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Abstract—The fading-memory (FM) property captures the
progressive loss of influence of past inputs on a system’s current
output and has originally been formalized by Boyd and Chua
in an operator-theoretic framework. Despite its importance for
systems approximation, reservoir computing, and recurrent neu-
ral networks, its connection with state-space notions of nonlinear
stability, especially incremental ones, remains understudied. This
paper introduces a state-space definition of FM. In state-space,
FM can be interpreted as an extension of incremental input-
to-output stability (JIOS) that explicitly incorporates a memory
kernel upper-bounding the decay of past input differences. It is
also closely related to Boyd and Chua’s FM definition, with the
sole difference of requiring uniform, instead of general, continuity
of the memory functional with respect to an input-fading norm.
We demonstrate that incremental input-to-state stability (JISS)
implies FM semi-globally for time-invariant systems under an
equibounded input assumption. Notably, Boyd and Chua’s ap-
proximation theorems apply to JISS state-space models. As a
closing application, we show that, under mild assumptions, the
state-space model of a current-driven memristive device possesses
the FM property.

Index Terms—Fading Memory, Incremental Input-to-State Sta-
bility, Incremental Input-to-Output Stability

I. INTRODUCTION
A. Fading memory and the representation of stable systems

Fading-Memory (FM), introduced by Stephen P. Boyd and
Leon O. Chua, is an incremental stability property of input-
output (I/O) systems, where the current outputs depend on
past inputs, but the influence of older inputs gradually dimin-
ishes [1]. In their Theorem 2, Boyd and Chua showed that a
large class of FM operators can be approximated arbitrarily
well by a Wiener model [2], i.e. by a linear time-invariant
state-space model followed by a nonlinear static readout:

&(t) = Ax(t) + Bu(t),
y(t) = g(z(t)),
with w and y the input and output signals respectively. The
state matrix A is Hurwitz and the static readout g is smooth,

ensuring both internal and external stability. In practice, the
Wiener model can be obtained through identification [3|]. This
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result effectively provides a canonical representation of FM
operators. However, it applies in the operator-theoretic context
and does not directly translate to nonlinear state-space systems
theory.

For linear systems, the situation is simpler: in their The-
orem 5, Boyd and Chua have established that Linear Time-
Invariant (LTI) operators have FM if and only if they
admit a convolution representation [[I]. This makes FM
an almost automatic property of LTI systems in engineer-
ing practice. LTI systems with FM enjoy well-known 1/O
properties such as Bounded-Input Bounded-Output (BIBO),
Converging-Input Converging-Output (CICO), and Periodic-
Input Periodic-Output (PIPO).

In contrast, for nonlinear systems, the notions of representa-
tion, internal stability, and external stability are largely decou-
pled. For state-space nonlinear systems, classical asymptotic
stability concerns only the internal dynamics (convergence
to an equilibrium in the absence of input) and does not
automatically imply well-behaved I/O behaviors, nor vice-
versa. Stronger stability notions are therefore required. One
such a notion is incremental input-to-state stability (JISS),
which implies internal asymptotic stability, and I/O prop-
erties analogous to linear systems: namely, BIBO, CICO
and PIPO [4]-[6]. Moreover, §ISS is preserved under I/O
interconnections satisfying a small-gain condition, making
it particularly powerful for analyzing large-scale nonlinear
systems [4]. However, unlike FM systems, §ISS does not
readily provide a canonical representation theorem similar to
Boyd and Chua’s approximation result.

A state-space stability notion that recovers Boyd and Chua’s
FM is needed in order to apply their approximation result
to nonlinear state-space models. This paper introduces this
missing state-space FM notion. Rather unsurprisingly, state-
space FM closely relates to the notion of JISS. We show that,
under equibounded inputs, JISS implies the state-space FM
property semi-globally, offering a simple pathway to general-
ize Boyd and Chua’s approximation result to the state-space
setting: JISS implies state-space FM, which implies operator-
theoretic FM, which yields the representation theorem. Our
broader objective is to establish state-space FM as a nonlinear
analog of the stable convolution property in LTI system theory,
and thus to motivate the theoretical development of this state-
space notion.

B. Context of the study

FM can be observed in many nonlinear systems: rheological
materials [7]], memristive systems [8]], Recurrent Neural Net-
works (RNNs) [[9], just to give a few examples. More generally
any stable linear system with input saturation possesses FM.
Our own original motivation for studying FM came from



neuroscience, where the ion-channel kinetics of the Hodgkin-
Huxley model act as voltage-driven memristors [10], [11],
although the current-driven case is discussed in this paper,
as it is the more standard one in engineering.

Given the widespread nature of the FM property, several
attempts have been made to establish its abstract and rigorous
formalization. To the best of the authors’ knowledge, the
first rigorous formulation of the FM concept was introduced
by Bernard D. Coleman in a series of articles focused on
applications to continuum mechanics, specifically the vis-
coelastic and rheological behavior of polymers [7], [12], [13].
While Coleman’s work had a significant impact on continuum
mechanics and thermodynamics [14], [15], the concept of
FM remained largely unnoticed in the control and signal-
processing communities, until it was re-discovered and re-
formalized in 1985 by Boyd and Chua for I/O operators [1]].
While Boyd and Chua’s work focused on time-invariant opera-
tors and their approximation, one of its long-standing corollary
contribution is the convolution theorem for LTI operators, as
mentioned earlier in this introduction [[16].

Although this early formalization of FM continues to be
one of the most widely recognized, a series of alternative
definitions were also developed. The first of these appears in
the work of Jeff S. Shamma, who characterized FM in terms
of finite-memory operators [17], and subsequently introduced
with Rongze Zhao a distinction between uniform and point-
wise FM [18]]. A drawback of the operator-theoretic definitions
of FM is that they typically require inputs to be defined over
the entire negative time axis, infinitely into the past. This
limitation motivated Irwin W. Sandberg to reformulate FM so
that it applies to operators defined on both discrete-time and
continuous-time positive domains N and [0, +00) [19]-[21].

Research efforts have also been dedicated to study operators
with the FM property. Notable contributions include the ex-
amination of linear FM operators [22]], system identification of
FM systems [23]], and work clarifying the relationship between
FM and the conventional concept of asymptotic stability for
discrete-time systems [24]. Two research directions related to
FM operators can be identified: the representation question,
i.e. which classes of systems can approximate any FM operator
with arbitrary precision; and the universality question, i.e. what
class of systems can FM operators represent. Crucially, these
questions helped to clarify key properties and limitations of
several machine learning architectures. In Boyd and Chua’s
original approximation theorem [1], it is shown, by virtue of
the Stone-Weierstrass theorem, that (under mild assumptions)
all time-invariant FM operators can be approximated by a
finite Volterra series and by a state-space LTI system followed
by a static nonlinear readout. This demonstrates that Wiener
systems are universal for the class of FM systems. Further
results have established that discrete-time FM systems can be
approximated by RNNs [9], and bounds on the computational
capacity of discrete-time systems with the FM property have
also been derived [25]]. A clear articulation of FM’s relation-
ship to related concepts in RNNs can be found in this recent
study [26]. The FM property has also been investigated in
the context of reservoir computing: since a RNN with FM
holds recent input history in its current state while forgetting
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older inputs, training a simple readout of the state can be used
to achieve real-time temporal computation, without having
to train the recurrent dynamics itself. Theoretically, reservoir
systems with FM have been established as universal [27]],
though subsequent analysis refined this view, asserting that the
FM property was not strictly necessary for reservoir systems
to achieve universality [28].

