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Abstract

Statistical estimation of the Hurst parameter and the stability parameter of harmoniz-
able fractional stable motion (HFSM) is a difficult issue mainly due to the lack of ergodicity
of this process and heaviness of tails of its marginal distributions. Very few estimators have
been introduced in the literature so far. Those proposed in [4] offer the advantages to be
strongly consistent and asymptotically normal. Yet, they have the drawback to require the
knowledge of a whole continuous trajectory of HFSM on the real line, whereas, in prac-
tice, only a discretized one is available. The goal of the present article is to overcome this
drawback by introducing discretized versions of them, obtained through values of HFSM
on dyadic numbers.
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1 Introduction

Self-similar stochastic processes have been widely studied since a few decades and provide
powerful stochastic models to mimic persistent phenomena in various domains. For instance,
self-similarity is observed in network traffic [22, 28] and hydrology [26]. The most famous
self-similar process is the fractional Brownian motion (FBM). Introduced in [17] and later for-
malized in [25], the FBM is a Gaussian centered self-similar stochastic process with stationary
increments. However, many natural phenomena exhibit some heavy tails, which prevents to
model them by a FBM. As an alternative, self-similar a-stable random processes have been
proposed to model heavy-tailed persistent phenomena, , see e.g. [22] 2§].

Especially, harmonizable fractional stable motions (HFSM) and linear fractional stable mo-
tions (LFSM), introduced in [11I, B3], are two very classical stable extensions of FBM. They
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are defined generalizing the harmonizable and moving average representations of a FBM to the
stable framework. On the one hand, the LFSM {L(t) }+cr is defined through a stable stochastic
integral in the time domain:

L(t) = /R ((t—s)ffl/a - (—s)ffl/a) dM,(s), t € R

where M, is a real-valued a-stable random measure. On the other hand, the HFSM {X (¢) }1er
is defined as a stable stochastic integral in the frequency domain:

1t£_1
_3%</‘£|H+1/a a(£)>, teR

where ]T/fa is a complex-valued isotropic a-stable random measure with Lebesgue control mea-
sure. For details on stable random measures and stochastic integrals, we refer the reader to [32].
Both HFSM and LFSM are then parametrized by the Hurst parameter H € (0,1) and the sta-
bility parameter o € (0,2]. While the parameter H governs their self-similarity property, the
parameter « controls the heaviness of their tails. When o = 2, both HFSM and LFSM coincide
with FBM. However, when « € (0,2), HFSM and LFSM are very different. For instance, while
LFSM is ergodic, HFSM is not (see Theorem 4 in [10]); LFSM has also multifractal sample paths
(see [6]), which are unbounded on any interval when H < 1/« (see e.g. [32] [15]) whereas the
trajectories of HFSM are locally Holder continuous of any order v € (0, H) (see |18, [19, 32} [15])
and then monofractal by Corollary 4.4 in [5].

Estimating the model parameters is a key challenge when modeling natural phenomena.
Assuming that a = 2, i.e. for a FBM, many articles deal with the estimation of the Hurst pa-
rameter H, see e.g. |7, 12, 21], 8, 13, 30] and references therein. In the framework of LFSM and
related moving average stable processes, several estimators of both self-similarity and stability
parameters have also been proposed, see e.g. [14], 31} 29, 2| [T, 13| 27, 24, 23]. The situation is
different in the case of HFSM; actually, as emphasized in the rather recent article [9], statistical
inference in the framework of the latter process is far from being a trivial issue due to lack
ergodicity. Indeed, as far we know, only the recently published paper [4] and the bit more
recent work [20] deal with statistical estimation of parameters of HFSM. The strategy of [20] is
significantly different from that in [4]. Indeed, the consistent estimators for the two parameters
H € (0,1) and « € (0,2) of a non-Gaussian HFSM, proposed in [20], rely on an estimation of
the periodogram frequency and a LePage series representation. While, in [4] the non-ergodicity
is bypassed thanks to the introduction of some new integral transforms of HFSM which are
to a certain extent inspired by discrete wavelet transforms. The strongly consistent estimators
for these two parameters proposed in [4] cover the non-Gaussian case a € (0,2) as well as the
Gaussian case a = 2 in which HFSM reduces to FBM. Moreover, they are asymptotic normal,
which is crucial to build some confidence intervals and perform hypothesis testing. Neverthe-
less, they are defined assuming that a whole continuous trajectory of HFSM on the real line is
observed, whereas, in practice, only a discretized one is available.

The aim of the present paper is to extend the main results of [4] to the important setting
where only one single discretized trajectory of HFSM is observed. More precisely, the estimators



introduced in [4] rely on some independent real-valued stable variables
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Yip = —
27T]R

gk

R(D54(0) X () dt,

where

Yik(t) == ¥(27t — k), forallteR,

with ¢ being a "nice" real-valued function. For each parameter, [4] proposed one estimator
based on empirical means of logarithms of some |Yj|’s, and another one relying on sums of
some Y] ;|’s raised to a certain power 7, respectively named logarithmic and power estimators
in the present article. Our main strategy is to replace Y;; by discretizing the previous inte-
gral. We then prove that all the discretized estimators obtained by this way are still strongly
consistent and asymptotic normal.

The paper is organized as follows. In Section 2] after some background on stochastic inte-
gration with respect to complex-valued isotropic stable random measures and on harmonizable
fractional stable motions, our main assumptions are introduced. In this same section, some
results of [4] are also recalled, since they are the starting point for defining and studying estima-
tors of both parameters of a HFSM based on a single discretized trajectory. Then Section [3] is
devoted to the study of discretized logarithmic estimators and Section [ focuses on discretized
power estimators.

2 Preliminaries

Harmonizable random fields are defined through stochastic integrals in the frequency domain
with respect to complex-valued isotropic stable random measures. We refer the reader to [32]
for a detailed presentation of such random measures and the associated stochastic integrals.
Thus we only recall now the essential properties needed for our study.

Throughout this paper, for a € (0,2], Ma denotes a complex-valued isotropic a-stable
random measure with Lebesgue control measure. The stochastic integral

/ 9(€) M (de)
R

is then well-defined for any deterministic complex-valued function ¢ in the Lebesgue space
L*(R) and is a complex-valued isotropic a-stable random variable. This stable stochastic
integral [, () dM, is a linear map on L®(R) such that for any g € L*(R)

vee B (e ({7 [ 90 3a() }) =exp (11" [ lo(@1" ).

Especially, for any deterministic function g € L*(R), the real part R{ [; g(£) dMa(f)} is a
real-valued symmetric a-stable (SaS) random variable with scale parameter

a(%{ / g(é)d%@)})a: JALGIRE (2.1)
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In the particular case where the stability parameter o = 2, Z\72 is an isotropic complex-valued
Gaussian measure and the stochastic integral [p ( . ) dMy is an isometry from L?(R) onto the
space of square integrable random variables.

Before we introduce harmonizable fractional stable motion, we recall an essential property
of real-valued SaS random variables.

Remark 2.1. For any arbitrary a € (0,2], let Z, be a real-valued SaS random variable with
scale parameter equals to o(Z,) and W, be a real-valued SaS random variable with scale
parameter o(W,) = 1. Then

Zo = 0(Zy)Wq

where the equality is in distribution.

The harmonizable fractional stable motion (HFSM) {X () }+er is then defined by

X(t) == %(émdﬂa(f)» teR, (2.2)

where H € (0,1) is its Hurst parameter and « € (0, 2] its stability parameter. In the special
case where a = 2, X reduces to the well-known fractional Brownian motion (FBM) with Hurst
parameter H, usually denoted by {Bg(t)}icr. Recently, [4] has introduced strongly consis-
tent and asymptotic normal estimators for both parameters H and « assuming that a single
continuous trajectory on the real-line is observed. This work provides a first step towards the
estimation of a HFSM parameters. However, the drawback is that, in practice, only a dis-
cretized trajectory is available. The aim of this paper is to address this issue by adapting the
estimators proposed in [4] to the discrete-time observation setting.

Before we recall the estimators proposed in [4] and present our strategy to discretized them,
let us give our main assumptions. All along this paper, we consider a real-valued function
which satisfies the two following assumptions:

(A1) 9 is an even (i.e. P(—&) = ¥(§) for all £ € R), real-valued, continuous function on R,
with a compact non-empty support, denoted by I, such that

I:=supp ¢ :={{€R, () #0} C [—471,471]. (2.3)

(A2) There exist an integer L > 2 and a constant ¢, (depending on L) such that v the Fourier
of v, and its derivative 1)’ satisfy

W(t)‘ + W’(t)‘ < CL(l + \t\)fL, for every t € R. (2.4)

We mention in passing that throughout this article we use the very common convention that
the Fourier transform f of an arbitrary function of LY(R) is defined, for all t € R, as f ( ) =

fR e"MEf(€)de. Also, we mention that the only difference between our two assumptions on
¢ and that made in [4] comes from (2.4)), according to which, in contrast to (1.13) in [4],
not only of vanishing at infinity of the functlon w itself is governed by the exponent L, but
also that of its derivative w’ Actually, this additional assumption on zb’ allows to control the
difference between the estimators proposed in [4], which rely on a continuous trajectory, and
their discretized versions.



Example 2.2. Let us consider, as in [4], the piecewise linear triangle function:

(&) = (i) * D1, (86) = (2 — [8E]) Qg1 4-11(€), forall £ € R, (2.5)

where "x" denotes the usual convolution product. Thus, using some basic properties of Fourier
transform, it turns out that ¢ (0) = 1/2 and

~ sin(1/8)
Y(t) = 20/8)

Then, standard calculations allow to show that the function v in satisfies Assumptions
(A;) and (Az) with L = 2. One mentions that, for any chosen arbitrarily large integer L > 2,
by taking a conveniently shrinked version of the compactly supported function and L — 2 dif-
ferentiable function on R provided by the convolution product of the indicator function 1;_ yj,
L times with itself, one can obtain an explicit function ¢ which fulfills Assumptions (A;) and
(Ag2) for this chosen arbitrarily large L. Also one mentions that one can derive from Lemma
[3-8 in Section [3land a careful inspection of the proofs of our main theorems in Sections [3] and
[], that increasing the value of the exponent L has, to certain extent, a positive impact on the
rates of convergence of the discretized logarithmic and power estimators. Yet, this advantage
is counterbalanced by the drawback that the lager L is taken the more complicated is the form
of a corresponding function .

for all t € R\ {0}. (2.6)

Let us now present the main results in [4]. To this aim, for (j, k) € N2, we set
Vix(t) =27t — k), foralltc R,
and define Y}, as the pathwise Lebesgue integral

2

21-J
=57 /.

