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A723.+,3
For centuries, humanity has collected observations about life in general, through the study
of social interactions, physical bodies and their evolution, as well as many other more or
less complex natural processes and their related growth and decay cycles. Altogether,
these observations constitute knowledge, from which mankind crafted continuously
evolving models as !xed representations of their current understanding of the world.
With the advent of machine learning, this understanding can be broadened through
its ability of discovering new models from quantities of data, a process referred to as
data-drivenmodeling, in opposition to traditional knowledge creation. Although adequate
if given su"cient data about the problem at hand, this automatic modeling framework
generally struggles or even fails to generalize properly when the amount of collected
information drastically reduces. In such scenarios, the integration of prior knowledge in
the learning process of machine learning models likely improves both data e"ciency and
robustness; this hybrid paradigm is called knowledge-guided machine learning. This thesis
investigates the introduction of various forms of prior knowledge into the training process
of several machine learning algorithms. In particular, our work explores novel ways of
training combinations of partial physical models with machine learning models through
a model-agnostic procedure, which remains competitive both in terms of predictive
performance as in the estimation of the physical prior. Moreover, we also investigate how
prior knowledge about model explanations, in the form of partial dependence, can help
to obtain models that respond better to distribution shifts and whose decision process
faithfully aligns with domain knowledge. Finally, we consider the use of partial auxiliary
data to yield models that are more robust under data scarcity conditions.
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Quoique notre esprit ne puisse pas comprendre en soi le rapport de causalité qui
existe entre les phénomènes et la matière, la science exige que nous admettions
la nécessité d’un déterminisme dans cette causalité.

— Claude Bernard (1867)

Throughout history, mankind has sought to understand the inner workings of the world
with di$erent frameworks of explanation. The religious, at least the (mono-)theistic ones
and in particular Christians, believe in the existence of an almighty God, architect and
sustainer of the universe (Aquinas, 1947, ST I qq. 44-49), whose will manifests in all natural
phenomena through providence (Aquinas, 1947, ST I q.22), !lling them with purpose and
order. Later on, the founders of modern science such as Newton (Newton, 1999), although
religious and convinced of God’s in#uence in the design of the world (Newton, 1999,
p. 940) , moved the explanation of why things happen from providential causation towards

This most elegant system of
the sun, planets, and
comets could not have
arisen without the design
and dominion of an
intelligent and powerful
being. And if the "xed stars
are the centers of similar
systems, they will all be
constructed according to a
similar design and subject
to the dominion of One.

— Isaac Newton (1687)

a law-based order supported by empirical observations (Funkenstein, 1986). By doing so,
he con!ned rational explanations to a precise mathematical description. Building upon
the observations and experiments of Galileo and Kepler about astronomy and planetary
motion, Newton derived a framework providing a mechanical explanation for the entire
universe, which we refer to as model. Although the earliest instances of mathematical
models originated in Mesopotamia and Ancient Egypt, as demonstrated for example
with the Rhind Mathematical Papyrus providing formulae to compute areas and volumes
for di$erent !gures and geometries, Newton’s laws constitute the !rst mathematically
uni!ed model representing abstract, theoretical physics about the world.

In its purest form, a model is de!ned as “a simple representation of a system [...] that
can be used in [...] predictions of what might happen”1. Therefore, it can be applied
to almost any domain in which concepts and interactions can be transformed into
mathematical abstractions and operations. Following Newton’s theory, the Second
Industrial Revolution was characterized by a surge in the use of scienti!c models in
a variety of !elds, from metallurgy to thermodynamics. For example, Sadi Carnot
conceptualized the Carnot cycle in 1824, de!ning the theoretical maximum e"ciency
of traditional thermodynamic engines when converting thermal energy into work. Its
principles led Rudolf Clausius to the derivation of the Second Law of Thermodynamics
and served as blueprint to design novel steam turbines. A bit later, in the !eld of
electromagnetism, James Clerk Maxwell derived a foundational mathematical framework
in 1860, unifying electricity, optics and magnetism with a set of four equations. He
showed that a change in the magnetic !eld induces the creation of an electric !eld, and
conversely. His work transformed the manufacturing domain by connecting factories
to power grids rather than traditional steam engines, and he also inspired Einstein’s
subsequent theories on special and general relativity. Such fundamental mathematical
models were thus at the basis of both economical and societal growth. With the advent

1Cambridge Dictionary (https://dictionary.cambridge.org/dictionary/english/model) - Accessed:
2026-07-02
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of computers, mathematical models could be digitally implemented as surrogates for
many complex (industrial) processes; yet their e"cient applicability remained limited.
For example, solving models described by partial di$erential equations (PDE) using the
!nite element method (FEM) (Zienkiewicz et al., 2000) may prove expensive, due to large
computational demands induced by high-quality meshes. Hence, practitioners should
carefully design preliminary studies to decide, for instance, on the most relevant set of
control parameters to be tested for simulations of a given process.

In the 1950s, the premises of machine learning (ML) and arti!cial intelligence came to
life with Alan Turing’s work on the subject (Turing, 1950). In the objective of mimicking
physiological and biological processes, Frank Rosenblatt invented the very !rst models
of neurons and the (multi-layer) perceptron (more formerly known as neural network) in
1957 (Rosenblatt, 1958). In 1986, Rumelhart et al. (1986) formalized the backpropagation
algorithm, providing a generic mathematical recipe to train the weights of said neural
networks, thereby paving the way for modern deep learning research. Indeed, this
breakthrough notably allowed the broader practical design and training of more and
more complex architectures, from early convolutional neural networks (W. Zhang et al.,
1988; LeCun et al., 1989) and recurrent neural networks (Elman, 1990) to more recent
generative methods such as di$usion models (Sohl-Dickstein et al., 2015; Ho et al., 2020)
and large language models (Brown et al., 2020). All of a sudden, machines are able to
automatically discover new models and patterns in unorganized quantities of data from
which domain experts were not able to derive any physical nor mathematical sense. Given
pairs of input features and output values, models approximating the true input-to-output
relationship start to emerge, which we call data-driven models. Recently, several works
addressed the problem of modeling trajectories simulated from given sets of PDEs (Chen
et al., 2018; Li et al., 2020; Bilo% et al., 2021) with data-driven models, which allows
the e"cient generation of new trajectories, as opposed to traditional time-expensive
FEM-based solvers.

Yet, the crucial condition for the successful deployment of such models remains the
availability of abundant training data. For certain applications like text generative
modeling tasks, it is now very easy to collect lots of data by crawling the web. A
very well-known example of large dataset used for benchmarking purposes in image
classi!cation tasks is the ImageNet dataset (Deng et al., 2009), which consists of over a
million training images with their associated target label, covering a total of 1 000 classes.
With in!nite training data, traditional learning algorithms should in principle yield an
optimal model, called the Bayes model. Still, there exist tasks and domains for which
data is not as easily accessible, such as healthcare, or at least for which there do not exist
curated high-quality datasets large enough to provide su"cient information about the true
data distribution (Shaikhina et al., 2015; Razzak et al., 2017; Bansal et al., 2022; Upadhyay
et al., 2024). Taking back the previous example about FEM-generated trajectories of
PDEs, it could take a very important amount of time to constitute a decent database,
covering a su"ciently wide span of initial and boundary conditions. Furthermore, a
data-driven model could be trained to reproduce trajectories for a given con!guration of
physical parameters, but it would certainly not generalize to di$erent values of those
parameters. With only limited available data, the predictive performance of the model
and its robustness to unseen conditions are to be questioned, as ML models in general
are prone to over!tting. This is even more true (or even worse) when the number of

If a machine is expected to
be infallible, it cannot also
be intelligent.

— Alan Turing (1947)
collected samples is smaller than the number of input features. One can imagine training
deep learning models with small databases for research purposes, yet one can hardly
imagine deploying such models for practical applications.

Another challenge inherent to ML models is the opaqueness to understanding their
decision process easily. In fact, they are often referred to as “black boxes”, in opposition
to “white boxes”, i.e., models driven explicitly by known principles and dynamics.
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Unfortunately, white-box models tend to be too simplistic as they can ignore parts
of the underlying physics, thereby leading to important modeling errors. Although
there exist ML models that are interpretable by design, e.g., single decision trees, linear
models or more advanced versions of the latter such as generalized linear models (GLM)
(Nelder et al., 1972) or generalized additive models (GAM) (Hastie et al., 1986), their
predictive performance remains limited in comparison with the expressive capacity of
neural networks which are considered universal approximators (Hornik et al., 1989).
Recently, the !eld of explainable arti!cial intelligence (XAI) has vastly expanded (Adadi
et al., 2018; Gilpin et al., 2018; Linardatos et al., 2020) and several post-hoc interpretation
techniques have been developed to try to understand the behavior of black-box models.
While multiple methods were proposed to measure the importance of features, e.g., SHAP
values (Lundberg et al., 2017) and LIME (Ribeiro et al., 2016), other visual interpretation
techniques such as partial dependence plots (Friedman, 2001), individual conditional
expectation plots (Goldstein et al., 2015) or accumulated local e$ects plots (Apley et al.,
2020) have also been developed to represent model responses to particular features of
interest. Yet, such methods only help to understand how decisions are made, but they
cannot correct the model if the decision was wrong, nor if it was right but for the wrong
reasons.

To overcome the aforementioned issues of data scarcity and model opaqueness,
knowledge-guided machine learning (KGML) approaches have been introduced. Such
methods incorporate prior domain knowledge within the learning process of ML models,
and knowledge can be used in various forms (Von Rueden et al., 2021; Willard et al.,
2022). A common hybrid modeling approach consists in summing learnable
!rst-principles and ML models, which structurally enforces the inductive bias to
somehow respect known (approximate) physics. While this type of technique has proven
useful to train more data-e"cient models (Yin et al., 2021; Mehta et al., 2021; Donà et al.,
2022), !nding the right balance between both models remains challenging, if the goal is
also to retrieve a physically plausible estimation of the !rst-principles model. To
improve the reasoning behind decisions of (hybrid) models, several techniques have
been developed as part of the !eld of explanation-guided learning (EGL) (Gao, Gu, et al.,
2024), a domain whose goal is to align model explanations with expert knowledge. For
example, prior knowledge about feature importance scores can be used to improve the
performance of classi!ers (Rieger et al., 2020; Balayan et al., 2020) by favoring important
features and interactions while penalizing unimportant ones. In image processing tasks,
user information about regions of higher importance can also be leveraged (Mitsuhara
et al., 2019; Gao, Sun, et al., 2022; Y. Zhang et al., 2024).

1.1 R%2%+.,-8%23*"!
Motivated by the continuous developments in the !eld of knowledge-guided machine
learning and the existing challenges of physical plausibility and interpretability, this
thesis focuses on developing novel learning processes for both hybrid models and models
with enhanced interpretability, in the particular context of supervised regression.

The central part of this thesis is the concept of knowledge. In simple terms, knowledge
can be seen as the understanding one has about a given subject and can therefore take
many forms depending on the level of understanding and its nature. For example, it
can consist in de!ning a tangible parametric partial model as it can also correspond to
more abstract notions such as the satisfaction of some mathematical properties. Settling
to a particular type of knowledge implies de!ning a given set of assumptions, some
of which being more limiting. Therefore, this thesis tries to use knowledge of various
forms to obtain ML models that are inherently more robust, more interpretable and more
data-e"cient. More formally, it studies the following research questions:

4
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(RQ1) Given prior knowledge in the form of a partial model, how can we design training
methods that produce optimal hybrid additive models, both in terms of predictive
performance as in the estimation of the parametric prior?

(RQ2) How can the additivity assumption of hybrid models be relaxed by leveraging prior
knowledge in the form of model explanations?

(RQ3) How can partial auxiliary datasets be considered as prior knowledge in order to
improve the predictive performance of machine learning models in the context of
data scarcity?

1.2 O)3$*!%
After this introduction, we list in Section 1.3 the di$erent contributions of this thesis,
which emerge from di$erent scienti!c publications. Then, Chapter 2 provides some
context about the vast !eld of knowledge-guided machine learning, covering related
works that incorporate prior knowledge of various forms with machine learning methods,
let it be in the architectural design of the framework, in the training process, but also to
enhance the understanding of the decision process in general. This thesis focuses on two
forms of prior knowledge, namely in the form of a partial mathematical model or in the
form of a partial dataset. Therefore, Chapter 3 introduces a novel algorithm to train the
!rst-principles component of a hybrid additive model combining partial knowledge, in
the form of a parametric model, with a machine learning model serving as residual (RQ1).
It also investigates the use of traditional tree-based machine learning methods in such
hybrid frameworks, on a range of supervised regression problems. We then extend this
algorithm in Chapter 4 to tackle the problem of dynamical systems forecasting with hybrid
additive models. In Chapter 5, we address the inherent interpretability issues of neural
networks by developing a training algorithm that leverages prior knowledge in the form
of a partial dependence function about the !nal decision process (RQ2). We also bridge
the gap between physics-informed machine learning and explanation-guided learning
by comparing both methodologies on several performance indicators. Chapter 6 tackles
the problem of transferring knowledge from larger yet feature-incomplete databases to
models learned on much smaller datasets (RQ3). Finally, Chapter 7 concludes on the
di$erent !ndings presented in this thesis and discusses potential future directions in the
!eld of knowledge-guided machine learning.

1.3 P)7$*,+3*"!2
The main content of this thesis stems from the publication of the following peer-reviewed
scienti!c works.

Yann Claes, Vân Anh Huynh-Thu, and Pierre Geurts (2023). “Knowledge-guided
additive modeling for supervised regression”. In International Conference on Discovery
Science. Springer, pp. 64–78,

Yann Claes, Vân Anh Huynh-Thu, and Pierre Geurts (2025). “Hybrid additive modeling
with partial dependence for supervised regression and dynamical systems forecasting”.
In Machine Learning 114.3, p. 72,

Yann Claes, Pierre Geurts, and Vân Anh Huynh-Thu (2026). “Steering Neural Network
Training through Interpretable Constraints Based on Partial Dependence”. In arXiv
preprint arXiv:2607.08641. Submitted to TMLR.

Yann Claes, Pierre Geurts, and Vân Anh Huynh-Thu (2026). "Learning with Small
Data by Transferring Marginal E$ects from Large Data“. To appear in proceedings of
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International Workshop on Learning from Small Data - ECML-PKDD.

During my thesis, I had the chance to collaborate on di$erent projects, leading to the
following publications, which are not featured in the manuscript.

Gaspard Lambrechts, Yann Claes, Pierre Geurts, and Damien Ernst (2024). “Parallelizing
Autoregressive Generation with Variational State Space Models”. In arXiv preprint
arXiv:2407.08415.

Florent De Geeter, Yann Claes, Vân Anh Huynh-Thu, Victor Dachet, Lize Pirenne,
Omer Rochman Sharabi, Tojo Valisoa Andrianandrianina Johanesa, Antoine Gratia,
Lucile Dierckx, Larbi Arbaoui, et al. (2024). “Temperature Field Prediction in Additive
Manufacturing Process using Machine Learning”. In The 13th ASMO UK/2nd
ASMO-EUROPE/ISSMO conference on Engineering Design Optimization Product and
Process Improvement.
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Prior knowledge about inference problems, either physical or purely mathematical, can
guide choices in designing new machine learning frameworks with enhanced
generalization capabilities, as it can also yield more interpretable and more data-e"cient
models. In this chapter, we categorize di$erent knowledge integration mechanisms and
review some notable works to give a general shape of the broad !eld of
knowledge-guided machine learning research. Section 2.1.1 reviews works introducing
prior knowledge as regularization constraints in the training loss, whereas in Section
2.1.2, we present several ways of integrating knowledge in the form of a partial model in
the prediction of the model. Section 2.1.3 covers physics-informed machine learning
techniques that incorporate prior knowledge in a less structured manner. Afterwards,
Section 2.2 presents di$erent techniques of explanation-guided learning, where prior
knowledge about model explanations guides model training. We review techniques
which leverage local (instance-level) model explanations in Section 2.2.1, whereas
Section 2.2.2 covers methods that steer model training using information about global
explanations. Finally, Section 2.3 positions our work within the di$erent presented
!elds.
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In this section, we provide an overview which categorizes several knowledge-guided
machine learning techniques into distinct (sub-)families of approaches. In particular,
Section 2.1.1 covers works that speci!cally incorporate prior (physical) knowledge as
regularization terms in the training loss function, whereas Section 2.1.2 reviews works
that introduce prior knowledge as a structural part of the predictive model, e.g., through
partially-known parametric models. Finally, we include in Section 2.1.3 frameworks
whose implementation has been strongly in#uenced by speci!c prior knowledge about
the problem at hand, but which do not fall into the two previous categories. This can
be, for instance: by exploiting physical analogies, by feeding the outputs of prior models
to statistical models in fuzzy ways (and vice versa), but also by entangling models with
physical meaning, let it be through the prediction of physical parameters or through the
physical quantity they (supposedly) represent.

2.1.1 P-42*,2(*!/".6%& 3.+*!*!’ $"22 /)!,3*"!2
Prior knowledge can be used to guide model training in a form of scienti!c regularization,
by incorporating additional discrepancy/similarity terms to the training loss function,
which encourages models to respect the properties at hand.

Physical properties can be induced in supervised regression problems, namely for process
modeling tasks. For instance, to tackle the problem of lake temperature modeling, Jia et al.
(2021) compute the total thermal energy of the lake from the predicted output temperature
and enforce conservation of the total energy by minimizing the mean-squared error w.r.t.
the di$erence of incoming/outgoing heat #uxes. A similar idea can be found in (S. Chen
et al., 2024), where expert knowledge about optical #ows and directions of fracture
development helped shape additional regularization terms. Similar principles can also be
applied with other varieties of neural networks, such as graph neural networks, as done
in (Seo et al., 2019), where authors encode physical properties (both static and dynamic,
e.g., di$usion) with appropriate node and edge update functions that are then included
to the loss function for minimization of the residuals. In generative modeling tasks, Zeng
et al. (2021) implement imprecise physical constraints as additional loss terms to the
generator model of a generative adversarial model, which helps training the latter in
cases where the discriminator has already converged.

Aside strictly physical properties, other mathematical and generic properties can serve as
regularizing functions. For example, Muralidhar et al. (2018) simply de!ne a constraining
term with a ReLU unit to penalize non-monotonicity in the input-output relationship.
More generally, Beucler et al. (2021) de!ne a !xed constraint matrix that is applied on
the output of neural networks to enforce a prede!ned set of required properties.

Finally, loss functions can also carry purely physical meaning. Stewart et al. (2017) assume
a con!guration where no target labels are available for traditional supervised regression.
Instead, for object tracking problems, given a sequence of input images, they de!ne a loss
function only from physical properties that should be veri!ed by the object in motion,
e.g., the trajectory of an object in free fall, or trajectory under constant velocity.

2.1.2 P.*". 5!"#$%&’% +2 -+.& ,"!23.+*!32
Scienti!c information can be available as partial knowledge about the target input-output
relationship, which can take the form of constraints or logical rules de!ned over given
sub-spaces of the original domain, but also as partial parametric information about the
model itself, which is often called a !rst-principles model. In this section, we synthesize
some related works covering the inclusion of such speci!c knowledge, which we refer to
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as hard constraints in the sense that they are encoded in the inductive bias of the model
by construction.

L%1%.+’*!’ &"6+*! ,"!23.+*!32 +!& $"’*,+$ .)$%2

For some problems, only partial knowledge about the target model is available. This
can be for example through constraints that should be satis!ed in some regions of the
input space. For classi!cation problems, both Fung et al. (2002) and Mangasarian et al.
(2008) reformulate the support vector machine linear problem to include knowledge
constraints about the domain. Lauer et al. (2008) use similar knowledge to enhance the
performance of support vector machines applied to regression problems. Yang et al.
(2019) de!ne constraint priors over network weights for Bayesian neural networks,
which consist of information about where outputs given certain inputs can or cannot
lie. For tree-based models, Nanfack et al. (2023) derive a new tree formulation based
on matrices representing branching decisions and show that these matrices can easily
be constrained to satisfy prior domain constraints de!ned on the branching process.
Regarding traditional neural networks, Goyal et al. (2024) design a training approach
which guarantees that domain constraints are satis!ed by model outputs, based on
maximum satis!ability theory. Theoretically, Tulabandhula et al. (2015) formalize the
guarantees obtained when injecting such knowledge about domain constraints and show
that it helps generalization.

E!,"&*!’ 0-42*,+$ 0."0%.3*%2 *!3" 6+,-*!% $%+.!*!’ 6"&%$2

Prior knowledge about the problem at hand can be directly incorporated in the
implementation of speci!c parts of machine learning models. For example, a domain
expert could inform the practitioner that the relationship between a speci!c subset of
features and the target variable should be monotonic. To address this requirement,
Wehenkel et al. (2019) reframe the prediction problem by instead modeling the derivative
of the target function by an unconstrained neural network, whose output is !rst passed
through an ELU activation incremented by 1. This approach imposes minimal
restrictions to the neural network while ensuring monotonicty through the strictly
positive derivative. Pya et al. (2015) design a machine learning architecture that imposes
properties such as monotonicity or convexity by implementing a structure similar to
generalized additive models (Hastie et al., 1986) where the corresponding predicting
terms have a shape that is constrained by the construction of a certain splines basis.
Riihimäki et al. (2010) introduce the concept of virtual derivatives to incorporate
monotonicity information in multivariate Gaussian processes.

From the angle of applied machine learning, for the particular problem of lake
temperature modeling, Daw, Thomas, et al. (2020) introduce an additional modeling step
to approximate water density, whose relationship given depth is known to be monotonic.
Therefore, they complement an LSTM cell with appropriate operations to ensure that
monotonicity is preserved between water depth (given as input) and density, and
eventually estimate lake temperature from the original inputs and the predicted density,
with a standard black-box model.

D%2*’!*!’ -47.*& +&&*3*1% 6"&%$2

For other problems, one has access to a partial model de!nition, for example describing
incomplete physical knowledge about the system at hand. A natural approach in this case
is to enhance !rst-principles models by predicting the residual between the observed and
physical outputs. Historically, machine learning models have been additively combined
with physics-based models to solve process modeling tasks, either with radial basis
functions (Kramer et al., 1992) or with traditional neural networks (Su et al., 1993).
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Even though the seminal work of Thompson et al. (1994) studies parallel and serial
combinations of both types of model, we will mostly restrict to additive combinations
of !rst-principles and machine learning models, as considered in (Duarte et al., 2004;
D. S. Lee et al., 2005).

Other works consider weaker prior knowledge, e.g., in the form of linear models. For
instance, J. Chen et al. (2007) additively combine the e$ects of a linear model and a
tree-based model through an iterative training procedure. H. Zhang et al. (2019) additively
combine a trained linear model with a random forest regressor !tted on the residual,
and show that this hybrid structure improves generalization in several extrapolation
settings.

Yet, with no further constraints in the training process, such additive framework can
often have multiple solutions that are valid in the sense of least-squares minimization
of the global model, but for which the physical meaning of the !rst-principles model
is completely lost. This could likely happen in cases where the statistical model, e.g., a
neural network known to be a universal approximator, captures the entire signal thereby
forcing the physical model to zero. These questions about the uniqueness of the solution
motivate several works that focus on methods to !nd the right balance between both
components.

R%’)$+.*9*!’ -47.*& +&&*3*1% 6"&%$2

Guen et al. (2020) tackle the problem of video prediction by additively disentangling
physical dynamics in latent space as a sum∱𝜔+∱𝜀 , where∱𝜔 is a generic convolutional
cell that encodes a set of di$erential equations and ∱𝜀 is recurrent neural network that
encodes residual dynamics. To enhance the meaningfulness of the !rst-principles model,
they impose moment regularization constraints on the learned !lters of the cell such that
it behaves as a PDE solver; yet those do not strictly prevent the machine learning model
from absorbing the whole signal, although discouraged if ∱𝜔 captures the dynamics
quite well. Djeumou et al. (2022) design a hybrid model whose decomposition is not
limited to additive models, as the unknown dynamics function could be integrated within
the partial physics model similarly to (Thompson et al., 1994), or multiplied with the
latter, as is done for the double pendulum problem. Nevertheless, they assume perfect
knowledge of the physical prior and hence only regularize the statistical component
with constraints such as symmetries, to improve the physical signi!cance of the hybrid
model.

Yin et al. (2021) develop APHYNITY, a hybrid additive model training approach whose
!rst-principles term 𝜗𝜔 represents partial model knowledge about the dynamical process,
e.g., for a damped pendulum system, 𝜗𝜔 could be the periodic motion function, omitting
the additive friction dynamics. Compared to Guen et al. (2020), 𝜗𝜔 structurally encodes the
right physics, with learnable parameters. Therefore, it is crucial to design an appropriate
training scheme to ensure that the physical parameters remain physically plausible. For
that purpose, they introduce a regularization term on themachine learning term 𝜗𝜛 to keep
its contribution to the global dynamics as minimal as possible, by minimizing its ∲2-norm.
In a similar line of work, Donà et al. (2022) propose the same additive decomposition as
APHYNITY for dynamical systems forecasting tasks, but the training optimization scheme
di$ers. While models in the latter are optimized jointly, they alternate training steps
between 𝜗𝜔 and 𝜗𝜛 (on current residuals) and introduce a regularization term for 𝜗𝜔 to keep
it close to its initial approximation, whose importance decays over time. In generative
modeling tasks, Takeishi et al. (2021) derive physics-integrated variational auto-encoders,
where the latent space is divided into vectors 𝜚𝜔 and 𝜚𝜛 that are eventually summed
before decoding. 𝜚𝜔 is mapped to the physical parameter vector of the !rst-principles
model, and further intricate regularization terms ought to ground it to the true physics.
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As 𝜚𝜔 should correspond in meaning to some physical parameters, their method allows
handling di$erent values of such parameters without retraining.

2.1.3 P-42*,2(*!/".6%& 6+,-*!% $%+.!*!’ +.,-*3%,3).%2
In this section, we review broader forms of physics-informed machine learning
architectures, which cannot simply be categorized into the previous two families of
approaches. This includes, among others: predictive frameworks where physics serves as
methodological analogies, original combinations of physical priors and machine learning
outputs (di$erent from pure summation), as well as machine learning models that carry
a directly interpretable physical meaning.

W-%! 0-42*,2 *!/$)%!,%2 6"&%$*!’ 0*0%$*!%2

Physical analogies as methodological guidelines The design of traditional machine
learning predictive pipelines can be modi!ed to respect known physical principles by
construction, or even reframed based on physical analogies. For instance, He et al. (2020)
develop a #uid-inspired paradigm to solve point-cloud predictive tasks, where points
are transformed into feature particles on a grid and whose evolution is implemented
through advective !eld prediction. Another example of physical analogy can be found in
(Ji et al., 2022), where tra"c #ow prediction is framed as an energy transport problem,
by assuming that tra"c #ow is an edge feature of a road graph driven by di$erences of
potential energy !elds representing nodal road junctions. Finally, physical relationships
can also guide the practical conception of speci!c predictive cells, as is done in (L. Liu
et al., 2022) where gated recurrent unit cells are organized such that the information #ow
of the global architecture follows some causal order, for the process of nitrous oxide #ux
prediction.

Post-processing model outputs with physics Besides frameworks resulting from
physical parallels, !rst-principles and statistical models can be combined in various
ways, in#uenced by prior knowledge about the problem at hand. For instance, machine
learning models can carry some substantial meaning that can then be exploited by
physically-grounded models (or solvers) to improve predictive performance. In (Kochkov
et al., 2021), the !lters of a convolutional neural network are constrained by physical
properties and its outputs, representing latent velocity !elds, are eventually
post-processed by speci!c physical blocks such as the divergence operator to yield new
velocities. De Bézenac et al. (2019) use an encoder-decoder model to predict the motion
!eld from a series of input images, from which the last image is then physically warped
according to the estimated motion !eld. In (Holl et al., 2020), a combination of two neural
networks is designed to predict approximate trajectories with appropriate corrections to
reach a certain target observation, both of them being then fed into a di$erentiable
solver that explicitly encodes physical rules to ensure physical consistency.

Re"ning physical approximations with machine learning models Conversely,
the output of an approximate prior model can be fed as additional input feature to a
machine learning model, which acts as a corrector. For example, in (Daw, Karpatne, et al.,
2022), a neural network takes as input the output of a physical simulator modeling a
lake temperature process, to produce a re!ned temperature prediction. In the context of
dynamical processes, Tathawadekar et al. (2023) leverage an physically-incomplete PDE
solver to obtain a starting trajectory, which is then fed to a machine learning model that
produces appropriate corrections to each state. For the more generic problem of #ow
simulation, the coarse output simulated by a computational #uid dynamics model can be
fed to graph neural networks (Belbute-Peres et al., 2020; R. Zhao et al., 2024) or U-Net
architectures (Pathak et al., 2020) for further re!nement.
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Physics as conditional guidance for generative modeling Lastly, in generative
modeling tasks, prior knowledge can serve as conditional guidance. For instance, Shu
et al. (2023) enhance the problem of high-!delity #ow !eld reconstruction by using the
gradient of the PDE residual estimated from the generated solution, at each time step,
as conditional training guidance. As the previous solution conditions a model only on
a given set of PDEs, (Jacobsen et al., 2025) solve this issue by computing such gradient
at inference time and by adding it to the predicted score. More generic properties like
energy conservation can also be incentivized by multiplying the predicted likelihood
with a discrepancy weight that penalizes physically unsound solutions (Z. Gao et al.,
2023).

G.")!&*!’ !%).+$ !%3#".52 3" 0-42*,+$ :+!3*3*%2

Machine learning models can be formalized so as to directly represent meaningful
scienti!c quantities. Historically, Psichogios et al. (1992) combine a neural network with
a !rst-principles model in a serial approach, for the application of fedbatch bioreactor
modeling. In particular, the neural network is responsible for the prediction of the cell
growth rate given process parameters, and this predicted rate is then substituted into the
expression of the !rst-principles model. More recently, Ling, Kurzawski, et al. (2016) used
neural networks to model Reynolds stresses, with appropriate physical post-processing
to embed Galilean invariance into the predicted stress tensors. A similar approach was
developed using Random Forests (Ling, Ruiz, et al., 2017), yet with no possibility to
enforce theoretical properties. Shen et al. (2023) implement (di$erentiable) geoscienti!c
physical processes directly in PyTorch (Paszke et al., 2019) and rely on neural networks
to predict the appropriate physical parameters that are given to the solver.

In a similar philosophy of entangling models with physical meaning, the di$erentiability
of neural networks can be leveraged such that they obey the rules of given mechanics
systems. A notable example is Symplectic ode-net (Zhong et al., 2019), a framework
designed to enforce hamiltonian dynamics where three neural networks are used to
represent respectively the external forcing, the inertia matrix and the potential energy, at
given input coordinates. These networks are then explicitly combined within Hamiltonian
dynamics, which are solved using Neural ODE (R. T. Q. Chen et al., 2018) to obtain the
predicted trajectories. A similar modeling approach are the Deep Lagrangian Networks
(Lutter et al., 2019), where two neural networks are used to explicitly represent the
inertia matrix and gravitational forces in Lagrangian dynamics, given input coordinates.
While neural networks constitute here a mapping to physical quantities involved in
Hamiltonian/Lagrangian mechanics, another possibility can be to bound them directly
to the central objects of these dynamics. Hence, Greydanus et al. (2019) model the
Hamiltonian through a neural network and rely on automatic di$erentiation to !t its
gradients to target derivative values. Cranmer et al. (2020) employ the same approach
for Lagrangian mechanics. Finally, network gradients can be optimized in a fully
unsupervised manner such that the model acts as a solution to a particular PDE system.
In their seminal work, Lagaris et al. (1998) assume knowledge of the shape of the PDE
and design a speci!c architecture for its solution which enforces boundary conditions by
construction. Given that gradients must be computed analytically, they restrict to simple
structures for the neural network, whose gradients are optimized to minimize the PDE
residual. More recently, Raissi et al. (2019) leverage modern computation to minimize the
residual with automatic di$erentiation, which also allows to enforce arbitrary boundary
conditions, thereby giving more #exibility in the design of such kinds of models.
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While one can argue that the physics-informed approaches presented previously yield
interpretable decisions, they nonetheless all rely on black-box models at some stage
to produce the !nal prediction. For example, hybrid additive models have a stronger
propensity to be more interpretable by construction but the residual component remains
harder to explain naturally.

Recently, there has been a vast development of the !eld of explainable arti!cial intelligence
(XAI), as a way to improve our understanding of machine learning models (Adadi et al.,
2018; Gilpin et al., 2018; Linardatos et al., 2020). Although most of these tools can help
domain experts to understand the decision process, they cannot take any feedback into
account and hence cannot correct the model if it provides a correct decision for the wrong
reasons, for instance.

Explanation-guided learning speci!cally addresses such shortcomings by trying to align
model explanations with expert knowledge. In this section, we summarize important
paradigms of the !eld, which we divide into two categories, namely local guidance, which
leverages explanation information on a sample basis, and global guidance, whose goal is
to align the general decision process of the model with prior knowledge.

2.2.1 L",+$ %;0$+!+3*"! +$*’!6%!3
At a local level, the idea is to use prior explanation information available for given samples.
In text classi!cation tasks, the attention weights of the model can be supervised to put
more importance to words that belong to the explanations, called rationales, a technique
named rationale attention alignment (Ye Zhang et al., 2016; Kanchinadam et al., 2020;
Stacey et al., 2022). A similar technique can be applied to image classi!cation problems,
based on saliency maps (Zhou et al., 2016), a process called visual alignment. For example,
Y. Gao, Sun, Bai, et al. (2022) enhance model explainability via robust supervision of
the model attention maps on potentially incomplete human annotations of target maps.
The same idea is used in (Mitsuhara et al., 2019; Y. Gao, Sun, L. Zhao, et al., 2022), with
the particularity that the model can be !ne-tuned on problematic samples, i.e. samples
for which the produced attention map is incorrect and for which humans can provide
corrected versions. Yifei Zhang et al. (2024) combine both visual alignment and rationale
alignment, feeding the feature maps and attention maps to a large language model for
further alignment with textual explanations.

For more generic classi!cation tasks, Rieger et al. (2020) allow the user to specify a priori
feature importance vectors along with importance scores for interactions of features, so
as to penalize unimportant features and favor relevant features in the !nal outcome. As
such relevance scores can be too technical for domain experts to provide, Balayan et al.
(2020) train a neural network to provide both a decision and a distribution over semantic
concepts, the latter being veri!ed by human experts to !ne-tune model weights.

