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In the post Born Oppenheimer regime the fast and light electrons in a molecule do not 

instantaneously adjust to the positions of the atoms nor are they in a stationary state. It is a 

regime that is complementary to high resolution spectroscopy. Events are resolved in time and 

not in the frequency domain and interference of states is central. We derive and compute the 

force between the atoms taking the interference of electronic states into full consideration. The 

new regime is made possible by the availability of few femtoseconds and attosecond laser pulses. 

It is robust with respect to random initial orientations. We introduce the theoretical 

methodologies and the new concepts used to describe and compute the novel chemical processes 

driven by attosecond electronic excitation and to compact the results. We examine how to 

initiate, probe and control using dynamics on a grid with special reference to state selectivity and 

specificity, stereodynamics, entanglement, singular value decomposition and to quantum 

computing. 

 



 2 

Introduction 
The post Born Oppenheimer regime is a new regime in chemical physics. It is made possible by 

tremendous technical developments 1-8 that opened up an ultrashort, attosecond, time span that is 

complementary to high resolution spectroscopy. One follows the system in time and does not 

resolve it in the frequency domain. AttoPhotoChemistry is a post Born Oppenheimer chemistry 

where, immediately after the ultrafast perturbation, the atoms do not move and the dynamics of 

the electrons is the subject of study.9 In this brief time interval we create an electronic non-

stationary wave packet – a coherent superposition of electronic states. After a very short time 

interval the nuclei begin to respond to this unusual coherent dynamics. In this new 

PhotoChemistry we seek to understand and explore how the non-stationary electronic state can 

tune and guide the subsequent motion of the nuclei.10  

In this chapter we review the basic tools that are currently available to a theoretical dynamicist 

working in this challenging area. The first to respond to an atto- or few femto-seconds laser pulse 

are the electrons. Since the nuclei had no time to effectively move, the electrons are in a state 

that is not in equilibrium with the location of the nuclei. So a possible first need is a description 

of the wave function of the electrons in their intrinsic, time evolving, state. Alternatively one can 

seek a strictly post Born-Oppenheimer approach, for example treating the motion of the electrons 

and the nuclei on equal footing. As an approach that seeks a high accuracy this is realistic only 

for very few body systems such as LiH where there is one nuclear coordinate and two valence 

electrons11-13. As a practical proposition, using Gaussian wave functions as a basis set for both 

electrons and nuclei, NEO (nuclear-electronic orbitals), has proved to be a very promising tool14. 

An intermediate description that is especially useful for polyatomic molecules combines a self-

consistent approach to the dynamics of the vibrations15 and a configuration interaction for the 

electronic states, MCTDH (multiconfiguration time-dependent Hartree).16, 17 A more recently 

proposed approach 18, 19 seeks to define an analog of a classical probability of the electronic 

density at a given nuclear positions R and time t. One defines an electronic wave function that 

satisfies ∫𝑑𝒓 |𝜙𝑹(𝒓, 𝑡)|" = 1,	 where r is the set of electronic coordinates. The total wave 

function is written as	𝜓(𝒓, 𝑹, 𝑡) = 𝜙𝑹(𝒓, 𝑡)𝜒(𝑹, 𝑡) and because of the normalization of the 

electronic part, |𝜒(𝑹, 𝑡)|" = ∫𝑑𝒓|𝜓(𝒓, 𝑹, 𝑡)|", the nuclear density |𝜒(𝑹, 𝑡)|" has thereby the 

interpretation of the probability density to find the nuclei at about R at the time t. This elegant 

approach has however the significant consequence that the nuclei move in a time dependent 
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potential energy, the expectation value of the electronic Hamiltonian in the time dependent 

electronic state 𝜙𝑹(𝒓, 𝑡). Born and Oppenheimer used a time independent electronic basis. They 

wrote a stationary wave function, sometimes known as the Born-Huang form20 as 𝜓(𝒓, 𝑹) =

𝜑(𝒓; 𝑹)𝜒(𝑹). The key point is that 𝜑(𝒓; 𝑹) is an adiabatic electronic state, the ground state 

stationary solution of the Schrödinger equation for the electronic Hamiltonian, 𝐻#$ ,	at a fixed 

nuclear configuration R, 𝐻#$𝜑(𝒓; 𝑹) = 𝐸(𝑹)𝜑(𝒓; 𝑹). It is this stationary equation that allows us 

to say that the electrons instantaneously adjust to the local position of the nuclei. By substituting 

the form of the wave function in the full Schrödinger equation, the R-dependent eigenvalue 𝐸(𝑹)  

is then found to be the potential for the motion of the nuclei. Actually, there is a small extra term 

in the potential due to the dependence of the electronic wave function on the nuclear coordinates, 

𝒯(𝑹) = ⟨𝜑(𝒓; 𝑹)|𝑇%&'|𝜑(𝒓; 𝑹)⟩ where 𝑇%&' 	is the kinetic energy operator of the nuclei. In 

higher precision work, including this term or not can make a real difference.21 By the 

identification of a potential that depends on the nuclear configuration, a potential that can have 

local, possibly deep, minima, Born and Oppenheimer showed how quantum mechanics, that 

favors delocalization in order to minimize the kinetic energy, can describe the localized shape of 

molecules in their ground state. When an adiabatic approximation is valid the potential can also 

account for stereochemistry, in particular the preferential cone of approach of reactants.22 

The adiabatic approximation can be valid also for an excited electronic state provided that its 

potential energy 𝐸(𝑹) is well separated from the potential of any other state in the region of 

interest in the configuration space of the nuclei. This can and does happen but quite often it does 

not. Early on, Landau and Zener and then Teller have shown that there can be localized regions 

where, for electronically excited states, the adiabatic approximation fails completely.20, 23, 24  The 

adiabatic approximation can also fail between the ground state and an excited state that gets 

close in energy. The coupling between different adiabatic electronic states is the off-diagonal 

matrix elements of the kinetic energy operator of the nuclei, 	𝒯%((𝑹) =

⟨𝜑%(𝒓; 𝑹)|𝑇%&'|𝜑((𝒓; 𝑹)⟩, where the integration in the matrix element is over the electronic 

coordinates. The corresponding stationary state is the Born-Huang form20, 25  	𝜓(𝒓, 𝑹) =

∑ 𝜑%(𝒓; 𝑹)𝜒%(𝑹)% , where the different electronic states are eigenstates of the electronic 

Hamiltonian, 𝐻#$ , 𝐻#$𝜑%(𝒓; 𝑹) = 𝐸%(𝑹)𝜑%(𝒓; 𝑹)	and as such are orthogonal. The terms in the 

expansion are coupled by the non-adiabatic matrix element above.  
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Our introduction is a primer of the next stage, an overview of the time dependent wave function 

and its implications when two or more electronic states are coupled. Of course, we build on the 

highly developed technology of electronic structure theory as introduced and elaborated in other 

chapters in this volume. The adiabatic electronic states will continue to serve for us as a central 

basis for the description of excited electronic states. We will also use the often convenient basis 

of diabatic electronic states. Strictly mathematically26 such states are not easy to define or 

compute. The pragmatic truth is that one often uses them on a more intuitive basis. The non -

adiabatic coupling is strong when the electronic wave function varies rapidly with the changes in 

the position of the nuclei. So a practical diabatic state is a state that changes smoothly. As an 

example consider NaI, the molecule for which Zewail27 could demonstrate experimentally the 

localized region of effective non-adiabatic coupling. The two diabatic states are the ionic Na)I* 

and the strictly covalent NaI state. The adiabatic ground state is a coherent superposition of these 

two states, with the ionic state contributing more near the equilibrium position and the covalent 

state increasing in contribution as the bond is extended. The ground state adiabatically 

dissociates into neutral atoms. Vice versa for the adiabatic excited state.  

