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Abstract

Deciding formulas that mix arithmetic and uninterpreted predicates
is of practical interest, notably for applications in verification. One ap-
proach for obtaining a decision procedure consists in building by struc-
tural induction an automaton that recognizes the set of models of the
formula under analysis, and then testing whether this automaton accepts
a non-empty language. A drawback is that universal quantification is
usually handled by a reduction to existential quantification and comple-
mentation. For logical formalisms in which models are encoded as infinite
words, this hinders the practical use of this method due to the difficulty
of complementing infinite-word automata. The contribution of this paper
is to introduce an algorithm for directly computing the effect of universal
first-order quantifiers on automata recognizing sets of models, for formu-
las involving natural numbers encoded in unary notation. This paves the
way to implementable decision procedures for various arithmetic theories.

Keywords: Infinite-word automata, first-order logic, quantifier elimination,
satisfiability

1 Introduction

Automated reasoning with arithmetic theories is of primary importance, no-
tably for verification, where Satisfiability Modulo Theories (SMT) solvers are
regularly used to discharge proof obligations. It is well known however that
mixing arithmetic with uninterpreted symbols quickly leads to undecidability.
For instance, extending Presburger arithmetic, i.e., the first-order additive the-
ory of integer numbers, with just one uninterpreted unary predicate makes it
undecidable [8, 9, 16]. There exist decidable fragments mixing arithmetic and
uninterpreted symbols that are expressive enough to be interesting, for instance,
the monadic second-order theory of N under one successor (S18S).



The decidability of S1S has been established thanks to the concept of infinite-
word automaton [6]. In order to decide whether a formula ¢ is satisfiable, the
approach consists in building an automaton that recognizes the set of its models,
encoded in a suitable way, and then checking that this automaton accepts a
non-empty language. Such an automaton has one separate input tape for each
first-order and second-order free variable of ¢. It is constructed by starting
from elementary automata representing the atoms of ¢, and then translating
the effect of Boolean connectives and quantifiers into corresponding operations
over automata. For instance, applying an existential quantifier simply amounts
to removing from the automaton the input tape associated to the quantified
variable. Universal quantification reduces to existential quantification thanks
to the equivalence Vo ¢ = —dz —p.

Even though this approach has originally been introduced as a purely the-
oretical tool, it is applied in practice to obtain usable decision procedures for
various logics. In particular, the tool MONA [10] uses this method to decide a
restricted version of S1S, and tools such as LASH [3]| and Shasta [15] use a similar
technique to decide Presburger arithmetic. LASH also generalizes this result by
providing an implemented decision procedure for the first-order additive theory
of mixed integer and real variables [2].

A major issue in practice is that the elimination of universal quantifiers
relies on complementation, which is an operation that is not easily implemented
for infinite-word automata [14, 18]. Actual implementations of automata-based
decision procedures elude this problem by restricting the language of interest
or the class of automata that need to be manipulated. For instance, the tool
MONA only handles Weak S1S (WS1S) which is, schematically, a restriction
of S1S to finite subsets of natural numbers [5]. The tool LASH handles the
mixed integer and real additive arithmetic by working with weak deterministic
automata, which are a restricted form of infinite-word automata admitting an
easy complementation algorithm [2].

The contribution of this paper is to introduce a direct algorithm for comput-
ing the effect of universal first-order quantification over infinite-word automata.
This is an essential step towards practical decision procedures for more expres-
sive fragments mixing arithmetic with uninterpreted symbols. The considered
automata are those that recognize models of formulas over natural numbers en-
coded in unary notation. This algorithm does not rely on complementation, and
can be implemented straightforwardly on unrestricted infinite-word automata.
As an example of its potential applications, this algorithm leads to a practically
implementable decision procedure for the first-order theory of natural numbers
with the order relation and uninterpreted unary predicates. It also paves the
way to a decision procedure for SMT solvers for the UFIDL (Uninterpreted
Functions and Integer Difference Logic) logic with only unary predicates.



2 Basic notions

2.1 Logic

We address the problem of deciding satisfiability for formulas expressed in first-
order structures of the form (N, Ry, Ro,...), where N is the domain of natural
numbers, and Ry, R, ... are (interpreted) relations over tuples of values in N.
More precisely, each R; is defined as a relation R; C N for some «; > 0 called
the arity of R;.

The formulas in such a structure involve first-order variables x1, xa, ..., and
second-order variables X7, Xa, ... Formulas are recursively defined as

° T, L, Ti = Tj, Xi = Xj, Xl(x]) or Ri(l‘jl, . ,a;jai), where i,j,jl,jg, ... €
Nsg (atomic formulas),

e 1 A, 1V o or mp, where @1, po and ¢ are formulas, or
e dx; ¢ or Vz; p, where i € Ny and ¢ is a formula.