R(Du0) X =2 [ eosRnEIx@a (27

Y
gk 27'(' R

where QZj’k is the Fourier transform of ;. We recall in the next remark several useful repre-
sentations of the random variables Y}, and properties of the Fourier transforms ;.

Remark 2.3. Let (j, k) € N2. First, one knows from [4, Lemma 2.1] that, the real-valued SaS
random variable Y}, can be rewritten almost surely as

o bin(€) ~
YJ,k = %(/]R W dMa(ﬁ))a <2~8)
where _ ' .
Yik(§) = (22E+ k) + (226 — k), for every £ € R. (2.9)
Moreover, as noticed in Remark 2.6 of [4], one also has
1 [=
Yjr= 27T/R¢j’k(t)X(t) dt. (2.10)
since R
¥ (t) = 2" cos(277kt)1p(277t) for all t € R. (2.11)
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Finally, (2.11) and (2.4) imply that there exists a finite deterministic constant c;z > 0, only
depending on j and L, such that, for any k£ € N, one has

~

;6 (0)] < cjp(1+ !t!)fL, for every t € R, (2.12)

and »
0] < e k(14 t) 7", for every t € R, (2.13)

It follows that @ijk and its derivative belong to L!(R) N L?(R).

We have now all the ingredients needed to recall the main results of [4], which are our
starting point. The following theorem corresponds to Theorems 1.5 and 1.7 in [4]. It provides
strongly consistent and asymptotically normal estimators for the unknown parameters o and
H of HFSM. These estimators are built through empirical means of logarithms of some |Y} x|’s.
Thus, in the present article, they are called the logarithmic estimators.

Theorem 2.4 ([4, Theorems 1.5 and 1.7]). For every m € N, one sets

m
a, log, ‘= Z <10g2 |Y1,2p—1] — logy \Y2,4p—1\> (2.14)
and
~ 1 m
Hi,log, = — > (logz [Y2,2p-1| — log, !Ysz—l!) ; (2.15)
p=1

where Yy is defined through . Then, the following results hold.

(i) an;}logQ and Hp,1og, are strongly consistent (almost surely convergent) estimators respec-

tively of the inverse o' of the stability parameter o and of the Hurst parameter H.

(ii) For all m € N, the random variable Dy 10g, is defined as

Dl ;m,logy = G(max{am logs , }) 1/2( m,logy, ™ H), (216)
where the function G is defined on the interval 271, +00) by

-1/2 /6 (2)
/11282

with Wg-1 a symmetric stable random wvariable with stability parameter B~ and scale
parameter o = 1.

G(B) == <2Var(log2 |W571\)) (2.17)

Then, when m goes to +o0, the random variable D1 m 10g, converges in distribution to a
random variable having a N'(0,1) Gaussian distribution.

(iii) For all m € N, the random variable Da , 1og, i5 defined as

D2 ,m,logy = G(max{am log,’ 1}) 1/2( mlog2 — Oéil). (218)

Then, when m goes to +oo, the random variable Da p, 10g, converges in distribution to a
random variable having a N'(0,1) Gaussian distribution.

6



Remark 2.5. Basically the quantity G ( max{am logy? 2 -1 }) in - and ([2.18)), plays the role

of an asymptotic normalization factor, since it has been shown in [4] that, when m goes to +oo,
the two random variables m!/2 (Hm,log2 — H) and m!/2 (@ﬂ_%llogQ — a_l) converge in distribution
to a same centered Gaussian random variable with variance equals 2 Var(logy [Wa|). It is
noteworthy that, despite the fact that these two random variables play different roles, they
have a same asymptotic variance which depends only on the unknown parameter o and not on

the unknown parameter H.

The following theorem, which is in fact Theorem 1.8 in [4], shows that, when a bit knowledge
on the positive lower bound of the range of the unknown stability parameter o of HFSM is
available, then other strongly consistent estimators for it and the Hurst parameter H of HFSM
can be constructed through sums of random variables |Yj ;| raised to certain power . Thus,
in the present article, the latter estimators are called the power estimators.

Theorem 2.6 (|4, Theorem 1.8|). One assumes that o € [, 2], where the lower bound o € (0, 2]
is known. Also, one assumes that v € (0,4 'a) is arbitrary and fived. Let (mj)jen be an
arbitrary non-decreasing sequence (that is mj < mji1, for all j € N) of integers larger than 2
which satisfy the condition

m; > j, foralljeN. (2.19)

For all 5 € N, one sets
(2.20)

me:jl ‘Y2,2p—1‘7>

Z;n:jl Yi2p-1|

St Yaopa|”
ali=~y1 11 P : 2.21
Qjy =7 < 082 ( p:1 }},17217_1‘ (2.21)

(i) ﬁjﬁ is a strongly consistent (almost surely convergent) estimator of the Hurst parameter
H of HFSM.

H;. = 7~ log, <

and

(ii) Under the condition

lim log, <m]~+1> =1, (2.22)
s

Jj—+oo j

62;71 is a strongly consistent (almost surely convergent) estimator of the inverse a~! of

the stability parameter o of HFSM.

In order to state a Central-Limit Theorem for the estimators in (2.20) and (2.21)), we use
the following remark.

Remark 2.7. Let a € (0,2] be as in Theorem and W, be an arbitrary real-valued SaS
random variable with scale parameter equals to 1. Let also v be arbitrary and such that

o
2.2
0<y< % 12 (2.23)
Then, for every (H,a™') € [0,1] x [27%,a™ Y], one can set
E(|Wal?) (1 = 2¢(H + a~1))"/?

C (Var((Wa )21 = y(H + 1))

7



According to Remark 1.9 in [4], the positive function F, can be explicitely expressed in terms
of the Gamma function and is continuous on the compact rectangle [0,1] x [271, a7 1].

Strengthening condition (2.22]) when dealing with the estimation of the stability index, [4]
obtains the asymptotic normality of the power estimators introduced in Theorem [2.19

Theorem 2.8. Let o be as in Theorem and let v € (0,47 ) be arbitrary and such that
holds. Let (my j)jen and (maj)jen be two arbitrary non-decreasing sequences of integers
larger than 2 which satisfy the condition . Also, one assumes that (ma ;)jen satisfies the
following strengthened version of the condition :

log, (”Z;“) - 1' = 0. (2.25)
7]

Ii AN1/2
i (ms)

For each j € N, one denotes by I:ﬁ,jﬁ the estimator of H of HFSM defined through
with mj; = mq j, and one denotes by 622_7].177 the estimator of a~' defined through with
m; = maj and mjp1 = mojy1. For all j € N, one sets

Dl,j,'y = 2_1/2 ( 10g(2))’)/F7 (7’1 (ﬁldﬁ)? 72(&2_7}77)) (mlyj)l/Q (ﬁ17j7’7 - H) (226)
and
Dy = (2/3)Y2 (108(2)) v Fy (1a (Hi g ), m2(@5 1)) (g ) /2 (a;,j{7 - a—l), (2.27)

where F, is the positive continuous function on [0,1] x 271, a™1] defined in ([2.24)), and 71 and
To are the two continuous "truncation” functions defined, for all x € R, as

71(z) := max {0, min {z, 1}} and T2(x) := max {2_1, min {x,g_l}} . (2.28)

When j goes to +oo, the two random variables D1 ;. and Da j~ converge in distribution to a
random variable having a N'(0,1) Gaussian distribution.

In order to define discretized versions of the logarithmic and the power estimators introduced
in Theorems [2.4] and 2.6 respectively, we assume that we observe a single trajectory of an HFSM
on dyadic numbers. Our strategy in the current paper strongly relies then on the following
approximation of the random variable Yj .

Definition 2.9. For every n € N, the random variable an,;T" is defined as the finite sum:

n,Tn 1 =
Yj,k = ontly Z X(dn,m)%,k(dn,m) (2.29)
|m|<2nT,

—H-1/a 1 idny = —~
= | [l G X (@ )bl | ) |

|m| <27 T,
where (T}, )nen is a non-decreasing sequence of positive integers which satisfy, for some ¢ € (0, 1],

T, > 2", forallneN, (2.30)

and where, for each (n,m) € N x Z, the dyadic number d,, ,,, := 27" m.

8



One mentions that for the discretized logarithmic estimators, which will be precisely defined
in Section |3} the size m of the empirical means in and will depend on n. Also, one
mentions that for the discretized power estimators, which will be precisely defined in Section
, the sizes m; and mj;1 of the sums in and will depend on n as well. Then, the
asymptotic properties of the discretized logarithmic and power estimators will be studied as
n tends to oo, and so when the number E| vy, = 21T, of the observations {X(dypm); dnm €
[~T,,,Ty]} tends to +oo. This leads us to introduce some subsequence (4 )nen.

Remark 2.10. One denotes by (un)nen an arbitrary non-decreasing sequence of positive in-
tegers such that

n < iy, < 2772

5 = < , forallm >4, (2.31)

and

lim 10820m) _ (2.32)

n—-+4oo n

Consequently, for any fixed real number a > 0, one has that

lim 27""p, =0. (2.33)

n——+o0

A typical example of such a sequence (p,)nen is given by
JUES Plogz(n"“)J, for all n € N, (2.34)

where |-| denotes the integer part function.

