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Abstract

Statistical estimation of the Hurst parameter and the stability parameter of harmoniz-
able fractional stable motion (HFSM) is a difficult issue mainly due to the lack of ergodicity
of this process and heaviness of tails of its marginal distributions. Very few estimators have
been introduced in the literature so far. Those proposed in [4] offer the advantages to be
strongly consistent and asymptotically normal. Yet, they have the drawback to require the
knowledge of a whole continuous trajectory of HFSM on the real line, whereas, in prac-
tice, only a discretized one is available. The goal of the present article is to overcome this
drawback by introducing discretized versions of them, obtained through values of HFSM
on dyadic numbers.
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1 Introduction

Self-similar stochastic processes have been widely studied since a few decades and provide
powerful stochastic models to mimic persistent phenomena in various domains. For instance,
self-similarity is observed in network traffic [22, 28] and hydrology [26]. The most famous
self-similar process is the fractional Brownian motion (FBM). Introduced in [17] and later for-
malized in [25], the FBM is a Gaussian centered self-similar stochastic process with stationary
increments. However, many natural phenomena exhibit some heavy tails, which prevents to
model them by a FBM. As an alternative, self-similar α-stable random processes have been
proposed to model heavy-tailed persistent phenomena, , see e.g. [22, 28].

Especially, harmonizable fractional stable motions (HFSM) and linear fractional stable mo-
tions (LFSM), introduced in [11, 33], are two very classical stable extensions of FBM. They
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are defined generalizing the harmonizable and moving average representations of a FBM to the
stable framework. On the one hand, the LFSM {L(t)}t∈R is defined through a stable stochastic
integral in the time domain:

L(t) :=

∫
R

(
(t− s)H−1/α+ − (−s)H−1/α+

)
dMα(s), t ∈ R

where Mα is a real-valued α-stable random measure. On the other hand, the HFSM {X(t)}t∈R
is defined as a stable stochastic integral in the frequency domain:

X(t) := <
(∫

R

eitξ − 1

|ξ|H+1/α
dM̃α(ξ)

)
, t ∈ R

where M̃α is a complex-valued isotropic α-stable random measure with Lebesgue control mea-
sure. For details on stable random measures and stochastic integrals, we refer the reader to [32].
Both HFSM and LFSM are then parametrized by the Hurst parameter H ∈ (0, 1) and the sta-
bility parameter α ∈ (0, 2]. While the parameter H governs their self-similarity property, the
parameter α controls the heaviness of their tails. When α = 2, both HFSM and LFSM coincide
with FBM. However, when α ∈ (0, 2), HFSM and LFSM are very different. For instance, while
LFSM is ergodic, HFSM is not (see Theorem 4 in [10]); LFSM has also multifractal sample paths
(see [6]), which are unbounded on any interval when H < 1/α (see e.g. [32, 15]) whereas the
trajectories of HFSM are locally Hölder continuous of any order γ ∈ (0, H) (see [18, 19, 32, 15])
and then monofractal by Corollary 4.4 in [5].

Estimating the model parameters is a key challenge when modeling natural phenomena.
Assuming that α = 2, i.e. for a FBM, many articles deal with the estimation of the Hurst pa-
rameter H, see e.g. [7, 12, 21, 8, 3, 30] and references therein. In the framework of LFSM and
related moving average stable processes, several estimators of both self-similarity and stability
parameters have also been proposed, see e.g. [14, 31, 29, 2, 1, 13, 27, 24, 23]. The situation is
different in the case of HFSM; actually, as emphasized in the rather recent article [9], statistical
inference in the framework of the latter process is far from being a trivial issue due to lack
ergodicity. Indeed, as far we know, only the recently published paper [4] and the bit more
recent work [20] deal with statistical estimation of parameters of HFSM. The strategy of [20] is
significantly different from that in [4]. Indeed, the consistent estimators for the two parameters
H ∈ (0, 1) and α ∈ (0, 2) of a non-Gaussian HFSM, proposed in [20], rely on an estimation of
the periodogram frequency and a LePage series representation. While, in [4] the non-ergodicity
is bypassed thanks to the introduction of some new integral transforms of HFSM which are
to a certain extent inspired by discrete wavelet transforms. The strongly consistent estimators
for these two parameters proposed in [4] cover the non-Gaussian case α ∈ (0, 2) as well as the
Gaussian case α = 2 in which HFSM reduces to FBM. Moreover, they are asymptotic normal,
which is crucial to build some confidence intervals and perform hypothesis testing. Neverthe-
less, they are defined assuming that a whole continuous trajectory of HFSM on the real line is
observed, whereas, in practice, only a discretized one is available.

The aim of the present paper is to extend the main results of [4] to the important setting
where only one single discretized trajectory of HFSM is observed. More precisely, the estimators
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introduced in [4] rely on some independent real-valued stable variables

Yj,k :=
2

2π

∫
R
<
(
ψ̂j,k(t)

)
X(t) dt,

where
ψj,k(t) := ψ(2jt− k), for all t ∈ R,

with ψ being a "nice" real-valued function. For each parameter, [4] proposed one estimator
based on empirical means of logarithms of some |Yj,k|’s, and another one relying on sums of
some |Yj,k|’s raised to a certain power γ, respectively named logarithmic and power estimators
in the present article. Our main strategy is to replace Yj,k by discretizing the previous inte-
gral. We then prove that all the discretized estimators obtained by this way are still strongly
consistent and asymptotic normal.

The paper is organized as follows. In Section 2, after some background on stochastic inte-
gration with respect to complex-valued isotropic stable random measures and on harmonizable
fractional stable motions, our main assumptions are introduced. In this same section, some
results of [4] are also recalled, since they are the starting point for defining and studying estima-
tors of both parameters of a HFSM based on a single discretized trajectory. Then Section 3 is
devoted to the study of discretized logarithmic estimators and Section 4 focuses on discretized
power estimators.

2 Preliminaries

Harmonizable random fields are defined through stochastic integrals in the frequency domain
with respect to complex-valued isotropic stable random measures. We refer the reader to [32]
for a detailed presentation of such random measures and the associated stochastic integrals.
Thus we only recall now the essential properties needed for our study.

Throughout this paper, for α ∈ (0, 2], M̃α denotes a complex-valued isotropic α-stable
random measure with Lebesgue control measure. The stochastic integral∫

R
g(ξ) M̃α(dξ)

is then well-defined for any deterministic complex-valued function g in the Lebesgue space
Lα(R) and is a complex-valued isotropic α-stable random variable. This stable stochastic
integral

∫
R
(
·
)
dM̃α is a linear map on Lα(R) such that for any g ∈ Lα(R)

∀z ∈ C, E
(

exp

(
<
{
z

∫
R
g(ξ) M̃α(dξ)

)})
= exp

(
−|z|α

∫
R
|g(ξ)|α dξ

)
.

Especially, for any deterministic function g ∈ Lα(R), the real part <
{ ∫

R g(ξ) dM̃α(ξ)
}

is a
real-valued symmetric α-stable (SαS) random variable with scale parameter

σ

(
<
{∫

R
g(ξ) dM̃α(ξ)

})α
=

∫
R

∣∣g(ξ)
∣∣α dξ. (2.1)
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In the particular case where the stability parameter α = 2, M̃2 is an isotropic complex-valued
Gaussian measure and the stochastic integral

∫
R
(
·
)
dM̃2 is an isometry from L2(R) onto the

space of square integrable random variables.

Before we introduce harmonizable fractional stable motion, we recall an essential property
of real-valued SαS random variables.

Remark 2.1. For any arbitrary α ∈ (0, 2], let Zα be a real-valued SαS random variable with
scale parameter equals to σ(Zα) and Wα be a real-valued SαS random variable with scale
parameter σ(Wα) = 1. Then

Zα
d
= σ(Zα)Wα

where the equality is in distribution.

The harmonizable fractional stable motion (HFSM) {X(t)}t∈R is then defined by

X(t) := <
(∫

R

eitξ − 1

|ξ|H+1/α
dM̃α(ξ)

)
, t ∈ R, (2.2)

where H ∈ (0, 1) is its Hurst parameter and α ∈ (0, 2] its stability parameter. In the special
case where α = 2, X reduces to the well-known fractional Brownian motion (FBM) with Hurst
parameter H, usually denoted by {BH(t)}t∈R. Recently, [4] has introduced strongly consis-
tent and asymptotic normal estimators for both parameters H and α assuming that a single
continuous trajectory on the real-line is observed. This work provides a first step towards the
estimation of a HFSM parameters. However, the drawback is that, in practice, only a dis-
cretized trajectory is available. The aim of this paper is to address this issue by adapting the
estimators proposed in [4] to the discrete-time observation setting.

Before we recall the estimators proposed in [4] and present our strategy to discretized them,
let us give our main assumptions. All along this paper, we consider a real-valued function ψ
which satisfies the two following assumptions:

(A1) ψ is an even (i.e. ψ(−ξ) = ψ(ξ) for all ξ ∈ R), real-valued, continuous function on R,
with a compact non-empty support, denoted by I, such that

I := supp ψ :=
{
ξ ∈ R, ψ(ξ) 6= 0

}
⊆
[
− 4−1, 4−1

]
. (2.3)

(A2) There exist an integer L ≥ 2 and a constant cL (depending on L) such that ψ̂ the Fourier
of ψ, and its derivative ψ̂′ satisfy∣∣ψ̂(t)

∣∣+
∣∣ψ̂′(t)∣∣ ≤ cL(1 + |t|

)−L
, for every t ∈ R. (2.4)

We mention in passing that throughout this article we use the very common convention that
the Fourier transform f̂ of an arbitrary function of L1(R) is defined, for all t ∈ R, as f̂(t) :=∫
R e
−itξf(ξ) dξ. Also, we mention that the only difference between our two assumptions on

ψ and that made in [4] comes from (2.4), according to which, in contrast to (1.13) in [4],
not only of vanishing at infinity of the function ψ̂ itself is governed by the exponent L, but
also that of its derivative ψ̂′. Actually, this additional assumption on ψ̂′ allows to control the
difference between the estimators proposed in [4], which rely on a continuous trajectory, and
their discretized versions.
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Example 2.2. Let us consider, as in [4], the piecewise linear triangle function:

ψ(ξ) :=
(
1l[−1,1] ∗ 1l[−1,1])(8ξ) =

(
2− |8ξ|

)
1l[−4−1,4−1](ξ), for all ξ ∈ R, (2.5)

where "∗" denotes the usual convolution product. Thus, using some basic properties of Fourier
transform, it turns out that ψ̂(0) = 1/2 and

ψ̂(t) =
sin2(t/8)

2(t/8)2
, for all t ∈ R \ {0}. (2.6)

Then, standard calculations allow to show that the function ψ in (2.5) satisfies Assumptions
(A1) and (A2) with L = 2. One mentions that, for any chosen arbitrarily large integer L ≥ 2,
by taking a conveniently shrinked version of the compactly supported function and L − 2 dif-
ferentiable function on R provided by the convolution product of the indicator function 1l[−1,1],
L times with itself, one can obtain an explicit function ψ which fulfills Assumptions (A1) and
(A2) for this chosen arbitrarily large L. Also one mentions that one can derive from Lemma
3.8 in Section 3 and a careful inspection of the proofs of our main theorems in Sections 3 and
4, that increasing the value of the exponent L has, to certain extent, a positive impact on the
rates of convergence of the discretized logarithmic and power estimators. Yet, this advantage
is counterbalanced by the drawback that the lager L is taken the more complicated is the form
of a corresponding function ψ.

Let us now present the main results in [4]. To this aim, for (j, k) ∈ N2, we set

ψj,k(t) := ψ(2jt− k), for all t ∈ R,

and define Yj,k as the pathwise Lebesgue integral

Yj,k :=
2

2π

∫
R
<
(
ψ̂j,k(t)

)
X(t) dt =

21−j

2π

∫
R

cos(2−jk t)ψ̂(2−jt)X(t) dt, (2.7)

where ψ̂j,k is the Fourier transform of ψj,k. We recall in the next remark several useful repre-
sentations of the random variables Yj,k and properties of the Fourier transforms ψ̂j,k.

Remark 2.3. Let (j, k) ∈ N2. First, one knows from [4, Lemma 2.1] that, the real-valued SαS
random variable Yj,k can be rewritten almost surely as

Yj,k = <
(∫

R

ψ̃j,k(ξ)

|ξ|H+1/α
dM̃α(ξ)

)
, (2.8)

where
ψ̃j,k(ξ) := ψ(2jξ + k) + ψ(2jξ − k), for every ξ ∈ R. (2.9)

Moreover, as noticed in Remark 2.6 of [4], one also has

Yj,k =
1

2π

∫
R

̂̃
ψj,k(t)X(t) dt . (2.10)

since ̂̃
ψj,k(t) = 21−j cos(2−jkt)ψ̂(2−jt) for all t ∈ R. (2.11)
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Finally, (2.11) and (2.4) imply that there exists a finite deterministic constant cj,L > 0, only
depending on j and L, such that, for any k ∈ N, one has∣∣̂̃ψj,k(t)∣∣ ≤ cj,L(1 + |t|

)−L
, for every t ∈ R, (2.12)

and ∣∣̂̃ψ′j,k(t)∣∣ ≤ cj,L k(1 + |t|
)−L

, for every t ∈ R. (2.13)

It follows that ̂̃ψj,k and its derivative belong to L1(R) ∩ L2(R).

