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Abstract

The basic assumptions of stationary/Gaussian excitations and temporal independence in linear
systems are commonly employed in stochastic dynamic analyses, facilitating various engineering
investigations. However, in certain scenarios such as wind-induced vibrations under non-synoptic
extreme wind, these assumptions may lead to unreliable predictions. The excitations exhibit significant
non-stationary/non-Gaussian features due to the inherent non-synopticity of the flow. Moreover, when
accounting for motion-induced forces, the coupled aerodynamic-mechanical system is modeled as a
linear time-varying system marked by time-dependent aerodynamic damping and stiffness. This study
aims to introduce a state augmentation method for examining the multi-modal vibrations of a long-
span bridge excited by non-synoptic winds. Both unsteady motion-induced forces and non-
stationary/non-Gaussian turbulence-induced forces are considered to predict the buffeting response.
Based on stochastic calculus theory and the stars and bars method, we derive equations governing the
statistical moments of all orders for the response of a dynamic system with multiple degrees of freedom.
A comprehensive buffeting analysis of the model bridge to all wind segments of Typhoon Hagupit is
conducted by using the proposed method, showing potentially greater responses when considering the
non-synoptic features of the wind.
Keywords

Non-synoptic wind; Multi-modal buffeting; State augmentation method; Linear time-varying
system; Stochastic differential equation.
1 Introduction

The analysis of dynamic systems under stochastic excitations has gained significance within
mechanical and structural engineering in recent decades (Benfratello and Muscolino, 1999), stemming

from an increased awareness of the necessity to evaluate the reliability of structures through a
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probabilistic point of view. In many scenarios, the characteristics of the structural system and the
excitation are assumed to be independent of time. Excitations are often regarded as stationary/Gaussian
processes, and systems are assumed to be linear time-invariant. These assumptions generally yield
satisfactory accuracy across a wide spectrum of applications, such as the case of train-track coupled
systems subjected to stochastic irregularities (Lei et al, 2022b) and synoptic wind effects (Davenport,
1967; Isyumov, 2012) on civil structures including buildings and bridges. Nonetheless, there are
instances where these hypotheses might falter, resulting in inaccuracies. For instance, the condition of
the train traversing the bridge introduces time-varying characteristics to the coupled system (Lombaert
and Conte, 2012). Similarly, extreme wind phenomena such as hurricanes and thunderstorms often
exhibit notable non-synoptic features (Huang et al, 2015; Zhao et al, 2019), having time-varying means
and high turbulence intensity. The introduction of non-stationary/non-Gaussian excitations and time-
dependent characteristics of the system poses significant challenges to stochastic dynamic analysis.

In this paper the emphasis lies on structural vibrations induced by extreme non-synoptic winds, a
topic that has garnered significant attention in recent years (Huang et al, 2015; Zhao et al, 2019). In
these scenarios, rapid changes in non-synoptic airflow have the potential to amplify aerodynamic
forces, leading to increased responses (Kareem, 2009). When taking account of aeroelastic effects
(Brusco and Solari, 2021), the wind-structure coupled system is represented as a linear time-varying
(LTV) system (Hu et al, 2013), accounting for the time-varying mean wind speeds that render the
aerodynamic damping and stiffness time-dependent. It is crucial to acknowledge that for LTV systems
(Zadeh, 1950) the system response will be not stationary even if the excitations are assumed as
stationary. Brusco and Solari (Brusco and Solari, 2021) considered the aeroelastic forces by invoking
quasi-steady theory and computed the dynamic responses of slender structures subjected to
thunderstorm outflows, employing time-domain integration of motion equations. Nevertheless, the
literature regarding those effects remain limited, as classical methodologies mainly aim at synoptic
wind conditions (Kareem et al, 2019). Consequently, it proves cumbersome to evaluate the statistics
of the non-stationary/non-Gaussian responses (Davenport, 1967; Isyumov, 2012), especially when
considering unsteady aerodynamic effects.

Certainly, Monte Carlo simulations can address these concerns (Huang et al, 2013), by employing
multiple deterministic time-history samples derived from the evolutionary power spectral density
(Priestley, 1967; Priestley, 1965) to statistically characterise the non-stationary response. However,
they lack the capability to offer physical insights into the problem (Denoél and Carassale, 2015), and
become computationally intensive when employing sufficiently numerous samples for reliable results
(Benfratello and Muscolino, 1999). Inspired by Davenport’s seminal work (Davenport, 1967; Isyumov,
2012) and Priestley’s Evolutionary Spectra theory (Priestley, 1967; Priestley, 1965), Kareem et al.
(Kareem et al, 2019) extended the well-known wind loading chain, initially employed for stationary
buffeting analysis in the frequency-domain, to encompass a non-stationary regime in the time-
frequency domain. Within this framework, the response spectrum is determined as the product (Chen,
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2008) of the time-frequency wind spectrum, the instantaneous aerodynamic admittance, and the
structural transfer function. Subsequently, this framework was applied (Chen, 2015) to predict non-
stationary buffeting responses involving motion-induced forces. To address the system with time-
dependent characteristics, the generalized frequency-domain method treats the system as time-
invariant within a moving short window (Guo and Kareem, 2016; Tao et al, 2020). This simplifies the
task to identifying the time-independent transfer function and stationary responses of the equivalent
invariant system within each window. Note that this methodology is only viable for systems exhibiting
slowly time-varying characteristics. Lin et al. (Lin et al, 1994) proposed an alternative time-frequency
approach, i.e., pseudo excitation method, offering the advantage of simultaneously addressing non-
stationary excitations and time-varying systems (Hu et al, 2017; Tao et al, 2020). This method expands
pseudo excitations in the frequency domain and subsequently integrates pseudo responses in the time
domain. Despite its versatility, its computational time, as highlighted in (Lu et al, 2009), is
predominantly consumed during the integration process and is roughly proportional to the number of
frequencies. This aspect raises concerns for time-frequency techniques, particularly when interest lies
only in the statistical moments of responses rather than the spectrum. Though the Precise Integration
Method (Zhang et al, 2010) can improve the efficiency, it still involves a detour in the frequency
domain.

Alongside the aforementioned contributions, a foundational investigation addressing this issue
was introduced by Grigoriu (Grigoriu, 2013; Grigoriu and Ariaratnam, 1988; Grigoriu and Field Jr,
2014). This study employed stochastic calculus (Karlin and Taylor, 1981) and It6’s formula (It6, 1944)
to investigate a linear system subjected to stationary non-Gaussian excitations represented as
polynomials of Gaussian processes with time-dependent coefficients. The concept of this method lies
in the potential approximation of excitations through filtered Brownian motions (Benfratello and
Muscolino, 1999). This allows the transformation of dynamic equations into stochastic differential
equations. Then, by means of It0’s formula, the statistical moments of the responses are directly
evaluated by solving the termed statistical moment equations with high efficiency and without
detouring in the frequency domain. Subsequently, several researchers extensively explored the
potential of this method, not only for non-Gaussian excitations (Benfratello et al, 1996; Benfratello
and Muscolino, 1999; Gullo et al, 1998) but also for nonlinear systems with parametric and nonlinear
excitations (Sun and Hsu, 1987; Wojtkiewicz et al, 1996). In instances of non-Gaussian scenarios,
larger dimension statistical moment equations could be derived, forming a closed system of algebraic
equations, allowing for the accurate computation of higher-order statistical moments to characterize
the non-Gaussian features of responses. Recently Cui et al. (Cui et al, 2022) revisited this concept and
computed the statistical moments of buffeting responses of a long-span bridge subjected to stationary
non-Gaussian turbulence, factoring in the multi-modal coupling effect. In the latter case, when dealing
with nonlinearity, which renders the system unclosed, additional closure techniques such as the
cumulant-neglect closure method (Soong and Grigoriu, 1993) need to be introduced to enable moment
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equations solvable.

