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Abstract

Reinforced concrete (RC) dapped-end connections feature a sharp re-entrant

corner subjected to high stress concentrations, leading to wide cracks under

service loads and potential durability issues such as reinforcement corrosion.

Effective crack control is therefore essential in the design of new dapped-end

connections. Steel fiber reinforced concrete (SFRC) has shown potential to

improve crack control while also enhancing ultimate strength. This study pro-

poses a kinematics-based model to describe the response of SFRC dapped ends

along the re-entrant corner crack. Appropriate constitutive relationships are

used to link the deformations along the corner crack and the compression zone

to the resisting forces: reinforcement and SFRC in compression and tension.

The model is validated against eight large-scale tests with varying fiber

amounts including detailed deformation measurements from which the resist-

ing mechanisms and crack-opening behavior are derived. The experimental

results show that a fiber amount of 70 kg/m3 reduces the crack width by about

40%, enabling compliance with code requirements. The validation demon-

strates that the proposed model represents a reliable tool for designing SFRC

dapped-end connections at both service and ultimate limit states.
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1 | INTRODUCTION

Dapped-end connections are often encountered in rein-
forced or prestressed concrete supports, manufactured as
precast elements. In the past, they were often used in

precast concrete bridges as they accommodate simple
supports for bridge girders in a compact manner. How-
ever, these connections feature a sharp re-entrant corner
with high stress concentrations which cause large cracks
under service loads—see Figure 1a. The cracks widen fur-
ther due to the corroding reinforcement caused by the
ingress of water and de-icing salts, and fatigue deteriora-
tion because of repeated traffic loads. These deterioration
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mechanisms negatively impact both the serviceability
and ultimate behavior of dapped ends which could lead
to catastrophic bridge collapses.1,2 Wide corner cracks are
also of concern in precast structures of buildings, where
dapped ends are currently often used. Therefore, ensur-
ing adequate crack control at the re-entrant corner under
service conditions is critical for the durability of newly
designed dapped-end connections.

Several experimental and analytical studies have been
carried out on reinforced concrete (RC) dapped-end con-
nections concerning both service and ultimate behaviors.
The experimental studies investigated the effects of the
reinforcement layout,3–5 the reinforcement amount,6,7

the concrete strength,8 and the shear-span-to-depth ratio9

on the corner crack width, strength, and failure modes.
Analytical studies include strut-and-tie models,10,11

kinematics-based models,12,13 and numerical analyses
using finite element methods6,14,15 to predict the ultimate
strength of dapped-end connections and corner crack
widths. A typical strut-and-tie model used for the ulti-
mate limit state design of connections with orthogonal
reinforcement layout is shown in Figure 1b. These stud-
ies on RC dapped-end connections show that the re-
entrant corner crack forms at very low load levels and
remains difficult to control under service conditions, even
with large reinforcement amounts.16 The addition of
diagonal reinforcement can improve crack control. How-
ever, experimental studies7,11 including diagonal rein-
forcement showed that the reduction in the corner crack
width was not sufficient to stay below code limits under
service loads.

To improve crack control, researchers have explored
the use of steel fiber-reinforced concrete (SFRC) in
dapped-end connections.4,17,18 These experimental inves-
tigations demonstrate that steel fibers enhance strength,
limit crack widths through fiber bridging, and improve
the ductility of concrete in compression. Several

modeling approaches exist for predicting the ultimate
strength of SFRC dapped ends—such as empirical
formulations,19 strut-and-tie models,17,20 kinematics-
based models,21 and finite element models.22 While these
methods are useful for design at the ultimate limit state,
there is still a lack of reliable models capable of predict-
ing crack widths in SFRC dapped-end connections for
serviceability assessments, which are essential for ensur-
ing adequate durability.

To address this need, the present paper proposes a
kinematics-based model to predict the opening of the cor-
ner crack as a function of the shear force in the SFRC
dapped-end connections. The model is based on an exist-
ing kinematics-based formulation developed for RC
dapped-end connections.13 Validation is performed using
a comprehensive large-scale experimental program4 of
eight tests featuring detailed digital image correlation
(DIC) and strain measurements. The model is validated
in terms of corner crack opening, resistance mechanisms
throughout loading, and the ultimate strength of SFRC
dapped-end connections.

2 | KINEMATICS-BASED
MODELING OF SFRC DAPPED-END
CONNECTIONS

This chapter introduces a kinematics-based model for the
behavior of SFRC dapped-end connections along re-
entrant corner cracks. The model is based on an existing
kinematics-based approach developed by Rajapakse13 for
the behavior of RC dapped-end connections. An overview
of the existing model with slight modifications is first pre-
sented, followed by its extension to the behavior of SFRC
dapped-end connections.

2.1 | Overview of the existing model for
RC dapped ends

The modeling assumptions and expressions of the exist-
ing model, including compatibility of deformations, con-
stitutive relationships, and equilibrium, are summarized
in Figure 2 and Table 1. The kinematics of the model is
illustrated in Figure 2a, where the re-entrant corner crack
is explicitly modeled, separating the connection into two
rigid blocks. The crack angle θ is taken as 45

�
, as the pre-

dictions are not highly sensitive to this assumption.12,13

The opening of the crack is associated with the relative
rotation φ of the two rigid blocks about the tip of the
crack. This relative rotation causes the formation of a
compression zone above the tip of the crack, with a depth
of x, and the engagement of reinforcement across the

(a) (b)

Strut 1

Strut 2

FIGURE 1 Reinforced concrete dapped-end connections:

(a) re-entrant corner crack, and (b) typical strut-and-tie model for

ultimate load design.
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crack. Constitutive relationships relate these deforma-
tions to the resisting forces shown in Figure 2b. The
behavior of concrete in compression is shown in
Figure 2c and the pull-out behavior of the reinforcement
in Figure 2d. The complete response of the connection is
obtained by increasing the strain at the top fiber εc,top in
several load steps. The procedure for a single load step is
discussed in the following.

For a given strain at the top fiber εc,top and a compres-
sion zone depth x, the shortening of the top concrete
fiber δc,top can be calculated from Equations (2) to (4).
These expressions are derived assuming the formation of
a compression damage zone (CDZ) with localized plastic
strains once the top fiber reaches the compressive
strength of the concrete f c. Figure 2a illustrates the possi-
ble compressive strain profiles on the top face and across

the compression zone with increasing εc,top and load.
Once δc,top is known, the rotation φ is calculated using
Equation (1). With known φ, the crack displacements in
the direction of the reinforcement—wh, wv and wd— are
computed using Equations (5–7).