We write (21, ..., 2k, X1, ..., Xp) to express that 1, ..., 2, X1, ..., X, are the
free variables of ¢, i.e., that ¢ does not involve other unquantified variables.

An interpretation I for a formula p(z1,...,zE, X1,...,X/) is an assignment
of values I(x;) € N for all i € [1,k] and I(X;) C N for all j € [1,/] to its free
variables. An interpretation I that makes ¢ true, which is denoted by I = ¢,
is called a model of ¢. The semantics is defined in the usual way. One has

e [ =T and I }£ L for every I.

o[ =z, =x; and I E X; = X, iff (respectively) I(x;) = I(x;) and
1(X,) = I(X).

o ]/ ': Ri(le,...,xjai) iff (I(le)a---al(xjai)) S Ri-

o [ = pi1Aps, I Ev1Vpsand I = —giff (respectively) (I = 1) A = ¢2),
(I E @)V E @) and I |~ .

o I = dx;o(x1,. .., 2k, X1, .., Xp) iff there exists n € N such that I[z; =
n] ':Sﬁ(l'l,...,xk,Xl,...,X[)'

o I EVz;p(xy,...,28, X1,...,X,) iff for every n € N, one has I[z; = n]
(1, T, X1,..., Xo).

In the two last rules, the notation I[z; = n], where n € N, stands for the
extension of the interpretation I to one additional first-order variable z; that
takes the value n, i.e., the interpretation such that I[z; = n](x;) = I(z;) for all
j € [1, k] such that j # i, I[z; = n](z;) = n, and I[z;, = n](X,) = I(X;) for all
JjeL.

A formula is said to be satisfiable if it admits a model.



2.2 Automata

A finite-word or infinite-word automaton is a tuple A = (3, Q, A, Qo, F) where
Y is a finite alphabet, @ is a finite set of states, A C Q x (XU {e}) x Q is
a transition relation, Qo C @Q is a set of initial states, and F' C @Q is a set of
accepting states.

A path of A from ¢q to ¢,,, with qo, ¢, € Q and m > 0, is a finite sequence
m = (qo,a0,q1); (q1,01,G2); - -; (@m—1,0m—1,Gm) of transitions from A. The
finite word w € X* read by 7 is w = agay ... a,_1; the existence of such a path
is denoted by qo — gm. A cycle is a non-empty path from a state to itself. If A
is a finite-word automaton, then a path « from ¢g to ¢, is accepting if ¢,, € F.
A word w € ¥* is accepted from the state qq if there exists an accepting path
originating from ¢y that reads w.

For an infinite-word automaton A, a run from a state gy € @ is an infinite
sequence o = (qo,ao,q1); (q1,a1,q2); ... of transitions from A. This run reads
the infinite word w = aga; ... € X¥. Several types of infinite-word automata
have been defined, which differ in their acceptance condition. In this paper, we
consider the Biichi acceptance condition. In a Biichi automaton, the run o is
accepting if the set inf (o) formed by the states ¢; that occur infinitely many
times in o is such that inf(c) N F # (, i.e., there exists a state in F that is
visited infinitely often by . A word w € ¥¢ is accepted from the state go € Q
if there exists an accepting run from o that reads w.

For both finite-word and infinite-word automata, a word w is accepted by A
if it is accepted from an initial state gy € Q9. The set of all words accepted from
a state ¢ € @Q (resp. by A) forms the language L(A,q) accepted from ¢ (resp.
L(A) accepted by A). An automaton accepting L(A, q) can be derived from A
by setting Qo equal to {¢}. The language of finite words w read by paths from
q1 to qo, with ¢1,¢2 € Q, is denoted by L(A,q1,¢2); a finite-word automaton
accepting this language can be obtained from A by setting Qg equal to {¢; } and
F equal to {g2}. A language is said to be regular (resp. w-regular) if it can be
accepted by a finite-word (resp. an infinite-word) automaton.

3 Deciding Satisfiability

3.1 Encoding Interpretations

In order to decide whether a formula p(zq,...,zk, X1,...,Xy) is satisfiable,
Biichi introduced the idea of building an automaton that accepts the set of all
models of ¢, encoded in a suitable way, and then checking whether it accepts a
non-empty language |5, 6].

A simple encoding scheme consists in representing the value of first-order
variables x; in unary notation: a number n € N is encoded by the infinite word
0™10% over the alphabet {0, 1}, i.e., by a word in which the symbol 1 occurs only
once, at the position given by n. This leads to a compatible encoding scheme
for the values of second-order variables X;: a predicate P C N is encoded by
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Figure 1: Automata recognizing sets of models.

the infinite word agajasz ... over the alphabet {0,1} such that for every n € N,
ay, satisfies a,, =1 iff n € P, i.e., if P(n) holds.

