Each panel presents 5 successive drop impacts at stationary state. The inset of panel (d)

shows the maximum film thickness reached at the different positions but corresponding to
a single drop impact. It highlights how the successive perturbations of individual drops

become progressively shifted along the surface. Primes denote nondimensional variables
where explicit normalisation is absent.

minimum value reached between two successive drop impacts once the transient regime of390
film filling is over:391

ℎs(𝑟) ≡ min
𝑡

(ℎ(𝑟, 𝑡)) .392

This definition captures the long-term evolution of the film dynamics while excluding393
transient effects associated with individual drop impacts. It also ensures a robust comparison394
between numerical simulations and experiments. The stationary film thickness is denoted395
ℎs(𝑟), and its value at the stalagmite centreline is ℎs,0 = ℎs(𝑟 = 0). For all cases, we396
consider that the film is at stationary state once the film tip has reached the outer limit of397
the domain (typically after ∼ 100 drop impacts). For completeness, the limiting case of pure398
gravity-driven drainage without drop inflow is covered in Parmentier (2024).399

In Fig. 5, the thickness of the film at stationary state is shown as a function of time at several400
radial positions (𝑟 = 0, 1, 2, 3, 4, 5) for 𝑅 = 5 and shapes ranging from flat (Ψ = 0, panel (a))401
to increasingly curved profiles (Ψ = 0.1, 1, 10, panels (b–d)). The film thickness increases402
and decreases in response to drop additions. However, the local maximum reached by the film403
thickness over a given dripping period is progressively delayed with increasing distance from404
the drop impact point. In accordance with Figs. 3 (e-f), this perturbation becomes negligible405
beyond a certain radius, and the thickness profile becomes time-independent. In Fig. 5 (d)406
representing the most curved parabolic profile, a pronounced maximum of film thickness is407
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Figure 6: Spatio-temporal evolution of the numerical film thickness at stationary
state, ℎ/ℎs,0, in between two successive impacts, for 𝑡′0 = 1, 𝑅′ = 5 and four shape factors:
(a) Ψ′ = 0, (b) Ψ′ = 0.1, (c) Ψ′ = 1 and (d) Ψ′ = 10. The colour bar from (a) corresponds

to panel (a). The colour bar from (d) is shared among (b) and (c), but it is accompanied
with grey level bars showing the portion of the colour bar actually covered by each heat

map. Note that all colour bars start at ∼ 0.6 (i.e., ℎ/ℎs,0 < 1). The dashed line in panel (d)
indicates the scaling ∼ (𝑟 ′)4/3 derived in Sec. 4 and is shown for comparison with the

numerical front position. Primes denote nondimensional variables where explicit
normalisation is absent.

seen at every sampled position. The maximum can even occur after the next drop has already408
been added to the film (also slightly visible in panel (c)). This behaviour is emphasised by409
the inset of Fig. 5 (d) where the darker colours show the maxima related to the same drop.410

The effect of the drop addition in the film can also be seen in Fig. 6, which presents411
complementary heat maps of the film thickness as a function of time and position. As in412
Fig. 5, panels (a-d) of Fig. 6 correspond to a flat case (Ψ = 0, panel (a)) and parabolic413
cases for which Ψ = 0.1, 1 and 10 in panels (b), (c) and (d), respectively. The heat maps414
show the film thickness at stationary state during one dripping period, following a drop415
addition. In this particular figure, the film thickness is normalised by its stationary value at416
the centreline (ℎ(𝑟, 𝑡)/ℎs,0), and not by ℎd as in Fig. 5, to enhance the relative contrast in the417
spatio-temporal response of the film within one dripping period. In all heat maps, the film418
appears the thickest at early times (𝑡 → 0) close to where the drop was added in the film, i.e.,419
over a radius 𝑟 ≃ 1. The perturbation caused by the individual drop away from this region is420
progressively damped over time and position in panels (a, b), in line with the observations421
from Fig. 5. In contrast, in Fig. 6 (d) a series of sharp ripple-like fronts are observed for422
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the steepest parabolic stalagmite (Ψ = 10). Only one sharp front is visible in panel (c). The423
faint oscillations visible for 𝑟 ≳ 2 in Fig. 6 (d) correspond to residual perturbations induced424
by previous drop impacts. These delayed perturbations reflect a wave-like advection of the425
successive drops, consistent with the overlapping patterns highlighted in the inset of Fig. 5.426
The front appears to follow a 𝑟4/3 scaling over the range considered (Fig. 6 (d)), in accordance427
with the underlying transport mechanisms discussed in Sec. 4. Although in all the previous428
figures, the film appeared the thinnest in absolute value for more curved stalagmites, the429
relative variations with respect to the stationary film thickness increase with increasing Ψ430
in Fig. 6.431

From the combined observations of Figs. 3, 5 and 6, we first infer the existence of432
a characteristic scale, denoted ℓsr, beyond which the discrete nature of the drop inflow433
becomes negligible. This scale separates an unsteady region, strongly perturbed by discrete434
drop impacts, from a steady region where the discrete nature of the inflow becomes negligible435
and the film behaves as if continuously fed. In the steady region, the film shape converges436
toward a stationary profile consistent with the profile expected under continuous inflow437
conditions. This stationary profile will be derived analytically (see Sec. 4). The dominant438
attenuation mechanism of the drop-induced perturbations beyond this characteristic length439
scale also seems dependent on the stalagmite shape. The heat maps of Fig. 6 are consistent440
with a gradual transition from localised, diffusive-like spreading in the flat and slightly curved441
cases (panels (a, b)) to advective-like front propagation in parabolic stalagmites involving442
steeper surfaces (panel (d)). The dynamics in Ψ = 1 appears intermediate between the443
diffusive and advective regimes of the perturbation propagation. Parabolic configurations444
thus promote perturbation transport over longer distances and delayed times, even when the445
film is at stationary state.446

Figure 7 further characterises the perturbation propagation highlighted above. It illustrates447
how the time at which the maximum film thickness is reached, 𝑡M, evolves with the position.448
This time is defined as449

𝑡M(𝑟) ≡ arg max
𝑡

ℎ(𝑟, 𝑡) , 𝑘𝑡0 ⩽ 𝑡 ⩽ (𝑘 + 1)𝑡0, 𝑘 ∈ N . (3.1)450
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Figure 8: Numerical stationary film thickness at the centreline, ℎs,0/ℎd, for different
geometry and drop inflow: (a) in the flat case, as a function of the stalagmite radius 𝑅, (b)
in the inclined case, as a function of the shape factor Ψ for a domain size 𝑅 = 10. The grey
dashed lines in both graphs show the respective scalings obtained, i.e., ℎ′s,0 ∼ 𝑅′1/4 in (a),
and ℎs ∼ Ψ−1/2 in (b). All the series shown in (b) depart from the power law for Ψ′ ≲ 1

and tend to the flat case for 𝑅′ = 10, with respect to their inflow. The dotted lines for
Ψ′ ≪ 1 represent these asymptotic regimes for each inflow. The inset in (b) illustrates the

variations of ℎs with Ψ′ for Ψ′ ≪ 1, 𝑡′0 = 1, and two different radii 𝑅′ = 3 and 10. The
abscissa range from the inset is identical to the main graph. Primes denote

nondimensional variables where explicit normalisation is absent.

over one dripping period when the film is at stationary state. The time of maximum thickness451
increases with the position and for increasing shape factor Ψ, in accordance with the observed452
delayed propagation of the perturbation.453

Although the perturbation front advects faster on more curved geometries, the local time454
of maximum thickness 𝑡𝑀 increases with Ψ, as the stronger drainage delays the moment455
when the film locally reaches its maximum. Consequently, wave superposition appears and456
the maximum reached at a position away from the centre at a given time may appear shifted,457
as seen in the overlapping wave patterns from the inset of Fig. 5 (d), and Fig. 6 (d). In458
the near-field at short distances, the time of maximum thickness reflects the post-impact459
adjustment of the film thickness to the drop perturbation. In particular, 𝑡M shows a distinct460
behaviour in the near-field for Ψ ≲ 1, i.e., for shapes over which diffusion was observed461
to damp the perturbations associated with the drop impacts. In the far-field at large radii, it462
scales with the position 𝑟 for parabolic geometries as 𝑡M ∼ 𝑟4. From there, if we consider that463
the unsteady region corresponds to the position at which 𝑡M(ℓsr) = 𝑡0, this scaling becomes464