Finally, explanations can be exploited to guide model training without performing
direct supervised training on target explanations. In the context of text classi!cation,
Zaidan et al. (2007) modify the traditional support vector machine training algorithm
by integrating contrastive examples, crafted from original examples, such that there
exists a clear di$erence in the obtained margins between positive examples and less
positive (i.e. crafted) examples. Ismail et al. (2021) enforce the model to focus on the most
important regions of the input by masking less relevant regions and adding a consistency
loss term, so as to make model predictions for masked inputs close to those for unmasked
inputs.
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Guidance information can also be available to supervise the model’s global decision
process. Erion et al. (2021) propose global attribution priors for higher-level properties
such as sparsity, smoothness, or for example considering the relative importance between
features instead of relying on !xed targets as done in (Rieger et al., 2020). These global
attribution priors are meant to hold for all samples as they represent feature-wise
explanations. In their work, F. Liu et al. (2019) mitigate bias in text classi!cation tasks by
penalizing non-zero attributions for keywords identifying protected groups. Weinberger
et al. (2020) leverage meta-features to better align global importance values for each
feature. Such meta-features include information indicating why certain features should
be considered more important compared to others, for the given task.

Considering inherently interpretable models, Vojí& et al. (2020) design a rule-based
classi!cation systemwhose decision rules can later bemodi!ed by users through a speci!c
web editor interface. More generally, in the context of active learning, Popordanoska et al.
(2020) train a black-box classi!er that is then distilled into an interpretable surrogate
model. The latter provides global explanations in the form of rules along with decisions
for unlabeled examples, which allow the domain expert to select relevant (mistaken)
samples for further re-training. S. Lee et al. (2022) transform traditional deep learning
models into self-explaining models which directly generates explanations, in the form of
logical rules, by building the latter recursively from the model’s hidden representations, a
process called deep antecedent generation. Speci!cally, after processing the input samples,
the model !rst draws a rule from a learned distribution (conditioned on the input) and
the prediction is then derived solely from that rule. This process can easily integrate
global human priors about the form of rules to be generated.

2.3 O! 3-% ,"!,%03 "/ 5!"#$%&’%
While Section 2.1 covering knowledge-guided machine learning techniques is distinct
from Section 2.2 which refers to explanation-guided learning approaches, both actually
rely on the concept of knowledge for the implementation of modeling frameworks.
However, what structurally separates both modeling classes is their usage of prior
knowledge. In explanation-guided learning, as suggested by the naming, knowledge is
leveraged in the form of explanations about the decision process, and such methods thus
act on model explanations. On the contrary, in knowledge-guided machine learning, prior
knowledge can be of various forms, but it constrains model outputs to be aligned.

In the following, we therefore position Chapters 3, 4 and 6 in the !eld of knowledge-guided
machine learning as they directly a$ect model outputs, whereas Chapter 5 lies in the
!eld of explanation-guided learning, through constraints on model explanations.
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This chapter has previously been published as part of

Yann Claes, Vân Anh Huynh-Thu, and Pierre Geurts (2023). “Knowledge-guided
additive modeling for supervised regression”. In International Conference on
Discovery Science. Springer, pp. 64–78,

Yann Claes, Vân Anh Huynh-Thu, and Pierre Geurts (2025). “Hybrid additive
modeling with partial dependence for supervised regression and dynamical
systems forecasting”. In Machine Learning 114.3, p. 72.

Compared to the paper versions, for the version presented in this chapter, we
restricted the contents to cover only the setting of static supervised regression
problems. We moved the pseudo-codes for sequential and alternate optimization
from the Appendix to Section 3.3.2, and added the results of gradient boosting and
random forests for the experiment studying training sample size. Lastly, we aligned
the notation with the other chapters.

In this chapter, we introduce a new training approach to learn hybrid additive models,
based on partial dependence, an interpretation technique designed to understand the
average behavior of a model for given features of interest. In comparison to recent hybrid
additive trainingmethodswhich introduce an intricate optimization process with sensitive
regularization constraints, our method removes the need for such regularization through
sequential optimization of the !rst-principles and data-driven models. We compare,
on both synthetic and real regression problems, several approaches for training hybrid
models against traditional machine learning methods. We investigate model-agnostic
training procedures, hence experiments are carried out with di$erent types of machine
learning models, including tree-based models and neural networks. After the introduction
of Section 3.1, we brie#y review related works in Section 3.2. We then de!ne the problem
statement and the proposed methodology in Section 3.3, comparing the latter to existing
hybrid training methods. In Section 3.4, we evaluate the performance of hybrid models
obtained with our method, and we conclude on the observations in Section 3.5.
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3.1 I!3."&),3*"!
For the past decades, machine learning (ML) models have been developed to tackle a
variety of real-life problems, complementing/replacing model-based (MB) approaches,
which mostly remain approximations that make stringent assumptions about the system
under study. Traditional ML approaches are said to be data-driven, i.e. their prediction
model is solely built from some learning dataset. While their design comes with great
expressiveness, they are likely to be subject to over-!tting without enough training
examples and to show a lack of robustness on unseen samples, with predictions that can
be inconsistent with respect to domain knowledge (Daw et al., 2022; De Bézenac et al.,
2019). To overcome this generalization issue, hybrid approaches have been introduced to
incorporate a priori domain knowledge within statistical models, which can be leveraged
in a multitude of ways (see Von Rueden et al., 2021; Karniadakis et al., 2021; Willard et al.,
2022 for reviews). A popular hybrid approach considers an additive combination of MB
and ML components, and the success of these methods have been shown empirically on
a range of synthetic and real-world problems (Yin, Le Guen, et al., 2021; Mehta et al.,
2021; Donà et al., 2022). However, a signi!cant challenge with such methods is to !nd
the right balance between MB and ML components, if one is interested in retrieving a
meaningful estimation of the parametric prior. This generally requires the introduction
of regularization terms in the loss function, whose weighting coe"cients are complex
to optimize. Moreover, while these hybrid optimization methods have been mostly
applied to dynamical systems, they have not been thoroughly studied in the context
of standard regression problems, and the majority of ML models considered in these
approaches are neural networks, leaving aside other methods. Our contributions are the
following:

• We introduce a new hybrid training method based on partial dependence (PD),
which avoids regularization constraints and makes fewer assumptions than other
approaches.

• We investigate empirically the performance and bene!ts of hybrid methods against
data-driven methods on static regression problems (in contrast to dynamical
problems). The static context removes a layer of complexity related to the temporal
correlation between observed states, which makes it easier to assess the interaction
between theMB andML components. We compare di$erent approaches for training
such hybrid additive models, including our PD-based training. We highlight speci!c
assumptions under which these approaches are expected to work well and relate
their di$erences in terms of prediction and parameter recovery performance. We
focus on model-agnostic approaches, where the ML term can be of any type, and
we compare tree-based methods against neural networks. Tree-based methods
have several advantages over neural networks, which motivate their use on static
regression problems: they have much less hyper-parameters to tune, appear robust
to the presence of irrelevant features and have been shown to often outperform
neural networks on tabular data (Grinsztajn et al., 2022).

3.2 R%$+3%& #".5
Hybrid additive modeling methods emerged several decades ago, combining
!rst-principles models with di$erent ML models. Already in the 1990’s, approaches
derived by Kramer et al. (1992), Johansen et al. (1992), and Thompson et al. (1994)
complemented physics-based models with neural networks, weighting contributions of
both components (e.g. through radial basis function networks), to achieve enhanced
physical consistency with better generalization properties. More recently, other works
applied the same principles to model dynamical systems in various domains, still
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massively relying on neural networks (Yin, Ayed, et al., 2021; Qian et al., 2021; Takeishi
et al., 2021; Wehenkel et al., 2022). In a more standard regression setting, J. Chen et al.
(2007), Yu et al. (2010), and Zhang et al. (2019) combined a linear parametric term with a
tree-based ML term.

On the challenge of !nding the right balance between the MB and ML components,
previous works have introduced regularization of the ML term to reduce parameter
identi!cation issues in the decomposition (Wouwer et al., 2004; Hu et al., 2011). Further
works on this matter introduced constraints in the learning objective to better control
contributions of the MB/ML components (Yin, Le Guen, et al., 2021; Donà et al., 2022).
Elements of discussion about the well-posedness of this additive decomposition have also
been introduced in previous works: Yin, Le Guen, et al. (2021) showed the existence and
uniqueness of an optimal MB-ML pair when the contributions of the statistical model
are constrained to be minimal, and Donà et al. (2022) demonstrated the convergence of
an algorithm alternating between the optimization of both parts, without however any
guarantee about convergence points. Nevertheless, most of these works only addressed
dynamical systems forecasting.

3.3 M%3-"&"$"’4
In this section, we formally de!ne the problem of hybrid additive modeling in Section
3.3.1 and then describe various methods to address it in Section 3.3.2, including a new
proposal based on partial dependence.

3.3.1 P."7$%6 23+3%6%!3

Let us de!ne a regression problem, where 𝜍 ω ℝ and 𝛚 ω ℝ𝜑 , with 𝜑 ω ℕ+, are drawn
from a distribution 𝜔(𝛚, 𝜍) such that 𝜍 = 𝛻 (𝛚) + 𝜕 with 𝛻 ε ℝ𝜑 ⋛ ℝ the partially known
generating function and 𝜕 ϑ ∳ (0,ℵ2) the noise term. We focus on problems such that
𝛻 (𝛚) can be decomposed as:

Assumption 1 (A1, Additivity). 𝜍 = 𝛻ℶ(𝛚ℶ) + 𝛻𝜛(𝛚) + 𝜕, where 𝛚ℶ is a subset of ℷ ⋜ 𝜑
input variables.

We assume partial knowledge of the generating function through some known algebraic
function ℸ⊳ℶℶ (𝛚ℶ) ω ⨋ℶ with tunable parameters ⊳ℶ , such that for the optimal parameter
values ⊳ϖℶ we have ℸ

⊳ϖℶ
ℶ = 𝛻ℶ . The residual term 𝛻𝜛(𝛚) is unknown and is approximated in

this work through an ML component ℸ⊳𝜛𝜛 ω ⨋𝜛, with parameters ⊳𝜛1. The !nal model
ℸ ω ⨋ is denoted ℸ(𝛚) = ℸ⊳ℶℶ (𝛚ℶ) + ℸ⊳𝜛𝜛 (𝛚), with the function space⨋ de!ned as⨋ℶ +⨋𝜛.
A1 is common when MB methods and ML models are combined (Takeishi et al., 2021;
Yin, Ayed, et al., 2021; Donà et al., 2022; Wehenkel et al., 2022).

Given a learning sample of ⊲ input-output pairs LS = {(𝛚0, 𝜍0)}⊲0=1, drawn from 𝜔(𝛚, 𝜍),
we seek to identify a function ℸ = ℸ⊳ℶℶ + ℸ⊳𝜛𝜛 , i.e. parameters ⊳ℶ and ⊳𝜛, that minimizes
the following two distances:

∲mse(ℸ, 𝜍) = #(𝛚,𝜍)ϑ𝜔(𝛚,𝜍){(ℸ(𝛚) ϱ 𝜍)2}, (3.1)

∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ) = #𝛚ℶϑ𝜔(𝛚ℶ){(ℸ

⊳ℶ
ℶ (𝛚ℶ) ϱ 𝛻ℶ(𝛚ℶ))2}. (3.2)

The !rst distance measures the standard generalization error of the global model ℸ.
The hope is that taking ℸℶ into account will help learning a better global model than
!tting directly a pure data-driven model on 𝜍, especially in the small sample size regime.
The second distance ∲phy measures how well the tuned ℸℶ approximates 𝛻ℶ . The main

1In the following, ℸ⊳ℶℶ and ℸ⊳𝜛𝜛 will sometimes be denoted simply as ℸℶ and ℸ𝜛 to lighten the notations.
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motivation for this second objective is interpretability: one expects that the algebraic
form of ℸℶ will be derived from !rst principles by domain experts, who will be interested
in estimating the parameters of this term from data. An alternative to ∲phy is a loss that
would compare the estimated and optimal parameters 1⊳ℶ and ⊳ϖℶ (e.g., || 1⊳ℶ ϱ ⊳ϖℶ ||

2). ∲phy
however has the advantage not to require ⊳ϖℶ to be fully identi!able, i.e. there can exist
several sets of parameters ⊳ϖℶ such that ℸ⊳

ϖ
ℶ

ℶ = 𝛻ℶ .

The following approximation of Equation (3.1) can be used as training objective:

1∲mse(ℸ, 𝜍; LS) =
1
⊲

⊲

⌋
0=1

(ℸ(𝛚0) ϱ 𝜍0)2. (3.3)

Minimizing the distance in Equation (3.2) is expected to be challenging and sometimes
even ill-posed. Indeed, if ℸ𝜛 is too powerful, it could capture 𝛻 entirely and leave little
room for the estimation of 𝛻ℶ . Finding the right balance between ℸℶ and ℸ𝜛 is thus very
challenging, if not impossible, using only guidance of the learning sample LS. Unlike
Equation (3.1), Equation (3.2) cannot be estimated from a sample of input-output pairs
and hence cannot be explicitly used to guide model training. There are however several
scenarios that canmake the problem easier. In the following, wewill discuss the optimality
of hybrid methods under two additional assumptions:

Assumption 2 (A2, Disjoint features). Let 𝛚𝜛 be a subset of features disjoint from 𝛚ℶ
(𝛚ℶ ς 𝛚𝜛 = φ). There exists a function 𝛻 𝜀

𝜛 (𝛚𝜛) such that 𝛻𝜛(𝛚) = 𝛻 𝜀
𝜛 (𝛚𝜛) for all 𝛚.

Assumption 3 (A3, Independence). Features in 𝛚ℶ are independent from features in 𝛚𝜛
(𝛚ℶ ⋝⋝ 𝛚𝜛).

Problems where A2 is satis!ed are easier as 𝛻ℶ captures all the dependence of 𝜍 on 𝛚ℶ .
Furthermore, in problems where A3 is not met, it might be hard to distinguish real
contributions from 𝛚ℶ to 𝛻 from those due to correlations with features not in 𝛚ℶ . Note
that these assumptions do not strictly de!ne our modeling framework, but are rather used
in further developments and experiments as tools to derive claims about the optimality
and convergence of hybrid training methods on problems that do (or do not) satisfy
them.

3.3.2 T.+*!*!’ 6%3-"&2
We focus on model-agnostic approaches, i.e. that can be applied with any algebraic
function ℸℶ and any type of ML model ℸ𝜛. For both terms, we only assume access to
training functions, respectively denoted fitℸℶ , fitℸℶ+2 , and fitℸ𝜛 , that can each estimate
model parameters, respectively ⊳ℶ , (⊳ℶ , 2 ) and ⊳𝜛, so as to minimize the mean squared
error (MSE) over LS (see below for the meaning of 2 ), where parametric methods rely on
gradient descent.

Algorithm 1 Sequential Optimization: Static problems

Input: LS = {(𝛚0, 𝜍0)}⊲0=1

( 1⊳ℶ , 12 ) ⋞ fitℸℶ+2 (LS)
1⊳𝜛 ⋞ fitℸ𝜛({(𝛚0, 𝜍0 ϱ ℸ

1⊳ℶ
ℶ (𝛚0) ϱ 12 )}⊲0=1)

return ℸ
1⊳ℶ
ℶ + 12 + ℸ 1⊳𝜛

𝜛
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S%:%!3*+$ 3.+*!*!’ "/ ℸℶ +!& ℸ𝜛

This baseline approach !rst !ts ℸℶ on the observed output 𝜍, then !ts ℸ𝜛 on the resulting
residuals, as done by Zhang et al. (2019) (see Algorithm 1). More precisely, we !rst train
ℸ⊳ℶℶ on 𝜍 by introducing a constant term 2 ω ℝ, such that

( 1⊳ℶ , 12 ) = fitℸℶ+2 (LS). (3.4)

Afterwards, we !t ℸ𝜛 on the output residuals: 1⊳𝜛 = fitℸ𝜛 {(𝛚0, 𝜍0 ϱ ℸ
1⊳ℶ
ℶ (𝛚0) ϱ 12 )}⊲0=1.

Introducing the constant term 2 Let 1⨌ℶ be the set of all functions 1𝛻ℶ mapping 𝛚ℶ ω ⨍ℶ

to some value 𝜍 ω ℝ, i.e. 1⨌ℶ = { 1𝛻ℶ ε ⨍ℶ ⋛ ℝ}. Under A2 and A3, it can be shown that
1𝛻 ϖ
ℶ = argmin 1𝛻ℶω 1⨌ℶ

∲mse( 1𝛻ℶ , 𝜍) is such that 1𝛻 ϖ
ℶ (𝛚ℶ) = 𝛻ℶ(𝛚ℶ) + 3, for every 𝛚ℶ ω ⨍ℶ , with

3 = #𝛚𝜛

⌈
𝛻 𝜀
𝜛 (𝛚𝜛)

⌉
. Indeed, as 𝜍 = 𝛻ℶ(𝛚ℶ) + 𝛻 𝜀

𝜛 (𝛚𝜛) + 𝜕, we have:

1𝛻 ϖ
ℶ = arg min

1𝛻ℶω 1⨌ℶ

∲mse( 1𝛻ℶ , 𝜍) = arg min
1𝛻ℶω 1⨌ℶ

#𝛚,𝜕

{

}
1𝛻ℶ(𝛚ℶ) ϱ 𝛻ℶ(𝛚ℶ) ϱ 𝛻 𝜀

𝜛 (𝛚𝜛) ϱ 𝜕⦃
2
⦄

= arg min
1𝛻ℶω 1⨌ℶ

#𝛚ℶ

⟨
( 1𝛻ℶ(𝛚ℶ) ϱ 𝛻ℶ(𝛚ℶ))2

⟩
+ #𝛚𝜛 ,𝜕

⌈
(𝛻 𝜀

𝜛 (𝛚𝜛) + 𝜕)2
⌉

ϱ #𝛚,𝜕

⟨
2( 1𝛻ℶ(𝛚ℶ) ϱ 𝛻ℶ(𝛚ℶ))(𝛻 𝜀

𝜛 (𝛚𝜛) + 𝜕)
⟩
.

The second term is independent w.r.t. 1𝛻ℶ and thus has no impact on the minimization.
Moreover, since 𝛚ℶ ⋝⋝ 𝛚𝜛, the last term writes as the product of two expectations, one of
which is constant w.r.t. 1𝛻ℶ . We thus have:

1𝛻 ϖ
ℶ = arg min

1𝛻ℶω 1⨌ℶ

#𝛚ℶ

⟨
( 1𝛻ℶ(𝛚ℶ) ϱ 𝛻ℶ(𝛚ℶ))2

⟩
ϱ 23#𝛚ℶ

⟨
( 1𝛻ℶ(𝛚ℶ) ϱ 𝛻ℶ(𝛚ℶ))

⟩
, (3.5)

with 3 = #𝛚𝜛 ,𝜕
⌈
(𝛻 𝜀

𝜛 (𝛚𝜛) + 𝜕)
⌉

= #𝛚𝜛

⌈
𝛻 𝜀
𝜛 (𝛚𝜛)

⌉
. Cancelling the derivative of

Equation (3.5) w.r.t. 1𝛻ℶ , we obtain the optimal model 1𝛻 ϖ
ℶ (𝛚ℶ) = 𝛻ℶ(𝛚ℶ) + 3, for every

𝛚ℶ ω ⨍ℶ .

Hence, this approach is sound at least asymptotically and justi!es the introduction of
2 . Note however that even under A2 and A3, we have no guarantee that this approach
produces the best estimator for a !nite sample size, as 𝛻 𝜀

𝜛 (𝛚𝜛) + 4 acts as a pure additive
noise term that needs to be averaged out during training. The approaches described in
Sections 3.3.2 and 3.3.2 try to overcome this issue by !tting ℸ⊳ℶℶ on corrected outputs that
are expected to be closer to 𝛻ℶ(𝛚ℶ). Regarding sequential optimization, without A2 and
A3, the quality of the estimation ℸ

1⊳ℶ
ℶ , according to Equation (3.2), is not guaranteed as

there are problems satisfying A1 such that:

∇2 ω ℝ ε arg min
1𝛻ℶω 1⨌ℶ

∲mse( 1𝛻ℶ , 𝜍) = 𝛻ℶ + 2 . (3.6)

An example of such problems will be given in Section 3.4.

A$3%.!+3% 3.+*!*!’ "/ ℸℶ +!& ℸ𝜛

A hybrid additive approach was proposed by Donà et al. (2022), tackling the problem of
dynamical systems forecasting, which alternates between updating ℸℶ and updating ℸ𝜛,
using neural networks for ℸ𝜛. They also introduce speci!c regularization criteria to try
and !nd the optimal balance between both parts of the model, but we decided to focus
on the non-regularized version of the algorithm, as we did not manage to signi!cantly
improve the results in the static experiments by adding the regularization process (such
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process will however have an impact in the dynamical setting, see Chapter 4). Such
alternate training was also proposed by J. Chen et al. (2007) and Yu et al. (2010) with a
single decision tree as ℸ𝜛 and a linear ℸℶ . We include this approach in our comparison,
but also investigate it with random forests (Breiman, 2001) and tree gradient boosting
(Friedman, 2002).

The optimization process de!ned by Donà et al. (2022) is as follows: 1⊳ℶ is !rstly initialized
by (fully) !tting ℸ⊳ℶℶ + 2 on 𝜍. Then, we alternate between: (1) a single epoch of gradient
descent on ℸ⊳ℶℶ + 2 and (2) either a single epoch for ℸ𝜛 (in the case of neural networks, as
performed by Donà et al. (2022)) or a complete !t of ℸ𝜛 (in the case of tree-based models).
This process is described in Algorithm 2.

Algorithm 2 Alternate Optimization: Static problems

Input: LS = {(𝛚0, 𝜍0)}⊲0=1, 5 > 0

1⊳(0)𝜛 ⋞ Random Initialization
( 1⊳(0)ℶ , 12 (0)) ⋞ fitℸℶ+2 (LS)
for 6 = 1 to ⊲6 do

1⊳(6)𝜛 ⋞ fitℸ𝜛({(𝛚0, 𝜍0 ϱ ℸ
1⊳(6ϱ1)ℶ
ℶ (𝛚0) ϱ 12 (6ϱ1))}⊲0=1)

( 1⊳(6)ℶ , 12 (6)) ⋞ fitℸℶ+2 ({(𝛚0, 𝜍0 ϱ ℸ
1⊳(6)𝜛
𝜛 (𝛚0))}⊲0=1)

1⊳(⊲6+1)
𝜛 ⋞ fitℸ𝜛({(𝛚0, 𝜍0 ϱ ℸ

1⊳(⊲6 )ℶ
ℶ (𝛚0) ϱ 12 (⊲6))}⊲0=1)

return ℸ
1⊳(⊲6 )ℶ
ℶ + 12 (⊲6) + ℸ

1⊳(⊲6+1)𝜛
𝜛

While some theoretical results are given by Donà et al. (2022), convergence of the alternate
method towards the optimal solution is not guaranteed in general. Despite an initialization
favoring ℸℶ , it is unclear whether a too expressive ℸ𝜛 will not dominate ℸℶ and !nding
the right balance between these two terms, e.g. by regularizing further ℸ𝜛, is challenging.
Under A2 and A3 however, the population version2 of the algorithm produces an optimal
solution. Indeed, ℸℶ will be initialized as the true 𝛻ℶ , as shown previously, making the
residuals 𝜍 ϱ ℸℶ at the !rst iteration, as well as ℸ𝜛, independent of 𝛚ℶ . ℸℶ will thus remain
unchanged (and optimal) at subsequent iterations.

P+.3*+$ D%0%!&%!,%(7+2%& 3.+*!*!’ "/ ℸℶ +!& ℸ𝜛

We propose a novel approach relying on partial dependence (PD) functions (Friedman,
2001) to produce a proxy dataset depending only on 𝛚ℶ to !t ℸℶ . PD measures how a
given subset of features impact the prediction of a model, on average. Let 𝛚ℶ be the subset
of interest and 𝛚ϱℶ its complement, with 𝛚ℶ ∂ 𝛚ϱℶ = 𝛚, then the PD of a function 𝛻 (𝛚) on
𝛚ℶ is:

PD(𝛻 , 𝛚ℶ) = #𝛚ϱℶ [𝛻 (𝛚ℶ , 𝛚ϱℶ)] = ⟪ 𝛻 (𝛚ℶ , 𝛚ϱℶ)𝜔(𝛚ϱℶ)𝜑𝛚ϱℶ , (3.7)

where 𝜔(𝛚ϱℶ) is the marginal distribution of 𝛚ϱℶ . Under A1 and A2, the PD of 𝛻 (𝛚) =
𝛻ℶ(𝛚ℶ) + 𝛻 𝜀

𝜛 (𝛚𝜛) is (Friedman, 2001):

PD(𝛻 , 𝛚ℶ) = 𝛻ℶ(𝛚ℶ) + 3, with 3 = 7𝛚𝜛 {𝛻
𝜀
𝜛 (𝛚𝜛)}. (3.8)

The idea of our method is to !rst !t any su"ciently expressive ML model ℸ𝜛(𝛚) on LS
and to compute its PD w.r.t. 𝛚ℶ to obtain a !rst approximation of 𝛻ℶ(𝛚ℶ) (up to a constant).
Although computing the actual PD using Equation (3.7) requires in principle access to

2i.e., assuming an in!nite training sample size and consistent estimators.
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the input distribution, an approximation can be estimated from LS as follows:

8PD(ℸ𝜛, 𝛚ℶ ; LS) =
1
⊲

⊲

⌋
0=1

ℸ𝜛(𝛚ℶ , 𝛚0,ϱℶ), (3.9)

where 𝛚0,ϱℶ denotes the values of 𝛚ϱℶ in the 0-th sample of LS. A new dataset of pairs
(𝛚ℶ ,8PD(ℸ𝜛, 𝛚ℶ ; LS)) can then be built to !t ℸℶ . In our experiments, we consider only the
𝛚ℶ values observed in the learning sample but 8PD(ℸ𝜛, 𝛚ℶ ; LS) could also be estimated at
other points 𝛚ℶ to arti!cially increase the size of the proxy dataset.

In practice, optimizing ⊳ℶ only once on the PD of ℸ𝜛 could leave residual dependence
of 𝛚ℶ on the resulting 𝜍 ϱ ℸ

1⊳ℶ
ℶ (𝛚ℶ) ϱ 12 . We thus repeat the sequence of !tting ℸ𝜛 on the

latter residuals, then !tting ℸℶ on the obtained 8PD(ℸ 1⊳𝜛
𝜛 , 𝛚ℶ ; LS) + ℸ

1⊳ℶ
ℶ (𝛚ℶ) + 12 , with 1⊳ℶ , 12

and 1⊳𝜛 the current optimized parameter vectors (see Algorithm 3).

Algorithm 3 Partial Dependence Optimization - Static problems

Input: LS = {(𝛚0, 𝜍0)}⊲0=1
1⊳(0)𝜛 ⋞ fitℸ𝜛(LS)
( 1⊳(0)ℶ , 12 (0)) ⋞ fitℸℶ+2 ({(𝛚ℶ,0, 8PD(ℸ

1⊳(0)𝜛
𝜛 , 𝛚ℶ,0; LS))}⊲0=1)

for 9 = 1 to ⊲𝜀 do
1⊳(9)𝜛 ⋞ fitℸ𝜛({(𝛚0, 𝜍0 ϱ ℸ

1⊳(9ϱ1)ℶ
ℶ (𝛚ℶ,0) ϱ 12 (9ϱ1))}⊲0=1)

( 1⊳(9)ℶ , 12 (9)) ⋞ fitℸℶ+2 ({(𝛚ℶ,0, ℸ
1⊳(9ϱ1)ℶ
ℶ (𝛚ℶ,0) + 12 (9ϱ1) + 8PD(ℸ

1⊳(9)𝜛
𝜛 , 𝛚ℶ,0; LS))}⊲0=1)

1⊳(⊲𝜀+1)
𝜛 ⋞ fitℸ𝜛({(𝛚0, 𝜍0 ϱ ℸ

1⊳(⊲𝜀 )ℶ
ℶ (𝛚ℶ,0) ϱ 12 (⊲𝜀 ))}⊲0=1)

return ℸ
1⊳(⊲𝜀 )ℶ
ℶ + 12 (⊲𝜀 ) + ℸ

1⊳(⊲𝜀+1)𝜛
𝜛

The main advantage of this approach over the alternate one is to avoid domination
of ℸ𝜛 over ℸℶ . Unlike the two previous approaches, this one is also sound even if A3
is not satis!ed as it is not a requirement for Equation (3.8) to hold. One drawback is
that it requires ℸ𝜛 to capture well the dependence of 𝛻 on 𝛚ℶ so that its PD is a good
approximation of 𝛻ℶ . The hope is that even if it is not the case at the !rst iteration, !tting
ℸℶ , that contains the right inductive bias, will make the estimates better and better over
the iterations.

3.4 E;0%.*6%!32
We compare the di$erent methods on several regression datasets, both simulated and real.
Performance is measured through estimates of Equation (3.1) and Equation (3.2) (the latter
only on simulated problems) on a test set .,, respectively denoted 1∲mse(ℸ, 𝜍; .,) and
1∲phy(ℸ

⊳ℶ
ℶ , 𝛻ℶ ; .,). In some cases, we also report rMAE(⊳ϖℶ , ⊳ℶ), the relative mean absolute

error between ⊳ϖℶ and ⊳ℶ (lower is better for all measures). For hybrid approaches, we
use as ℸ𝜛 either a multilayer perceptron (MLP), gradient boosting with decision trees
(GB) or random forests (RF). We compare these hybrid models to a standard data-driven
model that uses only ℸ𝜛. We also compare !tting ℸ𝜛 with and without input !ltering,
i.e. respectively removing or keeping 𝛚ℶ from its inputs, to verify convergence claims
about ℸℶ in Section 3.3.2, under A2. Architectures (e.g. for MLP, the number of layers
and neurons) are kept !xed across training methods to allow a fair comparison between
them, and are given in Appendix 3.A. We monitor Equation (3.3) on a validation set and
select the model that reaches the lowest validation loss.
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I!&%0%!&%!3 *!0)3 /%+3).%2 (A2 +!& A3 2+3*2/*%&)

Friedman problem We consider the following synthetic regression problem:

𝜍 = ⊳0 sin(⊳1<0<1) + ⊳2(<2 ϱ ⊳3)2 + ⊳4<3 + ⊳5<4 +
9

⌋
ℏ=5

0<ℏ + 𝜕,

where <ℏ ϑ ⨎ (0, 1), ℏ = 0,…9, and 𝜕 ϑ ∳ (0, 1) (Friedman et al., 1983). We generate 10
di$erent datasets using 10 di$erent sets of values for ⊳0,… , ⊳5, each with 300, 300 and 600
samples for respectively the training, validation and test sets. For the hybrid approaches,
we use the !rst term as prior knowledge, i.e. 𝛻ℶ(𝛚ℶ) = ⊳0 sin(⊳1<0<1).

Table 3.1. Results on the Friedman problem. We report the mean and standard deviation
of 1∲mse and 1∲phy over the 10 test sets (TS). “𝛻ℶ ⋟ ℸ𝜛" !ts ℸ𝜛 on 𝜍 ϱ 𝛻ℶ(𝛚ℶ). “Un!ltered"
indicates that all the features are used as inputs of ℸ𝜛, while “Filtered" indicates that the
features 𝛚ℶ are removed from the inputs of ℸ𝜛.

1∲mse(ℸ, 𝜍; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

Method Un!ltered Filtered Un!ltered Filtered

𝛻ℶ ⋟ ℸ𝜛 1.58 ± 0.33 1.23 ± 0.10 -
Sequential 1.54 ± 0.31 1.43 ± 0.13 0.18 ± 0.16

MLP Alternate 1.43 ± 0.09 1.32 ± 0.09 0.10 ± 0.09 0.02 ± 0.02
PD-based 1.54 ± 0.12 1.38 ± 0.09 0.06 ± 0.07
ℸ𝜛 only 2.62 ± 0.75 -
𝛻ℶ ⋟ ℸ𝜛 1.73 ± 0.09 1.75 ± 0.12 -
Sequential 1.74 ± 0.11 1.81 ± 0.14 0.18 ± 0.16

GB Alternate 1.79 ± 0.11 1.78 ± 0.15 0.91 ± 1.45 0.06 ± 0.06
PD-based 1.77 ± 0.13 1.78 ± 0.12 0.03 ± 0.02
ℸ𝜛 only 3.43 ± 0.94 -
𝛻ℶ ⋟ ℸ𝜛 2.03 ± 0.18 1.96 ± 0.17 -
Sequential 2.11 ± 0.23 2.05 ± 0.24 0.18 ± 0.16

RF Alternate 2.03 ± 0.19 1.98 ± 0.17 0.04 ± 0.03 0.04 ± 0.04
PD-based 2.16 ± 0.27 2.09 ± 0.26 0.16 ± 0.15
ℸ𝜛 only 5.58 ± 1.91 -

We see in Table 3.1 that all hybrid training schemes outperform their data-driven
counterpart. They come very close to the ideal 𝛻ℶ ⋟ ℸ𝜛 method, and are sometimes even
slightly better, probably due to chance. Sequential !tting of ℸℶ and ℸ𝜛 performs as well
as the alternate or PD-based approaches, as A2 and A3 are satis!ed for this problem (see
Section 3.3.2). Filtering generally improves the performance of hybrid schemes as A2 is
satis!ed. PD-based optimization yields good approximations of 𝛻ℶ (as shown by a low
1∲phy). The alternate approach follows closely whereas the sequential one ends up last,
which can be expected as !tting ℸℶ only on 𝜍 induces a higher noise level centered
around #𝛚𝜛 {𝛻𝜛(𝛚𝜛)}, while the other approaches bene!t from reduced perturbations
through ℸ𝜛 estimation, as explained in Section 3.3.2. Filtering vastly decreases 1∲phy for
alternate approaches, supporting claims introduced in Section 3.3.2, while this measure
remains unimpaired for sequential and PD-based training by construction.