We will discuss a generalization of the Born-Huang approach for non stationary states. In other 

words we will discuss a quantum dynamical approach. It is important however to emphasize that 

a semiclassical approach to describing the dynamics of the nuclei has many potential advantages 

and indeed it has been very extensively developed and applied. One reason why, is the very 

localization in space of the region of effective non-adiabatic coupling. Local has a classical ring 

to it. So the simple classical picture is that of the atoms moving along a classical trajectory. As 

the atoms approach a localized region of coupling one estimates the probability that they will 

undergo a non-adiabatic transition or ‘hop’ onto a trajectory moving on a different adiabatic 

state. The probability of such a hope can be estimated by the Landau-Zener formula28 or its 

refinements29. A complete picture30 of such surface hopping requires averaging over an ensemble 

of trajectories so as to sample a distribution of initial conditions. Heller31, 32 has shown how to 

approximate the quantum mechanical dynamics by representing the motion of the atoms as a 

Gaussian wave packet whose center moves along a classical trajectory. One can keep the width 

of the wave packet constant or, better, enable it to adjust to the local curvature of the potential. 

Using a Gaussian wave packet for the nuclear wave function33 allows accounting for the finite 

width of the transition region, for recrossing and coherence and isotope effects34. A major and 
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practical refinement is to allow quantum dynamics to determine where and when to spawn a new 

Gaussian on the other adiabatic state35. This allows for multiple spawning events and it can be 

interlaced effectively with ab-initio electronic structure computations36.  

There are many clear advantages for working in an adiabatic basis for the electronic states. Of 

course, computing the non-adiabatic coupling requires a direct differentiation of the electronic 

states with respect to the nuclear displacements or an analytical gradient method37. One practical 

way of avoiding a numerical differentiation is the use of the, so called, hypervirial theorem. To 

determine ⟨𝜑%(𝒓; 𝑹)| 𝜕 𝜕𝑅⁄ |𝜑((𝒓; 𝑹)⟩	where the integration in the matrix element is over the 

electronic coordinates we compute ⟨𝜑%(𝒓; 𝑹)|[𝜕 𝜕𝑅⁄ , 	𝐻#$]|𝜑((𝒓; 𝑹)⟩. This matrix element can 

be computed in two ways. One is to compute the commutator itself leading to 

⟨𝜑%(𝒓; 𝑹)|(𝜕𝐻#$ 𝜕𝑅⁄ )|𝜑((𝒓; 𝑹)⟩. After analytically differentiating the electron-nuclear, one 

electron terms in 𝐻#$ , this matrix element can be computed by the methods of quantum 

chemistry. The second computation is by writing the commutator as a difference between two 

terms, leading  to B𝐸((𝑹) − 𝐸%(𝑹)D⟨𝜑%(𝒓; 𝑹)|(𝜕 𝜕𝑅⁄ )|𝜑((𝒓; 𝑹)⟩. The derivative coupling is 

therefore particularly large when the two adiabatic energies are near to one another. As already 

mentioned, when the non-adiabatic coupling is not weak it may be advantageous to work in a 

diabatic electronic basis where the electronic states do not vary appreciably with the nuclear 

displacements. A recent example38 is the lowest optically single photon accessible excited 

electronic states of N2. From the ground state one accesses excited singlet adiabatic states that 

are strongly coupled. It is therefore convenient to use diabatic states, two are low Rydberg-like 

and one is a valence excited state39, 40. The diabatic states diagonalize, at least to a high degree, 

the nuclear kinetic energy. But they are coupled by the electronic Hamiltonian, a smoothly 

varying function of the nuclear coordinates. 

 

2. Photoinduced Quantum Molecular Dynamics on Several Coupled Electronic States 

To introduce the dynamics of the nuclei in a multi-electronic wave function we will use the 

simple case of one nuclear coordinate. We aim to use an approach that mimics the classical 

picture of propagating along this coordinate in time. Of course, we use a quantum mechanical 

approach so that the wave function is properly delocalized but the basis states are localized just 

like the Gaussians mentioned above. However, unlike the Gaussians we will use basis states that 

are orthogonal to one another. We take a clue from the, so called, Discrete Value 
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Representations41-43, DVR, or from grid methods44, 45 in that we divide the interval of interest 

along the coordinate to small, equally spaced, segments of width a. Typically at a not large 

internuclear distance the electronic states are no longer effectively coupled. This enables us to 

define an end point of the interval and, see details below, to ‘absorb’ the wave function beyond 

that end point. 

On each segment of the grid we place a gate shaped basis function of width a and height 1/a. 

These orthonormal states are our basis. In principle the nuclear kinetic energy operator couples 

many such states42. In practice only close neighbors are coupled. To infer a reasonable value for 

the width a consider the change in a function 𝑓(𝑥) between the two ends of the interval 

𝑓(𝑥 ± 𝑎) = 𝑓(𝑥) ± 𝑎 +,
+-
I
-./

+ /!

"
+!,
+-!
I
-./

± /"

0
+",
+-"
I
-./

+ 𝑎1⋯    (1) 

The kinetic energy operator correct to order 𝑎1 is obtained by adding the two expressions with a 

suitable strength factor where m is the reduced mass for the motion of the nuclei: 

− ℏ!

"(
+!

+-!
𝑓(𝑥) = − ℏ!

"(/!
B𝑓(𝑥 + 𝑎) − 2𝑓(𝑥) + 𝑓(𝑥 − 𝑎)D											 (2) 

The kinetic energy can be estimated as ℏ"𝑘" 2𝑚⁄  where k is the wave vector. The approximation 

is therefore reasonable when  (ℏ"𝑘" 2𝑚⁄ ) > (ℏ" 2𝑚𝑎"⁄ ) or 𝑎 < 1 𝑘⁄  or, since  1 𝑘	⁄  is the 

wavelength of the nuclear motion, the nuclear wave function must not vary too much over the 

interval. The adiabatic or diabatic potential for the nuclear motion also varies. But for higher 

excited states or states of the continuum the range of variation of the potential is smaller. A 

limiting factor can be the rapid variation of the non adiabatic coupling terms so using a diabatic 

basis for the electronic states can be advantageous. For a better numerical accuracy one can use a 

fifth order interpolation or even a seventh order. The momentum and kinetic energy operations to 

fifth order are 

 (3) 

and 

 (4) 

with a reduced strength parameter. 
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In a diabatic basis the kinetic energy operator T is diagonal in the electronic state index. The 

kinetic energy operator correct to order 𝑎1 can shift the wave function from an interval around x 

to the two near neighboring intervals, on the right and left, it is non diagonal in the state index 

𝑇%3𝑓(𝑥) = − ℏ!

"(/!
B𝑓(𝑥 + 𝑎) + 𝑓(𝑥 − 𝑎)D    (5) 

But there is also a diagonal part 

𝑇3𝑓(𝑥) =
ℏ!

(/!
𝑓(𝑥)       (6) 

The non diagonal operator correct to order 𝑎0 can shift the wave function for two adjacent 

intervals on either side, see equation (4). 

The grid method can be effectively combined with a kinetic energy computed via a Fourier 

transform to the momentum space44, 45. It is equivalent to using the entire range of values of the 

internuclear distance. A discrete transform does also depend on choosing a realistic value of the 

span parameter a. 

We proceed to setting up an equation of motion for the wave function. Our example will be the 

lowest manifold, Π symmetry, three electronic states, of one photon excited states of N2 that can 

be accessed from the ground state. There are two and at higher excitation three dissociation 

channels. It is reported experimentally46 that the branching between different channels depends 

non monotonically on the vibrational state that is excited. It is further reported47 that the 

branching is different for different isotopes. To properly describe the initial state we need to use a 

pulse of long enough duration, hundreds of fs’s so that its spread in frequency is below a 

vibrational spacing in the excited states, often less than a thousand wave numbers39. It is 

therefore necessary to fully include the optical pulse in the Hamiltonian and one needs to 

integrate over time for duration of many vibrational periods. 

For an excitation by a laser pulse polarized perpendicularly to the bond, there is a minimum of 

four electronic states that need to be included, the ground state and three singlet excited 

electronic states of Π4  symmetry. In a diabatic scheme, one is a valence excited state and two are 

low Rydberg-like states often denoted as b and c and o. 