As reviewed above, the moment equation method has been applied in various stochastic dynamic
problems. However, its application for non-stationary analysis, particularly involving time-dependent
system characteristics, remains rare. A recent study by Lei et al. (Lei et al, 2022a) showcased the
method's potential in non-stationary buffeting analysis factoring in motion-induced forces, which alters
the methodology substantially, transitioning from algebraic equations in stationary cases to differential
equations in non-stationary scenarios. Nevertheless, this application was confined to a single degree-
of-freedom system, employing the quasi-steady assumption (Brusco and Solari, 2021) to model
aerodynamic forces. Given the important role of unsteady aerodynamic effects in buffeting analysis
for long-span bridges (Barni et al, 2021; Barni et al, 2022; Jain et al, 1996), accurate modeling of
motion-induced and turbulence-induced forces becomes crucial. Additionally, addressing multi-modal
vibrations, as suggested by Cui [34], complicates the derivation of statistical moment equations.
Therefore, to widen the applicability of the moment equation method, it is imperative to resolve issues
arising from unsteady aerodynamic forces and multi-modal vibrations.

This study intends to introduce a state augmentation method to conduct a comprehensive analysis
of multi-modal vibrations of a long-span bridge subjected to non-synoptic winds. The analysis includes
accounting for unsteady motion-induced forces and non-stationary/non-Gaussian turbulence-induced
forces to predict the buffeting responses. Considering the time-dependent aerodynamic damping and
stiffness, the equation of motion of the wind-structure coupled system is expressed as an LTV system.
By performing the defined M transform of the corresponding Fokker—Planck equation, the statistical
moments of the responses are obtained through solving a first-order ordinary differential equation
system. The proposed method is firstly applied to calculate the buffeting responses to two selected 10-
min wind segments in detail, as an illustration of the non-stationary feature and non-Gaussian feature
of buffeting responses induced by non-synoptic winds. A thorough buffeting analysis of the model
bridge to all wind segments of Typhoon Hagupit is subsequently conducted. This study is considered
as a follow-up to previous research by the authors (Lei et al, 2022a) in order to extend the previous
single degree-of-freedom investigation to a multi degree-of-freedom case and incorporate the unsteady
aerodynamic effect.

2 Non-synoptic features of typhoon

Recent advancements in high-frequency wind field monitoring devices including ultrasonic
anemometer have provided deeper insights into the characteristics of turbulence in the atmospheric
boundary layer. Extreme winds such as typhoons always present obvious non-synoptic characteristics,
featuring non-stationary wind speed and high turbulence intensity. Intriguingly, these non-synoptic
features rarely coincide due to their different formation mechanisms. The non-stationary characteristic
appears during the passage of the typhoon eye, encircled by the eyewall where the highest wind speeds
are found, resulting in great variations in both wind direction and wind speed trend. Notice that
substantial variations in wind trends may exaggerate the variance of wind fluctuations, partly due to a
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mixture of large-amplitude low-frequency components when the stationary assumption is applied. By
filtering out the varying wind speed trend, the variance of resultant wind fluctuations decreases,
thereby leading to a reduced turbulence intensity. In contrast, high turbulence intensity often occurs
within a relatively low range of mean wind speeds, typically between 10 and 20 m/s, where the wind
speed trend tends to be stationary, rendering it unlikely to lower the turbulence intensity by removing
the low-frequency trend. In this context, these non-synoptic effects on buffeting analysis will be
considered independently in Section 4.3.

In September 2008, Typhoon ‘Hagupit’ (No. 200814), forming in western Pacific Ocean on 15th
September, strengthened into a strong typhoon on 22nd September and moved to South China Sea on
23rd September, with the highest wind speed at about 50 m/s close to its centre and the lowest air
pressure 935 hPa. A 24-hour wind speeds in three axes were recorded by the anemometer from 23rd
September at 18:00 (GMT+8) until 24th September at 18:00 (GMT+8) during Typhoon ‘Hagupit’. The
high-precision 3-axis ultrasonic anemometer was located at an elevation of 60 m on an observation
tower (111.38°E, 21.45°N), and the wind data was sampled at 10 Hz. Detailed information on the
measurement campaign can be found in (Liu et al, 2021; Zhang et al, 2023). The acquired wind speed
data was decomposed as mean wind speeds and three orthogonal wind fluctuation components. The
longitudinal wind is assumed to be orthogonal to the bridge axis in the buffeting analysis and the
vertical turbulence is regarded as zero-mean process. Fig. 1 displays time histories of the decomposed
longitudinal wind speeds recorded during Typhoon Hagupit passing over China on 23-24th September
2008. The data on vertical turbulence is given in Appendix A. The wind speed histories feature an ‘M’
shape which is typical of Typhoon processes due to its eye passage.

To illustrate its non-synoptic natures, the wind record is subdivided into 10-minute time series,
giving a total of 144 segments. Fig. 2 shows the 10-minute averaged wind speed U;, (red solid line
with triangle markers) and the corresponding longitudinal turbulence intensity I, ;5 (cyan dashed line
with circle markers) of each segment when treated as stationary. The corresponding statistic on vertical
turbulence is given in Appendix A. It is found that, apart from Segment No. 61, turbulence intensities
exceeding 15% are consistently associated with low mean wind speeds. The high turbulence intensity
of Segment No. 61 mainly arises from its significantly varying wind speed trend, i.e., the non-

stationary nature, as will be demonstrated in the following.
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Fig. 1. Time history of longitudinal wind speeds of Typhoon Hagupit recorded in September 2008.
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Fig. 2. Mean wind speeds and longitudinal turbulence intensities of the subdivided 10-minture
segments of Typhoon Hagupit.

Non-stationary wind speed U(t) can be characterized as the sum of a deterministic time-varying
mean U(t) and a zero-mean non-stationary fluctuating component u(t). Due to the slower variation
of U(t) comparedto u(t),the structure tends to react statically when subjected to time-varying mean
wind, allowing for the employment of the quasi-static method. The time-varying mean and zero-mean
non-stationary fluctuation are extracted by employing the discrete wavelet transform, with the 20th
order Daubechies wavelet as the analyzing wavelet and an 8-level decomposition of the signal. Notice
that due to the existence of time-dependent mean wind speeds, the turbulence intensity also varies over
time, necessitating a revised definition, e.g., I,,(t) = 0,,(t)/U(t) as proposed in (Huang et al, 2015).
The maximal modified time-varying turbulence intensity for each segment is depicted as the blue solid
line with circle markers in Fig. 2. Remarkably, the incorporation of non-stationary features has
noticeably reduced turbulence intensities, particularly Segments No. 61 and No. 138. To illustrate the
non-stationary feature, Fig. 3 (a) and (b) show the time-varying means and zero-mean longitudinal
fluctuations of Segments No. 61 and No. 138, respectively, and the vertical turbulence counterparts
are given in Appendix A. In Fig. 3, significant variations in mean wind speeds are observed in both

segments, and upon removal of the time-varying mean the turbulence intensities decrease substantially.
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Fig. 3. Wind speed model extracted from the selected longitudinal wind segments from Typhoon
Hagupit record.

Under high turbulence intensity, the consequent buffeting forces exhibit obvious non-Gaussian
feature due to the notable contribution of quadratic terms of turbulence in wind pressure, resulting in
potentially amplified extreme responses. Studies (Kareem et al, 1998; Zhang et al, 2023) indicate that
a 15% turbulence intensity may cause a 10% increase in buffeting force RMS and a 25% increase in
the peak factor compared to the Gaussian results. This effect intensifies further when the nonlinearity
of aerodynamic coefficients is included (Denoél and Degée, 2006), resulting in more pronounced non-
Gaussian features marked by higher skewness and kurtosis. For instance, Fig. 4 displays the time
history of strong longitudinal turbulence of Segment No. 69, with a turbulence intensity of 18%. The
time history of vertical turbulence is given in Appendix A. The segment exhibits subtle non-stationary
characteristic, and the removal of the mean wind trend does not substantially mitigate the turbulence
intensity. To illustrate non-Gaussian features of buffeting forces, the non-Gaussian drag force is
calculated by including the quadratic terms and nonlinear aerodynamic coefficients in a quasi-steady
manner, which can be referred to (Denoél and Degée, 2006) and will be shown later by Eq. (29) in
Section 4. The computation considers the parameters listed in Table 2 in Section 5. Table 1 reports the
statistics of the turbulence and the induced non-Gaussian drag force and Gaussian counterpart per unit
length. The skewness is computed as the Fisher-Pearson standardized coefficient of the third-order
statistical moment. The results indicate a 6% rise in the mean value and 8% rise in the standard

deviation of the non-Gaussian force along with greater skewness in contrast to the Gaussian one.
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Fig. 4. Strong longitudinal turbulence of Segment No. 69 from Typhoon Hagupit record.