3 Logarithmic estimators

The goal of this section is to derive the following two theorems which provide discrete versions
of the logarithmic estimators introduced in Theorem

Theorem 3.1. The fixed integer ng > 4 is the same as in Lemma below. We define, for
all integer n > ny,

Hn

TL,Tn naTn
Z (10g2 ‘Y1,2p—1‘ — log, ’Y2,4p—1’> (3.1)
p=1

~—1,dis ,__ i
n,logy T Lin
The following two results hold.

(i) an‘l{;gj is a strongly consistent (almost surely convergent) estimator of the inverse a™! of

the stability parameter o of HFSM.

(ii) For all n € N, the random variable D§* is defined as

27”710g2
lis . ~—1,dis —1 1/2 (~—1,dis —1
Dgﬂylogz T G(max{an,log2 ;2 })Iun/ (Oén,log2 - )’
where the positive bounded C* function G is as in . When n goes to +oo, the
random variable Dg" log, COTVETgES in distribution to a random variable having a N'(0,1)

Gaussian distribution.

!Observe that one does not take into account the observation X (0) since it always equal 0.



One can introduce, in the same vein, a discrete estimator for the Hurst parameter H of the
HEFSM.

Theorem 3.2. The fixed integer ng > 4 is the same as in Lemma below. We define, for
all integer n > ny,

7T dis 1 — Tn Tn
g, = o | D (Tosa V3570 — Tosa V5741 | (3:2)
p=1

The following two results hold.

(i) H fjffogQ is a strongly consistent (almost surely convergent) estimator of the Hurst parameter

H of HFSM.

(it) For all n € N, the random variable Di% . is defined as

1,n,logy * n,logy n,logy

Dy = G(max{a_l"”s 271});#/2(/\d” H),

—1,dis
n,log,

able D{* log, COMVETGES in distribution to a random variable having a N'(0,1) Gaussian

distribution.

Remark 3.3. The rate of the central limit theorems in Parts (ii) of Theorems and is
given in terms p,. It is worth mentioning that, when one takes, for all n € N, T}, := 27!
and pu, as in , this rate can also be expressed in terms of the number of observations
v = 2T7,2" = 22", Indeed, for such a choice of the sequences (T}, )nen and (fin )nen, one clearly
has, for all n € N, that n = 27 log,(v,,) which entails that

where G and @ are as in (2.17) and . When n goes to +00, the random vari-

iy = Lv(210g2(21log2(vn)+1))_lJ

Before digging into the proofs of Theorem [3.1] and we first notice that in order that the

. ~—1.di ; . .
estimators @, 10’21: and g‘iOgQ in them to be almost surely well-defined and finite, each random

variable Y;l,;T" in (3.1) and (3.2]) should be almost surely non-vanishing, which is the case if
and only if its scale parameter U(an,;T") does not vanish. The following lemma provides a weak
sufficient condition for the latter fact to be simultaneously true for all those random variables
an,;T”, provided that n is large enough.

Lemma 3.4. Assume that the continuous function 15 in (2.7) satisfies 12(0) > 0 and let a fixed
integer ng > 4 be such that

min  ¥(t) > 0. (3.3)
t€[0,27 0]

Then, for all integers j € N and n > ng, one has

: n,Tp
| Jpin o(Y;57") > 0. (3.4)

Therefore, with probability 1, none of the values of any one of the Sa.S random variables YﬁTn,
with ] €N, n>ng and 1 < k < 4y, is equal to 0.

10



Remark 3.5. Observe that in the case where the function 1 is given by (2.5)), according to
(2.6, one can simply take ng = 4.

Proof. of Lemma @ Suppose ad absurdum that there are some integers j; > 1, ny > ng > 4

and k1 € {1,...,4uy,, } for which O'(Y;?lk?nl) = 0. Then, it results from (2.29) and (2.1]) that

. = e}
LI S (et < 1), ()| =0,

Im| <271 Ty,

which implies that

Z (eidnl’mg - ]');Z/jl,kl (dnl,m) = O’ for all 5 R

Im|<2M1 Ty,

Since the continuous functions (e®1:m() — 1), m € {=2™MT,,,...,2m T, } \ {0}, are linearly
independent, one gets that

~

le,kl (dnl,m) =0, forevery m e {-2"MT,,,...,2MT, }\{0}.

In the particular case m = 1, using (2.11)) and d,,, 1 = 27", the latter equality can be expressed
as
cos(27 M ey )eh (271 M) = 0. (3.5)

The equality (3.5) cannot hold. Indeed, since j; > 1,77 >4 and 1 < k; < 4p,,, one knows from
[2.31) that 0 < 2771~ )y < 227™1y, < 1 and consequently that cos(277/1"1k;) > cos(1) > 0;
combining the latter inequalities with the inequalities j; > 1, n; > ng and (3.3)), one gets that

~

cos(2771 Mk )h(27717™) > cos(1) [min ]w(t) > 0.
t€[0,27m0

O

Remark 3.6. Proving Theorems and [3.2] reduces to show that Theorem [2.4] remains valid
when & M_nl’logQ and H,,, 1o, are replaced by an_’ 110’;; and HgijOgQ. Thus, in view of (2.33]) and of
the fact that G is a bounded C*° positive function, it is enough to show that, for some positive

deterministic real number a, one has almost surely

. o~ ~ —1.dis
lim 2™ 1 — ’
n— 400 ‘ Hn;logy n,logy

=0 and  lim 2" H,, j0s, — %, | =0.  (3.6)

n—+00 n,logy

Notice that, in view of (3.1]), (2.14)), (3.2]) and (2.15)), one can obtain (3.6 by proving, almost

surely, that

lim 2"%|A,~A,| =0 and lim 2"|A/-A/|=0 and lim 2"*|B,~B,|=0 (3.7)
n——+oo n—+o0o

n—+oo

where

1 Hn _ 1 Hn
Ay = — ZlogQ Yi2p—1| and A, = . ZlogQ |Y17?ézﬁl|, (3.8)

" p=1 " p=1

11
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1

Ay 1= =) logy [Yap-a| and — Zlog2 Y230l (3.9)
n p=1
1 on T

B, = o > logy [Yaup-1] and — Z logy [Y5',™ 1 - (3.10)
n p:1

The global goal of the rest of this section is to establish that the first equality in holds;
the two other equalities in it can be obtained in the same way, this is why we skip their proofs.
In order to reach this goal, we need several preliminary results.

Our next aim is to show, when n goes to +oo, that Yn Tn s almost surely convergent to
Y, uniformly in & € {1,...,4u,}, and to estimate the rate of convergence. To this end, a

very fundamental ingredient is the following lemma, which improves and generalizes Lemma 2.8
in [4].

Lemma 3.7. Let (j,k) € N2 be arbitrary and fized, for each n € N, the SaS random variable
R;’kT" is defined as
n, Ty
RN,€ =Y " =Yk (3.11)

Then, there is a finite constant ¢ > 0, which does not depend on n and k, such that the scale
parameter U(R?’,;Tn) satisfies

o(R}™) < ckmax {277, 7, (=AU (3.12)

where the integer L > 2 is the same as in (2.4).

The following proof adapts that of Lemma 3.3 from [4]. Definition (2.29)) introduces an
additional term to control and the role of T, equal to 2" in [4], must also be taken into
account.

Proof. Let (j,k) € N? and n € N be arbitrary and fixed. Combining (3.11)), the second equality
in (2.29) and (2.8)), the SaS random variable R;LkT" rewrites as

nTn _ </ €|~ H- 1/a< Z 2—n(€z’dn,m§_1)$j’k(dn7m)_ij7k(§)> dﬁa(§)>

Im|<2n T,
_&e</|§! —H 1/a<

n,m+1 i) ~ ——
Z / drmd )¢j,k(dn,m) dt — 77/}],16(5)) dMa(f)) :
Note that (2.9), the fact that ¢ is an even function, and (2.3|) imply that

m|<2n T,
D p(0) = 20(k) =

12



nTn

Therefore, applying the inverse Fourier transform, R can be expressed as

n,m+1 ~
R;L,’an — (/ E —H- 1/a< Z / zdnmﬁ )@ij,k(dn,m)dt

m|<2nT,
_% / (et — 1)$j7k(t) dt) dﬁa(§)>

- (/\fl H- 1/a< Z /dnm+1 pitdnmé _ )@%k(dmm)_@k(ﬂ) dt

Im|<2nT,

n,m-+1

+ > / 'n’mﬁ—e"tf)%k(t)dt

Im|<27Ty,

—/ 1) (1) dt) dﬁa(§)>-
{tg[-Tn.Tn27"))

Thus, by (2.1] @, one obtains that

(B = S ) (Fraldan) - a0 a
Im|<2n T,
(3.13)
+ > /nm+1 'nmg—eitf)qjjﬁk(t)dt
Im|<27Ty,

~

(e — 1), (1) dt i de.