Encodings for the values of first-order variables z1, ..., ; and second-order
variables X1, ..., X, can be combined into a single word over the alphabet
¥ = {0, 1}**+*: a word w € ¥* encodes an interpretation I for those variables iff
w = (ao1,---,00k+0)(@11,---,01 k+e) - - -, where for each ¢ € [1,k], ag a1, ---
encodes I(x;), and for each j € [1, /], ag k+ja1 k+j - -- encodes I(X;). Note that
not all infinite words over ¥ form valid encodings: for each first-order variable
x;, an encoding must contain exactly one occurrence of the symbol 1 for the
i-th component of its tuple symbols. Assuming that the set of variables is clear
from the context, we write e(I) for the word encoding I with respect to those
variables.

3.2 Automata Recognizing Sets of Models

Let S be a set of interpretations for k first-order and ¢ second-order variables.
The set of encodings of the elements of S forms a language L over the alphabet
{0, 1}*+¢. If this language is w-regular, then we say that an automaton A that
accepts L recognizes, or represents, the set S. Such an automaton can be viewed
as having k+/ input tapes reading symbols from {0, 1}, each of these tapes being

associated to a variable. Equivalently, we can write the label of a transition

(Akg1seerQkte) . .
(q1,(a1,...,aK4¢),q2) € A as \% where V is the set of the variables x;,

with ¢ € [1, k], for which a; = 1. In other words, each transition label distinct
from ¢ specifies the set of first-order variables whose value corresponds to this
transition, and provides one symbol for each second-order variable. For each
x; € V, we then say that x; is associated to the transition. Note that every
transition for which V' # () can only be followed at most once in an accepting
run. Any automaton recognizing a set of valid encodings can therefore easily
be transformed into one in which such transitions do not appear in cycles, and
that accepts the same language.

An example of an automaton recognizing the set of models of the formula
o(r1,22,X1) = 21 < 2 A Xi(x2) is given in Figure la. For the sake of



clarity, labels of transitions sharing the same origin and destination are grouped
together, and empty sets of variables are omitted.

3.3 Decision Procedure

For the automata-based approach to be applicable, it must be possible to con-
struct elementary automata recognizing the models of atomic formulas. This is
clearly the case for atoms of the form z; = z;, X; = X; and X;(z;), and this
property must also hold for each relation R; that belongs to the structure of
interest; in other words, the atomic formula R;(x1, 23, ..., Z4,) must admit a set
of models whose encoding is w-regular. With the encoding of natural numbers
introduced in Section 3.1, this is the case in particular for the order relation
x; < x; and the successor relation x; = x; + 1. Note that one can easily add
supplementary variables to an automaton, by inserting new components in the
tuples of its alphabet, and making these components read a symbol 1 at any
single position of a run for first-order variables, and any symbol at any posi-
tion for second-order ones. Reordering the variables is a similarly immediate
operation.

After automata recognizing the models of atomic formulas have been ob-
tained, the next step consists in combining them recursively by following the
syntactic structure of the formula to be decided. Let us denote by L, the lan-
guage of encodings of all the models of a formula ¢, i.e., L, = {e(I) | I = ¢}.

For the Boolean operator A, we have Ly rp, = Ly, N Ly, where @1 and o
are formulas over the same free variables. Similarly, we have Ly, v, = Ly, UL, .
The case of the complement operator — is slightly more complicated, since the
complement of a language of encodings systematically contains words that do
not validly encode an interpretation. The set of models of a formula —¢ is
encoded by the language LTD N Lyaiia, where Lyqpq is the language of all valid
encodings consistent with the free variables of . It is easily seen that this
language is w-regular.

It remains to compute the effect of quantifiers. The language L3,,, can
be derived from L, by removing the i-th component from each tuple sym-
bol, i.e., by applying a mapping Ilz; : S — SFL 2 (aq, .0 apgy) —
(a1y...,ai—1,0i41,-..,ak+e) to each symbol of the alphabet. Indeed, the mod-
els of Jx; ¢ correspond exactly to the models of ¢ in which the variable x; is
removed. In the rest of this paper, we will use the notation Il (w), where w is
a finite or infinite word, to express the result of applying II; to each symbol in
w. If L is a language, then we write IT;(L) for the language {II..;(w) | w € L}.