We have now all the ingredients needed to recall the main results of [4], which are our
starting point. The following theorem corresponds to Theorems 1.5 and 1.7 in [4]. It provides
strongly consistent and asymptotically normal estimators for the unknown parameters α and
H of HFSM. These estimators are built through empirical means of logarithms of some |Yj,k|’s.
Thus, in the present article, they are called the logarithmic estimators.

Theorem 2.4 ([4, Theorems 1.5 and 1.7]). For every m ∈ N, one sets

α̂−1m,log2
:=

1

m

 m∑
p=1

(
log2 |Y1,2p−1| − log2 |Y2,4p−1|

) (2.14)

and

Ĥm,log2 :=
1

m

 m∑
p=1

(
log2 |Y2,2p−1| − log2 |Y1,2p−1|

) , (2.15)

where Yj,k is defined through (2.7). Then, the following results hold.

(i) α̂−1m,log2
and Ĥm,log2 are strongly consistent (almost surely convergent) estimators respec-

tively of the inverse α−1 of the stability parameter α and of the Hurst parameter H.

(ii) For all m ∈ N, the random variable D1,m,log2 is defined as

D1,m,log2 := G
(

max{α̂−1m,log2
, 2−1

})
m1/2

(
Ĥm,log2 −H

)
, (2.16)

where the function G is defined on the interval [2−1,+∞) by

G(β) :=
(

2 Var
(

log2 |Wβ−1 |
))−1/2

=

√
6 ln (2)

π
√

1 + 2β2
(2.17)

with Wβ−1 a symmetric stable random variable with stability parameter β−1 and scale
parameter σ = 1.

Then, when m goes to +∞, the random variable D1,m,log2 converges in distribution to a
random variable having a N (0, 1) Gaussian distribution.

(iii) For all m ∈ N, the random variable D2,m,log2 is defined as

D2,m,log2 := G
(

max{α̂−1m,log2
, 2−1

})
m1/2

(
α̂−1m,log2

− α−1
)
. (2.18)

Then, when m goes to +∞, the random variable D2,m,log2 converges in distribution to a
random variable having a N (0, 1) Gaussian distribution.
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Remark 2.5. Basically the quantityG
(

max{α̂−1m,log2
, 2−1

})
, in (2.16) and (2.18), plays the role

of an asymptotic normalization factor, since it has been shown in [4] that, when m goes to +∞,
the two random variables m1/2

(
Ĥm,log2 −H

)
and m1/2

(
α̂−1m,log2

−α−1
)
converge in distribution

to a same centered Gaussian random variable with variance equals 2 Var
(

log2 |Wα|
)
. It is

noteworthy that, despite the fact that these two random variables play different roles, they
have a same asymptotic variance which depends only on the unknown parameter α and not on
the unknown parameter H.

The following theorem, which is in fact Theorem 1.8 in [4], shows that, when a bit knowledge
on the positive lower bound of the range of the unknown stability parameter α of HFSM is
available, then other strongly consistent estimators for it and the Hurst parameter H of HFSM
can be constructed through sums of random variables |Yj,k| raised to certain power γ. Thus,
in the present article, the latter estimators are called the power estimators.

Theorem 2.6 ([4, Theorem 1.8]). One assumes that α ∈ [α, 2], where the lower bound α ∈ (0, 2]
is known. Also, one assumes that γ ∈ (0, 4−1α) is arbitrary and fixed. Let (mj)j∈N be an
arbitrary non-decreasing sequence (that is mj ≤ mj+1, for all j ∈ N) of integers larger than 2
which satisfy the condition

mj ≥ j , for all j ∈ N. (2.19)

For all j ∈ N, one sets

Ĥj,γ := γ−1 log2

(∑mj
p=1

∣∣Y2,2p−1∣∣γ∑mj
p=1

∣∣Y1,2p−1∣∣γ
)

(2.20)

and

α̂−1j,γ := γ−1

(
1− log2

(∑mj+1

p=1

∣∣Y2,2p−1∣∣γ∑mj
p=1

∣∣Y1,2p−1∣∣γ
))

. (2.21)

(i) Ĥj,γ is a strongly consistent (almost surely convergent) estimator of the Hurst parameter
H of HFSM.

(ii) Under the condition

lim
j→+∞

log2

(
mj+1

mj

)
= 1, (2.22)

α̂−1j,γ is a strongly consistent (almost surely convergent) estimator of the inverse α−1 of
the stability parameter α of HFSM.

In order to state a Central-Limit Theorem for the estimators in (2.20) and (2.21), we use
the following remark.

Remark 2.7. Let α ∈ (0, 2] be as in Theorem 2.6 and Wα be an arbitrary real-valued SαS
random variable with scale parameter equals to 1. Let also γ be arbitrary and such that

0 < γ <
α

2α+ 2
. (2.23)

Then, for every (H,α−1) ∈ [0, 1]× [2−1, α−1], one can set

Fγ(H,α−1) :=
E
(
|Wα|γ

)(
1− 2γ(H + α−1)

)1/2(
Var
(
|Wα|γ

))1/2(
1− γ(H + α−1)

) . (2.24)

7



According to Remark 1.9 in [4], the positive function Fγ can be explicitely expressed in terms
of the Gamma function and is continuous on the compact rectangle [0, 1]× [2−1, α−1].

Strengthening condition (2.22) when dealing with the estimation of the stability index, [4]
obtains the asymptotic normality of the power estimators introduced in Theorem 2.19.

Theorem 2.8. Let α be as in Theorem 2.8 and let γ ∈ (0, 4−1α) be arbitrary and such that
(2.23) holds. Let (m1,j)j∈N and (m2,j)j∈N be two arbitrary non-decreasing sequences of integers
larger than 2 which satisfy the condition (2.19). Also, one assumes that (m2,j)j∈N satisfies the
following strengthened version of the condition (2.22):

lim
j→+∞

(m2,j)
1/2

∣∣∣∣log2

(
m2,j+1

m2,j

)
− 1

∣∣∣∣ = 0 . (2.25)

For each j ∈ N, one denotes by Ĥ1,j,γ the estimator of H of HFSM defined through (2.20)
with mj = m1,j, and one denotes by α̂−12,j,γ the estimator of α−1 defined through (2.21) with
mj = m2,j and mj+1 = m2,j+1. For all j ∈ N, one sets

D1,j,γ := 2−1/2
(

log(2)
)
γFγ

(
τ1(Ĥ1,j,γ), τ2(α̂

−1
2,j,γ)

)
(m1,j)

1/2
(
Ĥ1,j,γ −H

)
(2.26)

and

D2,j,γ := (2/3)1/2
(

log(2)
)
γFγ

(
τ1(Ĥ1,j,γ), τ2(α̂

−1
2,j,γ)

)
(m2,j)

1/2
(
α̂−12,j,γ − α

−1
)
, (2.27)

where Fγ is the positive continuous function on [0, 1]× [2−1, α−1] defined in (2.24), and τ1 and
τ2 are the two continuous "truncation" functions defined, for all x ∈ R, as

τ1(x) := max
{

0,min
{
x, 1
}}

and τ2(x) := max
{

2−1,min
{
x, α−1

}}
. (2.28)

When j goes to +∞, the two random variables D1,j,γ and D2,j,γ converge in distribution to a
random variable having a N (0, 1) Gaussian distribution.

In order to define discretized versions of the logarithmic and the power estimators introduced
in Theorems 2.4 and 2.6 respectively, we assume that we observe a single trajectory of an HFSM
on dyadic numbers. Our strategy in the current paper strongly relies then on the following
approximation of the random variable Yj,k.

Definition 2.9. For every n ∈ N, the random variable Y n,Tn
j,k is defined as the finite sum:

Y n,Tn
j,k :=

1

2n+1π

∑
|m|≤2nTn

X(dn,m)
̂̃
ψj,k(dn,m) (2.29)

= <

∫
R
|ξ|−H−1/α

 1

2n+1π

∑
|m|≤2nTn

(
eidn,mξ − 1

)̂̃
ψj,k(dn,m)

 dM̃α(ξ)

 ,

where (Tn)n∈N is a non-decreasing sequence of positive integers which satisfy, for some ζ ∈ (0, 1],

Tn ≥ 2nζ , for all n ∈ N, (2.30)

and where, for each (n,m) ∈ N× Z, the dyadic number dn,m := 2−nm.
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One mentions that for the discretized logarithmic estimators, which will be precisely defined
in Section 3, the size m of the empirical means in (2.14) and (2.15) will depend on n. Also, one
mentions that for the discretized power estimators, which will be precisely defined in Section
4, the sizes mj and mj+1 of the sums in (2.20) and (2.21) will depend on n as well. Then, the
asymptotic properties of the discretized logarithmic and power estimators will be studied as
n tends to ∞, and so when the number 1 vn = 2n+1Tn of the observations {X(dn,m); dn,m ∈
[−Tn, Tn]

}
tends to +∞. This leads us to introduce some subsequence (µn)n∈N.

Remark 2.10. One denotes by (µn)n∈N an arbitrary non-decreasing sequence of positive in-
tegers such that

n

10
≤ µn ≤ 2n−2, for all n ≥ 4, (2.31)

and
lim

n→+∞

log2(µn)

n
= 0. (2.32)

Consequently, for any fixed real number a > 0, one has that

lim
n→+∞

2−anµn = 0. (2.33)

A typical example of such a sequence (µn)n∈N is given by

µn :=
⌊
2

n
log2(n+1)

⌋
, for all n ∈ N, (2.34)

where b·c denotes the integer part function.

3 Logarithmic estimators

The goal of this section is to derive the following two theorems which provide discrete versions
of the logarithmic estimators introduced in Theorem 2.4.

Theorem 3.1. The fixed integer n0 ≥ 4 is the same as in Lemma 3.4 below. We define, for
all integer n ≥ n0,

α̂−1,disn,log2
:=

1

µn

 µn∑
p=1

(
log2 |Y

n,Tn
1,2p−1| − log2 |Y

n,Tn
2,4p−1|

) (3.1)

The following two results hold.

(i) α̂−1,disn,log2
is a strongly consistent (almost surely convergent) estimator of the inverse α−1 of

the stability parameter α of HFSM.

(ii) For all n ∈ N, the random variable Ddis
2,n,log2

is defined as

Ddis
2,n,log2

:= G
(

max{α̂−1,disn,log2
, 2−1

})
µ1/2n

(
α̂−1,disn,log2

− α−1
)
,

where the positive bounded C∞ function G is as in (2.17). When n goes to +∞, the
random variable Ddis

2,n,log2
converges in distribution to a random variable having a N (0, 1)

Gaussian distribution.
1Observe that one does not take into account the observation X(0) since it always equal 0.
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One can introduce, in the same vein, a discrete estimator for the Hurst parameter H of the
HFSM.

Theorem 3.2. The fixed integer n0 ≥ 4 is the same as in Lemma 3.4 below. We define, for
all integer n ≥ n0,

Ĥdis
n,log2

:=
1

µn

 µn∑
p=1

(
log2 |Y

n,Tn
2,2p−1| − log2 |Y

n,Tn
1,2p−1|

) . (3.2)

The following two results hold.

(i) Ĥdis
n,log2

is a strongly consistent (almost surely convergent) estimator of the Hurst parameter
H of HFSM.

(ii) For all n ∈ N, the random variable Ddis
1,n,log2

is defined as

Ddis
1,n,log2

:= G
(

max{α̂−1,disn,log2
, 2−1

})
µ1/2n

(
Ĥdis
n,log2

−H
)
,

where G and α̂−1,disn,log2
are as in (2.17) and (3.1). When n goes to +∞, the random vari-

able Ddis
1,n,log2

converges in distribution to a random variable having a N (0, 1) Gaussian
distribution.

Remark 3.3. The rate of the central limit theorems in Parts (ii) of Theorems 3.1 and 3.2 is
given in terms µn. It is worth mentioning that, when one takes, for all n ∈ N, Tn := 2n−1

and µn as in (2.34), this rate can also be expressed in terms of the number of observations
vn := 2Tn2n = 22n. Indeed, for such a choice of the sequences (Tn)n∈N and (µn)n∈N, one clearly
has, for all n ∈ N, that n = 2−1 log2(vn) which entails that

µn =

⌊
v

(
2 log2(2

−1 log2(vn)+1)
)−1

n

⌋
.

