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Abstract

This work studies the impact between spherical rigid bodies in the frame of nonsmooth
contact dynamics considering friction effects. A new impact element formulation based
on the classical instantaneous local Newton impact law is presented. The kinematics
properties of the spheres are described by a rigid body formulation with translational and
rotational degrees of freedom referred to an inertial frame. In addition, an extension of
the nonsmooth generalized-α time integration scheme applied to collisions with multiple
impacts including Coulomb’s friction law is given. Six numerical examples are presented
to evaluate the robustness and the performance of the proposed methodology.

1 Introduction

The simulation of impacts between spherical rigid bodies under friction is a challenging research
topic. Roughly speaking, in these problems, two scenarios can arise: (i) single impacts, when
two bodies are in contact at a single point and the impact occurs at this point, and (ii)multiple
impacts when there are several bodies are in contact in various points and the impacts occur
simultaneously in some of them [51].

From a numerical perspective, the literature contains many works oriented to solving the
impact using a continuous contact force model based on Hertz’s law and a hysteresis damping
force to introduce energy dissipation during the contact process [66, 38, 41, 36, 26, 67]. A
complete review of several contact forces can be found in Rodrigues da Silva et al [56]. These
models assume that the impact time duration is very small but of finite duration. They have
the disadvantage of requiring a large amount of computational time due to the use of very small
time steps to accurately capture the behavior of the bodies. Moreover, penetration between
the bodies is unavoidable in this kind of approach. To overcome the limitations of these contin-
uous contact models, some authors proposed other schemes that can solve efficiently problems
involving strong discontinuities. Jean Jacques Moreau [47], proposed a general framework for
nonsmooth modeling of rigid body dynamics. Other authors as Pfeiffer and Glocker, discussed
impacts and friction in multi–body systems [54] and a wide overview of non–smooth dynamics
is presented by Brogliato in [10]. Nonsmooth time integration based on event-driven schemes
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can be found in the following references [59, 1, 2, 57]. Then, Brüls and colaborators pro-
posed a nonsmooth generalized-α time integrator scheme which overcomes many problems of
the Moreau-type time-stepping schemes, see [17, 12, 13]. More recently, Capobianco et al [14]
proposed a nonsmooth generalized-α method for the simulation of mechanical systems with
frictional contact where unlike to the previous references, the constraints are satisfied on accel-
eration level. Tasora and Anitescu [61] and Huang et al [37] address the problem of impact of
spherical rigid bodies by modelling rolling friction with a second-order cone complementarity
problem. In this research direction, Acary and Bourrier [3] presented a formulation of contact
between spheres and between a sphere and a plane, considering the Coulomb friction’s law with
rolling resistance as a cone complementary problem based on the work of De Saxcé and Feng
[24, 23]. Recently, Sánchez et al [60] analyzed the general motion of a sphere in contact with
a rigid planar surface with rolling, sliding and spinning friction in the context of nonsmooth
contact dynamics.

In the case of multiple impacts, a wide variety of contact models has been proposed by
extending single-impact formulations. The approach of Darboux-Keller [22] includes contact
compliance by introducing a distributing rule, and it considers plastic deformation through
the bi-stiffness contact model along with energetic coefficients of restitution. Later, Liu and
Brogliato extended this methodology to study multi-impact collisions related in granular chain
problems [45, 46]. Another alternative is by using the classical Poisson impact law [55, 33] or
the Hurmuzlu’s ICR Law which was applied to solve various types of systems like chains of
aligned balls [29] and the rocking problem [21], among others. Other approaches are based on
spring-dashpot models [16, 38, 40, 63]. Again, the main drawback of this methodology is the
large computation time required for the simulation because of the adoption of very small time
steps.

When impact time duration is considered instantaneous, the impact process is modeled by
a function, which can be explicitly or implicitly defined, relating the post- and the pre-impact
velocities. The Newton model belongs to this group; unlike the Poisson model, the coefficient of
restitution relates the pre- and post- impact velocities [50]. Moreau formulated the impact by a
differential inclusion; thus, it can be adapted in a relatively easy way to perform computational
numerical simulations in nonsmooth dynamics [47]. However, in case of multiple impacts, the
admissible solutions are restricted to few cases and they may be far from the experimental
observations [31]. Other alternatives can be found in [27, 10, 35] where the strength and
weakness of each model is discussed in [51].

Recently, Cosimo et al [19] presented a general methodology to simulate multiple impact
collisions assuming instantaneous impacts times and considering simultaneity of impacts and
propagation effects without compliance of the system in the framework of the nonsmooth
generalized-α time integrator scheme. The method is a time stepping scheme which does
not require any synchronisation of the time steps with the impacts events and can deal with
a large number of impacts. Additional complications arise when impact problems involve fric-
tion effects, because another non-linearity has to be included in the formulation to consider
the friction effects. Several references can be found in the literature about the treatment of
Coulomb’s friction in the frame of Moreau’s law [48, 49, 58]. The LBZ model with friction is
given in [64, 65, 11], meanwhile friction models with Newton and Poisson laws can be found in
[9, 25, 44, 30] and [32, 42, 52, 53, 54], respectively.

In this work, a new formulation for frictional contact and impact between two rigid spherical
bodies is presented. The motion of each body is directly referred to an inertial frame for the
kinematic description with large rotations and displacements, as proposed by Géradin and
Cardona [34]. The time integration scheme for the equations of motion corresponds to the
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version of the nonsmooth generalised-α integrator presented in [20]. Because of the rigid
body assumption, deformations and stresses at the contact zone are neglected. Then, the
change in velocity is instantaneous and determined by the restitution coefficient, which depends
on the contact surface characteristics of the contacting bodies. This coefficient is obtained
experimentally and classified in tables. Then, the Coulomb’s friction law is used for the frictional
case, and the value of the frictional forces is determined by a single friction coefficient which
is obtained experimentally. More complex models can be found in the literature; however, the
Coulomb friction model is widely accepted, as evidenced by the bibliography presented in this
work. No other dissipative effects have been taken into account in the numerical examples
presented. These hypotheses are of widespread use, and they are enough to accurately capture
the global behavior of mechanical systems as those presented in the examples of this work, with
solutions which are very close to experimental observations.

A new formulation for the modelling of frictional contact with impacts between two rigid
spherical bodies is presented by Sánchez et al. [60] where the frictional contact between a sphere
and a rigid plane is studied. Similar to the formulation of Sánchez et al., the contact/impact
problem between two rigid spherical bodies is solved here using an augmented Lagrangian
formulation [4] which was already applied by Gálvez et al. [28] to dynamic problems with
friction. The main contributions and differences with respect to the work of Sánchez et al. are
listed below,

� A new formulation of the frictional contact between two spherical rigid bodies in the
framework of a nonsmooth technique is presented. The constraints and constraint gradi-
ents, both at position and velocity levels, are developed. The analytical expressions for
the calculation of the internal force vectors and Hessian matrices are given.

� A simplification of the constraints is introduced in order to reduce the complexity of the
implementation. The limitations of the simplifying assumptions are studied.

� An extension of the algorithm to model multiple impacts with friction is presented. The
proposal is based on the frictionless multiple impact algorithm presented by Cosimo et al.
[19]. Here, the algorithm is based on modifying the active set of the velocity correction,
defining a sequence of impact problems on a vanishing time interval. Then, the active
set of each velocity-level sub-problem is redefined in the normal and in the tangential
directions (to consider friction), in such a way that closed contacts with zero pre-impact
velocity are considered inactive [19]. New expressions of the internal forces vector at
velocity level are developed.

� A numerical comparison of results between the proposed method and the continuous im-
pact method is presented for a test-case involving multiple impacts with friction, showing
that the computational time is significantly reduced when using the present methodology.

Six numerical examples are presented to validate and to evaluate the performance of the
method. The numerical implementation and simulations presented in this work were carried
out in the research finite element code Oofelie, often used for general industrial applications as
well as for academic studies. This software allows to simulate non-linear dynamic mechanical
systems composed by rigid and flexible components with an efficient framework to deal with
finite rotations and to automatically assemble the equations of motion [15].

This work is organized as follows: Section 2 gives a brief explanation of the decoupled
version of the nonsmooth generalized-α time integrator. Section 3 describes the frictional
contact formulation. Then, the modifications of the active set and of the internal force vector
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at velocity level to consider collisions with simultaneous multiple impacts and friction are
presented. The equations related with the sphere-sphere contact element are developed in
Section 4. Finally, Section 5 presents numerical examples which demonstrate the robustness of
the proposed algorithm. Final conclusions are drawn in Section 6.