The wave function describing both electronic and nuclear dynamics is, at time t and grid interval 

i, has four components, (more, if more electronic states are included) 
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Ψ5(𝑡) =

⎝

⎛

𝐶65(𝑡)Θ5
𝐶75(𝑡)Θ5
𝐶'5(𝑡)Θ5
𝐶85(𝑡)Θ5⎠

⎞        (7) 

Θ5 is a gate function on interval i. These functions are normalized and orthogonal when on 

different intervals. Because the kinetic energy operator acts as a shift between cells, for example 

equation (2), there is no problem with their discontinuities. 𝐶65(𝑡) is the amplitude of the nuclear 

wave function of electronic state g on interval i. We will set up a differential matrix set of 

equations for the time propagation of these amplitudes. In the problem of interest at the earliest 

time only the electronic ground state is populated. The 𝐶65(0)′𝑠 as a function of i can be 

determined by a numerical integration, e.g., Numerov, of the Schrödinger equation for 

vibrational wave function on the potential of the electronic ground state.  

The wave function Ψ5(𝑡) describes the system at interval i. We need to propagate it in time for 

describing the dynamics. We need to propagate it all the way to the outermost interval where the 

interelectronic coupling becomes negligible. This is the onset of the region of the products. Of 

course, we must not have the wavefunction reflected back at the last interval. So beyond that 

point in space we switch on a non-reflective absorbing potential48, 49. To propagate in time, we 

start with the time-dependent Schrödinger equation, TDSE, (𝑖ℏ𝜕Ψ5(𝑡) 𝜕𝑡⁄ ) = 𝐻Ψ5(𝑡) multiply 

on the left by a gate function and integrate over the space coordinate. The orthonormality of the 

gate functions leads to 

𝑖 3
39

⎝

⎛

𝐶65(𝑡)
𝐶75(𝑡)
𝐶'5(𝑡)
𝐶85(𝑡)⎠

⎞ =

⎣
⎢
⎢
⎢
⎡ 𝑇3 + 𝑉66

(𝑖) −𝑬(𝑡)𝝁67(𝑖) −𝑬(𝑡)𝝁6'(𝑖)
−𝑬(𝑡)𝝁67(𝑖) 𝑇3 + 𝑉77(𝑖) 𝑉7'(𝑖)
−𝑬(𝑡)𝝁6'(𝑖) 𝑉'7(𝑖) 𝑇3 + 𝑉''(𝑖)
−𝑬(𝑡)𝝁68(𝑖) 												𝑉87(𝑖) 													𝑉8'(𝑖)

				

−𝑬(𝑡)𝝁68(𝑖)
𝑉78(𝑖)
𝑉'8(𝑖)

𝑇3 + 𝑉88(𝑖) ⎦
⎥
⎥
⎥
⎤

⎝

⎛

𝐶65(𝑡)
𝐶75(𝑡)
𝐶'5(𝑡)
𝐶85(𝑡)⎠

⎞ +

𝑇%3

⎝

⎛

𝐶65*4(𝑡)
𝐶75*4(𝑡)
𝐶'5*4(𝑡)
𝐶85*4(𝑡)⎠

⎞ + 𝑇%3

⎝

⎛

𝐶65)4(𝑡)
𝐶75)4(𝑡)
𝐶'5)4(𝑡)
𝐶85)4(𝑡)⎠

⎞    (8) 

 
ℏ = 1 is used throughout. The diagonal terms 𝑉66, 𝑉77 , 𝑉'' , 𝑉88	are the potential energy curves of 

the ground Σ6) state and the three excited Π&4 	states. In the diabatic basis, the Π&4 	states are 

coupled by the potential terms 𝑉7' , 𝑉78 , and 𝑉8'  which are local in the gate basis.  In  Eq. (8) 

and in the rest of this chapter, the interaction with the laser pulse is described in the dipole 

approximation, −𝑬(𝑡). 𝝁 , where 𝝁 is the dipole moment of the molecule and 𝑬(𝑡) the time 
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profile of the electric field of the laser pulse, confined in a Gaussian envelope: 𝑬(𝑡) =

−𝑑𝑨(𝑡) 𝑑𝑡⁄  , 𝑨(𝑡) = −(𝒆j	𝐸:	 𝜔⁄ ) exp o*(9*9#)
!

">!
p sin(𝜔(𝑡 − 𝑡:) + 𝜙) , to ensure 𝑬(𝜔) = 0 for 

few cycle pulses:	

𝑬(𝑡) = 𝒆j	𝐸:	 exp o
*(9*9#)!

">!
p tcos(𝜔(𝑡 − 𝑡:) + 𝜙) −

(9*9#) ?@A(B(9*9#))C)
B>!

w									(9)	
 

Where	𝜔	is the carrier frequency,	𝒆j	the polarization direction and 𝐸:	 the strength of the electric 

field, 𝑡: is the mean of the Gaussian envelope and 𝜎 its width, with the full width at half 

maximum, FWHM = 2√2 ln 2 𝜎~2.35	𝜎.		𝜙 is the carrier envelope phase, defined as the  phase 

difference between the maximum of the electric field and the maximum of the Gaussian 

envelope.  

 
 Working in the diabatic basis of electronic states requires to diabatize the adiabatic states, 

which may become computationally heavy when more than a few electronic states are coupled. 

In the adiabatic basis, the coupling between the electronic states is driven by the kinetic energy 

terms, 𝒯%((𝑹) = ⟨𝜑%(𝒓; 𝑹)|𝑇%&'|𝜑((𝒓; 𝑹)⟩, that are neglected in the BO approximation. After 

integrating over electronic coordinates, one gets the following explicit expression25, 26, 50, 51 : 

 

�𝜃5%(𝑹)�𝑇%&'�𝜃D((𝑹)� = −
1
2𝑚 ��𝜃5%(𝑹)�∇E" + 2𝝉(𝑅). ∇E + ∇E𝝉(𝑅) + 𝝉(𝑅). 𝝉(𝑅)�𝜃D((𝑹)�� 

(10) 

In Eq. (10), the first term is the kinetic energy of the nuclei on each electronic state, as in the 

diabatic basis. The next three terms describe the non-adiabatic coupling between the electronic 

states. They are non-diagonal in the electronic index. The terms 2𝝉(𝑅). ∇E 	 and ∇E𝝉(𝑅)	are non- 

local in the grid points. In computing quantum dynamics, the last two terms in Eq. (10) are often 

very small compared to the 2𝝉(𝑅). ∇E term and are neglected.  

In addition to the non-adiabatic coupling, adiabatic electronic states of different total spin can be 

coupled by spin orbit interactions. We illustrate this point taking as an example the manifold of 

excited singlet and triplet states of Σ& and Π& spatial symmetry of the homonuclear diatomic 

molecule N2 which belongs to the group 𝐷FG. The ground state of N2 is 𝑋�	 Σ6)4 . Upon an optical 

excitation, spin is conserved and a one photon dipole allowed transition involves a parity change 

leading to ungerade 	 Σ&)4  and 	 Π&4  states. Here we assume that the molecule is aligned along 

the Z axis of the Cartesian frame and the pulse polarized along the Z direction, so that only the 
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	 Σ&)4   states can be optically excited. The spin orbit interactions couple these states to other 

‘ungerade’ states of higher multiplicity. The spin -orbit integrals have three components, along 

the X, Y, and Z axes of the molecular frame. The coupling between the orbital (L) and spin  (S) 

angular momentum has components along the three Cartesian axis, X, Y and Z. The LSZ 

coupling between two interacting electronic states conserves the magnetic quantum number, Δ𝑚H 

= 0. For the LSX and LSY coupling, the selection rule is Δm? = ±1. Therefore the LSX and 

LSY spin-orbit interactions couple the 	 Σ&)4  singlet states to the 	 Π&I  states but only the Δm? =

±1 components of the triplet states can be populated. The 	 Σ&)4  states are also coupled to the 

	 Σ&)I  states with the selection rule Δ𝑚H = 0. Taking all three couplings between adiabatic states 

into account, dipole, non-adiabatic and spin-orbit, the TDSE takes the form : 