/{ti[_TannJ"Qn)}
Then, combining (3.13) with the triangle inequality and the inequality |a+b|* < 2%(|a|*+[b|*),

for all complex numbers a and b, and using that QZM is even, one gets that

T, Ln\ o 4a n i3
o(Rj;")" < — (T + W + Vi) (3.14)
where
2 Tn n,m-+1 -~ ~ “
= / [ (Z / |e/dnmé — 1] wj,k(dnvm)—wj,k(t)‘ dt) e, (3.15)
Hot [ [ommt = i
ik :—/\ﬁl “ Z/ |einm=DE 1|4 (8)] dt | dE (3.16)
and

i :_/yg\ —aH— 1(/ \eltﬁ—lﬂzp]k )\dt) d€. (3.17)

Let us first bound Z/I;fk. In the following, we will use the classical inequality:

e — 1| <min {|0],2}, forall § € R. (3.18)

13



3 n
We split I/{j’ & as
n __ a0 n,l
gk = U + Uk,
where

2™ Ty

dn,m+1 ~ a
g ::/ o / i(dnm=¢ 1|3 (1) dt | d 3.19
7 Jygeam (ﬂ; .l 1956 0)] 3 (3.19)

and

27Ty dn,m+1
nl —aH-1 ’
e
{lg1>2"} —

> / | e/ m=0E _1]|4h. ()] dt) de. (3.20)
m=0 */ dn,m
On one hand, combining (3.19)) and (3.18)), one gets that

0 (1-H)—1 L fhnmt o i
W < ([ e dé)( L = dunl 95400 dt)
e ([ S L b )
2T, dnym+1 ~ o
< 2(1—H)na (Z/ ’t_dn,m‘}¢j,k(t)’dt)
m=0 n,m
where ¢; = a(le). Then, since

|t —dpm| <277, forall (n,m)eNxNandte|dym,dnmsi]

applying inequality (2.12]) one gets that
o~ (0%
Wi, < ezl </R ol dt> <27 (3.21)
+

where the finite positive constant co does not depend on n and k. On another hand, combining

(3.20) and (3.18]), one obtains that

2" T

dn,m+1 ~ @
> le,mdt)
m=0 "~ “n,m

2¢ gfaHfl df) (

</{|£>2n} | —

A —aH—1d < it‘ ; dt)oz.
</{|£>2n} €l 5) /]R+ k()]

Then inequality (2.12]) implies that

n,l
uj,k

IN

IN

W < ez2 A, (3.22)

where the finite positive constant c3 does not depend on n and k. Finally, combining ((3.21))
and (3.22)), one derives that

=W Uy < el (3.23)

14



where the finite positive constant ¢4 does not depend on n and k.
Let us now bound ank We split it as

n n,0 n,1
j7k = V]7k + vj7k7
vgﬁf ;:/ |5|—aH—1</ |eit§—1H1,Zj7k(t)}dt> d¢ (3.24)
{1€1<1/Tn} T

s wH_l( et - 1)1%, d>ad. 3.25
T /{I£>1/Tn}‘£| /Tn e [0 (t)| dt ) dE (3.25)

Next, notice that using (3.18)), for every e € (0,1) and for every (¢,&) € R?, one has

where

and

€16 — 1 = [eE — 1[Ffei — 1177 < 2¢gf e, (3.26)

Let 7 € (0,1 — H) C (0,1). Combining (3.26) with ¢ = 7 and (3.24]), one gets that

Vo< T (/ |€|“‘1¥H)1d§> </ t”\%,k(t)\dt>
lel<1/Tu} T,

[0}

< ¢ Tn—(l—?—H)a </ tl—? ‘ij,k(t)} dt) 7

n

21+7~'a

where c5 = ETgE= o Then, since L+ 7 — 1> 1+ 7 > 1, the inequality (2.12)) implies that

[0}

(o, ¢]
Vi < T, 1T e (/ (1+ t)_(L+T_1)dt>
< Ty EmimHe (3.27)
where cg and c¢7 are two finite positive constants which do not depend on n and k.
Moreover, putting together (3.18]), (3.25) and (2.12)), one obtains that
1 >z “
i< ([ et ) ([T ol ar)
{1€1>1/Tn} Ty
(o) o
< ey THe (/ (1+1)" dt>
< o Ty EmimH)a (3.28)

where the finite positive constants cg and cg do not depend on n and k. Finally, combining

(13.27) and (3.28]), one derives that
= Vi Vi < e T, e (3.29)

where the finite positive constant c1g9 does not depend on n and k.

15



Let us now bound 7;”k We split it as

0 1
T =T + T

)

where
, o A LI g ~ ~ @
T = / ger (S / [eidnmé 1] wj,kun,m)—wj,k(t)‘ dt| de (3.30)
’ {lel<1y =0 dn,m
and

1 ool 27T, dn,m+1 »
Tt [ e (3 [ e <]
{lel>1} = i

Applying (3.26) with ¢ = dy, ,, and € = 7, Taylor formula and (2.13)), one gets, for all £ € R,
for every (n,m) € N x N and for every ¢ € [dy, m, dnm+1],

%(dn,m)—%,k(t)\dt) de. (331)

et -1

B () — ?Ej,k@)\

Jj,k<dn,m>—$j,k<t>\ < e[ T

t
< o[ Tl /d

0 (1) e

IN

t
27¢j 1, k\§|17/d dyn(1 +u) "L du

o~ ~ t —~
27¢; 1 k\§|17/ (1+u)" L du,

dn,m

IN

where the last inequality follows from the fact that, for all u € [dy m,t], one clearly has that
d}fn; < u!™™ < (14 u)'"". Then combining the previous inequalities and (3.30) and using
Fubini-Tonelli Theorem, one derives that

27Ty dn,m+1 t - “
T < enk® 2/ / (14w Ldu|dt
m=0 n,m dn,m

QnTn dn,m+1 - «
< k(Z / <dn,m+1—u><1+u>1—T—Ldu)
m=0 n,m
S 6122—no¢ka’ (3.32)

where

11 = 2?0&6‘?1/ (/ ‘§|04(1*:F7H)71 dé‘) and Cc12 = €11 </ (1 _’_u)l*?fL du>
{l¢I<1} R

are two positive finite constants not depending on n and k.
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Let us now fix 7 € (0,H) C (0,1). Applying (3.26) with ¢t = dy, ,», and € = 1 — 7 and using
arguments similar to that which have allowed to obtain ([3.32)), one derives from (3.31)) that

2™Ty,

dn,m+1 ~ ~ @
7—]'4’1]%1 < 9(1-7)a / |€’—a(H_7-)—1d§ Z/ d;m ¢j,k(dn,m) _wj,k(t)‘ dt
2’“«Tn dn,'m+1 @
c14k® Z / dy (dpmy1 — u) (1 + u)fL du
m=0 n,m

QTLTn dn,m+1 @
c1427 "k (Z / dp, (1 +u) ™" du)
m=0 n,m
2Ty dn,m+1 @
< 27k (Z / (1+u)™ L du>
’I’TL:O mn,m

< 1427k, (3.33)

IN

IN

where the two constants

Cl4 1= Q(I_T)O‘cﬁL </ £|_Q(H_T)_1d£> and c15:= ci4 (/ (1+ u)T_Ldu>
{lgl>1} R,

are finite since L — 7 > 1 and H — 7 > 0. Then, combining (3.32)) and (3.33)), one gets that

T =T+ T < cig2 "k (3.34)

Finally, putting together (3.14)), (3.23), (3.29) and (3.34), it follows that (3.12) is satisfied. O

The following lemma provides, for all k € {1,...,4u,}, the almost sure uniform convergence
of Y;.”,;T” to Y}, when n goes to 400, as well as an estimate of the uniform of convergence.

Lemma 3.8. Let L > 2 be the same integer as in (2.4). Let j be an arbitrary fized positive
integer and let T and T be arbitrary fixed real numbers satisfying

0<7<H and 0<7T<1-—H. (3.35)

Then, there exists a positive finite random variable C}:j(T, T) such that one has, almost surely

for alln € N,

sup |V — anan‘ < Cp(7,7) max {2777, T,L_(LJF?_Q)}, (3.36)
1<k<4pn,

where (in)nen belongs to the class of admissible sequences introduced in Remark [2.10

Proof. One knows from Lemma [3.7] that there is a finite constant ¢; > 0, which does not
depend on n and k, such that

o(Yr — YJZQT”) < ¢p kmax {27 7 (E-H-D (3.37)

17



Let v € (0,«) be arbitrary and fixed. One denotes by W an arbitrary real-valued SaS ran-
dom variable with scale parameter equals to 1. It follows from standard calculations, Markov
inequality and (3.37) that, for all (j,n) € N,

P( sup |V, — ”T"‘ > max {2777 T;(L+F_2)})
1<k<dpin

1<k<4pn ’

< (max {2—”777 Tn—W(L+?—2)}>71 IE( sup ‘Y]k — Yj?,;T" ‘7)

1<k<4pp
1 Apn
< <maX{2—n’yT7T Y(L+7— 2 ) ZE(‘Y, YnTn‘ )
- _q 3
_ E(‘W"Y)(max fom, Tn—'Y(L-i-T—Q)}) Z o (YVik — Yj?éTn)V
k=1
< cout ™ ( max {2777, T E+T=2) }) o max {27 T == }, (3.38)

where ¢ 1= 4117¢] E(JW|7) is a positive finite constant. In the sequel, one sets
b, := max {27"7(H77),T{7(17H7;)}, for all n € N.
Observe that

max {Q*MH, T,;'Y(L*H*I)} < b, max {27777, T,;W(L‘L;J)}, for every n € N. (3.39)

Moreover, one knows from (3.35)) and (2.30) that there exists € > 0 such that

b, <27 forall n € N. (3.40)

Putting together (3.38)), (3.39) and (3.40), it follows that, for every (j,n) € N2,

1<k<dpn :

Then, one can derive from (2.33) that

Z]P’( sup Y" T”‘ > max {27"T,T,:(L+;72)}) < 400.
1<k<4u,
Thus, applying Borel-Cantelli Lemma one gets (3.36]). O

Let us now recall Lemma 3.2 from [4] which will be useful in the sequel.

Lemma 3.9. [{, Lemma 3.2] For all (j,k) € N2, the scale parameter of the real-valued Sa.S
random variable Yj . (see (2.7) and (2.8)) satisfies

iH+1/cx o ’7/’(77)’& e
o(Yjr) =2 /4_1(77+kw+1d77 ’

18



which clearly implies (see (2.3)) that

[ oy 2PV (K + gty ) (3.41)

< (Vi) < ]l o (ry 270 (e — a1y~

ol = ([ 1ol ) = ([ pmpan) ™

Now, we need to introduce some additional notations.

where

Definition 3.10. For any arbitrary fixed 6 € (0,+0c0) and for all n € N, the four random
variables Ag ,(0), A1,,(6), Aon(6) and A; () are defined as

1 :u'n
Apn(8) = — Y (logy |Y1,2p-1])1 (I¥i01]<2- 50 (¥h.2p 1)} (3.42)

" o1

Hn

1
Al’n(é) = 7 ; (10g2 |}/1’2p71|)Il{|Y1,2p71|>27"50'(yl,2p71)}7 (3'43)

_ 1 Hn T
Ao,n((S) = ; Z (10g2 Dﬂ,Qp—lD :ﬂ{|Y1,2p71|§27n60-(yl,2p71)}7 (344)

n p:1

and
Hn

e 1 n, Ty
Al,n(é) = ; Z (10g2 |}/1,2p—1|)]1{|y1,2p71|>27n50(y172p71)}' (3'45)

(—
Observe that, it easily results from (3.8)) that, for all § € (0, +00), one has
Ap = Agn(0) + A1n(8) and A, = Ag,(8) + Ay n(6). (3.46)

The following two lemmas show that, when n goes to 400, the two positive random variables
|A07n(5)‘ and ’Aom(é)‘ converge almost surely to zero at a geometric rate which depends on 4.