2 Time Integration of Nonsmooth Equations of Motion

The time integration scheme used in this work to solve the equations of motion of a multibody
system with unilateral and bilateral constraints, is the decoupled version of the nonsmooth
generalized–α described in Cosimo et al [20]. This is an implicit time integrator scheme where
the final system of equations results in three decoupled sub-problems to be solved at each
time step by an iterative Newton semi-smooth method, which can also be interpreted as an
active set method. The first sub-problem corresponds to the smooth motion contribution of
the system, where the equations of motion are integrated with second order accuracy by means
of the generalized–α scheme [20]. The second and third sub-problems compute the impulsive
contributions (non smooth) at position and at velocity levels, yielding a first-order accurate
solution of the system with impacts. The integrator for a general multibody system that
includes unilateral and bilateral constraints is written as follows,

M(q̆n+1) ˙̆vn+1 − f(q̆n+1, v̆n+1, tn+1)− gU ,T
q̆,n+1

(
ksλ̆

U
n+1 − psg

U
q̆,n+1 v̆n+1

)
= 0 (1a)

−ksg
U
q̆,n+1 v̆n+1 = 0 (1b)

M(q̆n+1)Un+1 −
h2

2
f p − gA,T

q̆,n+1 (kpν
A
n+1 − ppg

A
n+1) = 0 (1c)

−kpg
A
n+1 = 0 (1d)

−k2
p

pp
νA
n+1 = 0 (1e)

M(qn+1)Wn+1 − hf v − gB,T
q̆,n+1 (kvΛ

B
n+1 − pv

◦
gB
n+1) = 0 (1f)

−kv
◦
gB
n+1 = 0 (1g)

−k2
v

pv
ΛB

n+1 = 0 (1h)

where the following notation in Eqs.(1) was used for conciseness,

gT
q̆,n+1 = gT

q̆ (q̆n+1) (2)

f p = f(qn+1, v̆n+1, tn+1)− f(q̆n+1, v̆n+1, tn+1)− gU T
q̆,n+1 λ̆

U
n+1 (3)

f v = f(qn+1,vn+1, tn+1)− f(q̆n+1, v̆n+1, tn+1)− gU T
q̆,n+1 λ̆

U
n+1 (4)

Equations (1)-a-b are the momentum balance and bilateral constraints (smooth contribution),
meanwhile Eqs.(1)-c-d-e and Eqs.(1)-f-g-h give the position and velocity corrections of motion
due to impacts: Un+1 and Wn+1, respectively. Then, t is the time, h is the time step size,
M is the mass matrix, g is the combined set of bilateral and unilateral constraints, gq(q̆) is

the gradient of g and
◦
g is the Newton’s law which will be defined in Sec. 3. The variable λ̆

is a Lagrange multiplier vector associated to the bilateral restriction, and q̆n+1, v̆n+1 and ˙̆v
are the position, the velocity and the acceleration vectors of the system, respectively. These
variables are the contributions of the smooth problem, i.e. they are solution of the problem
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without considering impacts. The position jumps contribution Un+1 due to impact is associated
with the Lagrange multiplier νn+1 for the unilateral and bilateral constraints. The Lagrange
multiplierΛ represents an impulsive force that can be interpreted as the integral of the reactions
in the time interval (tn, tn+1] and Wn+1 is the velocity correction. Then, taking into account
the splitting of motion into a smooth and a nonsmooth contributions, the physical displacement
and velocity fields are computed by adding the correction vectors Un+1 andWn+1 to the smooth
parts of motion as follows,

qn+1 = q̆n+1 +Un+1 (5a)

vn+1 = v̆n+1 +Wn+1 (5b)

where q is the vector of nodal coordinates and v is the nodal velocity assumed to be of bounded
variation. The penalty factors ps > 0, pp > 0, pv > 0 of the smooth, position and velocity
problems are used to improve the convergence rate, while the scaling factors ks > 0, kp > 0 and
kv > 0 contribute to an improvement of the condition number of the iteration matrix. They
are chosen as ks = ps = m̄/h, kp = pp = m̄ and kv = pv = m̄ giving a good scaling of equations
where m̄ is a characteristic mass of the problem. The integration algorithm is completed with
the following difference equations of the generalized–α scheme

q̆n+1 = qn + hvn + h2(0.5− β)an + h2βan+1 (6a)

v̆n+1 = vn + h(1− γ)an + hγan+1 (6b)

(1− αm)an+1 + αman = (1− αf ) ˙̆vn+1 + αf v̇n (6c)

where an+1 is a pseudo acceleration term. The numerical coefficients γ, β, αm, and αf are
selected by imposing the spectral radius at infinity ρ∞ ∈ [0, 1),

αm =
2ρ∞ − 1

ρ∞ + 1
, αf =

ρ∞
ρ∞ + 1

, γ = 0.5 + αf − αm, β = 0.25(γ + 0.5)2 (7)

Then, U denotes the set of indices of the unilateral constraints, U is its complementarity set,
i.e., the set of bilateral constraints and C = U ∪U is the full set of constraints. The set of active
unilateral constraints A ≡ An+1 and bilateral constraints and B ≡ Bn+1, together with their
complementary sets An+1 ≡ An+1 and Bn+1 ≡ Bn+1, are defined in the following form

An+1 = U ∪
{
j ∈ U : kpν

j
n+1 − ppg

j
n+1 ≥ 0

}
(8a)

An+1 = C \ An+1 (8b)

Bn+1 = U ∪ {j ∈ An+1 : kvΛ
j
n+1 − pv

◦
gj
n+1 ≥ 0} (8c)

Bn+1 = C \ Bn+1 (8d)

Then, the residual vectors rs, rp,rv of the smooth, position and velocity sub-problems are
obtained from the imbalance of Eqs.(1)-ab, Eqs.(1)-cde, and Eqs.(1)-fgh, respectively. By
defining the generalized unknown vectors

∆xs =

{
∆v̆n+1

∆λ̆
U
n+1

}
, ∆xp =


∆Un+1

∆νA
n+1

∆νA
n+1

 , and ∆xv =


∆Wn+1

∆ΛB
n+1

∆ΛB
n+1

 , (9)

the iterative correction equations for each sub-problem are evaluated as follows

Si
t ∆xi = −ri, for i = s, p, v (10)
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where the iteration matrices are:

Ss
t =

[
Ss∗

t −ksg
U ,T
q̆,n+1

−ks

(
gU
q̆,n+1 +

hβ
γ
Gs

)
0

]
(11)

Sp
t =

 Sp∗
t −kpg

A,T
q,n+1 0

−kpg
A
q,n+1 0 0

0 0 −k2p
pp
IA

 (12)

Sv
t =

 Sv∗
t −kvg

B,T
q,n+1 0

−kvg
B
q,n+1 0 0

0 0 −k2v
pv
IB

 (13)

where IA. In practice, the Newton scheme is complemented with a line-search strategy to
improve the robustness of the resulting algorithm. The complete description of the integrator
is not given here for conciseness, more details can be found in [20] with the full expressions
of the tangent matrices. The pseudocode is given in the Appendix A. An extension of this
algorithm for handling frictionless multiple impact collisions can be found in [19].

3 Frictional Contact Formulation

The kinematics of two contacting bodies with friction effects is described in terms of the gap
distance between the potential contact surfaces. It is usually split into a normal and a tangential
component: gN ∈ R and gT = [gT1 gT2]

T ∈ R2, referred to a material orthonormal frame at the
contact point, respectively. The same procedure is performed with the contact force ν, which is
decomposed into a normal component νN ∈ R and a tangential component νT = [νT1 νT2] ∈ R2.
This splitting allows to define the restrictions of gap, contact, stick or slip of the frictional
contact problem at position level as follows:

gN ≥ 0 νN ≥ 0, gNνN = 0;

∥gT∥ ≥ 0, ∥νT∥ ≤ µνN , ∥gT∥ (∥νT∥ − µνN) = 0
(14)

where µ is the friction coefficient, and where the associative slip rule ∥νT∥ gT = −∥gT∥ νT also
holds. The first set of inequality equations of Eq.(14) represents the normal contact conditions
telling if the bodies are in gap or in contact status. The second set corresponds to the Coulomb’s
friction law which states whether the bodies are in stick or in slip status.