Having expressed all the important deformations for
given εc,top and x, the stresses in the compression zone
and tensile stresses in the reinforcement are determined
using the constitutive relationships shown in Table 1.
The compression zone is discretized into several layers
and a model for concrete under compression23,24 is
applied to each layer to obtain the stresses in the com-
pression zone σc. Subsequently, these stresses are inte-
grated in order to calculate the forces FCDZ and Fc0 as
well as the respective lever arms cCDZ and cc0 from the
crack tip as given in Equations (10–12).

FIGURE 2 Kinematics-based model for the behavior of reinforced concrete dapped-end connections: (a) kinematics, (b) external and

internal forces, (c) Stress–strain relationship for concrete,23,24 and (d) reinforcement strain and stress distributions in the vicinity of the

corner crack.
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The tensile stresses in the reinforcement at the crack
σt are computed from the crack displacements wj by
using the Tension Chord Model (TCM).25 This model
assumes a rigid-plastic bond law with bond stresses τb0
and τb1 for elastic and plastic regions of the reinforce-
ment, respectively. Each reinforcement is analyzed as
being anchored by bond in the rigid concrete blocks on
each side of the crack. Depending on the orientation of
the reinforcement, wj in Equation (13) corresponds to
either wh, wv, or wd from Equations (5–7). Equation (13)

accounts for pull-out of the reinforcement in four regions
of the reinforcement. The first term considers local
debonding (i.e., zero bond) near the crack within a length
of l0 ¼ 3ø caused by a cone-shaped local splitting. The
second and third terms account for the pull-out from
the plastic and elastic regions of the reinforcing bar. The
last term considers the reduction of pull-out due to the
presence of a stiff anchorage at the end of the bar
(an anchor head or a loop). The bond stress τb0 is calcu-
lated using Equation (18) where c is the minimum

TABLE 1 Expressions of the kinematics-based model for reinforced concrete dapped ends: compatibility of deformations, constitutive

relationships, and equilibrium, according to Rajapakse.13

Compatibility of deformations Constitutive relationships Equilibrium

• Rotation and top fiber strain

φ¼ δc,top
x

ð1Þ

if εc,top < εc0

δc,top ¼ 0:5εc,topd

if εc,top ≥ εc0

δc,top ¼ εc,top lCDZ

þ0:5εc0 �max 0,
lc� lCDZ

lc

� �
�max 0, lc� lCDZð Þð Þ

ð2Þ

lCDZ ¼ 2dCDZ cotðαÞ ð3Þ

dCDZ ¼ max 0, 1�1�εc0
εc,top

� �
x

� �
ð4Þ

• Crack displacements in the direction of
reinforcement

wh ¼φ lcr sinðθÞ� chð Þ ð5Þ

wv ¼φ lcr cosðθÞ� cvð Þ ð6Þ

wd ¼φ lcr � cdð Þsin θþβð Þ ð7Þ

lcr ¼ h� xð Þ=sinðθÞ ð8Þ

w¼ lcrφ ð9Þ

• Concrete in compression

FCDZ ¼ bdCDZσc,top ð10Þ

Fc0 ¼ b
Zx�dCDZ

0

σc dx ð11Þ

cc0 ¼

Z x�dCDZ

0
σcx0dxZ x�dCDZ

0
σcdx

ð12Þ

• Reinforcement strain and crack width

wj ¼ 2 l0εt þ1
2

εt þ
f y
Es

� �
l1

�

þ1
2
min εt ,

f y
Es

� �
l2

�1
2

min εt ,
f y
Es

� �
lp

l2

0
BB@

1
CCAlp

1
CCA

ð13Þ

l0 ¼ 3ø ð14Þ

l1 ¼
max σt � f y, 0

� �
ø

4τb1
ð15Þ

l2 ¼
min σt , f y

� �
ø

4τb0
ð16Þ

lp ¼ max l0þ l1þ l2� la, 0ð Þ ð17Þ

τb0 ¼ min 2,
cþ ø

2

1:664ø

� �
f ct ð18Þ

τb1 ¼ τb0
2

ð19Þ

• Horizontal equilibrium

FCDZþFc0 ¼
P
i
Fh,i

þP
i
Fd,i cosðβÞ�H

ð20Þ

• Moment equilibrium around crack tip

Vu ¼ 1
aþ lcr cosðθÞ

X
i

Fh,i h� x� ch,ið Þ
 

þP
i
Fv,i lcrcosðθÞ� cv,ið Þ

þP
i
Fd,i cosðβÞ sinðθÞ lcr� cd,ið Þ

þP
i
Fd,i sinðβÞ cosðθÞ lcr� cd,ið Þ

þFc0cc0þFCDZ x�0:5dCDZð Þ
�H h�xð Þ

�

ð21Þ
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concrete cover for the considered reinforcement layer, ø
is the bar diameter, and f ct ≈ 0:33

ffiffiffiffi
f c

p
MPað Þ according to

Bentz.26 The first term of Equation (18) accounts for the
pull-out behavior of bars in uncracked concrete under
uniaxial conditions, while the second term accounts for
the splitting behavior27 in the presence of bars with large
diameter and/or small concrete cover.

The described modeling of the reinforcement repre-
sents the only modification of the original model pro-
posed in Rajapakse.13 The original approach included an
empirical reduction factor for the bond as a function of
the amount of reinforcement. In this study, the empirical
factor is replaced by a more refined modeling of the bond
shear stresses. More precisely, the debonded length l0
and the bond expression in Equation (18)27 accounting
for local splitting are introduced.

Once the stresses and forces in the compression zone
and reinforcement are known, the horizontal equilibrium
of the free body shown in Figure 2b is calculated accord-
ing to Equation (20). This allows for iterative calculations
of the depth of the compression zone x such that the hor-
izontal equilibrium is satisfied. Finally, the corresponding
shear force V is computed using the moment equilibrium
around the crack tip as per Equation (21). This resembles
a conventional flexural strength calculation. As men-
tioned before, the complete response is obtained by
repeating the above calculation procedure for different
top fiber strains εc,top varying from 0:01% to 0:35%. By
following this procedure, the variation of the corner
crack width w with the shear force V and the strength of
the connection can be obtained. For more details of this
model, the reader is referred to Rajapakse.13

2.2 | Model for behavior of SFRC dapped-
end connections along re-entrant
corner crack

As mentioned before, the proposed model for SFRC
dapped-end connections is based on the existing model for
RC connections presented before. The model is extended to
account for the behavior of SFRC in compression and ten-
sion in this section. The extensions include the adaptation
of suitable constitutive models for the enhanced ductility of
the compression zone and the forces carried by the fibers
across the re-entrant corner crack.