ℓsr ∼ 𝑡1/4
0 . This would mark the transition where successive drop responses start to overlap,465

separating time-dependent and time-independent areas. In the flat case, the interpretation of466
the time 𝑡M becomes less relevant in the far-field, as perturbations are essentially diffused in467
the near-field and the film thickness no longer varies significantly over time.468

Beyond the spatio-temporal propagation of the perturbation, the stationary film thickness,469
ℎs, also evolves with both the inflow and stalagmite shape. Panel (a) of Fig. 8 shows ℎs,0 at470
the centreline for various stalagmite radii 𝑅 in a flat case, for the same three inflow regimes as471
in Fig. 4: high (𝑡0 < 1), intermediate (𝑡0 = 1) and low (𝑡0 > 1). Similarly, panel (b) represents472
ℎs,0 as a function of the shape factor Ψ for parabolic geometries, covering the same three473
inflow regimes as panel (a). As seen in Fig. 8 (a), ℎs,0 increases with the stalagmite radius 𝑅,474
in agreement with the accompanying increase in liquid accumulation. For the same reason,475
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Figure 9: Evolution of the numerical stationary film thickness, ℎs/ℎd, with the dripping
period, for 𝑅′ = 5 and different geometries: (a) Ψ′ = 0, and (b) Ψ′ = 5. The dashed lines
represent the scalings obtained from curve fitting in Fig. 8, in 𝑟 = 0, (∼ (𝑡′0)−1/4 in (a) and
∼ (𝑡′0)−1/2 in (b)), and at the domain outer boundary, in 𝑟 → 𝑅, (∼ (𝑡′0)−1/4 in (a) and

∼ (𝑡′0)−1/3 in (b)). Primes denote nondimensional variables where explicit normalisation
is absent.

ℎs,0 also increases with increasing drop inflow, i.e., with decreasing dripping period 𝑡0. Over476
the range of radii considered numerically, the data are reasonably approximated by477

ℎs,0

����
flat

∼ 𝑅1/4𝑡−1/4
0 .478

This apparent dependence is represented by the dashed lines in Fig. 8 (a). A small discrepancy479
between the guide lines and the numerical values emerges at large radii (𝑅 ≫ 10), suggesting480
that the dependence on 𝑅 may depart from a simple power law outside the range considered.481
Conversely, Figure 8 (b) shows that the stationary film thickness decreases with increasing482
shape factor Ψ, for Ψ ≳ 1. Steeper stalagmite walls should effectively improve the efficiency483
of the gravity-induced drainage, thereby easing liquid depletion at the centre of the stalagmite.484
In agreement with flat cases, the stationary film thickness also increases for increasing inflow.485
The following scaling law fits the numerical simulations well:486

ℎs,0

����
parab.

∼ Ψ−1/2𝑡−1/2
0 , Ψ ≳ 1 .487

A departure from this law is observed for Ψ ≪ 1, i.e., for stalagmites with small curvature.488
The stationary film thickness asymptotically tends toward the value obtained for a perfectly489
flat stalagmite of similar radius as the domain size used. The inset of Fig. 8 (b) shows that ℎs490
is slightly influenced by the stalagmite radius 𝑅 for Ψ ≪ 1.491

The scaling obtained for the evolution of the stationary film thickness with the dripping492

period, ℎs,0 ∼ 𝑡−1/2
0 , was evaluated at the centreline. In Fig. 9, the stationary film thickness493

is also reported as a function of the dripping period for positions 𝑟 = 0 and 𝑟 = 5, away494
from the centreline. Panel (a) shows that, in the flat case, the scaling remains unaffected by495
the radial position. In contrast, panel (b) illustrates the parabolic case for a representative496
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Figure 10: Numerical front propagation over the stalagmite as a function of time: (a) in a
flat case for variable inflow (Ψ′ = 0), (b) for fixed inflow and different stalagmite shapes

(from Ψ′ = 0 to 10), and (c) in a parabolic case for variable inflow (Ψ′ = 10). The inflow is
varied from a continuous inflow (𝑡′0 → 0) to a constant volume (𝑡′0 → ∞), with in-between
discrete drop inflows 𝑡′0 set to 0.1 (high inflow), 1 (intermediate) and 10 (low). The dashed
lines show the observed power-law trends. The length ℓ′f corresponds to a radial position

in (a). The blue line from (a) and red line from (c) find their correspondence in (b). Primes
denote nondimensional variables where explicit normalisation is absent.

curvature of Ψ = 5, where a distinct scaling law emerges:497

ℎs

����
parab.

∼ 𝑡−1/3
0 .498

Hence, the behaviour of the film at stationary state differs away from the centreline for499
parabolic stalagmites. This sheds light on a global effect of the geometry on drainage in the500
parabolic case. By contrast, in the flat case, the scaling obtained did not vary with the radial501
position.502

3.3. Transient front propagation503

Heretofore, we have primarily examined the stationary behaviour of the film in response to a504
discrete inflow. We focus in this section on the early transient dynamics of the film propagation505
over the stalagmite, from when the first drop is added. The film advances over the stalagmite506
surface by covering an increasing area over time. The position of the propagating film tip,507
denoted by ℓf, marks the outermost limit of the wetted area. We consider two asymptotic508
limits of the discrete drop inflow: (i) 𝑡0 → ∞ which corresponds to a single drop of constant509
volume, and (ii) 𝑡0 → 0, i.e., a continuous inflow. Numerically, while imposing a constant510
volume simply corresponds to adding one drop on the stalagmite top surface, inner boundary511
condition should be modified for the continuous inflow. This jet inflow is considered laminar512
and is approximated by using a non-zero Dirichlet condition on the flux 𝑞 at the centreline513
using Qdrip. The exact derivation of this condition is reviewed in App. A.514

We solve the three cases of constant volume spreading and continuous and discrete inflows515
for different geometries. Figure 10 shows the propagating front position, ℓf, in each of these516
regimes for variable stalagmite shapes. The cases covered in panel (a) for a flat surface517
correspond to the constant drop volume (𝑡0 → ∞), low (𝑡0 = 10), intermediate (𝑡0 = 1) and518
high inflows (𝑡0 = 0.1) and, finally, continuous inflow (𝑡0 → 0). In panel (c), the inflow is519
varied similarly but for a prescribed stalagmite profile of Ψ = 10, i.e., a strong curvature.520
Panel (b) bridges the two other ones as it explores the effect of stalagmite curvature through521
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variations in the shape factor Ψ at fixed drop inflow 𝑡0 = 1, going from a flat case (Ψ = 0)522
through small values Ψ ≪ 1 and up to Ψ = 10.523

In general, the progression of ℓf gets faster with increasing inflow. In Fig. 10 (a), the front524
position is consistent with the classical power-law behaviours reported for gravity currents525
over flat surfaces (e.g., Huppert (1982); Ball et al. (2017)):526

ℓf

���
flat

∼
{
𝑡1/8 , (constant volume) ,
𝑡1/2 , (continuous inflow) , Ψ = 0 .527

The discrete drop inflows all follow the same scaling as the continuous inflow case at large528
times, i.e., they scale as∼ 𝑡1/2. However, at early times, the curves associated with the discrete529
drop inflows initially follow the constant-volume behaviour. Each curve can be seen departing530
from this constant volume baseline around a time corresponding to their relative dripping531
period, the most visible occurrence being for 𝑡0 = 10. This suggests that the transition away532
from the constant-volume regime occurs shortly after successive drops begin to interact533
through the evolving film. The crossover between the initial constant volume regime and the534
asymptotic continuous inflow becomes larger with decreasing inflow, i.e., with increasing535
dripping period, up to a constant rescaling factor. The same conclusions can be drawn from536
panel (c) for parabolic geometries. However, the two limiting scalings are different. Similarly,537
the numerical results from Fig. 10 are consistent with538

ℓf

���
parab.