The set of inequality constraints in Eq.(14) can be enforced using an augmented Lagrangian
formulation as proposed Alart and Curnier[4]. The adopted augmented Lagrangian function
for the frictional contact problem at position level, in terms of the nodal coordinates vector q
and contact forces ν, is given by

Lp(q,ν) = −kpgNνN +
pp
2
g2N − dist2

2pp

[
ξN ,R+

]
− kpgT · νT +

pp
2
∥gT∥2 −

dist2 [ξT , CξN ]

2pp
(15)

where ξN = kpνN − ppgN and ξT = kpνT − ppgT are the augmented multipliers for the normal
and the tangential direction at position level, respectively; pp is a positive penalty parameter
and kp is a scaling factor for the Lagrange multipliers νN and νT . Function dist(z, C) is the
distance between a point z ∈ Rn and the convex set C, while the cone CξN is the convex set
defined by the extension of the friction cone C(kpνN + ppgN) ≡ C(ξN) to the half-line R−(ξN),
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i.e. the set of negative values of the normal augmented multiplier ξN = kpνN + ppgN (more
details can be found in [43]). Note that gT is the tangential component of the incremental
relative displacement between points in contact during the considered time step.

We define the terms
◦
gN ∈ R and

◦
gT ∈ R2 to express the Newton impact’s law in the normal

and tangential directions, as follows,

◦
gN = gNq,n+1vn+1 + eNgNq,nvn

◦
gT = gTq,n+1vn+1 + eTgTq,nvn (16)

Here, eN ∈ [0, 1] and eT ∈ (−1, 1) are the coefficients of restitution in the normal and tangential
directions, respectively, and gNq and gTq are the gradients of the normal and incremental
tangential displacements, respectively. Then, the frictional contact conditions at velocity level
are written in analogous form as Eq.(14) yielding,

◦
gN ≥ 0, ΛN ≥ 0,

◦
gNΛN = 0;

∥ ◦
gT∥ ≥ 0, ∥ΛT∥ ≤ µΛN , ∥ ◦

gT∥ (∥ΛT∥ − µΛN) = 0
(17)

where the associative rule ∥ΛT∥ ◦
gT = −∥ ◦

gT∥ ΛT holds, and where ΛN ∈ R and ΛT =
[Λ1 Λ2]

T ∈ R2 are the normal and the tangential impulses in the normal and tangential direc-
tions, respectively, with respect to an orthonormal material frame located at the contact point.
Then, similarly to Eq.(15), the augmented Lagrangian for the frictional contact problem at
velocity level is given by

Lv(v,Λ) = −kv
◦
gNΛN +

pv
2

◦
g2N − dist2 [σN ,R+]

2pv
− kv

◦
gT ·ΛT +

pv
2
∥ ◦
gT∥2 −

dist2 [σT , CσN
]

2pv
(18)

where σN = kvΛN − pv
◦
gN and σT = kvΛT − pv

◦
gT are the augmented multipliers at velocity

level in the normal and tangential directions, respectively and CσN
is a section of radius µσN

of the augmented Coulomb friction cone expressed in terms of velocity variables. Then, pv is
a positive penalty parameter and kv is the scaling factor for the Lagrange multipliers ΛN and
ΛT .

The virtual variations of the augmented Lagrangians (15,18) give the internal forces vectors,
and their linearisation yields the corresponding Hessian matrices. They are calculated in the
next subsection.

3.1 Internal Forces Vectors and Hessian Matrices

The contact elements contribute only via unilateral constraints to the position and velocity
correction equations, or in other words, they do not contribute to the smooth motion subprob-
lem. In what follows, the indices n or n+ 1 will be omitted from the equations to simplify the
notation. The generalized internal force vector at position level is obtained by taking variations
in the augmented Lagrangian Lp of Eq.(15) giving

δLp(q,ν) = −kpδνNgN−ξNδgN−
1

pp
δ
(1
2
dist2(ξN ,R+)

)
−kpδνT ·gT−ξT ·δgT−

1

pp
δ
(1
2
dist2(ξT , CξN )

)
(19)

Details about the variations of the terms in Eq. (19) can be found in Sánchez et al [60]. Then,
by defining the generalized coordinates vector Φ = [qT νN νT

T ]
T , the variation of the augmented

Lagrangian is written as follows

δLp(Φ) = δΦTF p(Φ) (20)

7



where the internal force vector at position level for the different contact status is given by

F p(Φ) =




0

−k2p
pp
νN

−k2p
pp
νT

 ξN < 0 Gap


−gTNqξN − µξNg

T
Tqτp

−kpgN
kp
pp
(−kpνT + µξNτp)

 ∥ξT∥ ≥ µξN Slip


−gTNqξN − gT

TqξT

−kpgN

−kpgT

 ∥ξT∥ < µξN Stick

(21)

where τp = ξT/∥ξT∥ is a unit vector that defines the tangential direction of the contact force.
The linearization of the internal force vectors at position level yields the contact Hessian matrix
for the different contact conditions (see details in [60]).

By following a similar reasoning as in the position level subproblem, the variation of the
augmented Lagrangian at velocity level is calculated from Eq.(18) giving

δLvΦ) = δΦTF v(Φ) (22)

Then, from Eq.(22), the internal force vectors at velocity level for the contact status are given
by

F v(Φ) =




0

−k2v
pv
ΛN

−k2v
pv
ΛT

 σN < 0 Gap


−gTNqσN − µσNg

T
Tqτv

−kv
◦
gN

kv
pv
(−kvΛT + µσNτv)

 ∥σT∥ ≥ µσN Slip


−gTNqσN − gT

TqσT

−kv
◦
gN

−kv
◦
gT

 ∥σT∥ < µσN Stick

(23)

where τv = σT/∥σT∥ is a unit vector that defines the tangential direction of the contact force
at velocity level. The Hessian matrices are obtained by a linearization of the internal contact
force vectors at velocity level (see [60]).

The internal force vectors and Hessian matrices have been developed in a completely general
form, without particularizing to any contact model. They depend on the definition of the gap
distance vector and the gradient matrices in the normal and tangential directions.

3.2 Multiple Impacts Collisions

In the case of collisions with multiple frictional impacts, a similar procedure is applied which
iterates over a sequence of impact problems on a vanishing time interval until no further impact
is detected. This formulation, which exploits a modified activation criterion at velocity level,
is based on the recent work presented by Cosimo et al. [19].
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The first iteration is equivalent to the procedure already described. Variables V − and
V̆ − are introduced, which respectively represent the updated expressions of the pre-impact
velocities vn and v̆n+1 for the next iterations. The Newton impact law in the normal and
tangential directions is defined in terms of V − as

◦
g∗ j
N,n+1 = gjNq,n+1vn+1 + ejNg

j
Nq,nV

− ◦
g∗ j
T,n+1 = gj

Tq,n+1vn+1 + ejTg
j
Tq,nV

− (24)

These computations are performed for every impact point j ∈ C. Accordingly, the modified
augmented multiplier involved by the sub-problem at velocity level is denoted by σ∗

n+1:

σ∗
n+1 =

{
kvΛN,n+1 − pv

◦
g∗N,n+1

kvΛT,n+1 − pv
◦
g∗
T,n+1

}
(25)

The modified active set is denoted by G∗ and it is defined as

G∗
n+1 = U ∪ {j ∈ An+1 : g

j
q,n+1 V̆

− < tolv and σ∗ j
N,n+1 ≥ 0} (26)

where σ∗
N is the first row of vector in Eq.(25) which corresponds to the normal component of

σ∗ . The condition gjq,n+1 V̆
− < tolv asks for the admissibility of the pre-impact velocity. The

other condition states that the augmented multiplier corresponding to the impact impulsion
must be positive. Once an impact from the sequence is solved, the pre-impact velocities V −

and V̆ − are updated taking into account the contribution of the just computed velocity jump
Wn+1,

V − = vn +Wn+1 (27a)

V̆ − = ṽn+1 +Wn+1 = vn+1 (27b)

This process continues until no more impacts take place in the sequence, which is equivalent
to an empty active set G∗

n+1. The velocity jump Wn+1 should be here interpreted as the total
jump which results from the accumulation of previously resolved impact problems from the
generated sequence of impacts. Therefore, the resulting impulses are accumulated and taken
into consideration in each impact problem of the sequence:

PN =
i−1∑
j

g
G∗
j ,T

Nq Λ
G∗
j

N PT =
i−1∑
j

g
G∗
j ,T

Tq Λ
G∗
j

T (28)

where the index i is used to denote the impact problem from the sequence of impacts currently
being solved.