Lemma 3.11. For each fized 6 € (0,400), one has almost surely

lim 2" Ao, (5)| =0, forall6 € (0,5).

n—-+o0o

Lemma 3.12. For each fized 6 € (0,+00), one has almost surely

lim 2”9}110,”(6)‘ =0, forall® e (0,9).

n—-+oo

Proof of Lemma|3.11] First observe that, one knows from Borel-Cantelli Lemma that for prov-
ing Lemma it is enough to show that, for any arbitrary fixed e > 0, the following is true:

“+oo
D P(2") Ao (8)] > €) < +oc. (3.47)
n=1
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Moreover, since, for all n € N, one has
]P(2n0’1407n(5)‘ > 5) — P<2n9/2|AO,n(5)’1/2 > 51/2>,
thanks to Markov inequality, it turns out that (3.47) can be obtained by showing that
+oo
3 2“9/21@(\1407”(5)}1/ 2) < to0. (3.48)
n=1
From now on, our goal is to provide, for all n € N, an appropriate upper bound for the

expectation E(‘Ao,n(é)‘l/ 2), which allows to get (3.48)). Using (3.42)), the triangle inequality,
the inequality

n 12 X 179
<Z|xp\> SZ‘%‘ /2. forallmeNand z1,...,2, €R, (3.49)
p=1

and Cauchy-Schwarz inequality it follows that

1/2 -1/2 S 1/2
E(‘Ao,n(éﬂ ) =, "°E ‘ Z (10g2 |Y1’2p_1|)]1{\Y1,2p—1|§2_”5U(Y1,2p_1)}‘
p=1

Hn 1/2
~1/2
<y E((Z}logz ’}/1,219—1"]l{|Y1,2p71‘§27n60.(Y172p71)}> )

p=1

Hn
< 1?3 E([logy [Yigpal|? 1
= Uy, 1 089 [ ¥1,2p—1 {IYl,zpfl\§2*"50(Y1,2p71)}

p:

Hn 1/2 1/2
<23 (Bllogy [YVigpal])  (P(Mizpa] €270(Vizp)) (3.50)

p=1

Recall that, one knows from Lemmathat, for every p € N, one has o(Y7,2p—1) > 0. Also, one
knows from Remarkthat, for each p € N, the real-valued random variable Y7 2p—1/0 (Y1 2p—1)
is SaS with scale parameter equals to 1. In the sequel, one denotes by W an arbitrary real-
valued SaS random variable with scale parameter equals to 1. On one hand, since W has a
continuous bounded probability density function over the real line, one has, for some positive
finite constant c¢1, not depending on p and n,

]P’(]YLQP_ﬂ < 2*”50(}’1721)_1)) = ]P’(|W] < 2*"5) < 012*"5, for all integers 1 < p < p,. (3.51)

On the other hand, one can derive from the triangle inequality and (3.49) that, for all integers
1<p< g,

1/2

1/2
(o ¥iap-al]) " = ([0 [ + o (o¥iap-0) )

1/2
< (E’ logs [W|| + | log, (O-(Yl,prl)D

1/2
< (E\ log, |W|\) + [ logy (o(Yigp-1))] "> (3.52)
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1/2
Next, setting cp := 01/2 (]E‘ log, ]WH) and putting together (3.50), (3.51)) and (3.52)), one
obtains, for all n € N, that

E(‘Ao,n(5)|l/z> < ¢y M}/? 9—né/2 + 61/2 2_n5/2ﬁ‘;1/2 Z } log, (O'(Yl,Qp—l)) ‘1/2’ (3.53)
p=1

Next notice that (3.41)) implies that there exists two finite constants 0 < c3 < ¢4 such that, for
all p € N one has
es(p+ 1)1V < o(Vigpo1) < calp+ 1)V, (3.54)

Thus, setting ¢ := | logy(cs)| + |logy(ca)| + H + 1/, one can derive from the second inequality

in (3.54) that
logy (0(Y1,2p-1)) < logy(cs) — (H +1/a)logy(p +1) < c5logy(p + 1), (3.55)
and one can derive from the first inequality in (3.54)) that

—logy (0(Y1,2p-1)) < —logy(cz) + (H + 1/a)logy(p + 1) < es5logy(p + 1). (3.56)

Then, combining (3.55)) and (3.56)), one gets, for every p € N, that

|logy (0(Y12p-1))| < cs5loga(p+ 1),

and consequently that, for all n € N,

Hn
— 1/2 1/2
23 togy (0(Y1.2p-1)) | < o3/ (logs (n + 1)), (3.57)
p=1
Finally, since 6 < 0, it results from (3.53)), (3.57)) and (2.33) that (3.48) holds. O

For proving Lemma one needs the following two lemmas. The first one of them is
basically a consequence of Lemma

Lemma 3.13. Let L > 2 be the same integer as in (2.4)).

(i) When a € [1,2], there exists a finite constant ¢ > 0 such that, for all n € N,

<su<p ‘a(YLgp,l) — U(Yfgzil)’ < iy, max {2_”H, Tn_(L_H_l)}. (3.58)
1<p<pn

(11)) When o € (0,1), there exists a finite constant ¢’ > 0 such that, for all n € N,

sup  |o(Y1,2p-1)" — U(Yfi}il)a‘ < ' max {2_"°‘H, T,L_O‘(L_H_l)}. (3.59)
1<p<pn

Proof. One knows from ([2.8)) and (2.29)) that, for all positive integers n and p, one has

Yigp1 = R( /R Fy€)dMa(€)) and ¥, = R /IR FR(€)dMa(€) ).
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where the functions F}, and F} belong to L%(R). Thus, it results from (2.1)) that
o(Yi2p-1) = [[Fpllow): o(Mop-1) = 1 F lLery and o(Yiop1 = Y19, 1) = [[Fp — Fjl | Loqm)-

When a € [1,2], using the inequality |||Fyllem®) — | E )l Lo@)| < 1Fp — Fotll Loy and (312),
one obtains ((3.58)).

When a € (0,1), using the inequality |[|Fy[|Fa @) = 15 | Fo @ | < 15— F I Fa g and (-12),
one gets (3.59). O

Lemma 3.14. There are a positive integer ni and two finite constants 0 < ¢1 < co such that,
for all integers n > ny and 1 < p < py,, one has

cilp+ 1)~V <o (V) < eolp + 1) TH (3.60)

Proof. First we suppose that o € [1,2]. Let c3 and ¢4 be the same positive constants as in
(3.54)); thus one has, for all integers n > 1 and 1 < p < py,,

cs(p+ 1)7H71/a < U(Yfégzl) - (U(Yf?é:;zl) - U(Y1,2p—1)) <calp+ 1)7H71/a
and consequently that

— Sup |U(Y1,2p71) - U(Y{,Lézg)’ +c3(p+ 1)_H_1/a
1<p<pin

<ot S e+ )74 s oY) - o (V)|
SPSHn

Then, one can derive from (3.58)) that one has for some finite constant c; > 0 and for all integers
n>1land 1 <p< pup,,

— C5 Up Max {2_nH, Tn_(L_H_l)} + Cg(p + 1)_H_1/04 (361)
=< U(Yfé?il) <ealp+1)7HVY 4 o5, max {270 (oD

Next, observe that, since L > 2 > H + 1, one knows from (2.30) and (2.33]) that

Hm (g + 1)FFY g, max {278 7 (L=H=D1 — ¢,

n—-+o00

Thus, there exists a positive integer n} such that, for all integer n > ny,

C5 [y, MAX {2_”H, Tn_(L_H_l)} < 27 min{es, eq}(pn + 1) "H 7V, (3.62)

Next, combining (3.61) and (3.62)), it follows that, for every integers n > n} and 1 < p < p,,
one has

(1/2)es(p+ )77 < o(V50) < (3/Dealp+ )7,

which shows that (3.60) holds.
Let us now suppose that « € (0,1). Using (3.54), one has, for all integers n > 1 and

1<p< pp,

G+ 1) <o (V5 ) = (05 )" — o(Yigp-1)®) < cf(p+ 1)~
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and consequently that

— sup |o(Yigp—1)® — o (V5hr )] + c5 (p + 1)@
1<p<pn

T —aH-— I,
< O-(YVITTprl)a <cip+1) of=l 4 1<SU<P ’0(Y1,2p71)a - U(Y{,szﬂ)a‘-
<p<pin

Then, one can derive from (3.59) that one has for some constant cg > 0 and for all integers
n>1and 1 <p< py,

— Cg [y, max {2_"0‘H, T,Z_O‘(L_H_l)} +c§(p+ 1)L (3.63)
< o (VP50 )0 < e(p+ 1)1 + g pf max {27, T DY

Similarly to (3.62)), it can be shown that there exists a positive integer nf such that, for all
integer n > nf,

C6 [y, MAX {2_"°‘H, T,Z_O‘(L_H_l)} < 27 ' min{c§, ¢} (un +1)7H 1 (3.64)

Next, combining (3.63) and (3.64), it follows that, for every integers n > nf and 1 < p < p,,
one has

(1/2)e (p+ )™ < o (Vig)" < 3/ (p+ )7
which shows that (3.60) holds. O
Let us now prove Lemma [3.12]