Before digging into the proofs of Theorem 3.1 and 3.2, we first notice that in order that the
estimators α̂−1,dis

n,log2
and Ĥdis

n,log2
in them to be almost surely well-defined and finite, each random

variable Y n,Tn
j,k in (3.1) and (3.2) should be almost surely non-vanishing, which is the case if

and only if its scale parameter σ(Y n,Tn
j,k ) does not vanish. The following lemma provides a weak

sufficient condition for the latter fact to be simultaneously true for all those random variables
Y n,Tn
j,k , provided that n is large enough.

Lemma 3.4. Assume that the continuous function ψ̂ in (2.7) satisfies ψ̂(0) > 0 and let a fixed
integer n0 ≥ 4 be such that

min
t∈[0,2−n0 ]

ψ̂(t) > 0. (3.3)

Then, for all integers j ∈ N and n ≥ n0, one has

min
1≤k≤4µn

σ(Y n,Tn
j,k ) > 0. (3.4)

Therefore, with probability 1, none of the values of any one of the SαS random variables Y n,Tn
j,k ,

with j ∈ N, n ≥ n0 and 1 ≤ k ≤ 4µn, is equal to 0.
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Remark 3.5. Observe that in the case where the function ψ is given by (2.5), according to
(2.6), one can simply take n0 = 4.

Proof. of Lemma 3.4 Suppose ad absurdum that there are some integers j1 ≥ 1, n1 ≥ n0 ≥ 4

and k1 ∈ {1, . . . , 4µn1} for which σ(Y
n1,Tn1
j1,k1

) = 0. Then, it results from (2.29) and (2.1) that∫
R
|ξ|−αH−1

∣∣∣ ∑
|m|≤2n1Tn1

(
eidn1,mξ − 1

)̂̃
ψj1,k1(dn1,m)

∣∣∣αdξ = 0,

which implies that ∑
|m|≤2n1Tn1

(
eidn1,mξ − 1

)̂̃
ψj1,k1(dn1,m) = 0, for all ξ ∈ R.

Since the continuous functions
(
eidn1,m(·) − 1

)
, m ∈ {−2n1Tn1 , . . . , 2

n1Tn1} \ {0}, are linearly
independent, one gets that

̂̃
ψj1,k1(dn1,m) = 0, for every m ∈ {−2n1Tn1 , . . . , 2

n1Tn1} \ {0}.

In the particular casem = 1, using (2.11) and dn1,1 = 2−n1 , the latter equality can be expressed
as

cos(2−j1−n1k1)ψ̂(2−j1−n1) = 0. (3.5)

The equality (3.5) cannot hold. Indeed, since j1 ≥ 1, n1 ≥ 4 and 1 ≤ k1 ≤ 4µn1 , one knows from
(2.31) that 0 ≤ 2−j1−n1k1 ≤ 22−n1µn1 ≤ 1 and consequently that cos(2−j1−n1k1) ≥ cos(1) > 0;
combining the latter inequalities with the inequalities j1 ≥ 1, n1 ≥ n0 and (3.3), one gets that

cos(2−j1−n1k1)ψ̂(2−j1−n1) ≥ cos(1) min
t∈[0,2−n0 ]

ψ̂(t) > 0.

Remark 3.6. Proving Theorems 3.1 and 3.2 reduces to show that Theorem 2.4 remains valid
when α̂−1µn,log2

and Ĥµn,log2 are replaced by α̂−1,dis
n,log2

and Ĥdis
n,log2

. Thus, in view of (2.33) and of
the fact that G is a bounded C∞ positive function, it is enough to show that, for some positive
deterministic real number a, one has almost surely

lim
n→+∞

2na
∣∣α̂−1µn,log2

− α̂−1,dis
n,log2

∣∣ = 0 and lim
n→+∞

2na
∣∣Ĥµn,log2 − Ĥ

dis
n,log2

| = 0. (3.6)

Notice that, in view of (3.1), (2.14), (3.2) and (2.15), one can obtain (3.6) by proving, almost
surely, that

lim
n→+∞

2na
∣∣An−Ãn∣∣ = 0 and lim

n→+∞
2na
∣∣A′n−Ã′n∣∣ = 0 and lim

n→+∞
2na
∣∣Bn−B̃n∣∣ = 0 (3.7)

where

An :=
1

µn

µn∑
p=1

log2 |Y1,2p−1| and Ãn :=
1

µn

µn∑
p=1

log2 |Y
n,Tn
1,2p−1|, (3.8)
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A′n :=
1

µn

µn∑
p=1

log2 |Y2,2p−1| and Ã′n :=
1

µn

µn∑
p=1

log2 |Y
n,Tn
2,2p−1|, (3.9)

Bn :=
1

µn

µn∑
p=1

log2 |Y2,4p−1| and B̃n :=
1

µn

µn∑
p=1

log2 |Y
n,Tn
2,4p−1|. (3.10)

The global goal of the rest of this section is to establish that the first equality in (3.7) holds;
the two other equalities in it can be obtained in the same way, this is why we skip their proofs.
In order to reach this goal, we need several preliminary results.

Our next aim is to show, when n goes to +∞, that Y n,Tn
j,k is almost surely convergent to

Yj,k uniformly in k ∈ {1, . . . , 4µn}, and to estimate the rate of convergence. To this end, a
very fundamental ingredient is the following lemma, which improves and generalizes Lemma 2.8
in [4].

Lemma 3.7. Let (j, k) ∈ N2 be arbitrary and fixed, for each n ∈ N, the SαS random variable
Rn,Tnj,k is defined as

Rn,Tnj,k := Y n,Tn
j,k − Yj,k. (3.11)

Then, there is a finite constant c > 0, which does not depend on n and k, such that the scale
parameter σ(Rn,Tnj,k ) satisfies

σ(Rn,Tnj,k ) ≤ c kmax
{

2−nH , T−(L−H−1)n

}
, (3.12)

where the integer L ≥ 2 is the same as in (2.4).

The following proof adapts that of Lemma 3.3 from [4]. Definition (2.29) introduces an
additional term to control and the role of Tn, equal to 2n in [4], must also be taken into
account.

Proof. Let (j, k) ∈ N2 and n ∈ N be arbitrary and fixed. Combining (3.11), the second equality
in (2.29) and (2.8), the SαS random variable Rn,Tnj,k rewrites as

Rn,Tnj,k = <

(∫
R
|ξ|−H−1/α

(
1

2π

∑
|m|≤2nTn

2−n
(
eidn,mξ − 1

)̂̃
ψj,k(dn,m)− ψ̃j,k(ξ)

)
dM̃α(ξ)

)

= <

(∫
R
|ξ|−H−1/α

(
1

2π

∑
|m|≤2nTn

∫ dn,m+1

dn,m

(
eidn,mξ − 1

)̂̃
ψj,k(dn,m) dt− ψ̃j,k(ξ)

)
dM̃α(ξ)

)
.

Note that (2.9), the fact that ψ is an even function, and (2.3) imply that

ψ̃j,k(0) = 2ψ(k) = 0.
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Therefore, applying the inverse Fourier transform, Rn,Tnj,k can be expressed as

Rn,Tnj,k = <

(∫
R
|ξ|−H−1/α

(
1

2π

∑
|m|≤2nTn

∫ dn,m+1

dn,m

(
eidn,mξ − 1

)̂̃
ψj,k(dn,m) dt

− 1

2π

∫
R

(
eitξ − 1

)̂̃
ψj,k(t) dt

)
dM̃α(ξ)

)

=
1

2π
<

(∫
R
|ξ|−H−1/α

( ∑
|m|≤2nTn

∫ dn,m+1

dn,m

(
eitdn,mξ − 1

)(̂̃
ψj,k(dn,m)− ̂̃ψj,k(t)) dt

+
∑

|m|≤2nTn

∫ dn,m+1

dn,m

(
eidn,mξ − eitξ

)̂̃
ψj,k(t) dt

−
∫
{t/∈[−Tn,Tn+2−n)}

(
eitξ − 1

)̂̃
ψj,k(t) dt

)
dM̃α(ξ)

)
.

Thus, by (2.1), one obtains that

σ(Rn,Tnj,k )α =
1

(2π)α

∫
R
|ξ|−αH−1

∣∣∣∣ ∑
|m|≤2nTn

∫ dn,m+1

dn,m

(
eitdn,mξ − 1

)(̂̃
ψj,k(dn,m)− ̂̃ψj,k(t)) dt

(3.13)

+
∑

|m|≤2nTn

∫ dn,m+1

dn,m

(
eidn,mξ − eitξ

)̂̃
ψj,k(t) dt

−
∫
{t/∈[−Tn,Tn+2−n)}

(
eitξ − 1

)̂̃
ψj,k(t) dt

∣∣∣∣α dξ.
Then, combining (3.13) with the triangle inequality and the inequality |a+b|α ≤ 2α

(
|a|α+|b|α

)
,

for all complex numbers a and b, and using that ̂̃ψj,k is even, one gets that

σ(Rn,Tnj,k )α ≤ 4α

πα
(
T nj,k + Unj,k + Vnj,k

)
(3.14)

where

T nj,k :=

∫
R
|ξ|−αH−1

(
2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣eidn,mξ − 1
∣∣ ∣∣∣∣̂̃ψj,k(dn,m)− ̂̃ψj,k(t)∣∣∣∣ dt

)α
dξ, (3.15)

Unj,k :=

∫
R
|ξ|−αH−1

(
2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣ei(dn,m−t)ξ − 1
∣∣∣∣̂̃ψj,k(t)∣∣ dt

)α
dξ (3.16)

and
Vnj,k :=

∫
R
|ξ|−αH−1

(∫ ∞
Tn

∣∣eitξ − 1
∣∣∣∣̂̃ψj,k(t)∣∣ dt)α dξ. (3.17)

Let us first bound Unj,k. In the following, we will use the classical inequality:∣∣eiθ − 1
∣∣ ≤ min

{
|θ|, 2

}
, for all θ ∈ R. (3.18)
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We split Unj,k as
Unj,k = U

n,0
j,k + U

n,1
j,k ,

where

U
n,0
j,k :=

∫
{|ξ|≤2n}

|ξ|−αH−1
(

2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣ei(dn,m−t)ξ − 1
∣∣∣∣̂̃ψj,k(t)∣∣ dt

)α
dξ (3.19)

and

U
n,1
j,k :=

∫
{|ξ|>2n}

|ξ|−αH−1
(

2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣ei(dn,m−t)ξ − 1
∣∣∣∣̂̃ψj,k(t)∣∣ dt

)α
dξ. (3.20)

On one hand, combining (3.19) and (3.18), one gets that

U
n,0
j,k ≤

(∫
{|ξ|≤2n}

|ξ|α(1−H)−1 dξ

)(
2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣t− dn,m∣∣∣∣̂̃ψj,k(t)∣∣ dt
)α

≤ c1 2(1−H)nα

(
2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣t− dn,m∣∣∣∣̂̃ψj,k(t)∣∣ dt
)α

where c1 = 2
α(1−H) . Then, since

|t− dn,m| ≤ 2−n, for all (n,m) ∈ N× N and t ∈ [dn,m, dn,m+1],

applying inequality (2.12) one gets that

U
n,0
j,k ≤ c1 2−nαH

(∫
R+

∣∣̂̃ψj,k(t)∣∣ dt)α ≤ c2 2−nαH , (3.21)

where the finite positive constant c2 does not depend on n and k. On another hand, combining
(3.20) and (3.18), one obtains that

U
n,1
j,k ≤ 2α

(∫
{|ξ|>2n}

|ξ|−αH−1 dξ

)(
2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣̂̃ψj,k(t)∣∣ dt
)α

≤ 2α

(∫
{|ξ|>2n}

|ξ|−αH−1 dξ

)(∫
R+

∣∣̂̃ψj,k(t)∣∣ dt)α .
Then inequality (2.12) implies that

U
n,1
j,k ≤ c3 2−nαH , (3.22)

where the finite positive constant c3 does not depend on n and k. Finally, combining (3.21)
and (3.22), one derives that

Unj,k = U
n,0
j,k + U

n,1
j,k ≤ c4 2−nαH , (3.23)
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where the finite positive constant c4 does not depend on n and k.