Finally, universal quantification can be reduced to existential quantification:
for computing Lv,,, we use the equivalence Vx; ¢ = —3Jx; ~¢ which yields
LV:E“p = Lﬂxi—wp N Lyatid-

3.4 Operations over Automata

We now discuss how the operations over languages mentioned in Section 3.3
can be computed over infinite-word automata. Given automata A; and As,



automata A; N Ay and A; U Ay accepting respectively L(A;) N L(Az) and
L(A;1)UL(A2) can be obtained by the so-called product construction. The idea
consists in building an automaton A that simulates the combined behavior of
A; and A; on identical input words. The states of A need to store additional
information about the accepting states that are visited in A; and As. For
A1 N Ay, one ensures that each accepting run of A correspond to an accepting
run in both A; and As. For A; U As, the condition is that the run should
be accepting in A; or Ay, or both. A complete description of the product
construction for Biichi automata is given in [17].

Modifying the alphabet of an automaton in order to implement the effect of
an existential quantification is a simple operation. As an example, Figure 1b
shows an automaton recognizing the set of models of Jzo(z1 < 22 A X1 (22)),
obtained by removing all occurrences of the variable x5 from transition labels.
Testing whether the language accepted by an automaton is not empty amounts
to checking the existence of a reachable cycle that visits at least one accepting
state, which is simple as well.

The only problematic operation is complementation, which consists in com-
puting from an automaton A an automaton that accepts the language L(.A).
Although it preserves w-regularity, this operation is difficult to perform on Biichi
automata [14, 18]. In the context of our decision procedure, it is only use-
ful for applying universal quantifiers. Indeed, other instances of the nega-
tion operator in formulas can be pushed inwards until they are applied to
atomic formulas, and it is easy to construct the complement of the elemen-
tary automata recognizing the models of those atomic formulas, provided that
for each relation R; in the structure of interest, an automaton recognizing
{(z1,...,2q;) € N | aR;(21,...,%q,;)} is available. In order to eliminate
the need for complementation, we develop in the next section a direct algorithm
for computing the effect of universal quantifiers on automata recognizing sets of
models.

4 Universal Quantification

4.1 Principles

Let o(x1,..., 25, X1,...,Xp), with k£ > 0 and ¢ > 0, be a formula. Our goal is
to compute an automaton A’ accepting Ly, ,, given an automaton A accepting
L, and i € [1,k].

By definition of universal quantification, we have I =V, ¢ iff I[z; = n] = ¢
holds for every n € N. In other words, Ly, contains e(I) iff L, contains
e(I[z; = n]) for every n € N. Conceptually, we can then obtain Ly, by
defining for each n € N the language S, = {e(I) | e(I[x; = n|) € L.}, which
yields Lyz;p = N,y Sn-

An automaton A’ accepting Ly, can be obtained as follows. Each language
Sn, with n € N, is accepted by an automaton 4,, derived from A by restricting
the transitions associated to x; to be followed only after having read exactly n



symbols. In other words, the accepting runs of A,, correspond to the accepting
runs of A that satisfy this condition. After imposing this restriction, the variable
x; is removed from the set of variables managed by the automaton, i.e., the
operator II; is applied to the language that this automaton accepts, so as to
get S, = L(A,). The automaton A’ then corresponds to the infinite intersection
product of the automata A,, for all n € N, i.e., an automaton that accepts the
infinite intersection (), .y Sn. We show in the next section how to build A’ by
means of a finite computation.

4.2 Construction

The idea of the construction is to make A’ simulate the join behavior of the
automata A,, for all n € N, on the same input words. This can be done by
making each state of A’ correspond to one state ¢, in each A, i.e., to an infinite
tuple (qo, q1, - - .). By definition of A,,, there exists a mapping i : @, — Q, where
@, and @ are respectively the sets of states of A,, and A, such that whenever a
run of A, visits ¢,, the corresponding run of A on the same input word visits
11(qn)-

If two automata A,, and A,,, with ny,ny € N, are (respectively) in states
Gn, and ¢, such that p(gn,) = 1(¢n,), then they share the same future be-
haviors, except for the requirement to follow a transition associated to z; after
having read (respectively) ny and ne symbols. It follows that the states of A’
can be characterized by sets of states of A: the infinite tuple (qo,q1,...) is
described by the set {(q;) | ¢+ € N}. Each element of this set represents the
current state of one or several automata among the A,. This means that the
number of these automata that are in this current state is not counted. We will
establish that this abstraction is precise and leads to a correct construction.

During a run of A’, each transition with a label other than e must correspond
to a transition reading the same symbol in every automaton A,,, which in turn
can be mapped to a transition of A. In the automaton A,, for which n is equal
to the number of symbols already read during the run, this transition of A is
necessarily associated to x;, by definition of A,. It follows that every transition
of A’ with a non-empty label is characterized by a set of transitions of A, among
which one of them is associated to z;.