Despite the recent development of a kernel-based definition
of FM [29]], the operator-theoretic notion of FM has attracted
little attention from control theorists [30]. One notable excep-
tion is a thesis on the identification of neuronal system, which
contains a proof that Slotine’s contraction [31]] implies the FM
notion of Boyd and Chua, in the discrete-time setting, on com-
pact sets and for equibounded inputs (Section 4.2.1 of [32]).
The control community has instead focused its interests on
state-space definitions of FM [33]]. The FM state-space notion
that is the closest to its operator theoretic counterpart is input-
to-state stability (ISS), a property which imposes that the state
of the system is asymptotically attracted to an equilibrium, up
to a bounded error related to the largest past input value [34].
In ISS systems, inputs that converge to zero will typically still
steer the system toward its equilibrium, as past input values are
progressively forgotten over time. This explicit FM property
of ISS systems was first introduced in [35] using the notion of
exp-ISS, and was later generalized to input-to-state dynamical
stability (ISDS) [36]]. However, the exact link between these
notions and Boyd and Chua’s original FM definition remains
elusive. In particular, although the time-discount is explicit,
neither exp-ISS nor ISDS captures the inherently incremental
nature of Boyd and Chua’s FM, which is characterized by how
mismatches in past inputs propagate to mismatches in current
outputs. Some time-discounted incremental stability notions
have recently been introduced in the control literature [37],
[38], but they are input-output-to-state, and were developed
to study nonlinear detectability, a motivation unconnected to
FM. We argue that the incremental state-space notion of FM
is missing from the literature, and that incremental input-
to-output stability (6I0S) and JISS are much more natural
candidates to obtain a state-space equivalent of Boyd and
Chua’s FM [39]].

C. Contributions

After reviewing some preliminary definitions in Section
the new state-space definition of FM is proposed in Section [[TI}
This new definition is shown to be closely related to both
Boyd and Chua’s original operator-theoretic definition, and
to the §IOS property of state-space models. It is in fact the
0IOS property with the addition of an explicit memory kernel
leading to the decay of past input values. The new definition is
first motivated through the example of a memristive device in
Section and then properly introduced in Section [[TI-B}
Some elementary results are derived from the existence of the
memory kernel in Section

The connection between our definition and Boyd and Chua’s
definition in terms of uniform and general continuity is pre-
sented in Section [V}

Is the introduced state-space FM equivalent to the JISS
property, and can Boyd and Chua’s approximation theorem be
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applied to JISS systems? Section [V|is dedicated to answering
these two questions. After introducing the JISS property in
Section[V-Al it is shown that 0ISS implies input-to-state FM on
all compact sets of initial conditions for time-invariant systems
with equibounded inputs in Section (thus, the input-to-
state FM holds semi-globally). The representation theorem
obtained by applying Boyd and Chua’s approximation results
to JISS state-space models is briefly stated in Section

Finally, we also exhibit simple conditions for the state-space
model of a current-driven memristive device to have FM in
Section Namely, that the current remains bounded, that
the internal dynamic of the resistance is 0ISS, and that the
memristance value is Lipschitz-continuous with respect to its
internal state.

Section briefly concludes the paper and offers several
perspectives for future works.

Some settings where JISS does not imply input-to-state FM
are discussed in Appendix [A]

II. NOTATIONS

A function « : [0,400) — [0,400) is of class [ if it is
continuous, strictly increasing, and «(0) = 0. Moreover, it is
of class K if it is of class K and lim,_, o a(r) = +oo.

A function 5 : [0, +00) X [0,+00) — [0, +00) is of class
KL if it is continuous, and such that for each s € [0, +00),
B(-,s) € K, and for each r € [0, 400), 8(r, -) is nonincreasing
on [0, +00) with lims_, 4 8(r,s) = 0.

A set of function F is equibounded if all its functions
are uniformly bounded, i.e. there exists M > 0 such that
| f(z)|| < M for all fe F.

III. FM FOR STATE-SPACE MODELS
A. Motivating example: a current-driven memristor

A memristor is a two-terminal electronic device whose
resistance, or memristance, M > 0 varies over time, typically
depending on the history of current I that has flowed through
it, providing its behavior with a built-in memory of past
activity [40]. For a memristor, Ohm’s law is typically given
in state-space representation and reads:

U(t) = M(z()I(t),
@(t) = f(x(t), 1()),

where U(t) stands for the voltage across the memristor.
Equation (2a) resembles the standard U = RI relationship of a
Ohmic resistor, except that the resistance R is replaced by M,
a memristance function, which depends on the internal state x
of the memristor. The memory effect of the memristance arises
from the dynamics of the internal state variable (2b). In many
memristive devices, the influence of past activity gradually
diminishes, and they can serve as a canonical example of a
FM system [8]].

While originally, Boyd an Chua defined FM through the
continuity of the system operator with respect to a fading
norm [1], our formalization highlights the system’s retained
memory by relying on its input-to-output contraction proper-
ties. To gain some intuition, consider two identical memristive

(2a)
(2b)

devices driven by two input currents I, and I that differ
before some time ¢* but become identical thereafter. Because
the two devices retain a memory of past inputs, their corre-
sponding voltages U, and U, still differ for ¢ > t*. However,
as time progresses, the influence of the earlier discrepancies
between [, and I, fades away, and the two voltages gradually
converge toward each other at a rate characterizing the tem-
poral scale of the system’s memory. The paper proposes this
systematic output contraction in response to input contraction
as an alternative way to formalize FM. This definition will
ultimately be shown to be closely related to that of Boyd and
Chua, thus enabling the use of their original approximation
theorem [1]]. In particular, if the memristive device has FM,
then its model can can be approximated by a state-space LTI
system with a static nonlinear readout, effectively removing
the nonlinearity from the dynamical equation (2b) of the
original state-space model. Practical conditions for this FM
property to hold on a memristive device are given at the end
of the paper (Section [VI).

B. Definition

Consider the nonlinear state-space model

w(t) = f(x(t), u(t)),
y(t) = g(z(t), u(®)),

where z(t) € R" is the state of the system, u € UT C
Loo([0,+00),R™) is its input (the + superscript in U™
denotes the positive-time domain [0, 4+00)), and y(t) € R™
is its output. It is assumed that (3a) is forward complete,
meaning for all initial condition z(0) € Xy C R™ and input
u € U, the state trajectory x is uniquely defined by (3d) on
the maximal interval of existence ¢ € [0, +00), and moreover
that g is smooth in both arguments.

Intuitively, we propose that has the FM property if:

1) The system is incrementally asymptotically output stable
for all input signals v € U*. This means that for
any mismatch of initial conditions ||z, (0) — z(0)||, the
trajectories of the two outputs, y, and ¥, considered
with a common input signal u € U™, converge toward
each other uniformly across all initial conditions.

2) The system is incrementally input-to-output stable (i.e.
0I0S). This means that for two distinct input signals u,
and uy € U™, y, and y, still converge to each other, but
only up to a mismatch that scales with the maximum
past mismatch between u, and wuy.

3) The system’s output gradually forgets its past inputs
according to a uniform memory mechanism. This means
that the mismatch between y, and y; is computed by
weighting past mismatches between v, and u; according
to their temporal distance, with respect to a system-
specific fading memory kernel. In particular, if v, and
up converge asymptotically to one another, then so do
Ya and yp.

Although these three properties were presented sequentially, it
should be noted that 3) implies 2) which in turn implies 1).
Consequently, a formalization of 3) alone would offer a com-
plete characterization of FM. The memory kernel described

(3a)
(3b)



in point 3) is defined by a function w : [0,4+00) — [0,1],
with w(At) the decay weight associated to the input mismatch
between u, and wu; after a time At > 0. To ensure that
the system exhibits FM, the discrepancies in the distant past
must have progressively less influence on the present output
behavior, as formalized in the following definition.