2.2.1 | Behavior of SFRC under compression

To model the behavior of SFRC in compression, the con-
stitutive relationship proposed by Lee et al.28 is adopted.

This model can be used to calculate the stress σc for a
given strain εc in different fibers of the compression zone,
and will replace the model for plain concrete shown in
(Figure 2c):

σc ¼ f c �
A εc

εc0

� �
A�1þ εc

εc0

� �B ð22Þ

A¼
1

1� f c
εc0Ec

, if εc ≤ εc0

1þ0:723RI�0:957, otherwise

8>><
>>: ð23Þ

B¼
A, if εc ≤ εc0

max f c
50

� �0:064
1þ0:882RI�0:882
� �

, A

	 

, otherwise

8<
:

ð24Þ

where the index RI¼ ρf lf =øf is defined based on the fiber
volumetric ratio ρf , length lf , and diameter øf of the steel
fibers. The strain at peak stress εc0 and the elastic modu-
lus Ec are assumed as 0:0003RIþ0:0018ð Þf c0:12 and
�367RIþ5520ð Þf c0:41, which were also empirically
derived by Lee et al.28

A comparison of the stress–strain relationships for
different fiber volumetric ratios is shown in Figure 3a.
The fibers have a strong impact on the post-peak regime
of the concrete. The greater the amount of fibers, the
more ductile (or less brittle) the concrete is. It will be
shown later that this property of SFRC can have a signifi-
cant positive effect on the ultimate load-bearing capacity
of dapped-end connections.

2.2.2 | Modeling the tensile behavior of steel
fibers across cracks

To accurately capture the pull-out behavior of the fibers,
a constitutive relationship for the tensile behavior of steel
fibers across the re-entrant corner crack needs to be con-
sidered. The tensile stress of the SFRC σf includes the
stress due to the frictional bond behavior of steel fibers
σst and the stress due to the mechanical anchorage of
end-hooked fibers σeh. These stresses are calculated using
the Simplified Diverse Embedment Model (SDEM) devel-
oped by Lee et al.29 as a function of the crack width wk.
The mathematical expressions of the SDEM are as
follows:

σf ¼ σstþσeh ð25Þ

YU ET AL. 5
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σst ¼ αf V f Kst τf ,max
lf
øf

1�2wk

lf

� �2

ð26Þ

Kst ¼

βf wk

3sf
, if wk < sf

1� sf
wk

� �0:5
þβf

3
sf
wk

� �0:5

, if wk ≥ sf

8>>><
>>>:

ð27Þ

where αf ¼ 0:5 is the fiber orientation factor,
τf ,max ¼ 0:396

ffiffiffiffi
f c

p
(MPa) the frictional bond strength of

the fiber, βf ¼ 0:67, and sf ¼ 0:01 mm, and

σeh ¼ αf V f Kehτeh,max
2 li�2wkð Þ

øf
ð28Þ

Keh ¼

βeh
2wk

3seh
�1
5

wk

seh

� �2
 !

, if wk < seh

1þ 7βeh
15

�1

� �
seh
wk

� �0:5
�2 w0:5

k � s0:5eh

� �2
lf � li

, if wk <
lf � li
2

li�2wk
2li�lf

� �2
Keh,i, if wk <

li
2

8>>>>>>>><
>>>>>>>>:

ð29Þ

where τeh,max ¼ 0:429
ffiffiffiffi
f c

p
(MPa) is the maximum bond

strength due to the mechanical anchorage of a end-
hooked fiber, li is the distance between the mechanical
anchorages, βeh ¼ 0:76, seh ¼ 0:1 mm, and Keh,i is Keh at
wk ¼ lf � li

� �
=2. These stress-crack width relationships

are plotted in Figure 3b for different fiber volumetric
ratios.

Figure 4 shows the free body from Figure 2b, which
now includes the tensile stresses across the re-entrant
corner crack due to fibers. The stress profile σf is
obtained by discretizing the crack into several segments
and analyzing each of them using Equations (25–29)
based on the respective crack widths wk ¼ lcr,kφ, where
lcr,k is the distance measured along the crack from
point O. The σf profile is integrated to calculate the
force in the fibers Ff and its lever arm cf from the
crack tip. The equilibrium equations given in Table 1 are
modified as follows to include the effect of force Ff (in
green):

FCDZþFc0 ¼
X
i

Fh,iþ
X
i

Fd,i cosðβÞ�HþFf sinðθÞ

ð30Þ

FIGURE 3 Behavior of Steel fiber reinforced concrete (SFRC) under compression28 and tension29 varying the fiber volumetric ratio ρf .

FIGURE 4 Free-body diagram of the rigid block including the

effects of fibers.
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Vu ¼ 1
aþ lcr cosðθÞ

�X
i

Fh,i h� x� ch,ið Þ

þ
X
i

Fv,i lcr cosðθÞ� cv,ið Þþ
X
i

Fd,i cosðβÞ sinðθÞ lcr� cd,ið Þ

þ
X
i

Fd,i sinðβÞ cosðθÞ lcr� cd,ið ÞþFc0cc0

þFCDZ x�0:5dCDZð Þ�H h�xð ÞþFf cf

�
ð31Þ

3 | EXPERIMENTAL VALIDATION

3.1 | Test campaign

The performance of the kinematics-based model is exam-
ined for a series of eight dapped-end tests, part of a larger
experimental campaign.4 Six of the dapped-end tests were
conducted on steel-fiber reinforced beam specimens,
whereas the remaining two did not contain any steel
fibers and served as reference experiments using conven-
tional concrete. All specimens had the same configura-
tion of reinforcing bars and varied only in their fiber
content. The experimental campaign is described in the
following sections (more details can be found in Mata-
Falc�on4).