Let us now bound Vnj,k. We split it as

Vnj,k = V
n,0
j,k + V

n,1
j,k ,

where
V
n,0
j,k :=

∫
{|ξ|≤1/Tn}

|ξ|−αH−1
(∫ ∞

Tn

∣∣eitξ − 1
∣∣∣∣̂̃ψj,k(t)∣∣ dt)α dξ (3.24)

and
V
n,1
j,k :=

∫
{|ξ|>1/Tn}

|ξ|−αH−1
(∫ ∞

Tn

∣∣eitξ − 1
∣∣∣∣̂̃ψj,k(t)∣∣ dt)α dξ. (3.25)

Next, notice that using (3.18), for every ε ∈ (0, 1) and for every (t, ξ) ∈ R2, one has

|eitξ − 1
∣∣ = |eitξ − 1

∣∣ε|eitξ − 1
∣∣1−ε ≤ 2ε|tξ|1−ε. (3.26)

Let τ̃ ∈ (0, 1−H) ⊂ (0, 1). Combining (3.26) with ε = τ̃ and (3.24), one gets that

V
n,0
j,k ≤ 2τ̃α

(∫
{|ξ|≤1/Tn}

|ξ|α(1−τ̃−H)−1 dξ

)(∫ ∞
Tn

t1−τ̃
∣∣̂̃ψj,k(t)∣∣ dt)α

≤ c5 T
−(1−τ̃−H)α
n

(∫ ∞
Tn

t1−τ̃
∣∣̂̃ψj,k(t)∣∣ dt)α ,

where c5 = 21+τ̃α

α(1−τ̃−H) . Then, since L+ τ̃ − 1 ≥ 1 + τ̃ > 1, the inequality (2.12) implies that

V
n,0
j,k ≤ c6 T

−(1−τ̃−H)α
n

(∫ ∞
Tn

(1 + t)−(L+τ̃−1)dt

)α
≤ c7 T

−(L−1−H)α
n , (3.27)

where c6 and c7 are two finite positive constants which do not depend on n and k.
Moreover, putting together (3.18), (3.25) and (2.12), one obtains that

V
n,1
j,k ≤ 2α

(∫
{|ξ|>1/Tn}

|ξ|−αH−1 dξ

)(∫ ∞
Tn

∣∣̂̃ψj,k(t)∣∣ dt)α
≤ c8 T

Hα
n

(∫ ∞
Tn

(1 + t)−L dt

)α
≤ c9 T

−(L−1−H)α
n , (3.28)

where the finite positive constants c8 and c9 do not depend on n and k. Finally, combining
(3.27) and (3.28), one derives that

Vnj,k = V
n,0
j,k + V

n,1
j,k ≤ c10 T

−(L−1−H)α
n , (3.29)

where the finite positive constant c10 does not depend on n and k.
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Let us now bound T nj,k. We split it as

T nj,k = T n,0j,k + T n,1j,k ,

where

T n,0j,k :=

∫
{|ξ|≤1}

|ξ|−αH−1
(

2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣eidn,mξ − 1
∣∣ ∣∣∣∣̂̃ψj,k(dn,m)− ̂̃ψj,k(t)∣∣∣∣ dt

)α
dξ (3.30)

and

T n,1j,k :=

∫
{|ξ|>1}

|ξ|−αH−1
(

2nTn∑
m=0

∫ dn,m+1

dn,m

∣∣eidn,mξ − 1
∣∣ ∣∣∣∣̂̃ψj,k(dn,m)− ̂̃ψj,k(t)∣∣∣∣ dt

)α
dξ. (3.31)

Applying (3.26) with t = dn,m and ε = τ̃ , Taylor formula and (2.13), one gets, for all ξ ∈ R,
for every (n,m) ∈ N× N and for every t ∈ [dn,m, dn,m+1],∣∣eidn,mξ − 1

∣∣ ∣∣∣∣̂̃ψj,k(dn,m)− ̂̃ψj,k(t)∣∣∣∣ ≤ 2τ̃ |ξ|1−τ̃d1−τ̃n,m

∣∣∣∣̂̃ψj,k(dn,m)− ̂̃ψj,k(t)∣∣∣∣
≤ 2τ̃ |ξ|1−τ̃d1−τ̃n,m

∫ t

dn,m

∣∣∣∣̂̃ψ′j,k(u)

∣∣∣∣ du
≤ 2τ̃ cj,L k|ξ|1−τ̃

∫ t

dn,m

d1−τ̃n,m(1 + u)−L du

≤ 2τ̃ cj,L k|ξ|1−τ̃
∫ t

dn,m

(1 + u)1−τ̃−L du,

where the last inequality follows from the fact that, for all u ∈ [dn,m, t], one clearly has that
d1−τ̃n,m ≤ u1−τ̃ ≤ (1 + u)1−τ̃ . Then combining the previous inequalities and (3.30) and using
Fubini-Tonelli Theorem, one derives that

T n,0j,k ≤ c11 k
α

(
2nTn∑
m=0

∫ dn,m+1

dn,m

(∫ t

dn,m

(1 + u)1−τ̃−L du

)
dt

)α

≤ c11 k
α

(
2nTn∑
m=0

∫ dn,m+1

dn,m

(dn,m+1 − u)(1 + u)1−τ̃−L du

)α
≤ c12 2−nαkα, (3.32)

where

c11 = 2τ̃αcαj,L

(∫
{|ξ|≤1}

|ξ|α(1−τ̃−H)−1 dξ

)
and c12 = c11

(∫
R+

(1 + u)1−τ̃−L du

)α
are two positive finite constants not depending on n and k.
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Let us now fix τ ∈ (0, H) ⊂ (0, 1). Applying (3.26) with t = dn,m and ε = 1 − τ and using
arguments similar to that which have allowed to obtain (3.32), one derives from (3.31) that

T n,1j,k ≤ 2(1−τ)α

(∫
{|ξ|>1}

|ξ|−α(H−τ)−1dξ

)(
2nTn∑
m=0

∫ dn,m+1

dn,m

dτn,m

∣∣∣∣̂̃ψj,k(dn,m)− ̂̃ψj,k(t)∣∣∣∣ dt
)α

≤ c14k
α

(
2nTn∑
m=0

∫ dn,m+1

dn,m

dτn,m(dn,m+1 − u)(1 + u)−L du

)α

≤ c142
−nαkα

(
2nTn∑
m=0

∫ dn,m+1

dn,m

dτn,m(1 + u)−L du

)α

≤ c142
−nαkα

(
2nTn∑
m=0

∫ dn,m+1

dn,m

(1 + u)τ−L du

)α
≤ c142

−nαkα, (3.33)

where the two constants

c14 := 2(1−τ)αcαj,L

(∫
{|ξ|>1}

|ξ|−α(H−τ)−1dξ

)
and c15 := c14

(∫
R+

(1 + u)τ−Ldu

)α
are finite since L− τ > 1 and H − τ > 0. Then, combining (3.32) and (3.33), one gets that

T nj,k = T n,0j,k + T n,1j,k ≤ c162
−nαkα. (3.34)

Finally, putting together (3.14), (3.23), (3.29) and (3.34), it follows that (3.12) is satisfied.

The following lemma provides, for all k ∈ {1, . . . , 4µn}, the almost sure uniform convergence
of Y n,Tn

j,k to Yj,k, when n goes to +∞, as well as an estimate of the uniform of convergence.

Lemma 3.8. Let L ≥ 2 be the same integer as in (2.4). Let j be an arbitrary fixed positive
integer and let τ and τ̃ be arbitrary fixed real numbers satisfying

0 < τ < H and 0 < τ̃ < 1−H. (3.35)

Then, there exists a positive finite random variable C∗L,j(τ, τ̃) such that one has, almost surely
for all n ∈ N,

sup
1≤k≤4µn

∣∣Yj,k − Y n,Tn
j,k

∣∣ ≤ C∗L,j(τ, τ̃) max
{

2−nτ , T−(L+τ̃−2)n

}
, (3.36)

where (µn)n∈N belongs to the class of admissible sequences introduced in Remark 2.10.

Proof. One knows from Lemma 3.7 that there is a finite constant c1 > 0, which does not
depend on n and k, such that

σ
(
Yj,k − Y n,Tn

j,k

)
≤ c1 kmax

{
2−nH , T−(L−H−1)n

}
. (3.37)
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Let γ ∈ (0, α) be arbitrary and fixed. One denotes by W an arbitrary real-valued SαS ran-
dom variable with scale parameter equals to 1. It follows from standard calculations, Markov
inequality and (3.37) that, for all (j, n) ∈ N2,

P
(

sup
1≤k≤4µn

∣∣Yj,k − Y n,Tn
j,k

∣∣ > max
{

2−nτ , T−(L+τ̃−2)n

})
= P

(
sup

1≤k≤4µn

∣∣Yj,k − Y n,Tn
j,k

∣∣γ > max
{

2−nγτ , T−γ(L+τ̃−2)n

})
≤
(

max
{

2−nγτ , T−γ(L+τ̃−2)n

})−1
E
(

sup
1≤k≤4µn

∣∣Yj,k − Y n,Tn
j,k

∣∣γ)
≤
(

max
{

2−nγτ , T−γ(L+τ̃−2)n

})−1 4µn∑
k=1

E
(∣∣Yj,k − Y n,Tn

j,k

∣∣γ)

= E(|W |γ)
(

max
{

2−nγτ , T−γ(L+τ̃−2)n

})−1 4µn∑
k=1

σ
(
Yj,k − Y n,Tn

j,k

)γ
≤ c2µ1+γn

(
max

{
2−nγτ , T−γ(L+τ̃−2)n

})−1
max

{
2−nγH , T−γ(L−H−1)n

}
, (3.38)

where c2 := 41+γcγ1 E(|W |γ) is a positive finite constant. In the sequel, one sets

bn := max
{

2−nγ(H−τ), T−γ(1−H−τ̃)n

}
, for all n ∈ N.

Observe that

max
{

2−nγH , T−γ(L−H−1)n

}
≤ bn max

{
2−nγτ , T−γ(L+τ̃−2)n

}
, for every n ∈ N. (3.39)

Moreover, one knows from (3.35) and (2.30) that there exists ε > 0 such that

bn ≤ 2−εn, for all n ∈ N. (3.40)

Putting together (3.38), (3.39) and (3.40), it follows that, for every (j, n) ∈ N2,

P
(

sup
1≤k≤4µn

∣∣Yj,k − Y n,Tn
j,k

∣∣ > max
{

2−nτ , T−(L+τ̃−2)n

})
≤ c2µ1+γn 2−εn.

Then, one can derive from (2.33) that

+∞∑
n=1

P
(

sup
1≤k≤4µn

∣∣Yj,k − Y n,Tn
j,k

∣∣ > max
{

2−nτ , T−(L+τ̃−2)n

})
< +∞.

Thus, applying Borel-Cantelli Lemma one gets (3.36).

Let us now recall Lemma 3.2 from [4] which will be useful in the sequel.

Lemma 3.9. [4, Lemma 3.2] For all (j, k) ∈ N2, the scale parameter of the real-valued SαS
random variable Yj,k (see (2.7) and (2.8)) satisfies

σ(Yj,k) = 2jH+1/α

(∫ 4−1

−4−1

∣∣ψ(η)
∣∣α

(η + k)αH+1
dη

)1/α

,
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which clearly implies (see (2.3)) that

‖ψ‖Lα(R)2jH+1/α
(
k + 4−1

)−(H+1/α) (3.41)

≤ σ(Yj,k) ≤ ‖ψ‖Lα(R)2jH+1/α
(
k − 4−1

)−(H+1/α)
,

where ∥∥ψ∥∥
Lα(R) :=

(∫
R

∣∣ψ(η)
∣∣α dη)1/α

=

(∫ 4−1

−4−1

∣∣ψ(η)
∣∣α dη)1/α

.

Now, we need to introduce some additional notations.

Definition 3.10. For any arbitrary fixed δ ∈ (0,+∞) and for all n ∈ N, the four random
variables A0,n(δ), A1,n(δ), Ã0,n(δ) and Ã1,n(δ) are defined as

A0,n(δ) :=
1

µn

µn∑
p=1

(
log2 |Y1,2p−1|

)
1l{
|Y1,2p−1|≤2−nδσ(Y1,2p−1)

}, (3.42)

A1,n(δ) :=
1

µn

µn∑
p=1

(
log2 |Y1,2p−1|

)
1l{
|Y1,2p−1|>2−nδσ(Y1,2p−1)

}, (3.43)

Ã0,n(δ) :=
1

µn

µn∑
p=1

(
log2 |Y

n,Tn
1,2p−1|

)
1l{
|Y1,2p−1|≤2−nδσ(Y1,2p−1)

}, (3.44)

and

Ã1,n(δ) :=
1

µn

µn∑
p=1

(
log2 |Y

n,Tn
1,2p−1|

)
1l{
|Y1,2p−1|>2−nδσ(Y1,2p−1)

}. (3.45)

Observe that, it easily results from (3.8) that, for all δ ∈ (0,+∞), one has

An = A0,n(δ) +A1,n(δ) and Ãn = Ã0,n(δ) + Ã1,n(δ). (3.46)

The following two lemmas show that, when n goes to +∞, the two positive random variables∣∣A0,n(δ)
∣∣ and ∣∣Ã0,n(δ)

∣∣ converge almost surely to zero at a geometric rate which depends on δ.