Definition 1 (Memory kernel): A function w : [0, +00) —
[0,1] is a memory kernel if it is continuous, nonincreasing,
and satisfies

Atllgl-oow(At) =0. 4)

The formal definition of our state-space FM property is now
introduced:

Definition 2 (State-space FM): The system has w-FM
if there exists 5 € KL, v € Ko, and a memory kernel w
satisfying Definition [I] such that for any two initial conditions,
24(0),zp(0) € Ay, considered with two input trajectories,
Uq, up € UT, the corresponding outputs satisfy for all ¢ > 0:

la(®) = (@) < B(ll2a(0) - 24(0)]], 1) )
(s sup,ei g wlt — 9)l|ua(s) — up(s)]))-

Remark 1: A qualitatively equivalent definition of FM is
given by:

l9a(t) = o (Ol] < max (B(lla(0) = 2(0)]. ), ©)
3 (esssupepo g w(t = ) [ua(s) = un(s)])))-

Succinctly, (@) implies () with (3,5) = (28,27), and (8)
implies (3) with (3,7) = (3,7).

Remark 2: Xy may need to be taken forward invariant to
ensure trajectories remain in the region where the inequality
applies.

This is essentially a JIOS property with the addition of a
input-fading mechanism.

Definition 3 (Input-to-state FM): The system has input-
to-state w-FM if it has w-FM with respect to the output y = x.

Similarly, this is essentially a 4ISS property with the addi-
tion of a input-fading mechanism.

C. Elementary results using the memory kernel

Similarly to most comparison functions in control, the mem-
ory kernel w(At) provides an upper-bound on the influence of
past inputs on the current output. It is therefore not uniquely
defined. A memory kernel satisfying inequality () offers an
a priori conservative characterization of the system’s memory
constraints: the system may, in fact, be more forgetful than
the memory kernel suggests. This ensures that the continuity
and nonincreasing requirements of Definition [I] are obtained
without loss of generality. This idea is formalized in the
following proposition and corollary:

Proposition 1 (wy < wy = (w1-FM = wy-FM)): Let the
system () have w;-FM. The system (3)) also has wq-FM for
any memory kernel wy : [0,+00) — [0, 1] such that for all

Proof: The proof is immediate by upper-bounding (©) in
Definition u
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Corollary 1: Tf (@) has w;-FM, with w; : [0, +00) — [0, 1]
only satisfying condition (@), then there exists a memory kernel
ws satisfying Definition[I] such that the system (3) has wo-FM.

Proof: From Proposition [I] it is sufficient to show that for
all wy : [0,+00) — [0,1] such that lim,_, ;o wi(z) = 0,
there exists a continuous and nonincreasing ws : [0, +00) —
[0,1] such that lim,_, { .o wa(xz) = 0 and wy > w; pointwise.
This is, in fact, a usual result for comparison functions, see
Lemma 2 of [41]. One can define (z) = sup,>, wi(z) and
obtain such wy from @ through standard regularization. W

A common choice for the memory kernel is the expo-
nentially decaying function w(At) = e #4t which arises
naturally in exponentially stable linear systems, such as the
standard low-pass filter 7¢(t) = —y(t) + u(t), for which the
following FM inequality holds:

|Ay(1)]| <e™/T(|Ay(0)] (7
+ 2 esssup,¢jo e*(t*‘q)/%HAu(s)H.

Similar to the properties of §ISS systems (see Proposi-
tion 4.4 and Proposition 4.5 in [4]]), for FM systems, converg-
ing inputs lead to converging outputs (CICO), and periodic
inputs lead to periodic outputs (PIPO). The first property is,
however, more general than that of JISS systems, since it
solely relies on the memory kernel and do not require specific
state-space properties (such as time-invariant or delay-free
dynamics).

Proposition 2 (Au(t) — 0 = Ay(t) — 0): If the FM
inequality (3) stands and if u, and w; converge asymptotically
to one another, then y, and y; do as well.

Proof: Let ug,u, € UT be such that lim;_, 4 ||ua(t) —
up(t)|| = 0. Since the input signals are in L, there exists
M > 0 such that ess sup,;s ||uq () — up(t)|| < M. Moreover,

for concision, let us introduce h(t,s) = w(t — s)||uqa(s) —
up(s)||. It is sufficient to show that
t£+mm ess suP,epo 4 N(t, 5) = 0. (8)

Let € > 0. Since limy, 4o w(t) = 0, there exists t; > 0
such that for all ¢ > ¢, w(t) < e/(2M). Similarly, since
limy s oo ||ua(t) — up(t)]] = 0, there exists ¢t > 0 such that
forall t > to, ||ua(t) —up(t)|| < /2. The following inequality
holds:

ess Supepo,) M(t, 8) <esssupgepo /o) M(t, 8) )
+ essSUP,epy /2.4 N(t, 5)-
On one hand, for all ¢t > 2¢;:

esSSUP,e(o,¢/2) P(t, ) < esssup g g w(t — )M <

On the other hand, for all t > 2t5:

€
eSS SUPe(y /2,4 Pty 8) < esssup,ery oy [[ua(s) — up(s)|| < 7

1D
Overall, if ¢ > 2max(t1,?2), then esssup,coq h(t, s) < e,
which demonstrates (8). [

Proposition 3 (Entrainment by periodic input): Let the
system (@) be bounded-input bounded-state (BIBS) and FM
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(Definition [2). If the input w is T-periodic, then the output
y converges to a T-periodic trajectory, independently of the
initial conditions.

Proof: Let u € U™T. Since the input signal is in L,
there exists M, > 0 such that esssup,~ ||u(t)| < M,. Now
consider the trajectory  of initial condition x(0) € Xj,. The
BIBO property implies that there exists M, > 0 and t* > 0
such that for all ¢ > ¢*, ||z(¢)|]] < M,. Continuity of ¢ then
implies y € Lo ([0, +00),R™). Let t; = t* + k1T +  and
to = t* + koT + 6 with ky,ke € N and § € [0,T). Let us
assume without loss of generality that ky < k. An immediate
application of the FM inequality (3) to the trajectories obtained
with:

A . *
Ua,l( ) _Au( :’k_t ) (12)
Zq,1(0) = z(t*)
and:
up 1 (-) 2 u(-+t* + (ko — k)T [= u(- + )] (13)
7p1(0) £ 2(t* + (kg — k1)T)
yields:
sup |ly(t* + k1T +0) — y(t* + k2T + 0)|| (14)
6€[0,T)
< sup B([[2a,1(0) — z,1(0)]|, k1T + 0)
6€[0,7)
(055U, e o g Wt — )l (5) — a2 (5)])
< sup B(la(t") = o(t" + (ko — k0)T)|l, k1T + )
6€[0,T)
7y ((es5SUpyepe 4y w(t — ) [[u(s) — uls + (k2 — k)T)]])
=0
< B(2My, aT) —ky 5400 0. (15)

Therefore, given that the output y € Lo ([0, +00), R"™v), the
sequence (y(t* + kT +-)),cy is a Cauchy sequence in the
complete metric space Lo ([0,7"),R™¥), so it converges to
y* € Loo([0,T),R™). Now, let us show the uniqueness of
y* with respect to the initial condition by considering the
trajectories associated with z,.2(0) and x; 2(0) € Xp. Again,
the FM inequality (3)) yields for all k € N:

sup ||Ya,2(t" + kT + 6) — yp 2 (t* + kT + 6)]|
6€1[0,T)

< Bll£as(t’) = woa(t")]l, KT) —4ssoc O.

