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Abstract

Automata on linear orderings generalize the notions of finite-word and infinite-
word automata. They recognize words indexed by linear orderings, defined
as mappings from the elements of such orderings to a finite alphabet. The
reachability problem has already been solved for automata on scattered linear
orderings, i.e., those that do not involve density, as well as for automata over all
linear orderings. The main contribution of this work is to provide a polynomial
algorithm that decides reachability over the specific linear orderings R and Q.
Given an automaton on linear orderings and a pair (p, q) of its states, this
procedure decides in polynomial time whether this automaton admits a path
from p to q labeled by a word indexed by R or Q. This also solves the non-
emptiness problem for the language accepted by these automata restricted to
the orderings of the reals and rationals. This algorithm constitutes an essential
step towards designing an automata-based decision procedure for the first-order
monadic theory of order interpreted over R or Q.

Keywords: Automata, Linear Orderings, Real Domain, Rational Domain,
Reachability, Non-Emptiness Test

1. Introduction

In [1], Bruyère and Carton introduce automata on linear orderings, that
generalize the notions of finite-word, infinite-word and ordinal-word automata.
They recognize words indexed by linear orderings, defined as mappings from
the elements of such orderings to a finite alphabet. Although initially restricted
to scattered linear orderings (i.e., orderings that do not contain a dense sub-
ordering), these automata have later been extended to deal with all linear or-
derings [2]. Notably, a Kleene-like theorem asserting the equivalence between
languages accepted by automata on linear orderings and languages described by
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an extended form of rational expressions is proved in [1, 2]. The strong connec-
tions between rational languages and the monadic second-order theory of linear
orderings MSO(<) is investigated in [3], namely, every language accepted by an
automaton on linear orderings is definable in MSO(<). The converse property
however only holds when the orderings are countable and scattered.

We aim at designing effective decision procedures for monadic first-order the-
ories of order MFO(D,<) interpreted over fixed dense domains D, in particular
R and Q. The decidability of MFO(Q, <) derives directly from the decidabil-
ity of MSO(Q, <) [4]. For R however, Shelah [5] showed that MSO(R, <) is
undecidable. The decidability of MFO(R, <) has first been established in [6].
Another proof of this result is presented in [7], together with a symbolic nota-
tion system for models of satisfiable formulas. Some theoretical bounds for the
complexity of decision procedures for MFO(Q, <) and MFO(R, <) have been
obtained in [8, 9].

In [10] Büchi introduced a decision procedure for the monadic theory of one
successor S1S, which roughly corresponds to MSO(N, <), and later extended it
to the domain of countable ordinals [11]. We believe that the same approach can
be used to tackle MFO(R, <) and MFO(Q, <), relying on automata on linear
orderings. The first step would consist in building an automaton recognizing
the models of a given formula without any restriction on the domain. Then,
a dedicated procedure would decide the non-emptiness of the language over a
specific linear ordering, that is, R or Q in our case. This work focuses on the
latter operation.

Testing for the non-emptiness of the language accepted by an automaton
on linear orderings reduces to deciding whether an accepting state is reachable
from an initial state. Reachability for automata on scattered linear orderings
is discussed in [12]. A generalization over arbitrary linear orderings is sketched
in [13]. In this paper, we design a procedure that decides reachability over the
specific domains R and Q. A preliminary version of this result appeared in [14].

The paper is structured as follows. We first recall in Section 2 the useful
definitions related to linear orderings, rational expressions, and automata on
linear orderings. In Section 3, we discuss the state of the art regarding the
reachability problem. In Section 4, we provide an algorithm for deciding reach-
ability over R in polynomial time. Section 5 adapts the previous algorithm to
deciding reachability over Q. A correctness proof is provided in Section 6.

2. Preliminaries

This section first provides basic definitions and results about linear order-
ings; we refer to [15] for further details. It then introduces the notions of words
indexed by linear orderings, rational expressions on linear orderings, and au-
tomata on linear orderings [1, 2].

2.1. Linear Orderings
A linear ordering J is a totally ordered set, i.e., a set equipped with a

binary relation <J that is total, irreflexive, asymmetric, and transitive. Two
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linear orderings J and K — respectively associated with the order relations <J

and <K — are order-isomorphic if there exists an order-preserving bijection
between J and K. Formally, let b be such a bijection (from J to K), then
b(j1) <K b(j2) iff j1 <J j2 for all j1, j2 ∈ J . We denote by −J the backwards
linear ordering that corresponds to J with its ordering reversed. The class of
all linear orderings is denoted by L.

The order type of a linear ordering J is the class of all linear orderings that
are order-isomorphic to J . The order types of a singleton, the set {1, 2, . . . , n},
N, Z, Q, and R are respectively denoted by 1, n, ω, ζ, η, and λ. Notice that the
order type of any non-empty open interval of R is λ, and that the order type of
any non-empty open interval of Q is η.

The concatenation of two linear orderings J and K (with respective order
relations <J and <K) is denoted by J+K. It corresponds to the linear ordering
composed of the set of pairs {(j, 1) | j ∈ J} ∪ {(k, 2) | k ∈ K}, equipped with
the order relation < defined by (j1, 1) < (j2, 1) if j1 <J j2, (k1, 2) < (k2, 2) if
k1 <K k2, and (j, 1) < (k, 2) for every j ∈ J and k ∈ K.

More generally, let K and Jk for all k ∈ K be linear orderings. The linear
ordering Σk∈KJk is obtained by concatenating the orderings Jk w.r.t. the or-
dering K. Formally, Σk∈KJk is the linear ordering defined over the set of pairs
(j, k) such that j ∈ Jk and k ∈ K, with the order relation (j1, k1) < (j2, k2) iff
either k1 <K k2, or k1 = k2 and j1 <Jk1

j2. When Jk = J for every k ∈ K,
we may write J · K in place of Σk∈KJk. These operators naturally extend to
order types. For instance, the order type ω ·ω is the class of all linear orderings
that are order-isomorphic to the linear ordering N ·N (whose corresponding set
is N× N).

A cut of a linear ordering J is a partition of J into a pair (K,L) of sets such
that for every (k, ℓ) ∈ K×L, one has k < ℓ. The set of all cuts of an ordering J is
denoted by Ĵ . Notice that Ĵ is a linear ordering as well, with (K1, L1) < (K2, L2)

iff K1 ⊊ K2, and that Ĵ always has a first element (∅, J) and a last element
(J, ∅). For every j ∈ J , the consecutive cuts ({k | k < j}, {ℓ | j ≤ ℓ}) and
({k | k ≤ j}, {ℓ | j < ℓ}) are (respectively) denoted by j− and j+. Let c = (K,L)
be a cut that is neither the first nor the last one of J , i.e., K ̸= ∅ and L ̸= ∅. If
K admits a greatest element and L admits a smallest element, then c is called a
jump. If K does not admit a greatest element and L does not admit a smallest
element, then c is called a gap.

A linear ordering J is (Dedekind) complete if the set Ĵ does not contain any
gap. For instance, N and R are complete, while Q is incomplete. A linear order-
ing J is dense if between any two distinct elements lies another one, i.e., for every
j1, j2 ∈ J such that j1 <J j2, there exists j3 such that j1 <J j3 <J j2. Notice
that a linear ordering is dense iff it does not admit two consecutive elements. A
linear ordering is scattered if it does not contain any dense subordering. Given a
dense linear ordering J , a subordering J ′ ⊆ J is said to be dense in J if between
any two distinct elements of J lies an element of J ′. For instance, Q and R \Q
are both dense in R.

Example 1. Consider the linear ordering N+Z consisting in the set of natural
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· · · · · ·
0N 1N 2N −1Z 0Z 1Z

· · ·

Figure 1: The linear ordering N+ Z.

numbers followed by the set of integers. A depiction of this set and its cuts is
given in Figure 1. The elements of this ordering are represented as dots, and its
cuts as vertical lines. Notice that this ordering admits a single gap, hence it is
incomplete. It is also scattered.

2.2. Words and Rational Expressions
A word indexed by a linear ordering is a totally ordered sequence of letters.

Formally, given an alphabet Σ and a linear ordering J , a word w = (αj)j∈J
indexed by J is a mapping w : J → Σ. The length |w| of w is J itself. The empty
word ε denotes the word indexed by the empty set. Two words w1 = (αj)j∈J
and w2 = (βk)k∈K are considered to be equal if there exists an order-preserving
bijection b from J to K such that for all j ∈ J , αj = βb(j). Informally, for a given
word w, only the order type of its underlying linear ordering |w| is relevant, and
not the linear ordering |w| itself.

We now define a product operator on words. Let K and Jk for all k ∈ K be
linear orderings. Let wk = (αj,k)j∈Jk

be a word of length Jk, for every k ∈ K.
The product Πk∈Kwk is the word w = (αj,k)(j,k)∈|w| of length |w| = Σk∈KJk.
The product of two words w1 and w2 is denoted by w1 · w2.

A generalized notion of rational expressions has been introduced in [1, 2]
to describe languages of words indexed by linear orderings. Recall that in this
paper, we consider a fixed domain that is either R or Q. For this reason, we
only introduce the rational operators that are relevant to describe words indexed
by R or Q. They include the usual rational operators: α (for any α ∈ Σ),
union, concatenation, and finite repetition. Let X be a class of words on linear
orderings. We define the following additional operators:

• Infinite repetition: Xω = {Πi∈N xi | ∀i ∈ N. xi ∈ X},

• Reverse infinite repetition: X−ω = {Πi∈(−N) xi | ∀i ∈ −N. xi ∈ X}.

We also define a shuffle operator that generates density. Let Σ⋄ denote the class
of all the words indexed by any linear ordering1 over the alphabet Σ.

Let X1, . . . , Xn ⊆ Σ⋄, for some n ≥ 1. We denote by sh(X1, . . . , Xn) the
class of words of Σ⋄ that can be written as Πr∈R xr such that (1) R is a non-
empty, dense, and complete linear ordering without first or last element, and
(2) there exists a partition {R1, . . . , Rn} of R such that every Ri is dense in R,
and for every r ∈ R and i ∈ [1, n], if r ∈ Ri then xr ∈ Xi.

1This definition slightly differs from the one in [1]: it implies ε ∈ Σ⋄, while the original
definition excludes the empty word from the class Σ⋄.
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Notice that the order type of the dense and complete ordering R mentioned
in the shuffle definition can differ from λ. This will be further discussed in
Section 4.1. Furthermore, as shown in [2], although the shuffle operator relies
on a complete ordering R, it is possible for a word w ∈ sh(X1, . . . , Xn) to be
such that |w| is incomplete. This occurs when there exists i ∈ [1, n] such that
ε ∈ Xi, and there exists j ∈ [1, n] such that Xj ̸= {ε}. Intuitively, every element
of Ri corresponding to ε does not belong to |w|, but matches a gap in |̂w|.

2.3. Automata
Definition 1. An automaton on linear orderings is a tuple A = (Q,Σ, I, F,
∆s,∆ℓ), where Q is a finite set of states, Σ is a finite alphabet, I ⊆ Q is a set
of initial states, F ⊆ Q is a set of accepting states, ∆s ⊆ Q× Σ×Q is a set of
successor transitions, and ∆ℓ ⊆ ((2Q \ {∅}) × Q) ∪ (Q × (2Q \ {∅})) is a set of
(left and right) limit transitions.