Table 1. Statistics of the turbulence and the Gaussian and non-Gaussian drag forces per unit length.

Data Mean Std Skewness
Wind speed 16.4 m/s 2.96 m/s 0.24
Gaussian force 6.93 kN/m 2.42 kN/m 0.27
Non-gaussian force ~ 7.33 kN/m 2.61 kN/m 1.88

3 Formulation of state augmentation method
3.1 Statement of the problem

Suppose a linear time-varying (LTV) system with N degree-of-freedom (MDOF) subjected to
non-stationary non-Gaussian excitations. The equation of motion is described by a set of linear
ordinary differential equations with coefficients varying with time

MX + C()X + K(t)X = F(t) (D
in which M, C(t) and K(t) are matrices of mass, damping and stiffness, respectively. C(t) and
K(t) are the known time-varying coefficients. X is the displacement response, and F(t) is the non-
stationary non-Gaussian excitation.

Unlike the stationary process that has a specific definition of power spectrum, the non-stationary
process can be defined in various ways (Huang et al, 1998; Page, 1952; Wickerhauser, 1992). This
study is restricted only to the evolutionary process established by Priestley (Priestley, 1967; Priestley,
1965), the one from which the evolutionary spectrum can be derived. This non-stationary process holds
more physical sense in terms of energy distribution and could be regarded as the output of a time-
variable filter with a stationary process passing through. For the sake of simplicity, a uniformly
modulated polynomial model (Huang et al, 2015) is adopted to represent the evolutionary non-

Gaussian excitation F(t)

l
F(O) = ) A(0)diag(F)F, @

in which A(t) is the diagonal matrix of time-modulation functions, and F,(t) is the corresponding
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stationary Gaussian process. [ is the degree of the polynomial of F. Notice that, as a methodology
presentation, Eq. (2) represents a general situation where excitations exhibit non-stationary and non-
Gaussian features simultaneously. Considering the practical typhoon event, e.g., Typhoon Hagupit,
where the non-synoptic features rarely coincide, the unified model can seamlessly adapt to two
different problems considered in the follow-up analysis. Particularly, Eq. (2) will be non-stationary
Gaussian forces if [ = 1, and be stationary non-Gaussian forces if A; is time-invariant. They are
applicable to most practical engineering problems (Huang et al, 2013).

By substituting Eq. (2) into Eq. (1), the equation of motion is transformed to its state-space form

dm - [—M‘(IK(L‘) —M‘IlC(t)] [i] de+ lM‘l 2§=1Ai(t(;diag(Fs)i—1Fs dt &)

3.2 Augmented states of the system and the excitation
According to (Grigoriu, 2013; Grigoriu and Ariaratnam, 1988), the stationary Gaussian process
F,(t) can be approximated by a multivariate Ornstein-Uhlenbeck (OU) process, denoted as Z(t). As
a general methodology presentation, Z(t) is considered to be of size M, which includes the situation
where the number of OU processes required for loading may exceed the number of degrees of freedom
in the structure or the concerned natural modes, i.e., N, as will be shown in the non-stationary case in
Section 4. In this current section, M = N. Z(t) satisfies the stochastic differential equation
dZ(t) = —aZ(t)dt + OdW(t) (4)
in which a and @ are positive definite matrices and not necessarily symmetric. W(t) is a
multivariate standard Wiener process with M mutually independent components and satisfies
E[dW - dWT] = Idt where E[-] indicates the expectation operator and I is the identity matrix of
size M. The matrices a and @ can be determined by fitting the autocorrelation matrix Rzz(7) =
e~7IK,, or the double-side power spectral density matrix Szz(jw) = (—jwl + )~ 10OT (jwlI +
a’)~! with the ones of F,(t), in which Kz; is the auto-covariance matrix of Z and can be
determined from the Lyapunov equation (Lyapunov, 1892)
aKz; + Kzza' = 00T (5)
The fitting procedure will be shown in Section 5.
By substituting Eq. (4) into Eq. (3), the augmented states of the system and the excitation are

assembled as

0 I 0
X L X 0
d[X|=|-M"K(t) —-M~C(t) M_lei(t)diag(Z)i‘l X|[dt+|o|dw (6)
Z i=1 Z 0
0 0 —a

Eq. (6) is usually recognized as an Itd-type stochastic differential equation (Karlin and Taylor, 1981)
of the form

dY = g(Y,t)dt + h(Y,t)dW (7
in which Y is the augmented state vector of size 2N + M. g(Y,t) and h(Y,t) are explicit

functions of the states Y and time t, of which the expressions are given in Appendix B.
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3.3 Equations of statistical moments
According to statistical mechanics and information theory, the time evolution of the probability
density function p(Y,t) ofthe augmentstates Y described by the stochastic differential equation Eq.

(7) satisfies the Fokker—Planck equation
2N+M 2N+M2N+M

d 0 1 0
P00 == ) rla®optol+g ) ) o [BhDpo]  ®
i=1 i=1 j=1

in which Y; is the i-th element of the augmented state Y, and g; is the i-th element of the vector

g(Y, 0).
Assume &(Y) as the product function of the augmented states Y

E(Y) = ﬁ[xi‘“ ﬁx” ﬁ[z{ : 9

in which X;, X; and Z; are the i-th element of the states X, X and Z, respectively. The

superscripts a;, b; and f; are the corresponding exponents which are non-negative integers. The M

transform of a scalar function f(Y,t) is then defined as the form

M{f}(ap“"azv»bp”"bzv»fp'”'fM) = f ff(Y,t)f(Y)dY1'”dY2N+M (10)

Obviously, the M transform of the probability density function p(Y,t) is the statistical moment of
the augmented states Y, i.e., M{p} = E(TT} X" [TV Xibi [ Zifi).

By taking the M transform of both sides of Eq. (8), one can obtain
2N+M 2N+M

0= 3 elial+d 30 e[

In particular, dE[¢]/dt is not zero if Y is a non-stationary process (Grigoriu and Ariaratnam, 1988).
The detailed derivation of Eq. (11) is given in Appendix C.
By substituting Eq. (9) into Eq. (11), Eq. (11) is expanded as

N N M N N N M

a; >bi fi| — - a; >bi fi

Sl T [T 1] Sefoa T T 1o

L 1A i bl

o D[ Tat] o S e[t T [ 10 T

35S oo sl HX“ﬂX”ﬂZ’”
r=1g=

T [

N
+Zbr

r=1

T;ﬁS

(12)

1
+§;(@@T)Wfr(fr - DE|Z
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Denote the statistical moment as m(ay, -, ay, by, **, by, f1,***, fu) and the summations s =

’1(a; + b)) and sp = YIL, f; as the moment order, and so m(ay, -+, ay, by, by, f1, =, fu) 18

furtherly denoted as m(s, sf) for the sake of brevity. By this means, the left-hand side of Eq. (12) is

denoted as rh(s, sf), representing the first derivative of the moment in s-th and s¢-th order. In the

right-hand side, the first three summations consist of the first-order partial derivative and the function

g. Notice that g is the linear combination of X, X and Z' in the order i from 1 to l. This gives
rise to the moments m(s, sf) in the order of s and Sf, and the moments m(s - 1,5+ i) in the

order of s —1 and sy + i with i = 1,2,--+,1, in a different combination of exponents. The last two

summations of Eq. (12) consist of the second-order partial derivative and the constant matrix h, giving

the corresponding moments m(s, Sf— 2) in the order of s and s; — 2. In particular, the moments

are zero if any exponent takes on negative values, and m(s =0, sf) is the known statistical moments

of OU processes in the case of a; = b; = 0.
For a prescribed order of s and sf, substituting all the combinations of the exponents into Eq.