3.1.1 | Specimens and materials

The span of the beams was 2500 mm with a rectangular
250 � 600mm cross-section which reduced to 250 �
300mm at the dapped end (see Figure 5). Each side of
the beam specimen was tested independently, resulting
in two tests for each configuration. For the beams includ-
ing steel fibers, only the discontinuity region around the
support area was cast with SFRC (up to 600mm from the

re-entrant corner, as shown in Figure 5). In the remain-
ing area, not relevant for the local behavior at the dapped
end, normal-strength concrete without fibers was used.
Figure 6 shows the dapped-end geometry and the rein-
forcement configuration used for all specimens. The
main dapped-end reinforcement—stirrups at the re-
entrant corner and horizontal reinforcing bars—are
labeled as sV and sH, respectively. The vertical mechani-
cal concrete cover was 50mm, whereas the horizontal
one was 40mm.

Table 2 contains the concrete strength and steel fiber
content of each beam specimen. DEB-1.6 served as a ref-
erence experiment of a beam specimen without steel
fibers. The amount of steel fibers increased from 40 kg/m3

FIGURE 5 The

experimental set-up of the three-

point bending test (dimensions

in mm, adapted from Mata-

Falc�on et al.10).

FIGURE 6 Notations of the reinforcement and geometry

(dimensions in mm, adapted from Mata-Falc�on et al.10).

TABLE 2 Concrete strength f c and fiber dosages of test

specimens (volume Vf and fiber volumetric ratio ρf ).

Specimen DEB-1.6 DEB-3.7 DEB-3.8 DEB-3.9

f c [MPa] 31.1 45.5 48.8 48.4

Vf [kg/m
3] 0 40 70 100

ρf [%] 0.00 0.51 0.88 1.26

YU ET AL. 7
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(DEB-3.7, fiber volumetric ratio ρf ¼ 0:51%) to
70 kg/m3 (DEB-3.8, ρf ¼ 0:88%) and 100 kg/m3 (DEB-
3.9, ρf ¼ 1:26%).

The normal-strength concrete used in specimen DEB-
1.6 had a characteristic strength of 30 MPa and a maxi-
mum aggregate size of 20 mm, and was delivered from a
local ready-mix concrete plant, whereas for the SFRC
a self-consolidating concrete with a maximum aggregate
size of 12 mm was produced in the lab. The SFRC mix is
as follows: 340.0 kg/m3 CEM I 42.5R, 210.0 kg/m3 water,
1810.2 kg/m3 aggregates, 5.4 kg/m3 superplasticizer, and
the respective fiber dosages of each specimen. The steel
fibers were DRAMIX RC-65/35-BN with a slenderness of
lf =øf ¼ 35=0:55¼ 64, a tensile strength of 1100MPa, and
single-hooked ends. The concrete compressive strength
was determined by testing two 150 � 300mm cylinders
for each specimen at the same time as the corresponding
tests were carried out, see Table 2. The scatter due to the
difference in concrete age was lower than the differences
induced by the different fiber amounts. Conventional
deformed reinforcing bars were used for the reinforce-
ment and their mechanical properties were determined
by two tensile tests per batch. The averaged mechanical
properties for each bar diameter can be found in
(Table 3).

3.1.2 | Test setup, instrumentation, and post-
processing

Three-point non-symmetric bending tests as illustrated in
Figure 5 were conducted on simply supported beam spec-
imens. The load was applied by means of a 2500 kN
hydraulic actuator at 1500 mm distance from the tested
dapped end under displacement-controlled conditions of
0.25 mm/min. From equilibrium, the load V at the tested
support was 40% of the applied load. Once the first
dapped end failed, the experimental setup was inverted
to test the second dapped end.

The supports were designed to allow for both rota-
tions and horizontal displacements which was achieved
by using a system of Teflon (PTFE) and polished 5 mm
thick stainless-steel plates. On top of these plates, a 300 �

150 � 20mm neoprene was placed to ensure a uniform
load distribution.

For the instrumentation, two additional measurement
techniques were chosen besides the load cell. Strain
gauges glued to the reinforcing bars were used to mea-
sure steel bar deformations, whereas photographic
images were taken at a 1 Hz frequency to track concrete
surface cracks and deformations using DIC post-
processing tools. Compared with displacement trans-
ducers, DIC offers the advantage of measuring cracks
precisely without needing to know in advance their loca-
tion or pattern. The reinforcing bars were instrumented
with several strain gauges at strategic locations. In this
study, only the deformations of the main vertical bars in
the vicinity of the diagonal crack were analyzed for DEB-
3.8 (T2) to estimate the vertical load carried by the rein-
forcement. Although the strain gauges were strategically
placed close to the expected cracking location, they rarely
fall together in reality. Hence, the measured experimental
strains εs,exp need to be adapted to estimate the reinforce-
ment strains at the crack εt based on the distance
between the locations of the crack and the strain gauge
Δ.11 Assuming a two-step bond distribution τb according
to the TCM,25,30 the maximum strain of the reinforce-
ment at the crack εt can be determined as follows:

εt ¼ εs,exp þΔ
ø
4τb0
Es

if εs,exp ≤ εs,y and εt ≤ εs,y ð32Þ

εt ¼ εs,yþ Δ� εs,y�εs,exp
� �

øEs

4τb0

� �
4τb0
øEs

if εs,exp ≤ εs,y and εt > εs,y

ð33Þ

εt ¼ εs, exp þΔ
ø
4τb1
Es

if εs, exp > εs,y and εt > εs,y ð34Þ

where Es is the Young's modulus equal to 200 GPa, ø the
diameter of the steel reinforcement, τb0 ¼ 2f ct, and
τb1 ¼ f ct with the mean tensile strength f ct according to
Bentz.26

In a post-processing step, the DIC commercial soft-
ware VIC-2D from Correlated Solutions Inc. was used to

TABLE 3 Mechanical properties of

the reinforcement of the test specimens.
Specimen

Reinforcement bar diameter [mm]

ø8 ø10 ø12 ø16 ø25

DEB-1.6 f y [MPa] 532.3 544.2 546.1 549.6 569.9

f u [MPa] 672.1 654.3 658.5 672.8 695.9

DEB-3.7, 3.8, 3.9 f y [MPa] 509.3 542.4 551.7 529.7 540.9

f u [MPa] 659.9 645.4 651.8 637.6 649.8

8 YU ET AL.
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analyze the images.31 For all specimens, the full field
deformation and displacement fields were obtained using
subset size = 29 px, step size = 8 px, and strain filter
size = 7. For the tests DEB-3.7 (T1) and (T2), DEB-3.8
(T2), and DEB-3.9 (T1), the measurements exhibited
excessive noise, so that a 1-D median time filter with size
10 was applied to reduce this noise. Based on this infor-
mation, the crack widths close to the re-entrant corner
were manually extracted by computing the difference
between the displacement fields of both crack lips.