The set ∆s contains successor transitions of the form (q, α, q′), with q, q′ ∈ Q

and α ∈ Σ, alternatively written q
α→ q′, which are similar to the transitions

of finite-word and infinite-word automata. Notice however that automata on
linear orderings do not admit ε-transitions. The set ∆ℓ comprises left-limit
transitions of the form (P, q), with P ⊆ Q and q ∈ Q, written P → q, and
right-limit transitions of the form (q, P ), with q ∈ Q and P ⊆ Q, written
q → P . We sometimes write sets of limit transitions in a more compact form,
e.g., p, q → {p, q} → p in place of the set

{
p → {p, q}, q → {p, q}, {p, q} → p

}
.

The size of a limit transition q → P or P → q is equal to the cardinality |P | of
the set P .

We now define the notion of path in such an automaton. Let J be a linear
ordering, Q a finite set of states, and π = (qc)c∈Ĵ a word over the alphabet Q

(i.e., each cut c ∈ Ĵ is associated with an element of Q). The left-limit set and
right-limit set of π at c are the two subsets lim−c π and lim+

c π of Q defined as
follows:

• lim−c π = {q ∈ Q | ∀i < c. ∃k. i < k < c ∧ q = qk},

• lim+
c π = {q ∈ Q | ∀c < i. ∃k. c < k < i ∧ q = qk}.

The left limit of π at c is therefore the set of states that are visited by π before
c and infinitely close to c. If c has a predecessor in the ordering Ĵ , then this
set is empty (intuitively it means that a successor transition, and not a limit
transition, must be taken to reach the state mapped to c). The case of a right
limit is handled symmetrically. For the first cut cmin and the last cut cmax
of J , we deviate from the previous definition by setting lim−cmin

π = ∅, and
lim+

cmax
π = ∅.

Definition 2. Let A = (Q,Σ, I, F, ∆s,∆ℓ) be an automaton and w = (αj)j∈J
a word of length J . A path π labeled by w is a sequence of states π = (qc)c∈Ĵ of
length Ĵ such that:
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• For every j ∈ J , (qj− , αj , qj+) is a successor transition in ∆s.

• For every cut c ∈ Ĵ that is not the first cut and does not have a predecessor
in Ĵ , lim−c π → qc is a left-limit transition in ∆ℓ.

• For every cut c ∈ Ĵ that is not the last cut and does not have a successor
in Ĵ , qc → lim+

c π is a right-limit transition in ∆ℓ.

A path is accepting if it starts in a state p ∈ I and ends in a state q ∈ F . A
word is accepted by A if it labels an accepting path. A path is k-limited if each
limit transition P → q and q → P in the path is such that |P | ≤ k.

Note that a finite-word automaton can be seen as an automaton on linear
orderings that has an empty set of limit transitions, i.e., such that ∆ℓ = ∅.
Infinite-word automata [10, 16] and automata on ordinal words [11, 17] also
correspond to particular cases of automata on linear orderings. Both correspond
to automata with only left-limit transitions, with the additional constraint for
the former that every left-limit transition leads to a unique accepting state that
admits no outgoing transition.

Example 2. The automaton depicted in Figure 2 accepts {w}, where w is the
word w = aω ·b−ω ·bω defined over the alphabet {a, b}. Notice that w is indexed
by the linear ordering N + Z considered in Example 1. An accepting path can
be described as follows: it maps the cuts (including the first one) of the first
subordering N to the state q1, the gap to the state q2, the cuts of the subordering
Z to the state q3, and the last cut to the state q4.

Example 3. Consider the automata depicted in Figures 3a and 3b. Both ac-
cept a non-empty language. The automaton in Figure 3a accepts in particular
words indexed by R, and more generally by any non-empty dense and complete
ordering J with no first and no last element, as long as the set of indices labeled
by the letter a and those labeled by b partition J , and are both dense in J .
Consider for instance the word w : R → {a, b}, such that w(x) = a if x ∈ Q,
and w(x) = b if x ∈ R \ Q. Let us describe an accepting path π labeled by
w. For the sake of clarity, we abbreviate the first cut (∅,R) of R by −∞ and
its last cut (R, ∅) by +∞. We set π(−∞) = q1 and π(+∞) = q6. Since R is
complete, every other cut of R is of the form r− or r+ for some r ∈ R. If r ∈ Q,

q1 q2 q3 q4

{q1} → q2
q2 → {q3} → q4

a b

Figure 2: An automaton accepting aω · b−ω · bω .
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q1

q2 q3

q4 q5

q6

q1, q3, q5 → {q2, q3, q4, q5} → q2, q4, q6

a

b

(a) A complete shuffle of a and b.

q1

q2 q3

q4

q5

q1, q3, q4 → {q2, q3, q4} → q2, q4, q5

a

(b) An incomplete shuffle of a.

Figure 3: Automata accepting words indexed by dense orderings.

then we set π(r−) = q2 and π(r+) = q3. If r ∈ R \ Q, then we set π(r−) = q4
and π(r+) = q5. The automaton depicted in Figure 3a does not however accept
words indexed by Q, or any incomplete ordering, since this automaton does not
contain any state that can be mapped onto a gap. The language accepted by
this automaton is described by the rational expression sh(a, b).

On the other hand, the automaton depicted in Figure 3b accepts words
indexed by Q, but does not accept any word indexed by R. Indeed, any accepting
path necessarily visits the state q4, that can only correspond to a gap, since it
does not admit any incoming or outgoing successor transition. The language
accepted by this automaton is described by the rational expression sh(a, ε).

3. State of the Art

Given an automaton on linear orderings A and two of its states p and q, the
reachability problem consists in deciding whether A admits a path starting at p
and ending in q. In [12], Carton describes a polynomial procedure for deciding
reachability on scattered linear orderings only, i.e., whether there exists a path
labeled by a word indexed by such an ordering. Given the input automaton A,
Carton’s algorithm generates a finite-word automaton AF sharing the same set
of states as A, that accounts for every possible path in A while storing in the
labels read along the paths the set of states that are visited. More precisely,
the existence of a transition (p, P, q) in AF implies that there exists in A a
path p → q labeled by a word indexed by a scattered linear ordering that visits
exactly the set of states P . Reciprocally, the existence in A of a path p → q
labeled by a word indexed by a scattered linear ordering implies the existence of
a matching path p → q in AF , although it may not necessarily be composed of a
single transition. By not explicitly building a transition for every possible path,
Carton’s solution remains polynomial in the size of the automaton. Reachability
in A then reduces to reachability in AF . This algorithm can be used to solve also
the non-emptiness problem over scattered linear orderings, by checking whether
an accepting state is reachable from an initial state.

A generalization of this algorithm over arbitrary linear orderings is sketched
in [13], where the author introduces a specific additional rule for dealing with
shuffles. To the best of our knowledge, a proof of this generalization has not
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been published, and it seems that the additional rule is actually only able to deal
with complete shuffles. Actually, a small modification of this rule (somewhat
similar to what will be done in Section 5) is enough to deal with both complete
and incomplete shuffles altogether, so as to accurately cover all linear orderings.

4. Reachability over the Reals

4.1. Characterization
Many properties characterizing R, such as completeness, density, and not

having a first or last element, can easily be expressed by automata on linear or-
derings. One could therefore hope that a procedure to check the non-emptiness
(or equivalently decide the reachability problem) of an automaton over R may
be designed by intersecting [13] this automaton with automata describing suf-
ficiently many of the properties of R, and then check the non-emptiness of the
resulting automata.

Unfortunately, as shown by the following result, if accepting words indexed
by complete and dense orderings without first or last element is a necessary
condition for accepting words indexed by R, this criterion is not sufficient.

Theorem 1. There exists an automaton on linear orderings A>R that accepts
words indexed by non-empty, dense, and complete linear orderings that do not
have a first or last element, and that does not accept any word indexed by R.

The automaton A>R depicted in Figure 4 matches the description given in
Theorem 1. The proof of Theorem 1 ensues from the two following lemmas.

Lemma 1. The automaton A>R does not accept any word indexed by R.

Proof. Let w be a word accepted by A>R. We first prove that the ordering
|w| must be of the form Σk∈KJk, where for all k ∈ K, Jk is an infinite, dense,
and complete ordering with first and last elements, and K is an infinite, dense,
and complete ordering without a first or last element. Intuitively, each Jk cor-
responds to a subpath that starts in q2, continues in q3, then visits a dense
combination of q4 and q5 before reaching q6, and finally ends in q7.

The absence of first and last elements in K (and hence in |w|) results from the
fact that the unique initial state q1 does not admit an outgoing successor tran-
sition, and the unique accepting state q8 does not admit an incoming successor

q1

q2 q3

q4 q5

q6 q7

q8
q1, q7 → {q2, q3, q4, q5, q6, q7} → q2, q8

q3, q5 → {q4, q5} → q4, q6

a

a

a

Figure 4: Automaton A>R that does not accept any word indexed by R.

8



transition. On the other hand, each Jk admits a first element that corresponds
to the successor transition (q2, a, q3), and a last element that corresponds to the
successor transition (q6, a, q7).

Furthermore, since there does not exist a state q in A>R that admits both
limit transitions P → q and q → P ′, it is impossible to map a gap of an
incomplete ordering to a state of A>R, hence |w|, and therefore K, as well as
every Jk, are necessarily complete.

Recall that a linear ordering is dense if and only if it does not admit two
consecutive elements. The density of K and each Jk naturally ensues from the
fact that there does not exist a state q in A>R that admits both an incoming
successor transition p → q and an outgoing successor transition q → p′.

We now show that K and every Jk are infinite. By definition, if a path π in
some automaton on linear orderings follows a limit transition, then an infinite
set of states is necessarily visited in π. It ensues that π follows an infinite set
of successor transitions, and that the word labeling π must be indexed by an
infinite linear ordering. In our case, every subpath from q2 to q7 necessarily
follows the limit transitions q3, q5 → {q4, q5} → q4, q6. Therefore, every Jk is
infinite. Moreover, the only possibility of leaving (resp. reaching) the state
q1 (resp. q8) is to follow the limit transition q1 → {q2, q3, q4, q5, q6, q7} (resp.
{q2, q3, q4, q5, q6, q7} → q8). It follows that K is also infinite.

The ordering R cannot however be expressed as an ordering Σk∈KJk such
that K is an infinite, dense, and complete linear ordering without a first or a last
element, and such that each Jk is an infinite, dense, and complete linear ordering
with first and last elements. By contradiction, assume that R can be partitioned
into an infinite, dense, and complete set I of pairwise disjoint closed intervals
[a, b] with a < b. The density of I implies that between any two intervals
[a, b], [e, f ] ∈ I with b < e, there exists [c, d] ∈ I such that b < c < d < e.

We first show that I must be uncountable. Otherwise, it would mean that
I is both countable and complete. This contradicts Cantor’s isomorphism the-
orem [18] which states that any infinite, dense, and countable ordering without
first and last elements is order-isomorphic to Q, and therefore incomplete.

Then, we show that I must be countable. Any set of disjoint intervals of
R with non-zero length (such as I) is necessarily countable [19], since each of
them contains a rational value that does not belong to the others.

Since I cannot be both countable and uncountable, we have a contradiction.
□

Lemma 2. The automaton A>R accepts a word indexed by a non-empty, dense,
and complete linear ordering that does not have a first or a last element.