C"..%$+3%& *!0)3 /%+3).%2 (A3 !"3 2+3*2/*%&)

Correlated Linear problem. Let 𝜍 = >0<0 + >1<1 + 𝜕, with >0 = ϱ0.5, >1 = 1, 𝛚 ϑ
∳ (𝛆,−), and 𝜕 ϑ ∳ (0, 0.52). We generate 50, 50 and 600 samples respectively for the
training, validation and test sets. We use as known term 𝛻ℶ(𝛚ℶ) = >0<0. Regressing 𝜍 on
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<0 yields the least-squares solution (Greene, 2018):

# ⟫
1>0❲ = >0 +

cov(<0, <1)
var(<0)

>1. (3.10)

We set cov(<0, <1) = 2.25 and var(<0) = 2 so that Equation (3.10) reverses the sign of >0
and Equation (3.6) is satis!ed. The sequential approach should hence yield parameter
estimates of >0 close to Equation (3.10) while we expect the others to correct for this
bias.

Table 3.2. Results for the Correlated Linear problem. We report 1∲mse and rMAE(>ϖ
0 , 1>0),

over 10 di$erent datasets.

1∲mse(ℸ, 𝜍; .,) rMAE(>ϖ
0 , 1>0)

Method Un!ltered Filtered Un!ltered Filtered
Sequential 0.30 ± 0.03 0.74 ± 0.09 224.14 ± 13.48

MLP Alternate 0.30 ± 0.02 0.31 ± 0.04 186.65 ± 21.31 15.53 ± 13.57
PD-based 0.30 ± 0.03 0.29 ± 0.02 26.47 ± 17.32
Sequential 0.59 ± 0.06 1.38 ± 0.11 224.14 ± 13.48

GB Alternate 0.57 ± 0.06 0.60 ± 0.09 148.75 ± 67.35 24.58 ± 12.20
PD-based 0.56 ± 0.05 0.64 ± 0.13 36.05 ± 17.50
Sequential 0.53 ± 0.05 0.90 ± 0.07 224.14 ± 13.48

RF Alternate 0.43 ± 0.04 0.42 ± 0.04 111.04 ± 52.78 45.38 ± 22.39
PD-based 0.41 ± 0.03 0.43 ± 0.04 57.47 ± 15.55

From Table 3.2, we observe that, contrary to PD-based training, the sequential and
alternate methods return very bad estimations of >0, as A3 is no longer satis!ed. Filtering
corrects the bias for the alternate approach but degrades the MSE performance for
sequential training as it removes the ability to compensate for the ℸℶ mis!t.

Table 3.3. Results for the Correlated Friedman problem.

1∲mse(ℸ, 𝜍; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

Method Un!ltered Filtered Un!ltered Filtered

𝛻ℶ ⋟ ℸ𝜛 1.64 ± 0.23 1.51 ± 0.17 -
Sequential 2.07 ± 0.40 2.68 ± 1.38 1.35 ± 1.42

MLP Alternate 1.95 ± 0.33 1.62 ± 0.24 0.49 ± 0.44 0.14 ± 0.19
PD-based 2.24 ± 0.31 1.78 ± 0.30 0.17 ± 0.23
ℸ𝜛 only 2.77 ± 0.73 -
𝛻ℶ ⋟ ℸ𝜛 2.58 ± 0.45 2.53 ± 0.44 -
Sequential 2.90 ± 0.39 3.91 ± 1.49 1.35 ± 1.42

GB Alternating 2.67 ± 0.38 2.62 ± 0.43 0.51 ± 0.53 0.22 ± 0.25
PD-based 2.54 ± 0.35 2.47 ± 0.36 0.03 ± 0.02
ℸ𝜛 only 4.49 ± 0.66 -
𝛻ℶ ⋟ ℸ𝜛 3.02 ± 0.45 2.93 ± 0.45 -
Sequential 3.78 ± 0.78 4.04 ± 1.30 1.35 ± 1.42

RF Alternating 3.06 ± 0.39 2.99 ± 0.38 0.14 ± 0.16 0.15 ± 0.18
PD-based 3.24 ± 0.38 3.16 ± 0.37 0.27 ± 0.20
ℸ𝜛 only 6.70 ± 1.47 -

Correlated Friedman problem. The structure is identical to the one in the previous
Friedman problem, but with correlated inputs drawn from a multivariate normal
distribution where ⋆0 = 0.5 and var(<0) = 0.75, +0, and cov(<0, <ℏ ) = ±0.3, +0 ⋠ ℏ (the

33



3.4 E;0%.*6%!32

covariance sign being chosen randomly). Sizes of the training, validation and test sets
are identical to those of the uncorrelated Friedman problem. Inputs are then scaled to be
roughly in [ϱ1, 1]. Here again, we use 𝛻ℶ(𝛚ℶ) = ⊳0 sin(⊳1<0<1).

Table 3.3 shows that hybrid models outperform their data-driven equivalents. PD-based
methods usually yield more robust ℸℶ estimations in the general un!ltered case, but
struggle to line up with the alternate scheme in terms of predictive performance, except
for GB-related models. For RF, this can be explained by a worse ℸℶ estimation while for
MLP we assume that it is due to ℸ𝜛 over!tting: in the alternate approach, it is optimized
one epoch at a time, interleaved with one step on ℸℶ , whereas that of PD-based methods
is fully optimized (with identical complexities). Sequential and alternate approaches yield
poor ℸℶ estimations without !ltering since A3 is not met, but the latter mitigates this w.r.t.
the former. Input !ltering degrades predictive performance for the sequential methods
as they cannot counterbalance a poor ℸℶ .

O1%.$+00*!’ +&&*3*1% 23.),3).% (A2 +!& A3 !"3 2+3*2/*%&)

Let 𝜍 = ><2
0 + sin(2<0) + ≨<1 + 𝜕 with 𝜕 ϑ ∳ (0, 0.52), > = 0.2, 2 = 1.5, ≨ = 1 and

𝛚 sampled as in the Correlated Linear problem. We generate 50, 50 and 600 samples
respectively for the training, validation and test sets. We de!ne 𝛻ℶ(𝛚ℶ) = ><2

0 and
𝛻𝜛(𝛚) = sin(2<0) + ≨<1 + 𝜕. Hence, A2 and A3 do not hold. Even with 1> = >ϖ, ℸ𝜛 still
needs to compensate for sin(2<0). Therefore, !ltering is expected to degrade performance
for all hybrid approaches as ℸ𝜛(<1) will never compensate for this gap, which we observe
in Table 3.4, for both MLP and GB. Interestingly, sequential optimization seems to be the
most impacted by !ltering. It thus seems that having an interaction between the training
of ℸℶ and the training of ℸ𝜛 can still help to reduce the generalization error, even though
𝛻ℶ(<0) (and hence ℸℶ(<0)) is misspeci!ed by design. Results for RF are not shown for the
sake of space, but are similar to GB.

Table 3.4. Results for the Overlapping problem.

1∲mse(ℸ, 𝜍; .,) 1∲mse(ℸ, 𝜍; .,)
Un!ltered Filtered Un!ltered Filtered

Method MLP GB

𝛻ℶ ⋟ ℸ𝜛 0.35 ± 0.02 0.54 ± 0.04 0.51 ± 0.04 1.00 ± 0.12
Sequential 0.35 ± 0.01 0.59 ± 0.05 0.55 ± 0.07 1.07 ± 0.11
Alternate 0.35 ± 0.02 0.56 ± 0.05 0.54 ± 0.09 1.01 ± 0.11
PD-based 0.34 ± 0.02 0.56 ± 0.05 0.53 ± 0.05 0.99 ± 0.12
ℸ𝜛 only 0.37 ± 0.02 0.55 ± 0.07

I60+,3 "/ 3.+*!*!’ 2+60$% 2*9%

In this experiment, we want to estimate the performance gap between hybrid methods
and data-driven methods, for di$erent sizes of the training sample. We measure the
evolution of Equation (3.1) and Equation (3.2) for the di$erent training algorithms, for
increasing sample sizes of the Correlated Friedman problem. In particular, for a !xed
training size, we generate 10 datasets using 10 di$erent sets of values for ⊳0,… , ⊳5. The
same 10 validation and test samples are !xed across all training sample sizes, containing
300 and 600 samples each.

Regarding MLPs, we observe in Figure 3.1 that the theoretically ideal 𝛻ℶ ⋟ ℸ𝜛 method
generally performs better than any other training scheme, and signi!cantly better for
low-size regimes. Furthermore, hybrid models almost always outperform data-driven
methods, except for PD-based training which struggles with very small sample sizes (30
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Figure 3.1. Evolution of 1∲mse (left) and 1∲phy (right) w.r.t. the training sample size, on the
Correlated Friedman problem. The boxplot summarizes the results over 10 test sets, using
MLP as ℸ𝜛.

training samples). This could be explained by the fact that, in this algorithm, the training
of ℸℶ highly depends on the quality of !t of ℸ𝜛, which serves as surrogate model for
the true function 𝛻 . Nevertheless, with slightly more training samples, we notice that
it performs as good as the other training schemes. As could be expected, all training
methods bene!t from an increasing training sample size, and the gap between data-driven
and hybrid models becomes smaller.

As observed for the generalization error, we also observe that the PD-based optimization
yields worse estimates of ℸℶ compared to the other hybrid approaches for very small
sample sizes. However, it becomes competitive with the other methods at training samples
of size 60, and eventually outperforms them at larger sample sizes.

Similarly to MLP, we observe in Figure 3.2 that hybrid methods with boosting outperform
data-driven methods. Once again, PD-based training seems to struggle with very low
sample sizes, although the gap with other hybrid schemes is more moderate and the
performance of boosting alone is worse than that of MLP alone. Whatever the training
sample size, the performance of hybrid methods with boosting is on par (and sometimes
better) with that of MLP, both for generalization error and estimates of ℸℶ .

The same observations can be made for RF in Figure 3.3, even though its performance is
slightly worse than its MLP or boosting counterparts, whatever the training sample size.
Still, it is interesting to note that hybrid methods using RF yield the best estimates of ℸℶ
for the smallest sample size.
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Figure 3.2. Evolution of 1∲mse (left) and 1∲phy (right) w.r.t. the training sample size, on the
Correlated Friedman problem. The boxplot summarizes the results over 10 test sets, using
GB as ℸ𝜛.
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Figure 3.3. Evolution of 1∲mse (left) and 1∲phy (right) w.r.t. the training sample size, on the
Correlated Friedman problem. The boxplot summarizes the results over 10 test sets, using
RF as ℸ𝜛.
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We now apply all methods on two real-world static datasets. As algebraic term ℸℶ , we
chose to use a linear prior on <ℶ , where <ℶ is the feature with the highest importance
score in a RF model trained on the full dataset (assumed to be inaccessible at training
time). As there is no guarantee that any of our assumptions are met (and in particular A1),
we do not measure the distance ∲phy in Equation (3.2) as it is deemed irrelevant.

We consider two settings for each dataset, inspired by Zhang et al. (2019). In the !rst
setting (INT), the training and test sets are sampled from the same distribution 𝜔(𝛚, 𝜍)
whereas the second one (EXT) evaluates extrapolation performance for samples with
unseen target values. If the linear prior is a reasonable assumption or, at the very least,
the target increases or decreases monotonically with <ℶ , then we can expect hybrid
methods to yield better results in the latter setting. In the INT setting for each dataset,
we randomly select 100 samples for the learning set, 100 samples for the validation set
and keep the rest as test set. For the EXT setting, we select the samples (one fourth of
the dataset) with the lowest output values as test set. From the remaining samples, we
randomly select 100 samples for the learning set and 100 samples for the validation set.
For both INT and EXT settings, performance metrics are averaged over 10 di$erent splits.
We standardize both input and output variables.

Table 3.5. Variables used for the real-world datasets. For each dataset, the variable
indicated in bold type is the one used in the linear prior (<ℶ).

Dataset Name Description

CCPP T Ambient temperature [°C]
AP Ambient pressure [mbar]
RH Relative humidity [-]
V Exhaust vacuum [cmHg]

CCS Cement Amount of cement in the mixture [kg/m3]
Blast Furnace Slag Amount of blast furnace slag in the mixture [kg/m3]
Fly Ash Amount of #y ash in the mixture [kg/m3]
Water Amount of water in the mixture [kg/m3]
Superplasticizer Amount of superplasticizer in the mixture [kg/m3]
Coarse Aggregate Amount of coarse aggregate in the mixture [kg/m3]
Fine Aggregate Amount of !ne aggregate in the mixture [kg/m3]
Age Day (1-365)
Cement/Water Cement to water ratio [-]

The features for both datasets are described in Table 3.5. The Combined Cycle Power Plant
(CCPP) dataset (Tfekci et al., 2014) collects 9,568 measurements of net hourly electrical
energy output for a combined cycle power plant, along with four hourly average input
variables. The Concrete Compressive Strength (CCS) dataset (Yeh, 1998) is composed of 1,030
samples relating amounts of concrete components with the resulting compressive strength.
As done in the work of Zhang et al. (2019), we introduce a new feature corresponding to
the cement-to-water ratio.

From Table 3.6, it seems that introducing a linear prior does not yield any bene!t in the
interpolation setting, as all models perform equally well, which suggests that either the
prior is not adequate or that A1 is not satis!ed. In the extrapolation scenario, we can
however observe that the linear prior allows to mitigate the impact of moving out of the
distribution compared to data-driven models. Indeed, compared to the INT setting, the
performance of all purely data-driven methods degrades in the EXT scenario, especially

37



3.5 C"!,$)2*"!

Table 3.6. Results for the real-world datasets. We report the mean and standard deviation
of 1∲mse over the test sets.

CCPP CCS
Method INT EXT INT EXT

Sequential 0.07 ± 0.01 0.23 ± 0.13 0.25 ± 0.04 0.74 ± 0.24
MLP Alternating 0.07 ± 0.01 0.24 ± 0.10 0.24 ± 0.03 0.89 ± 0.36

PD-based 0.07 ± 0.01 0.07 ± 0.01 0.25 ± 0.03 0.38 ± 0.04
ℸ𝜛 only 0.07 ± 0.01 0.36 ± 0.21 0.25 ± 0.05 0.83 ± 0.30

Sequential 0.08 ± 0.01 0.35 ± 0.07 0.21 ± 0.02 0.91 ± 0.24
GB Alternating 0.08 ± 0.01 0.41 ± 0.17 0.20 ± 0.03 0.85 ± 0.28

PD-based 0.08 ± 0.02 0.10 ± 0.01 0.22 ± 0.02 0.31 ± 0.06
ℸ𝜛 only 0.10 ± 0.01 0.95 ± 0.18 0.25 ± 0.02 1.54 ± 0.28

Sequential 0.07 ± 0.01 0.28 ± 0.07 0.20 ± 0.02 1.06 ± 0.31
RF Alternating 0.07 ± 0.01 0.32 ± 0.12 0.20 ± 0.02 1.00 ± 0.32

PD-based 0.07 ± 0.01 0.08 ± 0.01 0.20 ± 0.02 0.30 ± 0.08
ℸ𝜛 only 0.08 ± 0.01 0.99 ± 0.19 0.25 ± 0.02 1.89 ± 0.39

for GB and RF as their output predictions are bounded by the minimum target value
observed in the training set. PD-based hybrid methods consistently outperform other
hybrid approaches and are only slightly impacted, while sequential and alternating
methods attain similar results.

3.5 C"!,$)2*"!
We study several methods for training hybrid additive models on static supervised
regression problems, for which we empirically show that trends observed for neural
networks also apply for the non-parametric tree-based approaches, in terms of predictive
performance as well as in the estimation of the algebraic known function. We introduce
claims related to the convergence of these hybrid approaches and verify their soundness
on illustrative experiments. In particular, for such static additive problems where
both terms are functions of disjoint and independent input features, we hypothesize
that sequential and alternate training asymptotically converge to the true parametric
component.

We present a new hybrid approach leveraging partial dependence and show its
competitiveness against sequential and alternate optimization schemes on both synthetic
and real-world static problems. We highlight its bene!ts in estimating the parametric
prior and show that it alleviates both the risk of the ML term to dominate the known
term and the need for assuming independent input features sets, although the quality of
its parametric estimator may by degraded when there is a clear overlap of input features
between 𝛻ℶ and 𝛻𝜛. Another advantage of the PD-based training scheme is the reduced
need for hyperparameter tuning compared to the alternate approach, which introduces
multiple regularization coe"cients that must be jointly optimized.

As a more general conclusion, hybrid methods are shown in our experiments to improve
predictive performance with respect to ML-only models, although not always very
signi!cantly. The main bene!t of the alternate and PD-based methods over the simple
sequential approach is that they provide better estimators of the algebraic term, especially
when !ltering is relevant and can be applied.
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Model hyperparameters for the static regression problems are reported in Table 3.7. These
values have been chosen on the basis of preliminary small-scale experiments, with the
main aim of obtaining a good tradeo$ between predictive performance and computation
times of the full experiments. Obviously better performance can be obtained for each of
the methods with a more intensive hyper-parameter tuning. We used PyTorch (Paszke
et al., 2019) for MLP, scikit-learn (Pedregosa et al., 2011) for RF and xgboost (T. Chen
et al., 2016) for GB. Unspeci!ed parameters keep their default values. Learning rates
for training ℸℶ and MLP are set to 0.005. H is the number of hidden layers in MLP and
W the number of neurons per hidden layer. T is the number of trees in GB and RF, d
the maximum tree depth and mss the minimum number of samples required to split an
internal tree node.

Table 3.7. Model hyperparameters, for each experiment.

Problem MLP GB RF
(Correlated) Friedman problems H = 2,W = 15 T = 700, d = 2 T = 500,mss = 5
Linear & Overlapping problems H = 2,W = 10 T = 400, d = 2 T = 500,mss = 5
Real-world problems H = 2,W = 30 T = 300, d = 2 T = 200,mss = 5
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This chapter has previously been published as part of

Yann Claes, Vân Anh Huynh-Thu, and Pierre Geurts (2025). “Hybrid additive
modeling with partial dependence for supervised regression and dynamical
systems forecasting”. In Machine Learning 114.3, p. 72.

Compared to the paper version, for the version presented in this chapter, we
covered only the setting of dynamical systems forecasting. We clari!ed the
pseudo-codes for joint and alternate optimization and moved them from the
Appendix to Section 4.1.2. We also added some elements to motivate our PD-based
optimization scheme for dynamical systems, and moved the experiments studying
the impact of regularization and model initialization from the Appendix to Section
4.2.4. Lastly, we aligned the notation with the other chapters.

In the previous chapter, we introduced a new training approach to learn hybrid additive
models, based on partial dependence (PD), and compared its performance against other
hybrid training methods on static supervised regression problems. The present chapter
extends our PD-based training approach to address the problem of dynamical systems
forecasting and evaluates its performance against other hybrid additive training schemes.
In Section 4.1, we start by formally de!ning the problem and explain how PD-based
training can be extended in the context of dynamical systems forecasting. Then, Section
4.2 collects results on several dynamical systems, comparing our training approach to
classical hybrid training methods. We also study the impact of model initialization and
regularization for all methods. Finally, we conclude on these results in Section 4.3.
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In this section, we formalize the considered setting of dynamical systems forecasting.
Then, we present the hybrid training methods used as comparative baselines and extend
the algorithm of Chapter 3 for the prediction of state trajectories.

4.1.1 P."7$%6 23+3%6%!3
In this section, we target the problem of dynamical systems forecasting, i.e., predicting
the evolution of systems whose dynamics are driven by:

𝐴𝛚𝐵 ⋡
𝜑𝛚𝐵
𝜑𝐵

= 𝛻 (𝛚𝐵), (4.1)

where the state 𝛚𝐵 can be vector-valued, i.e., 𝛚𝐵 ω ℝ𝜑 , or a 𝜑-dimensional vector !eld
de!ned over some spatial domain, and 𝛻 (𝛚𝐵), the partially known dynamics function,
has the same dimension as 𝛚𝐵 . We assume access to a !nite set LS of ⊲ observed
state trajectories over a given time interval [0, . ], with . the time horizon, i.e. LS =
{𝛚(0)0 ,… , 𝛚(0). }⊲0=1. For clarity of notation, we use a single . although the time horizon can
vary according to the considered system and between the ⊲ trajectories. Speci!cally,
we consider systems whose dynamics 𝛻 can be additively decomposed and we therefore
extend Assumption A1 (de!ned in Chapter 3) as

Assumption 4 (A4, Additivity). 𝛻 (𝛚𝐵) = 𝛻ℶ(𝛚ℶ,𝐵) + 𝛻𝜛(𝛚𝐵), where 𝛚ℶ is a subset of ℷ ⋜ 𝜑
of the state variables.

As in Chapter 3, we assume partial knowledge of 𝛻 through some parametric term
ℸ⊳ℶℶ ω ⨋ℶ with trainable parameters ⊳ℶ , such that for the optimal ⊳ϖℶ we have ℸ

⊳ϖℶ
ℶ = 𝛻ℶ .

The residual function 𝛻𝜛 is modeled by some ML component ℸ⊳𝜛𝜛 ω ⨋𝜛, such that the !nal
model ℸ ω ⨋ is given by ℸ = ℸℶ + ℸ𝜛, with ⨋ = ⨋ℶ +⨋𝜛. Similarly to the static setting,
we introduce a constant term 2 to the physical term ℸ⊳ℶℶ , such that we !t ℸ⊳ℶℶ + 2 .

We seek to minimize the following two distances:

∲mse(ℸ, 𝛻 ) = #𝛚ϑ𝜔(𝛚)||ℸ(𝛚) ϱ 𝛻 (𝛚)||2, (4.2)

∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ) = #𝛚ϑ𝜔(𝛚){(ℸ

⊳ℶ
ℶ (𝛚ℶ) ϱ 𝛻ℶ(𝛚ℶ))2}, (4.3)

where 𝜔(𝛚) is the distribution over states. The !rst one measures the distance between
the true dynamics 𝛻 and its approximation ℸ. The second distance ∲phy measures how
well the tuned ℸℶ approximates 𝛻ℶ . In practice, minimizing Equation (4.2) translates
into minimizing the distance between observed trajectories and trajectories obtained by
integration of ℸ:

1∲mse(ℸ, 𝛻 ; LS) =
1
⊲

1
.

⊲

⌋
0=1

.

⌋
𝐵=1

( 1𝛚(0)𝐵 ϱ 𝛚(0)𝐵 )2, (4.4)

where 1𝛚(0)𝐵 is the solution of the integration of ℸ with initial condition <(0)
0 up to time 𝐵. In

our experiments, we measure Equation (4.3) on some test set TS as:

1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,) =

1
⊲

1
.

⊲

⌋
0=1

.

⌋
𝐵=1

(ℸ⊳ℶℶ (𝛚(0)ℶ,𝐵) ϱ 𝛻ℶ(𝛚
(0)
ℶ,𝐵))

2. (4.5)

4.1.2 T.+*!*!’ 6%3-"&2
Extending the algorithms of Chapter 3 to dynamical problems requires the integration
of ℸ to obtain the solutions 1𝛚(0)𝐵 , which we do through the Neural ODE approach (Chen
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et al., 2018). Contrary to the static experiments, we solely relied on ML models that allow
backpropagation through time (allowing for easy integration with Neural ODE), thereby
excluding tree-based models. For that reason, we can now introduce another hybrid
training scheme in the comparisons, namely joint optimization of ℸℶ and ℸ𝜛, that was
proposed by Yin et al. (2021). Note that this optimization algorithm could not be used in
the static experiments due to the fact that tree-based methods cannot be trained jointly
with the parametric component ℸℶ .

Given the model approximation error observed on ℸℶ for the sequential scheme in
previous results (see Table 3.2 and Table 3.3 in Chapter 3), and assuming that most
dynamical systems exhibit correlation between 𝛻ℶ and 𝛻𝜛 through time, we choose to omit
the sequential optimization scheme and !nd !ltering irrelevant in such a con!guration.
Hence, we compare our PD-based hybrid scheme with the joint and alternate optimization
of ℸℶ and ℸ𝜛, as de!ned by Yin et al. (2021) and Donà et al. (2022) respectively. As for the
static case, we compare all schemes to the theoretically best setting of !tting ℸ𝜛 on 𝛻 ϱ 𝛻ℶ ,
i.e., assuming that the algebraic term 𝛻ℶ is perfectly known. We assume access to training
functions fitℸℶ+2 , fitℸℶ+2NODE, fit

ℸ𝜛
NODE and fitℸℶ+2+ℸ𝜛NODE . The former estimates the parameters ⊳ℶ

and 2 by minimizing the MSE with the given target (e.g., the current PD estimation of
ℸ𝜛), whereas subsequent fitNODE training functions represent a single step of gradient
descent to minimize the MSE between the true trajectories and those integrated with
Neural ODE.

J"*!3 "03*6*9+3*"!

In their work, Yin et al. (2021) optimize ℸ⊳ℶℶ and ℸ⊳𝜛𝜛 jointly to minimize Equation (4.2).
They introduce a regularizing criterion on ℸ𝜛 which penalizes the magnitude of its output,
such that its contribution to the total model ℸℶ + ℸ𝜛 is kept minimal, ensuring existence
and uniqueness of the minimizing pair (ℸℶ , ℸ𝜛). Further details about the regularizer can
be found in (Yin et al., 2021). We describe the non-regularized joint optimization process
in Algorithm 4.

Algorithm 4 Joint Optimization: Non-Regularized Setting - Dynamical problems

Input: LS = {(𝛚(0)0 ,… , 𝛚(0). )}⊲0=1

1⊳(0)ℶ , 12 (0), 1⊳(0)𝜛 ⋞ Random Initialization
for 6 = 1 to ⊲6 do

( 1⊳(6)ℶ , 12 (6), 1⊳(6)𝜛 ) ⋞ fitℸℶ+2+ℸ𝜛NODE (LS)

return ℸ
1⊳(⊲6 )ℶ
ℶ + 12 (⊲6) + ℸ

1⊳(⊲6 )𝜛
𝜛

A$3%.!+3% "03*6*9+3*"!

As previously presented in Chapter 3, ( 1⊳ℶ , 12 ) is initialized as the minimizer of∲mse(ℸ
⊳ℶ
ℶ , 𝛻 ),

and this optimization scheme then alternates training steps between ℸℶ and ℸ𝜛. Donà
et al. (2022) introduce an additional constraint on ℸℶ to keep it close to its initialization in
early training. The non-regularized training scheme (for dynamical systems) is described
in Algorithm 5. A more complete description of the regularizer can be found in (Donà
et al., 2022).
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Algorithm 5 Alternate Optimization: Non-Regularized Setting - Dynamical problems

Input: LS = {(𝛚(0)0 ,… , 𝛚(0). )}⊲0=1

1⊳(0)𝜛 ⋞ Random Initialization
( 1⊳(0)ℶ , 12 (0)) ⋞ fitℸℶ+2NODE(LS)
for 6 = 1 to ⊲6 do

1⊳(6)𝜛 ⋞ fitℸ𝜛NODE(LS)
( 1⊳(6)ℶ , 12 (6)) ⋞ fitℸℶ+2NODE(LS)

1⊳(⊲6+1)
𝜛 ⋞ fitℸ𝜛NODE(LS)

return ℸ
1⊳(⊲6 )ℶ
ℶ + 12 (⊲6) + ℸ

1⊳(⊲6+1)𝜛
𝜛

P+.3*+$(&%0%!&%!,%(7+2%& "03*6*9+3*"!

Our optimization scheme can be easily extended to the dynamical setting. Let us remind
the de!nition of the PD of a function 𝛻 on 𝛚ℶ ,

PD(𝛻 , 𝛚ℶ) = #𝛚ϱℶ [𝛻 (𝛚ℶ , 𝛚ϱℶ)] = ⟪ 𝛻 (𝛚ℶ , 𝛚ϱℶ)𝜔(𝛚ϱℶ)𝜑𝛚ϱℶ ,

and, similarly to Assumption A2 (de!ned in Chapter 3), let us hypothesize that the
dynamics 𝛻 can be decomposed to satisfy

Assumption 5 (A5, Disjoint features). Let 𝛚𝜛,𝐵 be a subset of state features disjoint from
𝛚ℶ,𝐵 (𝛚ℶ,𝐵 ς 𝛚𝜛,𝐵 = φ) for a given timestep 𝐵. There exists a function 𝛻 𝜀

𝜛 (𝛚𝜛,𝐵) such that
𝛻𝜛(𝛚𝐵) = 𝛻 𝜀

𝜛 (𝛚𝜛,𝐵) for all 𝛚𝐵 .

Then, we have that

PD(𝛻 , 𝛚ℶ,𝐵) = 𝛻ℶ(𝛚ℶ,𝐵) + 3, with 3 = 7𝛚𝜛,𝐵 {𝛻
𝜀
𝜛 (𝛚𝜛,𝐵)},

which motivates our approach in the context of dynamical systems forecasting.

In practice, we can compute an approximation from LS as follows:

8PD(ℸ𝜛, 𝛚ℶ,𝐵 ; LS) =
1
⊲

1
.

⊲

⌋
0=1

.

⌋
𝐶=1

ℸ𝜛(𝛚ℶ,𝐵 , 𝛚
(0)
ϱℶ,𝐶), (4.6)

where 𝛚(0)ϱℶ,𝐶 denotes the values of 𝛚ϱℶ in the 0-th trajectory of LS, at timestep 𝐶.

We !rst !t any ML model ℸ⊳𝜛𝜛 on observed trajectories with Neural ODE, which we
denote fitℸ𝜛NODE. At this stage, ℸ

1⊳𝜛
𝜛 models the complete system dynamics 𝛻 , hence it can

be evaluated for multiple 𝛚ℶ,𝐵 values to obtain an initial approximation of 𝛻ℶ(𝛚ℶ,𝐵) through
8PD(ℸ𝜛, 𝛚ℶ,𝐵 ; LS), on which we can !t ℸ⊳ℶℶ + 2 as for static regression problems, yielding an
initial approximation ℸ

1⊳ℶ
ℶ + 12 . Due to potential residual dependencies, we then alternate

between several epochs of !tting ℸ⊳𝜛𝜛 with Neural ODE to minimize ∲mse(ℸ⊳𝜛𝜛 + ℸ
1⊳ℶ
ℶ + 12 , 𝛻 )

(keeping ( 1⊳ℶ , 12 ) !xed) and several epochs of !tting ℸ⊳ℶℶ + 2 on 8PD(ℸ 1⊳𝜛
𝜛 , 𝛚ℶ,𝐵 ; LS) + ℸ

1⊳ℶ
ℶ + 12 ,

with 1⊳ℶ , 12 and 1⊳𝜛 the current parameter vectors. The complete training procedure is
summarized in Algorithm 6.
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Algorithm 6 Partial Dependence Optimization - Dynamical problems

Input: LS = {(𝛚(0)0 ,… , 𝛚(0). )}⊲0=1
1⊳(0)𝜛 ⋞ fitℸ𝜛NODE(LS; ℸℶ = 0)

( 1⊳(0)ℶ , 12 (0)) ⋞ fitℸℶ+2 ({(𝛚(0)ℶ,𝐵 , 8PD(ℸ
1⊳(0)𝜛
𝜛 , 𝛚(0)ℶ,𝐵 ; LS))}

⊲ ,.
0,𝐵=1)

for 9 = 1 to ⊲𝜀 do
1⊳(9)𝜛 ⋞ fitℸ𝜛NODE(LS; ℸℶ = ℸ

1⊳(9ϱ1)ℶ
ℶ + 12 (9ϱ1))

( 1⊳(9)ℶ , 12 (9))⋞ fitℸℶ+2 ({(𝛚(0)ℶ,𝐵 , ℸ
1⊳(9ϱ1)ℶ
ℶ (𝛚(0)ℶ,𝐵) + 12 (9ϱ1) + 8PD(ℸ

1⊳(9)𝜛
𝜛 , 𝛚(0)ℶ,𝐵 ; LS))}

⊲ ,.
0,𝐵=1)

1⊳(⊲𝜀+1)
𝜛 ⋞ fitℸ𝜛NODE(LS; ℸℶ = ℸ

1⊳(⊲𝜀 )ℶ
ℶ + 12 (⊲𝜀 ))

return ℸ
1⊳(⊲𝜀 )ℶ
ℶ + 12 (⊲𝜀 ) + ℸ

1⊳(⊲𝜀+1)𝜛
𝜛

4.2 E;0%.*6%!32
We compare the di$erent training methods on three simulated dynamical systems that
were used for evaluating related methods (Yin et al., 2021; Donà et al., 2022). We measure
performance through log-estimates of Equation (4.4) and estimates of Equation (4.5) on a
test set .,, which we respectively denote log- 1∲mse(ℸ, 𝛻 ; .,) and 1∲phy(ℸ

⊳ℶ
ℶ , 𝛻ℶ ; .,) (lower

is better). For hybrid approaches, we use as ℸ𝜛 either a multilayer perceptron (MLP) or a
convolutional neural network (CNN), depending on the system. We compare these hybrid
models to a standard data-driven framework that uses only ℸ𝜛. Architectures (e.g. for
MLP, the number of layers and neurons) are optimized for each training method (unless
clearly speci!ed) on the validation set. Details about the hyperparameter optimization
procedure and their optimal values are given in Appendix 4.A. We monitor Equation (4.4)
on a validation set and select the model that reaches the lowest validation loss. Datasets
and optimization details are provided in Appendix 4.B. For conciseness, we only report
results obtained using the optimization scheme as exactly described in each reference
work and compare the impact of using the speci!c regularization criterion or not (if
relevant).

4.2.1 L!"#$%V!&"’(($ 2423%6
Lotka-Volterra equations model the evolution of preys < and predators 𝜍 according
to: ❳

𝐴< = 𝐷< ϱ ><𝜍

𝐴𝜍 = ϱ≨𝜍 + 2<𝜍
⋢

❳
𝐴𝜔 = 𝐷 ϱ >6𝐸

𝐴𝐸 = ϱ≨ + 26𝜔

where 𝜔 = ln(<) and 𝐸 = ln(𝜍). Due to training stability reasons, we did not manage to !t
any method on the left-hand side system. Therefore, we choose to focus on the right-hand
side system, where 𝛚 = (𝜔, 𝐸) is the system state. We assume ℸ⊳ℶℶ (𝜔, 𝐸) = (ϱ⊳1ℶ6

𝐸 , 0) and
ℸ⊳𝜛𝜛 accounts for (𝐷,ϱ≨ + 26𝜔).

In terms of trajectory estimation, we can observe from Table 4.1 that all hybrid
optimization schemes perform very similarly, although alternate training performs
slightly better. We can also note that all training methods yield better estimators than
the purely data-driven setting. As concerns the !tting of ℸℶ , results suggest that our
PD-based training procedure produces a more robust and accurate estimation of
𝛻ℶ .