In DEB-3.8 (T2), a more refined analysis of the crack
behavior was conducted with the help of the Automatic
Crack Detection and Measurement tool (ACDM).32,33

ACDM can automatically detect and measure all existing
cracks based on the full field deformation and displace-
ment fields delivered by the DIC analysis. For this refined
analysis, slightly different DIC parameters were selected
(subset size = 33 px, step size = 8 px, and strain filter
size = 11) and a median time filter with size three was
applied to reduce the noise. For the crack detection
method in ACDM using edge detection, the low and high
thresholds were selected at 1 and 10 mm/m. At the end,
crack kinematic smoothing with a filter span of two, the
interpolation method “nearest” and the smoothing
method “moving” was applied.

3.2 | Test results

3.2.1 | Ultimate behavior

The failure of dapped-end beams with reinforcement
amounts and concrete cover sizes, similar to the ones
analyzed in this study, is usually governed by yielding of
the main reinforcement.10 However, a brittle failure
of the upper concrete cover limits, in many cases, the
ultimate loads and reduces the ductility.10 This spalling
failure initiates at the top of the vertical dapped-end rein-
forcement (see e.g., failure of specimen DEB-1.6 (T1) in
Figure 7). The addition of steel fibers was shown to pre-
vent the spalling failure of the concrete cover by

incorporating a certain residual tensile strength into the
concrete cover (see experimental post-peak pictures in
Figure 7). This resulted in an enhanced ductility and
strength of the SFRC elements. Hence, all steel-fiber rein-
forced beam specimens failed with yielding and rupture
of the reinforcement, whereas both tests of DEB-1.6 failed
in a brittle manner, where concrete spalling occurred
right after yielding of the reinforcement. The results of
the ultimate loads are shown in Table 4. The addition
of fibers increased the strength of the dapped ends by
between 18% and 30%. The ultimate load increased with
increasing quantity of steel fibers until a ρf of approxi-
mately 0:88%. The additional steel fibers in DEB-3.9
(ρf ¼ 1:26%) compared with DEB-3.8 (ρf ¼ 0:88%) did not
lead to a significant increase in load-bearing capacity.
That is, the strength saturated beyond ρf ffi 0:88%. This
trend is explained with the help of the kinematics-based
model in Section 4.

The sequence of yielding of the reinforcement is also
listed in Table 4, where sV1 indicates the closest and sV3
the farthest stirrup from the re-entrant corner. The first
layer of stirrups yields first, confirming that bars with
smaller diameters engage faster.

3.2.2 | Crack behavior

Generally, the use of steel fibers does not modify the
cracking load since the steel fibers cannot be activated
without cracking. In all cases, the first crack started at
the re-entrant corner of the dapped end, which is favored
by the notch effect due to the geometrical discontinuity
where a concentration of stresses occurs.

Figure 8 shows the load-deformation behavior of all
tests, particularly the corner crack width depending on
the load. Additionally, Table 4 shows the average corner
crack width of the two twin tests conducted in each beam
specimen at selected loads. Note that there is a scatter
between the corner crack widths of twin tests, which was
also observed in experiments without steel fibers,11 due
to uncertainties from preshrinkage, a high variance of

DEB-1.6 DEB-3.7

DEB-3.8 DEB-3.9

T1

T1

T2

T2

T1

T1

T2

T2

FIGURE 7 Post-peak

pictures of the tested dapped-

end beams.

YU ET AL. 9
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crack patterns and highly concentrated local stresses.
However, a related experimental campaign34 showed that
the twin tests had similar global deformations. For both
tests DEB-3.8 (T2) and DEB-3.9 (T1), first a crack at
the re-entrant corner formed but then at approximately

V = 125 kN and V = 90 kN, respectively, a second crack
next to it formed and fused with the first one. The sec-
ond crack became dominant, see Figure 9 for the case
of DEB-3.8 (T2). Therefore, for those two cases, the
maximum width of the two cracks, was chosen as a

TABLE 4 Main experimental results (sequence of yielding, crack width results show the mean of twin tests for each beam specimen and

their comparison with the specimen without fibers at different loads).

Specimen Concrete type

Sequence of yielding
Ultimate load
Vu [kN] Corner crack width w [mm]

T1 T2 T1 T2 V ¼ 110 kN V ¼ 150 kN V ¼ 190 kN

DEB-1.6 Conventional sV1-sH-sV2-sV3 sV1-sH-sV2 309.2 250.9 0.54 REF 0.77 REF 1.01 REF

DEB-3.7 SFRC, ρf ¼ 0:51% sV1-sV2-sH-sV3 sV1-sV2-sH-sV3 332.7 328.3 0.46 �16% 0.69 �10% 0.94 �7%

DEB-3.8 SFRC, ρf ¼ 0:88% sV1-sV3-sV2-sH sV1-sV2-sH-sV3 363.3 361.6 0.36 �33% 0.49 �37% 0.54 �46%

DEB-3.9 SFRC, ρf ¼ 1:26% sV1-sH-sV2-sV3 sV1-sH-sV2 354.5 370.0 0.27 �50% 0.51 �41% 0.67 �33%

w  [mm]
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

V
 [

kN
] 

0

50

100

150

200

250

300

350

400

*

DEB-1.6 (T1)
DEB-1.6 (T2)
DEB-3.7 (T1)
DEB-3.7 (T2)
DEB-3.8 (T1)
DEB-3.8 (T2)
DEB-3.9 (T1)
DEB-3.9 (T2)

w  [mm]
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

V
 [

kN
] 

0

50

100

150

200

250

300

(a) (b)

FIGURE 8 Corner crack width plots depending on the load for all tests: (a) for crack width range w� 0, 4½ � and (b) for w� 0, 1½ �
(* indicates that the DIC measurements stopped before the ultimate load was reached in DEB-3.9 (T2)).

w [mm]