𝑖ℏ 3J$%(9)
39

= B𝑇3 + 𝑉6% − 𝑖𝑉'/K,6D𝐶6%(𝑡) + ∑ 𝑇%3
M o𝐶6)M,%(𝑡) + 𝐶6*M,%(𝑡)p"

M.4   

−∑ 2𝜏6,%N ∑ 𝑝M o𝐶6)M,N(𝑡) + 𝐶6*M,N(𝑡)p"
M.4

O&
N.4       (11) 

−∑ o𝐸(𝑡)𝜇6,%N +
4
"(
∑O&$.4 𝜏6,%$ . 𝜏6,$N − 𝐻6,%NPQ p 𝐶6N

O&
N.4 (𝑡)  

In Eq. (11), the first two terms on the rhs correspond to the kinetic energy of the nuclei computed 

by finite difference as in Eq. (4). An absorbing potential, 𝑉'/K	is added on the edges of the grid 

for the dissociative electronic states. The second line correspond to the derivative, 2𝝉(𝑅). ∇E, 

non adiabatic coupling between electronic states where the momentum, ∇E , is computed by 

finite difference using Eq. (3). The third line gathers the dipole term and the term 𝝉(𝑅). 𝝉(𝑅) of 

the NAC that is important for N2. The term ∇E𝝉(𝑅) is neglected.   

The diabatic and adiabatic potentials of three lowest excited singlet Σ states of N2 are plotted in 

Figure 1. The curves of the non adiabatic coupling between states of same multiplicities and of 

the spin-orbit coupling between singlet, triplet and quintet states can be found in ref.38 
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Figure 1. Schematic of the three lowest one photon accessible, dipole allowed, singlet excited 

states of N2.  b’, c’ and e’ are the diabatic states and the corresponding adiabatic states are	1Σ&), 

2Σ&), 3ΣR). For more discussion and details see refs.34, 38, 39 

 

 

3. Entanglement between electronic and nuclear degrees of freedom resulting from a short 

optical pulse excitation 

The rather long 10 femtosecond (fs) or more laser pulses used in femtochemistry have an energy 

bandwidth narrow enough to excite a single electronic state. In this case, the dynamics is 

typically computed for this excited electronic state for which, in the absence of coupling with 

other excited states, the wave function is separable and written as a product of an electronic wave 

function and a nuclear one,	i.e. there is a single term in the Born-Huang expansion 

Ψ(𝒓, 𝑹) = 𝜑%(𝒓; 𝑹)𝜒%(𝑹) . When this is the case, considering the molecule as a bipartite 

system made of electronic and nuclear degrees of freedom, one says that the electronic and 

nuclear degrees of freedom are not entangled, and the, so called, Schmidt rank of the wave 

function is equal to 1. The general definition of a Schmidt rank is given below. The situation is 

qualitatively different when few fs or atto second (as) optical pulses are used because they are 

short enough to excite coherently several electronic states in polyatomic molecules. Then the 

wave function  is a superposition of several electronic states during the excitation and also after 

the pulse is over : Ψ(𝒓, 𝑹) = ∑ 𝜑%(𝒓; 𝑹)𝜒%(𝑹)% . After the pulse is over, both in the long and 

short pulse cases, non adiabatic coupling and spin orbit coupling between electronic states can 
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give rise to entanglement in the case of a long pulse-single state excitation while in the case of 

the short one, the entanglement built at the excitation step will be modulated by these coupling 

terms. A broad-in-energy pulse entangles the electronic and nuclear degrees of freedom already 

at the excitation step while for a narrow-in-energy pulse, the entanglement between electronic 

and nuclear degrees of freedom occurs only later and typically occurs for a pair of electronic 

states. The entanglement resulting from the excitation by the short pulse can be controlled by the 

pulse parameters, see Eq. (9), its polarization, duration, carrier envelope phase and carrier wave 

length, which in turn, can be used to control the dynamics.  

Entanglement is often, as in quantum computing,52 used for (two or more) identical systems that 

are coupled. It is a strictly quantum phenomena. 52-54 The early example was two entangled 

photons emitted from the same source.55, 56 In general, the two systems need not be identical. 

Vibrational modes in a polyatomic molecule can be entangled,57 or scattering channels in 

chemical reactions.58, 59 Entanglement between the electronic and nuclear degrees of freedom 

was previously studied for stationary eigenstates of vibronic Hamiltonians60, 61 and also for time-

dependent vibronic wave functions.12, 62-64 The entanglement of the electronic and nuclear 

degrees of freedom discussed here is physically complementary to the Born-Oppenheimer 

separation discussed in the Introduction.  

We propose to quantify the entanglement between electronic and nuclear degrees of freedom 

resulting from the excitation of the molecule by a short few fs and atto pulse and to follow its 

evolution during the dynamics, after the pulse is over. 65, 66  To do so, we use a Singular Value 

Decomposition67, 68 (SVD) of the wave function Ψ(𝒓, 𝑹) = ∑ 𝜑%(𝒓; 𝑹)𝜒%(𝑹)% .	 When written in 

function of grid points for the nuclear geometries and adiabatic electronic states: 

Ψ(𝑡) = ∑ ∑O&% 𝐶6%
O$
6 (𝑡)	|𝑔 > |𝑘 >        (12) 

The first step of the SVD analysis is to rearrange the vector of the amplitudes, 𝐶6%(𝑡), into an 𝑁6 

x 𝑁# matrix A with typically 𝑁6 >> 𝑁#: 

𝑨(𝑡) = �
𝐶44(𝑡) … 𝐶4O&(𝑡)
⋮ ⋮ ⋮

𝐶O$,4(𝑡) … 𝐶O$O&(𝑡)
�       (13) 

Then SVD is applied to A to bring to the form: 

𝑨(𝑡) = 𝑼(𝑡)𝚺(t)𝑽S(𝒕) = ∑ 𝜎T(𝑡)
O&
T.4 𝑼T(𝑡) ⊗ 𝑽T

S(𝑡) = ∑ 𝜎T(𝑡)
O&
T.4 𝑨T(𝑡)   (14) 
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In Eq. (14), 𝑼 is a  𝑁6 x 𝑁# matrix whose columns are the nuclear (right) singular vectors 𝑼T(𝑡) 

that depend on the grid index g only. 𝑽 is the  𝑁# x 𝑁# matrix whose columns are the electronic 

(left) 𝑽T (𝑡) vectors that depend on the electronic index, n, only. 

|𝑈T(𝑡) >= ∑ 𝑢6T(𝑡)|𝑔 >
O$
6.4  and |𝑉T(𝑡) >= ∑ 𝑣%T(𝑡)

O&
%.4 |𝑛 >    (15) 

 𝚺  is the  𝑁# x 𝑁# diagonal matrix of the singular values, 𝜎T(𝑡). The maximum number of 

singular values of the matrix A is given by 𝑁#, its smallest dimension. In terms of the principal 

components, the full density matrix takes the form : 

𝜌(𝑡) = |Ψ(𝑡) >< Ψ(𝑡)| = ∑ 𝜎T(𝑡)𝜎TU(𝑡)
O&
T,TU  |𝑈T(𝑡) > �𝑉T

S(𝑡) >< 𝑉T' (𝑡)� < 𝑈TU
S (𝑡)| (16) 

=£ 𝜎T(𝑡)𝜎T'(𝑡)
O&

T,T'
𝜌T,T'(𝑡) 

The norm of the density matrix is given by 

 𝑇𝑟[𝜌(𝑡)] 	= 	∑ 𝜎T"(𝑡)
O&
T.4     (17) 

In summary, the right hand side of Eq. (14) corresponds to the exact decomposition of the matrix 

𝑨  as a sum of maximum 𝑁# separable terms given by a product of a nuclear vector and an 

electronic vector. Therefore the maximum Schmidt rank of the matrix 𝑨	 is 𝑁#, a number 

considerably smaller than the number of separable terms in the Born-Huang expansion given in 

Eq. (12).  