Finally, the internal force vector for the velocity level sub-problem in the case of multiple
frictional impacts is written as

F v∗,G∗
(Φ) =




0

−k2v
pv
ΛG∗

N

−k2v
pv
ΛG∗

T

 σ∗
N < 0 Gap


−gG

∗,T
Nq σ∗G∗

N − µσ∗G∗
N gG∗,T

Tq τv − PN − PT

−kv
◦
gG

∗
N

kv
pv
(−kvΛ

G∗
T + µσG∗

N τv)

 ∥σ∗
T∥ ≥ µσ∗

N Slip


−gG

∗,T
Nq σG∗

N − gG∗,T
Tq σG∗

T − PN − PT

−kv
◦
gG

∗
N

−kv
◦
gG∗
T

 ∥σ∗
T∥ < µσ∗

N Stick

(29)
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4 Sphere-Sphere Contact Model

The strategy that we adopted to develop a contact model for a rigid sphere in contact with
another sphere, see Fig.1, follows the methodology given in [34]. The element takes into account
sliding friction in the framework of nonsmooth contact dynamics with finite displacements and
large rotations. The spheres are able to come in contact, rotate or slide one over the other.
The motion is referred to an inertial frame (Fig. 1). The centres of spheres A and B, with

A

B

P

X1

X2

X3

ΨA,inc

ΨB,inc

xA,n+1

xB,n+1

nn+1

t2,n+1 rA

rB

Figure 1: Configuration of the three-dimensional sphere-sphere contact model.

radius rA, rB, are given by position vectors xA and xB, respectively. The description of motion
of the spheres is completed by giving the rotation operators RA,RB at each node, with the
incremental rotation vector ΨA,incr ∈ R3 from time tn to time tn+1 given by

exp(Ψ̃A,incr) = RT
A,nRA,n+1 (30)

where the exponential map exp(Ψ̃ ) is used. Here, ΨA,incr = vect(Ψ̃A,incr) is the so-called Carte-
sian rotation vector which has the direction of the rotation axis and length equal to the ampli-
tude of the incremental rotation [34]. Analogous equations can be derived for sphere B. The
operator ã : R3 → R3⊗R3 gives a 3×3 skew-symmetric matrix such that a×b = ãb ∀ a, b ∈ R3.

The direction of contact between spheres is given by the unit vector n, which is defined as

n =
xA − xB

∥ xA − xB ∥ (31)

In order to obtain the gap function of this element we define a material frame at the contact
point P , using the normal vector n and the tangential vectors t1 and t2 which are defined as
follows

t1 =
e× n

∥e× n∥ t2 = n× t1 (32)

Here, e is an arbitrary vector not collinear with n. The normal gap between the spheres is
simply computed as

gN =∥ xA − xB ∥ −(rA + rB) (33)

The contact status is established when the distance ∥ xA − xB ∥ is equal to the sum of radii
of the spheres rA + rB; otherwise, the spheres are not in contact. The velocities of the spheres
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A and B at the contact point P are ẋPA(t) and ẋPB(t), respectively. They are calculated as
follows

ẋPA(t) = ẋA(t) + n(t)× ωA(t) rA ẋPB(t) = ẋB(t)− n(t)× ωB(t) rB (34)

We define the incremental tangential slip distance gT,n+1 between the spheres A and B, from
time tn to time tn+1, as the integral of the relative velocity at the contact point: ẋPA(t)−ẋPB(t)
in the tangential directions t1(t) and t2(t) :

gT,n+1 =

{
gT1,n+1

gT2,n+1

}
=

∫ tn+1

tn

[
t1(t)

T

t2(t)
T

]
(ẋPA(t)− ẋPB(t)) dt =

=

∫ tn+1

tn

[
t1(t)

T

t2(t)
T

]
(ẋA(t)− ẋB(t) + n(t)× (ωA(t)rA + ωB(t)rB)) dt

(35)

After integration of Eq.(35), the following expression is obtained{
gT1,n+1

gT2,n+1

}
=

{
t1,n · [(xA,n+1 − xA,n)− (xB,n+1 − xB,n) + nn × (ΨA,incrrA + ΨB,incrrB)]
t2,n · [(xA,n+1 − xA,n)− (xB,n+1 − xB,n) + nn × (ΨA,incrrA + ΨB,incrrB)]

}
(36)

where tα,n · [(xA,n+1−xA,n) −(xB,n+1−xB,n)] is the tangential relative displacements produced
by the displacement of the spheres in space. Meanwhile, tα,n ·[nn × (ΨA,incrrA + ΨB,incrrB)] with
α = 1, 2 can be interpreted as the tangential relative displacements produced by the rotation of
the spheres. Note that in Eq.(36) the normal and tangential vectors are evaluated at the previ-
ous time step in order to facilitate the convergence and the internal force vectors and tangential
matrices derivations. Refined formula may be considered, e.g., by using SE(3) integration [8].
Nevertheless, convergence of the nonlinear problem may then become more difficult. We re-
mark that the simplification of evaluating the normal and the tangential vectors at previous
time step does not affect the accuracy of the numerical solutions as we will demonstrate in the
examples. In the Appendix B, a numerical experiment is presented in order to know the range
of validity of Eq.(36). Finally, the generalized gap vector is defined as

gn+1 =

[
gN,n+1

gT,n+1

]
=

 ∥xA,n+1 − xB,n+1∥ − (rA + rB)
t1,n · [(xA,n+1 − xB,n+1)− (xA,n − xB,n)]− t2,n · (ΨA,incrrA + ΨB,incrrB)
t2,n · [(xA,n+1 − xB,n+1)− (xA,n − xB,n)] + t1,n · (ΨA,incrrA + ΨB,incrrB)


(37)

where the circular-shift properties and the anti-commutativity of the cross-product for the
scalar triple product were used to simplify the expressions.

The variation of the normal gap is given by

δgN = gNq,n+1δq (38)

where δq is the variation of the generalized coordinates vector δq = [δxT
A δxT

B δΘT
A δΘT

B]
T ; here,

δxA and δxB are the variations of the position vectors whilst δΘA and δΘB are the incremental
material rotations at nodes A and B, respectively. The normal gap gradients matrix of the
element is

gNq,n+1 =
[
nT

n+1 − nT
n+1 0

T 0T
]

(39)

By taking virtual variations of the incremental tangential displacements gT,n+1, Eq.(36), we get

δgT = gTq,nδq (40)
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where gTq,n is the gradients matrix for the tangential displacements, which is computed as
follows

gTq,n =

[
tT1,n −tT1,n −rAt

T
2,n −rBt

T
2,n

tT2,n −tT2,n rAt
T
1,n rBt

T
1,n

]
(41)

At this point, all the expressions necessary to evaluate the internal force vectors at position
level for this element have been computed, see Eq.(21).

In order to obtain the Hessian matrix at position level, the calculation of ∆gTNq,n+1 is
required. It yields the final expression,

gTNq,n+1 =

[
I−nn+1⊗nn+1

∥xA,n+1−xB,n+1∥ − I−nn+1⊗nn+1

∥xA,n+1−xB,n+1∥ 0 0

− I−nn+1⊗nn+1

∥xA,n+1−xB,n+1∥
I−nn+1⊗nn+1

∥xA,n+1−xB,n+1∥ 0 0

]
(42)

where the arrangement of this matrix is according to ∆q = [∆xT
A ∆xT

B ∆ΘT
A ∆ΘT

B]
T . Further-

more, the linearization ∆gT
Tq = 0 since this matrix is evaluated at the previous time step. The

other terms needed for the calculation of the Hessian matrix at position level were presented
before.

The internal force vectors at velocity level are computed following the same procedure. The
expression of the Newton’s impact law, which appears in the vectors in Eq.(22), takes the
following form,

 ◦
gNn+1
◦
gT1n+1
◦
gT2n+1

 =


nn+1 · (vA,n+1 − vB,n+1) + eNnn · (vA,n − vB,n)

t1,n · (vA,n+1 − vB,n+1)− t2,n · (ωA,n+1rA + ωB,n+1rB) +
+ eT [t1,n · (vA,n − vB,n)− t2,n · (ωA,nrA + ωB,nrB)]

t2,n · (vA,n+1 − vB,n+1) + t1,n · (ωA,n+1rA + ωB,n+1rB) +
+ eT [t2,n · (vA,n − vB,n) + t1,n · (ωA,nrA + ωB,nrB)]

 (43)

At velocity level, the variable q coming from the solution of the position sub-problem is fixed,
thus ∆gNq = 0 and the complete gradient matrix is constant during the velocity iteration, see
the step 3 of the algorithm presented in the Appendix A. Thus, the complete set of equations
to compute the internal force vectors and the Hessian matrices at velocity level have been
developed.