(16)

This shows that all output sequences (y(t* + kT 4 -)).cn
converge to the same limit y*, regardless of the initial con-
ditions. Finally, considering the T-periodic function y, &€
Loo([0,400), R™) defined by y,(t) £ y*(t — |t/T|T), this
implies lim;_, oo [|y(t* +t) — y,(¢)|| = 0. |

Remark 3: Proposition [3| can also be established from 610S
alone rather than state-space FM.

Remark 4: If the system has input-to-state FM (Defini-
tion [3), Proposition [2] and Proposition [3] are exactly Proposi-
tion 4.5 and Proposition 4.4 of [4]]. The proof of Proposition [2]
is in fact relatively similar to that of Proposition 4.4 of [4].
An interesting corollary of Proposition |3| in this case is that,
for constant inputs, all solutions converge to an equilibrium.

We conclude this section with an evident, yet compelling,
application of the memory kernel: it enables the derivation
of explicit time-varying constraints on ||Au(¢)|| to achieve a
prescribed ||Ay(t)|| at a given time horizon t*. This slightly
refines the ultimate-bound property of JIOS by replacing the
static bounds on past perturbations with less conservative time-
varying ones.

Proposition 4: Let t*,r > 0, and let the system have
w-FM (Definition with w > 0 pointwise. If two inputs
Uq, Uup € UT satisfy the following constraint:

L) Jw(t* —t

Jua(®) = u(e) < 41, D00
77 (r)

then the mismatch between y, and y; at time ¢ > t* satisfies:

lya(t) =y (@)l < B(llza(0) — 24 (0)], 1) + 1.

Proof: Again, the proof is immediate by upper-bounding
(@) in Definition 2] with ¢ > ¢*. Succinctly:

if t €[0,¢%]

17
if t >t~ (0

(18)

ess SuPepo, W(t — s)[|Au(s)|| (19)

< max (ess SUP o, W(t — 8)|[Au(s) ],

s S, g || Au(s) )
w(t —s)
w(t* — s)

< max (ess SUDe[0,44] 7_1(7"),7_1(7")) . (20)
Since w is taken nonincreasing, w(t — s)/w(t* —s) < 1 for
all t > t* and s € [0,t*], so:

esssup,epo g w(t — s)|Au(s)| <77 (r), @D

which concludes the proof. [ ]

IV. CONNECTION TO BOYD AND CHUA’S FM

Boyd and Chua’s definition of FM was developed for time-
invariant and causal I/O operators G : U — Y with U C
Loo(R,R™) and Y C Lo (R, R™). In this context, the inputs
and outputs are required to be defined over the entire time
axis (including negative time), as recalled in the following
definitions of time-invariance and causality.

Definition 4 (Time invariance): Let us denote by T
Lo — Lo the time translation defined by T f(t) = f(t—17).
The operator G : U — ) is time-invariant if for all © € U
and 7 € R:

Truel,
G(Tru) = T.G(u).

[input set invariance] (22)

[operator equivariance] (23)

Remark 5: The operator G : U — Y is equivariant with
respect to the group of translation of the real line, so the time-
invariance property is in fact a time-equivariance property.
However, this terminology is not commonly used by the
literature [42].

Definition 5 (Causality): The operator G : Y — ) is time
causal if for all u,,up € U and ty € R:

Ua(t) = up(t), VE < to = Glua)(t) = Gluy)(t), Yt < tLo.
(24)



Remark 6: Intuitively, this definition states that at each
instant tg, the output is solely determined by the past of the
input, not its future.

It is relatively well-known that this causality condition can
be further simplified in the context of time-invariance.

Proposition 5 (Causality under time-invariance [I]): A
time-invariant operator G : Y — ) is time causal if for all
Ug, Up EU:

ua(t) = up(t), vt <0 = G(ug)(t) = Gup)(t),Vt < 0.
(25

The properties of time-invariance and causality mean that G
can solely be defined and studied through a memory functional,
which maps its input before time ¢ = 0 to its output at time
t = 0 [1]. We introduce the set Y~ = {u~,u € U}, where u~
stands for the restriction of the function u to negative time.
UT and u™T are defined likewise for positive time. A definition
for the memory functional of an operator is defined thereafter.

Definition 6 (Memory functional): Given the operator G :
U — Y, the map Fg : U~ — R™ is a memory functional of
G if for all w=— € U, there exists & € U such that v~ = 4~
and Fg(u™) = G(@)(0).

At this stage, the definition of a memory functional remains
underspecified: the memory functional of an operator is not
uniquely defined, nor is the operator uniquely determined by
its memory functional. While such memory functionals are
not useful in themselves, they serve to demonstrate that time-
invariance and causality constitute the minimal assumptions
required to guarantee a convenient correspondence between
an operator and its associated memory functional. This obser-
vation is purely rhetorical in nature.

Proposition 6: If G : U — ) is causal, then G defines a
unique memory functional Fg : U~ — R™. Conversely, if
G : U — Y is causal and time-invariant, then the memory
functional F : Y~ — R™ uniquely defines G.

Proof: First, let us show that a causal G uniquely defines
Fg. Let F& and F2 be two memory functionals associated
with G. Let u~ € U~ and take u,,u, € U such that u~ =
uy = uy . Fa(u™) = G(ua)(0) and Fh(u~) = Glup)(0).
By definition of causality 24), G(uq)(t) = G(up)(t) for all
t <0, so in particular, G(u,)(0) = G(up)(0), which implies
that F&(u; ) = F&(uy ), and thus F&(u™) = F&(u™) for all
u” €U, ie. F4=F).

Conversely, let us show that if G is causal and time-
invariant, then F; uniquely defines G. Let us take Fy, and
F¢, the unique memory functionals associated with two time
invariant and causal operators G, and Gj. Assuming Fg, =
Fg,, we have G4(u)(0) = Gp(u)(0) for all w € Y. By the
input set invariance (22)), if u € U, then for all 7 € R, we have
T_.u €U, hence G, (T-u)(0) = Gp(T—ru)(0), which is to
say, by the operator equivariance (23), G (u)(7) = Gp(u)(7)
for all w € Y and 7 € R, and thus G, = G,,. [ |

Boyd and Chua’s definition of FM relies on this memory
functional: an operator G has FM if its memory functional Fg
is continuous with respect to the w-fading input norm. Boyd
and Chua’s definition is stated hereafter.

Definition 7 (FM operator [1|]): Let G : U — Y be a causal
and time-invariant operator. G has FM if there exists a memory
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kernel w satisfying Definition |1| such that for all uq,u, € U™,
the memory functional Fg : U~ — R™v satisfies:

Ve > 0,30 > 0, esssup,<ow(—s)|ua(s) —up(s)|| <0
(26)

= [[Fa(ua) — Fo(w)| <e.

The state-space definition of FM introduced in Section |[II-B
is slightly more contrived than that of Boyd and Chua.
Succinctly, the operator theoretic equivalent to our state-
space FM definition consists in imposing uniform continuity
to the FM operator rather than solely continuity. Although
imposing uniform continuity is stronger than continuity, the
two notions of FM become identical for well-behaved inputs,
by which we mean inputs that are both Lipschitz-continuous
and equibounded. Thus, we argue that the two notions are
fundamentally equivalent in practice.

Definition 8 (Uniform FM operator): Let G : Ud — ) be a
causal and time-invariant operator. G has uniform FM if there
exists v € Koo and a memory kernel w satisfying Definition [I]
such that for all u,,u, € U™, the memory functional Fg :
U~ — R"v satisfies:

1Fa(ua) = Fa(w)|l < v (esssup <o w(—s)||ua(s) — up(s)]]) -
27)

Remark 7: In this context, v is the modulus of continuity
of the memory functional Fg.