∼
{
𝑡1/2 , (constant volume) ,
𝑡3/4 , (continuous inflow) , Ψ > 1 .539

The front position thus propagates faster over more curved profiles, as expected. Changing540
the overall shape of the stalagmite also modifies the response of the front propagation at541
fixed inflow. In Fig. 10 (b), the flat case (Ψ = 0) sets the initial behaviour of the front. All the542
curves at finite Ψ values follow this initial trend before departing from it earlier for larger Ψ,543
i.e., for more curved profiles. These numerical trends are consistent with classical spreading544
laws reported for gravity currents on flat substrates (Huppert 1982; Ball et al. 2017), while545
indicating faster propagation on increasingly curved profiles. The present model neglects546
capillary effects and therefore does not aim to describe the detailed wetting dynamics of the547
first deposited drop. Rather, the reported front scalings characterise the subsequent gravity-548
driven spreading regime.549

4. Scaling analysis550

In this section, we perform a theoretical analysis of the dimensional form of the drainage551
equations, corresponding to Eqs. (2.5) and (2.6). First, a time-independent solution to the552
film thickness is sought for both flat and parabolic stalagmites. An analysis of time-dependent553
perturbations of the stationary film thickness profile is then performed. Finally, an unsteady554
solution is developed for the parabolic case in the vicinity of the stalagmite centreline. This555
analysis provides a theoretical interpretation of the drainage regimes identified numerically556
in Sec. 3, with particular emphasis on the dependence of the stationary film thickness on557
the dripping period 𝑡0. The scaling laws obtained throughout this analysis are subsequently558
illustrated using the numerical results of Sec. 3. All dimensional variables are written without559
primes, while nondimensional variables follow the prime notation introduced in Sec. 2.1.560

4.1. Stationary film thickness561

In the former section, Figs. 3 and 5 revealed that, sufficiently far from the centreline (i.e.,562
for 𝑟 ≫ 1 or 𝜉 ≫ 1), the film thickness becomes time-independent, namely, it is no longer563
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influenced by the discreteness of the drop inflow. The film thickness thus corresponds to the564
stationary film thickness ℎs introduced in Sec. 3. Additionally, 𝜕𝑡ℎs = 0 and the drainage565
equation becomes566

𝑞 =
𝑔ℎ3

s
3𝜈

(
sin 𝜑 − (

𝜕𝜉 ℎs
)

cos 𝜑
)
=

𝑉d
2𝜋𝑟𝑡0

. (4.1)567

While there is no closed-form solution to this differential equation, asymptotic regimes may568
be obtained when either term in the brackets dominates the other.569

4.1.1. Flat stalagmite570

For flat stalagmites, Ψ = 0 and 𝜑 = 0 ∀𝜉. The derivatives 𝜕𝜉 · thus reduce to 𝜕𝑟 · and Eq. (4.1)571
becomes572

− 𝑔

3𝜈
ℎ3

s (𝜕𝑟 ℎs) = 𝑉d
2𝜋𝑟𝑡0

. (4.2)573

This translates in nondimensional form to574

−𝑟 ′ℎ′3s
(
𝜕𝑟 ′ℎ

′
s
)
=

3𝑉 ′
d

4𝑡′0
, (4.3)575

where we used the characteristic scales introduced in Sec. 2.1, and included the same576
nondimensional drop volume as in the numerical resolution, i.e., 𝑉d = 𝑉 ′

d (𝜋𝑟2
dℎd/2) (see577

Sec. 2.3). Integrating the above equation yields578

ℎ′s =
[3𝑉 ′

d
𝑡′0

ln
(
𝑅′

𝑟 ′

)
+ ℎ′4s (𝑅′)

]1/4

, (4.4)579

where ℎ′s(𝑅′) is the value of the film thickness at the stalagmite edge, in 𝑟 ′ = 𝑅′. Rather580
than imposing ℎ′s(𝑅′) = 0, which would correspond to an artificial sink at the edge of the581
flat region, we account for drainage along the inclined outer wall. To do so, the outer region582
𝑟 ′ > 𝑅′ is approximated by a cone of constant opening angle 𝜑★. Matching the solution at583
𝑟 ′ = 𝑅′ using Eq. (4.11) yields the following expression for the film thickness on the flat top:584

ℎ′s =

[
3𝑉 ′

d
𝑡′0

ln
(
𝑅′

𝑟 ′

)
+

(
3ℎ𝑑
4𝑟𝑑

𝑉 ′
𝑑

𝑡′0𝑅
′ sin 𝜑★

)4/3]1/4

. (4.5)585

The profile ℎ′s(𝑟 ′) is plotted in Fig. 11 for various values of 𝜑★. The opening angle of the586
cone at 𝑟 ′ > 𝑅′ has a negligible influence on ℎ′s at 𝑟 ′ < 𝑅′ as long as 𝜑★ ⩾ 10◦. This587
verifies that the value 𝜑★ = 45◦ used in the simulations is sufficiently large to ensure that588
the outer boundary does not influence the stationary film profile. Equation (4.5) predicts an589
unphysical divergence of ℎ′s in 𝑟 ′ → 0, which we represented by the orange area and dashed590
line portions in Fig. 11, up to a cut-off radius 𝑟 ′ = 1. For sufficiently small 𝑟 ′, Eq. (4.5)591
recovers the dependence ℎ′s ∝ (𝑡′0)−1/4.592

The above scaling law is in agreement with the numerical simulations reported in Fig. 8 (a)593
for ℎ′s(𝑟 ′ → 0). However, at the simulations also reveal a proportionality of ℎ′s(𝑟 ′ → 0) to594
(𝑅′)1/4 that Eq. (4.5) does not capture. Evaluating the solution over a characteristic distance595
comparable to the drop radius, i.e., 𝑟 ∼ 𝑂 (1) in the present nondimensionalisation, rather596
yields597

ℎs ∼ 𝑡−1/4
0 [log(𝑅)]1/4 .598

Reconciling this logarithmic dependence with the approximate (𝑅′)1/4 behaviour observed599
numerically near the centreline would require a more detailed analysis of the solution near600
the centreline.601
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Figure 11: Stationary film thickness profile computed using Eq. (4.5) over a flat stalagmite
of radius 𝑅′ = 5 in the main axes (i.e., the black ones). The curves are represented beyond

a cut-off radius 𝑟 ′ = 1 to avoid accounting for the divergence of the solution in 𝑟 ′ → 0.
The curves in the main axes correspond to various values of the outer cone angle 𝜑★, used

as a boundary condition: 𝜑★ = 90◦ (light grey), 10◦ (dark blue), and 0.5◦ (blue). The
dashed lines of the same colours, in the continuity of the solid lines, show the

corresponding approximated film thickness ℎ′s ∼ (𝑟 ′)−1/3 for 𝑟 ′ ⩾ 𝑅′ in each case (see
Eq. (4.11)). The dark grey line represents the limiting case ℎ′s (𝑅′) = 0 for 𝑅′ = 5. The
secondary part of the graph (i.e., with light grey axes), for 𝑟 ⩾ 5.5 cm, shows another

profile with the same parameters and ℎs (𝑅) = 0, for 𝑅 = 8 cm. The orange dotted lines
and shaded area represent the virtual extension of the film thickness profiles for 𝑟 < 1 for
all the curves represented in the main and secondary axes. Primes denote nondimensional

variables where explicit normalisation is absent.