We are now ready to describe formally the construction of A’, leaving for
the next section the problem of determining which of its runs should be ac-
cepting or not: from the automaton A = (3,Q, A, Qo, F'), we construct A" =
(X,Q', A, Qp, F') such that

o ¥ =T1,(%).
. Q=29 (0},
e A’ contains

— the transitions (g, (a},...,a},,_),Gz) for which there exists a set
T C A that satisfies the following conditions:
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Figure 2: First step of construction for Vai3xs(z1 < 29 A X1 (z2)).

* g = {ql | (qla (Cl1,...,6lk+g),(]2) € T}

* Gy ={q2 | (q1, (a1, .., ar40),q2) € T}

* For all (g1, (a1,...,ak1r),q2) € T, one has a; = a; for all j €
[1,i—1], and @} = a;41 for all j € [i,k+ £ —1].

x There exists exactly one (q1,(a1,...,ak40),q2) € T such that
a; = 1.

— the transitions (gr, €, ¢z ) for which there exists a transition (¢, €, g2) €
A such that

* g1 €q1.
* @y =G U{q2} or @ = (3 \ {@1}) U{q2}-

o Qh=2%\{0}.

e " = (' for now. The problem of characterizing more finely the accepting
runs will be addressed in the next section.

The rule for the transitions (gy, (a},...,a},,_,),Go) ensures that for each
¢1 € Gy, each automaton A,, that is simulated by A’ has the choice of follow-
ing any possible transition originating from ¢; that has a label consistent with
(aj,...,a},y_1). One such automaton must nevertheless follow a transition as-
sociated to the quantified variable x;. The rule for the transitions (g,¢,3qs)
expresses that one automaton A,,, or any number of identical copies of this au-
tomaton, must follow a transition labeled by e, while the other automata stay
in their current state.

As an example, applying this construction to the automaton in Figure 1b, as
a first step of the computation of a representation of Va1 3zo(z1 < o A Xy (22)),
yields the automaton given in Figure 2. For the sake of clarity, unreachable
states and states from which the accepted language is empty are not depicted.

4.3 A Criterion for Accepting Runs

The automaton A’ defined in the previous section simulates an infinite combi-
nation of automata A,,, for all n € N. By construction, every accepting run of
this infinite combination corresponds to a run of A’.



The reciprocal property is not true, in the sense that there may exist a
run of A’ that does not match an accepting run of the infinite combination of
automata A,. Consider for instance a run of the automaton in Figure 2 that
ends up cycling in the state {qo, g1, g2}, reading 0“ from that state. Recall that
for this example, the automaton A that undergoes the universal quantification
operation is the one given in Figure 1b. The run that we have considered can be
followed in A’, but cannot be accepting in every A,,. Indeed, in this example,
the transition of A, reading the (n + 1)-th symbol of the run corresponds,
by definition of this automaton, to the transition of A that is associated to
the quantified variable z;. By the structure of A, this transition is necessarily
followed later in any accepting run by one that reads the symbol 1, which implies
that no word of the form w - 0¥, with u € {0,1}*, can be accepted by a run of
A, such that n > |u|. This represents the fact that the words accepted by all
A, correspond to the encodings of predicates that are true infinitely often.

One thus needs a criterion for characterizing the runs of A’ that correspond
to combinations of accepting runs in all automata A,.

It is known [12, 7] that two w-regular languages over the alphabet % are
equal iff they share the same set of ultimately periodic words, i.e., words of the
form w-v* with u € * and v € XT. It follows that it is sufficient to characterize
the accepting runs of A’ that read ultimately periodic words. The automaton
A’ accepts a word - v¥ iff every A, with n € N, admits an accepting run that
reads this word. Note that such a run also matches a run of A, and that this
run of A always ends up following a cycle from an accepting state to itself.

Our solution takes the following form. For each state ¢ of A, we define a
language U, C £ of non-empty words u such that A accepts u“ from ¢, after
dismissing the input tape associated to the quantified variable x;. The alphabet
¥ is thus equal to {0,1}*+*~1. Remember that each state g of A’ is defined as
a subset of states of A, corresponding to the current states in the combination
of copies of A that are jointly simulated by A’. In order for the word u“ to be
accepted by A’ from g, it should therefore be accepted by A from each state
q €@, i.e., v must belong to all the languages U, such that ¢ € 7.

It must also be possible to read u® from the state g of A’. We impose a
stronger condition, by requiring that there exists a cycle from q to itself labeled
by u. We will establish that this condition leads to a correct acceptance criterion.