Remark 8: Similarly to the memory kernel discussed in Sec-
tion [[lI-C| the memory kernel introduced in the two definitions
hereabove is taken continuous and nonincreasing without loss
of generality.

Proposition 7 (Well behaved U: (FM operator < Uniform
FM operator)): Let G : U — Y be a causal and time-invariant
operator. If there exists M, K > 0 such that:

UC {u: lu@®l < M, [lu(t) —u(s)|| < K|t —s],Vt,s € R},

(28)
then G has FM (Definition [/) if and only if it has uniform
FM (Definition [8).

Proof: Following the proof of Lemma 1 in Section 4
of [1f], we can show that &/~ is contained in a compact set
with respect to the w-fading input norm. The equivalence
between FM and uniform FM then follows from the Heine-
Cantor theorem, which demonstrates the equivalence between
continuity and uniform continuity inside compact sets. [ ]

We now show the equivalence between the operator-
theoretic notion of uniform FM (Definition [8)) and the state-
space notion of FM introduced earlier (Definition [2). To this
aim, we need to associate a fixed initial condition x5 € Aj
of the state-space model (3) with a fixed negative-time input
ug € U~ of the I/O operator G. The formal definition of a
(20, up)-realization is introduced hereafter.

Definition 9 ((xg, ug)-realization): The causal and time-
invariant operator G : U — Y is a (xg,up)-realization of
the state-space model (3) if the negative-time input ug € U~
satisfies:

o for all u € U™, the temporal concatenation ug ¢ u is an
element of U/;
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o the output y of (3) considered at xg € X, and associated
with u € U satisfies y(t) = G(ug o u)(t) for all ¢ > 0.
Remark 9: Note that G(ug o u)(t) = Fo((T—t(ug o u))™).
The equivalence between the operator-theoretic notion of
uniform FM and the state-space notion of FM can then be
stated as follows:

Theorem 1 (Uniform FM operator < State-space FM): Let
G :U — Y be a (xg,up)-realization of the state-space model
(@). The operator G' has uniform w-FM (Definition [ for all
inputs of the form T_;(ug o u), with u € U™ and t > 0, if
and only if the state-space model (3) has w-FM (Definition
for Xy = {x0}.

Proof: Since for all ug,uy € U™ and t > 0, we have:

7 (esssup,<o w(—8)[| T (ug o ug)(s) — Tt (g o us)(s)])
(29)

(esssup <, w(t — 5)[|(uo © ua)(s) — (uo o up)(s)])

=7
= (esssup,epo g wlt = ) uals) = (s)])

(30)

and

Ya () — yp ()]l = |G (uo © ua)(t) — G(uo o up) (@) (31)
= | Fa((T-t(uo 0 ua)) ™) — Fa((T-t(uo o up)) ),

the inequalities and (3) are equivalent. |

Since the equivalence is obtained at a fixed xzq, it does
not yet justify the KL-dissipation term (3 in Definition
An operator-theoretic justification for this term is provided
hereafter, although the strict equivalence between the two FM
notions is lost. Succinctly, if the I/O operator G is a (g, ug)-
realization of the state-space model (3) for a whole a set of
initial conditions xy € Xj, with an appropriate negative-time
control ug € U~ varying uniformly continuously with respect
to the choice of zg, then a KL-dissipation term [ can be
recovered solely from the operator-theoretic Definition |8| of
FM.

Assumption 1: Let U~ be equipped with the usual Lo
norm. We assume that there exists a uniformly continuous map
P Xy — U™, with a € K, its modulus of continuity, such
that for all zo € &), the causal and time-invariant operator
G :U — Y is a (xg,¥(xg))-realization of the state-space
model (@) considered at o € Xp.

Remark 10: In the case where &) is compact, the Heine-
Cantor theorem guarantees that solely continuity of % is
required.

As an evident example, we can consider once again the
standard low-pass filter 7g(t) = —y(t) + u(t) and its I/O
operator realization G defined for all w € U and ¢t € R by:

t
G(u)(t) & 1 / e =97y (s)ds. (32)

T

Taking (7o) £ l1<oxo over the domain Xy = R, with 1<
the constant negative-time function of value 1, we can easily
verify that v is uniformly continuous, and that for all u € U™
and t > 0:

¢

G((xg) ou)(t) = et ro + % / e_(t_s)/fu(s)ds =y(t),
0

(33)

so Assumption [I] holds globally.

Given this assumption, the K L£-dissipation of initial condi-
tions is recovered as follows:

Proposition 8 (Uniform FM operator = State-space FM):
Under Assumption [T} if G' has uniform w-FM (Definition
for all inputs in | J,~o T+ (¢(Xy) oUT), then the state-space
model (3) has w-FM (Definition [2)) on Xj.

Proof: Let g 4,20 € Xy and uq, up € UT. The outputs
of the state-space model associated with these initial
conditions and inputs are denoted y, and y, respectively.
Under Assumption [I] the following equality holds for all
t>0:

[ya(t) — wo (Bl = (34)
[Ee(T-t($(20.0) © ua)) ™) = Fa((T-t($(z0,5) o up)) 7,

thus, if G has uniform FM, then the following inequality stands
for all ¢ > O:

190 (t) = ws (@) (35)
< v (max (esssup,<o w(t — 5)[[¢(z0,0) (5) — (o) ()],

essSUP, e (0. Wt — 5)|ua(s) — ub(3)||)) : (36)
By  uniform  continuity of 1, the inequality
esssup,<q [$(20.0)(s) — B@0s) () < alllzoa — zosl)
holds, hence, for all ¢ > O:

[ya(®) — yu(t)] 37)
< max ('y (ess SUp,< w(t — s)a(||zo,q — 1’07b||)) ,

7 (esssup,eo.q wlt = )lua(s) = us(s)])) )

< max (v (a([|[zo,a — Zoll)) » (38)

7 (esssup,eqo g wlt = ) uals) — us(s)1) )

Without loss of generality, the memory kernel w is taken
continuous and nonincreasing, so we recover the FM inequal-
ity (@), with B(r,t) £ v (w(t)a(r)). [ |

The purpose of Proposition [§] is primarily rhetorical rather
than practical. Although it may be difficult to identify a
set Xy on which Assumption [I] holds in practice, its (most
likely) existence for a well-selected I/O operator realization
of the state-space model is sufficient to motivate the KL-
dissipation of initial conditions in Definition [2]

The converse, however, will turn out to be much more
practical, since it allows to access the operator-theoretic ap-
proximation theorem of Boyd and Chua [1]] from the state-
space definition of FM over a whole set of initial conditions.
However, once again because of the K L-dissipation of initial
conditions, this converse result must be handled carefully.
Namely, we need the composition of the inverse map 1~ :
P(Xo) — Xo with the CL-dissipation § to itself satisfy a FM
inequality.

Assumption 2: We assume that there exists a map ¢ : Xy —
U~ such that for all g € X, the causal and time-invariant
operator G : U — Y is a (zg, 1(x¢))-realization of the state-
space model considered at xy € A;. Moreover we assume
that there exist ¥ € K and a memory kernel w satisfying



Definition [T] such that the following FM inequality holds for
all zg 4,20 € Xp and ¢t > 0:

B(llzo,a — zopll,t) (39
< 7 (esssup <o @(t — 5)||v(0,0)(s) — (o) (s)]]) -
In the context of the low-pass filter 7(¢) = —y(t) + u(t)

realized by the operator (32)), one can consider ¥ (zg)(¢)
3et/2Tx0/2 and verify Assumption with B(r,t) = e~ /Ty
3(r) & 2r/3 and w(t) = e */?7. Practical conditions for
verifying this assumption in general nonlinear systems remain
an open question.