(12) gives

m(s,s;) = Py(Om(s,sp) + P,(O)m(s, s, —2) + Q(O)m(s — 1,57 + 1) + -+ + Q()m(s — 1,57 + 1) (13)

in which m(s, sf) and m(s, Sf — 2) are the vectors of all the unknown statistical moments in the
order of s,ss and s,sy — 2, respectively. P;, P, and Q; to Q, are the known coefficient matrices.

Notice that to calculate the moments m(s, sf) in the current order s, Sf requires the moments
in a previous order s —1 and sy + i with i =1,2,---,1 to be determined. This leads to an explicit

recursive process which is closed by imposing the boundary condition of the known m(s =0, sf).

Therefore, to determine the moments m(s, S = O) in the order of s and sy = 0, it is possible to

assemble all the dependent moments into a single equation

m(s,0) ] - m(s,0)
m(s N 1,0) m(s - 1,0)
4] mes=10 | m-10 |, o [m(Q'SD] (14
dt m(i, 0 m(i’ 0 m(0, 1)
m -0l lma, - Dol

The above formulas are the basis of the state augmentation method (SAM). It is seen that the
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statistical moments satisfy a first-order ordinary differential equation system reported in Eq. (14), and
for each order s, the moments can be directly obtained by solving it with prescribed initial conditions,
without going through an intermediate step, e.g., the response spectra.
3.4 Exponent combinations
Prior to assembling the differential equations given in Eq. (14), it is necessary to determine the
exponent combinations of the statistical moments in a requisite order, e.g., s and sy = 0, in other
words, to determine all the possible solutions to a single linear equation with multiple variables
a, +-+ay+b +-+by=s (15)
required that all the variables are non-negative integers, i.e., a; = 0 and b; > 0, which is equivalent
to the equation
a;+-+ay+b+-+by=5s+2N (16)
with the converted variables a; =a; +1>1 and b; =b; +1 > 1.
By this means, the problem can be solved by using the stars and bars method (Feller, 1991) from
combinatorics. Suppose s + 2N undistinguished stars to be placed into 2N distinguished bins, and
no bin is allowed to be empty. This can be achieved by placing 2N — 1 bars between the stars with

at most one bar in each gap and then assigning piles of stars to bins in sequence, as shown in Fig. 5.

e e e [ | e | e e e e k|

Fig. 5. 2N — 1 bars giverise to 2N bins containing a total of s + 2N stars.

The number of all the combinations is C2¥,t_,, meaning 2N — 1 from s + 2N — 1 gaps are
chosen to contain each bar. An example of how the stars and bars method is implemented is elaborated
in Appendix D. By combing this method with symbolic calculations (Meurer et al, 2017), the moment
equations for any order of the statistical moments of the responses and for the dynamic system with
an arbitrary number of degrees of freedom can be automatically assembled.

4 Non-stationary/non-Gaussian buffeting of long-span bridges
4.1 Equations of deck motions

The proposed state augmentation method is applied to calculate the stochastic vibrations of the
bridge deck of a long-span bridge subjected to non-synoptic winds. In this study, the wind speeds are
assumed to be orthogonal to the bridge longitudinal axis, as mentioned in Section 2. Therefore, the
effect of skew winds (da Costa et al, 2022) is disregarded. Flexible structures such as long-span bridges
always possess closely spaced modal frequencies (Jain et al, 1996). When considering motion-induced
forces, the consequent aerodynamic damping and stiffness may potentially affect the structure dynamic
properties and thus lead to considerable coupling effect in multi-modal vibrations. Therefore, the self-
excited forces and the non-stationary/non-Gaussian turbulence-induced forces, i.e., buffeting forces,

are included both to predict the buffeting responses.
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The equation of motion of the bridge deck subjected to aecrodynamic forces is expressed as

M, X, + C;X, + K X, = F5¢ + FP (17)
in which M;, C; and K, are the mass, damping and stiffness matrices, respectively. X; is the
nodal displacement vector with motions in three directions at each node Xy = [p; h; a7 (i =
1,---,N), where N is the number of the nodes: the sway p;, the hovering h; and the pitching «;.
F5¢ and F? are the vectors of self-excited forces and non-stationary/non-Gaussian buffeting forces,
respectively, with the force components in three directions: the drag D¢ and DP?, the lift L5¢ and
L?, and the torque MS¢ and MP". Fig. 6 illustrates the motions of the bridge deck per unit length

excited by aerodynamic forces.

Fig. 6. Motions of bridge deck and aerodynamic forces in two dimensions.
4.2 Unsteady self-excited forces in time-domain
For harmonic motions of bridge decks, the motion-induced forces can be formulated by Scanlan’s

flutter derivatives (Scanlan, 1993) and equivalently expressed in the frequency domain

D?* K2(P; +ijPy)  K*(Ps+iPs)  K*(P; +jP;)B |[p;
Lse =§pU2AL K?(H; +jH?) K?(H; +jH;) K?(H;+jH;)B ||h; (18)
M;e K?(A; +jAs)B  K?(A4, +jA})B  KZ%(4; +jA5)B?| |

where h;, p; and @; are the complex-valued amplitudes of motions at the i-th node. D¢, L¢ and
M;¢ are the complex-valued amplitudes of forces. p = 1.25 kg/m? is the air density. B is the deck
width. AL is the element length. U is the mean wind speed. K = wB/U is the reduced frequency,
and w is the circular frequency. H;, P; and A; (i =1,2,---,6) are the flutter derivatives. j is the
imaginary unit. The study considers the variations in kinetic pressure and reduced frequencies induced
by time-varying mean wind speeds. As the time scale of varying mean wind speeds is much larger than
natural periods of structures, it is assumed that frequency-domain motion-induced forces still preserve
the proportionality around the mean static position, and the slowly varying mean wind speed is
regarded as being seemingly fixed when taking inverse Fourier transform to derive the time-domain
forces in the following procedure. Notice that, as discussed in Section 2, great variations in wind
directions and large-scale atmospheric turbulence can potentially result in large-amplitude low-
frequency vertical turbulence, causing mean angles of attack to be slowly varying, as reported in
(Fenerci and Qiseth, 2018). In the light of relatively small magnitudes of the system response and wind
fluctuations compared to the mean wind speed, the variation in attack angles is currently disregarded

in this study to give more focuses on the proposed methodology. In addition, as parametric excitations

13



related to wind fluctuations are not included, the perfectly spanwise coherence condition on kinetic
pressure and flutter derivatives is maintained.
To facilitate transforming the motion-induced forces to time domain, the flutter derivatives are
approximated in terms of rational functions known as Roger’s approximation (Chen et al, 2000)
K2(P; +iP])  K2(P;+iP3)  K*(P; +P)B T ease
K*(Hg +3H)  K2(H; +jH7)  K*(H3 +H;)B | = A + KA + (KA + ) =
K2(AL +ADB  K2(A, +jADB  K2(A% + jAL)B? ' ' T gkt
inwhich Aj9, A%, Aj%, Aj%43 and dj° = 0 are frequency-independent coefficients, which can be

(19)

determined by fitting rational functions to flutter derivatives using nonlinear least square method. The
first three terms of the approximation represent the aerodynamic stiffness, damping and mass,
respectively. The rational terms allow to consider the unsteady fluid memory effect, and mg,
determines the level of accuracy of the approximation.