From the SVD of the matrix A one can readily obtain reduced electronic, 𝜌#$¥¥¥¥ , and nuclear, 𝜌%&'$¥¥¥¥¥¥¥ 

density matrices defined as: 

𝜌#$(𝑡)¥¥¥¥¥¥¥¥ = 𝑇𝑟%&'$[|Ψ >< Ψ|] = 𝑨S𝑨 = ∑ 𝜎T"
O&
%.4 I𝑉T (𝑡) >< 𝑉T

S (𝑡)I   (18) 

𝜌%&'$(𝑡)¥¥¥¥¥¥¥¥¥¥ = 𝑇𝑟#$[|Ψ >< Ψ|] = 𝑨𝑨S = ∑ 𝜎T"
O&
%.4 I𝑈T (𝑡) >< 𝑈T

S (𝑡)I   (19) 

 

The singular values, 𝜎T(𝑡), and the corresponding nuclear 𝑼T(𝑡) and electronic 𝑽T (𝑡) can be 

followed as a function of time and provide a quantitative measure of the entanglement between 

electrons and nuclei during the pulse and as the dynamics unfolds after the pulse is over. 

Typically, the magnitude of the singular values decreases sharply as a function of the index v,65 

as is shown in Figure 2 for the non-adiabatic dynamics initiated by a short 2-3 fs pulse used for 

exciting the three lowest singlet Σ&)4  states, Σ4&)4 , Σ"&)4  and ΣI&)4  of the N2 molecule34 and the 

six lowest Σ	states, Σ4, Σ", ΣI, Σ1, ΣV, Σ0  of the LiH molecule.69 The potentials energy curves  

(PEC) are shown on Figure 2 a and b respectively. In N2, Σ4&)4  is a shallow valence state while 
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Σ"&)4  and ΣI&)4  are Rydberg states, all three states are bound for the 13.62 eV carrier frequency 

of the 3 fs (FWHM) pulse, see Eq. (9). In LiH, Σ4 is shallow and bound, 3 eV above the ground 

state. The Σ", ΣI, Σ1 states are dissociative with very shallow wells. They are higher in energy, in 

the 4.5 to 6 eV range and resonant with the 2fs (FWHM) pulse of carrier frequency 5.5 eV. The 

energy bandwidth of these two pulses are 1.18 and 1.82 eV respectively and shown as a grey 

shaded area  in the Franck-Condon (FC) region in Figures 2a and b. 

The features of the PEC make these two molecules complementary to study the time evolution of 

the electron-nuclei entanglement produced at the excitation step.65 The populations in the excited 

states during and after the pulse are plotted in Figure 2 c and d. In the case of N2 (Figure 2c), the 

pulse populates the Σ"&)4  Rydberg state that is strongly non adiabatically coupled to the Σ4&)4  

valence state at the exit of the Franck-Condon region. The wave packet on the shallow Σ4&)4  

state oscillates along the internuclear distance with a period of  50 fs which leads to amplitude 

and population transfer between the two states each time the Σ4&)4   wave packet overlaps with 

the Σ"&)4  Rydberg wave packet in the FC region. On the other hand, in the case of LiH, the pulse 

accesses the Σ1 and the Σ" states which are strongly coupled to ΣI by NAC at the exit of the FC 

region. Because of the broad (1.82 eV) energy bandwidth of the pulse, there is also a small 

population in Σ4. The time evolution of the squares of the singular values, 𝜎T"(𝑡), are shown in 

Figures 2 e and f for N2 and LiH respectively.  In both cases, one sees that a single singular value 

suffices to describe the dynamics until the middle of the pulse. Before the pulse, indeed, the 

wave function on the ground state is given by a single product (∑ 𝐶6|𝑔 >)	|𝐺𝑆 >
O$
6.4 . During the 

first half of the pulse, the wave packets on the excited electronic states have not yet left the FC 

region and one can still describe the wave function as a single product,  |Ψ(𝑡) >= 𝑼4(𝑡) ⊗

𝑽4
S(𝑡) = o∑ 𝑢64

O$
6 I𝑔 >p B∑ 𝑣%4∗

O&
% �𝑒 >D where 𝑈4(𝑡) is localized in the FC region and 𝑉4(𝑡) has 

amplitudes on several electronic states, see Figures 3 and 4 below, in particular Figure 4a for the 

LiH molecule. This means that the amplitudes 𝐶6%(𝑡) in the Born-Huang expansion, Eq. (12), are 

factorizable as 𝐶6%(𝑡) = 𝑢64𝑣%4 and the Schmidt rank of |Ψ(𝑡) > remains one. However, as 

soon as the wave packets on each electronic state leave the FC region, they experience different 

potentials and non-adiabatic interactions and do not any more fully overlap. They are entangled. 

The exit of the FC region corresponds to an increase of the Schmidt rank as several singular 

values contribute to the expansion of the wave function, Eq. (14) : 
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|Ψ(𝑡) >= ∑ 𝜎T
O&
T.4 (𝑡)𝑼T(𝑡) ⊗ 𝑽T

S(𝑡) = ∑ 𝜎T
O&
T.4 (𝑡) o∑ 𝑢6T

O$
6 I𝑔 >p B∑ 𝑣%T∗

O&
% �𝑒 >D (20) 

However, one can see from Figures 2 e and f that the entanglement is not maximum since the 

number of singular components that are effectively needed to describe the total wave function 

|Ψ(𝑡) > is smaller than the number of electronic states. This is particularly true in the case of 

LiH, for which only four 𝜎T"(𝑡) take gradually significant values as a function of time and are 

modulated by the non adiabatic coupling after the pulse. The second and third principal 

components that are localized on the excited Σ	states (Figure 4 c,d,e,f) while the first component 

is localized on the GS after the pulse (Figure 4 a, b). In N2, the second component is localized on 

the valence Σ4&)4  except when the wave packet on Σ4&)4 			recurs in the FC region, leading to 

localization of this component on the GS and  Σ"&)4  Rydberg state, Figure 3 c,d. The thrid 

component is localized in the Σ"&)4  Rydberg state except when the Σ4&)4  recurs in the FC region 

and is overlapping with the GS and Σ"&)4 . The SVD analysis therefore leads to a massive 

compaction of the information of the wave function by defining principal components that have 

weights on several electronic states and are localized in several regions of the internuclear 

distance. A threshold for determining the number of principal components, 𝑁(5%, needed to 

describe accurately the wave function can be defined from the norm of the density matrix, 𝜌O()% 

, see Eq. (17): 

 ∆𝜌O()%(𝑡) = 1 − ∑ 𝜎T"
O()%
T.4 (t)  ≥0      (21) 

Or using the Frobenius norm, which also takes into account the off diagonal elements of 𝜌(𝑡) 

(Eq. (16) 

ª𝐹O()%ª = ¬∑ �𝜌5DO(5% − 𝜌5D �
"O$O&

5,D.4        (22) 

The localization of the electronic singular vectors on the adiabatic electronic states and heatmaps 

of the localization of the nuclear singular vectors computed for the three largest components and 

shown in Figure 3 for N2 and Figure 4 for LiH.  (Figure 3). 𝑇𝑟[𝜌O()%] is plotted in Figure 5 for 

the three largest components of N2 (panel a) and of LiH (panel c).  

Describing more nuclear degrees of freedom requires implementing  High Order SVD.70 This 

was implemented to the ultrafast Jahn-teller rearrangement in the three lowest states of the 

methane cation, CH1) , upon sudden ionization.66 The dynamics in this case is described for two 

nuclear coordinates and three coupled electronic states.71, 72 
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Figure 2. a) PEC of the GS and the three lowest Σ&)4  states of N234 and b) of LiH69, the FC 

region is shaded in violet and the energy bandwidth of the pulse in grey. Population dynamics in 

N2 ( c) and in LiH (d). Time evolution of the singular values in N2 (e) and in LiH (f). See ref. 65 

for more details. 
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Figure 3: Localization of largest principal components of the wave functions computed for the 

dynamics in N2 shown in Figure 2. Panels a, c, e show the localization of the electronic singular 

vectors on the adiabatic electronic states while panels b, d, f are a heatmap of the localization of 

the nuclear coordinates on the grid of internuclear distances. Adapted from ref. 65  

 

 
Figure 4: Localization of largest principal components of the wave functions computed for the 

dynamics in LiH shown in Figure 2. Panels a, c, e show the localization of the electronic singular 

vectors on the adiabatic electronic states while panels b, d, f are a heatmap of the localization of 

the nuclear coordinates on the grid of internuclear distances. Adapted from ref. 65  
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Figure 5: Norm of the density matrix, 𝑇𝑟�𝜌O()%(𝑡)�  as a function of time for N2 (panel a) and 

LiH (panel b). The green and the dark blue lines in panel b correspond to adding 𝜎1" and 𝜎V"  

(𝑁(5% = 4 and 5 respectively) which is seen to lead to a smaller error on the norm at longer 

times. 