Lemma 3.11. For each fixed δ ∈ (0,+∞), one has almost surely

lim
n→+∞

2nθ
∣∣A0,n(δ)

∣∣ = 0, for all θ ∈ (0, δ).

Lemma 3.12. For each fixed δ ∈ (0,+∞), one has almost surely

lim
n→+∞

2nθ
∣∣Ã0,n(δ)

∣∣ = 0, for all θ ∈ (0, δ).

Proof of Lemma 3.11. First observe that, one knows from Borel-Cantelli Lemma that for prov-
ing Lemma 3.11 it is enough to show that, for any arbitrary fixed ε > 0, the following is true:

+∞∑
n=1

P
(
2nθ
∣∣A0,n(δ)

∣∣ > ε
)
< +∞. (3.47)
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Moreover, since, for all n ∈ N, one has

P
(
2nθ
∣∣A0,n(δ)

∣∣ > ε
)

= P
(

2nθ/2
∣∣A0,n(δ)

∣∣1/2 > ε1/2
)
,

thanks to Markov inequality, it turns out that (3.47) can be obtained by showing that

+∞∑
n=1

2nθ/2 E
(∣∣A0,n(δ)

∣∣1/2) < +∞. (3.48)

From now on, our goal is to provide, for all n ∈ N, an appropriate upper bound for the
expectation E

(∣∣A0,n(δ)
∣∣1/2), which allows to get (3.48). Using (3.42), the triangle inequality,

the inequality ( m∑
p=1

|xp|
)1/2

≤
m∑
p=1

|xp|1/2, for all m ∈ N and x1, . . . , xm ∈ R, (3.49)

and Cauchy-Schwarz inequality it follows that

E
(∣∣A0,n(δ)

∣∣1/2) = µ−1/2n E
(∣∣∣ µn∑

p=1

(
log2 |Y1,2p−1|

)
1l{
|Y1,2p−1|≤2−nδσ(Y1,2p−1)

}∣∣∣1/2)

≤ µ−1/2n E
(( µn∑

p=1

∣∣ log2 |Y1,2p−1|
∣∣1l{
|Y1,2p−1|≤2−nδσ(Y1,2p−1)

})1/2)

≤ µ−1/2n

µn∑
p=1

E
(∣∣ log2 |Y1,2p−1|

∣∣1/2 1l{
|Y1,2p−1|≤2−nδσ(Y1,2p−1)

})
≤ µ−1/2n

µn∑
p=1

(
E
∣∣ log2 |Y1,2p−1|

∣∣)1/2(P(|Y1,2p−1| ≤ 2−nδσ(Y1,2p−1)
))1/2

. (3.50)

Recall that, one knows from Lemma 3.9 that, for every p ∈ N, one has σ(Y1,2p−1) > 0. Also, one
knows from Remark 2.1 that, for each p ∈ N, the real-valued random variable Y1,2p−1/σ(Y1,2p−1)
is SαS with scale parameter equals to 1. In the sequel, one denotes by W an arbitrary real-
valued SαS random variable with scale parameter equals to 1. On one hand, since W has a
continuous bounded probability density function over the real line, one has, for some positive
finite constant c1, not depending on p and n,

P
(
|Y1,2p−1| ≤ 2−nδσ(Y1,2p−1)

)
= P

(
|W | ≤ 2−nδ

)
≤ c12−nδ, for all integers 1 ≤ p ≤ µn. (3.51)

On the other hand, one can derive from the triangle inequality and (3.49) that, for all integers
1 ≤ p ≤ µn, (

E
∣∣ log2 |Y1,2p−1|

∣∣)1/2 =

(
E
∣∣∣ log2 |W |+ log2

(
σ(Y1,2p−1)

)∣∣∣)1/2

≤
(
E
∣∣ log2 |W |

∣∣+
∣∣ log2

(
σ(Y1,2p−1)

∣∣)1/2
≤
(
E
∣∣ log2 |W |

∣∣)1/2 +
∣∣ log2

(
σ(Y1,2p−1)

)∣∣1/2. (3.52)
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Next, setting c2 := c
1/2
1

(
E
∣∣ log2 |W |

∣∣)1/2 and putting together (3.50), (3.51) and (3.52), one
obtains, for all n ∈ N, that

E
(∣∣A0,n(δ)

∣∣1/2) ≤ c2 µ1/2n 2−nδ/2 + c
1/2
1 2−nδ/2µ−1/2n

n∑
p=1

∣∣ log2
(
σ(Y1,2p−1)

)∣∣1/2. (3.53)

Next notice that (3.41) implies that there exists two finite constants 0 < c3 < c4 such that, for
all p ∈ N, one has

c3(p+ 1)−H−1/α ≤ σ(Y1,2p−1) ≤ c4(p+ 1)−H−1/α. (3.54)

Thus, setting c5 := | log2(c3)|+ | log2(c4)|+H+ 1/α, one can derive from the second inequality
in (3.54) that

log2
(
σ(Y1,2p−1)

)
≤ log2(c4)− (H + 1/α) log2(p+ 1) ≤ c5 log2(p+ 1), (3.55)

and one can derive from the first inequality in (3.54) that

− log2
(
σ(Y1,2p−1)

)
≤ − log2(c3) + (H + 1/α) log2(p+ 1) ≤ c5 log2(p+ 1). (3.56)

Then, combining (3.55) and (3.56), one gets, for every p ∈ N, that∣∣ log2
(
σ(Y1,2p−1)

)∣∣ ≤ c5 log2(p+ 1),

and consequently that, for all n ∈ N,

µ−1/2n

µn∑
p=1

∣∣ log2
(
σ(Y1,2p−1)

)∣∣1/2 ≤ c1/25 µ1/2n

(
log2(µn + 1)

)1/2
. (3.57)

Finally, since θ < δ, it results from (3.53), (3.57) and (2.33) that (3.48) holds.

For proving Lemma 3.12, one needs the following two lemmas. The first one of them is
basically a consequence of Lemma 3.7.

Lemma 3.13. Let L ≥ 2 be the same integer as in (2.4).

(i) When α ∈ [1, 2], there exists a finite constant c′ > 0 such that, for all n ∈ N,

sup
1≤p≤µn

∣∣σ(Y1,2p−1)− σ(Y n,Tn
1,2p−1)

∣∣ ≤ c′µn max
{

2−nH , T−(L−H−1)n

}
. (3.58)

(ii) When α ∈ (0, 1), there exists a finite constant c′′ > 0 such that, for all n ∈ N,

sup
1≤p≤µn

∣∣σ(Y1,2p−1)
α − σ(Y n,Tn

1,2p−1)
α
∣∣ ≤ c′′µαn max

{
2−nαH , T−α(L−H−1)n

}
. (3.59)

Proof. One knows from (2.8) and (2.29) that, for all positive integers n and p, one has

Y1,2p−1 = <
(∫

R
Fp(ξ)dM̃α(ξ)

)
and Y n,Tn

1,2p−1 = <
(∫

R
Fnp (ξ)dM̃α(ξ)

)
,
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where the functions Fp and Fnp belong to Lα(R). Thus, it results from (2.1) that

σ(Y1,2p−1) = ‖Fp‖Lα(R), σ(Y n
1,2p−1) = ‖Fnp ‖Lα(R) and σ(Y1,2p−1 − Y n

1,2p−1) = ‖Fp − Fnp ‖Lα(R).

When α ∈ [1, 2], using the inequality
∣∣‖Fp‖Lα(R) − ‖Fnp ‖Lα(R)∣∣ ≤ ‖Fp − Fnp ‖Lα(R) and (3.12),

one obtains (3.58).
When α ∈ (0, 1), using the inequality

∣∣‖Fp‖αLα(R)−‖Fnp ‖αLα(R)∣∣ ≤ ‖Fp−Fnp ‖αLα(R) and (3.12),
one gets (3.59).

Lemma 3.14. There are a positive integer n1 and two finite constants 0 < c1 < c2 such that,
for all integers n ≥ n1 and 1 ≤ p ≤ µn, one has

c1(p+ 1)−H−1/α ≤ σ(Y n,Tn
1,2p−1) ≤ c2(p+ 1)−H−1/α. (3.60)

Proof. First we suppose that α ∈ [1, 2]. Let c3 and c4 be the same positive constants as in
(3.54); thus one has, for all integers n ≥ 1 and 1 ≤ p ≤ µn,

c3(p+ 1)−H−1/α ≤ σ(Y n,Tn
1,2p−1)−

(
σ(Y n,Tn

1,2p−1)− σ(Y1,2p−1)
)
≤ c4(p+ 1)−H−1/α

and consequently that

− sup
1≤p≤µn

∣∣σ(Y1,2p−1)− σ(Y n,Tn
1,2p−1)

∣∣+ c3(p+ 1)−H−1/α

≤ σ(Y n,Tn
1,2p−1) ≤ c4(p+ 1)−H−1/α + sup

1≤p≤µn

∣∣σ(Y1,2p−1)− σ(Y n
1,2p−1)

∣∣.
Then, one can derive from (3.58) that one has for some finite constant c5 > 0 and for all integers
n ≥ 1 and 1 ≤ p ≤ µn,

− c5 µn max
{

2−nH , T−(L−H−1)n

}
+ c3(p+ 1)−H−1/α (3.61)

≤ σ(Y n,Tn
1,2p−1) ≤ c4(p+ 1)−H−1/α + c5 µn max

{
2−nH , T−(L−H−1)n

}
.

Next, observe that, since L ≥ 2 > H + 1, one knows from (2.30) and (2.33) that

lim
n→+∞

(µn + 1)H+1/α µn max
{

2−nH , T−(L−H−1)n

}
= 0.

Thus, there exists a positive integer n′1 such that, for all integer n ≥ n1,

c5 µn max
{

2−nH , T−(L−H−1)n

}
≤ 2−1 min{c3, c4}(µn + 1)−H−1/α. (3.62)

Next, combining (3.61) and (3.62), it follows that, for every integers n ≥ n′1 and 1 ≤ p ≤ µn,
one has

(1/2)c3(p+ 1)−H−1/α ≤ σ(Y n,Tn
1,2p−1) ≤ (3/2)c4(p+ 1)−H−1/α,

which shows that (3.60) holds.
Let us now suppose that α ∈ (0, 1). Using (3.54), one has, for all integers n ≥ 1 and

1 ≤ p ≤ µn,

cα3 (p+ 1)−αH−1 ≤ σ(Y n,Tn
1,2p−1)

α −
(
σ(Y n,Tn

1,2p−1)
α − σ(Y1,2p−1)

α
)
≤ cα4 (p+ 1)−αH−1
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and consequently that

− sup
1≤p≤µn

∣∣σ(Y1,2p−1)
α − σ(Y n,Tn

1,2p−1)
α
∣∣+ cα3 (p+ 1)−αH−1

≤ σ(Y n,Tn
1,2p−1)

α ≤ cα4 (p+ 1)−αH−1 + sup
1≤p≤µn

∣∣σ(Y1,2p−1)
α − σ(Y n,Tn

1,2p−1)
α
∣∣.

Then, one can derive from (3.59) that one has for some constant c6 > 0 and for all integers
n ≥ 1 and 1 ≤ p ≤ µn,

− c6 µαn max
{

2−nαH , T−α(L−H−1)n

}
+ cα3 (p+ 1)−αH−1 (3.63)

≤ σ(Y n,Tn
1,2p−1)

α ≤ cα4 (p+ 1)−αH−1 + c6 µ
α
n max

{
2−nαH , T−α(L−H−1)n

}
.

Similarly to (3.62), it can be shown that there exists a positive integer n′′1 such that, for all
integer n ≥ n′′1,

c6 µ
α
n max

{
2−nαH , T−α(L−H−1)n

}
≤ 2−1 min{cα3 , cα4 }(µn + 1)−αH−1. (3.64)

Next, combining (3.63) and (3.64), it follows that, for every integers n ≥ n′′1 and 1 ≤ p ≤ µn,
one has

(1/2)cα3 (p+ 1)−αH−1 ≤ σ(Y n,Tn
1,2p−1)

α ≤ (3/2)cα4 (p+ 1)−αH−1,

which shows that (3.60) holds.

Let us now prove Lemma 3.12.