By means of rational function approximation, the unsteady forces induced by arbitrary motions

can be easily obtained in the time domain by taking inverse Fourier-transform technique

Mge

1 B . B2 ..
FS€ == EPUZAL Aiexd + EAand + mA%eXd + Z (I)?e (ZOa)
=1

in which Aj® is the partitioned diagonal matrix of AjS (i =1,--,N), and ¢ (I =1,---,mg,) are

additional variables introduced to consider the unsteady effect and satisfy

se

bi* = ——5— i + AlsXq (20b)

To extend the method to cases of varying mean angle of attack, it is expected to firstly obtain the low-
frequency content of vertical turbulence given suitable cut-off frequency and then adopt a time-varying
force model, as the pioneering work by (Barni and Mannini, 2024), resulting in the rational function
coefficients Aj® and d;® being functions of time. However, the proposed methodology is not
substantially changed.

4.3 Non-stationary/non-Gaussian buffeting forces

As discussed in Section 2, the non-stationary feature and high turbulence intensity rarely occur at
the same time. Therefore, the buffeting forces induced by these two types of non-synoptic winds are
considered individually in the analysis.

The time-domain model of buffeting forces induced by non-stationary Gaussian turbulence can be
obtained in an analogous way to motion-induced forces. Related study suggests that the frequency
content in the EPSD of non-stationary fluctuations evolves rather slightly over time (Huang et al, 2015).
A simplified uniformly modulated model is adopted to represent the non-stationary Gaussian wind
fluctuations

u(t) = By (Ous(t) (21a)
w(t) = By (Ow*(0) (21b)
in which B, (t) and B, (t) are the slowly varying time-modulation functions. Considering that the
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substantial variations in non-synoptic wind features mainly result from large-scale circulations, as
discussed in Section 2, therefore, the horizontal non-homogeneities of the wind field are disregarded
on a bridge scale, and the time-varying mean wind speed and the time-modulation functions are
assumed to be identical along the span.
us(t) and ws(t) are the derived stationary Gaussian processes with zero means. Notice that the
stationary wind fluctuations at different points are considered to be partially coherent by adopting an
exponentially decaying coherent function in cross-spectra, and the wind auto-spectrum extracted from
one-point wind measurement is uniformly applied along the bridge due to the horizontal homogeneity,
as will be introduced in Section 4.4. These considerations are also applicable to the spatial wind
features in the non-Gaussian force case.
The non-stationary buffeting force at the i-th node F” is expressed as
F) = B F™ + BVF" (22)
in which F’* and F?" are the buffeting forces induced by longitudinal and vertical stationary wind

fluctuations, respectively, given by
2BCpxp,

1 1

F?“ = —pUAL| 2BCpx1, |uf = EpUALx}‘uis (23a)

2B*CyXu,

1 B(Cp — CL))(DW 1
FW = PUAL B(C, + Cpdxp, |wi = S PUALYY Wi (23b)
B ZCI(/IXMW

in which u; and w; are complex-valued sinusoidal oscillations at the i-th node. xp, , Xp,» XL,
XL, Xm, and yp  areaerodynamic admittances. Cp, C; and Cy are drag, lift and pitching torque
coefficients, respectively. Cj, C; and Cyare their derivatives around the static wind attack angle.
xi and x}" are the vectors of force coefficients and admittance functions and can be approximated

as rational functions in an analogous way to flutter derivatives
(24)

in which A}, A{;;; and d;' =0 are frequency-independent coefficients. By means of this, the

buffeting forces in the time domain are obtained by taking inverse Fourier-transform technique

my+1 my
1 1 u
™ =~ pUAL Z Atus — EpUALzl? u (25a)

in which A} is the partitioned diagonal matrix of A}, (i = 1,---,N), and u® is the stationary along-

wind fluctuations. ¢} (I =1,---,m,) are additional variables that satisfy

LU d;LU u u S
¢ = _?‘bl + Aju (25b)

Notice that similar formulas for buffeting forces induced by crosswind fluctuations are omitted for the
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sake of brevity. The non-stationary Gaussian buffeting forces in Eq. (17) are thus expressed as
FP = BUFbY 4+ BWFbW (26)

Due to the high turbulence intensity, the quadratic terms of turbulences in buffeting forces become
significant and cannot be understated, leading to the non-Gaussian characteristic of excitations. Notice
that the admittance functions are introduced to consider the unsteady effect of Gaussian buffeting
forces that are in linear relation to turbulence, as a correction function to quasi-steady assumption.
However, there hasn’t been such a correction function dedicated to buffeting forces in the presence of
quadratic terms of turbulences. Thus, the buffeting forces induced by high-intensity turbulences are
modeled by the simple expedient of invoking the quasi-steady assumption.

Based on the geometric relations from Fig. 2, the instantaneous relative angle of attack af and
the relative wind velocity U{ that are related to the turbulences per se are given as

w; ()
U

af(t) = af + () = af + (27)

Ue? = (U +u)? + w? (28)

in which @ is the attack angle in the equilibrium position and ; is the varying part induced by
turbulence per se.

According to the quasi-steady theory, with the quadratic terms from the geometric relations and
the curvature of the aerodynamic coefficients retained (Denoél and Degée, 2006), the non-Gaussian

buffeting forces in the instantaneous wind reference system are derived as

[ 1

b C @) Co + Cpi + 5 Cohi
Di 1 p\&; 1
FE | = EpBALUi62 C (af) |~ EpBAL(UZ +20u; +uf +wp)|  C 4+l + ECL”wiZ (29)

1
B (o + Cirtpe+ 5 Cip?)

The buffeting forces are then transformed to the global coordinate aligned with mean wind speed

by referring to the geometric relations

FL Fb. cosy; — FP siny;
F, = |F);| = [Fb; siny; + F cosp; (30)
Fgi Fui
The buffeting forces F? in the global coordinate are finally written as
FP = FPu 4 Fbw 4 pbuu 4 pbuw 4 pbww (31)
in which F?* and FPV are the force components connected with linear terms u and w. FP** and
FPWW are the components connected with quadratic terms u? and w?, and F?*" is the component
contributed by the cross term uw. It will be shown in the next section that the component-wise
expression of non-Gaussian buffeting forces will facilitate the polynomial approximation to OU

processes. The detailed expressions of these components are given in Appendix E. Notice that their
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mean values are deducted to facilitate the stochastic dynamic analysis.
4.4 State-space equations in modal coordinates

Based on superposition principle, the system responses can be expressed in the modal-amplitude
coordinate, i.e., X; = ¥q, in which ¥ is the matrix of mode shapes and q is the modal coordinate
vector with n modes interested. The generalized equation of motion is derived as

M,4+C,q+K,q=0Q%+Q° (32)

in which M, = ¥™M;¥, C, = WTC,;¥ and K, = WTK,¥ are the modal mass, damping and
stiffness matrices, respectively. Q¢ = WTFS¢ is the generalized motion-induced force vector. QP is
the generalized buffeting force vector.

In the case of non-stationary winds, Q? = B¥WTFP* + BWWTFPW The generalized equation of

motion is transformed to its state-space form

Y =AY + B, (t)us? + B, (t)w? (33)
in which Y=[q" 4" qT - qr T @7 -~ a5 7 @7 -« qu.7] is the state

vector. ;¢ = PTd7¢, q = PTpY and q)Y = PT¢)" are the generalized additional variables to
consider unsteady effects of the aerodynamic forces. A(t), B,(t) and B, (t) are the time-varying
coefficient matrices, of which the detailed expressions are given in Appendix F. u®? = A*%u® and

w1 = AW9w® are the generalized stationary pseudo-fluctuations in which A%9 =

T Twl?’ T Twl?’ . .
[A’”l‘ Y o AL a1 ‘P] and A9 = [A‘f Y o AL 4 ‘l’] . The spectral density matrices for
u®? and w®? are given by
Sysa = S,AVIC, (AWD)T (34a)
Sywsa = S, AV4C,, (AW9)T (34b)

in which €, and C,, are the matrices of time-invariant coherence functions to describe the partially
coherent wind fluctuations at two points in space, as discussed in Section 4.3. The exponentially
decaying law is invoked to describe their spatial coherence, with the decay coefficients ¢, = 16 for
longitudinal turbulence and c,, = 8 for vertical turbulence. The detailed expressions of €, and C,,
are given in Appendix F, and also applicable to the non-Gaussian force case. S, and S,, are the
longitudinal and vertical wind spectra, respectively, which are assumed to be identical along the span
due to the horizontal homogeneity assumption. Notice that the correlations between the wind
components in two directions are disregarded in this study.