Proposition 9 (State-space FM = Uniform FM operator):
Under Assumption [2] if the state-space model (3) has w-FM
(Definition [2)) on X, then G has uniform FM (Definition
for all inputs in |J,~ o T—¢(¥(Xo) oUT).

Proof: Let 204,70 € Xo and u,, up € UT. The outputs
of the state-space model (3) associated with these initial
conditions and inputs are denoted y, and y; respectively.
Under Assumption [I] the following equality holds for all
t>0:

ya(t) =y ()] = (40)
[Fa(T-t(¥(x0,0) ©ua)) ™) = Fa((T-¢((z0p) o up)) ),

thus, if the state-space model (3)) has w-FM, then the following
inequality stands for all ¢ > O:

[9a(t) — ys(t)]]
< max (B(||zo,a — Topl,t),

7 (esssupepo g wlt = ) ua(s) = u(s)]]) ) -

If Assumption [2] is verified, the first term can be upper-
bounded as follows:

(41)

Bllzo,a = xo,0ll, 7)
< 7 (esssup <o w(t — 5)[[¢(z0,a)(s) —

(42)
»(@o.)()]) -

Let us consider v, € Ko and w, a memory kernel, with
Yo 2 max(7, ) and w,, £ max(w, ). This provides:

[Ee(T-(1h(x0,0) ©ua)) ™) = Fa (Tt (¥ (z0,) ©up)) )|
(43)

< Yoo (max(ess sup,<o Wt — 8)[|9(20,0)(s) — (o) (s)],

555U, 0,0 Wi (! = ) [1a(5) = un(3)]])

< Y (ess SUP < Wi (—5) (44)

[ Fe(T—(¥(20.0) 0 ta)) ™) = Fa((T(¥ (o) o)) )l) -

Thus G satisfies the uniform FM inequality of Definition [8] for
all inputs in J,5. T—+(¢(Xo) oUT). ]

V. APPROXIMATING 6ISS SYSTEMS USING FM
A. Introducing 6ISS for FM

If the state-space model (3) has FM (Definition [2), then
its operator realization at xg has uniform FM (Definition @,
so Boyd and Chua’s approximation of FM operators holds,
and the input-output behavior of can be approximated
arbitrarily well by a linear time-invariant state-space model
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followed by a nonlinear static readout [1]]. However, practical
conditions to prove state-space FM remain to be investigated:
to this end, we would like to show that the JISS property is
sufficient to obtain state-space FM. We recall the definition of
a JISS system.

Definition 10 (0ISS): The system @(t) = f(z(t),u(t)) is
OISS if there exists § € KL and v € K, such that for
any two initial conditions, x4(0), z5(0) € Xp, considered with
two input trajectories, uq,u, € UT, the corresponding state
trajectories satisfy for all £ > 0:

t) = zp(t)]| < B(|l2a(0) — 25(0)],2) (45)
+y(esssupepo g [[uals) — us(s)])).

[[22a

It is clear, by definition, that input-to-state FM (Deﬁnition@
implies the JISS property. However, we would like the oppo-
site implication to hold as well. We will see that, in practice,
the converse result holds semi-globally under a physically
realistic assumption of equibounded inputs. The strength of
this result is that it allows us to use already existing JISS
criteria to ensure state-space FM semi-globally, such as the
following Lyapunov condition:

Theorem 2 (8ISS Lyapunov conditions [4)]): The system
z(t) = f(x(t),u(t)) is globally JISS (i.e. JISS for Ay = R"=)
for inputs in U = Lo ([0, +00),U) if there exists a smooth
Lyapunov function V' : R" x R™ — [0,400) such that
there exists oy, s,k € Ko and p positive-definite so for all
Ta,Tp € R™ and ug,up € U C R™v:

ar(||ze — zp|) < V(za,xp) < aa(||za — ), (46a)
K(lra — zpll) > llua — upl| = V(za, 2p) < —p(|lTa — 28 ]]),
(46b)

where V stands for the Lie derivative of V along f. Moreover,
if the input value set U is compact, then the inputs are
equibounded, and the converse also holds.

Remark 11: The original converse result requires extra
assumptions, namely convexity of U, existence of a fixed
point for the vector field, and completeness of solutions [4]].
These are not necessary: convexity can be assumed without
loss of generality by taking the convex hull of the compact U,
and [|6] establishes both the existence of a fixed point and the
completeness of solutions purely from the §ISS inequality.

Further sufficient conditions can be found in the literature
to demonstrate the JISS property, such as contraction-based
conditions (Theorem 37 in [43]), or a Killing vector field
criterion in [44]].

B. 1SS implies input-to-state FM for equibounded inputs

Under an equibounded input assumption, a note from
Seung-Jean Kim shows that the §ISS property implies Boyd
and Chua’s notion of FM [45]]. Since for well-behaved inputs,
Boyd and Chua’s notion of FM is equivalent to the uniform
FM notion for operators introduced in this paper (Proposition|[7]
of Section [[V)), this result provides a reasonable converse in
the operator-theoretic setting.

Theorem 3 (Well-behaved U: (8ISS = Uniform FM op-
erator) [45]): If the inputs of @(t) = f(x(t),u(t)) are
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equibounded, Lipschitz-continuous, and the system is globally
0ISS, then for all zy € R™=, given an operator G : U — Y
such that G is a (xo, ug)-realization of the system, G has uni-
form FM (Definition [8)) for all inputs of the form T_;(ug ou),
with v € YT and ¢t > 0.

Remark 12: Reference [45]] remains unpublished even as a
preprint. We have studied it in detail and believe its proof to be
correct, but we note that its inaccessibility makes independent
verification difficult.

We now demonstrate a very similar result for our state-
space notion of FM using a Lyapunov converse argument. The
result is established using techniques similar in spirit to those
employed in the proofs that ISS implies exp-ISS or ISDS [33]],
[35], [36]]. However, the incremental nature of the investigated
properties imposes restricting the analysis to a compact subset
of the state space.

Theorem 4 (Equibounded U™, compact Xy: (6ISS =
State-space FM)): Let X, be a compact set of initial condi-
tions. If the inputs of &(t) = f(z(t),u(t)) are equibounded
and the system is globally §ISS, then it has input-to-state FM
on X, (Definition [3).

Remark 13: Since a FM inequality holds for all compact
sets of initial condition, one can say that the system has semi-
global input-to-state FM (Definition [3).

Proof: Let Xy be a compact set and let M, > 0 be
a constant such that for all zy € AXp, |xol] < M,. Let
UT be equibounded, so there exists M, > 0 such that
the input signals take value in the compact and convex set
U= {ueR"™: |ul <M,} CR"™ containing the origin.
Since the system is JISS, then for u £ 0 it is §GAS, which
implies the existence of a unique globally asymptotically
stable equilibrium x* [6]. Consequently, for all zy € A}, the
0ISS inequality provides:
le(t) — 2| < BOM + la*[.t) + v(M,).  (47)
The compact set X £ {z € R" : ||z — 2*| < B(M, +
[lz*|l, 0)+~(M,)} is such that all state trajectories x of initial
condition z(0) € X, remain bounded in X'. The converse Lya-
punov result of Theorem [2| provides the existence of a smooth
Lyapunov function V' : R" x R™ — [0,400) such that
there exists o, g, k € Koo and p positive-definite satisfying
the conditions @6) [4]. According to Theorem 3.6.10 of [40]
(see also Lemma A.34 of [47]), given a A > 0, there exists
a3 € Ko such that W = a3 o V satisfies:

agoay(||za — mp|]) < W(a, 2p) < az 0 as([[za — zl]),

(48a)
R(lza = zo]l) = lua = upll = W(za, @) < =AW (20, 23),
(48b)
with
. ow ow
W(xavxb) = 7($a,xb)f(l'a7ua) + 7('1:@7 xb)f(xbvub)'
axa 8(Eb (49)

Let us consider the set F = {(zq, Zp, Ua, Up) : ||Ta — xp] <
k7 (|lua — up|)} N (X% x U?) and the function po defined

by:

(50
max(0, W(zq, zp) + AW (2a, 25)).