Proof of Lemma 3.12. One sets n2 := max{n0, n1}, where the integers n0 and n1 are the same
as in Lemmas 3.4 and 3.14. By using similar arguments as those in the beginning of the proof
of Lemma 3.11, it turns out that for proving Lemma 3.12 it is enough to show that

+∞∑
n=n2

2nθ/2 E
(∣∣Ã0,n(δ)

∣∣1/2) < +∞. (3.65)

Moreover, by using (3.44) and arguments similar to those which have allowed to obtain (3.50),
it can be shown, for all integer n ≥ n2, that

E
(∣∣Ã0,n(δ)

∣∣1/2) ≤ µ−1/2n

µn∑
p=1

(
E
∣∣ log2 |Y

n,Tn
1,2p−1|

∣∣)1/2(P(|Y1,2p−1| ≤ 2−nδσ(Y1,2p−1)
))1/2

.

Therefore, (3.51) implies that

E
(∣∣Ã0,n(δ)

∣∣1/2) ≤ c1/21 2−nδ/2µ−1/2n

µn∑
p=1

(
E
∣∣ log2 |Y

n,Tn
1,2p−1|

∣∣)1/2, (3.66)

where the finite constant c1 > 0, not depending on n, is the same as in (3.51). Next, thanks to
(3.66) and (3.4), similarly to (3.53) it can be shown that

E
(∣∣Ã0,n(δ)

∣∣1/2) ≤ c2 µ1/2n 2−nδ/2 + c
1/2
1 2−nδ/2µ−1/2n

µn∑
p=1

∣∣ log2
(
σ(Y n,Tn

1,2p−1)
)∣∣1/2, (3.67)
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where the finite constant c2 > 0, not depending on n, is the same as in (3.53). Moreover, by
using Lemma 3.14, similarly to (3.57), it can be shown, for all integer n ≥ n2, that

µ−1/2n

µn∑
p=1

∣∣ log2
(
σ(Y n,Tn

1,2p−1)
)∣∣1/2 ≤ c3 µ1/2n

(
log2(µn + 1)

)1/2
, (3.68)

for some finite constant c3 > 0 not depending on n. Finally, since θ < δ, combining (3.67) and
(3.68) with (2.33), one obtains (3.65).

We are now ready to prove Theorems 3.1 and 3.2.

Proof of Theorems 3.1 and 3.2 .
As already mentioned in Remark 3.6, in order to show that the two equalities in (3.6) hold

almost surely it is enough to prove that the three equalities in (3.7) are valid almost surely;
in the sequel, we only give the proof of the first one of them since those of the two others are
similar.

Let n0 be the same positive integer as in Lemma 3.4 and let a be an arbitrary fixed positive
real number satisfying

a < 2−1 min{H, ζ(1−H)}, (3.69)

where ζ ∈ (0, 1] is the same as in (2.30). Then, the positive real number ε is defined as

ε := 2−1
(
2−1 min{H, ζ(1−H)} − a

)
. (3.70)

Using (3.46) with δ = a+ ε and the triangle inequality, one obtains, for all integer n ≥ n0,

2na
∣∣An − Ãn∣∣ ≤ 2na

∣∣A0,n(a+ ε)
∣∣+ 2na

∣∣Ã0,n(a+ ε)
∣∣+ 2na

∣∣A1,n(a+ ε)− Ã1,n(a+ ε)
∣∣. (3.71)

Observe that one knows from Lemmas 3.11 and 3.12 that one has, almost surely,

lim
n→+∞

2na
∣∣A0,n(a+ ε)

∣∣ = 0 and lim
n→+∞

2na
∣∣Ã0,n(a+ ε)

∣∣ = 0. (3.72)

Thus, in view of (3.71) and (3.72), in order to show that the first equality in (3.7) holds almost
surely, it remains to prove that the following equality is valid almost surely:

lim
n→+∞

2na
∣∣A1,n(a+ ε)− Ã1,n(a+ ε)

∣∣ = 0. (3.73)

Using (3.43), (3.45) and the triangle inequality, one gets, for all integer n ≥ n0,∣∣A1,n(a+ ε)− Ã1,n(a+ ε)
∣∣

≤ µ−1n
µn∑
p=1

∣∣ log2 |Y1,2p−1| − log2 |Y
n,Tn
1,2p−1|

∣∣1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}. (3.74)

Next, for each p ∈ {1, . . . , µn}, let Λn,Tn1,2p−1 be the almost surely positive random variable defined
as

Λn,Tn1,2p−1 := min
{
|Y1,2p−1|, |Y n,Tn

1,2p−1|
}
. (3.75)
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It follows from (3.74), the mean-value theorem applied to the function log2, (3.75) and the
triangle inequality that∣∣A1,n(a+ ε)− Ã1,n(a+ ε)

∣∣
≤ (log 2)−1µ−1n

µn∑
p=1

∣∣|Y1,2p−1| − |Y n,Tn
1,2p−1|

∣∣
Λn,Tn1,2p−1

1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}
≤ (log 2)−1µ−1n

µn∑
p=1

|Y1,2p−1 − Y n,Tn
1,2p−1|

Λn,Tn1,2p−1
1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}. (3.76)

Next, notice that (3.69) and (3.70) imply that

2a+ 2ε < min{H, ζ(1−H)}.

Thus, one can derive from (3.36) with τ = 2a + 2ε and τ̃ = (2a + 2ε)/ζ that there exists a
positive finite random variable C1 such that one has, almost surely, for all integer n ≥ n0,

sup
1≤p≤µn

|Y1,2p−1 − Y n,Tn
1,2p−1| ≤ C1 max

{
2−2n(a+ε), T−(L−2)−(2a+2ε)/ζ

n

}
≤ C12

−2n(a+ε), (3.77)

where the last inequality follows from (2.30). On another hand, observe that (3.75) implies, for
all p ∈ {1, . . . , µn}, that

Λn,Tn1,2p−1 ≥ |Y1,2p−1| − |Y1,2p−1 − Y
n,Tn
1,2p−1|.

Combining the latter inequality with (3.77), one obtains almost surely, for all n ≥ n0 and
p ∈ {1, . . . , µn}, that

Λn,Tn1,2p−1 ≥ |Y1,2p−1| − C12
−2n(a+ε). (3.78)

Moreover, (3.78) and the first inequality in (3.54) entail almost surely, for all n ≥ n0 and
p ∈ {1, . . . , µn}, that

Λn,Tn1,2p−11l
{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

} ≥ (|Y1,2p−1| − C12
−2n(a+ε)

)
1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}
≥ 2−n(a+ε)

(
σ(Y1,2p−1)− C12

−n(a+ε)
)

1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}
≥ 2−n(a+ε)

(
c2(p+ 1)−H−1/α − C12

−n(a+ε)
)

1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}
≥ 2−n(a+ε)

(
c2(µn + 1)−H−1/α − C12

−n(a+ε)
)

1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}
≥ 2−n(a+ε)(µn + 1)−H−1/α

(
c2 − C12

−n(a+ε)(µn + 1)H+1/α
)

1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

},
(3.79)

where c2 denotes the positive deterministic constant c3 in (3.54). Next, observe that one knows
from (2.32) that lim

n→+∞
2−n(a+ε)(µn + 1)H+1/α = 0. Thus, there exists a random integer ν ≥ n0

such that, for all integer n ≥ ν, one has

c2 − C12
−n(a+ε)(µn + 1)H+1/α ≥ 2−1c2. (3.80)
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Then setting c3 := 2−1c2 and combining (3.79) and (3.80), it follows that one has almost surely,
for every integer n ≥ ν and p ∈ {1, . . . , µn},

Λn,Tn1,2p−11l
{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

} ≥ c32−n(a+ε)(µn + 1)−H−1/α1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}.
This amounts to say that one has almost surely, for every integer n ≥ ν and p ∈ {1, . . . , µn},(
Λn,Tn1,2p−1

)−1
1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

} ≤ c−13 2n(a+ε)(µn+1)H+1/α1l{
|Y1,2p−1|>2−n(a+ε)σ(Y1,2p−1)

}.
(3.81)

Next, let C4 be the positive finite random variable defined as C4 := c−13 (log 2)−1C1. Putting
together (3.76), (3.77) and (3.81) one obtains almost surely, for all integer n ≥ ν,∣∣A1,n(a+ ε)− Ã1,n(a+ ε)

∣∣ ≤ C42
−n(a+ε)(µn + 1)H+1/α. (3.82)

Finally, a straightforward consequence of (2.32) and (3.82) is that the equality (3.73) holds
almost surely.

4 Power estimators

In this Section, we construct discrete versions of the power estimators introduced in Theo-
rems 2.6 and 2.8, which are nothing else than Theorems 1.7 and 1.10 in [4]. The first main
result of the section concerns consistency of these discrete estimators; it holds up to consider-
ing a subsequence

(
µnj
)
j∈N of (µn)n∈N, rather similarly to what has been done in [4] for the

continuous power estimators. More precisely, the first main result of the section is the following
theorem; one mentions in passing that the estimators Ĥdis

j,γ and α̂−1,dis
j,γ in it are almost surely

well-defined thanks to Lemma 3.4.

Theorem 4.1. One assumes that α ∈ [α, 2], where the lower bound α ∈ (0, 2] is known. Also,
one assumes that γ ∈ (0, 4−1α) is arbitrary and fixed. Let (nj)j∈N be a non-decreasing sequence
of positive integers greater than n0 (see Lemma 3.4) and such that

lim
j→+∞

nj = +∞.

One defines, for all j ∈ N,

Ĥdis
j,γ := γ−1 log2

∑µnj
p=1

∣∣Y nj ,Tnj
2,2p−1

∣∣γ∑µnj
p=1

∣∣Y nj ,Tnj
1,2p−1

∣∣γ
 (4.1)

and

α̂−1,disj,γ := γ−1

1− log2

∑µnj+1

p=1

∣∣Y nj ,Tnj
2,2p−1

∣∣γ∑µnj
p=1

∣∣Y nj ,Tnj
1,2p−1

∣∣γ
 . (4.2)

The following two results hold.

(i) Ĥdis
j,γ is a strongly consistent (almost surely convergent) estimator of the Hurst parameter

H of HFSM.
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(ii) Under the condition

lim
j→+∞

log2

(
µnj+1

µnj

)
= 1, (4.3)

α̂−1,disj,γ is a strongly consistent (almost surely convergent) estimator of the inverse α−1 of
the stability parameter α of HFSM.

The second main result of the section is following theorem which shows that the estimators
Ĥdis
j,γ and α̂−1,dis

j,γ are asymptotically normal under some additional conditions.

Theorem 4.2. Let α be as in Theorems 2.6 and 4.1, and let γ ∈ (0, 4−1α) be arbitrary and
such that (2.23) holds. One denotes by (µ1,n)n∈N and (µ2,n)n∈N two non-decreasing sequences
of integers larger than 2, which satisfy the conditions (2.31) and (2.32). Moreover, one denotes
(n1,j)j∈N and (n2,j)j∈N two non-decreasing sequence of positive integers larger n0 such that

lim
j→+∞

n1,j = lim
j→+∞

n2,j = +∞,

and one assumes that (µ2,n2,j )j∈N satisfies the following strengthened version of the condi-
tion (4.3):

lim
j→+∞

(µ2,n2,j )
1/2

∣∣∣∣log2

(
µ2,n2,j+1

µ2,n2,j

)
− 1

∣∣∣∣ = 0 . (4.4)

For all j ∈ N, let Ĥdis
1,j,γ be the estimator of H obtained by replacing in (4.1) nj and µnj by n1,j

and µ1,n1,j respectively, and let α̂−1,dis2,j,γ be the estimator of α−1 obtained by replacing in (4.2)
nj, µnj and µnj+1 by n2,j, µ2,n2,j and µ2,n2,j+1 respectively. The two random variables Ddis

1,j,γ

and Ddis
2,j,γ are then defined as

Ddis
1,j,γ := 2−1/2

(
log(2)

)
γFγ

(
τ1(Ĥ

dis
1,j,γ), τ2(α̂

−1,dis
2,j,γ )

)
(µ1,n1,j )

1/2
(
Ĥdis

1,j,γ −H
)

and

Ddis
2,j,γ := (2/3)1/2

(
log(2)

)
γFγ

(
τ1(Ĥ

dis
1,j,γ), τ2(α̂

−1,dis
2,j,γ )

)
(µ2,n2,j )

1/2
(
α̂−1,dis2,j,γ − α

−1
)
,

where Fγ is the positive continuous function on [0, 1]× [2−1, α−1] introduced in (2.24), and τ1
and τ2 are the two continuous "truncation" functions introduced in (2.28). When j goes to
+∞, the two random variables Ddis

1,j,γ and Ddis
2,j,γ converge in distribution to a random variable

having a N (0, 1) Gaussian distribution.

Remark 4.3. Assumption (4.4) is not required for the asymptotic normality of Ddis
1,j,γ . More-

over, one can replace in Ddis
1,j,γ the estimator α̂−1,dis

2,j,γ by any strongly consistent estimator of the
inverse 1/α.