1

0

72.3kN
0.2 u

V
V/V

� 144.6 kN
0.4 u

V
V/V

� 217.0 kN
0.6 u

V
V/V

� 217.0 kN
0.6 u

V
V/V

�
50 mm

top branch

bottom
branch

2. crack
1. crack

FIGURE 9 Crack behavior at different load levels for DEB-3.8 (T2). The threshold of crack visualization was set to 0.05 mm.
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representative result. The formation of the second
crack explains the kink that can be observed for DEB-
3.8 (T2) in Figure 8. The addition of fibers was very
effective in reducing the corner crack width. At a load
of V = 110 kN, the corner crack widths of both DEB-3.8
(ρf ¼ 0:88%) and DEB-3.9 (ρf ¼ 1:26%) were approxi-
mately 33% and 50% lower, respectively, than that of
DEB-1.6 without steel fibers. At the higher load of V
= 190 kN, this reduction increased to 46% for DEB-3.8
but decreased to 33% for DEB-3.9. The lower fiber con-
tent was less effective for crack control: For specimen
DEB-3.7 (ρf ¼ 0:51%), the corner crack width reduction
with respect to the specimen without fibers was
only 10%.

3.3 | Estimation of resistance
mechanisms from measured deformations

To grasp a better understanding of the relative contribu-
tion of the different resistance mechanisms, the vertical
force contributions of the steel fibers and vertical rein-
forcements are estimated in this subsection based on the
measured crack kinematics and reinforcement strains,
respectively. This analysis is conducted for test DEB-3.8
(T2). While the previous subsection described the overall
crack behavior based on the result of the crack width at
the re-entrant corner (result of test DEB-3.8 (T2) shown
with a solid orange line in Figure 8), this part examines
the complete kinematics of the main crack. To this end,

FIGURE 10 Resistance mechanisms for DEB 3.8 (T2): (a) estimation based on measured crack kinematics (dots indicate onset of

yielding), (b) prediction of the kinematics-based model, and (c) comparison of the individual resistance components.

YU ET AL. 11
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the DIC results were processed with ACDM32,33 as
described in Section 3.1.2. Figure 9 plots the crack kine-
matics at various load levels: 20%, 40%, and 60% of ulti-
mate load. First, a main crack (1. crack) formed at the re-
entrant corner, which then split into two crack branches
shortly after crossing the reinforcement. At a load of V
= 125 kN (V=Vu ≈ 0:35), a second crack (2. crack) about
2 cm next to the re-entrant corner formed, which
morphed into the main crack and became dominant. Due
to the subset size used and the way ACDM conducts the
crack detection, ACDM measured these two near cracks
in the vicinity of the re-entrant corner as a single crack.

The SDEM by Lee et al.,29 already described in
Section 2.2.2, was taken to approximate the stresses
transferred through the crack thanks to the activation of
the steel fibers. The magnitude and orientation of the
fiber stresses at each crack point were estimated on
the basis of the measured crack widths and crack angles.
The total vertical force resisted by the fibers (FsfV ) was
obtained by integrating the vertical components of the
fiber stresses along the crack. A separate estimation was
conducted considering either the top or bottom branches
of the crack. The right plot in Figure 10c shows the forces
carried by the steel fibers depending on the load level for
the two different crack branches. The force carried when
considering the bottom branch was higher due to its
lower inclination. The top branch started to show a pla-
teau around 0:5V=Vu until 0:9V=Vu. This behavior is
observed later in the bottom branch at around 0:6V=Vu.
For adding the stirrup contribution to the fibers, the
mean value between the forces carried by the fibers in
the top and bottom crack branches will be considered.

The forces in the stirrups (FsVi) were determined
based on the measured reinforcement strains by using a
simple bilinear stress–strain relationship with Young's
modulus Es ¼ 200 GPa and ultimate steel strain
εs,u ¼ 10%. In those cases where the strain gauge was not
located exactly at the crack, the reinforcement strain at
the crack was estimated as described in Section 3.1.2.
Furthermore, the measurement-based curves were cor-
rected to account for the effects of shrinkage. The first
strain gauge measurements were taken at the beginning
of loading when shrinkage had already developed and
precompressed the reinforcement. An estimated value of
�0:4�10�3 was assumed for the unrestrained shrinkage
of the concrete, as shrinkage measurements were not
available. Moreover, a linear-elastic analysis of the con-
crete and reinforcing bars showed that the prestrain of
the reinforcement at the re-entrant corner was approxi-
mately equal to the unrestrained shrinkage of concrete.
Therefore, this estimated value was used to shift the rein-
forcement strain measurements. Figure 10a shows the

combination of the vertical forces carried by the different
resistance mechanisms and the comparison to the acting
load V from the experimental measurements. A dot in
the figure indicates the onset of yielding in the respective
stirrup. It can be seen that the sum of the forces in the
stirrups and steel fibers exceeds the applied load signifi-
cantly for a wide range of loads. This suggests a possible for-
mation of Strut 2 shown in Figure 1b. Within the
framework of the kinematics-based model, this suggests an
upward force Vc in the free body diagram in Figure 2a.

3.4 | Model predictions

These measurement-based results are compared to the
predictions of the kinematics-based model. Figure 10b
presents the load-resisting mechanisms of specimen
DEB-3.8 (T2) as predicted by the model in blue. The plot
shows that the sum of the forces in the vertical bars and
the fibers surpasses the applied load and agrees well with
the curve derived from the experiment (in black). There-
fore, the model also predicts a formation of Strut 2 (nega-
tive component Vc). The validation of the predictions of
the individual load-bearing mechanisms is conducted in
Figure 10c. The measurement-based curves are reason-
ably well captured by the model, particularly for the sec-
ond and third layers of stirrups. As for the force in the
fibers, the model prediction, assuming a single crack at
45

�
, nearly overlaps with the measurement-based curve

obtained from the flatter crack in the test.
The model predictions for the complete load-crack

width response of all specimens are shown in Figure 11.
The pairs of nominally identical tests T1 and T2 show
that there can be a significant natural scatter in the cor-
ner crack widths (compare black and gray experimental
curves), as described in Section 3.2.2. The model predic-
tions lie either between the two experimental curves or
closer to the tests with larger crack widths. The model
also captures the peak resistance well: the average ratio
between the experimental and the predicted ultimate
load is 0.96. According to the predicted load-bearing com-
ponents, the vertical reinforcement reaches a plateau for
all specimens except the reference dapped end (DEB-1.6).
As it can be expected, the contribution from the steel
fibers increases with increasing amount of fibers. In all
specimens, Vc <0 is predicted for service loads, which
corresponds to the development of Strut 2 shown in
Figure 1b. However, this strut action vanishes near fail-
ure for the specimens with fibers (Vc ¼ 0). This is consis-
tent with the test results in Figure 10a for test DEB-3.8
(T2). The main experimental and prediction results of the
ultimate load are summarized in Table 5.

