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A significant resonance pattern at high frequencies around 400 Hz to 1000 Hz has been well observed
from measured rail accelerations. Such resonances are key issues for rail noise and corrugation.
Although this pattern has been noted and discussed in various papers in terms of wave reflections
among multiple wheels, the aim of this study is to develop novel dynamic model and reveal generation
mechanism of this resonance phenomenon with the train-track coupled system. An infinite
Timoshenko beam with continuous supports is adopted for modelling the track system, and the point
and transfer receptances of the rail for a moving excitation are explicitly deduced by the residue
theorem together with a Fourier transform-based method. A frequency-domain method is then
established to calculate the power spectral densities (PSD) of the train-track coupled system responses
to stochastic irregularities with the moving vehicle model with multiple wheels. It is found that the
high-frequency resonances occur when the reflected waves generated from multiple wheels on the rail
are exactly in phase with the initial track irregularity. The load speed has negligible influence on the
wheel-rail interaction in the lower frequency range and a small influence in the upper frequency range
only for very high train speeds.

Keywords: High-frequency resonance; infinite Timoshenko beam; point receptance; train-track couple
system; multi-wheel moving excitation; track irregularity.

1. Introduction

High-frequency resonance around 400 Hz to 1000 Hz has been well observed from field
measurement of rail accelerations, which are key issues for rail noise and corrugation.|1-
3] Various studies found this resonance phenomenon can be attributed to the wheel-rail
interactions between irregular profiles on wheels and rail contact surfaces and the vibration
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induced by multiple wheel moving on the rail with interference.[4-6] The key to the
question is how to develop high-precision dynamic model [7, 8] and reveal intrinsic
generation mechanism of this resonance in train-track coupled system.[9]

Wheel-rail interactions generated in the railway system are primarily caused by irregular
profiles on the wheel and rail contact surfaces, among which the general track geometry
irregularities are the main source. It is found the responses of the train-track coupled system
induced by track irregularities may present a series of peaks in the spectra at different
frequencies associated with various mechanisms.[10, 11] These peaks may lead to higher
ambient noise at specific frequencies up to thousands of Hertz,[12, 13] negatively
influencing the comfort of passengers and residential areas with trains passing by.
Moreover, the dominant wheel-rail contact forces generated in high frequencies prove
crucial in the process of railhead corrugation,[14] leading to increased interactions in turn.
In view of these detrimental effects, a great many attempts have been made to investigate
the generation mechanism of these peaks in the vibrations of train-track system and wheel-
rail interaction forces.

Due to the effects of multiple wheels on a rail, the vibration induced by multiple wheel-rail
interactions is observed to display more peaks than that of a single wheel-rail
interaction.[15] In an earlier study by Igeland [14] a series of peaks around 600-800 Hz
were found in the spectra of wheel-rail contact forces in the model of a bogie running on a
discretely supported rail. Wu and Thompson [10] firstly brought forward the concepts of
active wheel and passive wheel for evaluating the track response excited by multiple
wheels. An interesting peak around 600 Hz was then observed in the active wheel-rail
interaction force as well as in the point receptance of a rail with additional passive wheels
attached.[10, 16] Wu and Thompson [17] then developed forward this research and studied
these peaks in detail by using a track model with multiple wheels attached. Unlike the
results from a single-wheel model, four main peaks were shown to appear in the spectra of
contact forces around 550-1200 Hz. In order to explain these additional peaks, the influence
of wave reflections between multiple wheels was qualitatively studied. Such cases also
happened to Ding et al.[18] when investigating the effects of wave reflections between
multiple wheels on curve squeal.