Proof. Consider the linear ordering S = [0, 1] · R, where [0, 1] denotes the
closed interval of R between 0 and 1. Intuitively, S corresponds to the real line
in which every real number has been replaced by a copy of the closed interval
[0, 1]. The ordering S is dense, complete, and does not admit a first or a last
element. We can represent elements of S as pairs (x, y) ∈ [0, 1] × R, ordered
by the relation <S defined by (x1, y1) <S (x2, y2) if either y1 < y2, or y1 = y2
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and x1 < x2, where < denotes the usual order relation on both R and [0, 1].
Now, consider the word w indexed by S (i.e., |w| = S) obtained by labeling each
element of S with the symbol a. We show that there exists an accepting run of
A>R reading w. We denote by ŝmin (resp. ŝmax) the first (resp. last) cut of S.
Consider the mapping π : Ŝ → Q defined as follows:

• π(ŝmin) = q1 and π(ŝmax) = q8,

• for all y ∈ R, π((0, y)−) = q2 and π((0, y)+) = q3,

• for all y ∈ R, π((1, y)−) = q6 and π((1, y)+) = q7,

• for all x ∈ (0, 1) and for all y ∈ R, π((x, y)−) = q4,

• for all x ∈ (0, 1) and for all y ∈ R, π((x, y)+) = q5.

It is immediate to establish that π describes an accepting run. □

This concludes the proof of Theorem 1.

4.2. Algorithm
We now introduce an algorithm that decides reachability over R. Let A =

(Q,Σ, I, F,∆s,∆ℓ) be an automaton on linear orderings, qI , qF ∈ Q be two of
its states, and M be the maximum size of limit transitions in A, i.e., M =
max{|P | | ∃q ∈ Q. q → P ∈ ∆ℓ ∨ P → q ∈ ∆ℓ}.

We consider the problem of deciding reachability between qI and qF over R,
i.e., deciding whether there exists a path in A that starts in qI , ends in qF , and
is labeled by a word indexed by R. Following an analogous approach as in [12],
this algorithm first generates a sequence of finite-word automata A0, . . . ,AM

sharing the same set of states as A. Each automaton Aj is such that the
existence of a path in Aj (obeying specific restrictions that we will characterize)
from a state q to a state q′ is equivalent to the existence of a j-limited path
from q to q′ in A that is labeled by a word indexed by R. Recall that each
limit transition P → q and q → P in a j-limited path is such that |P | ≤ j.
Therefore all paths are systematically M -limited. Once the last automaton of
the sequence has been constructed, it only remains to test whether there exists
a path (of the appropriate form) from qI to qF in AM .

For every j ∈ [0,M ], the automaton Aj (conveniently represented here as
an automaton on linear orderings without any limit transition) is of the form
(Q, 2Q, I, F,∆j , ∅), i.e., the successor transitions in ∆j (which we define later)
are labeled by subsets of Q. We introduce the following useful definitions. An
open R-path r from q1 to q′n in Aj labeled by P = P1 ∪ · · · ∪ Pn is a finite
sequence of transitions (q1, P1, q

′
1), . . . , (qn, Pn, q

′
n) ∈ ∆j such that, for every

i ∈ [1, n − 1], (q′i, αi, qi+1) ∈ ∆s for some αi ∈ Σ. Intuitively, such a path
corresponds to a finite concatenation of open intervals of R (corresponding to
transitions in Aj), connected by single elements (corresponding to successor
transitions in A), resulting in an open interval of R. Analogously, a closed R-
path r from p to p′ in Aj labeled by P ∪ {p, p′} is a triple consisting of an open
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R-path from a state q1 to a state q′n (labeled by P ) together with two transitions
(p, α, q1), (q

′
n, α

′, p′) ∈ ∆s, for some α, α′ ∈ Σ.
The transition relation ∆j is defined by induction over j, with ∆0 = ∅, and,

for 0 < j ≤ M , ∆j = ∆j−1 ∪ Sj ∪ Lj ∪ Rj , where Sj , Lj , and Rj are sets of
transitions constructed from Aj−1 by the following procedure. The sets Sj , Lj ,
and Rj are initially empty and filled according to the shuffle, infinite repetition,
and reverse infinite repetition rules developed in the next sections. The final
step of the algorithm consists in searching whether there exists an open R-path
in AM that starts in qI and ends in qF . In the positive case, A admits a path
labeled by a word indexed by R from qI to qF , otherwise it does not.

Shuffle rule. For every pair of transitions pI → P ∈ ∆ℓ and P → pF ∈ ∆ℓ

sharing a common set P such that |P | = j, the transition (pI , P ∪ {pI , pF }, pF )
is added to Sj if and only if there exist

• m > 0 successor transitions (s1, γ1, s′1), . . . , (sm, γm, s′m) in ∆s, such that,
for each i ∈ [1,m], si, s′i ∈ P , P → si ∈ ∆ℓ, and s′i → P ∈ ∆ℓ, and

• n ≥ 0 closed R-paths r1, . . . , rn in Aj−1, where each ri is labeled by a set
of states Qi, starts in a state qi such that P → qi ∈ ∆ℓ, and ends in a
state q′i such that q′i → P ∈ ∆ℓ

satisfying the following condition:⋃
i∈[1,m]

{si, s′i} ∪
⋃

i∈[1,n]

Qi = P.

Intuitively, there are two kinds of shuffles. A simple shuffle involves no
closed R-path (corresponding to the case n = 0 in the shuffle rule) and is a
dense combination of single elements only. The simple shuffle rule is depicted in
Figure 5. The solid transitions correspond to successor transitions in A, and the
dotted transition shows the new transition introduced in Aj . A Cantor shuffle is
a dense combination of intervals of order type 1+λ+1 (corresponding to closed
R-paths in Aj−1) and single elements (corresponding to successor transitions

pI pF

s1 s′1
...

sm sm′

pI , s
′
1, . . . , sm′ → {s1, s′1, . . . , sm, sm′} → pF , s1, . . . , sm

γ1

γm

{pI , pF , s1, s′1, . . . , sm, sm′}

Figure 5: Simple shuffle rule.
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pI pF

s1 s′1
...

sm sm′

. . .q1 q′1
...

. . .qn qn′

pI , s
′
1, . . . , sm′ , q′1, . . . , qn′ → {s1, s′1, . . . , sm, sm′} ∪Q1 ∪ · · · ∪Qn

{s1, s′1, . . . , sm, sm′} ∪Q1 ∪ · · · ∪Qn → pF , s1, . . . , sm, q1, . . . , qn

Q1

Qn

{pI , pF , s1, s′1, . . . , sm, sm′} ∪Q1 ∪ · · · ∪Qn

γ1

γm

Figure 6: Cantor shuffle rule.

in A). The Cantor shuffle rule is depicted in Figure 6. The dashed transitions
correspond to preexisting transition in the automaton Aj−1.

As a side note, consider again the automaton A>R mentioned in Lemma 1.
The requirement m > 0 prevents the shuffle rule to be applicable with pI = q1
and pF = q8, in accordance with the fact that the automaton does not admit a
path from q1 to q8 labeled by a word indexed by R .

Infinite repetition rule. For every transition P → q ∈ ∆ℓ such that |P | = j,
and for every state s ∈ P , the transition (s, P ∪ {q}, q) is added to Lj if and
only if there exists s′ ∈ P satisfying the two following conditions:

• Aj−1 admits an open R-path from s to s′ labeled by P of the form
(s1, P1, s

′
1), . . . , (sn, Pn, s

′
n) with s = s1 and s′ = s′n.

• A admits a successor transition of the form (s′, α, s) ∈ ∆s.

Intuitively, this rule looks for a cycle that alternates between open intervals
of order type λ (corresponding to open R-paths in Aj−1) and single elements
(corresponding to successor transitions in A), such that the set of states visited
by the whole cycle is exactly P . If such a cycle exists, then it can be repeated
infinitely many times, therefore allowing to follow the limit transition P → q.
Notice that the starting point s = s1 of such a cycle can be chosen arbitrarily,
hence the rule can also be applied for every state si visited by the cycle, for
i ∈ [1, n], as illustrated in Figure 7.

12



s1 s′1

s2

s′2. . .sn

s′n

q

P1 ∪ · · · ∪ Pn → q

P1

P2Pn

α1αn

P1 ∪ · · · ∪ Pn ∪ {q}

Figure 7: Infinite repetition rule.

Reverse infinite repetition rule. This rule follows a similar principle as
the infinite repetition rule, but for a reversed ordering. For every transition
q → P ∈ ∆ℓ such that |P | = j, and for every state s′ ∈ P , the transition
(q, P ∪{q}, s′) is added to Rj if and only if there exists s ∈ P satisfying the two
following conditions:

• Aj−1 admits an open R-path from s to s′ labeled by P of the form
(s1, P1, s

′
1), . . . , (sn, Pn, s

′
n) with s = s1 and s′ = s′n.

• A admits a successor transition of the form (s′, α, s) ∈ ∆s.

4.3. Correctness
We state in the two following theorems that the algorithm described in Sec-

tion 4.2 is sound and complete.

Theorem 2 (Soundness). If there exists an open R-path in AM from qI to
qF labeled by P , then there exists a path in A from qI to qF , labeled by a word
indexed by R, that visits exactly the states in P .

Theorem 3 (Completeness). If the automaton A admits a path from qI to
qF , labeled by a word indexed by R, that visits a set of states P , then there exists
an open R-path in AM from qI to qF labeled by P .

The proofs of these theorems are given in Section 6.

4.4. Example
We illustrate our algorithm, and more specifically the construction of the

automata A0, . . . ,AM with a simple example. Consider the automaton A de-
picted in Figure 8. The automaton A0 comprises the states of automaton A
without any transition. Since A does not admit a limit transition of size smaller
than 2, automata A2 and A1 are identical to A0. The automaton A3 shown in
Figure 9 has two transitions (q4, {q3, q4, q5}, q3) and (q5, {q3, q4, q5}, q3) result-
ing from the application of the simple shuffle rule on the set {q3, q4, q5} with

13



q1 q3

q4

q5

q2

q4, q5 → {q3, q4, q5} → q3
q1, q4, q5 → {q1, q2, q3, q4, q5} → q2, q3

a

a

b

Figure 8: The input automaton A.

q1 q3

q4

q5

q2

{q3, q4, q5}

{q3, q4, q5}

Figure 9: The finite-word automata A3 and A4.

pF = q3, and respectively pI = q4 and pI = q5. Since A does not admit a limit
transition of size 4, A4 is identical to A3. The final automaton A5 is illustrated
in Figure 10. The new transitions result from the application of the shuffle rule
on the set {q1, q2, q3, q4, q5}, for every pI ∈ {q1, q4, q5} and pF ∈ {q2, q3}.

4.5. Complexity
The algorithm described in Section 4.2 runs in polynomial time w.r.t. the

size of A, i.e., |Q|+ |∆s|+ |∆ℓ|.

Theorem 4. The automaton AM can be computed in polynomial time in the
size of A, by systematic application of the shuffle, infinite repetition and reverse
infinite repetition rules.

Proof. First, for each j ∈ [0,M ], each rule is called only polynomially many
times during the construction of the automaton Aj . Indeed, the shuffle rule

q1 q3

q4

q5

q2

P3, P5

P3, P5

with P5 = {q1, q2, q3, q4, q5}, and P3 = {q3, q4, q5}.

P5

P5

P5

P5

Figure 10: The finite-word automaton A5.
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is only considered for every combination of two limit transitions in A, and the
(reverse) infinite repetition rule is only considered for every pair consisting of a
limit transition in A together with a state of A.