Finally, the Hessian matrices and the internal force vectors of the element both at position
and velocity levels contribute to the global tangent matrices and to the generalized internal
forces vectors by a standard assembly procedure.

5 Numerical Examples

The contact element developed in this work has been implemented in the finite element research
code Oofelie [15]. Six numerical examples are presented to show the accuracy and robustness
of the proposed methodology.

The convergence criterion used in the numerical examples is given by

∥ri∥ < tolr

(∑
k

∥ri
k∥+ tolf

)
i = s, p, v (44)

where tolr is a given relative tolerance, ri
k is the k-th term contributing to the residual ri (i.e.,

the vectors of external forces, of internal forces, etc), tolf is a reference value of tolerance, and
∥ · ∥ is the L2 norm.
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The error for the computation of convergence rates in the examples was evaluated as

Error(h) =

∑N
i=0 |fi − f(ti)|∑N

i=0 |f(ti)|
(45)

where h is the time step, N is the number of steps, fi is the numerical solution computed by our
algorithm, f(ti) is the reference solution and | · | the L1 norm. The reference solution is taken
equal to the analytical solution when available; otherwise, the numerical solution corresponding
to a very small time step is used as a reference.

5.1 Frictional Contact between Spheres

A

B

I

I

X

Y

fr

mg

T

r

r

Figure 2: Validation example. Frictional spheres configuration.

This first simple example is used to validate the sphere-sphere contact element in a case of
contact with friction. It consists of two touching spheres. The upper one A is free to rotate
and to displace in the vertical direction, and is submitted to gravity g = 9.8 m/s2, see Fig.
2. Sphere B is fixed at its centre and can rotate freely; rotation is imposed at sphere B with
a time increasing torque law T (t) = k t = 20 t Nm. Both spheres remain in contact with a
friction coefficient µ = 0.3. The mass inertia moment of the spheres is I = 0.4 kg m2, the mass
is m = 1 kg and the radius is r = 1 m.

This problem has an analytical solution. For instance, the angular velocities and the angular
displacements of the spheres are given as

ωA(t) =


kt2

4I
if t ≤ tlim

ktlim
2I

(
t− tlim

2

)
if t > tlim

ωB(t) =

−kt2

4I
if t ≤ tlim

− k

4I

(
t2lim + 2t(t− tlim)

)
if t > tlim

(46)

θA(t) =


kt3

12I
if t ≤ tlim

ktlimt

4I
(t− tlim) +

kt3lim
12I

if t > tlim

θB(t) =


− kt3

12I
if t ≤ tlim

−ktlimt

4I
(t− tlim)+

k
6I

(
kt3lim
2

− t3
)

if t > tlim

(47)
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where tlim = 2mgµr/k. The system is simulated for a total time 1 s with a constant time step
1× 10−3 s. The tolerance for the nonlinear solver is fixed to 1× 10−5 and the spectral ratio of
the integrator is selected as ρ∞ = 0.8. The numerical solution is given in Fig. 3. The contact
force remains constant and is equal to the weight of sphere A, fc = mg = 9.8 N, see Fig 3-a.
The tangential force increases linearly reaching the maximum value of fmax

T = µmg = 2.94
N at time tlim = 0.294 s; then, it remains constant when the spheres enter in slip state, see
Fig. 3-a. The angular velocities of both spheres are equally accelerating and with opposite
direction until time tlim = 0.294 s while the contact status is stick. Then, velocity of the sphere
B continues quadratically increasing in time because of the linearly increasing torque, while
velocity of sphere A remains linearly increasing because of the slipping state which limits the
transmitted torque to a constant value, see Fig. 3-b.

The maximum number of iterations per time-step in each sub-problem is 1, 3 and 3 with a
mean number of 1, 2 and 2 iterations per time-step. Fig. 4 shows the computed convergence
rate for the angular displacement and velocity of sphere A. The analytical solution was taken
as reference, and a linear convergence rate is observed. No line search iterations were required
to achieve convergence of the Newton scheme.
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(a) Normal and tangential contact forces.
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(b) Absolute value of angular velocities for spheres A
and B.

Figure 3: Numerical solution for the frictional spheres example.

5.2 Single Collision Example

This case, which concerns the impact of two spheres, serves to validate the simulations of impact
problems taking into account friction between the balls and the planar surface. The numerical
solutions are compared against analytical solutions developed by Alciatore [7]. This example
illustrates the 30◦ rule, which is well known in the billiard balls game. This rule states that if
the cue ball in rolling motion impacts the target ball in rest at a point between 1/4-ball hit
(49◦ cut) and 3/4-ball hit (14◦ cut), it will deflect by almost 30◦ from its original direction
after hitting the target ball. When friction between balls is neglected and the coefficient of
restitution is eN = 1, the cue ball deflection angle θc as a function of the cut angle ϕ [7], is
given by,

θc = tan−1

(
sin(ϕ) cos(ϕ)

sin2(ϕ) + 2
5

)
(48)
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(a) Convergence rate for the Angular Displacement.
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(b) Convergence rate for the Angular Velocity.

Figure 4: Convergence rate for the frictional contact between spheres example.

where ϕ = sin−1(1− f) and f is the hit ball fraction factor f ∈ [0, 1] between balls (see Figure
5-a). Comparisons of this analytical solution with experimental measurements can be found
in [7, 62] and in many videos available in websites, showing good agreement. The geometrical
and physical properties for the simulations, typical of the classical pool/billiard game, were
selected from the book of Alciatore [7]. The radius of the balls are r = 2.8575 cm, the mass
m = 0.17 kg and the coefficient of friction between the balls and the cloth is µ = 0.2. The
normal restitution coefficient value between the balls, and between the balls and the cloth, is
eN = 1. The tangential restitution coefficient is eT = 0 for all contact points. The acceleration
of gravity is g = 9.8 m/s2.

(a) The cue ball deflection angle θc.
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(b) The 30 ◦rule. Numerical and analytical solution com-
parison.

Figure 5: Impact between two spheres.

The cue ball impacts the target at a velocity v− = 1.8 m/s in pure rolling motion. The
numerical solution was computed with a time step h = 1×10−4 s and spectral radius ρ∞ = 0.8.
The value of tolerance for convergence was tolr = 1 × 10−5. Computations for seven different
hit ball fraction factors f = [0, 0.125, 0.25, 0.5, 0.75, 0.875, 1] were performed. Figure 5-b shows
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the agreement between the analytical and the numerical solutions. The maximum number of
iterations per time-step were 1, 4 and 5 with a mean number of 1 iteration per time-step for
each sub-problem.

A second case more challenging than the previous one was considered, with friction between
balls and restitution coefficient different from 1 [7]. The tangential component of the friction
impulse was neglected, and the balls spinning velocity was imposed to be zero. With these
assumptions, the trajectory of the cue ball immediately after impact can be described by the
following set of equations,

{x(t); y(t)} =

{
{xc(t); yc(t)} if t ≤ troll

{xc(troll) + vx(troll) [t− troll]; yc(troll) + vy(troll) [t− troll]} if t > troll
(49)

where troll is the time needed by the cue ball to stop sliding and enter into pure rolling motion
after impact (see Appendix C, Eq. 65). The full set of equations necessary to calculate the
evolution of the cue ball is given in Appendix C; the complete development can be found in [7].

Three cases with different values for the friction and restitution coefficients between balls,
and hit fraction f = 0.5, were proposed to study the friction effects; they are: i) µball = 0,
eN = 1, ii) µball = 0.06, eN = 1 and iii) µball = 0, eN = 0.94. Figure 6-a displays the trajectory
of the cue ball after impact calculated with Alciatore formulas and compared to the numerical
solution of this work. From time 0 to troll, the cue ball describes a curved trajectory as a
consequence of sliding with friction with the cloth; after that, when the ball is in a pure rolling
motion, the trajectory is straight. Figure 6-a shows a good agreement between the analytical
and numerical solutions.

Figure 6-b shows the analytical results compared with the numerical solutions computed
when balls spinning is released, without being fixed to a zero value. We can observe that in
this case we depart slightly from the trajectory calculated in [7]. The numerical solution was
computed with a time step h = 1× 10−4 s and spectral radius ρ∞ = 0.8.