We can also study the e$ect of the regularizers introduced by Yin et al. (2021) and Donà
et al. (2022). For this speci!c problem, joint and alternate optimization combined with
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Table 4.1. Results for the Lotka-Volterra system, averaged over 5 di$erent initializations
of ℸ. Reg. (resp. No Reg.) refers to using (resp. not using) the speci!c regularizer. Init.
(resp. No Init.) refers to initializing ℸℶ as the minimizer of ∲mse(ℸℶ , 𝛻 ) (resp. randomly).

log- 1∲mse(ℸ, 𝛻 ; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

Method No Reg. Reg. No Reg. Reg.

𝛻ℶ ⋟ ℸ𝜛 ϱ5.45 ± 0.02 -
Joint (No Init.) ϱ5.22 ± 0.04 ϱ5.45 ± 0.06 2.51 ± 10ϱ1 ± 3.90 ± 10ϱ2 1.17 ± 10ϱ6 ± 1.47 ± 10ϱ13

Alternate (Init.) ϱ5.19 ± 0.04 -5.52 ± 0.05 3.79 ± 10ϱ1 ± 4.49 ± 10ϱ2 1.35 ± 10ϱ1 ± 7.19 ± 10ϱ3

PD-based (No Init.) ϱ5.41 ± 0.04 1.05 ± 10ϱ7 ± 9.51 ± 10ϱ15

ℸ𝜛 only ϱ5.02 ± 0.09 -

their regularizers seem to improve both the estimation of 𝛻ℶ and the !nal predictive
performance.

4.2.2 D$)*’+ P’,+-&-) 2423%6
The evolution of the angle ⊳(𝐵) of a damped pendulum system is described as
follows:

𝜑2⊳
𝜑𝐵2

+ 𝐹2
0 sin ⊳ + 𝐺

𝜑⊳
𝜑𝐵

= 0, ⋢

❳
𝐴⊳ = 𝜑⊳

𝜑𝐵
𝐻⊳ = ϱ𝐹2

0 sin ⊳ ϱ 𝐺 𝜑⊳
𝜑𝐵

where 𝛚 = (⊳, 𝜑⊳𝜑𝐵 ) is the system state. We assume ℸ⊳ℶℶ (⊳, 𝜑⊳𝜑𝐵 ) = ( 𝜑⊳𝜑𝐵 ,ϱ⊳ℶ sin ⊳), and ℸ⊳𝜛𝜛
accounts for the damping term ϱ𝐺𝜑⊳/𝜑𝐵.

Table 4.2. Results for the Damped Pendulum system, averaged over 5 di$erent
initializations of ℸ. Reg. (resp. No Reg.) refers to using (resp. not using) the speci!c
regularizer. Init. (resp. No Init.) refers to initializing ℸℶ as the minimizer of ∲mse(ℸℶ , 𝛻 )
(resp. randomly).

log- 1∲mse(ℸ, 𝛻 ; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

Method No Reg. Reg. No Reg. Reg.

𝛻ℶ ⋟ ℸ𝜛 ϱ𝛝.𝛡𝛠 ± 𝛆.𝛆𝛓 -
Joint (No Init.) ϱ7.68 ± 0.03 ϱ5.98 ± 0.04 2.29 ± 10ϱ1 ± 4.47 ± 10ϱ3 5.51 ± 10ϱ3 ± 2.36 ± 10ϱ6

Alternate (Init.) ϱ7.36 ± 0.02 ϱ6.91 ± 0.00 1.61 ± 10ϱ1 ± 4.09 ± 10ϱ3 5.90 ± 10ϱ3 ± 2.64 ± 10ϱ6

PD-based (No Init.) ϱ8.28 ± 0.04 2.42 ± 10ϱ5 ± 4.57 ± 10ϱ12

ℸ𝜛 only ϱ7.28 ± 0.01 -

Table 4.2 highlights that our PD-based optimization predicts more accurate trajectories
than the other hybrid training methods. Similarly, all training methods yield better
estimators than the purely data-driven setting, provided we do not regularize. For
this system, we see that the baseline 𝛻ℶ ⋟ ℸ𝜛 is now the optimal training approach.
Concerning the estimation of ℸℶ , we observe that our hybrid training scheme yields
the best estimations. Contrary to the previous system, regularizing joint and alternate
optimization improves the resulting ℸℶ , but now degrades !nal predictive performance.
This underlines the fact that there exists an interesting trade-o$ to investigate for both
methods, but also that they are very sensitive to the chosen regularization hyperparameter
values.

4.2.3 R’$."/!,%D/00-1/!, 2423%6
This 2-dimensional system is driven by the following PDEs (Klaasen et al., 1984):

❳
≨𝐼
≨𝐵 = 𝐷∓𝐼 + 𝐽𝐼(𝐼, 𝐾; 2 )
≨𝐾
≨𝐵 = >∓𝐾 + 𝐽𝐾(𝐼, 𝐾)
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where 𝛚 = (𝐼, 𝐾) is the system state de!ned over some rectangular domain with circular
boundary conditions. ∓ is the Laplace operator and 𝐷, > are the di$usion coe"cients for
both quantities. 𝐽𝐼(𝐼, 𝐾; 2 ) = 𝐼 ϱ 𝐼3 ϱ 2 ϱ 𝐾 and 𝐽𝐾(𝐼, 𝐾) = 𝐼 ϱ 𝐾 are the local reaction
terms. We assume ℸ⊳ℶℶ (𝐼, 𝐾) = (⊳1ℶ∓𝐼, ⊳

2
ℶ∓𝐾), and ℸ⊳𝜛𝜛 accounts for the reaction terms

𝐽𝐼 and 𝐽𝐾 . Contrary to the two previous experiments, due to time and computational
constraints, we did not optimize hyperparameters. Instead, all training schemes were
given the same set of hyperparameters that we deemed reasonable.

Table 4.3. Results for the Reaction-Di!usion system, averaged over 5 di$erent
initializations of ℸ. Reg. (resp. No Reg.) refers to using (resp. not using) the speci!c
regularizer. Init. (resp. No Init.) refers to initializing ℸℶ as the minimizer of ∲mse(ℸℶ , 𝛻 )
(resp. randomly).

log- 1∲mse(ℸ, 𝛻 ; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

Method No Reg. Reg. No Reg. Reg.

𝛻ℶ ⋟ ℸ𝜛 ϱ3.43 ± 0.11 -
Joint (No Init.) -3.62 ± 0.02 ϱ2.96 ± 0.01 1.17 ± 10ϱ5 ± 1.42 ± 10ϱ10 5.45 ± 10ϱ4 ± 2.64 ± 10ϱ7

Alternate (Init.) ϱ2.99 ± 0.02 ϱ2.97 ± 0.01 4.80 ± 10ϱ5 ± 2.81 ± 10ϱ9 1.89 ± 10ϱ3 ± 1.67 ± 10ϱ6

PD-based (No Init.) ϱ3.09 ± 0.02 1.64 ± 10ϱ3 ± 1.01 ± 10ϱ7

ℸ𝜛 only ϱ2.86 ± 0.01 -

From Table 4.3, we observe that the best performing scheme is the non-regularized joint
training of ℸℶ and ℸ𝜛, as opposed to the previous problems. As before, introducing the
regularizers de!ned in both reference works induces a drop in !nal performance, still
more controlled for alternate optimization. This drop is also observed in the estimation
of 𝛻ℶ (which seems optimal for the non-regularized con!guration), con!rming that such
regularizing criteria are very sensitive to optimize.

PD-based training yields reasonable trajectory estimates, but the quality of its estimation
of ℸℶ is no longer the best amongst all. Indeed, contrary to the two previous systems, it is
clear that A5 is no longer satis!ed as 𝛻𝜛(𝐼, 𝐾) = (𝐼 ϱ 𝐼3 ϱ 2 ϱ 𝐾,𝐼 ϱ 𝐾) includes variables
present in 𝛻ℶ . The latter setting represents a limitation of the PD-based optimization
scheme as its estimation of the physical component is now e$ectively impacted, compared
to the other hybrid training methods.

4.2.4 I60+,3 "/ .%’)$+.*9%. +!& 6"&%$ *!*3*+$*9+3*"!
In this section, we report results for variants of the optimization methods presented in
Section 4.1.2. In particular, we test the initialization introduced by Donà et al. (2022)
with both joint and PD-based training. For PD-based training, this means replacing the
!rst two steps of Algorithm 6 with a !t of ( 1⊳ℶ , 12 ) to minimize ∲mse(ℸ

⊳ℶ
ℶ + 2 , 𝛻 ). We also

compare the impact of regularizing ℸ𝜛 for both joint and alternate optimizations.

L!"#$%V!&"’(($ 2423%6

Compared to Section 4.2.1, Table 4.4 informs us that, for this problem, PD-based training
can yield models equally good to alternate optimization, provided we initialize ℸℶ as
speci!cally de!ned by Donà et al. (2022). We can also note that the resulting estimation
of ℸℶ is even better. Moreover, joint training with no regularization reaches similar
predictive performance, at the cost of a worse estimation of ℸℶ (although better than
that of alternate training). Given that the parametric component we !t is ℸ⊳ℶℶ + 2 (with
2 ω ℝ), initializing ℸℶ as ( 1⊳ℶ , 12 ) = argmin⊳ℶ ,2 ∲mse(ℸ

⊳ℶ
ℶ + 2 , 𝛻 ) actually makes 2 converge

to 𝐷, which explains why training methods seem to bene!t from this initialization in this
particular system.
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We also investigated the impact of removing this speci!c ℸℶ initialization from the
alternate scheme. For this problem, it appeared clearly that such initialization enhanced
the !nal model ℸ.

Table 4.4. Results for other Lotka-Volterra system, averaged over 5 di$erent initializations
of ℸ. Init. refers to ( 1⊳ℶ , 12 ) = argmin⊳ℶ ,2 ∲mse(ℸ

⊳ℶ
ℶ + 2 , 𝛻 ) while Reg. (resp. No Reg.) refers

to using (resp. not using) the speci!c regularizer. Methods not included in the table in
the main paper are in italics.

Method log- 1∲mse(ℸ, 𝛻 ; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

𝛻ℶ ⋟ ℸ𝜛 ϱ5.45 ± 0.02 -
Joint - No Init. & No Reg. ϱ5.22 ± 0.04 2.51 ± 10ϱ1 ± 3.90 ± 10ϱ2

Joint - No Init. & Reg. ϱ5.45 ± 0.06 1.17 ± 10ϱ6 ± 1.47 ± 10ϱ13

Joint - Init. & No Reg. -5.53 ± 0.01 8.62 ± 10ϱ2 ± 2.63 ± 10ϱ3

Joint - Init. & Reg. ϱ5.42 ± 0.04 1.66 ± 10ϱ6 ± 7.63 ± 10ϱ13

Alternate - No Init. & No Reg. ϱ5.23 ± 0.09 5.58 ± 10ϱ1 ± 1.64 ± 10ϱ1

Alternate - No Init. & Reg. ϱ5.32 ± 0.01 1.66 ± 10ϱ1 ± 5.00 ± 10ϱ4

Alternate - Init. & No Reg. ϱ5.19 ± 0.04 3.79 ± 10ϱ1 ± 4.49 ± 10ϱ2

Alternate - Init. & Reg. -5.52 ± 0.05 1.35 ± 10ϱ1 ± 7.19 ± 10ϱ3

PD-based - No Init. ϱ5.41 ± 0.04 1.05 ± 10ϱ7 ± 9.51 ± 10ϱ15

PD-based - Init. -5.51 ± 0.02 6.27 ± 10ϱ8 ± 8.72 ± 10ϱ15

ℸ𝜛 only ϱ5.02 ± 0.09 -

Table 4.5. Results for the Damped Pendulum system, averaged over 5 di$erent
initializations of ℸ. Init. refers to ( 1⊳ℶ , 12 ) = argmin⊳ℶ ,2 ∲mse(ℸ

⊳ℶ
ℶ + 2 , 𝛻 ) while Reg. (resp.

No Reg.) refers to using (resp. not using) the speci!c regularizer. Methods not included
in the table in the main paper are in italics.

Method log- 1∲mse(ℸ, 𝛻 ; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

𝛻ℶ ⋟ ℸ𝜛 -8.75 ± 0.01 -
Joint - No Init. & No Reg. ϱ7.68 ± 0.03 2.29 ± 10ϱ1 ± 4.47 ± 10ϱ3

Joint - No Init. & Reg. ϱ5.98 ± 0.04 5.51 ± 10ϱ3 ± 2.36 ± 10ϱ6

Joint - Init. & No Reg. ϱ7.74 ± 0.02 1.57 ± 10ϱ1 ± 3.75 ± 10ϱ3

Joint - Init. & Reg. ϱ5.83 ± 0.03 2.83 ± 10ϱ2 ± 2.26 ± 10ϱ3

Alternate - No Init. & No Reg. ϱ7.23 ± 0.04 2.34 ± 10ϱ1 ± 4.47 ± 10ϱ3

Alternate - No Init.& Reg. ϱ6.91 ± 0.00 6.84 ± 10ϱ3 ± 4.56 ± 10ϱ6

Alternate - Init. & No Reg. ϱ7.36 ± 0.02 1.61 ± 10ϱ1 ± 4.09 ± 10ϱ3

Alternate - Init. & Reg. ϱ6.90 ± 0.00 5.90 ± 10ϱ3 ± 2.64 ± 10ϱ6

PD-based - No Init. ϱ8.28 ± 0.04 2.42 ± 10ϱ5 ± 4.57 ± 10ϱ12

PD-based - Init. ϱ8.29 ± 0.02 2.36 ± 10ϱ5 ± 5.56 ± 10ϱ12

ℸ𝜛 only ϱ7.28 ± 0.01 -

D$)*’+ P’,+-&-) 2423%6

Similarly to Section 4.2.2, we can see from Table 4.5 that PD-based training reaches the
highest performance both for trajectory estimation as well as for the estimation of ℸℶ . For
this system, the particular ℸℶ initialization does not seem to impact our training method,
on any level.

There is now more nuance to the impact of such initialization on joint optimization.
Indeed, while it seems to help the non-regularized con!guration, the e$ect is the opposite
when we add the presence of their regularizer, indicating that hyperparameters could
have been optimized even more or simply that their regularization criterion is not suited
with this speci!c initialization. However, we can observe that the e$ect is positive for
models optimized in an alternate fashion.
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Table 4.6. Results for the Reaction-Di!usion system, averaged over 5 di$erent
initializations of ℸ. Init. refers to ( 1⊳ℶ , 12 ) = argmin⊳ℶ ,2 ∲mse(ℸ

⊳ℶ
ℶ + 2 , 𝛻 ) while Reg. (resp.

No Reg.) refers to using (resp. not using) the speci!c regularizer. Methods not included
in the table in the main paper are in italics.

Method log- 1∲mse(ℸ, 𝛻 ; .,) 1∲phy(ℸ
⊳ℶ
ℶ , 𝛻ℶ ; .,)

𝛻ℶ ⋟ ℸ𝜛 ϱ3.43 ± 0.11 -
Joint - No Init. & No Reg. -3.62 ± 0.02 1.17 ± 10ϱ5 ± 1.42 ± 10ϱ10

Joint - No Init. & Reg. ϱ2.96 ± 0.01 5.45 ± 10ϱ4 ± 2.64 ± 10ϱ7

Joint - Init. & No Reg. ϱ3.14 ± 0.11 4.43 ± 10ϱ5 ± 2.61 ± 10ϱ9

Joint - Init. & Reg. ϱ2.65 ± 0.04 1.14 ± 10ϱ3 ± 2.50 ± 10ϱ7

Alternate - No Init. & No Reg. ϱ3.26 ± 0.02 1.94 ± 10ϱ4 ± 6.95 ± 10ϱ9

Alternate - No Init. & Reg. ϱ2.98 ± 0.02 1.71 ± 10ϱ4 ± 6.18 ± 10ϱ9

Alternate - Init. & No Reg. ϱ2.99 ± 0.02 4.80 ± 10ϱ5 ± 2.81 ± 10ϱ9

Alternate - Init. & Reg. ϱ2.97 ± 0.01 1.89 ± 10ϱ3 ± 1.67 ± 10ϱ6

PD-based - No Init. ϱ3.09 ± 0.02 1.64 ± 10ϱ3 ± 1.01 ± 10ϱ7

PD-based - Init. ϱ3.12 ± 0.02 2.66 ± 10ϱ3 ± 2.51 ± 10ϱ6

ℸ𝜛 only ϱ2.86 ± 0.01 -

R’$."/!,%D/00-1/!, 2423%6

For this 2-D problem, Table 4.6 suggests that non-regularized joint optimization with
uniform ℸℶ initialization performs best, as could be seen from Table 4.3. As was said,
PD-based training seems to struggle now that there is a clear overlap between 𝛻ℶ and
𝛻𝜛. Furthermore, the particular ℸℶ initialization does not seem to impact our training
method.

As concerns joint optimization, the initialization proposed by Donà et al. (2022) clearly
degrades both performance criteria. Nevertheless, we can observe that once again the
e$ect is positive for regularized alternate training, indicating that, as could be observed
from previous systems, there is a very sensitive balance to !nd between the initialization
of the physical component and the regularizers, along with their optimal coe"cient
values.

4.3 C"!,$)2*"!
We extend our partial-dependence-based hybrid training approach to the problem of
dynamical systems forecasting and show that PD-based training also yields robust and
accurate models in such setting. Once again, we emphasize its positive e$ects in
estimating faithful parametric priors, yielding competitive hybrid models while
removing the need for intricate regularization and reducing the load of hyperparameter
tuning.

More generally, we can highlight from our experiments that hybrid models usually
outperform data-driven models. Such hybrid methods yield more interpretable and
accurate models than purely data-driven models.

As future work, we are interested in studying theoretical conditions of optimality for our
PD-based hybrid training and other approaches, in the context of dynamical systems.
We also plan to try and extend current hybrid methods tackling dynamical systems
forecasting so that they can be used with tree-based methods.

51



4.3 C"!,$)2*"!

R%/%.%!,%2

Chen, Ricky T. Q. et al. (2018). “Neural Ordinary Di$erential Equations”. In Advances in
Neural Information Processing Systems.

Claes, Yann, Vân Anh Huynh-Thu, and Pierre Geurts (2025). “Hybrid additive modeling
with partial dependence for supervised regression and dynamical systems forecasting”.
In Machine Learning 114.3, p. 72.

Donà, Jérémie et al. (2022). “Constrained physical-statistics models for dynamical system
identi!cation and prediction”. In ICLR 2022-The Tenth International Conference on
Learning Representations.

Kingma, Diederik P and Jimmy Ba (2014). “Adam: A method for stochastic optimization”.
In arXiv preprint arXiv:1412.6980.

Klaasen, Gene A and William C Troy (1984). “Stationary wave solutions of a system of
reaction-di$usion equations derived from the !tzhugh–nagumo equations”. In SIAM
Journal on Applied Mathematics 44.1, pp. 96–110.

Yin, Yuan et al. (2021). “Augmenting physical models with deep networks for complex
dynamics forecasting”. In Journal of Statistical Mechanics: Theory and Experiment
2021.12, p. 124012.

52



4.A M"&%$ +.,-*3%,3).%2

4.A M"&%$ +.,-*3%,3).%2
Model hyperparameters for the dynamical forecasting problems are reported in Tables 4.8,
4.9 and 4.10. We used PyTorch for MLP and CNN. Tested hyperparameters are reported
in Table 4.7. Given that we only optimized hyperparameters for the Lotka-Volterra and
Damped Pendulum systems, architectural hyperparameters solely refer to those of MLPs.
According to the algorithm described in (Yin et al., 2021) and (Donà et al., 2022), 𝐿ℸ
is optimized for joint optimization whereas 𝐿ℸ, 𝐿ℸℶ and 𝐿ℸ𝜛 are optimized for alternate
training.

Table 4.7. Hyperparameter values tested for the Lotka-Volterra and Damped Pendulum
systems.

Hyperparameter
Learning Rate (LR) 5 ± 10ϱ4 1 ± 10ϱ4 1 ± 10ϱ5

Num. hidden layers 1 2 -
Hidden size 16 32 64
𝐿ℸ - Joint 1 10 20
𝐿ℸ - Alternate 1 ± 10ϱ1 1 ± 10ϱ2 1 ± 10ϱ3

𝐿ℸℶ - Alternate 1 ± 10ϱ1 1 ± 10ϱ2 1 ± 10ϱ3

𝐿ℸ𝜛 - Alternate 1 ± 10ϱ1 1 ± 10ϱ2 1 ± 10ϱ3

For each problem, for a given optimization scheme and for each of the !ve di$erent
initializations of ℸ, we tested every combination of hyperparameters and evaluated it on
the corresponding validation set. As optimal hyperparameters may vary from one seed
to the other, we checked all !ve optimal con!gurations of the given training method
and reported the most frequent one. When no clear majority could be established, we
reported several optimal values for the same hyperparameter. Note that the optimal
hyperparameters across the !ve seeds were most of the time identical.

Table 4.8. Optimal model hyperparameters (MLP), for the Lotka-Volterra system.

Method LR Num. layers Hidden size 𝐿ℸ 𝐿ℸℶ 𝐿ℸ𝜛
𝛻ℶ ⋟ ℸ𝜛 5 ± 10ϱ4 2 64 - - -
Joint - No Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Joint - No Init. & Reg. 1 ± 10ϱ5 2 64 10/20 - -
Joint - Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Joint - Init. & Reg. 1 ± 10ϱ5 2 64 20 - -
Alternate - No Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Alternate - No Init. & Reg. 5 ± 10ϱ4 2 64 0.1 0.001 0.001
Alternate - Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Alternate - Init. & Reg. 5 ± 10ϱ4 2 64 0.1 0.01 0.001
PD-based - No Init. 5 ± 10ϱ4 2 64 - - -
PD-based - Init. 5 ± 10ϱ4 2 64 - - -
ℸ𝜛 only 5 ± 10ϱ4 2 64 - - -
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Table 4.9. Optimal model hyperparameters (MLP), for the Damped Pendulum system.

Method LR Num. layers Hidden size 𝐿ℸ 𝐿ℸℶ 𝐿ℸ𝜛
𝛻ℶ ⋟ ℸ𝜛 5 ± 10ϱ4 2 64 - - -
Joint - No Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Joint - No Init. & Reg. 1 ± 10ϱ4 1/2 32/16 20 - -
Joint - Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Joint - Init. & Reg. 1 ± 10ϱ4 1/2 16 20 - -
Alternate - No Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Alternate - No Init. & Reg. 5 ± 10ϱ4 2 64 0.1 0.001 0.001
Alternate - Init. & No Reg. 5 ± 10ϱ4 2 64 - - -
Alternate - Init. & Reg. 5 ± 10ϱ4 2 64 0.1 0.001 0.001
PD-based - No Init. 5 ± 10ϱ4 2 64 - - -
PD-based - Init. 5 ± 10ϱ4 2 64 - - -
ℸ𝜛 only 5 ± 10ϱ4 2 64 - - -

Table 4.10. Model hyperparameters (CNN), for the Reaction-Di!usion system.

Method LR Num. layers Hidden channels 𝐿ℸ 𝐿ℸℶ 𝐿ℸ𝜛
𝛻ℶ ⋟ ℸ𝜛 1 ± 10ϱ4 3 8 - - -
Joint - No Init. & No Reg. 1 ± 10ϱ4 3 8 - - -
Joint - No Init. & Reg. 1 ± 10ϱ4 3 8 20 - -
Joint - Init. & No Reg. 1 ± 10ϱ4 3 8 - - -
Joint - Init. & Reg. 1 ± 10ϱ4 3 8 20 - -
Alternate - No Init. & No Reg. 1 ± 10ϱ4 3 8 - - -
Alternate - No Init. & Reg. 1 ± 10ϱ4 3 8 0.1 0.01 0.001
Alternate - Init. & No Reg. 1 ± 10ϱ4 3 8 - - -
Alternate - Init. & Reg. 1 ± 10ϱ4 3 8 0.1 0.01 0.001
PD-based - No Init. 1 ± 10ϱ4 3 8 - - -
PD-based - Init. 1 ± 10ϱ4 3 8 - - -
ℸ𝜛 only 1 ± 10ϱ4 3 8 - - -
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4.B.1 L!"#$%V!&"’(($ 2423%6
The system is driven by the following dynamics:

❳
𝐴< = 𝐷< ϱ ><𝜍

𝐴𝜍 = ϱ≨𝜍 + 2<𝜍

where prey and predator quantities < and 𝜍 can be transformed as 𝜔 = ln(<), 𝐸 = ln(𝜍)
such that ❳

𝐴𝜔 = 𝐷 ϱ >6𝐸

𝐴𝐸 = ϱ≨ + 26𝜔

where 𝛚 = (𝜔, 𝐸) is the system state.

We simulate a dataset of 200 trajectories spanning 401 timesteps (including the initial state
𝛚0), over a time interval of [0, 20]s. We !rst generate initial prey-predator proportions
(< , 𝜍) ϑ ⨎ [0, 1]2 and compute the resulting initial states 𝛚0 = (ln(<), ln(𝜍)). We set
𝐷 = > = 2 = ≨ = 1 and generate trajectories by integrating for 400 steps (≨𝐵 = 0.05)
using a 4th order Runge-Kutta scheme, with an integration timestep ≨𝐵𝑀0𝑁 = 0.001. We
split the dataset into train-validation-test subsets (50/25/25%). The train set is eventually
obtained by extracting windows of 41 timesteps (with a stride of 2) from the original
train split, yielding 18 100 smaller sub-trajectories.

For the data-driven, joint and alternate schemes, models are trained for 500 epochs using
the Euler integrator with ≨𝐵 = 0.05. For the PD-based optimization scheme, each training
consists of 50 epochs repeated 10 times, with the same integration settings. The !nal
training of ℸ𝜛 consists of 150 epochs. All methods are optimized with Adam (Kingma
et al., 2014).

4.B.2 D$)*’+ P’,+-&-) 2423%6
The damped pendulum dynamics are described by:

❳
𝐴⊳ = 𝜑⊳

𝜑𝐵
𝐻⊳ = ϱ𝐹2

0 sin ⊳ ϱ 𝐺 𝜑⊳
𝜑𝐵

where 𝛚 = (⊳, 𝜑⊳𝜑𝐵 ) is the system state.

We simulate a dataset of 200 trajectories spanning 201 timesteps (including the initial state
𝛚0), over a time interval of [0, 10]s. We !rst generate the initial states 𝛚0 = (⊳0,

𝜑⊳0
𝜑𝐵 ) ϑ

⨎ [ϱ𝑂2 , 𝜔02 ]±⨎ [0, 0.1]. We set (𝐹, 𝐺) ϑ ⨎ [0.785, 3.14]±⨎ [0, 0.8] and generate trajectories
by integrating for 200 steps (≨𝐵 = 0.05) using a 4th order Runge-Kutta scheme, with
an integration timestep ≨𝐵𝑀0𝑁 = 0.001. We split the dataset into train-validation-test
subsets (50/25/25%). The train set is eventually obtained by extracting windows of
41 timesteps (with a stride of 2) from the original train split, yielding 8 100 smaller
sub-trajectories.

For the data-driven, joint and alternate schemes, models are trained for 500 epochs using
the Euler integrator with ≨𝐵 = 0.05. For the PD-based optimization scheme, each training
consists of 50 epochs repeated 10 times, with the same integration settings. The !nal
training of ℸ𝜛 consists of 150 epochs. All methods are optimized with Adam (Kingma
et al., 2014).
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4.B.3 R’$."/!,%D/00-1/!, 2423%6
The reaction-di$usion system is a 2-dimensional system driven by the following PDEs
(Klaasen et al., 1984): ❳

≨𝐼
≨𝐵 = 𝐷∓𝐼 + 𝐽𝐼(𝐼, 𝐾; 2 )
≨𝐾
≨𝐵 = >∓𝐾 + 𝐽𝐾(𝐼, 𝐾)

where 𝛚 = (𝐼, 𝐾) is the system state. 𝐽𝐼(𝐼, 𝐾; 2 ) = 𝐼 ϱ 𝐼3 ϱ 2 ϱ 𝐾 and 𝐽𝐾(𝐼, 𝐾) = 𝐼 ϱ 𝐾
are the local reaction terms. We choose a rectangular domain spanning [ϱ1, 1]2 with
circular boundary conditions, that we discretize by a 32 ± 32 uniform grid 𝑃(𝐵), where
∓ is the 3 ± 3 Laplace operator. For this system, (𝐼, 𝐾) values are associated to each of
the 32 ± 32 grid cells 𝑃0ℏ that are governed by the same PDEs. Therefore, we decided to
model 𝛻𝜛 = (𝐽𝐼(𝐼, 𝐾; 2 ),𝐽𝐾(𝐼, 𝐾)) through a CNN with input 𝑃(𝐵).

For the generation of the dataset, we take inspiration from the work of Yin et al. (2021). We
simulate a dataset of 1 920 trajectories spanning 246 timesteps (including the initial state
𝛚0), over a time interval of [0, 2.45]s. We !rst generate the initial states 𝛚0 = (𝐼0, 𝐾0) ϑ
⨎ [0, 1]2. We set 𝐷 = 1eϱ3, > = 5eϱ3, 2 = 5eϱ3 and generate trajectories by integrating
for 245 steps (≨𝐵 = 0.01) using a 4th order Runge-Kutta scheme, with an integration
timestep ≨𝐵𝑀0𝑁 = 0.001. We split the dataset into train-validation-test subsets (50/25/25%).
The train set is eventually obtained by extracting windows of 51 timesteps (with a stride
of 20) from the original train split, yielding 9 600 smaller sub-trajectories.

For the data-driven, joint and alternate schemes, models are trained for 1 000 epochs
using the Euler integrator with ≨𝐵 = 0.01. For the PD-based optimization scheme, each
training consists of 100 epochs repeated 10 times, with the same integration settings.
The !nal training of ℸ𝜛 consists of 1 000 epochs. All methods are optimized with Adam
(Kingma et al., 2014).
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This chapter has previously been published as

Yann Claes, Pierre Geurts, and Vân Anh Huynh-Thu (2026). “Steering Neural
Network Training through Interpretable Constraints Based on Partial
Dependence”. In arXiv preprint arXiv:2607.08641. Submitted to TMLR.

Compared to the paper version, for the version presented in this chapter, we moved
all the supplementary experiments into the main body. Furthermore, we aligned
the notation with the other chapters.

In the previous chapters, we introduced a new training approach to learn hybrid additive
models, based on partial dependence, for both static supervised regression problems and
dynamical systems forecasting. On a range of examples, we have shown its positive
impact in retrieving faithful !rst-principles models while yielding competitive hybrid
models. In this chapter, we keep the focus on the concept of partial dependence but decide
to tackle the problem of faithfulness from another angle. While hybrid additive methods
incorporate domain knowledge into the inductive bias of models through the additive
structure, the assumption of additivity can nevertheless be too restrictive and impair
the performance of the !nal model as it is structurally encoded into the architecture.
Instead, inspired by explanation-guided approaches, we propose a training method to
guide model training by leveraging prior knowledge about model explanations, in the
form of the partial dependence function on some inputs of interest.

After the introduction in Section 5.1, we quickly review related works in Section 5.2.
Then, we present the scope of the problem as well as our network steering methodology
in Section 5.3. Section 5.4 thoroughly studies our approach under di$erent settings and
we !nally discuss our results and limitations in Section 5.5.
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Over the past decades, progress in machine learning (ML) methods has enabled
practitioners in a variety of !elds to tackle increasingly complex problems, in which
such models serve as surrogates for !rst-principles models or costly simulators. While
they come with great expressiveness, it is nevertheless not straightforward to interpret
their reasoning process, which is why they are often referred to as "black box" models.
There has been recently a vast development of the !eld of explainable arti!cial
intelligence (XAI), in a desire to increase our understanding of decisions made by ML
models (Adadi et al., 2018; Gilpin et al., 2018; Linardatos et al., 2020).

On the one hand, models can be made more interpretable, through speci!c design choices.
For instance, Nelder et al. (1972) introduced generalized linear models (GLM) to model
various response distributions, which are more #exible than linear regression, yet still
very simple to explain. Hastie et al. (1986) later implemented generalized additive models
(GAM) as an extension to GLMs with non-linear predictors, and Caruana et al. (2015)
successfully applied GAMs to healthcare problems.

On the other hand, model predictions can be interpreted through post hoc (model-speci!c
or model-agnostic) interpretation tools, with applications in di$erent domains such
as image processing (Q.-s. Zhang et al., 2018), healthcare (Vellido, 2020) and neural
language processing (Madsen et al., 2022). For example, Lundberg et al. (2017) introduced
SHAP values to compute feature importance in the prediction of the model. In a
similar philosophy, Friedman (2001) designed partial dependence plots to visualize the
marginal contribution of certain features to the model response, and complementary
plotting functions were later implemented (Goldstein et al., 2015; Apley et al., 2020).
For interpretations of visual predictions, most works rely on class activation mapping
techniques to localize regions of importance (Zhou et al., 2016; Selvaraju et al., 2017;
Chattopadhay et al., 2018).

Although current interpretation tools can help domain experts to understand how
decisions are made, they cannot take their feedback into account, which could be
important if the model provides a correct decision for the wrong reasons. Gao, Gu,
et al. (2024) notice that most works in XAI focus on the generation of model explanations,
but leave aside the assessment of their quality, and judiciously state that adjusting models
to produce more reasonable explanations is as important as producing them. For that
purpose, several works have developed approaches such that, after training, model
explanations align with speci!c domain knowledge (Ye Zhang et al., 2016; Yifei Zhang
et al., 2024), a process known as explanation-guided learning (EGL). Furthermore, previous
works in EGL have demonstrated that leveraging explanation knowledge could also help
with limited training sizes (Gao, Sun, Bai, et al., 2022; Gao, Sun, Zhao, et al., 2022) and
with out-of-distribution data (Taesiri et al., 2022).

In this work, we introduce a novel approach to control neural network training, based on
partial dependence, such that its marginal response to certain inputs aligns with speci!c
knowledge about the problem. We empirically validate the performance of our algorithm
on several regression problems (including dynamical systems forecasting) and show that
the obtained models perform better than their unconstrained counterparts. Moreover,
they produce explanations faithful to prior knowledge, require less samples for training,
and generalize better outside the originally considered input domain.