Let us start by introducing some notations. For all n ∈ N and ` ∈ {1, 2}, we set

V µn
`,γ :=

µn∑
p=1

|Y`,2p−1
∣∣γ (4.5)
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and

Vµn,n`,γ :=

µn∑
p=1

|Y n,Tn
`,2p−1|

γ . (4.6)

Let us mention that, with this notation, one has, for all j ∈ N

Ĥdis
j,γ := γ−1 log2

(
V
µnj ,nj
2,γ

V
µnj ,nj
1,γ

)

and

α̂−1,dis
j,γ := γ−1

(
1− log2

(
V
µnj+1 ,nj
2,γ

V
µnj ,nj
1,γ

))
as well as

Ĥj,γ := γ−1 log2

(
V
µnj
2,γ

V
µnj
1,γ

)
and

α̂−1j,γ := γ−1

(
1− log2

(
V
µnj+1

2,γ

V
µnj
1,γ

))
.

Roughly speaking, we aim at showing that Theorems 2.6 and 2.8 remain valid when Ĥj,γ and
α̂−1j,γ are respectively replaced by Ĥdis

j,γ and α̂−1,dis
j,γ . To this end, we first state the following result

which is a straightforward consequence of Lemma 4.1 in [4].

Lemma 4.4. Let α ∈ (0, 2] be as in Theorem 4.1. Under the sole condition j ≤ µnj for all
j ∈ N, one has, for all fixed γ ∈ (0, 4−1α) and any ` ∈ {1, 2},

lim
j→+∞

V
µnj
`,γ

E[V
µnj
`,γ ]

= 1, (4.7)

where the convergence holds almost surely.

Now, we control the distance between the variation V
µnj
`,γ and its discretized version V

µnj ,nj

`,γ

in L1. Note that applying (2.30) and (2.33), next Lemma implies that the discretized version
converges in L1 to V

µnj
`,γ .

Lemma 4.5. Let α ∈ (0, 2] be as in Theorem 4.1 and let γ ∈ (0, 4−1α) be arbitrary and fixed.
Let (µn)n∈N be a non-decreasing sequence of integers satisfying the conditions (2.31) and (2.32)
and (nj)j∈N be a non-decreasing sequence of positive integers. Then, there is a finite constant
c > 0 such that, for all j ∈ N, ` ∈ {1, 2} and k ∈ {0, 1},

E[|V
µnj+k ,nj

`,γ − V
µnj+k
`,γ |] ≤ cµnj+k max

{
2−njHγ , T−(L−1−H)γ

nj

}
.

Proof. In the sequel, one denotes by W an arbitrary real-valued SαS random variable with
scale parameter equals to 1. From the expressions in equations (4.5) and (4.6), the triangle
inequality, the inequality

||x|γ − |y|γ | ≤ |x− y|γ , for all x, y ∈ R,
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since γ ∈ (0, 1), and the Remark 2.1, we get

E[|V
µnj+k ,nj

`,γ − V
µnj+k
`,γ |] ≤ E

∣∣∣∣∣∣
µnj+k∑
p=1

(
|Y

nj ,Tnj
`,2p−1 |

γ − |Y`,2p−1|γ
)∣∣∣∣∣∣


≤
µnj+k∑
p=1

E
[∣∣∣Y nj ,Tnj

`,2p−1 − Y`,2p−1
∣∣∣γ]

=

µnj+k∑
p=1

E
[
|W |γσ

(
Y
nj ,Tnj
`,2p−1 − Y`,2p−1

)γ]
.

Then, we get, from inequality (3.12) in Lemma 3.7, the existence of a finite constant c > 0 such
that, for all j ∈ N, ` ∈ {1, 2} and k ∈ {0, 1},

E[|V
µnj+k ,nj

`,γ −V
µnj+k
`,γ |] ≤ c

µnj+k∑
p=1

max
{

2−njH , T−(L−1−H)
nj

}γ
= cµnj+k max

{
2−njHγ , T−(L−1−H)γ

nj

}
.

In the sequel, we will need the following Lemma, which is obtained in the course of the
proof of [4, Lemma 4.1] (see inequality (4.24) in this last paper).

Lemma 4.6. Let α ∈ (0, 2] be as in Theorem 4.1 and let γ ∈ (0, 4−1α) be arbitrary and fixed.
Let (µn)n∈N be a sequence of integers satisfying the conditions (2.31) and (2.32) and (nj)j∈N
be a non-decreasing sequence of positive integers that diverges and such that (4.3) holds. Then,
there exists a positive finite constant c such that, for all j ≥ 1 and ` ∈ {1, 2},(

E[V
µnj
`,γ ]

)−1 ≤ c µγ(H+1/α)−1
nj .

The two following corollaries will be important to revisit Theorems 2.6 and 2.8 with the
estimators (4.1) and (4.2).

Corollary 4.7. Let α ∈ (0, 2] be as in Theorem 4.1 and let γ ∈ (0, 4−1α) be arbitrary and fixed.
Let (µn)n∈N be a sequence of integers satisfying the conditions (2.31) and (2.32) and (nj)j∈N
be a non-decreasing sequence of positive integers that diverges. For any ` ∈ {1, 2}, we have

lim
j→+∞

E[V
µnj ,nj

`,γ ]

E[V
µnj
`,γ ]

= 1. (4.8)

Moreover, if (µn)n∈N also satisfies assumption (4.3), then, for any ` ∈ {1, 2}, we have

lim
j→+∞

E[V
µnj+1 ,nj

`,γ ]

E[V
µnj+1

`,γ ]
= 1. (4.9)
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Proof. From Lemmata 4.5 and 4.6, there exists a finite constant c > 0 such that, for all j ∈ N,
` ∈ {1, 2} and k ∈ {0, 1},∣∣∣∣∣E[V

µnj+k ,nj

`,γ ]

E[V
µnj+k
`,γ ]

− 1

∣∣∣∣∣ =

∣∣∣E[V
µnj+k ,nj

`,γ ]− E[V
µnj+k
`,γ ]

∣∣∣
E[V

µnj+k
`,γ ]

≤
(
E[V

µnj+k
`,γ ]

)−1
E
[∣∣∣Vµnj+k ,nj`,γ − V

µnj+k
`,γ

∣∣∣]
≤ cµγ(H+1/α)

nj+k
max

{
2−njHγ , T−(L−1−H)γ

nj

}
. (4.10)

Then, taking k = 0, (4.8) follows from (2.30) and (2.33). Taking k = 1 and assuming that
(µn)n∈N also satisfies (4.3), we have

lim
j→+∞

µnj+1

µnj
= 2 (4.11)

and then (4.9) also follows from (2.30) and (2.33).

Corollary 4.8. Let α ∈ (0, 2] be as in Theorem 2.6 and let γ ∈ (0, 4−1α) be arbitrary and
fixed. Let (µn)n∈N be a sequence of integers satisfying the conditions (2.31) and (2.32) and let
(nj)j∈N be a non-decreasing sequence of positive integers that diverges. Then, there is a finite
constant c > 0 such that, for all j ∈ N and ` ∈ {1, 2},∣∣∣∣∣log2

(
E[V

µnj ,nj

`,γ ]

E[V
µnj
`,γ ]

)∣∣∣∣∣ ≤ cµγ(H+1/α)
nj max

{
2−njHγ , T−(L−1−H)γ

nj

}
. (4.12)

Moreover, if (µn)n∈N also satisfies assumption (4.3), then, for any ` ∈ {1, 2}, we have∣∣∣∣∣log2

(
E[V

µnj+1 ,nj

`,γ ]

E[V
µnj+1

`,γ ]

)∣∣∣∣∣ ≤ cµγ(H+1/α)
nj+1

max
{

2−njHγ , T−(L−1−H)γ
nj

}
. (4.13)

Proof. Using
|log2(1 + x)| ≤ |x| for every x ∈ [−2−1,+∞),

inequalities (4.12) and (4.13) then follow directly from Lemma 4.5 and Corollary 4.7 and (??).

Lemma 4.9. Let α ∈ (0, 2] be as in Theorem 4.1 and let γ ∈ (0, 4−1α) be arbitrary and fixed.
Let (µn)n∈N be a sequence of integers satisfying the conditions (2.31) and (2.32) and let (nj)j∈N
be a non-decreasing sequence of positive integers that diverges. Let also τ ′ be an arbitrary and
fixed real number satisfying 0 < τ ′ < min{H, 1 − H}. There exists a positive finite random
variable C∗(τ ′) such that one has, almost surely, for all j ∈ N, ` ∈ {1, 2} and k ∈ {0, 1},∣∣∣∣∣ V

µnj ,nj

`,γ

E[V
µnj ,nj

`,γ ]
−

V
µnj
`,γ

E[V
µnj
`,γ ]

∣∣∣∣∣ ≤ C∗(τ ′) min{2−njτ ′γ , T−τ ′γnj }. (4.14)

Moreover, if (µn)n∈N also satisfies assumption (4.3), then, almost surely, for any j ∈ N and
` ∈ {1, 2}, one also has∣∣∣∣∣ V

µnj+1 ,nj

`,γ

E[V
µnj+1 ,nj

`,γ ]
−

V
µnj+1

`,γ

E[V
µnj+1

`,γ ]

∣∣∣∣∣ ≤ C∗(τ ′) min{2−njτ ′γ , T−τ ′γnj }. (4.15)
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Proof. For each j ∈ N, ` ∈ {1, 2} and k ∈ {0, 1}, using Markov inequality and the triangle
inequality, we have

P

(∣∣∣∣∣ V
µnj+k ,nj

`,γ

E[V
µnj+k ,nj

`,γ ]
−

V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

∣∣∣∣∣ ≥ min{2nj , Tnj}−τ
′γ

)

≤ min{2nj , Tnj}τ
′γ E

(∣∣∣∣∣ V
µnj+k ,nj

`,γ

E[V
µnj+k ,nj

`,γ ]
−

V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

∣∣∣∣∣
)

≤ min{2nj , Tnj}τ
′γ E

∣∣∣∣∣∣
V
µnj+k ,nj

`,γ

(
E[V

µnj+k
`,γ ]− E[V

µnj+k ,nj

`,γ ]
)

E[V
µnj+k ,nj

`,γ ]E[V
µnj+k
`,γ ]

−
V
µnj+k
`,γ − V

µnj+k ,nj

`,γ

E[V
µnj+k
`,γ ]

∣∣∣∣∣∣


≤ 2 min{2nj , Tnj}τ
′γ E[V

µnj+k
`,γ ]−1E[|V

µnj+k ,nj

`,γ − V
µnj+k
`,γ |].

Then from (4.10), there exists a finite constant c > 0 such that, for all j ∈ N, ` ∈ {1, 2} and
k ∈ {0, 1},

P

(∣∣∣∣∣ V
µnj+k ,nj

`,γ

E[V
µnj+k ,nj

`,γ ]
−

V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

∣∣∣∣∣ ≥ min{2nj , Tnj}−τ
′γ

)
≤ 2cmin

{
2nj , Tnj

}τ ′γ
µγ(H+1/α)
nj+k

max
{

2−njHγ , T−(L−1−H)γ
nj

}
≤ 2cµγ(H+1/α)

nj+k
max

{
2−nj(H−τ

′)γ , T−(L−1−H−τ
′)γ

nj

}
.

Moreover, since γ > 0, H − τ ′ > 0 and L− 1−H − τ ′ ≥ 1−H − τ ′ > 0, one knows from (2.30)
that there exists ε > 0 such that

max
{

2−nj(H−τ
′)γ , T−(L−1−H−τ

′)γ
nj

}
≤ 2−εnj , for all j ∈ N.

and then

P

(∣∣∣∣∣ V
µnj+k ,nj

`,γ

E[V
µnj+k ,nj

`,γ ]
−

V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

∣∣∣∣∣ ≥ min{2nj , Tnj}−τ
′γ

)
≤ 2cµγ(H+1/α)

nj+k
2−εnj .

Thus, when k = 0, one can derive from (2.33) that

∑
j∈N

P

(∣∣∣∣∣ V
µnj ,nj

`,γ

E[V
µnj ,nj

`,γ ]
−

V
µnj
`,γ

E[V
µnj
`,γ ]

∣∣∣∣∣ ≥ min{2nj , Tnj}−τ
′γ

)
<∞.

If (µn)n∈N also satisfies assumption (4.3), we use again (4.11) and then derive (4.15) in the
same way as previously done for obtaining (4.14).