4.1.2. Parabolic stalagmite602

For sufficiently curved stalagmites with Ψ > 0, there exist radial positions for which tan 𝜑 ≫603
|𝜕𝜉 ℎs |. In such conditions, Eq. (4.1) reduces to604

ℎ3
s =

3𝜈𝑉d
2𝜋𝑔𝑡0𝑟 sin 𝜑

. (4.6)605

The condition tan 𝜑 ≫ |𝜕𝜉 ℎs | can be made explicit by first differentiating this equation with606
respect to 𝜉:607

3ℎ2
s
(
𝜕𝜉 ℎs

)
=

3𝜈𝑉d cos 𝜑
2𝜋𝑔𝑡0

𝜕𝑟

(
1

𝑟 sin 𝜑

)
. (4.7)608

For a parabolic stalagmite of elevation 𝜂 = −Ψ𝑟2, tan 𝜑 = 2Ψ𝑟 and609

𝜕𝑟

(
1

𝑟 sin 𝜑

)
= −1 + cos2 𝜑

𝑟2 sin 𝜑
. (4.8)610

We thus obtain611

|𝜕𝜉 ℎs |
tan 𝜑

=

(
8𝜈𝑉dΨ4

9𝜋𝑔𝑡0

)1/3 cos10/3 𝜑
(
1 + cos2 𝜑

)
sin8/3 𝜑

612

=

(
4𝑉 ′

dΨ
′4

9𝑡′0

)1/3 (
ℎd
𝑟d

)8/3 cos10/3 𝜑
(
1 + cos2 𝜑

)
sin8/3 𝜑

, (4.9)613



22 J. Parmentier, V. E. Terrapon and T. Gilet
where all the terms were nondimensionalised. For 𝑉 ′

d = 1, 𝑡′0 = 1 and Ψ′ = 1, the condition614
tan 𝜑 ≫ |𝜕𝜉 ℎs | is valid for 𝜑 ≫ 0.011 rad (or 0.63◦). For similar parameter values, 𝜑 ≪ 1,615
sin 𝜑 ≃ 𝜑 and cos 𝜑 ≃ 1, so the validity region of Eq. (4.6) is616

𝜑 ≫
(32𝑉 ′

d
9𝑡′0

)1/8 (
ℎd
𝑟d

)
(Ψ′)1/2 . (4.10)617

Moreover, Eq. (4.6) translates in nondimensional form as618

ℎ′s =
(

3ℎd
4𝑟d

𝑉 ′
d

𝑡′0𝑟
′ sin 𝜑

)1/3

. (4.11)619

This scaling law rationalises the proportionality between ℎ′s and (𝑡′0)−1/3 observed far from620
the stalagmite centreline in the simulations reported in Fig. 9 (b). With the further assumption621
that sin 𝜑 ≃ tan 𝜑 at small to moderate 𝜑, we finally obtain622

ℎ′s ≃
(

3𝑉 ′
d

8𝑡′0Ψ′𝑟 ′2

)1/3

, (4.12)623

The thickness-dominated and drainage-dominated mechanisms over flat and parabolic624
geometries, respectively, thus yield distinct dependences of the stationary film thickness625
on drop inflow. We now examine how this stationary film responds to the perturbations626
caused by the discrete drop inflow.627

4.2. Time evolution of a film thickness perturbation628

As observed in Figs. 5, 6 and 7 from Sec. 3, the perturbation of the film thickness caused629
by the addition of a drop is simultaneously damped, diffused and advected outward. This630
combination of phenomena can be approached by considering the evolution of a small631
perturbation 𝜀 of the time-independent film thickness, i.e., ℎ(𝜉, 𝑡) ≃ ℎs(𝜉) + 𝜀(𝜉, 𝑡), with632
|𝜀 | ≪ ℎs. The drainage equation (4.20) is then linearised in 𝜀, which leads to633

𝜕𝑡𝜀 =
1
𝑟
𝜕𝜉

[
𝑔ℎ2

s𝑟 cos 𝜑
𝜈

(
𝜕𝜉 ℎs − tan 𝜑

)
𝜀 + 𝑔ℎ3

s𝑟 cos 𝜑
3𝜈

𝜕𝜉 𝜀

]
. (4.13)634

Assuming a localised perturbation for which |𝑟𝜕𝜉 𝜀 | ≫ 𝜀, the linearised equation becomes635

𝜕𝑡𝜀 +𝑈𝜕𝜉 𝜀 = 𝐷𝜕𝜉 𝜉 𝜀 , (4.14)636

where 𝑈 and 𝐷 are functions of 𝜉, given by637

𝑈 =
𝑔ℎ2

s cos 𝜑
𝜈

(
tan 𝜑 − 2 𝜕𝜉 ℎs

)
, 𝐷 =

𝑔ℎ3
s cos 𝜑
3𝜈

. (4.15)638

The perturbation therefore obeys an advection-diffusion equation, with 𝑈 and 𝐷 being639
interpreted as the effective propagation velocity and diffusion coefficient. Close to the640
stalagmite centreline, 𝜑 ≪ 1 so we can approximate sin 𝜑 ≃ tan 𝜑 = 2Ψ𝑟. According to641
Eq. (4.6), ℎs is proportional to Ψ−1/3 in this case. This makes 𝑈 proportional to Ψ1/3, and 𝐷642
proportional to Ψ−1. The local Péclet number that can be defined from there, Pe = 𝑈𝐿/𝐷,643
compares advection to diffusion at a characteristic distance 𝐿. For a fixed 𝐿, the Péclet644
number is then proportional to Ψ4/3. This suggests that, in this local regime, the transition645
between unsteady and steady regions occurs for Pe ∼ 1, yielding a characteristic length scale646
𝐿 = ℓsr ∼ Ψ−4/3. For sufficiently large Ψ, such that Pe ≫ 1 or beyond ℓsr, the perturbation647
is predominantly advected rather than diffused. This is consistent with Figs. 5 and 6, where648
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perturbations are mostly diffused for Ψ′ ≲ 1, while they are predominantly advected in the649
strongly curved case Ψ′ = 10.650

In the advection-dominated case, tan 𝜑 ≫ |𝜕𝜉 ℎs | and cos 𝜑 ≃ 1. Substituting the scaling651
law of ℎs from Eq. (4.6) in the above expression of the perturbation velocity 𝑈 gives652

𝑈 =

(
9𝑔𝑉2

d sin 𝜑

4𝜋2𝜈𝑡20𝑟
2

)1/3

, (4.16)653

or, in nondimensional terms,654

𝑈′ =
(
𝑡d
𝑟d

)
𝑈 =

(
9Ψ′𝑉 ′2

d

8𝑡′20 𝑟 ′

)1/3

. (4.17)655

The perturbation at position 𝑟 ′p will then travel according to the following differential equation:656

d𝑟 ′p
d𝑡′

= 𝑈′
���
𝑟 ′=𝑟 ′p

. (4.18)657

Integrating this with an initial condition 𝑟 ′p = 1 in 𝑡′ = 0, we find658

𝑟 ′p =


(

8Ψ′𝑉 ′2
d

3𝑡′20

)1/3

𝑡′ + 1


3/4

. (4.19)659

This prediction is in good agreement with the observed propagation of drop-induced660
perturbations in Fig. 6 (d), for which we had numerically found that the front evolves as661
(𝑟 ′)4/3 within the domain of the heat map. This behaviour is consistent with the advection-662
dominated regime identified above, which is expected to prevail beyond the characteristic663
length scale ℓsr. Having established the behaviour of a local perturbation, we now turn to the664
global unsteady drainage.665

4.3. Unsteady drainage on a parabolic stalagmite in the absence of inflow666

When the drip inflow is low (namely, in the limit of large dripping period), the film may667
significantly drain between successive impacts. As formalised above, the perturbations668
associated with the drop impacts in the film are primarily advected. To predict the film669
thickness evolution in this case, Eqs. (2.5) and (2.6) are combined into a single differential670
equation for ℎ(𝜉, 𝑡):671