Proof of Lemma[3.12 One sets ny := max{ng, n1 }, where the integers ng and n; are the same
as in Lemmas and By using similar arguments as those in the beginning of the proof
of Lemma it turns out that for proving Lemma it is enough to show that

f 272 (| Ao (8)]'"*) < +oo. (3.65)

n=ngy

Moreover, by using (13.44)) and arguments similar to those which have allowed to obtain (3.50)),
it can be shown, for all integer n > no, that

Mn
E(|A0a0)]") < 12 (Elog 7501 11) (B V12| < 270 (¥ip)))
p=1

Therefore, (3.51)) implies that
T 1/2 1/2 5—ns/2, —1/2 - n,Tn 1/2
E([Aon(0)]"?) < e/ 27222 3 (B[ logy [V511]]) (3.66)
p=1

where the finite constant ¢; > 0, not depending on n, is the same as in (3.51]). Next, thanks to
(3.66) and (3.4), similarly to (3.53) it can be shown that

Hn
E(|Aon(@)]"*) < coplf? 27002 4 /2 27000212 37 1ogy (v ) [V2 (3.67)
p=1
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where the finite constant ¢y > 0, not depending on n, is the same as in (3.53). Moreover, by
using Lemma similarly to (3.57)), it can be shown, for all integer n > ng, that

Un
1723 [togy (o (V5 ))|M? < es ul/? (logy(un + 1)) V2, (3.68)
p=1

for some finite constant c3 > 0 not depending on n. Finally, since § < §, combining (3.67)) and
(3.68) with (2.33)), one obtains (3.65)). O

We are now ready to prove Theorems [3.1] and

Proof of Theorems and[3.9 .
As already mentioned in Remark in order to show that the two equalities in (3.6]) hold

almost surely it is enough to prove that the three equalities in are valid almost surely;
in the sequel, we only give the proof of the first one of them since those of the two others are
similar.

Let ng be the same positive integer as in Lemma|[3.4] and let a be an arbitrary fixed positive

real number satisfying
a <2 'min{H,{(1 - H)}, (3.69)

where ¢ € (0,1] is the same as in (2.30). Then, the positive real number ¢ is defined as
e=2"12""min{H,((1 - H)} — a). (3.70)
Using with § = a 4+ € and the triangle inequality, one obtains, for all integer n > ng,
27| A, — Ay | < 2" Aop(a + )| + 2" Agn(a+e)| + 2" |Arn(a+€) — Ap(a+e)]. (3.71)
Observe that one knows from Lemmas and that one has, almost surely,

lim 2"|Apn(a+¢€)| =0 and lim 2"“};[0,”(& +e)|=0. (3.72)

n—-+o0o n—-+o0o

Thus, in view of (3.71)) and (3.72)), in order to show that the first equality in (3.7)) holds almost
surely, it remains to prove that the following equality is valid almost surely:

lim Q"G‘Al,n(a +e)— gl’n(a + 6)‘ =0. (3.73)

n—-+4o0o

Using (3.43)), (3.45)) and the triangle inequality, one gets, for all integer n > ny,

|Arpn(a+e) — App(a+e)|

Hn
-1 n7Tn

< by Zl ‘ log, ’Yi72p—1| — log, |}/1,2p—1|‘]1{|y1,2p_1‘>27n(a+5)0(y172p_1)}‘ (3'74>

p:
Next, for each p € {1,..., un}, let Aqf’:g;f_l be the almost surely positive random variable defined

as
7Tn Py— 1 ’Tn

ATy = min {IY1,2p-1], |Yff2p_1|}. (3.75)
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It follows from (3.74)), the mean-value theorem applied to the function logy, (3.75) and the
triangle inequality that

‘Aln a+5)_g1n( +5)‘

Y]
< (log2)~ 1ZH 2 AnTn
1,2p—1

T,
‘Yanpn 1 ‘ ‘

{ 1Y1,2p-1 |>2’”(“+5>0(Y1,2p—1)}

n,T,
|Y1 2p—1 Y1 2pn 1|

(log2)~ .
& Z A?Qj;? . {¥10p11>27 7@+ 0 (Vi 25 1) }

(3.76)

Next, notice that (3.69) and (3.70) imply that

2a + 2 <min{H,((1 — H)}.

Thus, one can derive from (3.36) with 7 = 2a + 2¢ and T = (2a + 2¢)/¢ that there exists a
positive finite random variable C'; such that one has, almost surely, for all integer n > ny,

sup |Y1,2p71 o Y{jﬁz}lﬂ < O] max {2—2n(a+6)’Tn—(L—Q)—(2a+2a)/C} < 012—2n(a+a)’ (377)
1<p<pn

where the last inequality follows from (2.30). On another hand, observe that (3.75]) implies, for
all p e {1,..., u,}, that

o T,
A;L,Qpn*l 2 |}/].,2p—]_| - |YV]_72p_1 — Yl'r:’ép'rll|

Combining the latter inequality with (3.77), one obtains almost surely, for all n > ng and

pe{l,...,u}, that .
ATor 1 > [Yigp 1| — Cy2720(eFe), (3.78)

Moreover, (3.78|) and the first inequality in (3.54]) entail almost surely, for all n > ng and
pe{l,...,un}, that

An T } > (D/l op 1| o 012 2n(a+s))]1

1,2p—1 {\Yl op—1|>2" (@) (Y 2p—1) {|y1’2p71|>2—n(a+5)g(y1,2p71)}

—n(a+te) 7n(a+€))
(0' Yy ,2p— 1 — (12 ]1{|Y1,2p—1|>2*"(“+6)U(Y172P—1)}
—n(a+e) —H-1/a _ —n(ate)
(62 C12 )]1{|Y1,2p71|>2*"<a+6)o(Y1,2p71)}
—n(a+e) (
n(a+te) (

—H-1/a _ —n(a+5))
ca(p C12 ]1{|Y1,2p71|>2‘”(“+5)U(YL2P*1)}

—H-1/«a _ —n(a+e) H+1/«
pn + 1) (02 2 (pn +1) >]1{|Y1,2p71|>2_n(a+s)g(ymp71)}a
(3.79)

where co denotes the positive deterministic constant c3 in (3.54)). Next, observe that one knows
from ([2.32)) that liril 27 UaFe) (14, + 1)7+1/% = 0. Thus, there exists a random integer v > ng
n—-+0oo

such that, for all integer n > v, one has

co — C1 27+ (4 1)HHY e > 9710 (3.80)
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Then setting c3 := 27 '¢y and combining (3.79) and (3.80)), it follows that one has almost surely,
for every integer n > v and p € {1,..., un},

AnTn }2 32~ n(a—f—a)('u +1) H—- 1/04]1

1,2p—1 {|Y1 2p—1|>2" n(ate) g (Y1,2p—1) ‘Y172p71|>2—n(a+5)a—(Y112p71)}.

This amounts to say that one has almost surely, for every integer n > v and p € {1,..., u,},

(Aopa) 1

1 n(a+e) H+1/a
) {IYl’Qp_l|>2in<a+€)0(yl,2p—1) - t2 (N +1) 1

{|Y1’2p_1|>27n(a+€)U(Y172p_1)}'
(3.81)
Next, let Cy be the positive finite random variable defined as Cj := c3 ' (log2)~'Cy. Putting

together (3.76]), (3.77) and (3.81]) one obtains almost surely, for all integer n > v,

|Ar(a+e) — App(a+e)| < 0270 (g, + 1)HH/, (3.82)

Finally, a straightforward consequence of (2.32)) and (3.82)) is that the equality (3.73]) holds
almost surely. O

4 Power estimators

In this Section, we construct discrete versions of the power estimators introduced in Theo-
rems and which are nothing else than Theorems 1.7 and 1.10 in [4]. The first main
result of the section concerns consistency of these discrete estimators; it holds up to consider-
ing a subsequence (,unj)j en Of (1n) ey, rather similarly to what has been done in [4] for the
continuous power estimators. More precisely, the first main result of the section is the following
theorem; one mentions in passing that the estimators H d‘*’ and &; >

i~ it are almost surely
well-defined thanks to Lemma [3.4

Theorem 4.1. One assumes that o € [a, 2], where the lower bound a € (0,2] is known. Also,
one assumes that v € (0,47 a) is arbitrary and fized. Let (nj)jen be a non-decreasing sequence
of positive integers greater than ng (see Lemma and such that

lim n; = +oo.
Jj—+oo

One defines, for all j € N,

S Vo[

Hd“ =~ log, (4.1)
Hrn ng 7Tn
| ‘Yl gp 1 P
and .
/"nj+1 n]7 nj |y
~—1,dis - > ‘ 2,2p—1 ‘
o #o= 471 1~ log, P= P (4.2)

T,
Zp:] ’}/ln;p nl "7

The following two results hold.

(i) ﬁjdij is a strongly consistent (almost surely convergent) estimator of the Hurst parameter
H of HFSM.
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(i) Under the condition
lim log, (/W) =1, (4.3)
J—+oo ,LL’I’Lj

ozj_,i ¥ is a strongly consistent (almost surely convergent) estimator of the inverse a~ ' of

the stability parameter o of HFSM.

The second main result of the section is following theorem which shows that the estimators
H]dl,sy and a;,t’d's are asymptotically normal under some additional conditions.