5.2 R%$+3%& #".5
Explanation-guided learning is an emerging research !eld whose goal is to steer the
training process of ML models to improve their explainability, according to speci!c
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domain knowledge. Several works implement these principles, mostly for knowledge in
the form of importance of input features and input regions (Rieger et al., 2020; Yifei Zhang
et al., 2024), or in the form of global properties that the model should satisfy, such as
sparsity (Wu et al., 2020), or even to mitigate bias (Liu et al., 2019). In comparison
with previous works, our approach rather assumes a fundamentally di$erent type of
knowledge, in the form of a speci!c function of a subset of features, i.e. the partial
dependence. Furthermore, while previous works focus on classi!cation tasks based on
images or textual data, our approach rather focuses on regression tasks applied with
tabular data or dynamical systems.

ML models can be trained speci!cally to satisfy known constraints about the problem.
For example, convexity (Pya et al., 2015; Amos et al., 2017) and monotonicity (Pya et al.,
2015; Wehenkel et al., 2019) constraints can be enforced on neural networks or other
types of models. Structural constraints can also be required directly on the output of the
models (Hendriks et al., 2020; A. Chen et al., 2023). Nevertheless, for all these approaches,
constraints are imposed on the function itself, not on the explanations.

Another related line of work is that of physics-informedmachine learning. In this research
area, physics-basedmodels are combinedwithMLmodels to enhance physical consistency
and improve generalization. In practice, most hybrid models sum the contributions of
the !rst-principles model and of the ML model (Qian et al., 2021; Takeishi et al., 2021).
This decomposition implies !nding the right balance between the physics-based and ML
models, which has been investigated in several works (Yin et al., 2021; Donà et al., 2022;
Claes, Huynh-Thu, et al., 2025). In opposition to such approaches, our method is less
restrictive as it does not assume additivity or any other form of model hybridization, but
simply relies on a single ML model. Furthermore, these training algorithms do not take
into account the explanations of the resulting models, hence frameworks are radically
di$erent.

5.3 M%3-"&"$"’4
In this section, we !rst provide some mathematical background and intuition about
the partial dependence as a model explanation. We then formally de!ne the class of
problems that is studied, along with our proposed training algorithm and the di$erent
con!gurations that we consider. We focus here on standard regression problems. Section
5.4.6 explains how the approach can be extended to dynamical systems forecasting.

5.3.1 P+.3*+$ &%0%!&%!,%

Let us de!ne the regression problem 𝜍 = 𝛻 (𝛚) + 𝜕, where 𝜍 ω ℝ and 𝛚 ω ℝ𝜑 , with 𝜑 ω ℕ+,
drawn from a distribution 𝜔(𝛚, 𝜍) and 𝜕 ϑ ∳ (0,ℵ2) some Gaussian noise.

De"nition 1. Let 𝛚ℶ be some subset of features of interest and 𝛚ϱℶ its complement, with
𝛚ℶ ∂ 𝛚ϱℶ = 𝛚, then the partial dependence (PD) of a function 𝛻 (𝛚) on 𝛚ℶ is de"ned as
(Friedman, 2001):

PD((𝛻 , 𝛚ℶ) = #𝛚ϱℶ [𝛻 (𝛚ℶ , 𝛚ϱℶ)] ,

= ⟪ 𝛻 (𝛚ℶ , 𝛚ϱℶ)𝜔(𝛚ϱℶ)𝜑𝛚ϱℶ ,
(5.1)

with 𝜔(𝛚ϱℶ) the marginal distribution of 𝛚ϱℶ .

In practice, with a !nite learning set LS = {(𝛚(0), 𝜍(0))}⊲0=1 of ⊲ samples, the PD is estimated
by

PD⊲ (𝛻 , 𝛚ℶ) =
1
⊲

⊲

⌋
0=1

𝛻 (𝛚ℶ , 𝛚
(0)
ϱℶ). (5.2)
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In other words, the PD measures how a certain subset of features 𝛚ℶ impacts the output
of a function 𝛻 , on average. Now, let us assume that the entire e$ect of 𝛚ℶ is known
algebraically as 𝛻ℶ(𝛚ℶ), some function of 𝛚ℶ . If such e$ect is purely additive, i.e. 𝛻 (𝛚) =
𝛻ℶ(𝛚ℶ) + 𝛻ϱℶ(𝛚ϱℶ), where 𝛻ϱℶ(𝛚ϱℶ) is an unknown function of 𝛚ϱℶ , then

PD((𝛻 , 𝛚ℶ) = 𝛻ℶ(𝛚ℶ) + #𝛚ϱℶ [𝛻ϱℶ(𝛚ϱℶ)] .

If the e$ect of 𝛚ℶ is instead multiplicative, i.e. 𝛻 (𝛚) = 𝛻ℶ(𝛚ℶ) ⋣ 𝛻ϱℶ(𝛚ϱℶ), then it
follows

PD((𝛻 , 𝛚ℶ) = 𝛻ℶ(𝛚ℶ) ⋣ #𝛚ϱℶ [𝛻ϱℶ(𝛚ϱℶ)] .

The PD is thus straightforward to compute in both cases, and we can write

PD((𝛻 , 𝛚ℶ) = 𝑄ϖ
0 ⋣ 𝛻ℶ(𝛚ℶ) + 𝑄ϖ

1 , (5.3)

where 𝑄ϖ
0 ω ℝ and 𝑄ϖ

1 ω ℝ are scaling and bias constants. To illustrate, let us consider the
Friedman problem (Friedman et al., 1983), which is used in our experiments below:

𝛻 (𝛚) = 𝑅0 sin(𝑅1<0<1) + 𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4.

Taking 𝛚ℶ = {<0, <1}, 𝛚ϱℶ = {<2, <3, <4}, it follows

PD((𝛻 , 𝛚ℶ) = 𝑄ϖ
0 ⋣ 𝑅0 sin(𝑅1<0<1) + 𝑄ϖ

1 ,

where 𝑄ϖ
0 = 1, 𝑄ϖ

1 = #𝛚ϱℶ [𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4].

5.3.2 P."7$%6 23+3%6%!3
We assume knowledge about model explanations in the form of a PD function, and are
given a !xed learning set LS = {(𝛚(0), 𝜍(0))}⊲0=1 of ⊲ samples. Formally, let us assume some
di$erentiable ML model ℸ⊳(𝛚) where ⊳ ω ℝ𝜑⊳ is a trainable parameter vector. We want to
learn ⊳ such that

⊳ϖ = argmin
⊳

∲mse(ℸ⊳, 𝛻 ; LS) (5.4)

s.t. PD⊲ (ℸ⊳, 𝛚ℶ) = PD⊲ (𝛻 , 𝛚ℶ), +𝛚ℶ ω ℝ𝜑𝛚ℶ (5.5)

where

∲mse(ℸ⊳, 𝛻 ; LS) =
1
⊲

⊲

⌋
0=1

(ℸ⊳(𝛚(0)) ϱ 𝜍(0))2. (5.6)

Equation (5.5) assumes perfect knowledge of the PD up through the values of its
parameters, which could be unrealistic in some cases. We hence assume that we do not
have a perfect knowledge of the PD, but rather of the algebraic shape that the PD should
have. Therefore, we introduce a function ℸ𝑄ℶ (𝛚ℶ), where 𝑄 ω ℝ𝜑𝑄 is a learnable parameter
vector including the previously de!ned scaling and bias parameters 𝑄0 and 𝑄1, such that
for the optimal vector 𝑄ϖ, we have ℸ𝑄

ϖ

ℶ (𝛚ℶ) = PD((𝛻 , 𝛚ℶ). Taking back the previous
example yields ℸ𝑄ℶ (𝛚ℶ) = 𝑄0 ⋣ [𝑄2 sin(𝑄3<0<1)] + 𝑄1, and 𝑄ϖ = [1,3,𝑅0,𝑅1] would be a
potential optimal vector, with 3 = #𝛚ϱℶ [𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4].

As Equation (5.5) is hard to satisfy tightly, we rely on the following relaxation, introducing
a coe"cient 𝐿 ω [0, 1]

⊳ϖ,𝑄ϖ = argmin
⊳,𝑄

∲𝐿(ℸ⊳, ℸ
𝑄
ℶ , 𝛻 ; LS), (5.7)

where
∲𝐿(ℸ⊳, ℸ

𝑄
ℶ , 𝛻 ; LS) = (1 ϱ 𝐿)∲mse(ℸ⊳, 𝛻 ; LS) + 𝐿∲PD(ℸ⊳, ℸ

𝑄
ℶ ; LS).
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The second term is de!ned as

∲PD(ℸ⊳, ℸ
𝑄
ℶ ; LS) =

1
⊲

⊲

⌋
0=1

(PD⊲ (ℸ⊳, 𝛚
(0)
ℶ ) ϱ ℸ𝑄ℶ (𝛚

(0)
ℶ ))2. (5.8)

In practice, we apply steps of gradient descent to !t both ⊳ and 𝑄 in Equation (5.7), for a
certain number of epochs 7. Although !tting both ⊳ and 𝑄 could be performed jointly,
we decide to alternate both steps. To initialize the process, we arbitrarily !t ℸ𝑄ℶ for 7
epochs on the raw outputs, yielding

𝑄(0) = argmin
𝑄

∲prior(ℸ
𝑄
ℶ , 𝛻 ; LS), (5.9)

where ∲prior(ℸ
𝑄
ℶ , 𝛻 ; LS) =

1
⊲ /⊲

0=1(ℸ
𝑄
ℶ (𝛚

(0)
ℶ ) ϱ 𝜍(0))2. Then, we !t the ML model under the

constraint that its PD should be close to the current model ℸ𝑄
(0)

ℶ . Every , ω ℕ+ epochs,
we update 𝑄 to minimize Equation (5.8), for the current !t of ⊳. We further repeat the
previous two steps.

It is important to note that, given the de!nition of Equation (5.8), we can compute ∲PD

using a dataset LSPD = {𝛚(ℏ)ℶ }⊲PD
ℏ=1 di$erent from LS:

∲PD(ℸ⊳, ℸ
𝑄
ℶ ; LS, LSPD) =

1
⊲PD

⊲PD

⌋
ℏ=1

(PD⊲ (ℸ⊳, 𝛚
(ℏ)
ℶ ) ϱ ℸ𝑄ℶ (𝛚

(ℏ)
ℶ ))2.

While LS is used to compute the value of PD⊲ at a given point (i.e. to obtain samples
from 𝜔(𝛚ϱℶ)), LSPD is a dataset of said given points 𝛚ℶ . The utility of constructing
separate datasets for these two steps is further explained in Section 5.3.3. Algorithm 7
summarizes the training procedure, where steps of gradient descent )⋣ are performed on
mini-batches.

Algorithm 7 Partial Dependence Steering

Input: LS =
⌈
(𝛚(0), 𝜍(0))

⌉⊲

0=1 , 𝑆,PD =
⟨
𝛚(ℏ)ℶ

⟩⊲PD

ℏ=1
Parameters: 7 > , ⋤ 0, 𝐶1 > 0, 𝐶2 > 0, 𝐿 > 0

for 6 = 1 to 7 do
𝑄(6) ⋞ 𝑄(6ϱ1) ϱ 𝐶1)𝑄∲prior(ℸ

𝑄(6ϱ1)

ℶ , 𝛻 ; LS)
𝑄(0) ⋞ argmin6 ∲prior(ℸ

𝑄(6)

ℶ , 𝛻 ; LS)

𝑀 = 0, 𝜀 = 1
for 6 = 1 to 7 do

if 𝑀 < , then
⊳(6)⋞⊳(6ϱ1)ϱ𝐶2)⊳∲𝐿(ℸ⊳

(6ϱ1)
, ℸ𝑄

(𝜀ϱ1)

ℶ , 𝛻 ; LS, LSPD)
𝑀 = 𝑀 + 1

else
𝑄(𝜀)⋞ 𝑄(𝜀ϱ1)ϱ 𝐶2)𝑄∲PD(ℸ⊳

(6ϱ1)
, ℸ𝑄

(𝜀ϱ1)

ℶ ; LS, LSPD)
⊳(6) ⋞ ⊳(6ϱ1)

𝑀 = 0, 𝜀 = 𝜀 + 1
⊳ ⋞ argmin6 ∲mse(ℸ⊳

(6)
, 𝛻 ; LS)

return ⊳
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5.3.3 C"!23.+*!3 ,"!/*’).+3*"!2
We consider di$erent scenarios, where we vary both the knowledge level and LSPD. In
all cases, the shape of PD((𝛻 , 𝛚ℶ) is assumed to be known through ℸ𝑄ℶ (𝛚ℶ). However, the
values of the parameters 𝑄 can either be known exactly (i.e., 𝑄 = 𝑄ϖ, denoted ground truth
prior), or have to be learned (i.e., 𝑄 = 1𝑄, denoted approximated prior), as in Algorithm 7.
Furthermore, we can de!ne LSPD in two ways: LSPD = {𝛚(0)ℶ 0 𝛚(0) ω LS}⊲0=1 (in-distribution
constraint), where the PD of the model will be constrained at positions de!ned by the
learning sample, i.e. 𝛚ℶ ϑ 𝜔(𝛚ℶ), or as a set of evenly spaced values between lower and
upper bounds 𝑇,𝐼 ω ℝ𝜑𝛚ℶ , i.e. LSPD = {𝛚(ℏ)ℶ ω ℝ𝜑𝛚ℶ 0 𝛚(ℏ)ℶ = 𝑇 + (ℏ ϱ 1) 𝐼ϱ𝑇

⊲PDϱ1
}⊲PD
ℏ=1 (linspace

constraint). Such bounds can be the minimum and maximum observed values for 𝛚ℶ
in the dataset, or derived from prior knowledge. Constructing a separate dataset LSPD
allows to constrain on regions that may be poorly sampled, thereby helping the model to
generalize more e$ectively. In particular, this could help in a scenario where the model is
later on fed with out-of-distribution data.

5.4 E;0%.*6%!32
In this section, we study the performance of our PD-based steering method, in terms of
both predictive performance and quality of the resulting PD, through test set estimates
of Equation (5.6) and Equation (5.8), with 𝑄 = 𝑄ϖ, which we refer to as ∲mse and ∲PD. We
compare our method to unconstrained training on synthetic and real regression problems,
as well as on a problem of dynamical systems forecasting. We study the e$ect of training
sample size on both measures, and analyze the impact of shifting the domain of 𝛚ℶ at test
time. We also compare the performance of our method against that of physics-informed
ML models, and eventually study the behavior of models constrained with mis-speci!ed
prior knowledge.

Dataset andmodel hyperparameters For synthetic regression problems, we generate
training and validation sets of successively 300, 150 and 50 samples each. All methods
are evaluated on a !xed test set of 10 000 samples. For the lower and upper bounds of
linspace constraints, we use the bounds of the input domain, and we arbitrarily !x the
resolution to 25 for PD functions of two variables (producing a 25± 25 grid) and to 256 for
single-variable PD functions. For both constraining types, we draw random mini-batches
from LSPD at each epoch. We consider the following settings (see Section 5.3.3):

• Linspace constraint on the ground truth prior, denoted as 𝑄 = 𝑄ϖ (L),

• In-distribution constraint on the ground truth prior, denoted as 𝑄 = 𝑄ϖ (ID),

• Linspace constraint on the approximated prior, denoted as 𝑄 = 1𝑄 (L),

• In-distribution constraint on the approximated prior, denoted as 𝑄 = 1𝑄 (ID).

We !x the architecture of the neural network to three layers of increasing hidden size
(32, 64 and 128), with a !xed training batch size of 16 samples. We optimize the learning
rate 𝐶2 in {5 ± 10ϱ2, 5 ± 10ϱ3, 5 ± 10ϱ4} and the coe"cient 𝐿 in {0.25, 0.5, 0.75}, selecting the
values that minimize ∲mse on the validation set. We set the number of epochs 7 = 1000,
𝐶1 = 1, , = 50.

Test-time domain shift To implement this behavior, in synthetic problems, we !rst
de!ne an interpolation range on a particular variable in 𝛚ℶ . We then generate training
and validation sets by sampling from the original distribution 𝜔(𝛚), rejecting any sample
whose value for the selected variable lies outside the aforementioned range. The test set
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is identical for interpolation and extrapolation, such that it contains samples with values
both inside and outside the interpolation range.

5.4.1 F.*%&6+! 0."7$%6
We consider the following problem (Friedman et al., 1983):

𝜍 = 𝑅0 sin(𝑅1<0<1) + 𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4 +
9

⌋
ℏ=5

0<ℏ + 𝜕,

where <ℏ ϑ ⨎ (0, 1), ℏ = 0,…9, 𝑅 = [10,𝑂, 20, 0.5, 10, 5] and 𝜕 ϑ ∳ (0, 1). In what follows,
we consider three experiments constraining the PD of ℸ⊳ w.r.t. the following functions,
respectively:

ℸ𝑄ℶ (<0, <1) = 𝑄0[𝑄2 sin(𝑄3<0<1)] + 𝑄1,

ℸ𝑄ℶ (<2) = 𝑄0[𝑄2(<2 ϱ 𝑄3)2] + 𝑄1,

ℸ𝑄ℶ (<3, <4) = 𝑄0[𝑄2<3 + 𝑄3<4] + 𝑄1.

Potential ground truth parameter vectors can be respectively:

𝑄ϖ = [1,31,𝑅0,𝑅1], 31 = #𝛚ϱℶ \𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4( ,

𝑄ϖ = [1,32,𝑅2,𝑅3], where 32 = #𝛚ϱℶ [𝑅0 sin(𝑅1<0<1) + 𝑅4<3 + 𝑅5<4] ,

𝑄ϖ = [1,33,𝑅4,𝑅5], 33 = #𝛚ϱℶ \𝑅0 sin(𝑅1<0<1) + 𝑅2(<2 ϱ 𝑅3)2( .

C"!23.+*!*!’ PD⊲ (ℸ⊳, <0, <1)

Sample size e!ect As a general trend, we observe in Figure 5.1 that decreasing the
learning sample size degrades both measures of performance, for all methods.
Furthermore, constraining the PD of the model improves both measures compared to
unconstrained training, for all training sizes.
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Figure 5.1. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on the
Friedman problem, constraining PD⊲ (ℸ⊳, <0, <1). Each boxplot summarizes the results on
the test set, over 10 di$erent training initializations.

As could be expected, linspace constraining on the true PD function (blue boxes) achieves
the best results for both metrics, whatever the sample size. Nevertheless, it is interesting
to note that linspace constraining with an approximated prior 𝑄 = 1𝑄 (green boxes)
performs on par with in-distribution constraining on true PD samples (orange boxes),
and even outperforms the latter when data becomes very scarce (50 samples), which
highlights the bene!t of constraining the PD in poorly-sampled regions of the input
space. This can be veri!ed by looking at Figure 5.2, which highlights the di$erence in
the PD estimates.
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Figure 5.2. Examples of PD estimation for PD⊲ (ℸ⊳, <0, <1). The !gure displays the true
PD (left), the PD after in-distribution constraining on the ground truth PD (middle), and
the PD after linspace constraining on the approximated prior (right). Both have been
trained with 50 samples, in the interpolation setting.
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Figure 5.3. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the Friedman problem, constraining PD⊲ (ℸ⊳, <0, <1). Inside metrics are computed
on samples for which <0 ⋜ 0.75 (left plots), while Outside metrics are computed on
samples where <0 > 0.75 (right plots). Each boxplot summarizes the results on the test
set, over 10 di$erent training initializations.

Test-time domain shift We further test the robustness of constrained models when
observing test-time domain shift in 𝛚0: samples for which 𝛚0 > 0.75 are rejected from the
training and validation sets. We can observe in Figure 5.3 that the relative ranking of
training methods inside the interpolation range is similar to that observed in Figure 5.1.
Note that this similarity is not necessarily expected as training settings are quite di$erent
from the previous experiment. Indeed, for in-distribution constraints, given that the PD
of the model is now constrained only up to <0 = 0.75, the model can produce di$erent
results from the one constrained on the entire domain, even inside the interpolation
range. Looking at ∲mse inside the interpolation range, we notice that we now obtain
overall lower errors compared to the previous setting, whatever the training scheme. This
is expected since training methods now have access to more data samples in a narrower
space, but it could also mean that the output signal for <0 > 0.75 is more complex to
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capture. For both metrics, PD steering helps to dampen the impact of moving outside
the interpolation range, once again much more when constraining on evenly-spaced
points.

C"!23.+*!*!’ PD⊲ (ℸ⊳, <2)

Sample size e!ect We can observe in Figure 5.4 that constraining PD⊲ (ℸ⊳, <2) helps
to improve both measures of performance, for each training size, and it now seems that
linspace constraining and in-distribution constraining are mostly on par, which was not
the case when constraining on PD⊲ (ℸ⊳, <0, <1). This may be explained by the fact that
the PD function is now only one-dimensional and data points are uniformly sampled
in [0, 1], meaning that the input domain on <2 is more densely covered than that of
two-dimensional PD functions. Furthermore, we also hypothesize that both constraining
methods (i.e., linspace and in-distribution) perform similarly because the PD shape is
symmetrical and less intricate to approximate.
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Figure 5.4. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on the
Friedman problem, constraining PD⊲ (ℸ⊳, <2). Each boxplot summarizes the results over
10 di$erent training initializations.
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Figure 5.5. Mean PD estimations for PD⊲ (ℸ⊳, <2) obtained with each method, for
the Friedman problem, in the interpolation setting. All methods have been trained
respectively on 300 samples (left), 150 samples (middle), 50 samples (right). Mean and
standard deviations are computed over 10 di$erent training initializations.

Figure 5.5 displays the average PD estimations obtained when constraining PD⊲ (ℸ⊳, <2)
for each training size, in interpolation. We can observe that with enough data points
(300), all methods (including unconstrained training) are able to provide reliable estimates.
With half as many training samples, unconstrained PD estimates are now less precise,
whereas with 50 training samples, it produces a straight curve. We also note that for
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the latter size, all training methods seem to shift the PD estimates upwards, which we
attribute to the initial objective of minimizing Equation (5.6) overtaking the minimization
of Equation (5.8), as only the former objective is used as model selection criterion.

Test-time domain shift We now enforce test-time domain shift in <2. As was the case
for the previous Friedman experiment, samples for which <2 > 0.75 are rejected from the
training and validation sets.
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Figure 5.6. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the Friedman problem, constraining PD⊲ (ℸ⊳, <2). Inside metrics are computed on
samples for which <2 ⋜ 0.75 (left plots), while Outside metrics are computed on samples
where <2 > 0.75 (right plots). Each boxplot summarizes the results on a test set, over 10
di$erent training initializations.

In Figure 5.6, we observe very similar results to those obtained in Figure 5.4, where
constrained training improves both measures of performance. Nevertheless, we notice
that after training on 50 samples, estimations of the PD function for both unconstrained
training (purple boxes) and constrained training with an approximated prior (green and
red boxes) seem better than previously, by simply looking at Figure 5.6 (left). This can
however be explained by the fact that the target domain is now cut at <2 = 0.75 for
inside estimates, therefore omitting an important part where larger error amplitudes
are concentrated. This can be further veri!ed by analyzing Figure 5.7 (right). Indeed,
we can see that linspace constraining on the ground truth PD function yields the least
worse estimations, as it is the only method that has access to high-quality information
about the PD outside the interpolation domain. Even though the optimal in-distribution
constraining (orange curve) also has access to the same level of quality, it is nonetheless
limited up to <2 = 0.75. As far as constraining with approximated priors is concerned
(green and red curves), neither method produces good PD estimates as they are limited by
the quality of the prior, which is only !tted inside the interpolation range. Furthermore,
due to the limited amount of training points, it seems that, even in the interpolation range,
models put more weight to the minimization of the total mean-squared error rather than
the minimization of the distance to the (true) target PD function.

For comparison, we display in Figure 5.7 (left) the PD estimations obtained in

67



5.4 E;0%.*6%!32

0.0 0.5 1.0
x2

10

12

14

16

18

20

P
D

(x
2)

0.0 0.5 1.0
x2

0.0 0.5 1.0
x2

True PD � = �� (L) � = �� (ID) � = �̂ (L) � = �̂ (ID) Unconstrained

Figure 5.7. Mean PD estimations for PD⊲ (ℸ⊳, <2) obtained with each method, for
the Friedman problem, in the extrapolation setting. All methods have been trained
respectively on 300 samples (left), 150 samples (middle), 50 samples (right). Mean and
standard deviations are computed over 10 di$erent training initializations. The dotted
red line represents the boundary of the interpolation range.

extrapolation, after training with 300 samples. We can observe that now all methods
provide quite reliable PD estimates in the interpolation domain, which was not the case
with only 50 samples. Furthermore, linspace constraining on the true PD function (blue
curve) vastly outperforms other baselines, as expected. It is interesting to notice that, in
this scenario, linspace constraining (green curve) produces PD estimations similar to
in-distribution constraining on the true PD function (orange curve). This means that,
even with imperfect knowledge about the latter, it still seems better to constrain on a
wider region. Even more interestingly, while estimations after training on 150 samples
show more variance, it seems that mean PD estimations of such linspace !tting are closer
to the true PD function than mean estimations obtained on 300 samples. PD estimates
obtained from unconstrained training clearly degrade as training size decreases.

C"!23.+*!*!’ PD⊲ (ℸ⊳, <3, <4)
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Figure 5.8. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on the
Friedman problem, constraining PD⊲ (ℸ⊳, <3, <4). Each boxplot summarizes the results
over 10 di$erent training initializations.

Sample size e!ect While the impact of PD constraining was quite marked for
PD⊲ (ℸ⊳, <0, <1) and PD⊲ (ℸ⊳, <2), constraining on PD⊲ (ℸ⊳, <3, <4) seems to have very little
impact on both the total mean-squared error and on the estimated PD, as can be seen in
Figure 5.8. In fact, we notice that the scale of the PD error is much smaller than that of
the two previous experiments, #oating around 0.8 for 50 samples, whereas it is twice to
!ve times as large for PD⊲ (ℸ⊳, <0, <1) and PD⊲ (ℸ⊳, <2). This null impact of PD
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constraining can be explained by the fact that ℸ𝑄ℶ (<3, <4) = 𝑄0[𝑄2<3 + 𝑄3<4] + 𝑄1 is
actually very easy to capture from the output signal. To illustrate this claim, we provide
in Figure 5.9 samples of PD estimations for PD⊲ (ℸ⊳, <0, <1) (top) and PD⊲ (ℸ⊳, <3, <4)
(bottom), after training with 50 samples. It is easy to notice, for the latter, that even
unconstrained training yields a PD estimation that is close to the real one, which is not
true for the former.
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Figure 5.9. Example of PD estimation for PD⊲ (ℸ⊳, <0, <1) (top plots) and PD⊲ (ℸ⊳, <3, <4)
(bottom plots). The !gure displays the true PD (left), the PD after linspace constraining
on the ground truth PD (middle), and the PD after unconstrained training (right). Both
have been trained with 50 samples, in the interpolation setting.
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Figure 5.10. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the Friedman problem, constraining PD⊲ (ℸ⊳, <3, <4). Inside metrics are computed
on samples for which <3 ⋜ 0.75 (left plots), while Outside metrics are computed on
samples where <3 > 0.75 (right plots). Each boxplot summarizes the results on a test set,
over 10 di$erent training initializations.
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Test-time domain shift As for PD⊲ (ℸ⊳, <0, <1), samples for which <3 > 0.75 are
rejected from the training and validation sets.

Similarly to the interpolation setting, we can observe in Figure 5.10 that constraining
on PD⊲ (ℸ⊳, <3, <4) slightly helps in extrapolation, in terms of total mean-squared error.
Nevertheless, the resulting PD estimations after constraining with the ground truth prior
now seem to be consistently better than unconstrained training, which can be veri!ed in
Figure 5.11. Even though both training methods captured the shape of the underlying
PD function, unconstrained training fails to approximate accurately the output scale,
especially outside the interpolation range, i.e. where <3 > 0.75.
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Figure 5.11. Example of PD estimation for PD⊲ (ℸ⊳, <3, <4). The !gure displays the true
PD (left), the PD after linspace constraining on the ground truth PD (middle), and the
PD after unconstrained training (right). Both have been trained with 50 samples, in the
extrapolation setting.

5.4.2 P."&),3 0."7$%6
We consider the following problem:

𝜍 = 𝑅0<3
0 cos(𝑅1<0)

(<1 ϱ 1)2

2
+

9

⌋
ℏ=2

0<ℏ + 𝜕,

where features are correlated with zero mean, variances and covariances equal to 0.5 and
0.25, respectively, 𝑅 = [15,𝑂], and 𝜕 ϑ ∳ (0, 1), with the following PD function:

ℸ𝑄ℶ (<0) = 𝑄0[𝑄2<3
0 cos(𝑄3<0)] + 𝑄1.

A potential optimal parameter vector is 𝑄ϖ = [3, 0,𝑅0,𝑅1], with 3 = #<1 ⟫
(<1ϱ1)2

2 ❲.

Sample size e!ect As was the case for the Friedman problem, we can observe in
Figure 5.12 that model performance degrades as the training size decreases, although
more slightly. We notice that our regularization methods vastly help to learn more robust
models with limited amounts of data compared to unconstrained training. Indeed, the
test mean-squared errors of in-distribution constrained models (orange and red boxes) on
50 samples are roughly at the same level as those of the unconstrained model trained on
300 samples, and linspace constrained models (blue and green boxes) vastly outperform
the latter. We also notice that the PD obtained for most constrained models on 50 samples
is even better than that of the unconstrained neural network on 300 samples. Figure
5.12 also highlights the bene!ts of constraining on a set of evenly-spaced points, as a
wider region of the input domain is covered, even against in-distribution constraining on
the ground truth PD function (orange boxes). Interestingly, linspace constraining on an
approximated prior (green boxes) can produce more accurate predictions compared to
linspace constraining on the true function (blue boxes). This can be explained by the fact
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Figure 5.12. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on the
product problem, constraining PD⊲ (ℸ⊳, <0). Each boxplot summarizes the results on the
test set, over 10 di$erent training initializations.

that, by approximating the PD function, the former allows for more #exibility to reduce
the mean-squared error on the outputs, at the cost of a worse PD estimation.

We represent in Figure 5.13 (left) the di$erent PD estimations obtained on average with
each training method, with a training set of 150 samples. We notice that each constrained
model approximates the true PD function quite well, while the unconstrained neural
network has more di"culties in approximating the boundary regions, where the PD
function varies more sharply.

Even though PD plots (PDP) as interpretation tools are expected to deteriorate and be
less faithful in the presence of (strongly) correlated features, due to the averaging of
predictions over possibly unrealistic input samples (Molnar, 2020), we observe that this
does not impact our method as we constrain models with the true algebraic form of the
PD.
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Figure 5.13. Mean PD estimations for PD⊲ (ℸ⊳, <0) obtained with each method, for the
product problem, in the interpolation (left) and extrapolation settings (right), after training
on 150 samples. Mean and standard deviations are computed over 10 di$erent training
initializations. The dotted red lines represent the boundaries of the interpolation range.

In Figure 5.14, we show that in-distribution constraining fails to provide an accurate
PD estimate, compared to linspace constraining, when the number of training points is
scarcer (⊲ = 50).
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Figure 5.14. Mean PD estimations for PD⊲ (ℸ⊳, <0) obtained with each method, for
the product problem, in the interpolation setting. All methods have been trained on
50 samples. Mean and standard deviations are computed over 10 di$erent training
initializations.
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Figure 5.15. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the product problem, constraining PD⊲ (ℸ⊳, <0). Inside metrics are computed on
samples for which <0 ω [ϱ1.25, 1.25] (left plots), while Outside metrics are computed on
samples outside that range (right plots). Each boxplot summarizes the results on the test
set, over 10 di$erent training initializations.

Test-time domain shift We study the impact of shifting the domain of <0 at test time:
samples for which <0 1 [ϱ1.25, 1.25] are rejected from the training and validation sets,
which roughly corresponds to the switch of concavity of the PD function, on both sides. In
Figure 5.15, we can observe that for training sets of 300 and 150 samples, unconstrained
training performs on par (if not sometimes better) with constrained methods, when
samples lie inside the interpolation range. By comparing with the mean-squared errors
reported in Figure 5.12, we hypothesize that the output region in the center of the domain
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is easier to approximate than the borders, which is also suggested by the true PD function
shape in Figure 5.14. This claim can be further veri!ed by looking at both metrics outside
the interpolation range. Indeed, linspace-constrainedmodels (blue and green boxes) vastly
outperform unconstrained ones in both measures, producing similar results whatever
the training set size, although with some variance when the PD parameters need to be
estimated. On the other hand, it is interesting to note that in-distribution constraining
(orange and red boxes) only slightly improves performance (or even worsens) against
unconstrained training. This can be again explained by the fact that the PD of the model
is constrained only inside the interpolation domain, while most modeling complexity lies
at the boundaries of the domain, which is what we verify in Figure 5.13 (right). Indeed,
the PD estimations of in-distribution training are actually very similar to those obtained
after unconstrained training.

5.4.3 C"!,.%3% ,"60.%22*1% 23.%!’3- 0.%&*,3*"!
This real-world dataset collects 1 030 samples relating eight characteristics of concrete
components with the resulting compressive strength (I-Cheng Yeh, 1998). A complete
description of all the features can be found in Appendix 5.A.1.

Based on the dataset introductory paper (Yeh, 1998), we assume the relationship between
age and compressive strength to be logarithmic, i.e.,

ℸ𝑄ℶ (age) = 𝑄0 ln(age) + 𝑄1.

Given that this experiment is based on real data, we do not have access to ground truth
values of 𝑄, therefore we can only experiment with the approximate constraining methods
and cannot measure ∲PD. We choose to use 100, 50 and 25 training (and validation)
samples, leaving the rest as test set, and set the batch size to 5 samples. For each training
size, we generate 20 di$erent dataset splits.

Sample size e!ect We observe in Figure 5.16 (left) that constraining the PD of the
network to be logarithmic helps to reduce the errors made in the !nal predictions,
even more for smaller training sizes. With enough training samples, the gap w.r.t.
unconstrained training is closed.
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Figure 5.16. Evolution of ∲mse w.r.t. the training sample size, on the concrete problem,
constraining PD⊲ (ℸ⊳, age), in the interpolation setting (left) and extrapolation setting
(right). Each boxplot summarizes the results on a test set, over 20 di$erent dataset splits.