𝜕𝑡ℎ =
1
𝑟
𝜕𝜉

[
𝑔𝑟ℎ3

3𝜈
( (
𝜕𝜉 ℎ

)
cos 𝜑 − sin 𝜑

) ]
. (4.20)672

Under the condition tan 𝜑 ≫ |𝜕𝜉 ℎ|, i.e., for curved profiles, the equation above becomes673

𝜕𝑡ℎ = −1
𝑟
𝜕𝜉

(
𝑔𝑟ℎ3 sin 𝜑

3𝜈

)
. (4.21)674

Close to the stalagmite centreline, 𝜑 ≪ 1 so we can approximate sin 𝜑 ≃ tan 𝜑 = 2Ψ𝑟,675
and 𝜕𝜉 · ≃ 𝜕𝑟 ·. We approximate the time-dependent solution using the following Taylor676
expansion: ℎ = ℎu + 𝛼𝑟𝑛, with 𝑛 > 1 since 𝜕𝑟 ℎ = 0 in 𝑟 = 0 by symmetry. The notation ℎu677
refers to the unsteady film thickness. Substituting this Ansatz in Eq. (4.21) and considering678
the limit where 𝑟 → 0 yields679

𝜕𝑡ℎu ≃ −4
3
𝑔ℎ3

uΨ

𝜈
. (4.22)680
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Integrating this relation over time and considering the film thickness to be ℎu,0 at 𝑡 = 0, we681
further find that682

ℎ−2
u ≃ 8𝑔Ψ

3𝜈
𝑡 + ℎ−2

u,0 . (4.23)683

At times satisfying684

𝑡 = 𝑡0 ≫ 3𝜈
8𝑔Ψℎ2

u,0
, (4.24)685

the stationary film thickness ℎu in 𝑟 = 0 is approximated by686

ℎu ≃
(

8𝑔Ψ𝑡0
3𝜈

)−1/2
, (4.25)687

or, in nondimensional form,688

ℎ′u ≃
(8Ψ′𝑡′0

3

)−1/2

. (4.26)689

This scaling law is observed in the numerical simulations of Figs. 8 (b) and 9 (b). Assuming690
that the initial film thickness is larger than ℎd, the criterion (4.24) becomes, in nondimensional691
form,692

𝑡′0Ψ
′ ≫ 3

8
, (4.27)693

which is equivalent to saying that ℎ′ ≪ 1. This criterion is also verified in Fig. 8 (b), where694
the regime in ℎ′ ∼ (Ψ′)−1/2 is only valid at sufficiently large curvatures Ψ′ > 1.695

The unsteady film thickness ℎ′u given by Eq. (4.26) becomes smaller than the steady film696
thickness ℎ′s given by Eq. (4.12) for a parabolic case when697

𝑟 ′ < ℓ′sr =

(
8Ψ′𝑡′0𝑉

′2
d

3

)1/4

. (4.28)698

The above relation suggests that unsteady drainage is more efficient close to the centreline,699
where the steady drainage solution produced a divergent solution. One may consider ℓ′sr as the700
aforementioned limit position surrounding a central, unsteady region where the discreteness701
of drop impacts influences the drainage (see Sec. 3). Beyond this region, the unsteadiness702
of the inflow is smoothed out to produce a time-independent thickness profile. For instance,703
using the values 𝑡′0 = 1,𝑉 ′

d = 1 and Ψ′ = 0.5 of Fig. 3 (f), we obtain ℓ′sr ≃ 1.1, which matches704
well the radial distance beyond which the time-variations of ℎ between two successive impacts705
become negligible. Similarly, in the configurations of Fig. 6 (b-d) with 𝑡′0 = 1, 𝑉 ′

d = 1 and706
Ψ′ = 0.1 (resp. Ψ′ = 1, Ψ′ = 10), Eq. (4.28) predicts ℓ′sr = 0.7 (resp. ℓ′sr = 1.3, ℓ′sr = 2.3).707
The heat maps shown in Fig. 6 confirm that time variations are indeed mostly confined in708
𝑟 ′ ≲ ℓ′sr. We further infer from Eq. (4.28) that there exists a corresponding dripping period709
𝑡′0,u/s delimiting the unsteady/steady regions at fixed radial position, e.g., for 𝑟 ′ ≃ 1. This710

yields711

𝑡′0,u/s =
3

8Ψ′𝑉 ′2
d

. (4.29)712

Hence, the film thickness will be in the steady regime (resp. unsteady regime) for dripping713
periods 𝑡′0 ≲ 𝑡′0,u/s (resp. 𝑡′0 ≳ 𝑡′0,u/s).714

These results provide theoretical estimates for both the stationary film thickness and the715
extent of the unsteady region, and rationalise the drainage regimes identified numerically in716
Sec. 3. In particular, they explain how the interplay between discrete inflow and substrate717
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geometry controls the transition between unsteady drainage and the evolution of the stationary718
film thickness, both at the centreline and away from it.719

5. Experimental stationary film thickness720

We now complete our theoretical and numerical analysis with experimental measurements721
of the stationary film thickness. We first review briefly the methods used to obtain these722
measurements, then compare them with the theoretical predictions obtained in Sec. 4. All723
the measured quantities are dimensional, but will be presented in the same nondimensional724
framework as developed in Sec. 2.1 for consistency with the numerical results.725

5.1. Methods726

We report in Sec. 5.2 hereafter experimental measurements of the stationary film thickness727
as a function of the drop dripping period 𝑡0 for a total of 20 stalagmites, 12 of which were728
considered as having a parabolic profile from photographs, and the remaining ones presenting729
a completely flat cap. Details are provided in Tab. 2, which sums up the dimensional730
measurements of the drop dripping period 𝑡0, the stationary film thickness ℎs, the radius731
𝑅 or shape factor Ψ. Among these stalagmites, 19 were in situ, and one was transported732
to a controlled lab setting, after it had been broken during construction work in Aven733
d’Orgnac (France). Its top is nevertheless undamaged. The caves provided a great diversity734
of shapes and dripping periods. During the lab measurements, the drop inflow could be735
varied systematically for a fixed shape. The measurements come from various caves. The736
range of radii for flat stalagmites comes from the scattering in the drop impact point position,737
which affects the stalagmite spatial extension and increases with the falling height of the738
drops. Their falling height varied on a large range (from ≲ 1 m to ≳ 25 m). The estimated739
shape factor Ψ for most stalagmites remains quite small, between ∼ 0.05 and ∼ 0.2, i.e.,740
most stalagmites do not present a steep parabolic profile. This does not stem from image741
truncation nor visual bias but rather from the common decoupling observed, at the stalagmite742
scale, of a body part of more or less constant width, surmounted by a cap exhibiting a very743
flat or parabolic-like profile.744

Measurements of the film thickness on cave stalagmites were obtained by a differential745
weighing technique, using a small piece of paper towel of known density and surface area746
(a ∼ 2 cm-side square, close to the crushing drop expansion diameter formed at impact,747
see Sec. 2.1) to collect water at the centre of the stalagmite. This leads to surface-averaged748
measurements, hence the size of the towel paper piece was carefully chosen as not too close749
to the stalagmite radius, but still large enough for collecting a sufficient weight of water750
and not induce large errors in the weighing measurements. Measurements were made after751
artificially stopping the drop inflow at several post-impact times. This allows to infer the752
initial film thickness of the curve obtained. Regarding the lab measurements, a Keyence753
confocal sensor CL-P030 was used for live recording of the film thickness as drops were754
successively added into the film. Drops were created using an appropriate piece of plastic755
tubing and a 2 mm-radius Luer-Lock plastic adapter to recreate drops of radius close to caves756
(∼ 2.3 mm) combined with a Watson Marlow peristaltic pump, in controlled high-humidity757
conditions. Both the cave and lab apparatuses were presented in Figs. 1 (a-b). Splash was758
avoided at drop impact in the film by positioning the tip of the tube close to the film interface759
(∼ 4 cm above it). Measurements were taken as close as possible to the drop injection point760
(≲ 1 cm) given the geometric constraint of the sensor. Examples of typical film thickness761
time series were introduced in Fig. 1 (c). Further details on the experimental protocols and762
time-resolved film measurements are provided in Parmentier (2024), along with photographs763
of the stalagmites used in the study.764
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Figure 12: Stationary film thickness from cave and lab measurements as a function of (a)
𝑡′0/𝑅′ for flat stalagmites, and (b) 𝑡′0Ψ

′ for parabolic stalagmites. Each stalagmite is
associated with a different symbol described in Tab. 2. The dashed line in panel (a)
combines the numerical trend obtained in Fig. 8 (a), ∼ (𝑅′)1/4, with the analytical

dependence from Eq. (4.5), ∼ (𝑡′0)−1/4. The dashed lines in panel (b) correspond to the
scaling laws from Eq. (4.12) (∼ (𝑡′0Ψ′)−1/3) and Eq. (4.26) (∼ (𝑡′0Ψ′)−1/2). Measured

quantities from Tab. 2 are nondimensionalised according to Sec. 2.1. Predictions come
from the main text but correspond closely to the fits made. The legend from (a) applies to

both panels. Primes denote nondimensional variables where explicit normalisation is
absent.