It remains to show that each rule can be applied in polynomial time. The
case of the simple shuffle rule is immediate. The other rules require to be
able to check either the existence of an open R-path labeled by a given set
of states P (to deal with the infinite and reverse infinite repetition rules), or
the existence of a set of closed R-paths and successor transitions such that
their combined labels and visited states are equal to P (to deal with the Cantor
shuffle rule). These two operations can be carried out by a polynomial procedure
that, given a set of states P , two states q, q′ ∈ P , and the automaton Aj ,
computes the set Sopen(Aj , P, q, q

′) = {r ∈ R | R labels an R-path in R ∧ R ⊆
P} where R is the set of open R-paths from q to q′ in Aj , and similarly for
Sclosed(Aj , P, q, q

′). This procedure works as follows. Let δ→P,j,q ⊆ ∆j (resp.
δ←P,j,q′) be the set of transitions occurring in (open or closed) R-paths of Aj

starting in q (resp. ending in q′), and labeled by a subset of P . The sets δ→P,j,q

and δ←P,j,q′ can be computed in polynomial time by performing a (respectively
forward and backward) traversal of the automaton Aj that respects the structure
of R-paths, i.e., alternating between transitions in ∆j and transitions in ∆s. The
set Sopen(Aj , P, q, q

′) (resp. Sclosed(Aj , P, q, q
′)) is then obtained by taking the

union of the labels of the transitions in δ→P,j,q ∩ δ←P,j,q′ .
For the (reverse) infinite repetition rule, consider a set of states P , and

a transition (p′, α, p) ∈ ∆s with p, p′ ∈ P . If Sopen(Aj , P, p, p
′) = P , there

necessarily exists an open R-path from p to p′ in Aj labeled by P . Such a path
can be constructed by first choosing, for each q ∈ P , an open R-path rq labeled
by R ⊆ P such that q ∈ R, and then concatenating these paths with the help
of the transition (p′, α, p) ∈ ∆s.

Finally, for the shuffle rule, consider a set of states P involved in a limit
transition. We define LP = {p ∈ P | P → p ∈ ∆ℓ}, and RP = {p ∈ P | p →
P ∈ ∆ℓ}. Let the set of states S ⊆ P correspond to the states s1, s′1, . . . , sm, s′m
involved in the successor transitions satisfying the shuffle rule constraints. Then,
using a similar argument as before, one shows that checking the existence of a
set of closed R-paths r1, . . . , rn, respectively labeled by Q1, . . . , Qn, starting
from a state in LP , and ending in a state in RP , such that P = S ∪

⋃
i∈[1,n] Qi,

reduces to checking that P = S ∪
⋃

(q,q′)∈LP×RP
Sclosed(Aj , P, q, q

′). □

4.6. Pseudo Code
We now describe in pseudo-code the algorithm computing the set of transi-

tions ∆j of the automaton Aj . Recall that the transitions in ∆j must account
for every j-limited path labeled by a word indexed by R in the input automa-
ton A = (Q,Σ, I, F,∆s,∆ℓ). The set of transitions ∆j is computed recursively,
with ∆0 = ∅, and ∆j−1 being used in the computation of ∆j for j > 0. The
procedure Compute-∆j described in Algorithm 1 computes the set of transitions
∆j given A and ∆j−1. This procedure relies on the subroutine Labels-R-path
described in Algorithm 2, that works as follows.
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Algorithm 1: Compute-∆j

Input: ∆j−1,∆
s,∆ℓ

Output: The set of transitions ∆j corresponding to the automaton Aj .
1 Lj , Rj , Sj ← ∅
2 foreach P ⊆ Q such that |P | = j ∧ ∃ q ∈ Q. (q → P ) ∈ ∆ℓ ∨ (P → q) ∈ ∆ℓ do
3 foreach (p′, α, p) ∈ ∆s such that p, p′ ∈ P do
4 if Labels-R-path(∆j−1,∆

s, P, p, p′, open) = P then
5 foreach q ∈ Q such that (P → q) ∈ ∆ℓ do
6 Lj ← Lj ∪ {(p, P ∪ {q}, q)} /* Infinite rep. */

7 foreach q ∈ Q such that (q → P ) ∈ ∆ℓ do
8 Rj ← Rj ∪ {(q, P ∪ {q}, p′)} /* Rev. infinite rep. */

9 LeftP ← {q ∈ Q | (P → q) ∈ ∆ℓ} /* Shuffles */
10 RightP ← {q ∈ Q | (q → P ) ∈ ∆ℓ}
11 atLeastOneIndividualPoint← false
12 StatesVisited← ∅
13 foreach (ℓ, r) ∈ (LeftP ∩ P )× (RightP ∩ P ) do
14 foreach (ℓ, α, r) ∈ ∆s do
15 atLeastOneIndividualPoint← true
16 StatesVisited← StatesVisited ∪ {ℓ, r}
17 break

18 StatesVisited← StatesVisited ∪ Labels-R-path(∆j−1,∆
s, P, ℓ, r, closed)

19 if StatesVisited = P ∧ atLeastOneIndividualPoint then
20 foreach (pI , pF ) ∈ RightP × LeftP do
21 Sj ← Sj ∪ {(pI , P ∪ {pI , pF }, pF )}

22 ∆j ← ∆j−1 ∪ Lj ∪Rj ∪ Sj

For a given automaton Aj , a set of states P ⊆ Q, and two states q, q′ ∈ P ,
the subroutine Labels-R-path computes either the set Sopen(Aj , P, q, q

′), or
the set Sclosed(Aj , P, q, q

′) mentioned in Section 4.5, depending on the value of
the type parameter. It first performs a search (or traversal) in the automaton
Aj starting from the state q, and collects every transition in ∆j that allows to
progress in the search by following an R-path labeled by subsets of P . Once this
search is over, it performs a backward search in Aj starting from q′, that collects
every transitions allowing to progress in this traversal by following an R-path
labeled by a subset of P . In this backward search, we actually only consider the
transitions in Aj that have been collected during the first forward search. Once
this second search is done, we return the union of the labels of every transition
collected during the backward search, which by construction was first collected
during the forward search, hence belonging to an R-path from q to q′ in Aj .
The procedure Labels-R-path runs in polynomial time.

5. Reachability over the Rationals

The reachability algorithm over the reals can be adapted to accommodate
reachability over the rational numbers Q. Because of the incompleteness of Q,
the rules must be adapted in order to account for the presence of gaps.
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Algorithm 2: Labels-R-path
Input: ∆j−1,∆

s, P ⊆ Q, q ∈ P, q′ ∈ P, type ∈ {open, closed}.
Output: The set of states (subset of P ) occurring in labels of open or closed

(depending on the type parameter) R-paths from q to q′, in Aj−1.
1 EI ← ∅ /* Transitions from ∆j−1 reachable from q */
2 EP ← ∅ /* Transitions from ∆s reachable from q */
3 VisitedI← ∅ /* States already visited when looking for an interval */
4 VisitedP← ∅ /* States already visited when looking for a point */
5 if type = open then
6 (ToCheckI,ToCheckP)← ({q}, ∅)
7 else
8 (ToCheckI,ToCheckP)← (∅, {q})
9 while (ToCheckI,ToCheckP) ̸= (∅, ∅) do

10 foreach p ∈ ToCheckI do
11 (VisitedI,ToCheckI)← (VisitedI ∪ {p},ToCheckI \ {p})
12 foreach (p,R, r) ∈ ∆j−1 such that R ⊆ P do
13 EI ← EI ∪ {(p,R, r)}
14 if r ̸∈ VisitedP then ToCheckP← ToCheckP ∪ {r}

15 foreach p ∈ ToCheckP do
16 (VisitedP,ToCheckP)← (VisitedP ∪ {p},ToCheckP \ {p})
17 foreach (p, α, r) ∈ ∆s such that {p, r} ⊆ P do
18 EP ← EP ∪ {(p, α, r)}
19 if r ̸∈ VisitedI then ToCheckI← ToCheckI ∪ {r}

/* We only keep the transitions in EI ∪EP that allow to reach q′, */
/* by performing the same search but backwards, starting from q′. */

20 S ← ∅
21 (VisitedIBack,VisitedPBack)← (∅, ∅)
22 if type = open then
23 (ToCheckIBack,ToCheckPBack)← ({q′}, ∅)
24 else
25 (ToCheckIBack,ToCheckPBack)← (∅, {q′})
26 while (ToCheckIBack,ToCheckPBack) ̸= (∅, ∅) do
27 foreach p ∈ ToCheckIBack do
28 (VisitedIBack,ToCheckIBack)← (VisitedIBack ∪ {p},ToCheckIBack \ {p})
29 foreach (r,R, p) ∈ EI do /* p is the endpoint */
30 S ← S ∪R
31 if r ̸∈ VisitedPBack then ToCheckPBack← ToCheckPBack ∪ {r}

32 foreach p ∈ ToCheckPBack do
33 (VisitedPBack,ToCheckPBack)← (VisitedPBack∪{p},ToCheckPBack\{p})
34 foreach (r, α, p) ∈ EP do /* p is the endpoint */
35 S ← S ∪ {r, p}
36 if r ̸∈ VisitedIBack then ToCheckIBack← ToCheckIBack ∪ {r}

37 return S
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We first define a notion of valid path over Q, analogous to the notion of
R-path. An open Q-path from q1 to q′n in Aj labeled by P = P1 ∪ · · · ∪ Pn

is a finite sequence of transitions (q1, P1, q
′
1), . . . , (qn, Pn, q

′
n) ∈ ∆j such that

for each i ∈ [1, n − 1], either q′i = qi+1, or there exists a successor transition
(q′i, αi, qi+1) ∈ ∆s. Intuitively, such a path corresponds to a finite concatenation
of open intervals of Q (corresponding to transitions in Aj), in which two consec-
utive intervals are either connected by a gap (if the shared bound between the
two intervals is an irrational number in R \Q, e.g.,

√
2), or by a single element

(corresponding to a successor transition in A, if the shared bound belongs to Q).
Like in the case of R, we also define closed Q-paths, i.e., open Q-paths preceded
and followed by a successor transition so as to form a closed interval, as well as
half-open Q-paths, i.e., open Q-paths preceded or (exclusively) followed by one
successor transition.

For a given set of states P involved in a limit transition, both the simple and
Cantor shuffle rules additionally require a non-empty set of states (g1, . . . , gk)
such that gi → P → gi, for all i ∈ [1, k], corresponding to gaps. Also, the
left and right infinite repetition rules must be adapted to allow for the required
Q-path to be cyclic, i.e., q′n = q1. We now describe these rules formally.

Shuffle rule. For every pair of transitions pI → P ∈ ∆ℓ and P → pF ∈ ∆ℓ

sharing a common set P such that |P | = j, the transition (pI , P ∪ {pI , pF }, pF )
is added to Sj if and only if there exist

• m ≥ 0 successor transitions (s1, γ1, s′1), . . . , (sm, γm, s′m) in ∆s, such that,
for each i ∈ [1,m], si, s′i ∈ P , P → si ∈ ∆ℓ, and s′i → P ∈ ∆ℓ,

• n ≥ 0 open, closed, or half-open Q-paths q1, . . . , qn in Aj−1, where each qi
is labeled by a set of states Qi, starts in a state qi such that P → qi ∈ ∆ℓ,
and ends in a state q′i such that q′i → P ∈ ∆ℓ, and

• k > 0 states g1, . . . , gk in P such that, for every i ∈ [1, k], both transitions
gi → P and P → gi belong to ∆ℓ

satisfying the two following conditions:

•
⋃

i∈[1,m]{si, s′i} ∪
⋃

i∈[1,k]{gi} ∪
⋃

i∈[1,n] Qi = P .