The displayed energy evolution is such that the system does not generate spurious energy
throughout the simulation. Figure 7-a shows that, initially, the cue ball is in sliding movement
with a reduction of kinetic energy. Subsequently, it enters in pure rolling motion conserving
energy until collision with the object ball. At the moment of impact, the cue ball rebounds
and separates from ground, as illustrated in Fig. 7-b, where an increase in potential energy is
observed. Then, both balls change progressively from sliding to pure rolling motion reducing
the total kinetic energy, as shown in Fig. 7-c. Finally, both balls move in pure rolling movement
without losing energy.

The nonlinear problem at each time step was solved by Newton iterations, where the value
of tolerance for convergence was tolr = 1 × 10−5. The maximum number of iterations per
time-step was 1, 4 and 5 for each subproblem, with a mean number of 1 iteration per time-step.
Figure 8 illustrates the evolution of the logarithm of the residual norm, for the case f = 0.5,
eN = 0.94, µball = 0.06 without spin motion, at the step of impact for which the position
and velocity iterations were activated. At impact instant, a quadratic convergence rate of the
Newton iteration was obtained. In the first iteration of the Newton method, 3 iterations of
line search at velocity level were required to convergence. In the remaining time steps, no line
search iterations were required to achieve the convergence of the Newton scheme.

Finally, the convergence rate as a function of the time step, compared with the analytical
solution, was calculated. The following set of parameters were used: µball = 0.2, eN = 0.94,
µ = 0.2, ωz = 0 and f = 0.5. Figure 9 shows a linear convergence rate as expected.

16



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

Displacement ux [m]

D
is
p
la
ce
m
en
t
u
y
[m

]

u2(e = 1, µball = 0) Present Work.
u2(e = 1, µball = 0) Reference.

u2(e = 1, µball = 0.06) Present Work.
u2(e = 1, µball = 0.06) Reference.

u2(e = 0.94, µball = 0) Present Work.
u2(e = 0.94, µball = 0) Reference.
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(b) Trajectory of the cue ball after impact considering spin motion.

Figure 6: Numerical vs. analytical solutions when friction between balls is considered and eN
is different to 1.

17



0 0.5 1 1.5 2 2.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Time [s]

K
in
et
ic

E
n
er
gy

[J
]

KE CB. KE OB.

(a) Kinetic energy vs. time.

0 0.5 1 1.5 2 2.5
−1 · 10−4

0

1 · 10−4

2 · 10−4

3 · 10−4

4 · 10−4

5 · 10−4

6 · 10−4

Time [s]

PE CB. PE OB.

P
ot
en
ti
al

E
n
er
gy

[J
]

(b) Potential energy vs. time.
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Figure 7: Energy evolution in time for the single collision example (case f = 0.5, eN = 0.94,
µball = 0.06, ωzOB = ωzCB = 0 without spin motion).
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Figure 8: Evolution of logarithm of residual norm in terms of number of iterations.

5.3 Spinning Ball hitting a Ball at Rest

In this case, a spinning cue ball (CB) hitting an object ball (OB) at rest is considered. Throw
effects are produced because of the spinning motion and the friction between balls. Figure
10 shows a scheme of the kinematics of impact between the CB and the OB. The CB has a
spinning angular velocity ωzCB and an initial linear shot velocity v−. After impact, the OB
exits with a throw angle θthrow and gets a post-impact velocity v+. The throw angle depends
on the speed of the shot v−, the cut angle ϕ, the amount and direction of the CB spin velocity
ωzCB, the friction coefficient between balls µb and the radius R of the balls. The analytical
expression to calculate θthrow is given in [7]

θthrow = tan−1

[
min

(
µbv

− cosϕ

vrel
, 1/7

)
v− sinϕ−RωzCB

v− cosϕ

]
(50)

where vrel =
√

(v− sinϕ−RωzCB)2 + (RωxCB cosϕ)2 is the tangential component of the relative
velocity between balls at the impact point, with ωxCB the rolling angular velocity of the CB.
Several experiments performed by Jewett [39] and Alciatore [5, 6] verified the validity of Eq.(50).
The friction coefficient was computed by a fitting process from experimental data, in terms of
the relative velocity of the balls at the point of impact, giving [7]:

µb = 9.951× 10−3 + 0.108e−1.088vrel (51)
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Numerical experiments were performed for typical dimensions of billiard balls taken from bib-
liography [7], the radius of the balls are r = 2.8575 cm, the mass m = 0.17 kg and the
acceleration of gravity is g = 9.8 m/s2. The coefficient of friction between the balls and the
cloth was neglected in order to consider only the spin impulsion which is transferred from the
CB to the OB. The friction coefficient between balls was calculated as in Eq. (51). The normal
restitution coefficient value between the balls, is eN = 1, and between the balls and the cloth, is
eN = 0. The tangential restitution coefficient is eT = 0 for all contact points. The CB velocity
was v− = 1.341 m/s (3 mph) in the x direction, thus, the angular velocity in pure rolling is
ωroll = v−/R = 46.929 rad/s.

Seven cases for different values of the ratio RωzCB/v
− of the CB were considered:

RωzCB/v
− = [−1.25, −0.9, −0.4, 0, 0.4, 0.9, 1.25] (52)

Simulations were performed for two values of rolling angular velocities and two values of cut
angles [7]: ωxCB = [0, 0.5 × ωroll] (pure sliding and half sliding) and ϕ = [0, 30◦] (straight
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impact and 30◦ impact).
The numerical solutions were computed with a time step h = 1× 10−4 s and the total time

for the simulation was 1 s. The spectral radius of the integrator was ρ∞ = 0.8.
Figures 11a-b show comparisons between the throw angle θthrow as a function of the ratio

Rωz/v
− calculated with Eq.(50) and the numerical solution computed with the methodology

presented in this work. As Fig. 11 shows, both solutions are in a good agreement.
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Figure 11: Throw angle vs. spin angular velocity.

The displayed energy evolution is such that the system does not generate spurious energy
throughout the simulation, as displayed in Figure 12. Energy is practically conserved all along
the simulation, unless at the time instant of impact where an exchange of energies between
balls is produced with some amount of dissipation because of friction.

The nonlinear problem at each time step was solved by Newton iteration, where the value
of tolerance for convergence was tolr = 1 × 10−5. The maximum number of iterations per
time-step was 1, 3 and 6 for the smooth, position and velocity sub-problems, respectively. The
mean number of iterations was 1 per time-step for each sub-problem. Figure 13 illustrates the
evolution of the logarithm of the residual norm vs. iterations, for the case µ = 0, eN = 1,
µball = 0.06, ϕ = 30◦, ωxCB = 0.5 × ωroll = 23.46 rad/s, v− = 1.341 m/s at the step of impact
for which the position and velocity iterations were activated. At impact instant, a quadratic
convergence rate of the Newton iterations is evidenced. No line search iterations were required
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(b) Potential energy vs. time.
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Figure 12: Evolution of energies in time (case µ = 0, eN = 1, µball = 0.06, ϕ = 30◦, ωxCB =
0.5× ωroll = 23.46 rad/s, v− = 1.341 m/s, RωzCB/v

− = 0.9).

to achieve convergence of the Newton scheme.
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Figure 13: Evolution of the logarithm of the residual norm in terms of number of iterations.

Finally, the convergence rate with respect to the analytical solution as a function of the
time step is given. The following parameters were used: Rωz/v

− = −0.4, ωx = 0.5ωroll and
ϕ = 30◦. Figure 14 shows a linear convergence as expected.

5.4 Multiple Impacts Collision

The fourth example consists of the multiple impacts collision of three spheres, see Fig. 15.
Sphere 1 has an initial velocity v0 = 2 m/s in the X direction, a zero initial angular velocity
and is located such that contact with sphere 2 is at a distance of 0.5534 m. Spheres 2 and 3
are initially at rest and in contact. Dimensions, friction coefficients and mass properties of the
balls correspond to typical values in a pool game. Each sphere is assumed rigid with a radius
of 0.0283 m, mass 0.185 kg and a mass inertia moment of 0.000057 kg m2. The normal and
tangential restitution coefficients between the spheres are eN = 1 and eT = 0, respectively;
meanwhile, eN = eT = 0 are used for the the contact between the balls and the cloth. The
numerical solutions were computed with a time step h = 1× 10−3 s and the total time for the
simulation was 1 s. The spectral radius of the integrator was ρ∞ = 0.8. The value of tolerance
for convergence was tolr = 1 × 10−5. Two different cases are simulated for comparison. The
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Figure 15: Multiple impacts collision of three balls.

first one is frictionless and is solved using the algorithm proposed by Cosimo et al [19]; in the
second one, friction is considered in all contact points using the equations presented in Sec. 3.2,
with friction coefficients µb = 0.06 between balls, and µ = 0.2 between balls and cloth. These
values are taken from reference [7].