5.2. Results and comparison765

The cave and lab measurements of stationary film thickness are reported in Fig. 12. They are766
either plotted as a function of 𝑡′0/𝑅′ in panel (a) showing flat stalagmites, or as a function767
of 𝑡′0Ψ

′ in panel (b) for parabolic ones. Data were grouped according to the best estimated768
stalagmite shapes, with one symbol per stalagmite as detailed in Tab. 2. Although also769
parabolic-like, the lab stalagmite was plotted separately to better visualise the effect of770
variable inflow on this particular stalagmite in panel (b). The theoretical scalings derived in771
the nondimensional framework are overlaid as reference lines: ∼ (𝑡′0/𝑅′)−1/4 from Eq. (4.5)772

for the flat case in panel (a), and ∼ (𝑡′0Ψ′)−1/3 from Eq. (4.12), and ∼ (𝑡′0Ψ′)−1/2 from773
Eq. (4.26) for curved stalagmites in (b). These guide the comparison between experimental774
measurements and model predictions. For flat stalagmites, the dependence on 𝑅′ should775
nevertheless be interpreted with caution. The analytical solution suggests only a weak776
dependence on the stalagmite radius through a logarithmic correction, while the approximate777
∼ (𝑅′)1/4 dependence used here is motivated by the numerical results over the range of radii778
investigated. Since the measured flat stalagmites span a relatively limited range of radii (see779
Tab. 2), the experimental data do not allow us to discriminate further between these possible780
forms of radius dependence.781

A good agreement is observed between the flat stalagmite data and the theoretical prediction782
in panel (a), with a fitted exponent of −0.22 from the measurements. For the parabolic-like783
stalagmites, the slope of −1/2 matches the cave data reasonably well in logarithmic scale,784
with an experimental fit yielding an exponent of −0.46 on the cave subset alone. In contrast,785
the laboratory stalagmite exhibits a milder dependence, with a fitted exponent of −0.30,786
consistent with drainage dominated by the local slope rather than by global unsteadiness.787
The measurements on the lab stalagmite were recorded within a short distance from the788
point of drop impact (typically ≲ 1 cm), where the local inclination of the surface likely789
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Figure 13: Parity plot comparing numerical predictions (based on 𝑡′0, 𝑅′, Ψ′) and
experimental stationary film thickness ℎ′s,0. The dashed line is the bisector line.

Stalagmites were split into flat and parabolic groups, as indicated by the symbol colours.
Each stalagmite was attributed a specific symbol, whose correspondence can be found in

Tab. 2 along with the measured values of 𝑅′ (radius for flat stalagmites) or Ψ′ (shape
factor for parabolic ones). All quantities were nondimensionalised according to Sec. 2.1.

governs the film flow. A slight bank angle of the sample may also have contributed to790
this effect. Lab data were also continuously recorded under a steady dripping inflow. In791
contrast, the cave data come from temporal measurements following the addition of a single792
drop, during which the inflow was temporarily interrupted. The stationary thickness was793
then reconstructed as the initial thickness of the measured curves. Consequently, the lab794
data should genuinely represent a film at stationary state, while the cave data are more795
representative of unsteady drainage without new drop additions and could rather be named796
ℎu. An approximate dripping period 𝑡′0,u/s delimiting unsteady/steady regimes at fixed shape797

is defined by Eq. (4.29) in Sec. 4. Accounting for the larger drops in caves and the fact that798
most stalagmites have an associated shape factor Ψ′ ∼ 0.05, this dripping period reduces799
here to ∼ 0.3. This corresponds roughly to the region where cave and lab measurements800
overlap in Fig. 12 (b). Altogether, these results reinforce the existence of distinct drainage801
regimes in parabolic geometries: a local, slope-dominated regime at stationary state, and a802
global, unsteady regime where curvature and inflow intermittency jointly control the film803
evolution.804

Finally, in Fig. 13, a parity plot compares the experimental measurements to their numerical805
counterpart. The input parameters of the simulation, namely Ψ′, 𝑅′, and 𝑡′0, were calculated806
from the cave and lab measurements from Tab. 2. The numerical stationary film thickness807
was computed by rescaling the measured dripping periods using the drainage timescale 𝑡d808
for consistency with the numerical results. The measured radii and shape factors were809
nondimensionalised using the former values of 𝑟d = 1 cm and ℎd = 100 µm according to810
Sec. 2.1. The overall trend of the parity plot exhibits a good agreement between experimental811
and numerical data, although some deviations are visible. The root mean square error is812
about 0.42, with a relative error of about 31 % across all measurements, and a correlation813
coefficient of 0.69. These non-negligible discrepancies can be attributed to several limiting814
factors: (i) the accuracy of the cave measurements, based on a mechanical technique rather815
than an optical one, (ii) uncertainties in the shape factor estimation, and (iii) other effects816
(e.g., capillarity, impact point dispersal and splashing) omitted in the modelling. The shape817
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factor in particular was estimated from stalagmite photographs possibly taken with a bank818
angle or an uneven lighting. Some stalagmites might also not have a perfectly axisymmetric819
shape or present irregularities that further complicate the shape factor estimation. Finally,820
the flat and parabolic approximations might not be best suited for all stalagmites.821

In summary, besides the above discussed limitations, the experimental measurements are822
broadly consistent with the drainage mechanisms and scaling laws identified throughout823
this study. They confirm the existence of the different drainage regimes identified, with a824
transition mostly influenced by geometry-driven drainage dynamics. We sum up the results825
hereafter.826

6. Discussion827

The drainage of a thin film over a stalagmite of general shape results from the balance between828
gravity and viscosity, modulated by the local surface inclination. Within the lubrication829
framework, we analysed the film response to the combined effects of shape variability and830
discrete drop inflow. A summary of the main variables used throughout the study is provided831
in Tab. 1.832

Once at stationary state, the film thickness over a fixed stalagmite shape is uniquely defined833
by the discrete drop inflow. For flat stalagmites, the stationary film thickness follows the834

scaling ℎs ∼ 𝑡−1/4
0 predicted by the theoretical analysis and observed in both the numerical835

and experimental results. For parabolic geometries, a local theoretical drainage balance836

rather predicts that the unsteady film thickness evolves as ∼ 𝑡−1/2
0 at the centreline. Away837

from the centreline, the stationary film thickness should follow ℎs ∼ 𝑡−1/3
0 because drainage838

becomes primarily controlled by the local surface inclination. In this region, the film behaves839
similarly to a continuously fed gravity current. The numerical and experimental results are840
overall consistent with the scaling laws derived from the theoretical analysis. In particular,841
over parabolic stalagmites, the different measurement protocols probe distinct aspects of842
the drainage dynamics. Pointwise lab measurements away from the dripping point over an843
inclined slope display a stationary behaviour, while drop surface-averaged cave measurements844
for an interrupted inflow capture the unsteady evolution of the film thickness.845