• The inequality n+m > 0 holds (otherwise, there would only be gaps).

Infinite repetition rule. For every transition P → q ∈ ∆ℓ such that |P | = j,
and for every state s ∈ P , the transition (s, P ∪ {q}, q) is added to Lj if and
only if there exists s′ ∈ P satisfying the two following conditions:

• Aj−1 admits an open Q-path from s to s′ labeled by P of the form
(q1, P1, q

′
1), . . . , (qn, Pn, q

′
n) with s = q1 and s′ = q′n.

• Either s = s′, or A admits a successor transition of the form (s′, α, s) ∈ ∆s.
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Reverse infinite repetition rule. For every transition q → P ∈ ∆ℓ such that
|P | = j, and for every state s′ ∈ P , the transition (q, P ∪{q}, s′) is added to Rj

if and only if there exists s ∈ P satisfying the two following conditions:

• Aj−1 admits an open Q-path from s to s′ labeled by P of the form
(q1, P1, q

′
1), . . . , (qn, Pn, q

′
n) with s = q1 and s′ = q′n.

• Either s = s′, or A admits a successor transition of the form (s′, α, s) ∈ ∆s.

5.1. Example
First, observe that running the algorithm for Q over the automaton A (de-

picted in Figure 8 and studied in Section 4.4) does not generate a single new
transition. This is because the automaton A lacks states that can be matched
with gaps, which implies that no shuffle rule over Q can be applied.

Now, let us illustrate our algorithm for Q over the automaton B depicted in
Figure 11. The automaton B2 shown in Figure 12a has four transitions. The
two transitions (q2, {q1, q2}, q1) and (q2, {q1, q2}, q2) result from the application
of the shuffle rule on the set {q1, q2} with pI = q2, and respectively pF = q1 and
pF = q2. Notice that in this application of the shuffle rule, the state q2 behaves
both as the endpoint of a successor transition, and as a state that can be matched
to a gap. The two transitions (q1, {q1, q3}, q1) and (q1, {q1, q3}, q3) result from
a similar application of the shuffle rule on the set {q1, q3} with pI = q1, and
respectively pF = q1 and pF = q3. This time, it is q1 that acts both as the
endpoint of a successor transition, and as a state that can be matched to a gap.

The automaton B3 shown in Figure 12b has two additional transitions. The
transition (q1, {q1, q2, q3, q4}, q4) results from the application of the infinite rep-
etition rule on the set {q1, q2, q3}, with s = s′ = q1, which is valid thanks to

the existence of the open Q-path from q1 to itself q1
{q1,q3}
99K q3

a−→ q2
{q1,q2}
99K q1.

The transition (q2, {q1, q2, q3, q4}, q4) results from the application of the infinite
repetition rule on the set {q1, q2, q3}, with s = q2 and s′ = q3, using the open

Q-path q2
{q1,q2}
99K q1

{q1,q3}
99K q3, and the successor transition (q3, a, q2).

Notice that the application of the infinite repetition rule does not generate
the transition (q3, {q1, q2, q3, q4}, q4). This is because it is not possible to find
an open Q-path that starts in q3, i.e., there does not exist a transition in B2

that originates from q3.

6. Proof of Correctness

We now prove the correctness of the algorithm introduced in Section 4.2.

6.1. Soundness
In order to prove the soundness of the algorithm (Theorem 2), we first show

(Lemma 3) that an open R-path r in AM corresponds to a path in A indexed
by R, provided that each transition of AM involved in r corresponds to a path
in A indexed by R. Then, it suffices to prove (Lemma 5) that each transition
in AM corresponds to a path in A indexed by R.

19



q1 q2

q3 q4

q2 → {q1, q2} → q1, q2

q1 → {q1, q3} → q1, q3

{q1, q2, q3} → q4

a

b a

Figure 11: The input automaton B.

q1 q2

q3 q4

{q1, q3} {q1, q2}

{q1, q3}

{q1, q2}

(a) The automaton B2.

q1 q2

q3 q4

{q1, q3} {q1, q2}

{q1, q3}

{q1, q2}

{q1, q2, q3, q4} {q1, q2, q3, q4}

(b) The automaton B3.

Figure 12: The automata obtained at the main steps of the algorithm for Q.

Lemma 3. Let (q1, P1, q
′
1), . . . , (qn, Pn, q

′
n) be an open R-path in AM , such that

for every i ∈ [1, n], there exists a path qi → q′i in A labeled by a word indexed by
R, visiting the set of states Pi. Then, there exists a path q1 → q′n in A labeled
by a word indexed by R, that visits exactly the set of states P1 ∪ · · · ∪ Pn.

Proof. The proof relies on the fact that a path labeled by a word indexed
by R can also be labeled by a word indexed by any non-empty open interval
(x, y) ⊆ R, since both share the order type λ.

We consider a sequence of words w1, w2, . . . , wn such that:

• w1 is indexed by (−∞, 1) and wn is indexed by (n− 1,+∞);

• for all i ∈ [2, n− 1], wi is indexed by (i− 1, i);

• for all i ∈ [1, n], wi labels a path πi in A from qi to q′i.

Recall that for (q1, P1, q
′
1), . . . , (qn, Pn, q

′
n) to be an open R-path, there must

exist a successor transition of the form (q′i, αi, qi+1) ∈ ∆s, for every i ∈ [1, n−1].
In order to construct a word indexed by R that labels a path from q1 to q′n, we
simply concatenate together the words wi, using these successor transitions to fill
the gaps between consecutive open intervals. The paths πi can be combined into
a path π from q1 to q′n, labeled by the word w = w1 ·α1 ·w2 · . . . ·wn−1 ·αn−1 ·wn.
By construction, the path π is indexed by R. □
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Before advancing, we first introduce the following result which will be needed
in the remainder of the proof of Theorem 2.

Lemma 4. Let m > 0. There exists a partition of R into m non-empty pairwise-
disjoint subsets R1, . . . , Rm such that for every i ∈ [1,m], Ri is dense in R.

Proof. Let us construct such a partition of R. We define, for every k ∈ N>1,
the set Sk denoting the set of (non-integer) rational numbers that can be rep-
resented by a fraction with a strictly positive power of k as its denominator.
Formally, Sk = { p/kj | p ∈ Z and j ∈ N>0} \ Z.

Let us show that, for any k > 1, the set Sk is dense in R. We simply
need to show that within any non-empty open interval (x, y) ⊆ R, there exists
z ∈ Sk such that x < z < y. Since k > 1, we know that there exists j ∈ N
such that 1/kj < (y − x)/2. Let us pick such a value j. There also exists
an integer p ∈ Z such that p/kj ≤ (x + y)/2 ≤ (p + 1)/kj , one could pick
p = ⌊(x + y) · (kj)/2⌋ for instance. Notice that (x + y)/2 is the middle of the
interval (x, y). Since the difference between p/kj and (p+1)/kj is equal to 1/kj

and since 1/kj < (y−x)/2, we have that either p/kj ∈ (x, y) or (p+1)/kj ∈ (x, y)
(it could be both).

Let us now show that for two distinct prime numbers p1 and p2, the sets
Sp1 and the set Sp2 are disjoint. Assume that there exist n1/(p1)

i ∈ Sp1 and
n2/(p2)

j ∈ Sp2 for some i, j > 0, such that n1/(p1)
i = n2/(p2)

j . This yields
the equality n1p2

j = n2p1
i. Since p1 and p2 are prime numbers, this implies

n1 = k(p1
i) and n2 = k(p2

j) for some k ∈ Z. This is impossible because
k(p1

i)/p1
i = k ∈ Z, and we require Sp1

∩ Z = ∅ (the same development applies
to Sp2).

Let P = (pi)i∈[1,m] be the sequence of the m first prime numbers (i.e.,
2, 3, 5, 7, . . . ). We then simply set R1 = R \Q, Ri = Spi

for i ∈ [2,m− 1], and
Rm = Q \ (

⋃
i∈[2,m−1] Spi

). By construction, it is clear that the sets (Ri)i∈[1,m]

form a partition of R. The density of each Ri for i ∈ [2,m−1] has already been
proven. The set R1 is also dense in R since it corresponds to the set of irrational
numbers. Finally, the density of Rm is obtained by noticing that Spm

⊊ Rm,
and remembering that we already proved that Spm

is dense in R. □

Lemma 5. For each transition (p, P, q) of Aj for j ∈ [0,M ], there exists a path
from p to q in A, labeled by a word indexed by R, that visits exactly the states
in P .

Proof. The proof is constructive, explicitly building a word indexed by R that
yields a path in A. The form of the word depends on the rule that generated
the transition of Aj .

The lemma is proved by induction over j. The base case is trivial, since A0

does not have transitions. Assuming that every transition of Aj−1 verifies the
lemma, we now prove that the lemma also holds for any transition (p, P, q) of
Aj that does not belong to Aj−1.
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First, consider that (p, P, q) results from the application of the simple shuffle
rule, i.e., the shuffle rule involving only successor transitions without any closed
R-path. Formally, we have p → P ∈ ∆ℓ and P → q ∈ ∆ℓ, and a non-empty set of
successor transitions {(s1, γ1, s′1), . . . , (sm, γm, s′m)} ⊆ ∆s such that si, s

′
i ∈ P ,

P → si ∈ ∆ℓ, and s′i → P ∈ ∆ℓ, for all i ∈ [1,m]. Let {R1, . . . , Rm} be a
partition of R into m disjoint infinite dense sets, i.e., for any two real numbers x
and y such that x < y, there exist z1, . . . , zm such that x < zi < y and zi ∈ Ri,
for all i ∈ [1,m]. By Lemma 4, such a partition of R can always be found.
Now, consider the word w = (αr)r∈R indexed by R such that αr = γi if r ∈ Ri.
To build a suitable path π in A from p to q reading w, it suffices to impose
π(−∞) = p and π(+∞) = q, where −∞ and +∞ denote respectively the first
and last cut of R, and furthermore require π(r−) = si and π(r+) = s′i if r ∈ Ri,
for each r ∈ R. By construction, it is clear that π is a valid path in A that visits
exactly the states in P .

For the three remaining rules, notice that for any R-path (p1, P1, p
′
1) , . . . ,

(pn, Pn, p
′
n) in Aj−1, the inductive hypothesis and Lemma 3 ensure that there

exists a path p1 → p′n in A, labeled by a word indexed by R (or any non-empty
open interval of R), that visits exactly the states in P1 ∪ · · · ∪ Pn.

If (p, P, q) is generated by the infinite repetition rule, i.e., it belongs to Lj

but not to ∆j−1, the rule’s conditions imply that there exists an open R-path
(p1, P1, p

′
1), . . . , (pn, Pn, p

′
n) in Aj−1, such that:

• p1 = p,

• there exists a transition (p′n, α, p) ∈ ∆s,

• P = P1 ∪ · · · ∪ Pn, and

• (P → q) ∈ ∆ℓ.