Theorem 4.2. Let o be as in Theorems and and let v € (0,47 ) be arbitrary and
such that holds. One denotes by (p1,n)nen and (f2n)nen two non-decreasing sequences
of integers larger than 2, which satisfy the conditions (2.31) and (2.32). Moreover, one denotes
(n1,5)jen and (n2j)jen two non-decreasing sequence of positive integers larger ng such that

lim ny; = lim ng; = +oo,
j—+o0 j—+oo

and one assumes that (pn, ;)jen satisfies the following strengthened version of the condi-

tion :
b&<wmw“>—4:0. (4.4)

H2ng ;

1/2

li _
jgggowmm)

For all j € N, let Hd”' be the estimator of H obtained by replacing in (4.1) n; and pn; by ”Lj

/\—1 dis

and p11p, ; respectwely, and let Qg iy be the estimator of a~' obtained by replacing in
N, fn, and iy by na j, K2,y ; and M2,y 541 respectively. The two random variables Dd“

Ly~
and Dé“;7 are then defined as

18 — Ty 18 1,dis Iy is
Dy = 2712(10g(2)) v F (me(H{% ), 2(8555°)) (1 ;)2 (Hfm - H)
and
is 1,dis /\—1, lis —
D5 = (2/3)"2(10g(2) 7y ( (15, 720 )) (2, )2 (@50 = 71 |

where F is the positive continuous function on [0,1] x 271, a™'] introduced in ([2.24), and 7
and 19 are the two continuous "truncation” functions introduced in . When j goes to
+o00, the two random variables d”‘ - and D‘“S converge in distribution to a random variable
having a N(0,1) Gaussian distmbutzon

Remark 4.3. Assumption (4.4) is not required for the asymptotic normality of D™ . More-

s the estimator o, by 7’ by any strongly consistent estimator of the

over, one can replace in Df %y
2J

inverse 1/a.

Let us start by introducing some notations. For all n € N and ¢ € {1, 2}, we set

Hn
‘/E‘L,L; = Z ’Yv€,2p—1|’y (45)

p=1
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and "
7L7 -— T’I'L
V=Y (4.6)
p=1
Let us mention that, with this notation, one has, for all j € N

,Ufnj,nj
Ay log, [ 20
iy T /7 g2 V}Lnj,nj
1y

and —
~—1,dis | _—1 2y
aj,7 =7 1-— 10g2 W
Vln
as well as i
. - Vy 7
Hj =~ ! log, < uju)
.Vi7’y
and

Hn
VAR
ajj; = (1 —log, ( 27 - )) .
Vi?’y

Roughly speaking, we aim at showing that Theorems and remain valid when H iy and

-1

a; ;- are respectively replaced by H dl; an . To this end, we first state the following result

which is a straightforward consequence of Lemma 4.1 in [4].

dA ldls

Lemma 4.4. Let o € (0,2] be as in Theorem . Under the sole condition j < pn, for all
j €N, one has, for all fived v € (0,47 a) and any ¢ € {1,2},

Mo

li ‘/&’Y —
j—+oo E[V i ]

where the convergence holds almost surely.

. . o o . . Hn ;10
Now, we control the distance between the variation V, ,YJ and its discretized version V, WJ !

in L'. Note that applying (2.30) and (2.33)), next Lemma implies that the discretized version
converges in L' to V;;j

Lemma 4.5. Let o € (0,2] be as in Theorem and let v € (0,47 1a) be arbitmry and fized.
Let (pin)nen be a non-decreasing sequence of mtegers satisfying the conditions ) and -

and (nj)jen be a non-decreasing sequence of positive integers. Then, there is a ﬁmte constant
¢ > 0 such that, for all j € N, £ € {1,2} and k € {0, 1},

va ,YJM’ - ‘/g/f:ﬁrk ” § C/’l’nj+k max {2—njH’Y’ T,.L_j(L_l_H)W}.

Proof. In the sequel, one denotes by W an arbitrary real-valued SaS random variable with
scale parameter equals to 1. From the expressions in equations (4.5) and (4.6)), the triangle
inequality, the inequality

2" =y’ < e —y|”, forallz,y €R,

28



since v € (0,1), and the Remark , we get

Hnjr
N n;,Tn.
BV = Ve I <E Y (1 P = Vaapal?)
p=1
gAY n Y
70
< X E[[w Ve ]
p=1
Fng ik

Z E|wlo ( Yegpt = Yoo 1)7}-

Then, we get, from inequality (3.12)) in Lemma , the existence of a finite constant ¢ > 0 such
that, for all j € N, £ € {1,2} and k € {0,1},

Kt

m “n;H —(L—1—H —nHy m—(L—1—H
[|V£7+Ic ‘/57]+k|] <ec Z max {27 ,Tnj( 1 )}ch,unﬁk max {27 7,Tnj( ! )“’}.
p=1

O

In the sequel, we will need the following Lemma, which is obtained in the course of the
proof of [4, Lemma 4.1] (see inequality (4.24) in this last paper).

Lemma 4.6. Let o € (0,2] be as in Theorem and let v € (0,47 ) be arbitrary and fived.

Let (pin)nen be a sequence of integers satisfying the conditions (2.31) and (2.32) and (n;);en
be a non-decreasing sequence of positive integers that diverges and such that (4.3)) holds. Then,
there exists a positive finite constant ¢ such that, for all 5 > 1 and £ € {1,2},

Hnjy—1 (H+1/a)—1
BV ) < em

The two following corollaries will be important to revisit Theorems [2.6] and [2.§] with the

estimators (4.1]) and (4.2)).

Corollary 4.7. Let a € (0,2] be as in Theorem|]. 1 and let v € (0,4 ') be arbitrary and fized.

Let (fin)nen be a sequence of integers satisfying the conditions (2.31) and (2.32) and (n;)jen
be a non-decreasing sequence of positive integers that diverges. For any £ € {1,2}, we have

M ;5185
E[V,
lim % =1 (4.8)
J—r+0o0 E[‘/Z,'y]]

Moreover, if (pin)nen also satisfies assumption (4.3)), then, for any € € {1,2}, we have

vV nj4197
lim % = (4.9)
j—+o0 E[V 7]“]
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Proof. From Lemmata [£.5] and there exists a finite constant ¢ > 0 such that, for all 7 € N,
¢ e {1,2} and k € {0,1},

ni g Hn sy g T Hn
T I I
E[‘/Z:Hk] E[‘/Z:JH]
o\ 1 ey o
< (BV)) E ([ v
H+1/a —n; H —(L-1-H
< oY) max {27, T . (4.10)

Then, taking k& = 0, (4.8) follows from ([2.30) and (2.33)). Taking & = 1 and assuming that
(tn)nen also satisfies (4.3]), we have

Jim Ao (4.11)
]—)+OO /-’L'nj
and then (4.9) also follows from ([2.30)) and (2.33)). O

Corollary 4.8. Let a € (0,2] be as in Theorem |2.6| and let v € (0,4 'a) be arbitrary and
fized. Let (pn)nen be a sequence of integers satisfying the conditions (2.31)) and (2.32)) and let

(nj)jen be a non-decreasing sequence of positive integers that diverges. Then, there is a finite
constant ¢ > 0 such that, for all j € N and ¢ € {1, 2},

BV, "]
10g2 7;}4@]
ElV,,’]

Moreover, if (pin)nen also satisfies assumption (4.3)), then, for any € € {1,2}, we have

g™
10g2 ’Minﬂ
E[V,,""]

Y

< e ) max {27 Y 1 (P17 (4.12)

J

< epH+1/e) max{2_”fH7,Tn_j(L_1_H)7}. (4.13)

Tj+1

Proof. Using
logy(1+z)| < |z| for every z € [-271, +00),

inequalities (4.12)) and (4.13) then follow directly from Lemma and Corollary and (77).
O

Lemma 4.9. Let o € (0,2] be as in Theorem and let v € (0,47 1a) be arbitrary and fived.
Let (pn)nen be a sequence of integers satisfying the conditions and and let (n;)jen
be a non-decreasing sequence of positive integers that diverges. Let also T be an arbitrary and
fized real number satisfying 0 < 7 < min{H,1 — H}. There exists a positive finite random
variable C*(7') such that one has, almost surely, for all j € N, £ € {1,2} and k € {0,1},

Hn ;5105 Hn
wﬂ:mj — V"Zi, < C*(') min{27%7, T, 7. (4.14)
EDy 1 ElV,] '

Moreover, if (pn)nen also satisfies assumption (4.3)), then, almost surely, for any j € N and
¢ € {1,2}, one also has

V/‘nj_‘_l 15 V,U«n]-+1
E’Zn,ﬂ,nj - E’ZH.H < C*(7') min{2777, T, 77} (4.15)
EV,, 77 E[V,.,T
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Proof. For each j € N, ¢ € {1,2} and k € {0,1}, using Markov inequality and the triangle
inequality, we have

Nanrk:nj IJ«nj+k
‘ev'y . efy > s nj —’T/’y
’ < AT I 7t | R )

Hnjro ™ Vit
S min{2n]' T ,}T/W}E fy'Yn‘ _ fﬁ/n.
o EV,, 7] E[V, ]
Hngy g oM HFrjypy Hnj g™ Hnsyp Hny T
< min{2", T, }TWE VM (E[VM ) EWM ]> _ V&vﬁ _VMH
— ) =My /lnj+k7nj /’L"jJrk 'LLnj+k
E[Vfﬂ/ ]E[‘/Z"y ] E[‘/Zﬂ/ ]

< 2min{2", Ty, } VBV, RV -V

Then from (4.10)), there exists a finite constant ¢ > 0 such that, for all j € N, ¢ € {1,2} and
ke {0,1},

5"j+k " ‘/;"j-ﬁ—k'
P Y > min{2%, T, 3T
( V™) BV "
< 2c¢min {2’” s T, }Tlvuzgfjl/a) max {2_"1H7, Tn_j(L_l_H)W}

< QCM%E.IE:UO‘) max {27 H=T)7) Tn_j(L_l_H_T/)W}.