 

4. Force exerted on the nuclei by the entangled electronic and nuclear motions 

Towards a rational design of control schemes exploiting the entanglement between electrons and 

nuclei made possible by exciting molecules by short-in-time-broad-in-energy atto and fs optical 

pulses, it is necessary to assess how this entanglement affects the force on the nuclei, so as to be 

able to steer nuclear motion towards the desired products by adjusting the pulse parameters. 

In this section, we derive the exact expression of the quantum mechanical force exerted by a 

vibronic wave packet on the nuclei using the exact form of the Ehrenfest theorem. We show73 
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that the force is composed of four terms. Two terms that depend on the features of the electric 

field of the pulse and that are unique to  attochemistry. The other two terms depend on the 

features of gradients of the potentials and of the non adiabatic couplings and were derived 

previously.25 Specifically we show that electronic coherences and electron-nuclei entanglement 

play a significant role in defining the force on nuclei and can be exploited to steer the chemical 

reaction. 

Using the exact Ehrenfest theorem and the Newtonian definition of a force, the force exerted on 

the nuclei for a diatomic molecule is to be computed as 

𝐹989 = 𝑑〈𝑷𝑵〉 𝑑𝑡⁄ = 𝑖〈[𝑷𝑵, 𝑯]〉 = −〈[𝛁𝑹, 𝑯]〉     (23) 

Where bold symbols are used for the matrix representation of the operators in the basis of 𝑁6 

geometries for the nuclear coordinate and 𝑁# adiabatic states as used above.  In Eq.(23), 𝑷𝑵 is 

the nuclear momentum, and  𝑯 = 𝑻𝑵 +𝑯#$ + 	𝑬(𝑡). 𝝁 where 𝑻𝑵 is the kinetic energy of the 

nuclei,  𝑯𝒆𝒍 the electronic Hamiltonian, 𝑬(𝑡) the electric field of the pulse, and 𝝁, the dipole 

operator. Computing the commutators and integrating over electronic coordinates, we get: 

 

𝐹989 = −〈(∇E𝑽)〉 + 〈[𝛕 , 𝑽]〉 + 𝑬(𝑡)	〈(∇E𝝁)〉 − 𝑬(𝑡)	〈[𝛕 , 𝝁]〉      (24) 

𝐹989 = 𝐹[ + 𝐹[],[] + 𝐹_ + 𝐹[],_]     
 

The first two terms are defined by the potentials of the electronic states and their couplings. They 

are a property of the molecule. The first term is classical. It is the mean value on the potential 

gradients over the electronic states. The second term is non classical and depends on electronic 

coherences.25 

The next two terms in Eq. (24) define the force during the pulse and are proportional to the time 

profile of the pulse electric field, E(t), Eq.(9) . They are important for excitation by a short atto 

or few fs pulse sufficiently broad in energy to access several electronic states. They are non 

classical in the sense they depend on electronic coherences and can be shaped by adjusting the 

pulse parameters. In Eq. (24) the average over both electronic and nuclear degrees of freedom, 

which are both treated quantum mechanically by solving the TDSE, 𝑖ℏ 𝑑𝑪 𝑑𝑡 = 𝑯𝑪⁄ . The 

molecular Hamiltonian is 

𝑯 = − 4
"(
(𝛁E" + 2𝝉. 𝛁E + (∇E𝝉) + 𝝉. 𝝉) + 𝑽 − 𝑬(𝑡). 𝝁      (25) 
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The force defined in Eq. (24) is the instantaneous force on the nuclei and, as such, it is different 

from the mean field force for the motion of the classical nuclei derived in, so called, Ehrenfest 

dynamics, which is obtained by averaging only over the electronic wave functions, 𝜑%(𝒓; 𝑹) 's, 

see refs 74-76.  

From the Born-Huang expansion of the total wave function, Eq. (12), one can rewrite Eq. (24) 

explicitly in terms of the vector C  of the amplitudes {𝐶6%(𝑡)} : 

𝐹989 = −𝑪S(∇E𝑽)𝑪 + 𝑪S[𝛕 , 𝑽]𝑪 + 𝑬(𝑡)	𝑪S(∇E𝝁𝒏𝒖𝒄𝒍)𝑪 + 𝑬(𝑡)	𝑪S(∇E𝝁𝒆𝒍)𝑪 −

𝑬(𝑡)	𝑪S[𝛕 , 𝝁]𝑪   (26) 

 In Eq. (26), all the terms except the first one, −𝑪S(∇E𝑽)𝑪 , and the term 𝑬(𝑡)	𝑪S(∇E𝝁𝒏𝒖𝒄𝒍)𝑪,  

are off-diagonal in electronic states and governed by the electronic coherences and the 

entanglement between electrons and nuclei. 

We discuss the relative importance of the terms of the force in the case of the multiphoton 

excitation of the LiH molecule by a one cycle, CEP controlled NIR pulse.73. Two CEP values are 

used and the polarization of the pulse is oriented with the internuclear axis of the LiH molecule, 

see inset in Figure 6 where we show the dynamics of the populations in the GS and six lowest 

Σ	states, Σ4, Σ", ΣI, Σ1, ΣV, Σ0 for the two values of the CEP’s. For the CEP = 0 the maximum of 

the electric field is oriented towards the Li atom, which results in a larger population in the Σ1 

and in the Σ4 states with subsequent population transfers due to the NAC coupling to Σ", ΣI , see 

Figure 6 a and b for the short time and longer time population dynamics. On the other hand, the 

CEP = 𝜋 primarily excites the Σ4, see Figure 6 c and d. After the pulse, Figure 6 b and d, there is 

a rich population dynamics between the excited Σ	states, Σ", ΣI, Σ1, induced by the NAC 

coupling while the GS and Σ4 remain decoupled because of the large energy difference, see 

Figure 2 b. 
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Figure 6. Dynamics of the population induced by a short one cycle NIR pulse with CEP=0 

(panels a and b) and CEP=	𝜋	 (panels c and d). The pulse parameters are : carrier frequency of 

 = 0.0633 a.u. (720 nm), a FWHM = 0.8 fs, centered at  = 12.1 fs (500 a.u.) and a peak 

intensity,  of 0.04 a.u.. 

 
Figure 7: Dynamics of the four terms of the force (top row) and of the total force (red, bottom 

row) for the CEP=0 dynamics (panels a and b) and the CEP=π dynamics (panels c and d). The 

time profile of the electric field is shown in dashed lines. 

 

ω p tp
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The total force and the four terms (Eq. (24)) are plotted in Figure 7. One can see that the total 

force time dependence during and after the pulse is qualitatively different from the CEP=0 and 

the CEP=π dynamics. For the CEP=0, the total force (Figure 7b) is close to 0 at the max of the 

pulse, because of the opposite signs of the two dipole terms and of the two potential terms 

(Figure 7a). On the other hand, the total force is maximal for the CEP=π dynamics and negative 

(Figure 7d), because the gradient dipole term and the non-classical potential term are adding 

(Figure 7c). The magnitude of the force is -0.04 a.u. which corresponds to 3.28 nN (one a.u. of 

force = 82 nN), which is comparable to the typical strength of weak covalent bonds, as is the 

case in LiH.  