Consider an infinite sequence of words (wk)k∈N, each of them labeling a valid
path from p to p′n, such that w0 is indexed by (−∞, 0), and for every k > 0, wk is
indexed by (k−1, k). Now consider the word w = Πk∈N(wk ·α) = w0 ·α·w1 ·α·. . .
indexed by R. By simply concatenating the paths labeled by the words (wk)k∈N
(each starting in p and ending in p′n) with the transition (p′n, α, p), and assigning
the state q to the last cut (+∞) of R, we obtain a valid path reading w that
starts in p, ends in q, and visits exactly P .

The case of reverse infinite repetitions is handled symmetrically. The ac-
cepted word indexed by R can also be expressed as an infinite concatenation of
words but in reverse, i.e., w0 is indexed by (0,+∞), and each wk is indexed by
(−(k + 1),−k) for k ∈ N>0.

Finally, the case of the Cantor shuffle can be dealt with by considering the
set of intervals and the set of individual points involved in the Cantor ternary
set construction [20, 21], that we will describe explicitly. For simplicity, we will
actually build a word indexed by the interval (0, 1) instead of R. A corresponding
word indexed by R can be directly derived by applying an increasing bijective
function from (0, 1) to R, e.g., f : (0, 1) → R; x 7→ 1

1−x − 1
x .
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Consider the pair of states p, q, some closed R-paths r1, . . . , rn in Aj (respec-
tively starting in q1, . . . , qn, ending in q′1, . . . , q

′
n, and labeled by Q1,. . . , Qn), as

well as some successor transitions (s1, γ1, s
′
1), . . . , (sm, γm, s′m) in ∆s meeting

the requirements for the application of the Cantor shuffle rule generating the
transition (p, P, q), for some set of states P .

In the spirit of the Cantor ternary set construction, we first define an infinite
sequence of sets of intervals (Ik)k∈N by induction. We start by setting I0 ={
[ 13 ,

2
3 ]
}
. We then define inductively Ik+1 as the set of closed intervals that

correspond to the middle third of the maximal intervals that remain from (0, 1)
after removing every interval in Ij , for every j ∈ [1, k]. For instance, I2 is equal
to

{
[ 19 ,

2
9 ] , [ 79 ,

8
9 ]
}
, and I3 is equal to

{
[ 1
27 ,

2
27 ] , [ 7

27 ,
8
27 ] , [ 1927 ,

20
27 ] , [ 2527 ,

26
27 ]

}
.

We then define n sets of closed intervals H1, . . . ,Hn by setting

Hi =
⋃
k∈N

(k=i) modn

Ik ,

for every i ∈ [1, n]. This definition ensures density among all these sets, i.e.,
for any i ∈ [1, n], Hi is dense in

⋃
j∈[1,n] Hj (where the implicit order relation

between disjoint intervals is [a, b] < [c, d] iff b < c).
For every i ∈ [1, n] and interval [a, b] in Hi, we consider a word w[a,b] =

(σ
[a,b]
r )r∈[a,b] indexed by [a, b] that labels a path qi → q′i visiting the set of states

Qi. The existence of such words results from our assumption that every open
R-path admits a corresponding word indexed by any non-empty open interval of
R, and that a closed R-path is simply an open R-path with additional successor
transitions at the beginning and at the end, corresponding to the bounds of the
interval.

In order to obtain a complete path over (0, 1), it remains to assign a state
to both the first and last cuts 0+ and 1−, as well as to all the individual points
left aside by the Cantor ternary set construction. The first task is easy to
achieve, by simply assigning the state p to 0+ and q to 1−. For the second
task, let C be the set of points left out by the construction of the sets Hi,
i.e., C = (0, 1) \

⋃
[a,b]∈(H1∪···∪Hn)

[a, b]. We define a partition C1, . . . , Cm of
C, such that each Cj is dense in C, i.e., ∀k ∈ [1,m]. ∀x, y ∈ C. (x < y) ⇒
(∃z. x < z < y ∧ z ∈ Ck). This can be achieved, for instance, by considering
the representation of each element in C in base 3. Indeed, a notable property of
the Cantor ternary set construction (using closed intervals for the definition of
the sequence (Ik)k∈N) is that the set C corresponds exactly to the real numbers
in (0, 1) that admit a (unique) representation in base 3 of the form 0.t1t2t3 . . .
where ti ∈ {0, 2} for every i ∈ N, that does not end with an infinite sequence
of 0 or 2 digits. For k ∈ [1,m − 1], we define the set Ck as the subset of C
consisting of the elements that admit a notation ending with (0k2k)ω, and we
define Cm = C \ (

⋃
k∈[1,m−1] Ck). It is easy to show that for every k ∈ [1,m],

Ck is dense in C. Then, we simply associate to each real number c ∈ Ck the
transition (sk, γk, s

′
k), for every k ∈ [1,m].

Let u = (βr)r∈(0,1) be a word indexed by (0, 1) defined as follows. For all
r ∈ C and k ∈ [1,m], if r ∈ Ck then βr = γk. For all r ∈ (0, 1) \ C and
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i ∈ [1, n], if there exists [a, b] ∈ Hi such that r ∈ [a, b], then βr = σ
[a,b]
r . This

defines u entirely since by construction, the sets C1, . . . , Cm together with the
intervals in H1, . . . ,Hn form a partition of (0, 1). A path π reading u can then
be constructed by properly assembling the paths reading each word w[a,b] for
every [a, b] ∈ H1∪· · ·∪Hn, and every successor transition (sk, γk, s

′
k), for every

k ∈ [1,m]. It follows that π is of the required form, i.e., π is a path from p to
q, that reads a word indexed by (0, 1), and visits exactly the states in P . □

6.2. Completeness
The completeness of the reachability algorithm described in Section 4.2 (The-

orem 3) is a direct corollary of the following, more general, result.

Theorem 5. Assume that the automaton A admits a path from a state qI to
state a qF visiting the set of states P , labeled by a word w indexed by R. If this
path is j-limited, then there exists an open R-path in Aj from qI to qF labeled
by P .

The remainder of this section is dedicated to proving Theorem 5. The proof
is essentially based on mechanisms introduced in [22] for establishing the de-
cidability of the first-order theory of order. The same mechanisms have been
adapted to develop a self-contained proof of decidability for MFO(R, <) in [7].

The proof is by induction over j. The base case j = 0 is trivial. Indeed,
every path labeled by R must involve a limit transition, and limit transitions
cannot involve the empty set of states. For the inductive case, let j ∈ [1,M ] be
such that Theorem 5 holds for all (j−1)-limited paths. Since every k-limited
path with k < j is also a (j−1)-limited path (every transition in Ak is also a
transition in Aj−1), it suffices to consider the case of j-limited paths that are
not (j−1)-limited paths, i.e., that involve at least one limit transition of size j.

Throughout the remainder of this section, we consider a j-limited path π in
A labeled by a word w = (αr)r∈R indexed by R.

Let (x, y) ⊆ R be an non-empty open interval. We denote by Sπ(x, y) the
set of states visited by π between the cuts x+ and y−. In the particular cases
x = −∞ and y = +∞, x+ and y− respectively correspond to the first and the
last cuts of R. Formally, we have

Sπ(x, y) =
{
q ∈ Q | ∃z. x < z < y ∧

(
π(z−) = q ∨ π(z+) = q

)}
.

We say that an interval (x, y) is π-stable if for every interval (a, b) with x ≤
a < b ≤ y, one has Sπ(a, b) = Sπ(x, y). In other words, an interval is π-stable if
within any subinterval, the set of states visited in the corresponding subpath of
π remains the same.

We now prove that any π-stable interval corresponds to a structure satisfying
the simple shuffle rule. We first show that every limit transition followed within
a π-stable interval involves the same set of states, namely, the set of all the
states visited by π within that interval.
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Lemma 6. Let (x, y) ⊆ R be a π-stable interval. The set of limit transitions
followed by π over (x, y) is exactly

{
Sπ(x, y) → q | ∃x < z < y. π(z−) =

q
}

∪
{
q → Sπ(x, y) | ∃x < z < y. π(z+) = q

}
. Furthermore, π also follows

the right-limit transition π(x+) → Sπ(x, y) to leave π(x+) at the cut x+, and
follows the left-limit transition Sπ(x, y) → π(y−) to reach π(y−) at the cut y−.

Proof. Let us prove the left-limit transition case. The right-limit transition
case is handled in a symmetrical way.

Let CL be the set of left cuts z− associated with the elements z ∈ (x, y),
and let QL be the set of states associated by π to the cuts in CL. Notice that
since R is complete, any subinterval of R is complete as well. Therefore, CL also
coincides with the set of cuts in (̂x, y) \ {y−} that do not admit a predecessor.
Formally, QL is defined as follows:

QL = {q ∈ Sπ(x, y) | ∃z. x < z < y and π(z−) = q}.

Consider a state q ∈ QL ∪{π(y−)}. By contradiction, assume that either no
left-limit transition of the form P → q is followed in π over the interval (x, y),
or that a left-limit transition of the form P → q with P ̸= Sπ(x, y) is followed
by π over (x, y).

In the former case, if π does not follow any left-limit transition of the form
P → q over (x, y), then it can never reach q. Therefore, there exists a cut
z− ∈ (̂x, y) that does not have a predecessor, such that lim−z−π → π(z−) is not
a transition in A. This contradicts the fact that π is a valid path.

In the latter case, by definition of Sπ, one has P ⊊ Sπ(x, y). Let s ∈ Sπ(x, y)
be such that s ̸∈ P . Let z ∈ (x, y] be such that π(z−) = q and lim−(z−)π = P .
The definition of QL, and its non-emptiness, ensure that such a z exists. Let
z′ ∈ (x, z) be such that for all z′′ with z′ < z′′ < z, one has π(z′′−) ̸= s and
π(z′′+) ̸= s. The existence of such a z′ is justified by the fact that the left-limit
transition P → q must be followed in π to reach π(z−), otherwise s would belong
to P . Now consider the interval (z′, z). This interval is non-empty, contained
entirely within (x, y), and such that Sπ(z

′, z) = P ⊊ S. This contradicts the
original hypothesis about the π-stability of the interval (x, y). □

We are now ready to show that for any π-stable interval (x, y) ⊆ R, the set
of states Sπ(x, y) can always be rearranged into a structure satisfying the simple
shuffle rule.

Lemma 7. For any π-stable interval (x, y) ⊆ R, the automaton Aj admits a
corresponding transition

(
π(x+), Sπ(x, y) ∪ {π(x+), π(y−)}, π(y−)

)
.

Proof. Since the interval (x, y) is π-stable, by Lemma 6 we have:

• A starting and an ending state pI = π(x+) and pF = π(y−), such that

– π(x+) → Sπ(x, y) ∈ ∆ℓ, and

– Sπ(x, y) → π(y−) ∈ ∆ℓ.
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• A set of states QL and a set of states QR, such that

– QL ∪QR = Sπ(x, y),

– for each q ∈ QL, there exists q′ ∈ QR, α ∈ Σ such that (q, α, q′) ∈ ∆s,

– for each q ∈ QR, there exists q′ ∈ QL, α ∈ Σ such that (q′, α, q) ∈ ∆s,

– for each q ∈ QL, the transition Sπ(x, y) → q belongs to ∆ℓ, and

– for each q ∈ QR, the transition q → Sπ(x, y) belongs to ∆ℓ.