12 YU ET AL.
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FIGURE 11 Comparison of predicted and measured corner crack widths for all tests (* indicates that the digital image correlation

measurements stoped before the ultimate load was reached in DEB-3.9 (T2)).

TABLE 5 Predicted and measured ultimate strengths of dapped-end beams with varying fiber content.

Specimen Concrete type Vu,expT1 [kN] Vu,expT2 [kN] Vu,pred [kN] Vu,expT1=Vu,pred [-] Vu,expT2=Vu,pred [-]

DEB-1.6 Conventional 309.2 250.9 252.1 1.23 1.00

DEB-3.7 SFRC, ρf ¼ 0:51% 332.7 328.3 346.2 0.96 0.95

DEB-3.8 SFRC, ρf ¼ 0:88% 363.3 361.6 368.8 0.99 0.98

DEB-3.9 SFRC, ρf ¼ 1:26% 354.5 370.0 385.2 0.92 0.96

YU ET AL. 13
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4 | EFFECT OF DAPPED-END
PROPERTIES ON STRENGTH AND
CRACK CONTROL

To further understand the experimentally validated
model and the behavior of SFRC dapped ends, a paramet-
ric study is conducted by systematically varying the prop-
erties of the test specimens. In particular, the amounts of
the three main reinforcements—fibers, horizontal, and
vertical reinforcing bars—are varied one at a time as
shown in Figures 12–14. Furthermore, the effect of the

fiber volumetric ratio on a reinforcement layout with
diagonal reinforcement is presented in Figure 15.

In Figure 12, the horizontal reinforcement of the test
specimens (4ø16) was varied to 4ø10, 4ø12, 4ø20, and
4ø25. The plot shows that the increase of horizontal rein-
forcement results in a substantial increase of the ultimate
strength for dapped ends with fibers (based on DEB-3.7,
DEB-3.8, and DEB-3.9). In comparison, this effect is sig-
nificantly less pronounced for dapped ends without fibers
(based on DEB-1.6). This notable difference is explained
in the bottom plot of the figure which shows the stresses

FIGURE 12 Influence of horizontal reinforcement on the

ultimate behavior of dapped ends without diagonal reinforcement:

(a) predicted strength, and (b) reinforcement stresses at failure.

FIGURE 13 Influence of vertical reinforcement on the

ultimate behavior of dapped ends without diagonal reinforcement:

(a) predicted strength, and (b) reinforcement stresses at failure.

14 YU ET AL.
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in the reinforcement at failure for ρf ¼ 0:88% and
ρf ¼ 0%. In configurations with fibers, all reinforcing bars
are almost fully utilized at failure (both horizontal and
vertical reinforcement). However, if no fibers are added,
most of the reinforcement remains elastic and the rein-
forcement stress at failure decreases with increasing area
of horizontal bars. This difference can be explained by
the effect of the fibers in the compression zone. The
fibers enhance the ductility of the compression damage
zone and allow for larger plastic deformations to occur
until the reinforcement is fully engaged and yields.

In contrast, this effect is not observed when the vertical
reinforcement of the test specimens (4ø10 + 2ø12) was var-
ied to 6ø6, 6ø8, and 6ø12 in Figure 13. This is because the
stirrups have smaller diameters and require less plastic rota-
tion at the critical crack to yield. Therefore, the model pre-
dicts that nearly all vertical reinforcing bars yield in all cases
with and without fibers. The strength difference between the
two cases is then solely due to the contribution of the fibers
in tension. This explains why the difference between the two
strength curves remains approximately constant for the
entire studied range of vertical reinforcement amount.

FIGURE 14 Influence of fiber volumetric ratio in dapped-end

connections without diagonal reinforcement on (a) the ultimate

behavior, and (b) crack control.

FIGURE 15 Influence of fiber volumetric ratio in dapped-end

connections with diagonal reinforcement on (a) the ultimate

behavior, and (b) crack control.

YU ET AL. 15
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Finally, the amount of steel fibers is varied in Fig-
ures 14 and 15, considering fiber contents larger than
those tested in the reference experimental campaign and
for two different reinforcement layouts. Figure 14 shows
results for the configuration tested in the experimental
campaign, while Figure 15 provides results for a
reinforcement layout with diagonal reinforcement. The
diagonal layout was designed to achieve the strength of
DEB-1.6 without fiber contribution and consists of 3ø16
horizontal, 2ø10þ2ø10 vertical, and 1ø16 diagonal rein-
forcing bars. The predicted failure behavior (Figure 14a)
captures the trend of the experimental points well. The
fiber contribution FsfV increases linearly; however, this
trend is countered by the increasing negative contribu-
tion of the component Vc. This explains the observed sat-
uration in strength gain due to the fibers in tests with
fiber contents exceeding 70 kg/m3 (ρf ¼ 0:88%).

The most positive effect of the fibers is illustrated in
the bottom plots of Figures 14 and 15 for the same set of
dapped ends. The plots show the corner crack widths at
two levels of load: 20% and 40% of the average measured
ultimate strength of tests DEB-1.6 (T1) and (T2) (56.0 kN
and 112.0 kN) without fibers. Both the experimental and
predicted results show a substantial reduction of the
crack width for increasing amount of fibers. As a refer-
ence, the addition of a fiber amount of 70 kg/m3

(ρf ¼ 0:88%) to the orthogonal layout reduces the corner
crack width by approximately 58%, while the reduction is
45% in the case of the diagonal layout. The diagonal lay-
out provides improved crack control compared to the
orthogonal layout in the absence of fibers, although it
remains insufficient to comply with code provisions. The
addition of fibers therefore addresses the primary vulner-
ability of dapped-end connections with both reinforce-
ment layouts, namely excessive crack widths under
service conditions. To conclude, with this kinematics-
based model, dapped ends can be designed for ultimate
limit state with or without accounting for fibers. How-
ever, the addition of fibers ensures proper cracking
behavior at the serviceability limit state, if an appropriate
amount of fibers is chosen. The proposed kinematics-
based model allows for performing both design calcula-
tions in a unified and accurate manner, taking into
account all important dapped-end properties.