In summary, the language Uy = L(A’,7,9) N[ q4eq Uq characterizes the words
u such that u* must be accepted from the state g of A’. Note that for this
property to hold, it is not necessary for the language U, to contain all words u
such that u* € I1;(L(A, q)), but only some number of copies u?, where p > 0
is bounded, of each such u. In other words, the finite words u whose infinite
repetition is accepted from ¢ do not have to be the shortest possible ones.

Once the language Ué has been obtained, we build a widget, in the form of
an infinite-word automaton accepting (Uz)*, along the state g of A’, and add a
transition labeled by e from § to the initial state of this widget. This ensures
that every path that ends up in g can be suitably extended into an accepting
run. Such a widget does not have to be constructed for every state g of A’: since
the goal is to accept from § words of the form u“, we can require that at least

10



one state ¢ € § is accepting in A. We then only build widgets for the states §
that satisfy this requirement.

4.4 Computation Steps

The procedure for modifying A’ in order to make it accept the runs that match
those of the infinite combination of automata .4,,, outlined in the previous sec-
tion, can be carried out by representing the regular languages U, and qu by
finite-state automata. The construction proceeds as follows:

1. For each state ¢ € @ of A, build a finite-word automaton 4, that accepts

all the non-empty words u for which there exists a path ¢ — ¢ of A
that visits at least one accepting state gp € F', such that u = Il (v).
This automaton can be constructed in a similar way as one accepting
I (L(A,q,q)) (cf. Sections 2.2 and 3.4), keeping one additional bit of
information in its states for determining whether an accepting state has
already been visited or not.

2. For each pair of states ¢q1,q2 € @ of A, build a finite-word automaton
Aqg..q, accepting the language I1.;(L(A, g1, ¢2)) (cf. Sections 2.2 and 3.4).

3. For each state ¢ € Q of A, build an automaton Ay, = U,cq (Agr NA;)
accepting the finite-word language Uj,.

4. For each state g of A’ such that gN F # (), where F is the set of accepting
states of A, build a finite-word automaton A}, = .A’aﬂ N q4e7 Au, accepting
q
Uz, where A7 is an automaton accepting L(A’,q,q) (cf. Section 2.2).

5. Then, turn each automaton Aj,, into an infinite-word automaton AEUL)W
q q
accepting (Uz)*:

(a) Create a new state Grepeat-
(b) Add a transition (grepeat, €, o) for each initial state o, and a transi-
tion (¢, €, Grepeat) for each accepting state gp, of A’Ué.

(¢) Make grepeqr the only initial and accepting state of A’(UL)W.
q

6. For each state g of A’ considered at Step 4, add the widget A}, alongside
q

g, by incorporating its sets of states and transitions into those of A’, and
adding a transition (g, €, ¢repeat). In the resulting automaton, mark as the
only accepting states the states grepeqr of all widgets.

We call A” the automaton constructed by this procedure. This automaton
accepts the language Lyg, .

11



Figure 3: Widget for the state {qo,q1, g2}

4.5 TIllustration

We illustrate the construction described in Section 4.4 on the automaton A" in
Figure 2, obtained after the first step of the universal quantification procedure
applied to the automaton A in Figure 1b. We assume that the reader is familiar
with the notation of regular and w-regular languages by regular expressions.

We obtain automata accepting the following languages at the successive steps
of the procedure:

1. L(Ay) = L(Ay) =0 and L(A,,) = (0+ 1),

2. L(Aqo,qo) = L(Aql,ql) = L(Agq) = (0+1)7, L(Ag,q) = (0 + 1)+=
L(Ag,q) = (0+ DF1(0+ 1), L(Ag,q,) = (0+1)"1(0 + 1)*, and
L(Ay;q,) = 0 for all other pairs (g;, ;) of states.

3. LAy, ) = (0+1)" 1 (0+1)*, L(Ay,, ) = (04+1)*1(0+1)*, and L(Ap,,) =
(0+1)*.

’ _ ’ _ + %

4 L(Ay, ) =0and LAy, )= (041" 10+1)"

5. The widget A7, is given in Figure 3.

{90,91,92}

6. The resulting automaton A" is shown in Figure 4. For the sake of clarity,
the states from which the accepted language is empty have been removed.