At the end of the pulse, the dipole terms of the total force go to zero and only the two potential 

terms contribute to the total force. One can see from Figure 7 a and b that the value of the total 

force and its sign is determined by the non-classical terms, which are governed by the electronic 

coherences and the value of the NAC coupling. The total force is negative for the pulse at CEP=0 

and positive for the CEP=π one. This means that at the end of the pulse, the mean value of the 

internuclear distance, < 𝑅 >, of the GS elongates for the CEP=0 dynamics but is decreasing for 

the CEP=π one. This difference of sign of the total force induces a phase difference between the 

oscillations of the wave packets on the GS for the CEP=0 and the CEP=π dynamics, as can be 

seen from Figure 8 a and b. Also note that for the non-classical NAC term of force to be finite 

one needs that the GS- Σ4 electronic coherence	is non zero, which occurs when the wave packet 

on Σ4 revisits the FC region, every ≈ 90 fs, and the wave packets on the GS and  on Σ4 overlap. 

In between the revivals of the GS- Σ4 electronic coherence, the force is dominated by the 

classical potential term.  
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Figure 8. Time evolution of the potential terms of the force after the pulse for the CEP =0 

dynamics (a) and the CEP=π dynamics (b). 

 

For the dissociative states, Σ", ΣI, Σ1, the gradient of the potentials are small as the internuclear 

distance increases which results in a negligible value of the classical potential terms. Moreover 

these states are strongly coupled by NACs and the electronic coherences survive for a long time 

since their potential energy curves are parallel. As a result, for dissociative states, it is the non-

classical NAC terms that dominate the total force after the pulse. We show the results for the 

ΣI	state which is strongly non adiabatically coupled to the  Σ" and Σ1 states in Figure 9. One can 

see that the force on a given potential plays the role of a friction term on the motion of the wave 

packet. A positive total force slows down the motion of the wave packet while a negative one 

accelerates it. 
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Figure 9. The contribution of the non-classical NAC terms, Σ"−ΣI term is plotted in green 

dashes and  ΣI−Σ1 one in blue and of the gradient potential classical term (black dashes) to the 

total force (azure thick line) for the ΣI state versus time after the CEP =0 pulse (panel a) and for 

CEP=π pulse (panel b). The value of < 𝑅 > for is plotted as a thick violet line and the spreading 

of the wave packet as a heatmap in orange.  

 

5. Entanglement is robust to averaging over initial random orientations 
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The orientation of the molecule with respect to the polarization direction of the pulse electric 

field is a very effective way for selecting the electronic states that will be taking part in the initial 

superposition built by the pulse and therefore the subsequent dynamics. For the diatomic 

molecules like N2 and LiH discussed in Sections 3 and 4 above, optical selection rules allow to 

select electronic states of Σ or  Π	 symmetry depending if the molecular axis is oriented parallely 

or perpendicularly to the polarization direction of the electric field. For polyatomic molecules 

equilibrium geometries belonging to a point group, optical selection rules are broken as soon as 

the dynamics take the molecule out of its equilibrium geometry but trends are often still valid in 

the FC region, except when bright and dark electronic states are already coupled by NAC 

interactions in the FC region. Nevertheless, these trends can be exploited to build different initial 

non stationary electronic densities using the polarization direction of the pulse as a control 

parameter as we showed in the case of the photoisomerization of norbornadiene into 

quadricyclane. 77 

A single or a sequence of laser pulses can be effectively used to align or orient molecules, 

enabling to carry out field free photoexcitation or photoionization experiments in the molecular 

frame. 78-82 However, not all types of molecules can be oriented and the achievable orientation is 

typically limited to values of  ≈ 0.7 and  ≈ 0.8. 83-85  

A realistic description of quantum dynamics of molecules photoexcited by short atto and few fs 

pulses therefore requires an averaging over the initial molecular orientations with respect to the 

pulse polarization direction. Orientation averaging is computationally costly in computer time 

and storage capacity since the quantum dynamical propagation needs to be repeated as many 

times as the number of molecular orientations in the ensemble. Orientation averaging is still 

manageable computationally for the vibronic quantum dynamics of diatomic molecules but 

becomes out of reach for quantum dynamical simulation involving several nuclear degrees of 

freedom on coupled electronic states, as typical when polyatomic molecules and cations are 

excited by ultrashort, broad in energy atto pulses.77, 86-90 Moreover, for implementing control, one 

needs to tune the pulse parameters for an ensemble of molecular orientations.  

We discuss in this section an approach for averaging quantum dynamics over random initial 

molecular orientations that both allow for considerable savings of computer resources and 

provides insights on the stereodynamics of the ensemble.91 

cosθ cos2θ
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For this purpose we use a Singular Value Decomposition (SVD) of the density matrix of the 

ensemble. We outlined the principles of SVD analysis applied for quantifying entanglement in 

section 2 above. Here the SV Decomposition identifies the principal orientations of the 

ensemble. It provides a measure of the entanglement between orientations and molecular degrees 

of freedom and insights on the stereodynamics of the ensemble. In addition, we show that the 

identification of the principal orientations leads to significant computer resources savings for 

computing the quantum dynamics of the ensemble, which makes averaging over initial molecular 

orientations affordable computationally. 

We consider an ensemble of molecules with initial random orientations with respect to the 

polarization direction of the electric field of a short atto or few fs pulse. Computationally, it is 

advantageous to work in the molecular frame, so we numerically implement 𝑁8 random 

orientations of the pulse polarization with respect to the molecule in the molecular frame as 

shown schematically in Figure 10 for the LiH molecule.  

 
Figure 10 : Scheme for computing the quantum dynamics of 𝑁8 random orientations of the 

polarization direction of the pulse with respect to the LiH molecule in the molecular frame. 

 

For each orientation of the pulse polarization, we need to solve the TDSE, 𝑖ℏ 𝑑𝑪8 𝑑𝑡 = 𝑯𝑪8⁄  on 

a grid of 𝑁7 = 𝑁# . 𝑁6 molecular basis functions made of products {|𝑔 > |𝑒 >	}	of 𝑁6 molecular 

geometries and 𝑁# adiabatic electronic states as explained section 1  

Ψ8(𝑡) = ∑ 𝐶78
O*
7 (𝑡)	|𝑏 ≥ ∑ ∑ 𝐶6N8

O&
N

O$
6 (𝑡)	|𝑔 > |𝑘 >    (27) 
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The molecular Hamiltonian is given in Eq. (25). We arrange the 𝑁8 vectors 𝑪8 in a rectangular 

𝑁7 x 𝑁8	rectangular matrix A, typically 𝑁8 ≪	𝑁7. The principal orientations of the ensemble are 

determined by SVD of the matrix A  

𝑨 = 𝑼𝚺𝑽S=∑ 𝜎T
O+
T.4 𝑼T ⊗𝑽T

S = ∑ 𝜎T
O+
T.4 𝑨T    (28) 

Eq. (28) is exact for 𝑁8  terms on the rhs. The matrix 𝑨 has maximum 𝑁8 non zero eigenvalues 

which is the maximum entanglement between orientations and molecular degrees of freedom. 

Each of the 𝑁8 terms in Eq. (28) is separable in a molecular vector 𝑼T that has amplitudes only 

on the 𝑁7 molecular basis function and an orientation vector 𝑽T  that have only amplitudes on 

the 𝑁8 randomly sampled orientations on the unit sphere. 

The full density matrix of the ensemble, 𝝆#%H, of dimension 𝑁7	𝑁8	x	𝑁7	𝑁8	is given by the direct 

product 𝑨⊗𝑨S and corresponds to a pure case for a photoexcitation from the ground state (GS). 