Test-time domain shift In this setting, we have removed from training and validation
sets samples whose age value was larger than 15 days, which allows to have a shared test
set of 706 samples for all extrapolation experiments.
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We observe in Figure 5.16 (right) that unconstrained models su$er from shifting outside
the age range considered during training. With enough training samples, in-distribution
constraining is able to dampen this e$ect, but it then levels with unconstrained training,
and even worsens for smaller training sizes. Linspace constraining, however, vastly
outperforms both in-distribution constraining and unconstrained training, for all training
sizes.

In Figure 5.17, we provide the mean PD estimations for all methods, both in the
interpolation (top) and extrapolation (bottom) settings. In the interpolation setting, we
can observe that, with enough training data (100 samples, top left), the PD estimations of
all models follow the same logarithmic trend. However, when reducing the number of
training samples, we notice that those of unconstrained models tend to diverge and show
increased variance. In the extrapolation setting, the situation is radically di$erent.
Indeed, both unconstrained models and in-distribution constraining fail to capture the
logarithmic shape outside the training domain, which con!rms the poor performance
that was observed for such methods in Figure 5.16 (right). For this problem, it is clear
that the linspace constraint helps to better model the shape of the desired PD, thereby
reducing the prediction error, as was observed in Figure 5.16 (right).

20

40

60

P
D

(a
ge

)

20

40

60

25

50

75

0 200
age

25

50

75

P
D

(a
ge

)

0 200
age

25

50

75

0 200
age

25

50

75

� = �̂ (L) � = �̂ (ID) Unconstrained

Figure 5.17. Mean PD estimations for PD⊲ (ℸ⊳, age) obtained with each method, for
the compressive strength problem, in the interpolation (top) and extrapolation settings
(bottom). All methods have been trained respectively on 100 samples (left), 50 samples
(middle), 25 samples (right). Mean and standard deviations are computed over 20 di$erent
dataset splits. The dotted red lines represent the boundaries of the interpolation range.

5.4.4 PHALK &+3+2%3
This dataset relates environmental basin characteristics, alkalinity and pH values from
a very large number of inland water sites (Catalan et al., 2025), for a total of 1 017 498
samples. A complete description of all the features can be found in Appendix 5.A.2.

As mentioned in the introductory paper (Batalla et al., 2026), we assumed a logarithmic
relationship between pH and alkalinity. Therefore, we decided to train a model to predict
pH from the other features, and constrained its partial dependence w.r.t. alkalinity to be
logarithmic, i.e.,

ℸ𝑄ℶ (alkalinity) = 𝑄0 ln(alkalinity) + 𝑄1.

As for the previous experiment, we use 100, 50 and 25 training (and validation) samples,
leaving the rest as test set, and set the batch size to 5 samples. For each training size, we
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generate 20 di$erent dataset splits.

Sample size e!ect Similarly to the concrete compressive strength prediction problem,
we observe in Figure 5.18 (left) that constraining the PD of the model to be logarithmic
improves !nal performance, especially for smaller training sizes.
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Figure 5.18. Evolution of ∲mse w.r.t. the training sample size, on the PHALK dataset,
constraining PD⊲ (ℸ⊳, alkalinity), in the interpolation setting (left) and extrapolation
setting (right). Each boxplot summarizes the results on a test set, over 20 di$erent dataset
splits.

Test-time domain shift As typical alkalinity values observed in the dataset lie in
[0, 8000], we set a threshold to 250 for the extrapolation setting, i.e., training (and
validation) samples only have alkalinity values lower than 250, while test samples have
alkalinity values higher than 250.

We observe in Figure 5.18 (right) that, once again, linspace constraining vastly
outperforms both in-distribution constraining and unconstrained training. For this
problem, in-distribution constraining yields the worst models.
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Figure 5.19. Mean PD estimations for PD⊲ (ℸ⊳, alkalinity) obtained with each method, on
the PHALK dataset, in the interpolation (top) and extrapolation settings (bottom). All
methods have been trained respectively on 100 samples (left), 50 samples (middle), 25
samples (right). Mean and standard deviations are computed over 20 di$erent dataset
splits. The dotted red lines represent the boundaries of the interpolation range.
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In Figure 5.19, we provide the mean PD estimations, both in the interpolation (top)
and extrapolation (bottom) settings. In the interpolation setting, we observe that the
PD estimations of all models follow the same logarithm-like trend, for all training
sizes.

In the extrapolation setting, the situation is quite di$erent. As was the case for the
previous experiment, both unconstrained models and in-distribution constraining do not
manage to recover the logarithmic structure outside the training domain, which is veri!ed
with their respective performance values in Figure 5.18 (right). Linspace constraining, on
the contrary, helps to better model the shape of the desired PD, thereby improving !nal
performance.

5.4.5 C"60+.*2"! 3" 0-42*,2(*!/".6%& 6"&%$2
In this section, we compare the performance of our constraining methods against two
physics-informed machine learning baselines, namely APHYNITY (Yin et al., 2021) and
partial-dependence-based hybrid modeling (Claes, Huynh-Thu, et al., 2025, Chapter 3).
Although the goal of both approaches is radically di$erent from ours, we deemed
interesting to have a look at this speci!c type of methods in terms of prediction
performance but mostly in terms of PD estimation performance, as they are
straightforward to implement for the considered nature of knowledge.

APHYNITY Formally, APHYNITY combines a !rst-principles model, i.e. the prior
knowledge ℸℶ(𝛚ℶ ;𝑄), with a ML model denoted ℸ𝜛(𝛚; ⊳), in an additive manner, with
learnable 𝑄 and ⊳. The balance between ℸℶ and ℸ𝜛 is controlled by minimizing the
contribution of ℸ𝜛 while trying to minimize the prediction errors of the entire model
ℸ = ℸℶ + ℸ𝜛, through the optimization of some regularization coe"cient 𝐿 ω ℝ.

Partial-dependence-based hybrid modeling Similarly to APHYNITY, this hybrid
method also additively combines the !rst-principles model ℸℶ with the ML model ℸ𝜛.
However, the optimization of bothmodels is no longer performed jointly. Indeed, ℸℶ(𝛚ℶ ,𝑄)
is !rst optimized by iteratively !tting the latter on PD estimations of an ML model. Then,
ℸ𝜛(𝛚; ⊳) is trained once on the residual 𝜍 ϱ ℸℶ(𝛚ℶ ;𝑄).

For all experiments, we !x the architecture of the neural network to three layers of
increasing hidden size (32, 64 and 128), with a !xed training batch size of 16 samples
(resp. 4 trajectories for dynamical systems and 5 for the real-world problems). We set
the number of epochs 7 = 1000. For APHYNITY, we optimize the joint learning rate
in {5 ± 10ϱ2, 5 ± 10ϱ3, 5 ± 10ϱ4} and the coe"cient 𝐿 in {1, 10, 20}, selecting the values
that minimize ∲mse on the validation set. We refer to partial-dependence-based hybrid
modeling as “PD hybrid” in the following results.

F.*%&6+! 0."7$%6

Let us recall the problem de!nition (Friedman et al., 1983):

𝜍 = 𝑅0 sin(𝑅1<0<1) + 𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4 +
9

⌋
ℏ=5

0<ℏ + 𝜕,

where <ℏ ϑ ⨎ (0, 1), ℏ = 0,…9, 𝑅 = [10,𝑂, 20, 0.5, 10, 5] and 𝜕 ϑ ∳ (0, 1).

For hybrid methods, we assume prior knowledge similar to our method and speci!cally
focus on a single setting for this problem, i.e.

ℸℶ(<0, <1;𝑄) = 𝑄0[𝑄2 sin(𝑄3<0<1)] + 𝑄1,

and the !nal model writes ℸ(𝛚) = ℸℶ(<0, <1;𝑄) + ℸ𝜛(𝛚; ⊳).
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Sample size e!ect We observe in Figure 5.20 that hybrid methods perform the best
for both measures of performance. This can actually be explained by the structure of
this problem and by the inductive bias of hybrid additive methods. Indeed, given that
this problem is purely additive with independent input features, it is therefore easy for
such hybrid methods to converge towards faithful estimations of the prior knowledge.
Note that this particular problem structure is also bene!cial for constrained models with
approximated priors, as the obtained priors are of better quality. Still, our method remains
less restrictive as it does not assume model additivity but rather relies on a single model.
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Figure 5.20. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on the
Friedman problem, constraining PD⊲ (ℸ⊳, <0, <1). Each boxplot summarizes the results
over 10 di$erent training initializations.
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Figure 5.21. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the Friedman problem, constraining PD⊲ (ℸ⊳, <0, <1). Inside metrics are computed
on samples for which <0 ⋜ 0.75 (left plots), while Outside metrics are computed on
samples where <0 > 0.75 (right plots). Each boxplot summarizes the results on a test set,
over 10 di$erent training initializations.
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Test-time domain shift In Figure 5.21, we observe that hybrid methods are quite
robust to test-time domain shift when training on 300 and 150 samples. We nevertheless
notice that, when training on scarcer data (50 samples), the gap in performance on both
measures is tightened between APHYNITY and linspace constraining, especially for ∲PD.
This could be explained by the fact that, due to the limited training domain, the quality
of ℸℶ degrades and the statistical model ℸ𝜛 then tries to compensate the mis!t, which
might lead to a worse PD. With linspace constraining, although the approximated prior
also deteriorates, the constraint allows to regularize the shape of the PD outside the
originally considered training domain. Still, we observe that PD-based hybrid modeling
is not impaired by the extrapolation setting, which suggests that, for this problem, the
iterative training procedure of ℸℶ on PD (residual) estimations of ℸ𝜛 yields better physical
parameters than those obtained with APHYNITY.

P."&),3 0."7$%6

Let us recall the problem de!nition:

𝜍 = 𝑅0<3
0 cos(𝑅1<0)

(<1 ϱ 1)2

2
+

9

⌋
ℏ=2

0<ℏ + 𝜕,

where features are correlated with zero mean, variances and covariances equal to 0.5 and
0.25, respectively, 𝑅 = [15,𝑂], and 𝜕 ϑ ∳ (0, 1).

For hybrid methods, we assume prior knowledge through

ℸℶ(<0;𝑄) = 𝑄0[𝑄2<3
0 cos(𝑄3<0)] + 𝑄1,

and the !nal model writes ℸ(𝛚) = ℸℶ(<0;𝑄) + ℸ𝜛(𝛚; , ⊳).
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Figure 5.22. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on the
product problem, constraining PD⊲ (ℸ⊳, <0). Each boxplot summarizes the results over 10
di$erent training initializations.

Sample size e!ect We observe in Figure 5.22 that hybrid methods perform only slightly
better than unconstrained models, for all training sizes. This can be explained by the
fact that such methods explicitly model additivity, which is a wrong assumption for
this problem. We can notice that with su"cient data (300 samples), their PD estimation
becomes slightly better than what would be obtained with an unconstrained neural
network. On the contrary, our constraining method does not su$er from this particular
problem structure, given that it does not encode additivity but simply relies on a single ML
model. Although in-distribution constraining degrades with scarce data (50 samples) and
performs roughly on par with hybrid models, linspace constraining vastly outperforms
the other methods, for both measures.
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Figure 5.23. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the product problem, constraining PD⊲ (ℸ⊳, <0). Inside metrics are computed on
samples for which <0 ω [ϱ1.25, 1.25] (left plots), while Outside metrics are computed on
samples outside that range (right plots). Each boxplot summarizes the results on the test
set, over 10 di$erent training initializations.

Test-time domain shift In Figure 5.23, we notice that even though the gap is closed
inside the interpolation domain, their PD estimation still remains worse than that of
constrained models, and equivalent to that of unconstrained networks. For samples
outside the interpolation range, we can observe that linspace constraining also
outperforms hybrid models.

C"!,.%3% ,"60.%22*1% 23.%!’3- 0.%&*,3*"!

As a reminder, the dataset is composed of samples relating characteristics of concrete
components with the associated compressive strength. For hybrid methods, we assume
similar logarithmic knowledge, i.e.

ℸℶ(age;𝑄) = 𝑄0 ln(age) + 𝑄1,

and the !nal model writes ℸ(𝛚) = ℸℶ(age;𝑄) + ℸ𝜛(𝛚).

Sample size e!ect We observe in Figure 5.24 (left) that, as constrained models, hybrid
methods reach better performance than unconstrained networks, for all training sizes.
The gap with constrained methods is nonexistent, and we note that the performance of
APHYNITY and linspace constraining are closely aligned.

Test-time domain shift We observe in Figure 5.24 (right) that APHYNITY falls short
when facing out-of-distribution samples, performing roughly identically to in-distribution
constraining and unconstrained models, meaning that, even though it is encoded in the
model itself, it does not seem to be able to capture the logarithmic signal in the resulting
PD, compared to linspace constraining. PD hybrid modeling performs much better than
APHYNITY, but still slightly worse than linspace constraining with su"cient training
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Figure 5.24. Evolution of ∲mse w.r.t. the training sample size, on the concrete problem,
constraining PD⊲ (ℸ⊳, age), in the interpolation setting (left) and extrapolation setting
(right). Each boxplot summarizes the results on a test set, over 20 di$erent dataset splits.

samples, which suggests that the logarithmic e$ect of age could not be entirely additive,
otherwise the gap would be tighter.
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Figure 5.25. Mean PD estimations for PD⊲ (ℸ⊳, age) obtained with each method, for
the compressive strength problem, in the interpolation (top) and extrapolation settings
(bottom). All methods have been trained respectively on 100 samples (left), 50 samples
(middle), 25 samples (right). Mean and standard deviations are computed over 20 di$erent
dataset splits. The dotted red lines represent the boundaries of the interpolation range.

We represent in Figure 5.25 the mean PD estimations, for all methods and training sizes.
In particular, we can notice that in the interpolation setting (top), the PD estimations
all follow a logarithmic shape. However, in the extrapolation setting (bottom), the PD
estimations of APHYNITY completely diverge and follow the same trend as those of
unconstrained models, showing that even though APHYNITY encodes the logarithmic
relationship by construction, it is insu"cient to result in a reliable PD. On the contrary,
PD hybrid modeling su$ers less than APHYNITY, as its PD estimation looks close to that
of linspace constraining.

PHALK &+3+2%3

As a reminder, the dataset contains samples of basin characteristics, pH and alkalinity
values, and we aim to predict pH values. For hybrid methods, we assume logarithmic
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knowledge, i.e.,
ℸℶ(alkalinity;𝑄) = 𝑄0 ln(alkalinity) + 𝑄1,

and the !nal model writes ℸ(𝛚) = ℸℶ(alkalinity;𝑄) + ℸ𝜛(𝛚).

Sample size e!ect We observe in Figure 5.26 (left) that hybrid methods reach better
performance than unconstrained networks, for all training sizes.
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Figure 5.26. Evolution of ∲mse w.r.t. the training sample size, on the PHALK dataset,
constraining PD⊲ (ℸ⊳, alkalinity), in the interpolation setting (left) and extrapolation
setting (right). Each boxplot summarizes the results on a test set, over 20 di$erent dataset
splits.
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Figure 5.27. Mean PD estimations for PD⊲ (ℸ⊳, alkalinity) obtained with each method, for
the PHALK dataset, in the interpolation (top) and extrapolation settings (bottom). All
methods have been trained respectively on 100 samples (left), 50 samples (middle), 25
samples (right). Mean and standard deviations are computed over 20 di$erent dataset
splits. The dotted red lines represent the boundaries of the interpolation range.

Test-time domain shift We observe in Figure 5.26 (right) that hybrid methods reach
worse performance with out-of-distribution samples, yet performing better than
in-distribution constraining and unconstrained models. For this problem, we observe
that linspace constraining vastly outperforms all the other methods.

We represent in Figure 5.27 the mean PD estimations, for all methods and training
sizes. We notice that in the interpolation setting (top), the PD estimations all follow a
logarithmic trend. However, in the extrapolation setting (bottom), the PD estimations
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of APHYNITY show stability problems, but generally do not look logarithmic. On the
contrary, PD hybrid modeling su$ers less than APHYNITY, as its PD estimation looks
close to that of linspace constraining.

5.4.6 D4!+6*,+$ 2423%62 /".%,+23*!’
Our algorithm can be straightforwardly extended to the problem of dynamical systems
forecasting. In this problem, we are interested in predicting the evolution of a system
driven by some dynamics 𝛻

𝐴𝛚𝐵 ε=
𝜑𝛚𝐵
𝜑𝐵

= 𝛻 (𝛚𝐵), (5.10)

where 𝛚𝐵 ω ℝ𝜑 , and 𝛻 (𝛚𝐵) shares the same dimension as 𝛚𝐵 . Similarly, we assume
knowledge about the dynamics function in the form of a PD function, and re-use previous
model de!nitions of ℸ⊳ and ℸ𝑄ℶ .

We assume access to a !nite set LS of ⊲ observed state trajectories over a given time
interval [0, . ], where . is the time horizon, i.e. LS = {𝛚(0)0 ,… , 𝛚(0). }⊲0=1. We are still interested
in solving Equation (5.7), i.e.

⊳ϖ,𝑄ϖ = argmin
⊳,𝑄

∲𝐿(ℸ⊳, ℸ
𝑄
ℶ , 𝛻 ; LS),

with
∲𝐿(ℸ⊳, ℸ

𝑄
ℶ , 𝛻 ; LS) = (1 ϱ 𝐿)∲mse(ℸ⊳, 𝛻 ; LS) + 𝐿∲PD(ℸ⊳, ℸ

𝑄
ℶ ; LS),

for which

PD⊲ (ℸ⊳, 𝛚ℶ) =
1
.

1
⊲

.

⌋
𝐵=1

⊲

⌋
0=1

ℸ⊳(𝛚ℶ , 𝛚
(0)
𝐵,ϱℶ), (5.11)

∲mse(ℸ⊳, 𝛻 ; LS) =
1
.

1
⊲

.

⌋
𝐵=1

⊲

⌋
0=1

) 1𝛚(0)𝐵 ϱ 𝛚(0)𝐵 )2, (5.12)

∲PD(ℸ⊳, ℸ
𝑄
ℶ ; LS, LSPD) =

1
⊲PD

⊲PD

⌋
ℏ=1

(PD⊲ (ℸ⊳, 𝛚
(ℏ)
ℶ ) ϱ ℸ𝑄ℶ (𝛚

(ℏ)
ℶ ))2, (5.13)

where 𝛚ℶ is any value of the features of interest, 1𝛚(0)𝐵 is the solution of integrating ℸ⊳ with
initial condition 𝛚(0)0 up to time 𝐵, and LSPD = {𝛚(ℏ)ℶ }⊲PD

ℏ=1 is a set of arbitrary values for the
subset of features of interest.

As was the case before, we need to initialize the process, hence we arbitrarily !t ℸ𝑄ℶ for 7
epochs on the raw trajectories, yielding

𝑄(0) = argmin
𝑄

∲prior(ℸ
𝑄
ℶ , 𝛻 ; LS),

with

∲prior(ℸ
𝑄
ℶ , 𝛻 ; LS) =

1
.

1
⊲

.

⌋
𝐵=1

⊲

⌋
0=1

) 1𝛚(0)𝐵,ℶ ϱ 𝛚(0)𝐵,ℶ)
2, (5.14)

where 1𝛚(0)𝐵,ℶ is the solution of integrating ℸ𝑄ℶ with initial condition 𝛚(0)0,ℶ up to time 𝐵.

D+60%& 0%!&)$)6 2423%6

Let us consider the following dynamical system:

𝜑2<0
𝜑𝐵2

+ 𝑅0 sin <0 + 𝑅1
𝜑<0
𝜑𝐵

= 0,

⋢

❳
𝐴<0 =

𝜑<0
𝜑𝐵

𝐻<0 = ϱ𝑅0 sin <0 ϱ 𝑅1
𝜑<0
𝜑𝐵
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with 𝛚 = (<0,
𝜑<0
𝜑𝐵 ) the state, whose initial values are respectively sampled from⨎ (ϱ𝑂,𝑂)

and ⨎ (0, 1
1000 ), and 𝑅 = [(𝑂6 )

2, 0.2], with the following PD function:

ℸ𝑄ℶ (<0) = 𝑄0[ϱ𝑄2 sin <0] + 𝑄1.

For this problem, even though prior knowledge is only de!ned for 𝐻<0 through the PD,
we still need a dynamical model for <0 to track its evolution over time as it serves as
the argument for the PD. Given that <1 = 𝜑<0

𝜑𝐵 , we therefore rede!ne ℸ𝑄ℶ ε (<0, <1) ⋟
(<1,𝑄0[ϱ𝑄2 sin <0] + 𝑄1).

A potential ground truth parameter vector is 𝑄ϖ = [1,3,𝑅0], where:

3 = # 𝜑<0
𝜑𝐵 ⦅

ϱ𝑅1
𝜑<0
𝜑𝐵 ⦆

.

We generate training and validation sets of successively 50, 25 and 10 trajectories each.
Each trajectory spans 81 evenly spaced timesteps (including the initial state 𝛚0), over
a time interval of [0, 20]s, integrated through the Neural ODE approach (R. T. Q. Chen
et al., 2018), using dopri5 as solver. All methods are then evaluated on a !xed test set of
200 trajectories, and we set the batch size to 4 trajectories.

Sample size e!ect As can be seen in Figure 5.28, while constraining seems to have
moderate impact on the predictive performance for a learning sample of 50 trajectories, it
nevertheless helps to predict more accurate trajectories for smaller training sample sizes,
especially for linspace constraining methods (blue and green boxes). This positive impact
is re#ected on the quality of the learned PD function, for all constraining approaches,
although more deeply for linspace constraining. Furthermore, linspace constraining on
ℸ𝑄

ϖ

ℶ reaches similar predictive performance compared to unconstrained training but with
only 25 training trajectories, compared to 50 for the latter. The same tendency can be
observed for linspace constraining on an approximated prior, though it slightly su$ers
from the variance of the learned prior function. Finally, in-distribution constraining does
not really improve predictive performance, but helps to learn a better PD function for
smaller training sizes.
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Figure 5.28. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on
the damped pendulum problem, constraining PD⊲ (ℸ⊳, <0). Each boxplot summarizes the
results on the test set, over 10 di$erent training initializations.

Test-time domain shift To study test-time shift, initial states whose angle <0 1
[ϱ 3𝑂

4 ,
3𝑂
4 ] are rejected from the training and validation sets.We observe in Figure 5.29

that predictive performance inside the interpolation range is now much lower for all
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training sizes and all methods, as a result of reducing the size of the input domain for the
initial condition. As was the case previously, 50 training trajectories seem to be enough
for unconstrained training to be as accurate inside as constraining approaches, although
producing slightly worse PD estimations. As the number of trajectories decreases, the
gap between linspace approaches and unconstrained training becomes larger, and the
former even perform on par with the latter with only 10 trajectories, compared to 25.
Similarly to the previous experiment, in-distribution constraining does not really improve
predictive performance (neither inside nor outside the interpolation range), but helps
to learn better inside PD estimates. However, it is striking that linspace constraining
outperforms unconstrained training when starting from out-of-distribution initial states,
both in terms of predictive performance and PD estimates.
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Figure 5.29. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the damped pendulum problem, constraining PD⊲ (ℸ⊳, <0). Inside metrics are
computed on samples for which the initial <0 ω [ϱ 3𝑂

4 ,
3𝑂
4 ] (left plots), whileOutsidemetrics

are computed on samples outside that range (right plots). Each boxplot summarizes the
results on the test set, over 10 di$erent training initializations.

5.4.7 C"!23.+*!*!’ #*3- 6*2(20%,*/*%& 5!"#$%&’%
In this section, we study the performance of our constraining methods in the presence
of mis-speci!ed prior knowledge, thereby assuming that the expert poorly models the
true partial dependence function. For that purpose, we rely on models whose hypothesis
spaces do not include the true PD model but respect similar properties.

For both experiments, we !x the architecture of the neural network to three layers of
increasing hidden size (32, 64 and 128), with a !xed training batch size of 16 samples for
the Friedman problem, and 5 for the concrete compressive strength problem. We optimize
the learning rate 𝐶2 in {5 ± 10ϱ2, 5 ± 10ϱ3, 5 ± 10ϱ4} and the coe"cient 𝐿 in {0.25, 0.5, 0.75},
selecting the values that minimize ∲mse on the validation set.
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F.*%&6+! 0."7$%6

Let us recall the problem de!nition (Friedman et al., 1983):

𝜍 = 𝑅0 sin(𝑅1<0<1) + 𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4 +
9

⌋
ℏ=5

0<ℏ + 𝜕,

where <ℏ ϑ ⨎ (0, 1), ℏ = 0,…9, 𝑅 = [10,𝑂, 20, 0.5, 10, 5] and 𝜕 ϑ ∳ (0, 1).

In this setting, we only assume the prior knowledge to be a periodic function

ℸ𝑄ℶ (<0, <1;𝑄,𝑄sin,𝑄cos) = 𝑄0[
𝑆

⌋
𝑇=1

𝑄(𝑇)
sin sin(2𝑂𝑇<0<1) + 𝑄(𝑇)

cos cos(2𝑂𝑇<0<1)] + 𝑄1 (5.15)

through a Fourier series with period 1, where 𝑄sin ω ℝ𝑆,𝑄cos ω ℝ𝑆. We denote linspace
constraining with this imperfect setting as 𝑄 = 1𝑄 (L - Imperf.), and in-distribution
constraining as 𝑄 = 1𝑄 (ID - Imperf.).

Let us remind that the true PD function should be

ℸ𝑄
ϖ

ℶ (<0, <1) = 1 ⋣ [10 sin(𝑂<0<1)] + 31,

where

31 = #𝛚ϱℶ \𝑅2(<2 ϱ 𝑅3)2 + 𝑅4<3 + 𝑅5<4( .

However, given that ℸ𝑄ℶ (<0, <1) here solely relies on basis terms with frequencies that are
integer multiples of 2𝑂, it is therefore impossible to recover exactly the true PD function
with ℸ𝑄ℶ , hence the knowledge is imperfect by construction, but it is still able to provide a
decent representation. For this experiment, we set 𝑆 = 3.

Sample size e!ect We observe in Figure 5.30 that decreasing the learning sample size
degrades both measures of performance. Nevertheless, constraining the PD of the model
with such imperfect knowledge still improves both measures compared to unconstrained
training, for all training sizes.
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Figure 5.30. Evolution of ∲mse (left) and ∲PD (right) w.r.t. the training sample size, on the
Friedman problem, constraining PD⊲ (ℸ⊳, <0, <1). Each boxplot summarizes the results on
the test set, over 10 di$erent training initializations.

Even with mis-speci!ed prior knowledge, linspace constraining (brown boxes) performs
on par with in-distribution constraining on true PD samples (orange boxes), and even
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outperforms the latter when data becomes very scarce (50 samples). This can be veri!ed
by looking at Figure 5.31, which highlights the di$erence in the PD estimates. In general,
constraining with imperfect prior knowledge (brown and pink boxes) performs as well as
constraining on the true PD with approximated parameters (green and red boxes), but we
notice that the former actually outperforms the latter for 50 samples, which is due to the
fact that it does not need to approximate the frequency parameter of the sine function,
making it less prone to over!tting.
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Figure 5.31. Examples of PD estimation for PD⊲ (ℸ⊳, <0, <1). The !gure displays the true
PD (upper left), the PD after in-distribution constraining on the ground truth PD (upper
right), the PD after linspace constraining on the approximated prior (bottom left), and
the PD after linspace constraining with imperfect prior knowledge (bottom right). All
have been trained on 50 samples, in the interpolation setting.
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Figure 5.32. Evolution of ∲mse (top plots) and ∲PD (bottom plots) w.r.t. the training sample
size, on the Friedman problem, constraining PD⊲ (ℸ⊳, <0, <1). Inside metrics are computed
on samples for which <0 ⋜ 0.75 (left plots), while Outside metrics are computed on
samples where <0 > 0.75 (right plots). Each boxplot summarizes the results on the test
set, over 10 di$erent training initializations.
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Test-time domain shift We measure performance under test-time domain shift in
identical conditions, i.e. samples for which <0 > 0.75 are rejected from the training and
validation sets.

We can observe in Figure 5.32 that, for both metrics, PD steering helps to mitigate the
impact of test-time domain shift, and much more when constraining on evenly-spaced
points. As for the interpolation setting, we can notice that our method is robust to
imperfect knowledge in the sense of Equation (5.15).

C"!,.%3% ,"60.%22*1% 23.%!’3- 0.%&*,3*"!

As a reminder, the dataset is composed of samples relating characteristics of concrete
components with the associated compressive strength. Instead of assuming the
relationship between age and compressive strength to be logarithmic, we model the
latter as a square root

ℸℶ(age;𝑄) = 𝑄0
[age + 𝑄1.

The motivation behind this choice is to assume that prior knowledge is limited to a strictly
increasing concave function, hence the expert wrongly modeled the PD with a square
root function.

Sample size e!ect We observe in Figure 5.33 (left) that when constraining with
imperfect knowledge, the performance of the resulting models is no better than that of
the unconstrained models, which was not the case when assuming a logarithmic PD.
This behavior actually makes sense, since we are trying to constrain the PD of the neural
network to follow an incorrect shape.
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Figure 5.33. Evolution of ∲mse w.r.t. the training sample size, on the concrete problem,
constraining PD⊲ (ℸ⊳, age), in the interpolation setting (left) and extrapolation setting
(right). Each boxplot summarizes the results on a test set, over 20 di$erent dataset splits.

Contrary to the previous problem where periodicity was the only assumption, the source
of mis-speci!cation in this case is tougher as there is no way for a square root function
to yield a reasonable approximation of a logarithmic function.

Test-time domain shift Identically to the original extrapolation setting, we have
removed from training and validation sets samples whose age value was larger than 15
days. We observe in Figure 5.33 (right) that, in this case, the performance of models
constrained with imperfect prior knowledge is actually very close to that of models
constrained with the logarithmic PD. As was the case, linspace constraining outperforms
both in-distribution constraining and unconstrained training, for all training sizes, and
reaches performance close to that obtained in the interpolation setting, even though prior
knowledge is fundamentally mis-speci!ed.
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In Figure 5.34, we provide the mean PD estimations for all methods, both in the
interpolation (top) and extrapolation (bottom) settings. In the interpolation setting, we
can observe that the PD estimations of models constrained with imperfect knowledge
indeed follow a square root trend, as opposed to the logarithmic trend observed for the
other models. Interestingly, when data becomes very scarce (25 samples), we notice that
those of unconstrained models tend to approach the square root trend.
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Figure 5.34. Mean PD estimations for PD⊲ (ℸ⊳, age) obtained with each method, for
the compressive strength problem, in the interpolation (top) and extrapolation settings
(bottom). All methods have been trained respectively on 100 samples (left), 50 samples
(middle), 25 samples (right). Mean and standard deviations are computed over 20 di$erent
dataset splits. The dotted red lines represent the boundaries of the interpolation range.

In the extrapolation setting, the situation is di$erent. Indeed, unconstrained models and
both in-distribution constraining (red and pink curves) fail to capture the logarithmic
shape outside the training domain, which con!rms the poor performance that was
observed in Figure 5.33 (right). Even more, we notice that the PD estimations of both
in-distribution constraining are very close, which makes sense given the resemblance
of the logarithm and square root functions for small inputs. Despite imperfect prior
knowledge, linspace constraining helps to approach a shape reasonably close to the
desired PD, thereby reducing the prediction error, as was observed in Figure 5.33 (right).
With very few data samples (25), we can observe that the PD of unconstrained models
approaches that of linspace-constrained models (brown curve), although it still seems to
diverge for larger values of age, which explains the gap in prediction error.

5.5 C"!,$)2*"!
We introduce a new approach in explanation-guided learning, based on PD functions, to
constrain the training of neural networks. We compare di$erent constraining
approaches, depending on the level of available knowledge. On several regression
problems, including dynamical systems forecasting and real-world datasets, we
empirically show that our constraining methods help to learn models that produce more
reliable PD estimates, but also models with stronger predictive performance. In
particular, linspace constraining approaches generally perform much better than both

88



5.5 C"!,$)2*"!

in-distribution training and unconstrained training. Finally, we show that linspace
constraining yields robust neural networks when observing test-time domain shift, even
with very scarce training data or with mis-speci!ed prior knowledge. We also show that
compared to physics-informed hybrid models, our constrained models generally perform
better and provide more faithful PD estimates, especially in out-of-distribution settings,
as they are more generic and do not explicitly encode additivity.

As shown on the product problem, with correlated input features, we think that our
method could be a way to improve the faithfulness of the resulting PDP of the model, in
particular when using linspace constraints, as this will force the model to use the features
involved in the PDP (𝛚ℶ) instead of their correlated counterparts.

Our constraining method su$ers from larger computing times compared to
unconstrained neural networks, due to the estimation of PD⊲ (ℸ⊳, 𝛚ℶ) which in principle
requires the evaluation of the model on all ⊲ possible pairs (𝛚ℶ , 𝛚(0)ϱℶ)

⊲
0=1. It is nevertheless

straightforward to reduce the number of data points by randomly sampling 9 < ⊲
points from the original dataset, which would potentially come at the cost of worse
partial dependence estimations, but it still remains an unbiased estimator and would
reduce training time. Moreover, given that we target mostly low-data regimes,
computing times is not expected to be a serious limitation.

As future work, we are interested in testing other methods to learn the initial prior
function when 𝑄 = 1𝑄. Indeed, we have currently only implemented this learning process
through a complete !t of ℸ𝑄ℶ on the raw output but it might not always be an optimal
choice, and the approximation of the PD function is crucial as it would most likely degrade
model performance if !tted poorly. Another interesting problem would be to assume no
explicit expert knowledge about the shape of the PD function, but rather to rely on an
approximation through some !tted model.

Furthermore, our method can in principle be adapted to any other functional
interpretation method, e.g., individual conditional expectation (ICE) measures.
Therefore, we would like to investigate the impact of constraining with such measures
on both predictive performance and explanation quality, which could help in problems
with heterogeneous e$ects that the PD would cancel.

Finally, beyond neural networks, it would be also interesting to adapt the framework to
other popular regression methods such as boosting algorithms.
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Table 5.1. Variables used for the concrete compressive strength dataset. The variable
indicated in bold type is the one for which PD prior knowledge is assumed (<ℶ). The
target is indicated in italics.

Name Description

Cement Amount of cement in the mixture [kg/m3]
Blast Furnace Slag Amount of blast furnace slag in the mixture [kg/m3]
Fly Ash Amount of #y ash in the mixture [kg/m3]
Water Amount of water in the mixture [kg/m3]
Superplasticizer Amount of superplasticizer in the mixture [kg/m3]
Coarse Aggregate Amount of coarse aggregate in the mixture [kg/m3]
Fine Aggregate Amount of !ne aggregate in the mixture [kg/m3]
Age Day (1-365)
Strength Concrete compressive strength [MPa]

5.A.2 PHALK &+3+2%3

Table 5.2. Variables used in the PHALK dataset. The variable indicated in bold type is the
one for which PD prior knowledge is assumed (<ℶ). The target is indicated in italics.