A
fo(s) =
max
(Ta,To Ua,up) EF,||ua—up||<s

We consider (x4, Ty, U, up) = |ta — upl, P £ [0, +00),

h(r) £ r and f(za, b, ta,up) 2 max(0, W (2a,zs) +

AW (x4, xp)). Clearly, F is closed in R"i"i, g is continuous,
h is continuous and strictly increasing, f is continuous, for
all » > 0, g71([0,7]) N F is compact, E £ g~1(]0, +00)) is
not empty, and the local minima of g form the vector space
U, = up which is connected in E. Lemma A.40 of [47]
demonstrates that po is continuous, nondecreasing, and that

for all x,,xp € X:

W(za, xp) < =AW (2a, 25) + pl([ta — wol]),  (51)

with p(r) £ po(r) + 7, so we guarantee that y is strictly
increasing, and thus pu € K. Let x,,25 be two state
trajectories of initial conditions x4(0),z5(0) € Ay and of
inputs u,,u, € U™ respectively. Using Gronwall’s inequality,
this yields:

W (z4(t), zp(t))
< e MW (2,4(0), 23(0)) +/0 e p(|lua(s) — us(s)|)ds
MW (4(0), 24(0))

sup ef’\(tfs)ﬂ,u(Hua(S) —up(s)]|)
s€0,t]

(52)

< (53)

g

+

>

Now consider w(t) 2 p~'(e */?u(2M,))/2M,. Since
e M2 ¢ [0,1], then w(t) € [0,1] as well, and
lim; oo w(t) = 0. Take as well x(r) = p(v/2M,r). By
composition of K, function, x € K. Moreover since for all
r € [0,2M,) and ¢ > O:

0<p e M2u(r) <, (542)
0<p e MPu(r) < p~ e M Pu(2M,)),  (54b)
we have:
) < \Jpr e M) (59)
and after composition by p:
e M2 () < k(w(t)r), (56)

so the following inequality holds:

N2 (g (5)us(3)]]) <k (w(t = 5)[lua(5) — ()]

(57)
Consequently:
W (wa(t), 26(t)) < e W (24(0), 25(0))+
2
3E ( sup w(t — s)||ug(s) — up(s)||
s€0,t]
(58)



Finally, the following inequalities hold:

lza(t) — 2o (t)l| < (a3 0 1) M (W (za(t), 23(1)))
< (azoar)™" (max (2" MW (24(0), 2,(0)),

4
T (sil[g,)t] w(t — s)[|uq(s) — ub(8)|>>>

< max ((ag o a1) 1 (2e M (g 0 ag) (][4 (0) — 2(0)])),
(61)

(agoay)™! (i’i (,Zl[lopt]w(t = 8)||ua(s) — ub(S)l))) :

so the FM inequality (6) is recovered. ]
Remark 14: For a §ISS system with explicit bounds M, and
M,,, this result yields an explicit construction of a memory
kernel w, although this construction is conservative. Less
conservative strategies to obtain w remain to be explored.
Remark 15: Some settings where §ISS does not imply input-
to-state FM are discussed in the appendix.

(59)
(60)

C. JISS representation theorem

Theorem 5 (OISS representation): If the nonlinear state-
space model (3) is globally JISS, and has equibounded and
Lipschitz-continuous inputs, then, given zg € Ajp, its input-
output behavior (u(t),y(t))te[0,400) can be approximated to
an arbitrary degree of accuracy by a Wiener model, i.e. by
a cascaded system consisting of a linear time-invariant state-
space model and a nonlinear static readout. Formally, for all
€ > 0 there exist m € N, A € R™*™ Hurwitz, B € R"*"u,
zg € R™ and a smooth nonlinear readout A such that for all
ueUT and t > 0:

t

Hy(t) —h <zo +/ eA(ts)Bu(s)ds,u(t)) H <e. (62)
0

If Assumption [2] holds on a compact set X; of initial con-

ditions, the approximation applies to all initial conditions

xo € Xy by adjusting zy accordingly.

Proof: Theorem ] ensures that the system has input-to-
state FM (Definition [3) semi-globally. Moving from the state-
space realization to the operator perspective, by Theorem [I]
the operator realization at a fixed initial condition zy nec-
essarily inherits uniform FM (Definition [8). Moreover, under
Assumption [2} this result can be extended to an entire set of
initial conditions using Proposition 0] The operator realization
satisfies the requirements for Boyd and Chua’s approximation
theorem. This ensures that the input-to-state behavior of (3]
can be approximated to an arbitrary degree of accuracy by
a cascaded system consisting of a linear time-invariant state-
space model and a nonlinear static readout [1]]. The constant
20 is trivially obtained as zg = fEm e~ 45 By(x0)(s)ds. By
composition of nonlinear readouts, the representation can be
extended to the entire nonlinear state-space model (3). u

Remark 16: Assumption 2 may be by-passable by devel-
oping the approximation result directly from the state-space
perspective rather than exploiting the operator-theoretic result
from Boyd and Chua [1]: this is left as an open question.
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VI. FM OF A CURRENT-DRIVEN MEMRISTIVE DEVICE

As a final application of the state-space notion of FM
studied in this paper, we come back to our motivating exam-
ple, a current-driven memristive device, and we exhibit mild
assumptions to ensure that it has FM.

Proposition 10 (FM of the current-driven memristive de-
vice): For an equibounded input current I, the internal dy-
namics (Zb) of the memristive device has FM from I to x
(Definition on compact sets of initial conditions if it is
globally 0ISS. Moreover, if the input current / is continuous
and the memristance M is Lipschitz continuous, the memris-
tive device (@) also has FM from I to U (Definition [2) on
compact sets of initial conditions.

Proof: Let I > 0 and A > 0 denote the maximum of the
signal I and the Lipschitz constant of M respectively. Given
that (Zb) has equibounded input currents, and is globally 1SS,
applying Theorem [] provides the FM of (2b) for equibounded
input currents I on the compact set of initial conditions Aj.
Given a difference of two state trajectories, the following FM
inequality holds:

[Az ()] < B(|Az(0)]], )+ (ess supyepo W(t*S)\M(?éQ)-
Given that (2b) has equibounded input currents, §ISS also
implies for all Xy compact, there exists a compact X such
that all state trajectories z(¢) remain bounded in X, meaning
we can also upper bound || M (z(t))| by a constant M for all
t > 0. Then, the following inequalities hold:

[AU()| < [M(2a(t))La(t) — M (25()) L(1))| (64)
< M (za(®)] - [AL@)] + I ()] - |M (z4(t)) — M(fvb(tgéls)

< M|AI(t)| + TA|Az]. (66)

Without loss of generality, we take the memory kernel w
with w(0) = 1, so by continuity of I and w, |AI(t)] <
ess Sup,¢o,y) W(t—s)|AI(s)|. Thus, the memristive device (2)
has FM from I(t) to U(t) with § 2 T8 and (r) 2
Mr +~(r). [ |

VII. CONCLUSION & PERSPECTIVES

This work proposes a formulation of the FM property as
an extension of the §JIOS property with an explicit memory
kernel, with the aim of promoting FM as a core property of
real-life nonlinear systems, much like the convolution property
of LTI systems. This formulation bridges the operator-theoretic
notion of FM with the incremental stability concepts from
state-space theory. Although full equivalence with the JISS
property does not hold in general, we identified reasonable
assumptions where FM can be recovered from JISS. A current-
driven memristive device example illustrates the practical
relevance of the framework.