These are exactly the requirements for applying the simple shuffle rule, gen-
erating the transition (pI , Sπ(x, y) ∪ {pI , pF }, pF ). □

Notice that unless (−∞,+∞) is π-stable, no set of pairwise disjoint π-stable
intervals can form a partition of R, since such a partition would only be com-
posed of open intervals. We denote by π-unstable point any real number that
is not contained within a π-stable interval. We will show that any π-unstable
point is necessarily an individual point, i.e., there does not exist a non-zero
length interval of π-unstable points. Formally, let S =

⋃
(x,y) is π-stable(x, y), we

have the following result.

Lemma 8. For all z ∈ R \ S and ε > 0, there exist (x1, y1), (x2, y2) ⊆ R such
that:

• x1 < y1 < z < x2 < y2,

• (x1, y1) and (x2, y2) are π-stable intervals,

• both z − x1 < ε and y2 − z < ε.

Proof. Let z ∈ R \ S and ε > 0. The intervals (x1, y1) and (x2, y2) can be
constructed by initially setting x1 = z − ε/2, y1 = z − ε/4, x2 = z + ε/4,
and y2 = z + ε/2. If (x1, y1) is not directly π-stable, then there must exist a
subinterval (x′1, y′1) of (x1, y1) such that Sπ(x

′
1, y
′
1) ⊊ Sπ(x1, y1). If (x′1, y′1) is

π-stable, then the construction stops. Otherwise the same operation is repeated
after replacing (x1, y1) by (x′1, y

′
1) until reaching a π-stable subinterval. This

will necessarily happen after a finite number of steps, since the set of states Q
of A is finite. The same construction can be applied to find a suitable interval
(x2, y2). □

The remainder of the proof of Theorem 5 boils down to showing that the
π-stable intervals and the π-unstable points can be combined into a complete
partition of R, and that the different ways to combine them correspond to the
rules implemented in our algorithm.

We now introduce the notion of π-pseudo-stable interval, corresponding to
a non-empty open interval (x, y) ⊆ R such that Aj admits an open R-path
from π(x+) to π(y−) labeled by Sπ(x, y)∪{π(x+), π(y−)}. We denote by R(x,y)

the set of all the open R-paths in Aj that start in π(x+) and end in π(y−),
of length n ≤ |∆j |2, labeled by Sπ(x, y) ∪ {π(x+), π(y−)}, where ∆j is the set
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of transitions of the automaton Aj . Bounding the length of the R-paths by
|∆j |2 ensures that the set R(x,y) is finite, while also guaranteeing that if Aj

admits an open R-path from the state π(x+) to the state π(y−) labeled by
Sπ(x, y) ∪ {π(x+), π(y−)}, then an analogous one exists in R(x,y). The |∆j |2
bound provides an upper bound for the minimal length of an R-path visiting
every transition in ∆j .

Notice that any π-stable interval is also π-pseudo-stable, since by Lemma 7,
an open R-path of length one (i.e., a single transition of Aj) is associated with
any π-stable interval. Furthermore, we call a π-pseudo-stable interval π-maximal
if it is not contained within a greater π-pseudo-stable interval. Formally, an
interval (x, y) ⊆ R is π-maximal if and only if

• x=min{z ∈ R | there exists an open R-path from π(z+) to π(y−) labeled
by Sπ(z, y) ∪ {π(z+), π(y−)}}, and

• y=max{z ∈ R | there exists an open R-path from π(x+) to π(z−) labeled
by Sπ(x, z) ∪ {π(x+), π(z−)}}.

Before moving to the case of the (reverse) infinite repetition rule, let us first
introduce the following useful result.

Lemma 9. Let ℓ ∈ [1, j − 1], and let r be an open R-path in Aℓ from a state q
to a state q′, labeled by a set of states P . For every p ∈ P , Aℓ also admits an
open R-path r′ from q to q′ labeled by P of the form (r1, R1, r

′
1), . . . , (rn, Rn, r

′
n),

such that:

• r1 = q and r′n = q′, and

• there exists i ∈ [1, n] such that either ri = p or r′i = p.

Proof. The existence of r implies that A admits a path µ from q to q′ visit-
ing exactly the states in P and labeled by a word w indexed by R, such that
µ(−∞) = q and µ(+∞) = q′. For any p ∈ P , there exists by definition of µ a
point x ∈ R such that either µ(x−) = p or µ(x+) = p.

Consider the two subpaths of µ over the intervals (−∞, x) and (x,+∞).
These paths are labeled by a word indexed by a non-empty open interval of R,
i.e., of order type λ. Therefore, there also exists a path µ′ (resp. µ′′) from q to
µ(x−) (resp. from µ(x+) to q′) labeled by a word w′ (resp. w′′) indexed by R.

Given the inductive hypothesis on the completeness of Aℓ, there must exist
two open R-paths r1 and r2 in Aℓ, such that r1 goes from q to µ(x−) and r2 from
µ(x+) to q′. Furthermore, either r1 ends with a transition of the form (ri, Ri, p)
(if µ(x−) = p) or r2 starts with a transition of the form (p,Ri, r

′
i) (if µ(x+) =

p). Additionally, since µ is a valid path, there must also exist a transition(
µ(x−), α, µ(x+)

)
∈ ∆s for some α ∈ Σ. Therefore, one can concatenate r1

with r2 to obtain the open R-path of the desired form. The fact that the union
of the labels of r1 and r2 is equal to P is immediate. □

We are now ready to deal with the case where a set of π-pseudo-stable
intervals can be combined thanks to the (reverse) infinite repetition rule.

27



Lemma 10. Let (x, y) be a non-empty open interval in R. If every interval
(z, z′) such that x < z < z′ < y is π-pseudo-stable, then (x, y) is π-pseudo-
stable as well.

Proof. Consider the subpath of π over the interval (x, y). By definition, this
subpath starts in π(x+) and ends in π(y−). It therefore ends with the left-limit
transition P → π(y−), where P = lim−y−π and |P | = k ≤ j. Let z ∈ (x, y)

be such that Sπ(z, y) = P . Let (p′, α, p) ∈ ∆s be such that, for every y′ < y,
π follows the transition (p′, α, p) within the interval (y′, y), where p, p′ ∈ P .
Intuitively, this means that π follows this transition in every left neighborhood
of y−. Such a transition always exists since the set of successor transitions ∆s

is finite.
Let (zi)i∈N be a sequence of real numbers such that limi→+∞ zi = y, and

for every i ∈ N, one has z < zi < zi+1 < y, π(z−i ) = p′, and π(z+i ) = p. The
existence of such a sequence is a direct consequence of the fact that π follows
the transition (p′, α, p) within every interval (y′, y) with y′ < y. By the infinite
version of Ramsey’s theorem [23], we can assume that this sequence satisfies
Sπ(zi, zi+1) = P , for all i ∈ N.

We now show that there necessarily exists an open R-path from π(z+0 ) to
π(y−) labeled by P ∪ {π(y−)} in Ak, and therefore also in Aj since k ≤ j.
Notice that since z0 > z, one necessarily has P = Sπ(z0, y), with additionally
π(z+0 ) ∈ P . Every interval (zi, zi+1) is π-pseudo-stable by hypothesis.

In the case where Ak−1 admits an open R-path from p to p′ labeled by P ,
the existence of such an open R-path in Ak−1 together with the existence of
a successor transition (p′, α, p) ∈ ∆s implies that Lk necessarily contains the
transition

(
π(z+0 ), P ∪ {π(y−)}, π(y−)

)
. Therefore, there exists an open R-path

from π(z+0 ) to π(y−) labeled by P∪{π(y−)} in Ak, i.e., (z0, y) is π-pseudo-stable.
Consider now the case where Ak admits an open R-path r from p to p′

labeled by P , but Ak−1 does not. In this situation, a transition allowing to
reach π(y−) from p = π(z+0 ) may not be generated, since such a transition can
only be created at Step k (since |P | = k), but relies on an open R-path that itself
only appears at the same Step k. We now show that even if such transitions are
not generated, there will nonetheless exist an open R-path from p to π(y−).

Let (r,R, r′) ∈ ∆k be a transition generated at Step k that is involved in r,
i.e., r is of the form (r1, R1, r

′
1), . . . , (rn, Rn, r

′
n) such that r1 = p, r′n = p′, and

there exists i ∈ [1, n] such that (ri, Ri, r
′
i) = (r,R, r′). In the eventuality where

multiple transitions generated at Step k are involved in the open R-path r from
p to p′, we assume that (r,R, r′) is the leftmost one in r.

We now show that for every rule that may have produced the transition
(r,R, r′), some other transitions must also have been generated, resulting in the
existence of an open R-path in Ak from π(z+0 ) to π(y−) labeled by P ∪{π(y−)}.
A first observation is that, independently from the rule that has produced the
transition, R must be equal to P . Indeed, since (r,R, r′) has been generated
at step k, one has |R| ≥ k. Furthermore, since this transition is involved in an
open R-path labeled by P , one also has R ⊆ P . Since |P | = k, it follows that
P = R.
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Consider first the case where the transition (r, P, r′) has been generated by
an application of the (simple or Cantor) shuffle rule. Since the conditions of
the shuffle rule were satisfied to generate the transition (r, P, r′), and since A
admits the limit transition P → π(y−), the construction of Sk also necessarily
yielded the transition

(
r, P ∪ {π(y−)}, π(y−)

)
. By hypothesis, there exists an

open R-path from p to p′ labeled by P that involves the transition (r, P, r′),
therefore an open R-path from p to π(y−) labeled by P ∪{π(y−)} can be easily
constructed by taking the first part of r up to the transition (r, P, r′) (excluded)
and simply appending the transition

(
r, P ∪ {π(y−)}, π(y−)

)
.

Similarly, to deal with the case where the transition (r, P, r′) has been gen-
erated by an application of the infinite repetition rule, one simply considers the
conditions used to apply the infinite repetition rule to generate the transition
(r, P, r′), this time replacing the endpoint state r′ by π(y−), which is valid since
A admits the limit transition P → π(y−). It follows that Lk necessarily contains
the transition

(
r, P ∪{π(y−)}, π(y−)

)
, hence there exists an open R-path in Ak

from p = π(z+0 ) to π(y−) labeled by P ∪ {π(y−)}.
It remains to consider the case where the transition (r, P, r′) has been gener-

ated by an application of the reverse infinite repetition rule. This case is more
tricky as the application of the reverse infinite repetition rule does not straight-
forwardly implies that an analogous rule has been applied to reach π(y−).

Since the transition (r, P, r′) has been generated at Step k by the reverse
infinite repetition rule, the following conditions are necessarily satisfied:

• The automaton Ak−1 admits an open R-path r′ from a state r′′ to the
state r′ labeled by P , such that (r′, α, r′′) ∈ ∆s for some α ∈ Σ.

• The states r, r′ and r′′ belong to P , by definition of the label of R-paths for
r′ and r′′. If r did not belong to P , then the generation of the transition
(r, P, r′) would have relied on a limit transition involving the set P \{r} of
cardinality k − 1, which could therefore not have been generated at Step
k.

Since r belongs to P , by Lemma 9, Ak−1 admits an open R-path from r′′

to r′ of the form (q1, Q1, q
′
1), . . . , (qm, Qm, q′m) such that q1 = r′′, q′m = r′, and

such that either qℓ = r or q′ℓ = r, for some ℓ ∈ [1,m].
Consider the first case, i.e., assume that there exists ℓ ∈ [1,m] such that

qℓ = r. Given the existence of

• the open R-path r′ in Ak−1 labeled by P that starts in r′′ and ends in r′,

• a successor transition (r′, α, r′′) ∈ ∆s, and

• the limit transition P → π(y−),

it follows that at Step k, the construction of the set Lk must produce the
transition

(
qj , P ∪ {π(y−)}, π(y−)

)
for every j ∈ [1,m], by application of the

infinite repetition rule, in particular for j = ℓ. Notice that the way we defined
the infinite repetition rule implies that its application only generates a transition
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for the state associated with the starting point of the first transition of the open
R-path. But since this R-path actually forms a cycle, there exists a similar open
R-path sharing the same label rooted at every state qj visited by the cycle, on
which the infinite repetition rule can also be applied.