In the case of high turbulence intensity, Q” = Q’* + Q?" + QP** + QP*W + QPYW where the
generalized buffeting force components are given as, for instance, Q?* = WTFP%, The generalized
equation of motion is transformed to its state-space form

Y = AY + BQ? (35)

T seT

in which Y = [qT q q; qf,fseT] is the state vector. A and B are the time-invariant

coefficient matrices, of which the detailed expressions are given in Appendix F. According to Isserlis’
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theorem, the spectral density matrix for Q? is given by

SQbe = SQbquu + Swawa + SQbuquuu + Swawaww + SQbuwauw (36)
in which the spectral density functions of linear terms are derived as
1 2
Sqbugbu = (E pBALU) PTAuS ALY (37a)
1 2
Sqbwoiw = (E pBALU) PpTavs ATy (37b)

By applying convolution technique, the spectral density functions of quadratic terms are derived as
1 2 1 -
Sqbunghun = (E pBAL) PT AU —f S,(w)S,(w — w)dw' | A¥* WP (37¢)
TJ_»

1 2 1
Swawaww = <§ pBAL) PpTAww <—f Sw(a)’)Sw(a) - w’)dw’) AWWT“P (37d)
TJ_»

1 2 1 (°
SQbuwauw = <§pBAL) PpTrAw (gf_wsu(w’)sw(a) - (A)’)d(l)’)AuWTlP (376)

where S, = S, €, and S,, = S,,C,,, of which the detailed expressions are given in Appendix F.
4.5 Statistical moment equations of non-stationary buffeting responses

As mentioned in Section 3.2, the stationary processes can be approximated as polynomials of
Ornstein-Uhlenbeck processes. In the case of non-stationary winds, the generalized stationary pseudo-
fluctuations are approximated as u®? ~ Z* and w*? = Z", so the augmented states of the system

and the excitations are written as

Y] [A B, B,][Y 0 0] ‘wu
dlz¢|=|0 -a* 0 |[z*|dt+|0* 0 d[ww] (38)
zvl lo o -—avllzv 0 ev

In the case of high turbulence intensity, the non-Gaussian excitations are approximated as QY =

?:1 I'jdiag(ZQ)j ~1Z9, so the augmented states of the system and the excitations are written as

k

df ] =" B;Ffdiag(ZQ)]_l o] dt + [ ge] dw® (39)
0 —a®

in which a¥, %, a”, 0", a® and @9 are the corresponding coefficients of OU processes, and

W% WY and W@ are the Wiener processes.

Depending on the wind input characteristics, the two distinct augmented state equations should be
alternatively used and then fitted into the Ito-type stochastic differential equation, as reported by Eq.
(7). The corresponding expressions in accordance with Eq. (38) or Eq. (39) are given in Appendix F.
By following the procedure demonstrated in Section 3.3, the statistical moment equation can easily be

obtained as a first-order differential equation with the same form as Eq. (14).
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5 Numerical applications
5.1 Bridge description

As an illustration of the application of the state augmentation method (SAM), the proposed method
is applied to calculate the buffeting responses of a model bridge during the passage of Typhoon Hagupit,
of which the time history is shown in Fig. 1. The bridge has a main span of 1666 m and the deck of
49.7 m in width, which is geometrically illustrated in Fig. 7. To show the ability of the proposed
method, the first symmetric torsional mode together with all the prior (three in total) symmetric vertical
modes is considered, of which the modal shapes and frequencies are based on modal analysis results.
The flutter derivatives adopted in the analysis are those obtained in the wind tunnel experiment (Lin
et al, 2019). Table 2 lists the main structural and aerodynamic parameters of the bridge. Notice that
this study considers the bridge model in construction stage, where the bridge hasn’t been loaded with
deck pavement and facilities. This gives different structural dynamic characteristics and aerodynamic

parameters compared to the model used in (Xu et al, 2023).

{1 iy .

— | | B
u
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k 500 m e 1666 m e 500 m gl

Fig. 7. Model of the long-span suspension bridge (in-construction stage).
Table 2. Structural dynamic characteristics and aerodynamic parameters of the bridge (in-

construction stage).

Parameter Definition Unit Value
L Main span m 1666
Deck width m 49.7
M Mass per unit length kg/m 14122
I Moment of inertia per unit length kg-m?/m 2.32 x 10°
& Structural damping ratio / 0.005
p Air density kg/m3 1.25
ni’ Modal frequency of 1st symmetric vertical mode Hz 0.1049
ns’ Modal frequency of 2nd symmetric vertical mode Hz 0.1366
n3’ Modal frequency of 3rd symmetric vertical mode Hz 0.2256
n3T Modal frequency of 1st symmetric torsional mode Hz 0.2987
Cp Drag coefficient at zero-degree attack angle / 0.825
C, Lift coefficient at zero-degree attack angle / —0.048
Cy Moment coefficient at zero-degree attack angle / 0.011
Cp Derivative of drag coefficient at zero-degree attack angle /rad 0.207
C Derivative of lift coefficient at zero-degree attack angle /rad 3.158
Cy Derivative of moment coefficient at zero-degree attack angle /rad 0.367
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The reliability and computing effort of the proposed state augmentation method have been well
validated in the preceding published research by the authors, as referenced to the non-stationary case
in (Lei et al, 2022a) and to the non-Gaussian and high turbulence intensity cases in (Zhang et al, 2023).
For the sake of brevity, the validation is not repeated in the study. Through comparing to the results
obtained by using the available methods, such as frequency domain method (FDM) and pseudo
excitation method (PEM) (Jones and Scanlan, 2001), the proposed approach showed great reliability
and efficiency.

An essential part of the SAM is the calibration of the coefficient matrices a and @ so that the
stationary Gaussian processes, e.g., u>?, can be well-represented by OU processes, e.g., Z*. As the
total buffeting response is mainly dominated by background response and resonant response, which is
due to the narrow-band characteristic of the mechanical transfer function around the system natural
frequencies, while calibrating the values of a and @, the covariance matrix Kzuzu of Z* is

supposed to remain the same as the one of u®4
nz
KZ“Z“ = f Sus,qdn (40)
ni

in which n; and n, are cut-off frequencies. Then a can be found through minimizing the
differences between S,sq and Szu at the concerned natural frequencies. By adopting the effective
optimization algorithm combined with the clustering method, the target auto-spectra and cross-spectra
containing the coherence feature are well fitted. Notice that the aerodynamic stiffness changes the
system modal pattern, so the target spectra should be fitted in accordance with overall on-wind modal
frequencies. Finally, ® is determined by solving the Lyapunov equation reported by Eq. (5). For
instance, the calibration result and the comparison of S;sq and Szu in the case of wind Segment No.

138 are given in Fig. 8.
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Fig. 8. Comparison between spectral density matrices of the generalized longitudinal stationary
pseudo-fluctuations u®? and the fitted OU processes Z* with vertical reference lines representing
overall on-wind modal frequencies: (a) auto-spectra of u;"? and Z¥; (b) auto-spectra of u,? and
Z¥; (c) cross-spectra of u;? and uy?, and of Z}* and ZY.
5.2 Buffeting responses to wind Segments No. 138 and No. 69

Two representative wind segments (No. 138 and No. 69) are selected from the wind record to
conduct the buffeting analysis, of which the detailed results are provided in the following, as an
illustration of the non-stationary feature (induced by Segment No. 138) and non-Gaussian feature
(induced by Segment No. 69) of buffeting responses induced by non-synoptic winds. Notice that a
summary of buffeting responses to all wind segments will be provided in Section 5.3. The bridge is
assumed initially at rest when subjected to each segment of the wind. Besides, as a comparison, the
conventional frequency domain method (FDM) is employed to calculate the stationary response by
assuming the wind speed as stationary within each segment and calculating the response PSD over 500
frequency points.