For future work, it would be valuable to derive practical
Lyapunov conditions to guarantee global state-space FM,
for both the input-to-output and in the input-to-state cases.
Moreover, obtaining state-space FM directly from JIOS is
a key open question, worth investigating. Global extensions
of Theorem [3] and Theorem [4] in particular for inputs which
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are not necessarily Lipschitz-continuous and/or equibounded,
remain to be found. Further applications of FM also remain to
be explored. In the context of interconnected systems [4]]: what
can be said about the memory kernel of the interconnection of
two FM systems under a small-gain condition? In the context
of dissipativity theory [48]]: could FM help to guarantee incre-
mental passivity properties for memristive systems? It would
also be useful to develop a state-space characterization of
myopia [49], the spatial counterpart of FM, and to investigate
how it can be integrated with the proposed state-space notion
of FM for the study of partial differential equations. As a final
note, the L, fading-norm used to define FM can be substituted
by a generic L, fading-norm, which, for p = 1, creates a
bridge between FM and the notion of incremental integral
input-to-output stability (6ilOS) worth investigating [5]].
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APPENDIX
A. Some settings where §ISS does not imply input-to-state FM

Several counterexamples demonstrate that the implication
fails in the presence of delays or time-varying parameters. The
discussion becomes particularly nuanced for time-invariant,
delay-free systems, as we were unable to construct a globally
valid counterexample, and can therefore only refute the impli-
cation by restricting the set of initial conditions. In the absence
of delay, the contradictions are obtained via an unbounded
sequence of input functions, causing the reverse implication
to fail from a purely mathematical standpoint.

Let us begin by showing that §ISS does not imply FM when
arbitrarily large input delays are allowed.

Counterexample 1 (Input delay: (JISS # FM)). The follow-
ing system is 0ISS (at to = 0), but it does not have input-to-
state FM (at to = 0).

min(1,t)
z(t) = —x(t) +/0 u(s)ds.

Proof: By linearity, the difference between two trajectories
satisfies the following inequalities:

(67)

t min(1,s)
|Az(t)| < e t|Az(0)] +/ es_t/ |Au(r)|drds
0 0
(68)

t
< e 'Az(0)] +/ e" ess sup,.co1] |Au(r)|ds
0
(69)

< e '|Az(0)] 4 esssup,e(p 4 [Au(s)], (70)

hence the system is JISS at t; = 0. However, consider
Au(t) = 1 for t < 1 and Au(t) = 0 for ¢ > 1. The
incremental dynamics yield Az(t) = —Ax(t)+1 forall ¢ > 1,
s0 limy_, 1o Az(t) = 1, and the CICO property of FM is
not verified (Proposition [2), hence the system does not have
FM. ]

Remark 17: Similar infinite memory effects may arise in
practice, such as in hysteresis phenomena [50].

Remark 18: The delay of this counterexample can be re-
moved using a time-varying integrator:

a1 (t) = 1<1(t)u(t)
La(t) = —w2(t) + 21(1)

(71a)
(71b)

with 1<1(t) £ 1if ¢ < 1, and 1<;(¢) £ 0 else. However, this
state-augmented system is not §ISS anymore.

More surprisingly, even in the absence of delays, time-
varying parameters are sufficient to break the implication. The
intuition behind the following counterexample is based on the
following averaging I/O map:

1 t
Ct+1 o
Although the relative influence of past inputs u on the output
y diminishes over time, this decay occurs regardless of how
far in the past the inputs were applied, and crucially, it

is also vanishing linearly. This averaging process exhibits
fragile stability, making the system lack a decaying memory

y(t) u(s)ds. (72)
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mechanism, i.e. FM. By differentiation, (72) admits a time-
varying and delay-free state-space representation.

Counterexample 2 (Time-varying: (JISS # FM)). The fol-
lowing system is 0ISS (at to = 0), but it does not have input-
to-state FM (at to = 0).

1

(1) = ;o7 () +ut)) .

Proof: By linearity, the difference between two trajectories
of (73) is easily determined:

(73)

t
Ax(t) =e" Jo %Al‘(O) + / e~ Jo AL(?dS 74
0

t
_ e—ln(t-i—l)Aw(O) +/ el}M—ln(tﬂ)ij/r(S)dS

t+1< /A“ >

so the following inequality holds,
system is JISS at tg = 0:

(75)
(76)

demonstrating that the

|Ax(t) |Az(0)] + esssupeo,y [Au(s)]. (77)

|_t t+1
——

<1

The claim that does not have input-to-state FM at ¢y = 0
is shown by contradiction. Assuming that has input-to-
state FM at ty = 0, there exists v € K, and a memory
kernel w : [0, 4+00) — (0, 1] satisfying Definition [I| (O can be
excluded thanks to Proposition [T)) such that for all Au € Lo
and Az(0) = 0:

‘fot Au(s)ds’

A =
Ba(t)] =12

(78)

Let us show that (t+ 1)~ fo )~ lds diverges as t — +oc.
Let M > 0. It is shown that there exists t* > 0 such
that for all ¢+ > t*, (t + 1)~} fot w(s)"'ds > M. Since
w(t) is nonincreasing and lim; ;o w(t) = 0%, w(t)~! is
nondecreasing and lim; ;. w(t)~' = +oo, hence there
exists t; > 0 such that for all t > ¢y, w(t)~! > 2M. Take

t* = 2t; + 1. The following inequalities hold for all ¢ > t*:
1 /f ds 1 /f ds _t—t

> >
t+1 )y w(s) ~t+1 ), ws) ~ t+1
thus demonstrating the divergence of (¢ + 1)~! fot w(s)~tds.
In particular, this demonstrates that |Ax(7T)| diverges as T —

+oc for inputs defined by Au(t) = w(T —t)~! for t € [0,T).
However, the FM inequality yields:

[A2(T)] <y (e585upepp ) w(T = s)uw(T = )71) = (1),
(80)
meaning (1) — oo, a contradiction. [ |
Remark 19: In particular, this system provides a time-
varying counterexample to the claim that a CICO property
is sufficient to guarantee input-to-state FM for a §ISS system,
which would otherwise appear to be a natural converse of
Proposition [2}

oM > M, (79)

<% (ess SUDP (0,4 w(t — s)|Au(s)\) .

Now what if the system is both delay-free and time-
invariant, i.e. of the form @(¢t) = f(z(¢),u(t))? A variation
of the previous counterexample shows that restricting Xy is
sufficient to obtain a JISS system without FM in this context
as well.

Counterexample 3 (Restricting Xy: (JISS # FM)). The
following system is SISS for Xy = {1} x R, but it does not
have input-to-state FM for Xy = {1} x R.

iy (t) = —z1 (1),
Fa(t) = 21 (8) (—22(t) + u(t)).

Proof: If 21(0) = 1, then x(t) = t+1, and the rest of the
proof follows from the previous counterexample. [ ]
We were unable to find a counterexample holding globally
(Xy = R™). Thus, the question of whether global §ISS
implies global input-to-state FM for time-invariant, delay-free
systems remains open.

(81a)
(81b)
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