Recall that the transition (r, P, r′) appears in the R-path r. By concatenating
the first transitions composing r up to the (i−1)-th one (i.e., stopping just before
the occurrence of (r, P, r′), ensuring we end up in a state s such that there exists
a transition (s, α, r) ∈ ∆s for some α ∈ Σ) with the transition

(
r, P, π(y−)

)
, we

obtain an open R-path of the desired form.
Now consider the second case, i.e, assume that there exists ℓ ∈ [1,m] such

that q′ℓ = r. Considering the existence of
1. the open R-path r′ in Ak−1 labeled by P that starts in r′′ and ends in r′,
2. a successor transition (r′, α, r′′) ∈ ∆s,
3. the limit transition r → P ∈ ∆ℓ mandatory to apply the reverse infinite

repetition rule and generate the transition (r, P, r′), and
4. the limit transition P → π(y−),

it follows that:

• [(1),(2),(3)] At Step k, the construction of the set Rk must yield the tran-
sition (r, P, q′j) for every j ∈ [1,m], by application of the reverse infinite
repetition rule, and in particular for j = ℓ.

• [(1),(2),(4)] At Step k, the construction of the set Lk must yield the tran-
sition

(
qj , P ∪ {π(y−)}, π(y−)

)
for every j ∈ [1,m], by application of the

infinite repetition rule, and in particular for j = 1.

One can therefore build an open R-path that coincides with r (and therefore
starts in p) up to the transition (r, P, r′), then follows the transition (r, P, r) be-
fore following the subpath of r′ that starts right after the transition (qℓ, Qℓ, q

′
ℓ)

(which is possible because q′ℓ = r) and ends in r′, and finally follows the transi-
tion

(
r′′, P ∪ {π(y−)}, π(y−)

)
.

A similar approach can be used to show that there exists a sequence (z′i)i∈N
converging to x, such that there exists an open R-path from π(x+) to π(z′0

−
)

labeled by Sπ(x, z
′
0)∪ {π(x+), π(z′0

−
)} in Aj . We therefore have two π-pseudo-

stable intervals (x, z′0) and (z0, y) such that x < z′0 < z0 < y.
By hypothesis, the interval (z′0, z0) is also π-pseudo-stable. Therefore, by

concatenating some open R-paths corresponding to the intervals (x, z′0), (z′0, z0),
and (z0, y) in that order, we obtain an open R-path for the whole interval (x, y),
which entails that (x, y) is also π-pseudo-stable. □

It remains to deal with π-unstable points that are neither a junction point
between two consecutive π-pseudo-stable intervals, nor the limit of an infinite
sequence of π-pseudo-stable intervals. A first step in that direction is to char-
acterize the distribution of the π-maximal intervals.

Lemma 11. The linear ordering between the π-maximal intervals of R is dense,
i.e., for all π-maximal intervals (x1, y1), (x2, y2) such that y1 < x2, there exists
a π-maximal interval (x3, y3) such that y1 < x3 < y3 < x2.
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Proof. By contradiction, we prove that two such π-maximal intervals cannot
be consecutive. Assume that it is the case, i.e., there exist two π-maximal
intervals (x1, y1), (x2, y2) such that y1 < x2, and such that there does not exist
another maximal interval between y1 and x2.

Since y1 < x2, the interval (y1, x2) is not empty, and any non-empty open
interval of R contains a π-stable interval. Otherwise, it would mean that (y1, x2)
only contains π-unstable points, which contradicts Lemma 8.

To any π-stable interval corresponds a greater π-maximal interval (it can
be build by applying the rules generating π-pseudo-stable intervals, and then
extending it as much as possible). However, the corresponding maximal interval
cannot be contained strictly within (y1, x2) by hypothesis, and it cannot span
before y1 or beyond x2 since (x1, y1), (x2, y2) are both π-maximal by hypothesis,
hence the contradiction. □

Finally, the last step in proving Theorem 5 consists in showing that any
non-trivial dense distribution of π-maximal intervals — i.e., containing at least
two distinct π-maximal intervals, and therefore an infinity of them thanks to the
density property — would be captured by the Cantor shuffle rule. This leads
to the following result that states that there only exists a single π-maximal
interval.

Lemma 12. The only π-maximal interval of R is R itself.

Proof. By contradiction, assume that there exist two distinct π-maximal inter-
vals of R. Let us pick two distinct π-maximal intervals (x1, y1) and (x2, y2) with
x1 < y1 < x2 < y2, such that for any two π-maximal intervals (a1, b1), (a2, b2)
with y1 < a1 < b1 < a2 < b2 < x2, one has Sπ(y1, x2) = Sπ(a1, b2). In other
words, the set of states visited between the intervals (x1, y1) and (x2, y2) is
minimal w.r.t. any subinterval of R containing at least two distinct π-maximal
intervals. It is always possible to chose two such π-maximal intervals. Indeed,
one can start from any two π-maximal intervals, and replace them if needed by
two other intervals that appear between them, such that the set of states that
π visits in the interval between them is strictly smaller. This operation can be
repeated until reaching a fixed point, which will necessarily occur after a finite
number of steps, since the set of states Q of A is finite.

Remember that any π-maximal interval is also π-pseudo-stable by defini-
tion. Therefore, for each π-maximal interval (a, b), there exists an open R-
path in Aj , and more precisely in R(a,b), from π(a+) to π(b−) labeled by
Sπ(a, b) ∪ {π(a+), π(b−)}. By combining them with the successor transitions
(π(a−), αa, π(a

+)) and (π(b−), αb, π(b
+)) of ∆s, these open R-paths can be

turned into closed R-paths from π(a−) to π(b+), labeled by Sπ(a, b) ∪ {π(a−),
π(a+), π(b−), π(b+)}. For each π-maximal interval (a, b) in (y1, x2), let r[a,b] be
one such closed R-path. Using a similar argument as in the proof of Lemma 6,
one can also show that both limit transitions Sπ(y1, x2) → π(a−) and π(b+) →
Sπ(y1, x2) belong to ∆ℓ. Furthermore, to each π-unstable point z ∈ (y1, x2) we
associate the successor transition (π(z−), αz, π(z

+)) ∈ ∆s. Following the same
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approach as before, one can show that both limit transitions Sπ(y1, x2) → π(z−)
and π(z+) → Sπ(y1, x2) belong to ∆ℓ.

Notice that since ∆s and each R(a,b) are finite, both the set of successor
transitions and the set of closed R-paths, respectively associated with the π-
unstable points and π-maximal intervals in (y1, x2), are finite as well.

Let P denote the set of states corresponding to the union of the labels
of all closed R-paths r[a,b] for every π-maximal interval (a, b) within (y1, x2),
together with the states involved in the successor transitions associated with all
π-unstable points that lie between y1 and x2. Formally, we have

P ={q | z is a π-unstable point in (y1, x2), and either π(z−) = q or π(z+) = q}
∪ {q | (a, b) is a π-maximal interval in (y1, x2), R labels r[a,b], and q ∈ R}.

In order to show that the Cantor shuffle rule can be applied to the pair of
transitions π(y+1 ) → Sπ(y1, x2) and Sπ(y1, x2) → π(x−2 ), it remains to show that
P = Sπ(y1, x2) holds. It is clear that P ⊆ Sπ(y1, x2) holds. Indeed, for every
π-unstable point z, we considered the states π(z−) and π(z+), which belong to
Sπ(y1, x2) by definition. Similarly, the definition of the closed R-path r[a,b] for
each π-maximal interval (a, b) implies that its label is a subset of Sπ(y1, x2).
In order to show Sπ(y1, x2) ⊆ P , let us assume by contradiction that there
exists q ∈ Sπ(y1, x2) \ P . Then, there must exist z ∈ (y1, x2) such that either
q = π(z−) or q = π(z+), and z is neither a π-unstable point, nor contained
within a π-maximal interval. Such a real number z cannot exist, as the set of
π-unstable points combined with the set of π-maximal intervals (extended with
their upper and lower bound to form closed intervals) form a partition of the
interval (y1, x2).

All the requirements of the Cantor shuffle rule are therefore met. It fol-
lows that the construction of the automaton Aj yields the transition (π(y+1 ),
Sπ(y1, x2)∪ {π(y+1 ), π(x

−
2 )}, π(x

−
2 )). Since (x1, y1) (resp. (x2, y2)) is π-pseudo-

stable, there exists an open R-path r1 (resp. r2) from π(x+
1 ) to π(y−1 ) (resp.

from π(x+
2 ) to π(y−2 )). By concatenating r1, the transition

(
π(y+1 ), Sπ(y1, x2)∪

{π(y+1 ), π(x
−
2 )}, π(x

−
2 )

)
of Aj , and r2 (in that order), we obtain an open R-path

from π(x+
1 ) to π(y−2 ) labeled by Sπ(x1, y2) ∪ {π(x+

1 ), π(y
−
2 )}. This implies that

(x1, y2) is π-pseudo-stable, which contradicts the assumption that (x1, y1) and
(x2, y2) are π-maximal intervals. □

This concludes the proof of Theorem 5.
The proof of correctness developed in this section can be straightforwardly

adapted to the algorithm of Section 5, dealing with the reachability problem for
words indexed by Q.

7. Conclusions and Perspectives

In this work, we addressed the reachability problem for automata on linear
orderings, where the words recognized by such automata are restricted to be
indexed by R or Q. In order to restrict the ordering to the reals, it might be
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tempting to try to characterize the ordering on the reals with an automaton,
for instance expressing that the only acceptable orderings are dense, complete,
and without first and last elements. As a first result (Section 4.1), we however
exhibit an automaton on linear orderings that accepts words indexed by dense
and complete orderings without first and last elements, but that does not accept
any word indexed by R. The existence of such an automaton highlights the
fact that a full characterization of R by an automaton is unlikely to exist, and
motivates the search of a dedicated reachability algorithm over R.

Our second result (Section 4.2) is a polynomial algorithm to decide the
reachability (and equivalently the emptiness) problem for automata on linear
orderings, over R specifically. We provide a pseudo-code implementation (Sec-
tion 4.6), further emphasizing its polynomial complexity. This reachability algo-
rithm is also adapted (Section 5) for the case of Q. An efficient implementation
of those algorithms has recently been proposed in [24].

We believe this work is a stepping stone towards a complete decision proce-
dure for the monadic first-order theory of order over the reals and the rationals.
The idea would be to build automata on linear orderings recognizing the set of
models of a formula being decided. Usual operations on automata, adapted to
automata on linear orderings, can be used to compute union and intersection of
sets of models. Existential quantification reduces to a simple projection opera-
tion on the automaton. The last required operation for a full decision procedure
is the universal first-order quantification. This is an unavoidable step since these
automata do not admit complementation [3]. We presented in [25] such an op-
eration for the case of natural numbers and Büchi automata. The next step in
our quest towards an automata-based decision procedure for MFO(R, <) and
MFO(Q, <) will be to extend this result to automata on linear orderings.
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