As an immediate consequence of Lemma 4.9, we obtain the following corollary, which can
be viewed as an extension of Lemma 4.4 to the random variables V

µnj ,nj

`,γ defined through (4.6).
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Corollary 4.10. Let α ∈ (0, 2] be as in Theorem 4.1. Let (µn)n∈N be a sequence of integers
satisfying the conditions (2.31) and (2.32) and let (nj)j∈N be a non-decreasing sequence of
positive integers that diverges. For all fixed γ ∈ (0, 4−1α) and any ` ∈ {1, 2},

lim
j→+∞

V
µnj ,nj

`,γ

E[V
µnj ,nj

`,γ ]
= 1, (4.16)

where the convergence holds almost surely. Moreover, if (µn)n∈N also satisfies assumption (4.3),
for any ` ∈ {1, 2}, we also have, almost surely,

lim
j→+∞

V
µnj+1 ,nj

`,γ

E[V
µnj+1 ,nj

`,γ ]
= 1. (4.17)

Proof. For all n ∈ N, ` ∈ {1, 2} and k ∈ {0, 1}, using the triangle inequality we get∣∣∣∣∣ V
µnj+k ,nj

`,γ

E[V
µnj+k ,nj

`,γ ]
− 1

∣∣∣∣∣ ≤
∣∣∣∣∣ V

µnj+k ,nj

`,γ

E[V
µnj+k ,nj

`,γ ]
−

V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

∣∣∣∣∣+

∣∣∣∣∣ V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

− 1

∣∣∣∣∣ .
Then the conclusion follows immediately from Lemmata 4.9 and 4.4.

We now have enough materials to prove Theorem 4.1.

Proof of Theorem 4.1.

(i) In view of Theorem 2.6, it suffices to prove that, under the conditions (2.31) and (2.32)
on the sequence (µn)n∈N,

lim
j→+∞

(
Ĥdis
j,γ − Ĥj,γ

)
= 0, (4.18)

where the convergence holds almost surely. To this end, we write, for all j ∈ N,

γ
(
Ĥdis
j,γ − Ĥj,γ

)
= log2

(
V
µnj ,nj
2,γ

V
µnj ,nj
1,γ

)
− log2

(
V
µnj
2,γ

V
µnj
1,γ

)

= log2

(
V
µnj ,nj
2,γ

E[V
µnj ,nj
2,γ ]

)
− log2

(
V
µnj ,nj
1,γ

E[V
µnj ,nj
1,γ ]

)

+ log2

(
V
µnj
1,γ

E[V
µnj
1,γ ]

)
− log2

(
V
µnj
2,γ

E[V
µnj
2,γ ]

)

+ log2

(
E[V

µnj ,nj
2,γ ]

E[V
µnj
2,γ ]

)
− log2

(
E[V

µnj ,nj
1,γ ]

E[V
µnj
1,γ ]

)

and the convergence (4.18) is then a direct consequence of the limits (4.16), (4.7) and (4.8).
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• Similarly, for all n ∈ N, we write

γ
(
α̂−1,dis
j,γ − α̂−1j,γ

)
= log2

(
V
µnj+1

2,γ

V
µnj
1,γ

)
− log2

(
V
µnj+1 ,n

2,γ

V
µnj ,nj
1,γ

)

= log2

(
V
µnj ,nj
1,γ

E[V
µnj ,nj
1,γ ]

)
− log2

(
V
µnj+1 ,nj
2,γ

E[V
µnj+1 ,nj
2,γ ]

)

+ log2

(
V
µnj+1

2,γ

E[V
µnj+1

2,γ ]

)
− log2

(
V
µnj
1,γ

E[V
µnj
1,γ ]

)

+ log2

(
E[V

µnj ,nj
1,γ ]

E[V
µnj
1,γ ]

)
− log2

(
E[V

µnj+1 ,nj
2,γ ]

E[V
µnj+1

2,γ ]

)
and the conclusion follows from Theorem 2.6 (ii) and the limits (4.16), (4.17), (4.7), (4.8)
and (4.9).

We now pass to the revisit of Theorem 2.8 in the context of the estimators (4.1) and (4.2).
The main ingredient is the following lemma.

Lemma 4.11. Let α ∈ (0, 2] be as in Theorem 2.6 and let γ ∈ (0, 4−1α) be arbitrary and fixed.
Let (µn)n∈N be a sequence of integers satisfying the conditions (2.31) and (2.32) and let (nj)j∈N
be a non-decreasing sequence of positive integers that diverges. Let Fγ be the positive continuous
function introduced in Remark 2.7. Then, for any ` ∈ {1, 2}, when j goes to +∞, the random
variable

∆j
`,0,γ := log(2)Fγ(H,α−1)µ1/2nj

(
log2

(
V
µnj ,nj

`,γ

E[V
µnj ,nj

`,γ ]

)
− log2

(
V
µnj
`,γ

E[V
µnj
`,γ ]

))
converges to 0 almost surely. Moreover, if (µn)n∈N also satisfy assumption (4.3), for any
` ∈ {1, 2}, when j goes to +∞, the random variable

∆j
`,1,γ := log(2)Fγ(H,α−1)µ1/2nj

(
log2

(
V
µnj+1 ,nj

`,γ

E[V
µnj+1 ,nj

`,γ ]

)
− log2

(
V
µnj+1

`,γ

E[V
µnj+1

`,γ ]

))
also converges to 0 almost surely.

Proof. Applying the mean value theorem, for all j ∈ N, ` ∈ {1, 2} and k ∈ {0, 1},∣∣∣∆j
`,k,γ

∣∣∣ ≤ Fγ(H,α−1)µ
1/2
nj

min

{
V
µnj+k

,nj

`,γ

E[V
µnj+k

,nj

`,γ ]
,
V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

} ∣∣∣∣∣ V
µnj+k ,nj

`,γ

E[V
µnj+k ,nj

`,γ ]
−

V
µnj+k
`,γ

E[V
µnj+k
`,γ ]

∣∣∣∣∣ . (4.19)

Under the conditions (2.31) and (2.32) on the sequence (µn)n∈N, we use (4.14), (2.30) and
(2.33) to get, for any ` ∈ {1, 2},

lim
j→+∞

2Fγ(H,α−1)µ1/2nj

∣∣∣∣∣ V
µnj ,nj

`,γ

E[V
µnj ,nj

`,γ ]
−

V
µnj
`,γ

E[V
µnj
`,γ ]

∣∣∣∣∣ = 0,
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where the convergence holds almost surely. Moreover, applying (4.16) and Lemma 4.4, we have
almost surely

lim
j→+∞

min

{
V
µnj ,nj

`,γ

E[V
µnj ,nj

`,γ ]
,
V
µnj
`,γ

E[V
µnj
`,γ ]

}
= 1.

Therefore, (4.19) implies that

lim
j→+∞

∆j
`,0,γ = 0 almost surely.

Now, if condition (4.3) holds as well, we use (4.15), (2.30) and (2.33) to also get, almost surely,
for any ` ∈ {1, 2},

lim
j→+∞

2Fγ(H,α−1)µ1/2nj

∣∣∣∣∣ V
µnj+1 ,nj

`,γ

E[V
µnj+1 ,nj

`,γ ]
−

V
µnj+1

`,γ

E[V
µnj+1

`,γ ]

∣∣∣∣∣ = 0

Moreover, applying (4.17) and Lemma 4.4, we also have almost surely

lim
j→+∞

min

{
V
µnj+1 ,nj

`,γ

E[V
µnj+1 ,nj

`,γ ]
,
V
µnj+1

`,γ

E[V
µnj+1

`,γ ]

}
= 1.

Then, it follows again by (4.19) that, almost surely,

lim
j→+∞

∆j
`,1,γ = 0.

We already have enough materials to prove Theorem 4.2.

Proof of Theorem 4.2. One can derive from Theorem 4.1 and from the continuity property of
the functions Fγ , τ1 and τ2 (see Remark 2.7 and (2.28)) that

lim
j→+∞

Fγ
(
τ1(Ĥ

dis
1,j,γ), τ2(α̂

−1,dis
2,j,γ )

)(
Fγ(H,α−1)

)−1
= 1 , almost surely.

Thus, for proving the theorem it is enough to show that

2−1/2
(

log(2)
)
γFγ

(
H,α−1

)
(µ1,n1,j )

1/2
(
Ĥdis

1,j,γ −H
)

d−−−−→
j→+∞

N (0, 1)

and
(2/3)1/2

(
log(2)

)
γFγ

(
H,α−1

)
(µ2,n2,j )

1/2
(
α̂−1,dis
2,j,γ − α

−1
)

d−−−−→
j→+∞

N (0, 1).

Then, using Theorem 2.8 and Slutsky’s theorem, see e.g. [16, Page 318], that it turns out that
it is even enough to show that

2−1/2
(

log(2)
)
γFγ

(
H,α−1

)
(µ1,n1,j )

1/2
(
Ĥdis

1,j,γ − Ĥ1,j,γ

)
P−−−−→

j→+∞
0 (4.20)

and
(2/3)1/2

(
log(2)

)
γFγ

(
H,α−1

)
(µ2,n2,j )

1/2
(
α̂−1,dis
2,j,γ − α̂

−1
2,j,γ

)
P−−−−→

j→+∞
0. (4.21)
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where Ĥ1,j,γ and α̂−12,j,γ are as in Theorem 2.8.
For all j ∈ N, we write

(µ1,n1,j )
1/2
(
Ĥdis

1,j,γ − Ĥ1,j,γ

)
=(µ1,n1,j )

1/2

(
log2

(
V
µ1,n1,j ,n1,j

2,γ

E[V
µ1,n1,j ,n1,j

2,γ ]

)
− log2

(
V
µ1,n1,j
2,γ

E[V
µ1,n1,j
2,γ ]

))

+ (µ1,n1,j )
1/2

(
log2

(
V
µ1,n1,j
1,γ

E[V
µ1,n1,j
1,γ ]

)
− log2

(
V
µ1,n1,j ,n1,j

1,γ

E[V
µ1,n1,j ,n1,j

1,γ ]

))

+ (µ1,n1,j )
1/2

(
log2

(
E[V

µ1,n1,j ,n1,j

2,γ ]

E[V
µ1,n1,j
2,γ ]

)
− log2

(
E[V

µ1,n1,j ,n1,j

1,γ ]

E[V
µ1,n1,j
1,γ ]

))
.

First, using (4.12), we have, for all j ∈ N,

(µ1,n1,j )
1/2

∣∣∣∣∣log2

(
E[V

µ1,n1,j ,n1,j

2,γ ]

E[V
µ1,n1,j
2,γ ]

)
− log2

(
E[V

µ1,n1,j ,n1,j

1,γ ]

E[V
µ1,n1,j
1,γ ]

)∣∣∣∣∣
≤ 2c µ

γ(H+1/α+1/2)
1,n1,j

max
{

2−n1,jHγ , T−(L−1−H)γ
n1,j

}
.

Then, since Hγ > 0 and (L− 1−H)γ > 0, using (2.30) and (2.33), we get

(µ1,n1,j )
1/2

∣∣∣∣∣log2

(
E[V

µ1,n1,j ,n1,j

2,γ ]

E[V
µ1,n1,j
2,γ ]

)
− log2

(
E[V

µ1,n1,j ,n1,j

1,γ ]

E[V
µ1,n1,j
1,γ ]

)∣∣∣∣∣ −−−−→j→+∞
0.

Moreover, we know from the first part of Lemma 4.11 that the two random variables

(µ1,n1,j )
1/2

(
log2

(
V
µ1,n1,j ,n1,j

2,γ

E[V
µ1,n1,j ,n1,j

2,γ ]

)
− log2

(
V
µ1,n1,j
2,γ

E[V
µ1,n1,j
2,γ ]

))

and

(µ1,n1,j )
1/2

(
log2

(
V
µ1,n1,j
1,γ

E[V
µ1,n1,j
1,γ ]

)
− log2

(
V
µ1,n1,j ,n1,j

1,γ

E[V
µ1,n1,j ,n1,j

1,γ ]

))
converge to 0 almost surely. As a consequence, (4.20) holds and thus

Ddis
1,j,γ

d−−−−−→
n→+∞

N (0, 1).

In the same vein, for all j ∈ N, we write

(µ2,n2,j )
1/2
(
α̂−1,dis
2,j,γ − α̂

−1
2,j,γ

)
=(µ2,n2,j )

1/2

(
log2

(
V
µ2,n2,j+1

2,γ

E[V
µ2,n2,j+1

2,γ ]

)
− log2

(
V
µ2,n2,j+1

,n2,j

2,γ

E[V
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2,γ ]
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+ (µ2,n2,j )
1/2

(
log2

(
V
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1,γ

E[V
µ2,n2,j ,n2,j
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)
− log2

(
V
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1,γ

E[V
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+ (µ2,n2,j )
1/2

(
log2

(
E[V
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1,γ ]

E[V
µ2,n2,j
1,γ ]

)
− log2

(
E[V
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2,γ ]

E[V
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and we conclude in the same way, using inequality (4.13) and the second part of Lemma 4.11,
that the convergence (4.21) holds true and thus

Ddis
2,j,γ

d−−−−→
j→+∞

N (0, 1).
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