Moreover, since y >0, H—7">0and L—1—H—7'>1—H — 7' > 0, one knows from ({2.30))
that there exists € > 0 such that

max {2_”j(H_T/)'Y,T_,(L_l_H_TI)V} <27 for all j € N.

g
and then
Phrin Hngjtk
Ly Ly s fon; -7 (H+1l/a)g—en;
P — — — — > min{2", T, .} 77 | <2cu)t 27,
(E[VZWJ*’“’"J] E[V, "] K

Thus, when k& = 0, one can derive from (2.33) that

/»Ln]‘ 15 V:unj
ZP ( éﬂnl T~ Z’Z —| > min{2”j,Tnj}T/7> < 0.
3’ nj
jen \IE, ] EV,,
If (un)nen also satisfies assumption (4.3), we use again (4.11)) and then derive (4.15) in the
same way as previously done for obtaining (4.14)). O

As an immediate consequence of Lemma we obtain the following corollary, which can
be viewed as an extension of Lemma {4.4| to the random variables V;:j "7 defined through ([4.6)).
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Corollary 4.10. Let a € (0,2] be as in Theorem[{.1 Let (pn)nen be a sequence of integers

satisfying the conditions (2.31) and (2.32) and let (nj)jen be a non-decreasing sequence of
positive integers that diverges. For all fired v € (0,4 ') and any £ € {1,2},

Hnj )T
. Ly
lim — =1, 4.16
j—r+oo E[V;:;f 7"1] (4.16)

where the convergence holds almost surely. Moreover, if (i )nen also satisfies assumption (4.3)),
for any ¢ € {1,2}, we also have, almost surely,

/‘nj+17nj
. Ly
lim ——— =1. 4.17
j—4o00 E[V;:jﬂ’”ﬂ] ( )

Proof. For alln € N, ¢ € {1,2} and k € {0, 1}, using the triangle inequality we get

Hnjpio T HnjproT yimate Hnjtk
Ly Ly Ly Ly
Bng gy S Bng gy Bnj i, Briip, ok
E[Vfﬁ ) E[VM ] E[Véﬂ ] E[VM ]
Then the conclusion follows immediately from Lemmata [£.9] and [£.4] O

We now have enough materials to prove Theorem
Proof of Theorem [{.1].

(i) In view of Theorem [2.6] it suffices to prove that, under the conditions (2.31) and (2.32))
on the sequence (fip)nen,

lim (5~ ;) =0, (4.18)

jotoo \

where the convergence holds almost surely. To this end, we write, for all j € N,

Hn :5Tj Hn
L Pk vy
7<H‘ils—H-, ):log —J | —log L
S O AN
o Vi ) - L )
=108y | —— sy | — 1082 | — i
E[VQ,VJ J] E[Vl,'y] J]
Hn Hn
V J V J
+ log, ( 1’an ) —log, ( Q’an )
EVi,'] E[V,,"]

Hn ;5105 Hn ;5105
1 E[VQ,VJ J] 1 E[Vl,'y] J]
+logy | ——m | o8 | —

and the convergence (4.18)) is then a direct consequence of the limits (4.16]), (4.7)) and (4.8)).
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e Similarly, for all n € N, we write

~—1,dis ~—1 -1
T\Yy T %y) T 1082

Hn Hn iy q,M
V. J+1 V. Jj+1
( ;’an > — log, <1}2/zljnj
Ly Ly
anj )Tl V;anrl R
= log, (;M) — logy (W)
E[Vl,'y ] E[Vl'y ]
M Hn g
V. Jj+1 VAR
<23+> ~ log, ( v )
E[VQ,W ] E[Vl,'y ]
BV, ) By,
-+ 10g2 777“1] — 10g2 717”]“
E[Vl,'y ] E[VQ,'Y ]

and the conclusion follows from Theorem [2.6| (ii) and the limits (4.16]), (4.17), (4.7), (4.8)
and (4.9)).

O
We now pass to the revisit of Theorem [2.8]in the context of the estimators (4.1) and (4.2)).

The main ingredient is the following lemma.

Lemma 4.11. Let o € (0,2] be as in Theorem|2.6| and let v € (0,4 ) be arbitrary and fived.

Let (fin)nen be a sequence of integers satisfying the conditions (2.31) and (2.32) and let (n;)jen
be a non-decreasing sequence of positive integers that diverges. Let F., be the positive continuous

function introduced in Remark . Then, for any £ € {1,2}, when j goes to +oo, the random

variable
Hn ;5105 Hn;
) VA Vol
-1 2 2 2
Az,(m = log(2)F,(H, )M% <log2 <E[V;anng]) — logy (E[VZL”J]>>

5’7 f,’y

converges to 0 almost surely. Moreover, if (un)nen also satisfy assumption (4.3), for any
¢ € {1,2}, when j goes to +oo, the random variable

. Hnggq5T) Hnjyq
A i=1log(2)Fy(H,a Y2 | log Mﬂi — log #
41y v j 2 E[szy]+1 ,n]] 2 E[valfrth]

also converges to 0 almost surely.

Proof. Applying the mean value theorem, for all j € N, £ € {1,2} and k € {0, 1},

_1y, 1/2 gy geoT Ky
bey| = YRk E[V#nj+k’"j] E[Vﬂnj+k] ) ‘
min { —52 —, —b try Ly
A g5 L ’ ’
EVy 1 EV, 7]

Under the conditions (2.31) and (2.32) on the sequence (i )nen, we use (4.14), (2.30) and
(2.33) to get, for any ¢ € {1, 2},

V/Jnj 15 Vﬂnj
Jlim 2F,(H, ofl)u}/? Z’Zn,yn‘ — Z,an =0,
jotoo TEWV,TT] EWV,,
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where the convergence holds almost surely. Moreover, applying (4.16)) and Lemma , we have

almost surely
Nn]- U /—Lnj
. . VZ,'Y W,’y
lim min T i =1.
E Rt J]

Joroo Vo) R,

Therefore, (4.19) implies that

lim A’
]4}+OO 87077

Now, if condition (4.3)) holds as well, we use (4.15)), (2.30)) and (2.33]) to also get, almost surely,
for any ¢ € {1,2},

=0 almost surely.

Phmi+rt Y
Tim 28, (H, 0 up/? | = = —
e BV, ™71 BV,

Moreover, applying (4.17) and Lemma we also have almost surely

V;"j+1 R V';"Hl
lim min 7 : A =1.

j—+oo E[V;:jﬂ’nﬂ] ’ E[Ve/‘"jﬂ

v

Then, it follows again by (4.19) that, almost surely,

; V-
]ETOO Ae7177 - 0‘

We already have enough materials to prove Theorem [£.2]

Proof of Theorem[[.3 One can derive from Theorem and from the continuity property of
the functions F,, 71 and 7 (see Remark and (2.28))) that

lim F,(m (ﬁf";ﬁ),m(ai;ﬁis)) (FAY(H,OFI))_1 =1, almost surely.

Jj—+oo

Thus, for proving the theorem it is enough to show that

272 (o8 Fy (.0 ) (i ) (5, — H) 2 N(0.1)

and

(2/3)" (10g(2))yF (.07 (r2.0,,) " (8515 = 07) " N (0,).

Then, using Theorem and Slutsky’s theorem, see e.g. |16, Page 318], that it turns out that
it is even enough to show that

- - 77dis 77 P
2712 (log(2))vF, (H, o 1)(M1’n1’j)1/2<Hf’m—HLM) 0 (4.20)

and .
(2/3)Y2 (1og(2))vFy (H,a ™) (n,n, ;) (agj{vjls ~ a;;ﬁ) — 0 (4.21)
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where Hy j~ and o ]1 , are as in Theorem
For all j € N, we write

/J‘l,nl W /J‘l,nl :

o Yot i

( 1 .)1/2<E[dls- FII,', ) _( 1, ')1/2 1 25 Y — : 1 g5 Y —
H1nq, Ly 2 H1nq ; O E[Vﬂla 1,5 "1,7] E[Vﬂl, 1,3]

2y 2y

;Ufl,nl . /141,711 Wi
Vi Vi
+ (Ml, -)1/2 log 7771 —log ﬂfn—
"Lj 2 E[Vvl/fj/’ 1,]] 2 ]E[V{i: 1,5 nl»]]
12 E[V, """ Ep, "]
+ (Ml,m,j) / log u—lnl — log, u—lnl .
E[V,, ] EVi, ]

First, using (4.12)), we have, for all j € N,

H1,mng 55M1,5 H1,mq j5T1,5
(p1 )1/2 logy <ED}2’7 : ]> — log, <E[Vl’7 : ]>‘
W] Hl,mnq 5 Hl,mnq 5
’ E[Vé,'y 1,]] E[Vl,'y 1,]]
< 20”1(5;1/%1/2) max {Z—nl,ijaTagqu_H)y}_

Then, since Hy > 0 and (L — 1 — H)vy > 0, using ([2.30) and (2.33)), we get

Hl,nl W ﬂl,nl W
E[V,. " E[V "
10g2 ( [ 2,y ]) _ 10g2 ( [ 1,y ])

E[V,,""] E[V;, "]

0.

(Ml,”1,j)1/2

Jj—+oo

Moreover, we know from the first part of Lemma [£.11] that the two random variables

.L"l,nly,-»nl,j ,L"l,nl’:
(f1n )1/2 log, L — log, L
11,5 RN EIW] RO
v E[Vy, "] E[V, "]

'u'lv"l,j ,u‘l,nl,janl,j
(/"Ll,nl,j)l/z log, ‘/137“11 — log, Vlljln—m
E[‘G,’y ’J] IED}I,’y N ]

converge to 0 almost surely. As a consequence, (4.20)) holds and thus

and

dis d
1,7,y n%+oo} N(O7 1)

In the same vein, for all j € N, we write

VH2,n2,j+1 l"/2,n27j+17n2,j
1/2( ~—=1dis  ~—1 1/2 2y 2
(H2ns,5) (%m - O‘2j7> =(K2,nz;) log, 12,5 - — log, [12,n5 112,
” E[V, 5% E[V, 27

2,’)/ 27’7

VUZ,HQJWQJ VNZ"QJ

1,y 1y
+ (Hany ;) '* ( Toga | == | — log o
n2,j E[Vﬁ: 2,7 TLQ,]] E[Vl'lj:l’ 2,]]

H2,nq 52,5 H2,ng 5 y15M2,5
B[V, " E[V, "
(M?,ng j)1/2 10g2 [ 17F):ugn : ] 10g2 [ 277,u2n : ]
’ E[V; 7] E[L%{’ 2

1y
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and we conclude in the same way, using inequality (4.13]) and the second part of Lemma m
that the convergence (4.21]) holds true and thus

dis d
D — N0, 1),
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