Let us analyze first the frictionless case. The first sphere impacts sphere 2 at 0.277 s (Fig.
16-a-b). Then, sphere 2 fully transmits its impulse to sphere 3 in only one time step. After that,
sphere 3 gets the same velocity of sphere 1 before the impact, as Fig. 16-b shows. Note that
spheres 1 and 2 remain at rest after impact in agreement with the experimental observations.
The maximum number of iterations at smooth, position and velocity levels are 1,3 and 1, while
the mean number of iterations for the three sub-problems is 1.

The complexity of the problem is increased when friction is taken into account; for this
reason, the global convergence rate of the contact algorithms is somehow deteriorated. The
initial conditions, the masses, the dimensions and solver parameters are the same as in the
case before. At the beginning of motion, the angular velocity of the sphere 1 decreases linearly
in time reflecting that it is in sliding movement until time 0.284 s; then, the angular velocity
becomes constant, which expresses that it changes to a pure rolling movement, see Fig.17-b-c.
The first impact is produced at time 0.328 s, when the spheres 2 and 3 are moved forward, see
Fig. 17-a. However, the sphere 1 bounces back, see the detail of Fig. 17-b where the velocity
is negative. The detail of Fig. 17-d shows the height of rebound of the spheres 1 and 3 after
the first impact. When compared with the frictionless case, we remark that there is a delay as
a consequence of friction between the sphere and the plane, as depicted in Fig. 17-a-b-c.

After the bounce and once that sphere 1 touches the plane again, due to the rolling movement
it impacts again sphere 2. Then, there is a sequence of impacts between spheres 1 and 2 that
goes on with decreasing intensity and with frictional sliding in sphere 1 and pure rolling in
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Figure 16: Frictionless case. Displacement and velocity of the spheres.
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(c) Angular velocity vs. time.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3

3.5

4
·10−4

Time [s]

V
er
ti
ca
l
D
is
p
la
ce
m
en
t
[m

]

uz1 uz2 uz3

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3

3.5

4
·10−4

Time [s]

V
er
ti
ca
l
D
is
p
la
ce
m
en
t
[m

]

uz1 uz2 uz3

(d) Vertical displacement vs. time.

Figure 17: Frictional case. Displacements and velocities of the spheres.
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sphere 2, see Fig. 17-b. Finally, both spheres move forward together with a rolling movement
and without impacts, see Fig. 17-c. On the other hand, sphere 3 moves forward with sliding
movement reducing the velocity until reaching pure rolling.

In this example, the maximum number of iterations at smooth, position and velocity levels
are 1,4 and 2, while the mean number of iterations for the three sub-problems is 1. No line
search iterations were required to achieve convergence of the Newton scheme.
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(b) Potential Energy vs. time.
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(c) Total Energy vs. time.

Figure 18: Evolution of energies in time, frictional case.

Figure 18-a shows that initially, the cue ball is in sliding movement with a reduction of
kinetic energy. Subsequently, it enters in pure rolling motion conserving energy until collision
with the second ball. At the moment of impact, the cue ball rebounds and separates from
ground, as illustrated in Fig. 18-b, where an increase in potential energy is observed. Most of
kinetic energy is transferred to ball 3, and the balls change progressively from sliding to pure
rolling motion reducing the total kinetic energy, as shown in Fig. 18-c. Finally ball 3 moves in
pure rolling movement without losing energy, while balls 1 and 2 are almost stopped.

Finally, the convergence rate as a function of the time step is given. The error was calculated
with respect to a numerical solution with time step h = 1 × 10−5 s. Figure 19 shows a linear
convergence as expected.
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Figure 19: Convergence analysis for the multiple impact example with friction.
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5.5 Bernoulli Problem

This example, proposed by Liu et al. [46], consists of a frictionless multiple impacts collision
involving three rigid spheres in contact with each other at the initial configuration as shown in
Figure 20. Sphere 2 initially has a velocity of v0 = 1 m/s in the X direction and zero initial
angular velocity. Meanwhile, spheres 1 and 3 are at rest. The three balls have radius r = 1 m,
mass m = 1 kg, and moment of inertia of 0.4 kg m2. The normal and tangential restitution
coefficients between the spheres are eN = 1 and eT = 0, respectively, and between spheres and
plane they are eN = eT = 1. The results are compared with the analytical solution:

vx1 = vx3 =
2v0

3 + tan2 α

vy1 = −vy3 =
2v0 tanα

3 + tan2 α

vx2 = v0 −
4v0

3 + tan2 α

vy2 = 0
(53)

The numerical solution was computed with a time step h = 1 × 10−2 s and the total time for
the simulation was 0.6 s. The spectral radius of the integrator was ρ∞ = 0.8. The value of
tolerance for convergence was tolr = 1 × 10−5. The maximum number of iterations for the
smooth, position, and velocity levels were 1, 3 and 1, and the mean number of iterations for
the three sub-problems was 1. No line search iterations were required to achieve convergence
of the Newton scheme.
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Figure 21: Velocity of the balls.

Figure 21 shows the computed velocities vs. time for each ball. The values of the velocities
after impact are in good agreement with those calculated by the analytical solution (53), which
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Figure 22: Convergence analysis for the Bernoulli problem.

predicted vx1 = vx3 = 0.6 m/s, vx2 = −0.2 m/s, vy1 = −vy3 = 0.3464 m/s and vy2 = 0 m/s.
Finally, Fig. 22 shows the convergence rate of the velocity modulus of balls 2 and 3 compared
with the analytical solutions given by Eqs. (53), which is linear, as expected.

5.6 Billiard balls interaction
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Figure 23: Billiard break configuration.

This problem consists of a typical billiard break, see Figure 23. It was initially presented
by Gismeros et al. [18] in the frame of the penalty based-approach. The example allows us to
study the ability of the algorithm to solve problems with multiple impacts, with the possibility
to consider rolling friction effects. The results with those of reference [18], in which a penalty
approach was used to model impacts, were compared.

The four balls have a radius r = 0.028575 m, a weight mg = 1.666 N and an inertia
I = 0.000055 kg m2. The table has a length of 2.54 m and a width of 1.27 m. The values of the
friction coefficient µ and the normal restitution coefficient eN are 0.2 and 0, respectively, for
the contact between the balls and the table. The coefficients of friction and restitution for the
contact between balls are µb = 0.06 and eN = 0.93, respectively. The contact between the balls
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and the edges of the table are represented with friction and restitution coefficients µ = 0 and
eN = 0.85, respectively. The tangential restitution coefficient was set to eT = 0 in all contacts.
The white ball, labeled 2, starts motion with a speed of vx = 10.729 m/s and hits the three
balls labeled 3, 4 and 5, that are in contact between them and at rest (see Fig. 23).

In this work two cases are analyzed: in the first one, the rolling resistance between the
spheres and the plane is neglected, while in the second one a rolling resistance radius ρ = 0.005
m is adopted. In both cases, the total simulation time was 3 s with a time step of 1 × 10−3

s and the value of tolerance for convergence was tolr = 1 × 10−5. In the first case, the cue
ball starts with a velocity of 10.729 m/s and null rolling velocity, and impacts the balls at
a slightly lower velocity due to the sliding friction between the ball and the plane, see Fig.
24-a. After multiple impacts, ball 3 moves forward with a low velocity. As it can be seen,
once the balls are in pure rolling, their velocity remains constant, see Fig. 24-a. The second
case is similar to the first; however, the balls reach the rest condition due to the action of the
rolling resistance, see Fig. 24-b. Figure 25-a shows the linear and the angular velocity of ball
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(a) With sliding friction.

0 0.5 1 1.5 2 2.5 3
−6

−4

−2

0

2

4

6

8

10

12

Time [s]

V
el
oc
it
y
[m

/s
]

vx2[m/s] vx3[m/s] vx4[m/s] vx5[m/s]

(b) With sliding and rolling friction.

Figure 24: Computed velocities in the billiard break problem.