These results highlight the coexistence of local and global drainage mechanisms, together846
with distinct stationary and transient regions within the film. The differences observed847
across shapes stem from the physical mechanisms at play. Over flat geometries, the film is848
driven by liquid accumulation and spreading over the entire surface whereas for parabolic849
stalagmites, the more efficient gravity-induced drainage prevents local build-up. There is850
also an asymptotic dependence of the stationary film thickness on the stalagmite shape.851
For flat cases, the stationary film thickness increases with 𝑅, whereas parabolic geometries852
unsurprisingly yield a stationary film thickness decreasing with increasingly curved profiles.853
The propagation of drop-induced perturbations is also strongly influenced by the stalagmite854
geometry. For flat stalagmites, the perturbations are damped within the film according to a855
diffusive process. Conversely, on curved surfaces, perturbations are more rapidly advected856
in a wave-like motion. Additionally, the front propagation follows power-law behaviours that857
depend on both the inflow regime and the stalagmite geometry. The numerical results recover858
the classical spreading laws reported for gravity currents on flat substrates (Huppert 1982;859
Ball et al. 2017; Ball & Huppert 2019) and indicate faster propagation on more strongly860
curved profiles.861

The present modelling relies on several simplifying assumptions. We focused solely862
on axisymmetric stalagmites with perfectly smooth surfaces, thereupon avoiding possible863
film thickness variations due to lateral, capillary or rugosity effects. Capillary effects may864



Thin film drainage on a stalagmite 29

Symbol Meaning Dimensions

𝜈 Kinematic viscosity of water L2T−1

𝑔 Gravitational acceleration LT−2

𝑟, 𝑧 Radial coordinates L
𝜉, 𝜁 Curvilinear coordinate along/across the film thickness L
𝜂 Stalagmite vertical elevation L
𝑅 Stalagmite radius/computational domain size L
Ψ Shape factor (curvature parameter) L−1

𝜑 Stalagmite local inclination -
𝜑★ Cone opening angle at the boundary -
𝑝 Pressure in the film ML−1T−2

𝑢 Velocity in the film LT−1

𝑞 Integrated cross-sectional flux L2T−1

𝑉d Drop volume L3

Q drip Drop volumetric inflow L3T−1

𝑡0 Drop dripping period T
ℎ Film thickness L
ℎs Stationary film thickness L
ℎs,0 Stationary film thickness at the centreline L
ℓf Film front position L
ℓsr Transition length between unsteady and steady regions L
𝑡M Post-impact time at which maximum film thickness is reached T

𝑟d Characteristic tangential length scale L
ℎd Characteristic film thickness scale L
𝑡d Characteristic drainage transport timescale T

Table 1: Main symbols and dimensional quantities.

influence the initial wetting stage following drop impact. The present model instead focuses on865
the subsequent gravity-driven initial spreading and drainage. Similarly, drops were assumed866
to impact the film at a central position without splash, a condition that we could recreate in a867
lab setting. Although limiting, the hypotheses regarding the absence of splash at impact and868
the non-scattered drop impact point position distribution remain representative of low-falling869
height impacts in caves. On average, drops falling from high cave ceilings still land around870
the centre of the stalagmite. The impact point dispersal can thus be viewed as an additive local871
noise broadening the stalagmite width and unsteady/steady region frontier at first order. The872
splash at impact lasting for a few milliseconds only induces a short-term dynamics that is not873
considered here. Additionally, the mixing between the drop and the film at the impact location874
should be considered when modelling the entire coupling of film drainage combined with ion875
precipitation to more accurately describe stalagmite growth. These simplifications clarified876
the fundamental drainage mechanisms at play, but there are likely secondary local effects not877
captured here. Controlled laboratory experiments using prescribed substrate geometries and878
known wetting properties could help further test our predictions.879

Overall, despite the simplicity of the cave measurements, the numerical, theoretical and880
experimental approaches provide a consistent picture of thin-film drainage over stalagmites.881
Each of them sheds light on different aspects of how the surface inclination and drop inflow882
affect gravity-driven drainage. Altogether, the stationary film thickness and unsteady drop883
propagation analysed in this study reveal the richness of a process as simple as the thin film884
drainage over stalagmites.885
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7. Conclusions886

In this study, we have investigated the interplay between discrete drop inflow and substrate887
geometry on the drainage dynamics of thin films over stalagmites. Starting from Reynolds888
lubrication theory expressed in a curvilinear coordinate system to account for the variable889
stalagmite shapes, we derived temporal equations relating the local film thickness to the890
surface-parallel flux within the film. By completing these equations with the continuity and891
physically relevant boundary conditions, we could solve the non-linear problem obtained892
numerically. Combining theoretical analysis and numerical simulations, we identified the893
dominant drainage regimes governing the stationary film thickness, in agreement with894
experimental measurements obtained in caves and in laboratory conditions.895

The novelty in our modelling resides in the explicit inclusion of the discrete drop inflow,896
rather than a time-averaged inflow. This approach revealed that distinct regimes of steady or897
unsteady inflow appear at different locations and depending on the ratio between dripping898
period and a characteristic timescale related to the drainage outflow. These regimes are899
important for real stalagmites as the dripping period in caves naturally spans several orders of900
magnitude. The model also quantifies how the stalagmite shape directly affects the stationary901
film thickness and the attenuation of the perturbation caused by the discrete drops in the film.902
The predicted trends were found to be broadly consistent with measurements performed both903
in caves and in a controlled laboratory setting. Ultimately, this framework offers a foundation904
for future predictions aiming at coupling flow and ion transport to mineral deposition for905
stalagmite growth modelling and palaeoclimate reconstruction.906

Supplementary data. Supplementary movies are available at https://doi.org/10.1017/jfm.2026.11915.907
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Appendix A. Numerical boundary condition at the centreline917

We discuss here the implementation of the boundary condition derived at the centreline918
to close the system of equations in Secs. 2.2 and 3.3. We express the next equations919
using nondimensional variables written without primes, in accordance with the numerical920
derivation from the main text (see Sec. 2). First, we consider a discrete inflow of drops,921
then a laminar jet continuously replacing this drop inflow. At the outer boundary (𝑟 = 𝑅),922
a constant flux condition was imposed to replicate the effect of a steady outflow of liquid923
over a cone of constant opening angle. Tests performed with larger 𝑅 values confirmed that924
the resulting drainage behaviour at the centre is insensitive to this boundary. In principle, a925
Robin-type condition, relating 𝑞(𝑅) to the local film thickness, could provide a more general926
formulation, but this refinement lies beyond the scope of the present model.927

A.1. Discrete drop inflow928

By mass conservation, the inflow of drops arriving in the first numerical cell of the domain is929

entirely transferred to the following cells. At the outer face of the first cell, ℎ𝑛1/2 =
(
ℎ𝑛0 + ℎ𝑛1

)
/2,930

https://doi.org/10.1017/jfm.2026.11915
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Name Symbol 𝑡0 [s] ℎs [µm] 𝑅 [cm] Ψ [m−1]

Org01 1.67 254.4 – 0.049
Org02 10.5 179.6 5.0 –
Org05 22.5 91.9 6.8 –
Org06 180.0 58.5 8.5 –
Org09 2.9 340.0 7.0 0.042
Org10 6.2 160.0 – 0.070

Sal01 39.4 38.6 – 0.101
Sal02 24.2 58.7 – 0.044
Sal03 9.0 111.4 – 0.097

Clam01 22.3 47.1 4.5 0.050
Clam02 31.4 124.5 2.7 –
Clam04 24.0 62.6 5.7 0.050
Clam05 53.3 130.0 2.9 –
Clam06 4.9 220.0 2.5 –
Clam07 3.0 261.0 – 0.070
Clam08 59.6 145.9 6.2 –
Clam09 1.1 280.0 – 0.033
Clam10 767.1 72.5 2.0 –