Fig. 9 (a) and (b) show the RMS results of the vertical and rotational displacements of the bridge
deck at the mid-span for wind Segment No. 138, along with the amplification coefficients of the time-
varying RMS to the stationary one. Table 3 reports the corresponding extreme responses under non-
stationary and stationary assumptions (Chen, 2015) and their amplification coefficients. The expected
extreme values of non-stationary response are evaluated based on the approach proposed in (Huang et
al, 2013)
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Fig. 9. Time-varying RMS of displacement responses of the bridge deck at the mid-span under
excitations of wind Segment No. 138: (a) vertical displacement; (b) rotational displacement.

Table 3. Comparison of extreme values of non-stationary and stationary responses.

Extreme responses Vertical disp.  Torsional disp.
Non-stationary 0.297 m 0.0021 rad
Stationary 0.224 m 0.0015 rad
Amplification Coeff. 1.33 1.4

The computational efficiency of the proposed method is much higher than that of FDM. An Intel
Core 17 4-Core computer with a main frequency of up to 3.4 GHz and 16 GB RAM is used in this
study. The computing time taken by the SAM is about 219 s, and the time taken by the FDM is around
6724 s (without parallel computing). Notice that the computational effort for the FDM is largely spent
in calculating the response PSD at discrete frequencies, and so the total running time is roughly in
proportion to the frequency number. In contrast, with the SAM, the response moments are directly
calculated by solving the moment equations once only, which would offer more significant advantages
when applied to problems with high degrees of freedom. As seen from Fig. 9, the RMS responses vary
considerably with time, presenting remarkable non-stationary feature. Moreover, the trend in the
variation is found similar to that of the corresponding mean wind speed, as shown in Fig. 3 (b). As the
time-varying mean wind speed plays as the coefficient of the buffeting force, this has a direct result in
amplifying or abating the intensity of the excitations. This also happens to the motion-induced force,
causing the consequent variation in the aerodynamic damping, which may partially account for the
similarity in the trends.

In addition, great discrepancies are observed between the non-stationary response and stationary
response. The initial responses from the non-stationary results are always found to be lower than the
stationary ones, partly due to its lack of “build-up” time to reach a stationary state, as has been reported

by several papers (Chen, 2008; Huang et al, 2013). However, as the energy begins to accumulate, the
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peak of the non-stationary response is gradually rising and finally exceeds the stationary results, for
the stationary assumption disregards the peak of the non-stationary excitations. As a result, the simple
stationarity treatment may fail to capture the true peak response and thus lead to risks in terms of
extreme responses as reported in Table 3 (Lei et al, 2022a).

Table 4 presents the RMS results of vertical and rotational displacements of the bridge deck at the
mid-span, excited by non-Gaussian and Gaussian buffeting forces indued by wind Segment No. 69,
along with the amplification coefficients of the non-Gaussian RMS to the Gaussian one. It is crucial
to assess the influence of quadratic terms on the skewness and kurtosis of non-Gaussian responses,
which are thereby presented in Table 5. Since the skewness and kurtosis of stationary responses are
constant values, i.e., 0 and 3 respectively, they are omitted in Table 5. Furthermore, Table 6 reports the
peak factors and expected extreme values for both non-Gaussian (Gurley et al, 1997) and Gaussian
responses and the amplification coefficients of extreme values.

Table 4. RMS values of vertical and rotational responses to non-Gaussian and Gaussian excitations.

RMS responses Vertical disp. ~ Torsional disp.
Non-Gaussian 0.14 m 0.001 rad
Gaussian 0.139m 0.00098 rad
Amplification Coeff. 1.01 1.04

Table 5. High-order standardized statistical moments of non-Gaussian responses.

Standardized statistics ~ Vertical disp. ~ Torsional disp.

Skewness 0.03 0.09
Kurtosis 3.03 3.2
Table 6. Peak factors, gust factors and extreme values of non-Gaussian and Gaussian responses.
Quantities Vertical disp. Torsional disp.
Peak factor (NG) 3.15 3.78
Peak factor (G) 3.08 3.4
Extreme response (NG) 0.424 m 0.0046 rad
Extreme response (G) 0.409 m 0.0039 rad
Amplification Coeff. 1.04 1.18

Table 4 reveals that the inclusion of quadratic terms in buffeting forces has a limited impact on
RMS responses. As suggested in (Zhang et al, 2023), these terms tend to exert a more pronounced
impact on RMS responses under high mean wind speeds. However, in Segment No. 69, the mean wind
speed remains relatively moderate, around 16.4 m/s. Despite this, a noticeable increase in extreme
responses appears in torsional displacement, as reported in Table 6. This significant amplification
mainly arises from the substantial influence of quadratic terms on the non-Gaussian characteristics of
the responses, resulting in an increased kurtosis (as shown in Table 5) and a larger peak factor.

Although the disregard of quadratic terms under strong turbulence might not significantly affect RMS
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responses, it may underestimate extreme responses in specific scenarios, thereby posing potential
design risks.
5.3 Buffeting responses during passage of Typhoon Hagupit

In this section, the proposed state augmentation method is employed to conduct a comprehensive
buffeting analysis of the model bridge, considering all wind segments of Typhoon Hagupit, of which
the longitudinal wind history with its statistical information in Section 2. Fig. 10 summarizes the
maximal RMS responses at the mid-span for each segment under non-stationary/non-Gaussian
assumptions with comparisons to their stationary/Gaussian counterparts. Additionally, a comparison

of the corresponding expected extreme responses is provided in Fig. 11.
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Fig. 10. Comparison of RMS responses of the model bridge to non-stationary/non-Gaussian and
stationary/Gaussian excitations induced by all wind segments of Typhoon Hagupit: (a) vertical

displacement; (b) rotational displacement.
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Fig. 11. Expected extreme responses of the model bridge to non-stationary/non-Gaussian and

stationary/Gaussian excitations induced by all wind segments of Typhoon Hagupit: (a) vertical

24



displacement; (b) rotational displacement.

As demonstrated in Figures 10 and 11, the maximal RMS and extreme values of the vertical and
rotational responses exhibit significant variation across the wind segments. This variation closely
mirrors the trend in segmented mean wind speeds reported in Fig. 2. Notably, during the passage of
the typhoon eye between the 10th and 14th hours (Segments No. 60 to 84), the observation site
experienced drastic changes in wind direction and speed, with nearly a 180° change in direction after
landfall. Both the peak extreme values for vertical and rotational responses are observed in Segment
No. 64, where the highest recorded mean wind speed of 46 m/s is found. The deterministic flutter
stability examination is further conducted on the bridge, showing the critical wind speed of flutter
instability at 97 m/s, which implies its very good rotational stability during Typhoon Hagupit where
the wind speed is generally below 55 m/s. Despite this high threshold, research indicates that the role
of turbulence may potentially destabilize the system, leading to a lower flutter instability threshold.
This depends on the turbulence characteristics such as intensity and integral lengths when the
turbulence is considered in the kinetic pressure as parametric excitations (Barni and Mannini, 2024).
In the study, the kinetic pressure is considered to be exclusively contributed by mean wind speeds.
Therefore, this parametric effect doesn’t play a role and no divergent oscillation is observed.

Additionally, the amplification coefficients for expected extreme responses to non-stationary/non-
Gaussian and stationary/Gaussian excitations consistently exceed 1 except some values slightly lower
than 1 for rotational responses, possibly due to inadequate built-up time resulting from the given zero
initial conditions in non-stationary calculations. In general, the consideration of non-synoptic features
of wind speed potentially results in greater extreme responses. Particularly, in specific scenarios, theses
coefficients would exceed 1.5, with Segment No. 74 exhibiting an exceptionally excessive coefficient
over 2, posing a high risk if these features are disregarded.