2. After the multiple impact at time 0.114 s, a small discrepancy is observed compared to the
reference results. In the numerical solutions presented with the present methodology, ball 2
jumps vertically after impact, see Fig. 25-b. Then, the angular velocity remains constant in
the period of time that the ball is in the air, see Fig. 25-a. Then, once ball 2 comes into contact
with the plane, it begins to slide backwards until finally becomes a pure rolling movement. The
proposed methodology does not present any penetration between bodies in contact, as occurs
in penalty-based approaches, and the computation time was reduced from 25000 s, as required
by the methodology of the reference work, to just 40 s. The maximum number of iterations for
the smooth, position, and velocity levels were 1, 7 and 4 (frictional case). The mean number
of iterations was 1,2 and 1 for the smooth, position, and velocity levels, respectively. At first
impact instant, in the third and fourth iteration of the Newton method, 9 and 26 iterations of
line search at position level were required to convergence, respectively. In the remaining time
steps, no line search iterations were required to achieve the convergence of the Newton scheme.
The quadratic convergence rate of the Newton iterations is shown in Fig. 26
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Figure 25: Comparison with penalty-based approach in the billiard break problem.
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6 Conclusions

A new frictional contact element to simulate the impact between spherical rigid bodies is
presented. The paper gives a detailed kinematic formulation using large rotations and absolute
coordinates, with explicit expressions of internal forces and Hessians.

In addition, a new methodology for handling simultaneous multiple impacts with friction
effects is given. The algorithm is based on the frictionless proposal by Cosimo et al. [19], here
modified to consider friction terms, and in which the Newton impact law is sequentially applied
by assuming instantaneous local impact times. The strategy has the advantage that it does
not require any intervention of the user or any topological analysis for defining the sequence
for processing the multiple impacts.

The studied examples demonstrate that the proposed methodology keeps a low computa-
tional cost compared with the classical smooth continuous approaches. Results were compared
with results of other authors, either analytical or experimentally validated, with excellent con-
vergence rate to the solution.

This approach may also be advantageous when describing the general case of flexible multi-
body systems. The extension from rigid multibody dynamics to the FEM (finite element
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method) context can be done in a very consistent manner avoiding rewriting the equations for
each particular case.
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Appendix A

Algorithm 1 Modified Nonsmooth GGL generalized-α time integration scheme.

1: Inputs: initial values q0 and v0;
2: Compute consistent value of ˙̆v0

3: a0 := ˙̆v0

4: for n = 0 to nfinal − 1 do
5: ˙̆vn+1 := 0, λ̆U

n+1 := 0, νn+1 := 0
6: Λn+1 := 0, Wn+1 := 0, Un+1 := 0
7: an+1 := 1/(1− αm)(αf

˙̆vn − αman)
8: vn+1 := v̆n+1 := vn + h(1− γ)an + hγan+1

9: qn+1 := qn + hvn + h2(1/2 − β)an + h2βan+1

10: Step 1 (smooth motion):
11: for i = 1 to imax do
12: Compute residual rs

13: if ∥rs∥ < tol then break end if
14: Compute the iteration matrix Ss

t

15: ∆xs := −(Ss
t )

−1rs

16: v̆n+1 := v̆n+1 +∆v̆
17: ˙̆vn+1 := ˙̆vn+1 + (1− αm)/((1− αf )γh)∆v̆
18: qn+1 := qn+1 + hβ/γ∆v̆

19: λ̆U
n+1 := λ̆U

n+1 +∆λ̆U

20: end for
21: Step 2 (projection on position constraints):
22: for i = 1 to imax do
23: Compute residual rp

24: if ||rp|| < tol then break end if
25: Compute Sp

t

26: ∆xp := −(Sp
t )

−1rp

27: Un+1 := Un+1 +∆U
28: qn+1 := qn+1 +∆U
29: νn+1 := νn+1 +∆ν
30: end for
31: Step 3 (projection on velocity constraints):
32: for i = 1 to imax do
33: Compute residual rv

34: if ||rv|| < tol then break end if
35: Compute Sv

t

36: ∆xv := −(Sv
t )

−1rv

37: Wn+1 := Wn+1 +∆W
38: vn+1 := v̆n+1 +Wn+1

39: Λn+1 := Λn+1 +∆Λ
40: end for
41: an+1 := an+1 + (1− αf )/(1− αm) ˙̆vn+1

42: end for
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Appendix B

The accuracy of Eq.(36), which gives the incremental tangential slip between balls, is studied by
a simple numerical experiment. The example consists of a sphere A that rolls without slipping
over a fixed sphere B following a planar motion. Figure 27-a shows the previous configuration
at time tn while Fig. 27-b shows the current configuration at time tn+1. The inertia frame is
located at the center of sphere B.
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ration at tn+1

Figure 27: Rolling without slipping between two spherical bodies.

Since sphere B is fixed, the position and the rotational vectors at previous time tn and at
current time step tn+1 are

xB,n+1 = xB,n = 0 ΨB,n+1 = ΨB,n = 0 (54)

The position and the rotational vectors at the current time step for sphere A are

xA,n+1 = [0 (rA + rB) 0]
T ΨA,n+1 = 0 (55)

Meanwhile, the position and rotational vectors of sphere A at the previous time step can be
calculated from standard kinematic analysis as follows

xA,n = [−(rA + rB) sin θB (rA + rB) cos θB 0]T ΨA,n = [0 0 ϕA]
T (56)

where θA (respectively θB) is the angle embracing the trajectory of the contact point over sphere
A (respectively over sphere B) and where ϕA = θA + θB is the total angular displacement of
sphere A. The rotational increment vector of sphere A from tn to tn+1 is given by

ΨA,incr = [0 0 − ϕA]
T (57)

The rolling without slipping contact condition (equality of arc-lengths) is written as

θA rA = θB rB (58)

Therefore, the total angular displacement of sphere A ϕA can be expressed as a function of
angle θB giving,

ϕA =
rA + rB

rA
θB =

(
1 +

rB
rA

)
θB (59)

Besides, the tangential and normal vectors at the contact point, evaluated at the previous time
step, are given by

t2,n = [cos θB sin θB 0]T nn = [− sin θB cos θB 0]T (60)
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For the system under study, an exact computation should predict a zero tangential slip in-
crement. The results obtained by replacing the previous equations into Eq.(36) can be thus
interpreted as numerical errors if different from zero. Several approximations have been per-
formed in these equations: e.g. the tangential vectors t1 and t2 and the normal vector n are
evaluated at the previous time step.

The relative slip error ϵslip = gT2,n+1/R, defined as the incremental tangential slip divided
by the distance between ball centers R = rA + rB, is obtained by replacing Eqs.(54–60) in
Eq.(36), giving

ϵslip = sin (θB)
[
1− cos (θB)− θB sin (θB)

]
+ cos (θB) [sin (θB)− θB cos (θB)] (61)

Note that limθB→0 ϵslip = 0. Then, since θB → 0 when (rB/rA) → ∞, Eq. (61) is exact when
the radius rB of the fixed sphere tends to ∞. A Taylor expansion around θB = 0 of Eq.(61)
gives

ϵslip = −θ3B
6

+O(θ5B) (62)

Figure 28 shows a plot of the relative slip error as a function of ϕA for three different ratios
(rB/rA) in a log-log scale. A third order convergence is observed.

Finally, Fig. 29 shows a plot of the relative slip error calculated as a function of the radius
ratio (rB/rA), for three different values of ϕA. We remark from this figure that in order to gain
accuracy, we should select A and B such that rB > rA.
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Figure 28: Relative slip error ϵslip as a function of the total angular displacement ϕA.

Appendix C

The following expressions are used for the example presented in Sec. 5.2 and can be found in
[7]. The cue velocities after impact are given by the following expressions

ω+
x =

v−

R

[
5

4
µb(1 + e) cos3(ϕ)− 1

]
ω+
y =

v−

R

[
5

4
µb(1 + e) sin(ϕ) cos2(ϕ)

]
v+x =

v−

2
sin(ϕ) cos(ϕ) [1 + e− µb(1 + e) cos(ϕ)]

v+y =
v−

2

[
sin2(ϕ)(2− µb(1 + e) cos(ϕ)) + (1− e) cos2(ϕ)

]
(63)
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Figure 29: Relative slip error ϵslip as a function of the ratio rB/rA.

The velocity of the contact point between the cue ball and the table cloth immediately after
cue ball impact with the objective ball is

v+cx = v+x −Rω+
y v+cy = v+y −Rω+

x v+c =
√
v2cx + v2cy (64)

The time required for the cue ball to begin rolling is

troll =
2vc
7µg

(65)

The final cue ball velocity components are

vfx =
1

7

(
5v+x + 2Rω+

y

)
vfy =

1

7

(
5v+y − 2Rω+

x

)
(66)

The position of the cue ball during the curved trajectory is

xc(t) = v+x t− µ g v+cx
2v+c

t2 yc(t) = v+y t− µ g v+cy
2v+c

t2 (67)
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