Name Description

Latitude Latitude of the basin centroid in WGS84
Longitude Longitude of the basin centroid in WGS84
Alkalinity Estimated alkalinity values [⋆eq/l]
XX𝑈

𝑀𝐼 % of unconsolidated sediments within the total watershed upstream of the sub-basin
XX𝑈

𝑀𝑀 % of siliclastic sedimentary rocks within the total watershed upstream of the sub-basin
XX𝑈

𝑀𝑁 % of mixed sedimentary rocks within the total watershed upstream of the sub-basin
XX𝑈

𝑀𝑉 % of carbonate sedimentary rocks within the total watershed upstream of the sub-basin
XX𝑈

𝜔𝜍 % of pyroclastics within the total watershed upstream of the sub-basin
XX𝑈

6𝐾 % of evaporates within the total watershed upstream of the sub-basin
XX𝑈

𝑁𝐵 % of metamorphic rocks within the total watershed upstream of the sub-basin
XX𝑈

𝜔𝜛 % of acid plutonic rocks within the total watershed upstream of the sub-basin
XX𝑈

𝜔0 % of intermediate plutonic rocks within the total watershed upstream of the sub-basin
XX𝑈

𝜔𝑊 % of basic plutonic rocks within the total watershed upstream of the sub-basin
XX𝑈

𝐾𝜛 % of acid volcanic rocks within the total watershed upstream of the sub-basin
XX𝑈

𝐾0 % of intermediate volcanic rocks within the total watershed upstream of the sub-basin
XX𝑈

𝐾𝑊 % of basic volcanic rocks within the total watershed upstream of the sub-basin
XX𝑈

0𝑋 % of ice and glaciers within the total watershed upstream of the sub-basin
XX𝑈

𝑌𝑊 % of water bodies within the total watershed upstream of the sub-basin
Slope degree Terrain slope (º) within total watershed upstream of sub-basin
Water surface 1 if basin with water surface
pH Estimated pH value
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This chapter has previously been published as

Yann Claes, Pierre Geurts, and Vân Anh Huynh-Thu (2026). "Learning with Small
Data by TransferringMarginal E$ects from LargeData“. To appear in proceedings
of International Workshop on Learning from Small Data - ECML-PKDD.

In the previous chapter, we designed a training approach that considers prior knowledge
about model explanations, in the form of the partial dependence function, to enhance
both model performance and model alignment with such expert knowledge while being
less restrictive than hybrid additive models. Yet, this method requires the de!nition of
a parametric target PD function which may not always be easy to derive depending
on the problem structure. This chapter reduces restrictiveness even more by dropping
parametric priors and instead assuming access to an additional large database relating
a subset of features to the output, alongside a smaller database consisting of complete
input-output pairs. Interestingly, the larger database provides information about the
marginal plot (M-plot) for the given subset of features, another interpretation technique
closely related to the partial dependence function. Therefore, we derive a model and
a particular training approach that leverage information about this M-plot to improve
model performance when facing scarce high-quality data.

We !rst introduce the addressed problem in Section 6.1. Then, we formalize the problem
statement and methodology in Section 6.2, and provide theoretical elements to motivate
our method. In Section 6.3, we cover related lines of work. Section 6.4 evaluates the
performance of our approach against related baselines and also conducts an ablation
study to estimate the importance of each element used in the method, while Section 6.5
concludes on the limitations of the current study.
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6.1 I!3."&),3*"!
Over the past decades, practitioners have developed deep learning techniques with
increasing applicability to various domains, the critical requirement to all such
applications being the availability of abundant training data. Yet, there exist domains for
which access to high-quality datasets remains limited, for example in healthcare where
large curated datasets are harder to !nd (Shaikhina et al., 2015; Razzak et al., 2017;
Bansal et al., 2022; Upadhyay et al., 2024), being too costly to generate or for privacy
reasons.

With scarce training data, deep learning models are more prone to over!tting, and a
common solution is to rely on data augmentation. Such techniques are mostly applied to
image modalities (Frid-Adar et al., 2018; Sajjad et al., 2019; Lashgari et al., 2020) and they
typically enhance both dataset size and quality by leveraging more information from
the training data through speci!c transformations of the input images. However, for
problems de!ned by tabular data, augmentation techniques (Onishi et al., 2023; Cui et al.,
2024) remain an unreliable perspective due to the structure and complexity inherent to
such data. Indeed, manual enhancing from available table pools does not solve the issue
of cost, and generative methods cannot be truly trusted in terms of sample quality.

Another way to improve model robustness and sample e"ciency is through the use of
prior knowledge, as is done in physics-informed machine learning (ML). For instance,
one could assume having access to some !rst-principles model and impose a particular
interaction structure between the prior model and the ML model (Yin et al., 2021; Donà
et al., 2022; Claes et al., 2025). Physical properties can be directly integrated into the
statistical models, a common example being physics-informed neural networks (PINNs)
(Raissi et al., 2019; Farea et al., 2025), or ML models can also be nudged to respect some
physical laws by introducing regularization constraints in the loss function (L. Zhang
et al., 2018; Jia et al., 2019; Beucler et al., 2021). In the !eld of explanation-guided learning,
prior knowledge can take various forms: feature importance values (Rieger et al., 2020),
regions of importance (Mitsuhara et al., 2019; Ismail et al., 2021; Y. Zhang et al., 2024)
or even properties that the model should satisfy (Wu et al., 2020; Erion et al., 2021). It
has been shown that using explanation knowledge could help improve performance
with limited training data (Gao, Sun, Zhao, et al., 2022; Gao, Sun, Bai, et al., 2022).
Nevertheless, all these techniques require the de!nition of prior (algebraic) knowledge
about the considered problem, which is not always available.

Instead of parametric prior knowledge, one could have access to auxiliary data
characterizing the same problem. This kind of setting is for instance common with
two-phase studies (Hidiroglou et al., 1998; Chatterjee, Y.-H. Chen, and Breslow, 2003)
where inexpensive information on a few covariates is collected for a large population,
from which a smaller subset of interest is then selected for the measurement of more
detailed covariates. More generally, we assume access to larger amounts of cheap
auxiliary data relating a subset of the features to the output, which allows to train a
partial model (or alternatively direct access to such a partial model from prior
knowledge). In such a setting, we propose a method that !ts a model (called the marginal
plot, or M-plot, as introduced in (Apley et al., 2020)) on the large incomplete sample,
which is then modulated by functions learned from the smaller sample with appropriate
regularization such that their combined e$ect does not deviate too much from the M-plot.
On a range of regression problems, both synthetic and real-world, we show that the
models obtained with our training approach steadily outperform multiple baselines, and
we also evaluate the impact of our modulation and regularization individually.

The rest of the paper is organized as follows. In Section 6.2, we formalize the scope
of the problem along with our training approach, which we motivate theoretically. In
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Section 6.3, we position our work against related works. In Section 6.4, we empirically
demonstrate the impact of our approach and study the e$ect of both our architecture as
well as the regularization constraint.

6.2 M%3-"&"$"’4
In this section, we !rst formalize the class of problems that we study. Then, we provide
some background about marginal plots and derive our training approach.

6.2.1 P."7$%6 23+3%6%!3
Let us de!ne the regression problem,

𝜍 = 𝛻 (𝛚) + 𝜕,

with 𝜍 ω ℝ and 𝛚 ω ℝ𝜑 , 𝜑 ω ℕ+, drawn from a distribution 𝜔(𝛚, 𝜍) and let 𝜕 ϑ ∳ (0,ℵ2)
be some Gaussian noise. Let us assume that we have access to two di$erent databases
characterizing the same problem,

• LS𝑇 = {(𝛚0,ℶ , 𝜍0)}
⊲𝑇
0=1,

• LS𝑀 = {(𝛚0, 𝜍0)}
⊲𝑀
0=1,

with ⊲𝑇 𝑍 ⊲𝑀 and where 𝛚ℶ ♭ 𝛚 is some subset of features. Both LS𝑇 and LS𝑀 are drawn
from 𝜔(𝛚, 𝜍), i.e., LS𝑇 can be seen as a dataset in which only some covariates 𝛚ℶ have been
measured due to time/cost issues. Let us also assume some di$erentiable ML model ℸ⊳(𝛚)
where ⊳ ω ℝ𝜑⊳ is a trainable parameter vector, e.g., a multilayer perceptron (MLP). We
want to learn ⊳ϖ such that,

⊳ϖ = argmin
⊳

#𝛚,𝜍[(ℸ⊳(𝛚) ϱ 𝜍)2]. (6.1)

6.2.2 M+.’*!+$ 0$"32
De"nition 2. Let 𝛚ℶ be some subset of features of interest and 𝛚ϱℶ its complement, with
𝛚ℶ ∂ 𝛚ϱℶ = 𝛚, then the marginal plot (M-plot) of a function 𝛻 (𝛚) on 𝛚ℶ is de"ned as (Apley
et al., 2020),

M(𝛻 , 𝛚ℶ) = #𝛚ϱℶ 0𝛚ℶ [𝛻 (𝛚ℶ , 𝛚ϱℶ)] ,

= ⟪ 𝛻 (𝛚ℶ , 𝛚ϱℶ)𝜔(𝛚ϱℶ 0 𝛚ℶ)𝜑𝛚ϱℶ , (6.2)

with 𝜔(𝛚ϱℶ 0 𝛚ℶ) the conditional distribution of 𝛚ϱℶ given 𝛚ℶ .

In other words, the M-plot of a model 𝛻 given certain values for a subset of features 𝛚ℶ
describes the average response of the model at those values.

Taking back the regression problem from the previous section, one can show that♮(𝛻 , 𝛚ℶ),
i.e. the M-plot of the true, unknown function 𝛻 , is the best least-squares model ℸϖℶ(𝛚ℶ)
regressing 𝜍 using only 𝛚ℶ (Hastie, Tibshirani, et al., 2009), de!ned as:

ℸϖℶ = argmin
ℸℶ

#𝛚,𝜍[(ℸℶ(𝛚ℶ) ϱ 𝜍)2]. (6.3)

Indeed, we can decompose the joint expectation in Equation (6.3) by conditioning on
𝛚ℶ ,

#𝛚,𝜍[(ℸℶ(𝛚ℶ) ϱ 𝜍)2] = #𝛚ℶ [#𝜍 0𝛚ℶ [(ℸℶ(𝛚ℶ) ϱ 𝜍)2]]. (6.4)
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To minimize the global expectation, it is su"cient to minimize the inner conditional
expectation in Equation (6.4) for every possible value of 𝛚ℶ . We can write,

#𝜍 0𝛚ℶ [(ℸℶ(𝛚ℶ) ϱ 𝜍)2]

= #𝜍 0𝛚ℶ [((ℸℶ(𝛚ℶ) ϱ #𝜍 0𝛚ℶ [𝜍]) + (#𝜍 0𝛚ℶ [𝜍] ϱ 𝜍))2],

= #𝜍 0𝛚ℶ [(ℸℶ(𝛚ℶ) ϱ #𝜍 0𝛚ℶ [𝜍])
2] + #𝜍 0𝛚ℶ [(#𝜍 0𝛚ℶ [𝜍] ϱ 𝜍)2]

+ 2#𝜍 0𝛚ℶ [(ℸℶ(𝛚ℶ) ϱ #𝜍 0𝛚ℶ [𝜍])(#𝜍 0𝛚ℶ [𝜍] ϱ 𝜍)].

We can notice that the cross-product vanishes (the !rst factor is a constant given 𝛚ℶ and
the second is zero), whereas the !rst term is a constant given 𝛚ℶ . Hence, the equation
simpli!es to,

#𝜍 0𝛚ℶ [(ℸℶ(𝛚ℶ) ϱ 𝜍)2] = (ℸℶ(𝛚ℶ) ϱ #𝜍 0𝛚ℶ [𝜍])
2 + #𝜍 0𝛚ℶ [(#𝜍 0𝛚ℶ [𝜍] ϱ 𝜍)2].

The second term corresponds to the variance of 𝜍 given 𝛚ℶ and is thus irreducible. To
minimize the mean-squared error, we must choose an ℸℶ(𝛚ℶ) that forces the !rst term
towards zero, i.e.,

ℸϖℶ(𝛚ℶ) = #𝜍 0𝛚ℶ [𝜍].

Given that 𝜍 = 𝛻 (𝛚) + 4 and #40𝛚ℶ [4] = 0, we can write,

ℸϖℶ(𝛚ℶ) = #𝛚ϱℶ 0𝛚ℶ [𝛻 (𝛚ℶ , 𝛚ϱℶ)],

= ♮(𝛻 , 𝛚ℶ). (6.5)

6.2.3 T.+*!*!’ +00."+,-

We start by !tting a model ℸ𝑄ℶ (𝛚ℶ) on LS𝑇 , with 𝑄 ω ℝ𝜑𝑄 , hence obtaining

1ℸ𝑄ℶ (𝛚ℶ) 2 ♮(𝛻 , 𝛚ℶ),

given that LS𝑇 is of !nite size. We then leverage this large-sample M-plot estimate in two
ways. First, we !t on 𝑆,𝑀 a model ℸ⊳(𝛚) of the following form, inspired by (Perez et al.,
2018):

ℸ⊳(𝛚) = (1 + 2⊳2 (𝛚)) ⋣ 1ℸ𝑄ℶ (𝛚ℶ) + >⊳> (𝛚). (6.6)

where 2 and > respectively act as scaling and shifting functions. The choice of (1 + 2⊳2 )
ensures that the model is initialized close to the M-plot estimate when 2 and > are
initialized close to 0, which constitutes a decent starting point when only few data
samples are available.

Second, as a way to reduce over!tting, we would like to constrain the shape of the M-plot
of the !nal model ℸ⊳ to be close to 1ℸ𝑄ℶ , i.e., we would like,

+𝛚ℶ ε #𝛚ϱℶ 0𝛚ℶ [ℸ
⊳(𝛚ℶ , 𝛚ϱℶ)] = 1ℸ𝑄ℶ (𝛚ℶ), (6.7)

2 ♮(𝛻 , 𝛚ℶ),

which is equivalent to minimizing, for all 𝛚ℶ ,

(#𝛚ϱℶ 0𝛚ℶ [ℸ
⊳(𝛚ℶ , 𝛚ϱℶ)] ϱ 1ℸ𝑄ℶ (𝛚ℶ))

2.

However, in a !nite-sample setting, estimating the left-hand side of Equation (6.7) is
generally impossible as we do not have access to enough pairs to reasonably approximate
the conditional expectation. We therefore propose to regularize the shape of ℸ⊳ by
penalizing sample-wise deviations from the M-plot estimator 1ℸ𝑄ℶ , i.e.,

∲♮ (ℸ⊳, 1ℸ
𝑄
ℶ ) = #𝛚[(ℸ⊳(𝛚ℶ , 𝛚ϱℶ) ϱ 1ℸ𝑄ℶ (𝛚ℶ))

2], (6.8)

98



6.2 M%3-"&"$"’4

which gives the !nal training objective,

∲(ℸ⊳, 1ℸ𝑄ℶ , 𝜍) = ∲𝑁𝑀6(ℸ⊳, 𝜍) + 𝐿♮∲♮ (ℸ⊳, 1ℸ
𝑄
ℶ ), (6.9)

where ∲𝑁𝑀6 = #𝛚,𝜍[(ℸ⊳(𝛚) ϱ 𝜍)2] and 𝐿♮ is a regularization coe"cient. In practice, both
∲𝑁𝑀6 and ∲♮ are estimated through sample means computed on the small dataset LS𝑀 ,
respectively,

1∲𝑁𝑀6(ℸ⊳, 𝜍) =
1
⊲𝑀

⊲𝑀

⌋
0=1

(ℸ⊳(𝛚0) ϱ 𝜍0)2, (6.10)

1∲♮ (ℸ⊳, 1ℸ
𝑄
ℶ ) =

1
⊲𝑀

⊲𝑀

⌋
0=1

(ℸ⊳(𝛚0) ϱ 1ℸ𝑄ℶ (𝛚0,ℶ))
2. (6.11)

6.2.4 A24603"3*, +!+$42*2 "/ 3-% $"22 /)!,3*"!
The following two results characterize the solution of Equation (6.9) in the asymptotic
(population) setting, i.e., assuming in!nite training sample sizes (⊲𝑀 = ⊲𝑇 = ().

Theorem 1. The minimizer of ∲ is ℸϖ(𝛚) = 𝛻 (𝛚)+𝐿♮♮(𝛻 ,𝛚ℶ)
1+𝐿♮

.

Proof. We are looking for ℸ(𝛚) that minimizes,

#𝛚 ⟫#𝜍 |𝛚[(ℸ(𝛚) ϱ 𝜍)2] + 𝐿♮ (ℸ(𝛚) ϱ 1ℸ𝑄ℶ (𝛚ℶ))
2
❲ .

In the asymptotic setting, note that 1ℸ𝑄ℶ (𝛚ℶ) = ♮(𝛻 , 𝛚ℶ). Assuming that we can choose
each value ℸ(𝛚) independently, we want to !nd, for all 𝛚,

ℸϖ(𝛚) = argmin
ℸ(𝛚)

\#𝜍 |𝛚[(ℸ(𝛚) ϱ 𝜍)2] + 𝐿♮ (ℸ(𝛚) ϱ♮(𝛻 , 𝛚ℶ))2( .

If we cancel the derivative of the loss according to ℸ(𝛚), one gets,

#𝜍 |𝛚[2(ℸ
ϖ(𝛚) ϱ 𝜍)] + 𝐿♮2(ℸϖ(𝛚) ϱ♮(𝛻 , 𝛚ℶ)) = 0,

which yields,

ℸϖ(𝛚) =
𝛻 (𝛚) + 𝐿♮♮(𝛻 , 𝛚ℶ)

1 + 𝐿♮
. (6.12)

As could be expected from a regularization constraint, we can notice that the optimal
model ℸϖ(𝛚) will be pushed towards ♮(𝛻 , 𝛚ℶ) for larger values of 𝐿♮ .

Corollary 1. The M-plot of the minimizer ℸϖ(𝛚) is exactly ♮(𝛻 , 𝛚ℶ).

Proof. Recall the de!nition of ℸϖ(𝛚),

ℸϖ(𝛚) =
𝛻 (𝛚) + 𝐿♮♮(𝛻 , 𝛚ℶ)

1 + 𝐿♮
.

The M-plot of ℸϖ(𝛚) is given by,

♮(ℸϖ, 𝛚ℶ) =
1

1 + 𝐿♮
(♮(𝛻 , 𝛚ℶ) + 𝐿♮♮(♮(𝛻 , 𝛚ℶ))),

=
1

1 + 𝐿♮
(♮(𝛻 , 𝛚ℶ) + 𝐿♮♮(𝛻 , 𝛚ℶ)),

= ♮(𝛻 , 𝛚ℶ). (6.13)

We thus observe that, asymptotically, training a model to minimize Equation (6.9) actually
ful!lls the desired constraint de!ned in Equation (6.7), whatever the value of 𝐿♮ .
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6.3 R%$+3%& #".5
Our framework is conceptually close to varying-coe"cient models (Hastie and Tibshirani,
1993), if we were to remove 𝛚ℶ from the modulating functions. Indeed, the resulting
model ℸ(𝛚) = (1 + 2 (𝛚ϱℶ)) ⋣ ℸℶ(𝛚ℶ) + >(𝛚ϱℶ) would then be an a"ne transformation of
ℸℶ(𝛚ℶ). The main di$erence is that for varying-coe"cient models, ℸℶ(𝛚ℶ)would rather be
a !xed set of predictors, whereas it is a learned model obtained from a large database in
our approach. Furthermore, our method comes with regularization constraints to reduce
over!tting.

Several works studied problems with two datasets of di$erent sizes and features. In the
setting of two-phase studies, Chatterjee, Y.-H. Chen, Maas, et al. (2016) tackle maximum
likelihood estimation (MLE) of a model 𝛻 (𝜍 0 < , 𝜚) from a small internal study with
complete covariates (< , 𝜚, 𝜍), by exploiting the parameters of a big-data model 𝑋⊳(𝜍 0 <).
However, their constraint controls 𝛻 through a score function de!ned from 𝑋⊳, whereas
ours enforces M-plot preservation through least-squares regularization of the modulating
functions. A. Chen et al. (2015) consider a two-database setting but the larger database is
composed of biased outputs rather than partial observations. Similarly, Jin et al. (2023)
leverage conditional independence structure by using an auxiliary dataset, yet both works
tackle a very di$erent problem setting and are limited to linear models.

If we consider ℸℶ to be a physical signal, then enforcing the structure of the model to
be ℸℶ modulated by 2 and > amounts to traditional residual learning methods (setting 2
to 0) as done in (Yin et al., 2021; Donà et al., 2022; Claes et al., 2025). If ℸℶ represented
some physical property about the inputs 𝛚ℶ , then regularization towards ℸℶ could be
seen as enforcing the model to respect such properties (L. Zhang et al., 2018; Jia et al.,
2019; Beucler et al., 2021). However, such methods rely on the de!nition of a parametric
prior physical model. More generally, our approach can be linked to hybrid physics-data
models (Parish et al., 2016; Willard et al., 2020; Daw et al., 2022), if ℸℶ was to be combined
with the modulators di$erently than through the identity mapping, for instance by being
fed as input to the data-driven model, as introduced in stacked generalization (Wolpert,
1992). We will include residual learning and stacking as baselines in our experiments in
the next section.

6.4 E;0%.*6%!32
In this section, we compare on several regression problems (both synthetic and real-world)
the predictive performance of our modulating approach (named hereafter "Modulated
(C)") to the following baselines:

• Stacked learning, i.e. an MLP taking as additional input the output of 1ℸ𝑄ℶ and trained
with the standard MSE loss ∲𝑁𝑀6 ,

• 1ℸ𝑄ℶ , the M-plot estimator,

• MLP (C), i.e. when ℸ⊳ is a standard MLP trained with the regularized loss ∲ =
∲𝑁𝑀6 + 𝐿♮∲♮ ,

• An MLP trained with the loss ∲𝑁𝑀6 , but regularized with dropout (𝜔 = 0.3) and
weight decay (𝐿 = 0.01).

All MLPs except 2⊳2 and >⊳> are 3-layered MLPs of decreasing hidden layer sizes (128,
64, and 32 units) whereas 2⊳2 and >⊳> are set to MLPs of 2 layers (16 and 8 units). MLPs
are implemented using PyTorch (Paszke et al., 2019). For all models, we optimize the
learning rate in {5 ± 10ϱ2, 5 ± 10ϱ3}, and for all regularized approaches, we optimize 𝐿♮ in
{0.15, 0.25, 0.5, 0.75, 1, 1.5}.
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For each real-world problem, we !t a random forest model (Breiman, 2001) using
scikit-learn (Pedregosa et al., 2011) to evaluate feature importances. We then select
one or a few important variables to constitute 𝛚ℶ , depending on the total number of
available features, create datasets accordingly, and standardize both inputs and outputs.
In order to select the optimal model, for each baseline, we evaluate 1∲𝑁𝑀6 on a validation
set of size equal to the corresponding training set. Eventually, we evaluate the predictive
performance of all baselines by estimating 1∲𝑁𝑀6 on a test set.

6.4.1 P."&),3 0."7$%6
We consider the following problem,

𝜍 = 15<3
0 cos(𝑂<0)

(<1 ϱ 1)2

2
+

9

⌋
ℏ=2

0<ℏ + 𝜕,

where features are correlated with zero mean, variances and covariances equal to 0.5
and 0.25, respectively, and 𝜕 ϑ ∳ (0, 1). We set the size of the large dataset to ⊲𝑇 = 1500
samples, and construct the latter as LS𝑇 = {(<0, 𝜍)}

⊲𝑇
0=1. For the small database, we study

di$erent training sizes ⊲𝑀 , namely 150, 100 and 50. We !x the size of the test set to 10 000
samples.
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Figure 6.1. Evolution of ∲mse w.r.t. training sample size, on the product problem. Boxplots
summarize the results on the test set, over 10 randomly selected datasets.

We observe in Figure 6.1 that all the baselines that leverage information from LS𝑇 perform
better than the uninformed MLP (purple), except for the MLP constrained w.r.t. 1ℸ𝑄ℶ (red).
This observation suggests that using ∲♮ as sole regularization technique to train an MLP
from scratch is not su"cient to learn a model robust to data scarcity conditions. The
M-plot estimator 1ℸ𝑄ℶ is actually a well-performing model, which is due to the fact that
the most important part of the input signal depends on <0. Finally, we observe that our
modulated architecture outperforms all other approaches, indicating that it better grasps
the interaction between <0 and <1.

6.4.2 R%+$(#".$& 0."7$%62
For all problems, we set the size of the large dataset to ⊲𝑇 = 5000 randomly selected
samples. For the small database, we compare the performance when training on ⊲𝑀 =
150, 100 and 50 training samples (also randomly selected). The remaining samples serve
as test set. We !rst provide a brief description of each problem and the features selected
as 𝛚ℶ , then we discuss the obtained results.
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D+3+2%32

Beijing housing dataset This dataset contains features related to transactions in the
housing market, whose goal is to predict the total price of a house (lianjia.com, 2017). In
particular, it includes information related to the architecture (number of living rooms,
kitchens, etc.) as well as some supplementary information about the transaction. We
decided to include all features concerning the parts of the house (number of rooms of
each type), the square footage, along with its latitude and longitude, the number of active
days on the market and the number of followers of the transaction, for a total of 10
features. For this problem, we used the two most important features as 𝛚ℶ , i.e., the square
footage of the house along with its latitude.

Bike sharing demand dataset This dataset collects weather and seasonal features
with hourly counts of bike rentals (Fanaee-T, 2013). We use the dataset version curated
for regression as presented in (Grinsztajn et al., 2022), containing six numerical features:
hour and month as time-related features, and wind speed, relative humidity, temperature
and feels-like temperature as weather features. In this scenario, we used the hour as
covariate 𝛚ℶ , the latter also being the variable of highest importance.

Miami housing dataset This dataset is composed of samples of single-family homes
sold in Miami in 2016 (Mayer et al., 2022), relating living area to their sale price, along
with additional location and distance information, for a total of 14 features (Grinsztajn
et al., 2022). We used the three most important features as 𝛚ℶ , namely the distance to the
nearest sub-center, the distance to the business district and the total #oor area.

Superconduct dataset This dataset contains quantitative values about properties of
superconductors (Hamidieh, 2018), for a total of 79 features, and the goal is to predict the
critical temperature of a given superconductor (Grinsztajn et al., 2022). We decided to
use the three most important variables as 𝛚ℶ .

Ailerons dataset In this problem, the goal is to predict the control action on the
ailerons of an F16 aircraft (Torgo et al., 2014), from a series of attributes (33) describing
the state of the plane (Grinsztajn et al., 2022). As done before, we decided to use the three
most important variables as 𝛚ℶ .

D*2,)22*"! "/ 3-% .%2)$32

We can observe in Figure 6.2 that with 150 training samples, our regularized modulated
approach (blue) performs systematically better than a classical MLP with standard
regularization (purple), except on the ailerons dataset where both seem to perform
equivalently. The latter case indicates that there seems to be enough training points to
train a decent model with no further regularization. Furthermore, our method generally
outperforms stacked modeling (orange), or at least performs on par. Still, the greater gap
between the performance of both methods on the superconduct and ailerons datasets
suggests that the higher the number of features, the less robust are the models obtained
with stacked learning. It is also worth noting that the M-plot estimator 1ℸ𝑄ℶ (green)
consistently performs worse than our approach. For all training sizes, theMLP regularized
with ∲♮ (red) mostly performs worse than the latter, which highlights that ∲♮ is not
powerful enough alone.

With 100 training samples, the gap w.r.t. the uninformed MLP (purple) now looks
clearer, and the di$erence in performance against stacked modeling remains similar.
Interestingly, the performance of our model on the ailerons dataset is roughly identical
to its performance after training on 150 training samples, which is de!nitely not the
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Figure 6.2. Evolution of ∲mse w.r.t. training sample size, on all real-world problems.
Boxplots summarize results on the test set, over 10 randomly selected datasets.
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case for stacked learning nor for the other baselines that all su$ered a decrease in
performance.

Finally, under very scarce data conditions (50 training samples), we can observe that our
method generally outperforms all other baselines (the performance gap with stacked
modeling being also easier to notice). An exception is the M-plot estimator which
performs better or on par with our regularized modulated approach on some problems,
such as the superconduct problem. For the latter, this could be explained by the fact that
in this speci!c setting, the number of features is greater than the number of training
samples. That being said, while with 50 training points 1ℸ𝑄ℶ could sometimes be a better
choice, this is certainly not the case with larger training set sizes.

6.4.3 A7$+3*"! 23)&4
In this section, we study the impact of both our modulated architecture as well as the
introduction of the regularization constraint ∲♮ in the training loss. For that purpose,
we consider the following baselines:

• Residual learning, where ℸ⊳(𝛚) = 1ℸ𝑄ℶ (𝛚ℶ) + >⊳> (𝛚), trained with ∲𝑁𝑀6 ,

• Residual learning (C), trained with ∲ = ∲𝑁𝑀6 + 𝐿♮∲♮ ,

• Modulated learning, where ℸ⊳(𝛚) = (1 + 2⊳2 (𝛚)) ⋣ 1ℸ𝑄ℶ (𝛚ℶ) + >⊳> (𝛚), trained with
∲𝑁𝑀6 ,

• 1ℸ𝑄ℶ , the M-plot estimator.

To limit the amount of discussion, we decided to train models on 100 training samples, as it
represents an intermediate training size encountered in the previous experiments.
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Figure 6.3. Evolution of ∲mse on all problems. Boxplots summarize results on the test set,
over 10 randomly selected datasets, for a training size of 100 samples.

In Figure 6.3, we can observe that constraining the model with∲♮ (blue and grey) helps to
reduce errors in comparison with the non-regularized counterparts (brown and pink). For
both the product and ailerons problems, the constraint yields equally-performing models,
which could indicate that models have access to su"cient training data not to require
regularization. The modulation architecture seems necessary for the product problem,
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as we observe that residual learning does not perform better than the M-plot estimator.
Regarding the other problems, modulation does not seem as important. Still, for the
superconduct dataset, avoiding the multiplicative modulation appears to perform slightly
better, whereas for the bike problem, the modulation seems slightly more appropriate.
Results on the Miami housing dataset tend to indicate that the problem structure could
be additive.
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k

Figure 6.4. Evolution of ∲mse w.r.t. training sample size, on the superconduct problem.
Boxplots summarize results on the test set, over 10 randomly selected datasets.

In Figure 6.4, we display the evolution of the modulated and regularized baselines on the
superconduct problem for each training sample size. With even scarcer training data (50),
we notice that the regularized residual model still mildly outperforms our regularized
modulated approach; but, more importantly, we observe that neither modulated nor
residual learning perform better than the M-plot estimator. However, with a few more
samples (150), the trend is inverted as our approach is now the best-performing method.
This can be explained by looking at the performance of the M-plot estimator 1ℸ𝑄ℶ . Indeed,
it is already a good approximator of the true data relationship as could also be observed
in Figure 6.2. Hence, with too few training points (and even more with that many
features) the modulating functions rather !t noise than the true signal, hence residual
learning methods may perform better as they are actually more regularized by
construction. Nevertheless, adding samples to the training data seems to favor the
modulated architecture.

6.5 C"!,$)2*"!
In a setting where one has access to large amounts of auxiliary data on a restricted subset
of inputs but limited complete training data, we derive a method that !ts a model on the
former (the marginal plot) and modulates its output on the latter through speci!c shifting
and scaling functions regularized to preserve the marginal plot. On a series of regression
problems, we empirically validate the bene!ts of such approach under varying conditions
of data scarcity. We also study the interest of both modulation and M-plot regularization.
On the one hand, we conclude that for architectures using the M-plot as a backbone,
regularization is a central part to reduce over!tting. On the other hand, the type of
modulation, i.e., strictly additive or multiplicative, depends on the unknown structure of
the data, although the latter has proven to be of interest in some problems.

While we have only tested our approach by !tting a marginal model on the large training
sample, the framework remains entirely valid if one has instead access to prior knowledge
in the form of a predictivemodel based on a subset of features of interest. The performance
of the !nal model would then be dependent on the quality of this prior model, and it would
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be interesting to validate this idea on practical problems. As future work, we would be
interested in conducting a thorough study and comparison of the di$erent combinations
of modulation and regularization against training set size, number of features of interest
and their nature (importance) in order to fully characterize the method along with its
working conditions. Furthermore, it would have been insightful to compare to classical
transfer learning techniques that would !ne-tune the M-plot estimator, but it would
also be interesting to study transfer learning approaches combined with this modulation
setting.
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Our imagination is stretched to the utmost, not, as in "ction, to imagine things
which are not really there, but just to comprehend those things which are there.

— Richard Feynman (1965)

In the introductory paragraphs of Chapter 1, we have tried to emphasize the importance
of models, or more generally of modeling assumptions, in the context of modern
problem-solving tasks. While models most often come with approximations or stringent
assumptions, they have been studied and improved upon for centuries. When provided
with mathematical or physical models describing a given task, a crucial question is to
decide on how to use this abstraction. Should it be considered as a perfect model of truth,
i.e., a rigid representation of some process inheriting from years of knowledge? Should it
instead be sent o$ the table due to potentially misplaced inherent biases or due to
e"ciency-related issues? Hence, should we fully rely on data-driven (machine learning)
models?

The fundamental idea of this thesis was to study how !rst-principles models (in various
forms) could be combined with machine learning models, and how the nature of this
interaction in#uenced both the performance of the !nal model along with its physical
plausibility. For that purpose, several training methods have been developed, each of them
making di$erent assumptions on the modeling framework and on the source of prior
knowledge. In this chapter, we discuss the di$erent !ndings of this work and re#ect on
future work and perspectives. In particular, Sections 7.1 and 7.2 discuss our contributions
to the !eld of hybrid additive modeling, as presented in Chapters 3 and 4. Section 7.3
reviews our attempt to relax the additivity bias through explanation-guided learning,
as was thoroughly analyzed in Chapter 5, whereas Section 7.4 covers our approach to
leverage knowledge from data, as explored in Chapter 6. Finally, Section 7.5 provides
more general perspectives about the broad !eld of knowledge-guided machine learning
while Section 7.6 concludes with the global message carried by the thesis.