4.6 Proof of Correctness

Let us show that the automaton A" constructed according to the procedure de-
veloped in Section 4.4 simulates exactly the infinite intersection of the automata
A, for all n > 0, as defined in Section 4.2. We first establish that every word
accepted by A" is also accepted by A, for each n > 0, after dismissing the
input tape associated to the quantified variable. Note that, since we know that
applying a first-order universal quantifier to an automaton recognizing a set of
models preserves w-regularity (cf. Section 3.4), and two w-regular languages are

12



(0), (1)

(0), (1)

(0), (1)

(0), (1)

Figure 4: Automaton recognizing the set of models of Va1 3xo (21 < 22 AX (22)).

equal iff they share the same ultimately periodic words [12, 7], it is sufficient to
consider ultimately periodic words. We will rely on the following lemma.

Lemma 1. If an infinite-word automaton admits a path that reads an ultimately

periodic word w = u - v¥, with |v| > 0, originating from a state qo and visiting

infinitely many times a state q, then it admits a path of the form qo = q 3 ¢ 3
u .

q =3 -+, with |ug| > 0, that reads w.

Proof. The automaton admits a path
o= a3qg3qt

7. Modulo |v|, the
range of possible values for |v;] is finite, hence there exist 4, j such that ¢ < j and
|vi| = |v;| mod |v|. This implies [uf  u} ... u}| = k|v| for some k € N5o. We

then obtain the result by setting uy = ujus ... uj and ug = i uj ,...uj. O

that reads w. For every i € N>o, we define v; = ujus ... uj.

We are now ready to establish our first result.

Theorem 1. For every ultimately periodic word w"” € L(A") and n > 0, there
exists an accepting run p of A such that

o the word w read by p satisfies Ix;(w) = w”, and

e the (n+ 1)-th transition with a non-empty label followed by p is associated
to the quantified variable x;. (In other words, such a run p also exists for
the automaton A,,.)

Proof. The only accepting states of A" are the states grepeat, and those are not
reachable from each other. Thus, for every run of A" that accepts w”, there
exists a single state grepeqr that this run visits infinitely often. By Lemma 1,
there exists a run p” of A" accepting w” that is of the form

p// : 60 g q £> Qrepeat 3 Qrepeat g Qrepeat g Qrepeat B Ty
where G, is an initial state of A", and w” = wuy us (u3)¥ with |uz| > 0 and
|U3| > 0.
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By construction of the widget associated to g, if there exists a non-empty
word u such that A" admits the path grepeat N repeat , then the path g 2 G exists
as well in A’, and therefore in A”. (Securing this property was the motivation
behind the restriction discussed in the definition of U7 in Section 4.3.) Therefore,

A" admits the paths § 3 g and § 22 g, and there exists a run p/ of A" accepting
w that is of the form

p/ll : 60 g 6 B q g @ _€> Qrepeat E Qrepeat E Qrepeat g Tt

For every p > 0, the path § =2 g that appears in this run can be repeated p
times, which results in a path

_ _ug _ (ug)? _
pg: qung “i> qgQTepeat HQTepeat $QTepeat E

that accepts w’’. We then choose p such that |uj us (u3)?| > n, in order to
ensure that the (n+1)-th symbol read by p;; corresponds to a transition located
in A" and not in any widget.

By construction of A" (cf. Section 4.2), there exists a path 7w of A of the
form 7 : qo — q;, where o is an initial state, ¢; € @, Iz (u) = w1 - us - (u3)?,
and the (n 4 1)-th symbol read by 7 is associated to the quantified variable x;.
Furthermore, since the widget associated to ¢ admits the path g,epear “ Grepeat
we have ug € (qu)"’, which implies that A accepts from its state ¢; a word v
such that ITz;(v) = (u3)“. By appending a run of A accepting v from g; to the
path 7, we obtain a suitable run p. O

We now show that every word accepted by the automata A, for all n > 0,
is also accepted by A".

Theorem 2. If an ultimately periodic word w" is such that for every n > 0,
there exists an accepting run p, of A such that

o the word wy, read by p, satisfies Ix;(wy,) = w", and

e the (n+1)-th transition with a non-empty label followed by p,, is associated
to the quantified variable x;,

then w” € L(A").

Proof. For a given value of n, the run p,, takes the form

an
{xl} an
pn:Qn,OgCIn,l gqngg o Qnn — Qnondl gt e
where g,,0 is initial, and w” = apaiaz... with |a;| = 1 for all j > 0. The

(n 4+ 1)-th transition with a non-empty label followed by this path is associated
to the quantified variable z;. Since w” is ultimately periodic, w,, is ultimately
periodic as well. By Lemma 1, we can assume w.l.o.g. that p, is of the form

An
{zi} Ant1

. a# Uu u u
Pn * 4n,0 G 7 Gnon+l o Ong, 7 9naja+6, 7 n,jn+26, 7
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where j, > n+1, 6, = |u] > 0, and Gnjn = Qnjn+6n = Qn,jn+26, = *** 1S an
accepting state.