6 Conclusion

This study introduces a state augmentation method to investigate the non-stationary/non-Gaussian
vibrations of a long-span bridge subjected to non-synoptic wind. This method extends the previously
presented approach, applicable to a single degree-of-freedom scenario, to multi-degree-of-freedom
scenarios and allows for considerations for unsteady aerodynamic effects. The study incorporates both
unsteady motion-induced forces and non-stationary/non-Gaussian turbulence-induced forces to predict
the buffeting response. Due to the time-varying mean wind speed, the wind-structure coupled system
displays time-dependent characteristics, resulting in non-stationary responses even when wind
fluctuations are stationary.

The proposed state augmentation method involves three steps. First, the non-stationary/non-
Gaussian excitations are decomposed into stationary/Gaussian counterparts by using the uniformly
modulated polynomial model, and the Ornstein—Uhlenbeck processes are employed to represent the
derived stationary/Gaussian excitations. Following this, the states of the system and the OU processes
are assembled as an augmented form of [td-type stochastic differential equation. Third, by performing
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the defined M transform of the corresponding Fokker—Planck equation, the statistical moments of
the response are determined through solving a first-order ordinary differential equation system. By
employing stars and bars method along with symbolic calculations, the moment equations for
statistical moments of any order and for dynamic systems with any number of degrees of freedom can
be automatically generated.

The proposed method is applied to conduct a comprehensive buffeting analysis of the model
bridge concerning all wind segments of Typhoon. In non-stationary cases, as expected, the results
indicate considerable variations in RMS responses over time, mirroring the trends observed in time-
varying mean wind speed. In scenarios with high turbulence intensity, the incorporation of quadratic
terms in buffeting forces has marginal impact on RMS responses but significantly contributes to the
non-Gaussian characteristics of the responses. Consequently, this amplifies the peak factor and leads
to extreme responses. In summary, the proposed method can adeptly capture the non-stationary/non-
Gaussian characteristics of vibrations, showing higher responses when factoring in these non-synoptic
features. Notably, the analysis reveals an exceptional case wherein the amplification coefficient for
expected extreme responses exceeds 2, signifying substantial risk if these features are disregarded.
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Appendix A
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Fig. A.1. Time history of vertical wind speeds of Typhoon Hagupit recorded in September 2008.
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Fig. A.4. Vertical turbulence of Segment No. 69 from Typhoon Hagupit record.
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Appendix D

The following shows an example of how the stars and bars method is implemented to determine
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all the combinations of the exponents of statistical moments. Suppose there are 2 stars to be placed
into 3 bins, and the bins are allowed to be empty. This is equivalent to the case of 5 stars to be placed
into 3 bins with no empty bin allowed, and with one star to be deducted from each bin at the end of

the assignment, as is illustrated in Fig. D.1.

* *x = X x K

Fig. D.1. Equivalent cases of 2 stars to be placed into 3 bins (empty allowed) and 5 stars to be placed
into 3 bins (empty banned) with red stars deducted at the end.

Based on stars and bars method, this can be achieved by placing 2 bars into 4 internal gaps between

an alignment of 5 stars and separating the stars into 3 groups, corresponding to 3 bins in sequence.

Now number the internal 4 gaps from 1 to 4 in sequence, and also the two sides with 0 and 5, as is

shown in Fig. D.2.
Ob goh gob gob O o)

Fig. D.2. The ordinal numbers of 4 internal gaps between 5 stars and 2 sides.

Next, all possible combinations of 2 numbers selected from 4 internal gaps with no repeated
numbers can be efficiently determined either by Python syntax ‘itertools.combinations(iterable, r)’ or
MATLAB syntax ‘combntns(v,k)’ as

a2 03 0¢ao €3 @49 G

of which the number is C2 = 6. Appending the number 5 to the end of each combination gives

1 2 5), 1 3 5) 1 4 5) 2 3 5) (2 4 5), (3 4 5)
and prefixing the number 0 to the front of each combination gives

o 1 2), 0 1 3), 0 1 4), 0 2 3), o 2 4), (0 3 4).

The difference between two expanded combinations is

1 1 3) a 2 2), a1 3 1), 2 1 2), 2 2 1), B 1 1),
and deducting a value of 1 from each element in each difference combination gives

0 0 2), o 1 1), 0 2 0), a1 o0 1), 1 1 0, (2 0 0.
Clearly, this is exactly all possible combinations of 2 stars being placed into 3 bins.
Appendix E

F? is the vector of non-Gaussian buffeting forces at the i-th node, and can be expressed in a
component-wise way as

F/ = FP" + FP" + FP™ + FYY + /Y

2C,
2C,
2BC,,

bu 1 2 U; 1 u
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1 C[,) - CL .
F?Y = —pBALU?|C] + Cp Fl = 5 PBALUAY w;

2 BC,
C 2 2
1 Dluf—aof 1
FY' =2 pBALU? | C, | ——— = - pBALAY(uf — o)
BCy
-1 C + 1 CII Cl-
2 D 2 D L , ,
1 1 1 Wi — Oy, 1
FPY" = 3pBALU? |2, + 2 Cl' + G ——7 = 5 PBALAYY (W} — i)
1
1 2¢h—2C),
FPuww = > pBALU?|2C] + 2Cp, F = 5 PBALAT" uyw;
2BCy,

where A}, AY, AY", AYY and A}" are the corresponding coefficients. In this way, the detailed
expressions of the components in Eq. (31) are found to be
1
Fbu = EpBALUA”uS
1
FPv = EpBALUAWwS
1
Fhut = EpBALA“” [diag(u®)u’ — ¢21,]

1
Foww = EpBALAWW [diag(w)ws — 621]

1
Fouw — EpBALA“Wdiag(uS)ws
where A%, AY, A"*, A"W, and A"W are the partitioned diagonal matrix of A}, AY, A¥*, AYY

and A} (i=1,---,N).
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Appendix F

Expressions of A(t), B, (t) and B, (t) in Eq. (33).

A(t)

0 I 0 0 0 0 0 0
N | _ 1 _ UBdY _ UBdY UB,dY _ UBydY,
~M™'K -M"!C -pU2ALM™' .. ZpU?ALM™ - hdi g _Uhhy g VB g _ P2y s

2 2 B B B
dseu

0 A S | 0 0 0 0 0

B
' dse U
0 AL, 0 51 0 0 0 0
dLU
=l o 0 0 0 — 0 0 0
B
d U

0 0 0 0 0 — 0 0

dvuU

0 0 0 0 0 0 St 0

B
' dv U
0 0 0 0 0 0 0 el

in which A7 = WTA*®P (I =1,

-, Mg + 3) are the generalized frequency independent coefficients. M = M, - 0.5pB%ALAY, C = Cq—

0.5pUBALA™, and K = K, — 0.50U 2ALAT®? are on-wind generalized modal mass, damping and stiffness matrices, respectively. f; =

0.5pUALBY and B, = 0.5pUALBY.
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11

12

13

B, (t) =

B, ) =

O .-

Expressions of €, and C,, in Eq. (34) and Eq. (37).

in which

_Cu (xll xl) (1))

—Cu (xN' xl) (1))

_CW (xll xll (1))

-CW(le xll (l))
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Cu(l)|xi — le
14 Culiiy ) = exp - i)
wa|xi — x]|
© Culxuxy ) = exp (‘ m)
16 Expressions of <A and B in Eq. (35).
0 I 0 0
_ _ 1 _ 1 _
-M'K -M"1C EpUZALM_1 EpUzALM_1
d;¢u
17 A= 0 A3 — lB I 0
' dse U
0 Moe+3 0 ——5 1
0
M1
18 B=|0
0
19 Coefficient matrices of Itd-type stochastic differential equation in the case of Eq. (38)
A B, B,][Y
20 g(Y(6),0) = [0 —at 0 zu]
0 0 —avllZV¥
0o o0
21 h(Y(t),t) = [@* o0
0o ov
22 inwhich Y =[yT 7zuT 7zwT]T
23 Coefficient matrices of Itd-type stochastic differential equation in the case of Eq. (39)
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27

n Wthh Y = [YT

zeT]™.

k
g(Y(o),t) = A B;rjdiag(ZQ)j—l

0 —o®

h(Y(t),t) = [(;)Q]
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