7.1 C"!/*!*!’ -47.*& +&&*3*1% 6"&%$2 3" 23+3*,
2)0%.1*2%& .%’.%22*"! 0."7$%62

A !rst striking observation to be made about hybrid additive models, i.e., hybrid models
which sum the contributions of a physical and a statistical model, is that they have most
often been studied in the context of dynamical systems forecasting problems. Historically,
while some early works cover steady-state problems (Kramer et al., 1992; Thompson
et al., 1994), they remain very speci!c to particular process modeling tasks, and other
variants focus exclusively on time-series prediction tasks (Su et al., 1993; Duarte et al.,
2004; D. S. Lee et al., 2005). Still, none of these works include theoretical aspects relating
to the convergence (and quality) of such hybrid additive models. More recently, several
methods to regularize these hybrid models have been developed (Yin, Le Guen, et al.,
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2021; Donà et al., 2022) with some level of e$ort to provide theoretical results on the
training approach. Yet, the focus remains on dynamical systems forecasting whereas
proofs often consider over-simplistic settings, e.g., dynamics with linear !rst-principles
knowledge, and, above all, provide guarantees only on the convergence of the algorithm,
not on the quality of its solution.

Therefore, as opposed to this popular dynamical systems forecasting setting, we have
decided to move the focus and study the behavior of hybrid additive models in a static
supervised regression setting. In Chapter 3, we provide clear assumptions which de!ne
a typical problem setting for which we derive proofs of optimal !tting in the sense of
physical estimation faithfulness. In particular, we model the assumptions of additivity
(A1), disjoint feature sets (A2) and statistically independent features (A3) to show that
both sequential !tting and alternate training require that all three hypotheses are satis!ed
to recover a physically-sound estimation of the !rst-principles parameters.

To empirically validate our proposition, we evaluate the performance of these hybrid
additive models on di$erent static regression problems. Speci!cally, we study simple
problems that explicitly satisfy or violate the aforementioned assumptions, which helps
characterizing the behavior of hybrid models. We also introduce several modeling
approaches, e.g., !ltering, to further verify our claims. When all three assumptions
are met, as is the case with the classical Friedman problem (Friedman et al., 1983), we
highlight in Table 3.1 that all hybrid methods yield equivalently-performing models,
both in terms of !nal prediction and in the estimation of the !rst-principles model, as
is expected from the theory. However, when dropping A3, i.e., when input features are
no longer statistically independent, we show with a simple correlated linear problem
that both sequential and alternate training fail to recover a physically-sound parameter
estimation, as can be observed in Table 3.2, even though their prediction performance is
solid. We underline that, for alternate training, it is nonetheless possible to obtain more
plausible physical parameter values provided that the machine learning model receives
!ltered inputs. In fact, in such a setting, although the initial physical approximation is
equal to that of sequential !tting, it is nevertheless possible to recover from this mis!t
throughout training, thanks to the iterative alternate steps. We also con!rm this behavior
with the correlated Friedman problem.

Eventually, we evaluate the impact of violating A2, which can happen when the prior
knowledge is ill-de!ned. In this case, there exists an overlap between the features of the
!rst-principles model and those of the unknown residual terms. Through the overlapping
problem, we emphasize in Table 3.4 the negative e$ect of !ltering, which prevents the
machine learning model from compensating for this incorrect prior bias. We highlight
that such e$ect also happens even when the parameter values of the (misspeci!ed)
!rst-principles model are perfectly known.

Limitations and future perspectives While our theoretical developments have been
elaborated in the context of static supervised regression, they unfortunately do not
hold when moving to dynamical systems forecasting problems. Indeed, as the temporal
aspect is introduced in the problem de!nition, it adds a layer of complexity which
no longer falls into the prede!ned set of assumptions. Therefore, an extension of the
latter set to dynamical systems along with a similar environment of control experiments
represent an interesting future direction to explore, in order to characterize the behavior
of hybrid additive training methods regarding their ability to retrieve physically plausible
estimations.
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In Section 2.1.2, we mention some seminal works which paved the way for the design of
modern hybrid additive training approaches. A remarkable common point for the vast
majority of both classical and modern hybrid models is their reliance on the use of neural
networks as machine learning component. Indeed, apart from certain exceptions where
tree-based models have been combined with linear priors (J. Chen et al., 2007; Zhang
et al., 2019), neural networks remain the go-to model for such residual modeling tasks,
with more or less modern architectures, likely due to their representative power and their
practical #exibility of training. Furthermore, in order to enhance the physical meaning
of the !rst-principles model, recent hybrid additive approaches introduce intricate
regularization schemes that control the contributions of the model-based component
and of the statistical component. Such process typically induces increased computation
times or, at the very least, they burden the thought process as practitioners need to
carefully decide on the set of regularization hyperparameters to be tested. In regard
to such observations, we have decided to diverge from implicit traditions in a dual
manner.

Firstly, with prior knowledge de!ned as a partial (incomplete) parametric model, we
design a novel hybrid modeling training approach which alleviates the need for
regularization. In broader terms, our training approach fully decouples the learning of
both components, which makes its analysis more straightforward. By leveraging the
partial dependence estimations of a machine learning model, we are able to derive an
additional dataset for the training of the !rst-principles model. In terms of theoretical
guarantees, we show that our training method is less restrictive as it does not require A3,
hence it remains perfectly valid with correlated features. On a range of static regression
problems, we show that while it yields models that are as well-performing as other
hybrid training methods, its estimation of the physical model is in general much more
faithful to the true model. In particular, while all tested hybrid methods failed to recover
the correct sign for the slope parameter in the correlated linear problem under normal
conditions (un!ltered inputs), our PD-based approach did not struggle. Under similar
conditions of un!ltered inputs, we show on the correlated Friedman problem that
correlated features are indeed not problematic to recover faithful prior estimates. We
also extend our approach to the problem of dynamical systems forecasting and evaluate
it on several systems which have been studied in previous works (Yin, Le Guen, et al.,
2021; Donà et al., 2022). As highlighted in 4.2, we show that it remains competitive while
being simpler to optimize, hyperparameter-wise. Furthermore, it also provides more
faithful prior estimations as can be seen in Tables 4.1 and 4.2.

Secondly, inspired by Grinsztajn et al. (2022) which emphasizes the superiority of
tree-based models over neural networks in the context of tabular data, we have decided to
investigate the use of those traditional ML approaches as statistical component of hybrid
additive models. We show that most of the hybrid training methods can handle such
types of model but more importantly that their performance can be competitive with
neural-network-based approaches. Indeed, although their predictive performance often
lags behind, the physical faithfulness of the obtained models is either on par or much
better than that of the latter methods. For instance, on both the Friedman and correlated
Friedman problems, we show that both gradient boosting (Friedman, 2002) and random
forests (Breiman, 2001) yield the best !rst-principles estimation, as can be observed in
Table 3.1 and Table 3.3. We also highlight the limitations of tree-based methods. For
instance, on the correlated linear problem, we notice that PD-based training with neural
networks yields a more faithful estimation of the target a"ne function, which can be
explained by the fact that tree-based models struggle to !t a"ne shapes, therefore the
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corresponding PD estimation could be less smooth. Furthermore, trees have, by de!nition
of their learning algorithm, a weak capacity of extrapolation outside the training domain,
as opposed to neural networks which can provide a smooth approximation outside the
domain, although not necessarily more accurate. Still, we have shown on two real-world
problems that introducing a simple linear prior as additive bias can greatly improve
model performance in extrapolation settings, as observed in Table 3.6. Finally, traditional
tree-based models such as those used in this thesis are non-di$erentiable as they use
axis-aligned splits. Therefore, they cannot be easily extended to address the problem of
dynamical systems forecasting.

Limitations and future perspectives The main limitation of our PD-based approach
is that the ML model must provide a decent representation of the true input-output
relationship, in order to provide useful information to !t the physical model. For instance,
if the training sample size is too small, then the ML model could yield a PD estimation
of poor quality, as can be observed in Figure 3.1. In fact, even though the training
of the physical component and of the !nal ML model are decoupled, there still exists
some level of interaction between both types of models through the iterative !tting of
the !rst-principles model on the successive residual PD estimations of the ML model.
Therefore, it is hard to discern a priori cases which would lead to failure, in the sense of
physical faithfulness, from cases which could be recovered. It would thus be interesting to
study in even more depth the behavior of PD-based hybrid optimization under controlled
failure experiments.

Regarding hybrid modeling with tree-based methods, as has already been mentioned,
traditional boosting or random forests methods lack the property of di$erentiability,
which truly complicates their direct application into frameworks such as Neural ODE
(R. T. Q. Chen et al., 2018), which would allow straightforward integration to unroll
predicted trajectories. On the one hand, it could be possible to design a simple working
solution with both methods if we enforce the use of the Euler integration scheme. While
predictive performance is likely expected to decrease, it would still be interesting to assess
the physical plausibility of the resulting prior models as they have shown promising
results on that matter in static supervised regression. On the other hand, there exist
tree-based alternatives which resolve the problem of di$erentiability (Irsoy et al., 2012;
Frosst et al., 2017; Yang et al., 2018; Mao et al., 2026) and that could, in principle, be
integrated within di$erentiable solvers. Experimenting with such architectures de!nitely
represents a step forward as it also lightens interpretability issues that are inherent to
neural networks in general.

As concerns time consumption, PD-based modeling is certainly not ideal in opposition
to methods such as APHYNITY which jointly optimize both components in a single
training pass. Yet, although being a limitation by construction of the algorithm, it should
rather be seen as a trade-o$ whose importance depends on the pursued objective. If
one is looking for faifthul prior estimates with no speci!c time budget, then PD-based
training should most surely be considered. However, if one rather wants to maximize
!nal predictive performance while minimizing training time, more traditional approaches
are likely a better !t. In any case, it would be insightful to rigorously evaluate training
times for the hybrid approaches considered in this thesis. Moreover, it would also be
interesting to derive a comparison of model performance for PD-based optimization
when sub-sampling data for the training of the iterative ML model, or when varying the
number of training epochs for the latter.

Finally, we have quickly covered the topic of hybrid modeling under data scarcity
conditions. On the correlated Friedman problem, we have shown in Figures 3.1, 3.2
and 3.3 that hybrid additive models usually outperform standard data-driven models, for
all training sizes. Yet, the comparison and discussion remain quite limited, as we have only
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discussed results for a single experiment. Furthermore, our generic observation should
be nuanced. Indeed, even though the performance gap between hybrid and data-driven
models seems to follow an increasing trend when reducing training sample size, it seems
that for su"ciently low sample sizes (30 samples), this gap starts reducing again and we
can even observe in Figure 3.1 that PD-based optimization with MLPs are worse than
MLPs alone. Hence, a deeper investigation of the impact of training size and a more
thorough study of tree-based methods against neural networks on that matter would be
informative.

7.3 S"/3%!*!’ 3-% +&&*3*1*34 7*+2 3-.")’-
%;0$+!+3*"!(’)*&%& $%+.!*!’

Broadly speaking, the structural modeling assumption of previously discussed hybrid
additive methods may appear too restrictive, as it fundamentally limits the representation
space of such hybrid models. One could always argue that the statistical component
of these hybrid models could capture arbitrarily complex signals, yet the combination
of both models would remain additive. For regularized versions such as APHYNITY or
alternate training, the goal is to maximize the contribution of the physical prior to the
total output, which prevents the prior from disappearing. For our PD-based optimization
algorithm, although non-regularized, the training process is still decoupled and the ML
model truly learns an additive residual. However, one can easily imagine problems
for which the additivity bias would no longer hold, as for the simple product problem
introduced in Section 5.4. Furthermore, it may be di"cult, without any loss of generality,
to impose a priori a particular form on the combination of both models for the targeted
input-output relationship. For instance, we may know that the problem is not additive
for a function of given inputs, but it may certainly be a more complex and non-linear
combination than a simple product, even if some partial parametric model of these inputs
is known beforehand.

With this in mind, we have designed a training method which integrates prior
knowledge in the same form as hybrid additive models, i.e., as a parametric function of a
subset of input features 𝛚ℶ , while being less restrictive on the modeling assumptions.
Speci!cally, by assuming only knowledge about the expected partial dependence of a
model on given inputs, we only require to regularize the PD of a single ML model.
Conceptually, this moves the methodology from traditional physics-informed modeling
to explanation-guided learning, a !eld whose goal is to improve model performance by
ensuring, during training, that its explanations (or interpretations) align with given
expert knowledge. Therefore, there no longer exists any (additive) restriction on the
combinations of functions of the inputs of interest with functions of the other inputs.
Explanation-guided learning can be further motivated by the fact that, if some
knowledge about model explanations is available a priori, then it should be easy, to some
extent, to model such form of knowledge.

On a range of synthetic and real-world regression problems, including dynamical
systems forecasting problems, we show how such training methods improve both model
performance as well as its alignment to prior knowledge about the true partial
dependence function. In more details, we study several con!gurations of PD knowledge,
each making distinct assumptions on the level of knowledge and on the practical
enforcement of the constraint. In comparison to unconstrained neural networks, we
show that PD-constrained models usually perform better both in terms of predictive
performance as in the quality of the resulting PD. As can notably be seen in Figure 5.1,
PD-constrained methods leveraging perfect knowledge, i.e., up to the values of the PD
parameters, generally outperform PD-constrained models which rely on approximated
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PD function, i.e., for which the parameters of the PD had to be estimated.

Yet, this observation needs to be nuanced. Indeed, still in Figure 5.1, we can observe that
for su"ciently small training sample sizes (50), linspace constraining, i.e., constraining
on evenly-spaced points (even with approximated PD functions) yield better-performing
models with a more faithful estimation of the PD than models constrained only on points
sampled from the data distribution (in-distribution constraining). We also show that there
exist problems for which the former constraining systematically outperforms the latter,
as underlined in Figure 5.12 (left), even with worse PD estimates (right). This can be
explained by the following reasons. Firstly, the prior approximation of PD parameters
must be decent enough, otherwise the model would be constrained with poor-quality
data and most likely degraded. Secondly, linspace constraining helps the model to have a
better global representation of its PD on a wider span of the input domain, as opposed to
in-distribution constraining which acts more locally. Hence, for such points 𝛚ℶ which
fall outside the training domain, we enforce the model to align with the target PD, which
can be really bene!cial for problems with correlated input features. Indeed, it is known
that PD estimations extrapolate badly in unknown regions of the input domain through
the creation of arti!cial samples, as the model output for such samples is unde!ned.
Therefore, our linspace constraining approach helps to address this issue. In fact, we
could argue that PD constraining is a step forward to improve the causality of the model.
Given that partial dependence represents the average response of a model for certain
values of the features of interest 𝛚ℶ , then by constraining the PD on ideal knowledge, we
could expect interventions on 𝛚ℶ to be directly interpretable, on average. This positive
impact seems ampli!ed for linspace constraining, yet as we did not truly measure such
behavior, we cannot provide guarantees on this causality matter.

We also underline the positive impact of PD-constraining methods on model performance
under di$erent challenging conditions, namely data scarcity and change of distribution.
Indeed, for all experiments, we show that PD-constrained models are much more robust
when facing limited training data compared to unconstrained neural networks. As was
already evoked for hybrid additive models, introducing prior knowledge into the learning
process of ML models improves data e"ciency. Furthermore, the di$erent experiments
simulating distribution shifts through extrapolation settings on 𝛚ℶ suggest that linspace
constraining can be a great solution to dampen these e$ects in such scenarios.

As the form of prior knowledge is identical to hybrid additive models but the training
algorithm (and modeling assumptions) di$erent, it was interesting to compare both
methodologies to try to measure the impact of relaxing the inductive bias. For additive
problems, we could expect the PD of APHYNITY and PD-based optimization to be
correctly modeled as the true PD is actually additively combined, but speculations on
more complex problems are not as straightforward. We verify the former by comparing
all methods on the Friedman problem, as observed in Figure 5.20. However, we show that
for problems which cannot be additively decomposed, hybrid models completely fail, as
can be seen in Figure 5.22. It also highlights that such problems structures are naturally
handled by PD-constraining approaches.

Lastly, as concerns the prior knowledge quality, we show that with more generic
knowledge (e.g., assuming only a periodic function for the Friedman problem) or even
with misspeci!ed PD functions (e.g., assuming a square-root relationship rather than a
logarithmic PD for the concrete problem), PD-constrained training remains an interesting
approach to regularize ML models, as can be observed in Figure 5.30 and Figure 5.33.
This is especially true in extrapolation settings, when using linspace constraining.

Limitations and future perspectives A central limitation of PD-constraining
methods is that they require the de!nition of parametric priors for the target PD
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function. Indeed, although being less restrictive than hybrid additive modeling
assumptions, one could easily question the availability of prior PD functions to be a too
strong hypothesis. To get around this limitation, we could imagine di$erent solutions
which would provide an estimation of the PD function with no prior parameterization.
Firstly, we could draw inspiration from PD-based optimization and estimate the PD from
a ML model that would be !t on training data. However, this questions the quality of the
target PD, especially in small-data regimes where we noticed that the resulting PD of
unconstrained models could be of very poor quality. Secondly, a recent work introduces
a method to estimate partial dependence curves directly from training data, avoiding
potential representation biases inherited from the model when estimating its PD (Parr
et al., 2021). Nevertheless, this method estimates accumulated local e$ects (ALE) rather
than true PD e$ects, and regularizing ALE is much less straightforward than
regularizing PD e$ects, in particular when the size of 𝛚ℶ is larger than one. Finally, we
could also imagine a modeling pipeline where we would !rst run a symbolic regression
method on the training data to recover a !rst guess of analytical input-output
relationship. We could then derive the resulting PD target function, and apply
PD-constraining methods accordingly. Nonetheless, above all and maybe more
philosophically, all these solutions would slightly contradict the concept of introducing
prior knowledge, as knowledge would no longer be assumed to be known but would
rather need to be estimated from empirical observations.

As concerns the failure cases of PD-constraining methods, we hypothesize that
constraining with poor priors most likely degrades model performance, or at the very
least limit, in a negative manner, its representation capacity. Although we have shown
with two experiments that approximate knowledge could still be bene!cial as
constraining information, we did not conduct an extensive study of the behavior of the
method under more diverse misspeci!cation conditions. As we have only implemented
prior PD !tting on the raw outputs, we could expect our method to fail on the previously
discussed correlated linear problem, as the estimated slope would have the opposite sign,
but it might as well recover during training and thus needs to be explored. It would also
be interesting to apply PD-based constraining with prior parametric knowledge that
does not entirely represent the true PD but which is still structurally correct in regard to
the true input-output relationship. This could for example be studied with
aforementioned overlapping problem structures, as the one de!ned in Section 3.4. We
also only limited our extrapolation experiments to the extrapolation of a single feature in
𝛚ℶ , yet a deeper study of extrapolating conditions, e.g., extrapolating 𝛚ϱℶ , would provide
supplementary insightful observations on the behavior of the resulting models.

While the previous hybrid PD-based optimization alleviated the need for complex
regularization of the !rst-principles model, PD-constraining methods introduce a
regularization balance between the mean-squared error minimization and the
minimization of the PD distance. For the sake of simplicity, we have decided to optimize
an a"ne combination of both criteria, which could however limit the power of the
method. An interesting direction of future work would be to elaborate on variants of
PD-constraining which would greatly simplify the optimization of regularization
hyperparameters.

A light limitation of PD-constraining methods is the amount of computation time, which
grows exponentially with the size of 𝛚ℶ , if we wanted to evaluate the PD for every value of
𝛚ℶ . Still, we do not expect this to be a practical problem as PD-constraining is inherently
linked to the concept of explanations, which implies that 𝛚ℶ would most likely always
have a size smaller or equal to two, for PD visualization purposes. Furthermore, as is
already implemented in the experiments of Chapter 5, it always remains possible to
sub-sample random values from 𝛚ℶ for each mini-batch, during training.
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Finally, a future work direction could be to try to extend PD-constraining methods to
other types of regression models, such as traditional tree-based models. Although this
extension would not be as straightforward as for neural networks, they remain a desirable
ML solution as they are naturally more interpretable and easier to optimize. As was the
case for hybrid additivemodels, we could consider di$erentiable variants (Irsoy et al., 2012;
Mao et al., 2026). Another extension could consider individual conditional expectation
(ICE) measures, an interpretation technique which describes the model output of a given
sample, when varying only the features of interest 𝛚ℶ . Using ICE knowledge would
allow the modeling of heterogeneous e$ects and explanations, which is not possible with
PD-constraining due to the averaging. Still, such ICE-constraining methods would likely
require the de!nition of a parametric prior function.

7.4 C.+/3*!’ 5!"#$%&’% /."6 &+3+
As noted before, PD-based optimization and PD-constraining methods both make the
assumption of having access to a (partial) parametric model representing the only source
of knowledge. Yet, although the existence of this form of knowledge is sensible, either as
a sub-model (for PD-based optimization) or as a target explanation (for PD-constraining
methods), its availability remains questionable. As has already been discussed earlier
in this Chapter, non-parametric variants of similar knowledge would be considered
more practicable. For these reasons, we have decided to study an even less restrictive
integration of prior knowledge, which rather assumes that the essence of knowledge is
entirely contained into data samples, through pairs of features of interest 𝛚ℶ and their
associated output. In fact, while this source of knowledge is more easily accessible, we
highlight that the best least-squares ML model !t on such pairs of data asymptotically
approaches the true marginal plot (or M-plot) w.r.t. 𝛚ℶ , i.e., the average true response
at those values. Hence, an approximation of the M-plot could serve as a form of prior
knowledge.

In the practical context of learning with small data, we have designed a novel modeling
framework as well as its associated training algorithm which leverages this M-plot
approximation in order to dampen the impact of data scarcity. In particular, by modulating
the learned M-plot estimate with both scaling and shifting functions and by penalizing
deviations of the modulated model from the M-plot estimate, we show on a range of
real-world tabular regression problems that the resulting model achieves better predictive
performance than traditional regularized versions of neural networks, as can be observed
in Figure 6.2. We motivate the approach in regard to the explainable AI (XAI) literature
and provide theoretical elements to support the soundness of the method. Speci!cally,
we show that the M-plot of our regularized loss function converges towards the target
M-plot estimate. Moreover, we compare the predictive performance of M-plot modulation
against several related baselines and show that it usually achieves more desirable results,
although not always by a signi!cant margin. Finally, we highlight that our modulated
learning method with M-plot regularization is usually the most robust under very scarce
data conditions (50 training samples), while the gap reduces when training sample size
increases.

To deepen the exploration of the integration of such type of non-parametric (approximate)
knowledge, we design an ablation study to disentangle the impact of the modulation
from that of the M-plot regularization. In Figure 6.3, we show that regularizing any
modulation (let it be only additive or also multiplicative) generally helps to improve !nal
performance, while the optimal choice of modulation seems to be very dependent on the
underlying problem structure. In particular, we show that for the product problem, the
scaling modulation has a truly bene!cial impact, whereas it appears less clear for other
problems.
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Limitations and future perspectives Although conceptually appealing, the M-plot
modulating approach comes with several limitations. To dampen the impact of limited
training data, the method provides a very decent starting point, yet it remains highly
dependent on the quality of the M-plot itself. Indeed, a poor estimation of the M-plot
would most likely make learning much more complex as both the scaling and shifting
networks would need to compensate for modeling errors. Additionally, regularizing the
model with too noisy estimates would also restrict even more its representation capacity.
More importantly, the method does not come with any optimality guarantee about model
performance, aside from the conservation of the !nal M-plot. Actually, this is implied
by the lack of prior assumptions on the !nal model, e.g., we cannot truly expect better
M-plot performance as it is unknown. Even if the latter was known algebraically, it
still remains tricky to measure the M-plot faithfully (Molnar, 2020), hence it is hard to
judge on its quality as an explanation. Finally, we did not investigate failure cases of the
method. An easy way to quantify its sensitivity would be to experiment with varying
sizes for the large “knowledge” database to try to establish a threshold on the minimum
number of training samples to obtain reasonable M-plot estimates, although it might be
very problem-dependent. It would also be interesting to explore other synthetic problem
structures to derive some sort of prior conditions on the problem which, if veri!ed, would
increase the chances of success of the method in limiting over!tting.

More generally, in terms of empirical validation of the regularized modulated technique,
several elements should be added to give more scienti!c weight to the method. There
exist additional baselines to which the modulated approach could be compared. For
instance, we could simply !ne-tune the M-plot approximation on the small database,
by replacing the input layer. However, in such a setting, one would probably lose the
interpretable trait of the original M-plot estimate. Another possible baseline is tomodulate
the M-plot estimate with scaling and shifting functions that do not take 𝛚ℶ as input. While
conceptually very close to the proposed approach, its predictive performance may be
more limited if the M-plot estimate is kept frozen as neither scaling nor shifting would be
able to compensate for errors contained in the M-plot. Nevertheless, this variant would
preserve the M-plot by construction and therefore not require any regularization.

Moreover, the current study of the modulated approach remains limited to a single choice
of 𝛚ℶ , i.e., some of the most important input features. While it allows getting an idea
about the potential of the method, it remains arbitrary and it would be interesting to
study the impact of the importance of the selected variables on the performance of the
method (e.g., selecting random features) as it would also be interesting to investigate
the e$ects of varying the size of 𝛚ℶ . Also, the current study lacks an application of the
method in real testing conditions, where one would truly have access to a larger database
of easily measurable covariates.

Lastly, as was the case for PD-based optimization and PD-constraining methods, an
extension to more traditional ML methods such as tree-based models de!nitely represents
an interesting line of future work. For instance, we could imagine a setting where the
M-plot estimate is represented with neural networks, while shifting and scaling functions
are modeled by tree-based methods (and vice-versa). Another possibility is to apply
the technique entirely with tree-based models, and to compare the performance of the
latter against their neural-network-based counterparts. In any case, the technique gives
insightful directions on future techniques to experiment with this type of modulation.
For example, we could consider a setting closer to FiLM methods (Perez et al., 2018),
where 𝛚ℶ (or 𝛚ϱℶ , depending on the setting) would represent some context information. It
could also be interesting to explore the application of such techniques to the problem of
dynamical systems forecasting, but also with other types of modalities than pure tabular
data. Indeed, it is easy to picture a classi!cation problem based on images which would
be enriched with textual or numeric data.
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Taking a step back from our previously discussed contributions and their related
limitations, we highlight in the following some future directions or limitations of current
works in the !eld of knowledge-guided machine learning that we deem
interesting.

7.5.1 M"&%$ %1+$)+3*"!
Broadly speaking, we believe that there exists a true limitation in the fair evaluation of
hybrid methods, as concerns their predictive performance in practice. This observation
certainly applies to this thesis, whose application to real-world problems remains quite
limited in general. Still, restricting at least to the context of recent works on hybrid
additive models (e.g., APHYNITY (Yin, Le Guen, et al., 2021) or alternate optimization
(Donà et al., 2022)) and looking beyond the issue of reproducibility (i.e., hard-to-reuse
or non-existing implementations of the training methods which hinder fair assessment),
there lacks above all an e$ort to compare methods on a common experimental basis.
Although methods are compared on similar experiments, e.g., PDE systems, eventually
the trajectories generated to simulate such systems stem from di$erent implementations,
which makes the !nal evaluation less robust. Regarding synthetic experiments, the
recent works of Takamoto et al. (2022) and Ohana et al. (2024) introduce a suite of
datasets covering diverse spatiotemporal PDE systems with access to the respective PDE
parameters, making them suitable for both forward and inverse problems. Furthermore,
Gamella et al. (2025) developed two causal chambers, which allow the evaluation of
models on real-world experimental data obtained from controlled environments, a very
desirable property to assess the robustness of models in practical conditions. These works
thus represent solid benchmarks on which future knowledge-guided methods should be
compared, depending on the type of prior knowledge.

7.5.2 R%’)$+.*9+3*"!
As was already evoked in Chapter 3, current hybrid additive modeling approaches
involve intricate regularization procedures to properly estimate the contribution (and
parameters) of the !rst-principles model while maintaining predictive performance,
with hyper-parameter ranges that may vary depending on the class or instance of the
considered problem whereas the nature of the regularizer depends on the class of the
chosen statistical model. We argue that PD-based hybrid optimization takes a step in
the direction of hybrid methods that alleviate heavy regularization procedures, although
the method itself presents some (mentioned) caveats such as increased computing times
linked to PD estimations or simply its inherent restriction to additive problems. We
believe this disentanglement from model-speci!c regularizers to be of utmost importance
for the development of #exible hybrid methods, encouraging the implementation of
model-agnostic approaches, e.g., with applications to more traditional machine learning
models such as tree-based methods. A notable example is the recent work of Takeishi
(2026) where a model-agnostic hybrid training approach is implemented through the
concept of sharpness-aware minimization. Even though this method still requires some
level of regularization, the nature of the regularizer itself does not depend on the model, it
relies on a single hyperparameter and covers non-additive settings as well. More globally,
it is important to try to develop hybrid methods that are model-agnostic by construction,
in the same philosophy as post-hoc interpretation techniques.
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7.5.3 G%!%.+$*9+3*"! +!& 3.+!2/%.+7*$*34
Given the recent shift toward machine learning research on large language models
and their practical surge, one could obviously question the use of similar foundation
models for more structured data, as can be found in the form of tabular data. Current
implementations of such instances, including TabPFN (Hollmann et al., 2022) and the
more recent TabFM (Kong et al., 2026), are trained entirely on synthetic data generated
from structural causal models and can yield predictions for a given real-world dataset in
a single pass. Foundation models typically take value from the fact that they are very
easily transferrable across tasks, hence we could be tempted to exclusively rely on such
generic models. In the context of low-data regimes with prior knowledge of various
forms, it could be interesting to study the behavior and robustness of foundation models
which could be fed with additional data including, e.g., (known) predicted residuals, or to
directly use the foundation model to predict the residual based on some prior approximate
model. In particular, it would be of general interest to assess whether more traditional
grey-box modeling approaches (such as hybrid additive models) perform better than
tabular foundation models in terms of predictive performance.

To follow on the concepts of model generalization and model transferability, one may
argue about the practical e"ciency and relevance of the hybrid additive modeling
frameworks presented throughout this thesis. Indeed, when facing distribution shifts
or evolving conditions from the initial training environment, such models appear more
limited as, in their simplest forms, they are con!ned to representing a single instance
of a given process or dynamical system and hence cannot naturally adapt to test-time
shifts. Furthermore, although there also exist foundation models speci!cally designed
for time-series forecasting, e.g., TimesFM (Das et al., 2023), they remain very rigid and
cannot easily address data drifts as they rely entirely on their pre-training (Soni et al.,
2026). We believe domain-adaptive architectures to be of great importance for the !eld of
knowledge-guidedmachine learning. Several works already implement some principles to
improve domain adaptation, for example assuming additive adaptation (either data-driven
(Yin, Ayed, et al., 2021) or through a shared physical prior (Osaka et al., 2025)), or relying
on (sparse) hyper-networks taking as input environment-speci!c features (Kirchmeyer
et al., 2022; Kassai Koupai et al., 2024; Brenner et al., 2025) or, more recently, leveraging
di$usion processes to adapt model weights in latent space (Li et al., 2025).

7.5.4 M"&%$ *!3%.0.%3+7*$*34
A !nal important subject is the topic of model explainability, as it remains a major
concern for the future development and deployment of novel machine learning models
in practice. For example, although not strictly required under precisely-de!ned forms of
interpretability, the European Union AI Act requires systems to be transparent enough
such that their decision process can be easily analyzed (European Parliament et al., 2024).
This is particularly relevant for critical domains such as the healthcare ecosystem where
models should treat con!dential information whilst avoiding ethical biases, making
practitioners more skeptical and reluctant about their practical integration. Hence, there
remains much e$ort to accomplish as regards model interpretability in general. As
was mentioned in Section 7.3, prior domain knowledge regarding model interpretability
should be easy to derive in the !rst place, thereby making explanation-guided learning
one of the most important research directions in order to bridge the gap toward adoption
by domain practitioners.

On the one hand, as concerns feature importance, such property can be di"cult to
quantify a priori by domain experts. Although early works in explanation-guided learning
focused on favoring (or penalizing) certain attributions of features and interactions (Rieger
et al., 2020), a few recent methods focused on similar guidance techniques leveraging
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more generic properties such as the relative importance of feature (Erion et al., 2021),
but also representing more general concepts (Balayan et al., 2020) or even introducing
meta-features which contain information on why certain features are more important
than others (Weinberger et al., 2020). Therefore, we believe that a promising future
direction concerns the expansion of such notions of concepts and meta-features and how
they relate to raw tabular features, in a tentative to improve the trust in the resulting
ML models. Indeed, prior information of this type should be more easily designable by
domain experts compared to !xed attribution priors on raw feature columns.

On the other hand, regarding model response to particular features, we believe that
research on improving model faithfulness given prior functional knowledge is currently
under-explored. PD-constraining methods presented in Chapter 5 therefore represent a
step paving the way for further developments. Naturally, the main question concerns the
acquisition of such forms of prior knowledge in the !rst place, especially for problems
whose causal relationships between inputs and output are mostly unknown. Yet, an
interesting future work would consider similar steering techniques applied with more
generic knowledge, e.g., at the scale of properties such as monotonicity, but also with
groups of data which are known to respond di$erently according to some features. By
relying on ICE-constraining (as opposed to PD-constraining), it would be possible to
model such heterogeneous e$ects.

Finally, making models more interpretable by construction represents a major milestone,
even though current attempts seem quite limited as they usually cover poorly-expressive
models such as linear regression or rule-based methods. Incentives such as self-explaining
neural networks (S. Lee et al., 2022) are a great example showing how to incorporate
reasoning about the explanations directly into the decision (and training) process of
the models. Through their antecedent generative module, the model becomes directly
interpretable, yet it remains quite restrictive as it can only sample a single rule to make
its !nal decision, but it certainly opens paths for additional creative solutions.

7.6 C"!,$)2*"!
As a matter of general conclusion, this thesis emphasizes the bene!t of introducing prior
knowledge into the training process of machine learning models. Instead of solely relying
on either rigid physical models or on more #exible data-driven models, it calls for a
solution at the intersection of both modeling frameworks. Through di$erent levels of
integration of various forms of domain knowledge, we show how the resulting hybrid
models can be more data e"cient, more interpretable and, ultimately, more robust.
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