Garg02 18.0 76.0 – 0.203

Lab01 0.97 110.0 – 0.060
Lab01 1.2 104.9 – 0.060
Lab01 1.91 101.2 – 0.060
Lab01 3.27 92.2 – 0.060
Lab01 7.5 68.5 – 0.060
Lab01 22.2 45.8 – 0.060
Lab01 79.9 30.1 – 0.060

Table 2: Experimental measurements in cave and lab. Column 1 displays the name of the
stalagmite from a southern France cave (numbering comes from previous studies): Org -

Aven d’Orgnac, Sal - La Salamandre, Clam - Clamouse, Garg - Gargas, Lab - broken
stalagmite from Aven d’Orgnac used in the lab. Column 2 shows the associated symbol

from Fig. 12. Columns 3 to 6 respectively represent the average drop dripping period (s.d.
≲ 10 %), the average stationary film thickness, the radius of flat stalagmites, and the shape

factor of parabolic-like stalagmites.

and 𝑞𝑛1/2𝑟1/2 becomes 𝑞𝑛1/2Δ𝜉/2. The flux at the first cell outer face writes as931

𝑞𝑛1/2 = −1
3

(
ℎ𝑛1/2

)3
(
ℎ𝑛1 − ℎ𝑛0
Δ𝜉

)
. (A 1)932

Using finite differences, the divergence term of Eq. (2.12) becomes 2/Δ𝜉
(
2 𝑞𝑛1/2𝑟1/2/(Δ𝜉/2)

)
.933

The boundary condition at the first cell centre thus reads934

ℎ𝑛+1
0 = ℎ𝑛0 −

4Δ𝑡 𝑞𝑛1/2
Δ𝜉

. (A 2)935
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Regarding the outer limit of the stalagmite, we use the approximate condition derived in936

Sec. 4 relative to a cone with constant opening 𝜑★. The opening angle can be considered as937
equal to 𝜑𝐼−1/2 for parabolic or inclined profiles, while a value for 𝜑★ = 45◦ is imposed in flat938
cases. The flux at the inner face of the last cell is given by matching the corresponding flux939
that would be obtained on the outer cone, leading to940

𝑞𝑛𝐼−1/2 =

(
ℎ𝑛
𝐼−1/2

)3

3

(
𝑟d
ℎd

)
sin 𝜑𝐼−1/2 , (A 3)941

with the film thickness at the inner face approximated by ℎ𝑛
𝐼−1/2

=
(
ℎ𝑛𝐼 − ℎ𝑛𝐼−1

) /2. The942
corresponding update for the film thickness at the last cell centre reads943

ℎ𝑛+1
𝐼 = ℎ𝑛𝐼 −

2Δ𝑡 (2𝑅 − Δ𝜉 cos 𝜑𝐼−1/2) 𝑞𝑛𝐼−1/2

𝑅Δ𝜉
. (A 4)944

A.2. Constant pointwise inflow945

We now consider the case of a constant inflow for the front propagation calculations. This946
inflow can be viewed as either an infinitesimally thin jet of undefined height arriving at947
the centre of the stalagmite, or, equivalently, as a column jet of arbitrary width. By fixing948
the inflow q in and width 𝑟0 of the column of liquid, we can approximate the height ℎ0 of949
the film at the radial position corresponding to the liquid column outer radius. It is related950
to the corresponding continuous inflow through q in = −𝑟0ℎ0/(4𝑡0). Numerically, this inflo951
becomes952

q in =
−1

4Δ𝑡 𝑛0
, (A 5)953

with 𝑛0 the number of added drops. At the column outer radius, the stalagmite underneath954
surface may be considered as relatively flat, such that 𝜑 ≃ 0 locally. If the liquid column955
height is equal to ℎ0 and the film thickness at a distance Δ𝜉 from this liquid column to ℎ1,956
the thickness gradient within Eq. (2.11) can be approximated as (ℎ0 − ℎ1) /Δ𝜉. Hence, we957
can impose a numerical, nondimensionalised boundary condition at the outer radius of the958
liquid column to find the thickness relative to the inflow as follows:959

ℎ1 = ℎ0 −
3Δ𝜉q in

ℎ3
0

. (A 6)960

The value of the column height at the radius 𝑟0 comes from the approximation made for the961
drop volume brought into the film over a time 𝑡0: ℎ0 = 1/𝑟2

0 . The value of ℎ0 could also be set962
by considering, e.g., a cylinder spread over a radius Δ𝜉. However, choosing that ℎ0 is spread963
over 𝑟0 = 1 leads to better numerical stability.964
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evidence of seasonal variations and air pressure constraints. J. Hydrol. 211.997
Goldscheider, N., Chen, Z., Auler, A. S., Bakalowicz, M., Brod, S., Drew, D., Hartmann, J., Jiang,998

G., Moosdorf, N., Stevanovic, Z. & Veni, G. 2020 Global distribution of carbonate rocks and karst999
water resources. Hydrogeol. J. 28.1000

Gratton, J. & Minotti, F. 1990 Self-similar viscous gravity currents: phase-plane formalism. Journal of1001
Fluid Mechanics 210, 155—-182.1002

Griffiths, R. W. 2000 The dynamics of lava flows. Ann. Rev. Fluid Mech. 32, 477–518.1003
Guo, R., Wei, B., Lan, X., Gao, J. & Shi, X. 2022 Flow characteristics and thickness distribution of liquid1004

film in trickle bed reactor. Powder Technol. 407.1005
Huppert, H. E. 1982 The propagation of two-dimensional and axisymmetric viscous gravity currents over1006

a rigid horizontal surface. J. Fluid Mech. 121, 43–58.1007
IPCC 2022 Climate change 2022: Impacts, adaptation, and vulnerability. contribution of working group ii to1008

the sixth assessment report of the intergovernmental panel on climate change. Cambridge, UK and1009
New York, NY, USA.1010

Jensen, O. E. 1994 Self-similar, surfactant-driven flows. Physics of Fluids 6 (3), 1084–1094.1011
Lister, J. R., Peng, G. G. & Neufeld, J. A. 2012 Viscous control of peeling an elastic sheet by bending1012

and pulling. Phys. Rev. Lett. 111, 194–200.1013
Liu, Y., Zheng, Z. & Stone, H. A. 2017a The influence of capillary effects on the drainage of a viscous1014

gravity current into a deep porous medium. J. Fluid Mech. 817, 514–559.1015
Liu, Y., Zheng, Z. & Stone, H. A. 2017b The influence of capillary effects on the drainage of a viscous1016

gravity current into a deep porous medium. J. Fluid Mech. 817, 514–559.1017
Liu, Y., Zheng, Z. & Stone, H. A. 2017c The influence of capillary effects on the drainage of a viscous1018

gravity current into a deep porous medium. J. Fluid Mech. 817, 514–559.1019
Maqbool, K., Siddiqui, A. M., Mehboob, H. & Jamil, Q. 2022 Study of non-newtonian synovial fluid1020

flow by a recursive approach. Phys. Fluids 34.1021
McDonough, L. K., Treble, P. C., Baker, A., Borsato, A., Frisia, S., Nagra, G., Coleborn, K., Gagan,1022

M. K., Zhao, J.-X. & Paterson, D. 2022 Past fires and post-fire impacts reconstructed from a1023
southwest australian stalagmite. Geochim. Cosmochim. Ac. 325, 258–277.1024

Momen, M., Zheng, Z., Bou-Zeid, E. & Stone, H. A. 2017 Inertial gravity currents produced by fluid1025
drainage from an edge. J. Fluid Mech. 827, 640–663.1026

Mühlinghaus, C., Scholz, D. & Mangini, A. 2007 Modelling stalagmite growth and 𝛿13C as a function1027
of drip interval and temperature. Geochim. Cosmochim. Acta 71 (11), 2780–2790.1028

Papa, D., Josserand, C. & Cohen, C. 2025 Shape of ice stalagmites. Phys. Rev. Fluids 10, L101602.1029
Parmentier, J. 2024 The fluid dynamics of speleothem growth. PhD thesis, University of Liège.1030
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