The molecular, 𝑁7	x	𝑁7 , 𝝆(8$ , and orientation, 𝑁8	x	𝑁8, 𝝆8c , reduced matrices are mixtures, 

given by 

 𝝆(8$ = (1 𝑁8	⁄ )Tr8c[𝝆#%H] = (1 𝑁8	⁄ )𝑨𝑨S      (29) 
 
And 
 
 𝝆8c = (1 𝑁8	⁄ )Tr(8$[𝝆#%H] = (1 𝑁8	⁄ )𝑨S𝑨     (30) 
 
with 
 
Tr[𝜌(8$]= Tr[𝜌8c]=(1 𝑁8⁄ )∑ 𝜎T" =

O+
T.4 ∑ 𝑠T

O+
T.4 ,   𝑠T = 𝜎T" 𝑁8⁄   (31) 

 

Typically, as we show in detail below, only a few principal components, 𝑁(5%, are needed to 

recover the traces of 𝝆(8$ and 𝝆8c to a specified accuracy threshold, thereby leading to a lower 

Schmidt rank  and providing a significant compaction of the matrix A. Furthermore, when there 

is no additional source of entanglement between the molecular and orientation degrees of 

freedom after the interaction with the pulse, the dynamics of the 𝝆(8$ matrix can be computed 

by propagating the 𝑁(5% 𝑼T molecular vectors using the TDSE, which leads to major savings of 

computer resources in memory and time:  

𝑖ℏ 𝑑𝑼T 𝑑𝑡 = 𝑯𝑼T⁄  , 𝑣 = 1,𝑁(5%, 𝑁(5% << 𝑁8      (32) 
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We demonstrate in Refs. 91 and 72 that for a sudden excitation or photoionization process 

involving several electronic states in the FC region, exactly three principal orientations are 

necessary, orientated along the three Cartesian axis of the molecular frame.  

When the interaction with the electric field is explicitly taken into account in the TDSE, using 

the Hamiltonian of Eq. (25) , the singular values, 𝜎T(𝑡), are time-dependent during the pulse and 

become constant after the pulse is over and the Hamiltonian is stationary. From this time on, one 

can use Eq.(32) to compute the ensemble dynamics. In summary, one needs to integrate the 

TDSE for the 𝑁8 during the short pulse. When it is over, it is sufficient to integrate the TDSE for 

the 𝑁(5% principal orientations using Eq. (32). We illustrate the approach here for a UV 

excitation of the LiH molecule, with pulse parameters similar to these used in Section 3. The UV 

pulse has a carrier frequency, 𝜔K = 5.17 eV, a duration 𝜎K  = 0.85 fs , FWHM= 2fs, 

corresponding to an energy bandwidth = 1.82 eV, centered at 𝑡K = 12.5 fs, 𝐸:= 0.01 a.u. (peak 

power of 3.51 1012 W/cm2). Since the polarization of the electric field is randomly oriented in the 

molecular frame, this pulse not only populates the Σ", ΣI, Σ1and ΣV states as in the example of 

Section 4, but also the doubly degenerate	Π4 and	ΠI ones by a one photon process (11a for the 

PEC). The Σ states are strongly coupled by NAC just at the exit of the FC region while the Π are 

essentially uncoupled, as can be seen from the longer time population dynamics, Figure 11c. 

 
Figure 11. a) PEC for the Σ and the Π manifolds of excited electronic states in LiH that can be 

accessed by a 2fs deep UV pulse of 5.17 eV. The PEC of the Σ  states are plotted in full line and 



 29 

those of the Π states in dashes. b) Dynamics in the Σ and the Π manifolds during the pulse and 

just after the pulse. c) Longer time dynamics showing the population transfer between the Σ 

states due to NAC. 

 

The singular values, 𝜎T(𝑡), are plotted in Figure 12a) at the maximum of the electric field and 

when the pulse is over as a function of the principal component index v. The corresponding error 

on the trace of Tr[𝜌(8$] , Eq. (21), is plotted in Figure 12b, both on a logarithmic scale. One can 

see that the singular value magnitudes and the error on Tr[𝜌(8$]	sharply decrease as a function 

of the index v. Only four principal orientations contribute to the dynamics of the ensemble. 
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Figure 12: a) Singular values, 𝑠T , Eq. (31), computed at the max of the electric field of the UV 

pulse (red) and after the pulse is over (blue) as a function of the principal orientation index v. b) 

error on the trace of the molecular density matrix, Eq. (21) as a function of v. 

 

In figure 13, we show the localization of the four principal orientations on the electronic states 

on the grid (the 𝑼T vectors) as heatmaps as well the localization of the corresponding four 

molecular orientations, 𝑽T on the unit sphere. 
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Figure 13. Localization of the four principal orientations on the electronic states on the grid (the 

𝑼T vectors) as heatmaps as a function of the internuclear distance R (middle) as well the 

localization of the corresponding four molecular orientations, 𝑽T on the unit sphere, on the left 

and on the right. 

 

From Figure 13, one can see that the largest principal orientation 𝑽4 is uniform on the unit sphere 

with a molecular vector 𝑼4 localized on the GS. The second largest principal molecular vector 

𝑼" is localized on the excited Σ  states with a principal orientation vector 𝑽" oriented along the z 

axis. The next two principal orientations are numerically degenerate: 𝑼I and 𝑼1 are localized on 

the Πd and Π- components of the Π states.  The fact that several electronic states contribute to 

the same principal orientations implies that electronic coherences, 𝜌T#$ = 𝑇𝑟%&'$[𝜌T(8$(𝑡)], and 

the entanglement between nuclear and electronic degrees of freedom built at the excitation step is 

robust with respect to averaging over molecular orientations, Figure 14 a and b. The difference 

with the pure state cases discussed on sections 3 and 4 is that there is no electronic coherences 

between the ground state and the excited Σ and Π states at the level of the ensemble. There are 

also no coherences between excited Σ and Π states. This affects molecular properties that are 

dependent on the electronic coherences, as the molecular polarization, 〈𝜇(𝑡)〉 =

∑ 𝑠T
O()%
T.4 𝑇𝑟[𝜇𝜌T(8$(𝑡)],	see Figure 14c. The SVD analysis of the principal orientations of the 

ensemble shows that electronic coherences survive averaging over random initial molecular 
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orientations. It provides insights on the stereodynamics of the ensemble. Each principal 

orientation is correlated with a specific set of electronic states.  

 
Figure 14. Electronic coherences in an ensemble of initially random molecular orientations. a) 

among excited Σ  states (second principal orientation), b) among Π states (third and fourth 

principal orientations). c) the time dependence of the molecular polarization of the ensemble. 

 

6. On algebraic structure and quantum computing  

The form of the wave function that we use on a grid, Eq. (7) and the use of a finite difference 

scheme for the kinetic energy, the simplest, three point case used in Eq. (8), implies an 

unexpected symmetry. The Hamiltonian that can give rise to equation (8) has a near neighbor 

coupling that is well familiar for the electronic tight binding or Hückel approximation or for the 

Ising model of magnetism. It can also be used in the so-called Pariser-Parr-Pople Hamiltonian or 

the simpler version known in solid state physics as the Mott model. 92, 93 It is a symmetry that in 

quantum chemistry is behind the Unitary group approach. 94 

To cast the symmetry in a general form we assume a grid as in section 2 with i being an index of 

an interval. Then consider 𝑁"operators, E5D that in terms of the orthonormal gate functions ΘD 

have the form E5D 	= Θ5ΘD. It follows that these operators are closed under commutation: 

	�E5D , EN$� = 𝐸5$𝛿DN − 𝐸ND𝛿$5 

In technical terms these operators close a Lie algebra known as SU(N).95 This is the same algebra 

that describes a set of linearly coupled qubits as in a quantum hardware. 

At this point our discussion bifurcates. In one direction it means that we have an approach to 

mimic the operation of a quantum computer.96 On a direction that is directly in line with the aims 

of this chapter, this shows how a quantum computer can be optimally useful to simulate ultrafast 
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multi-electronic-states dynamics.	

 

 

7. Final remarks 

Our quantum dynamical simulations clearly show that the electronic coherences and the 

entanglement between the electronic and nuclear motion resulting from the excitation of a 

molecule by a short in time – broad in energy atto or few fs pulse controls the force on the nuclei 

and can be controlled by the pulse parameters. One can further show that entanglement and 

electronic coherences are robust when averaging over initial random molecular orientations with 

respect to the polarization direction of the electric field, which shows that control is possible in 

more realistic experimental conditions.91 It is to be expected that further work will provide 

extensions to several nuclear degrees of freedom. 
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