5 | CONCLUSION

This study addressed the challenge of designing rein-
forced concrete (RC) dapped ends to achieve adequate
crack control by investigating the use of steel-fiber rein-
forced concrete (SFRC) in addition to conventional rein-
forcement. To this end, an analytical and experimental

investigation was carried out to (i) quantify the beneficial
effects of fibers, and (ii) develop and validate a model to
design SFRC dapped-end connections both at service and
ultimate limit states.

The results from an experimental campaign consist-
ing of eight large-scale dapped-end tests with varying
fiber contents showed that the addition of steel fibers
enhances the ductility and increases the strength by up to
30% when the fiber amount is at least 70 kg/m3. At this
fiber amount, the crack width for a given load is reduced
by approximately 40%.

A kinematics-based model was proposed to estimate
the behavior of SFRC dapped ends along the re-entrant
corner. The model extends an existing model for conven-
tional RC dapped ends. The deformations along the cor-
ner crack and in the compression zone are idealized
through the rotation around the crack tip and the depth
of the compression zone. These kinematic variables are
related to the corresponding resisting forces (reinforce-
ment and SFRC in compression and tension) through
appropriate constitutive relationships. Enforcing equilib-
rium among these resisting forces provides the shear
force for a given deformation, while the crack width is
obtained from the assumed rotation. The validation
against the experimental results demonstrated that the
model can accurately capture the opening of the corner
crack, the evolution of the resistance mechanisms, and
the ultimate strength.

For new dapped ends, steel fibers are recommended
to be considered only for crack control purposes. Accord-
ingly, the design should first be carried at the ultimate
limit state without considering the effect of steel fibers.
The crack width at the serviceability limit state is then
evaluated for this initial design (i.e., without fibers). If
the resulting crack width exceeds the code limits, as is
typically the case, the required fiber dosage can be deter-
mined to reduce the crack width to within the prescribed
regulatory threshold. The proposed kinematics-based
models allows to conduct all these design steps.

NOMENCLATURE

Δ distance between locations of the crack and
strain gauge on the reinforcement

ø diameter of reinforcing bars
øf diameter of steel fiber
α inclination of compression damage zone
αf fiber orientation factor
β inclination of the diagonal reinforcement
βf , βeh coefficients to consider the effect of fiber slip

on longer embedment side (frictional behav-
ior, mechanical anchorage effect)

δc,top shortening of the top concrete fiber

16 YU ET AL.

 17517648, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/suco.70686 by Sam

eera H
ippola - U

niversité D
e L

iège , W
iley O

nline L
ibrary on [25/06/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



ρf fiber volumetric ratio
σc stresses in compression zone
σf tensile stress of SFRC
σs stresses in the reinforcement
σt stresses in the reinforcement at the crack
σc,top stress at the top fiber
σeh tensile stress of SFRC due to the mechanical

anchorage of end-hooked steel fibers
σst tensile stress of SFRC due to the frictional

bond behavior of steel fibers
τb,τb0,τb1 bond shear stresses (general, elastic and plas-

tic region)
τeh,max maximum bond strength due to the mechan-

ical anchorage of end-hooked steel fibers
τf ,max frictional bond strength of steel fibers
θ crack angle
εc,top strain at the top fiber
εc0 strain at peak stress f c
εc strain in compression zone
εs, exp measured strain of the reinforcement
εs,εs,y,εs,u strain of the reinforcement (general, at yield-

ing, ultimate)
εt strain of the reinforcement at the crack
φ rotation around tip of the crack
a horizontal distance between re-entrant cor-

ner and load introduction
A,B,RI variables for the model for SFRC under

compression
Asj steel reinforcement amount for j¼ H,Vf g
c minimum concrete cover of the considered

layer of reinforcement
cf lever arm to the resultant force of the fiber

tensile stresses across the corner crack, from
the crack tip

cc0 lever arm to the force of undamaged com-
pression zone from the crack tip

cCDZ lever arm to the force of compression dam-
age zone from the crack tip

cd,i distance along the crack from the re-entrant
corner to the ith layer of diagonal
reinforcement

cj,i perpendicular distance from the re-entrant
corner to the ith layer of type j reinforcement
with j¼ h, vf g for horizontal and vertical
reinforcement

d effective depth of the reduced cross section at
re-entrant corner

Ec Young's modulus of concrete
Es Young's modulus of reinforcement
f c compressive strength of concrete
Ff resultant force of fiber tensile stresses across

the corner crack
f u ultimate strength of the reinforcement

f y yield strength of the reinforcement
Fc0 force of undamaged compression zone
FCDZ force of compression damage zone
f ct tensile strength of concrete
Fj,i force in the ith layer of the reinforcement

with j¼ h, v, df g for horizontal, vertical and
diagonal reinforcement

FsfV vertical force of the steel fibers
FsVi vertical force in the stirrup layer i¼ 1,2,3f g
H horizontal support load
h height of reduced cross section at re-entrant

corner
Keh,i Keh at wk ¼ lf�lið Þ

2
Kst, Keh factors to represent average pullout stresses

of fiber due to frictional bond behavior and
mechanical anchorage of end-hooked fiber,
respectively

lc length along the top fiber influenced by the
rotation around the crack tip

li distance between the mechanical anchorages
of steel fibers

lx length of different parts of the strain and
stress distribution at the corner
crack, x¼ 0,1,2,a,p

lCDZ length of the compression depth zone
lcr length of crack
lf length of steel fiber
O point of the crack tip
Q experimental load of the three-point bend-

ing test
seh slip at maximum tensile force due to

mechanical anchorage of fiber perpendicular
to the crack surface

sf slip at frictional bond strength for fiber per-
pendicular to the crack surface

V vertical support load
Vf fiber amount
Vc vertical force carried by Strut 2
w corner crack width
wj crack width at the reinforcement in its direc-

tion with j¼ h, v, df g for horizontal, vertical
and diagonal reinforcement

wk crack width at a general point of the corner
crack located at a distance lcr,k from the
crack tip

x compression zone depth
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