By construction of the automaton A’ (cf. Section 4.2), the sets of states
{90,0,91.0,920,-- -}, {201, 01,1,92.1, - - -}, {90,2,91,2,G2,2, - - .} correspond (respec-
tively) to the successive states gy, Gy, s, - - - of a run of A’ reading w”. Since w”
is ultimately periodic, by Lemma 1, A’ admits a run p’ of the form

Pligg =g g3
such that w” = uy - (u2)®. Let us pick an arbitrary value of n, say n = 0 for
the sake of simplicity. The length of u; can be freely increased in p’, thus we
can assume w.l.o.g. that uy is such that |ui| = jo + €do for some ¢ € N, which
implies qo_ j+¢5, € ¢, Where qo j,+¢5, is an accepting state of A.

Recall that the run p’ simulates a set of runs of A accepting w,, such that
T4 (wy) = w”. Whenever p’ visits the state g, each of these runs visits some
state g; € g. It follows that for each ¢; € g, there exist finite words v;,t; and a
state g € g such that A admits a run of the form

2

v t; ti
Qj4Qk—>Qk—J>Qk—J>"'7

with I1z;(v;) = (u2)™ and II;(t;) = (u2)? for some m,,p; > 0.
By defining p = lem(maxy, eq{m;},lem,, cg{p;}), we now have that

o for every g; € g, there exists a state ¢ of A such that this automaton

admits paths g; Y qr and g N qr, where v,t are such that H#(v) =
Iz (t) = (u2)?,

(uz)? _

e the automaton A’ admits a path g "= q,
e the set g contains at least one accepting state of A.

For those properties, we deduce (ug)? € Uz. It follows that ((u2)?)® = (uz)®
is accepted by the widget associated to g, hence that A” admits the run

-y (uz)? (u2)? (uz)”
90 gqg(b‘epeat _2> Qrepeat —2> Qrepeat _2>

that accepts w”. O

4.7 Complexity

The algorithm introduced in Section 4.4 for computing an automaton accepting
Lyz, from an automaton A accepting L, runs in time 29040 where |A| is the
size of A. This complexity is tight according to the following result.

Theorem 3. There exist a family of formulas @, for n € N, and automata
A accepting the corresponding Ly, , such that |[A™| = O(n), and the number
of states of any automaton accepting Ly, is at least O(27).
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(0), (1)

Figure 5: Automaton for zo = 21 +n A X1(21) & X1(22).

Proof. The automaton given in Figure 5 recognizes the set of models of
<p(a:1,a:2,X1) =29 =x1+n A Xl(l‘l) = Xl(a?g),

where n > 1 is a parameter.

By removing the variable x5 from all transition labels of this automaton, one
obtains an automaton A™) of size O(n) that recognizes the models of 3z (zy =
z1+n A Xi(x1) < Xi(x2)). One then observes that any automaton recognizing
the models of Va13zo(ze = 21 +n A X1(21) < X1(z2)) essentially checks that
the value of the predicate X is identical to itself shifted by n positions, in other
words, that it is periodic with the period n. Such an automaton must therefore
have a memory that can store n bits of information, hence its number of states
must at least be equal to 2. O

5 Conclusions

This paper introduces a method for directly computing the effect of a first-
order universal quantifier on an infinite-word automaton recognizing the set of
models of a formula. It is applicable when the first-order variables range over
the natural numbers and their values are encoded in unary notation. Among its
potential applications, it provides a solution for deciding the first-order theory
(N, <) extended with uninterpreted unary predicates.

The operation on regular languages that corresponds to the effect of a uni-
versal first-order quantifier has already been studied at the theoretical level [13].
Our contribution is to provide a practical algorithm for computing it, that does
not require to complement infinite-word automata. This algorithm has an ex-
ponential worst-case time complexity, which is unavoidable since there exist
automata for which universal quantification incurs an exponential blowup in
their number of states. The main advantage over the complementation-based
approach is however that this exponential cost is not systematic, since only a
fraction of the possible subsets of states typically need to be constructed. The
situation is similar to the subset construction algorithm for determinizing finite-
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word automata, which is able to handle in practice automata with millions of
states, in spite of its worst-case exponential cost.

Our solution is open to many possible improvements, one of them being to
extend the algorithm so as to quantify over several first-order variables in a sin-
gle operation. For future work, we plan to generalize this algorithm to automata
over more expressive structures, such as the automata over linear orderings de-
fined in [4]. This would make it possible to obtain an implementable decision
procedure for, e.g., the first-order theory (R, <) with uninterpreted unary pred-
icates [11]. Another challenge would be to develop a similar construction for
second-order universal quantification.
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