The primary step in studying these resonances is to evaluate the point receptance of the
rail, which is crucial in dealing with wheel-rail interactions either in the time domain or
frequency domain.[19] An infinite Timoshenko beam on discrete supports is often adopted
to consider the effect of shear deformation and rotation inertia of the rail at frequencies
above 500 Hz [20]. Sheng et al.[21] developed a wavenumber-based method in order to
calculate the response of the track to a harmonic load of high frequency and moving at high
speed. Notice that the point receptance of such a discretely supported model is not
completely harmonic, raising troubles in analyzing train-track dynamics in the frequency
domain.[21, 22] However, the discreteness effect can be disregarded if the interested
frequency does not fall in the vicinity of the pinned-pinned resonance.[23] With a
continuously supported model, the track becomes a linear time invariant system and gives
a stationary response with a certain frequency in the moving frame when subjected to a
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moving harmonic load.[24] It should be mentioned that a moving excitation model [10, 16,
17, 25] is often applied to calculate wheel-rail interactions, in which wheels are regarded
as stationary and irregularities are strapped between the wheels and the rail as a relative
excitation.[17] Unlike the moving wheel model, the effect of load motion on the rail
receptance is not considered in such a moving roughness model.[26] This effect on the
point receptance of an Euler-Bernoulli beam was later discussed by Thompson,[27]
showing that the wavelength ahead of the load is shorter than that behind the load.
Recently, peaks around the frequencies of 400 Hz to 1000 Hz in track vibrations have been
once more observed during several field measurements made on an elevated railway with
ballastless track. Although this phenomenon has been revisited in several papers, it still
needs quantitative phase analyses and detailed demonstrations of wave interference
process. The aim of this study is to theoretically investigate the generation mechanism of
this phenomenon both from mathematical and physical points of view. A typical model of
an infinite Timoshenko beam with continuous supports is adopted to model the track
system, and its point and transfer receptances are explicitly derived by means of the Fourier
transform-based method and the residue theorem. Then, the power spectral densities
(PSDs) of the system response are analytically derived and expressed as three parts: the
frequency response function (FRF) of the vehicle subsystem, the dynamic stiffness matrix
of equivalent wheel-rail contact forces and the PSD for the track irregularities. Based on
the concepts of active and passive wheels,[10] the multiple peaks in the PSDs of the wheel-
rail interaction forces are investigated from a mathematical point of view by extreme value
analysis of the response function and from a physical point of view based on the wave
propagation theory. In the last section, the effect of load motion on the response of train-
track coupled system is discussed, based on the model of four wheels running on a
Timoshenko rail, considering the influence of different types of pad stiffness and train
speed.

2. Field Measurement

A field measurement was made at an urban rail transit viaduct in Shanghai, China, where
the track is supported by U-shaped girders, as shown in Fig. 1 (a). The nominal fastener
stiffness is 40 MN/m in the vertical direction, with a fastener spacing of 0.6 m. The rail
vibration was measured using a piezoelectric accelerometer mounted on the outboard rail
foot shown schematically in Fig. 1 (b), with a sampling frequency of 10 kHz. Fig. 2 show
the time history and a PSD estimate of the vertical acceleration of the rail during the
passage of a three-vehicle train running at 60 km/h. The PSD is obtained by using Welch’s
method with overlapping time segments, resulting in a frequency resolution of 4.883 Hz.
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Fig. 1. Photo of field test: (a) an urban rail transit viaduct in Shanghai; (b) piezoelectric accelerometer mounted
on the outboard rail foot.
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Fig. 2. Measured vertical accelerations of the rail from field test: (a) time history; (b) PSD.

As can be seen from Fig. 2 (b), in addition to random variations caused by the excitation
due to the track irregularities, there are several peaks in the PSD which can be divided into
two categories. In the low frequency region, a strong peak occurs at around 50 Hz that
corresponds to the so-called P2 resonance of the wheel mass on the track stiffness.[27, 28]
A peak at around 170 Hz corresponds to the resonance of the rail mass bouncing on the
pad stiffness.[27] In the frequency range from 400 Hz to 1000 Hz, there are additional
peaks which may be due to the presence of multiple wheels on the rail.[10, 16] The
generation mechanism of these additional peaks is investigated in the following sections.

3. Point Receptance of Infinite Timoshenko Beam

The track is usually supported by periodic sleepers, yet the point receptance of it is not
purely harmonic, causing difficulties in dealing with train-track dynamics in the frequency
domain. In fact, the discreteness effect can be neglected if dominating frequencies don’t
fall in the vicinity of the pinned-pinned resonance,[20, 29] especially if the rail pads are
relatively soft.[15, 30, 31] In addition, it was shown by Wu and Thompson [10] that the
effects of multiple wheel-rail interactions may also suppress the pinned-pinned mode. As
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the shear deformation and rotational inertia of the rail should be considered for frequencies
over 500 Hz,[20] a continuously supported Timoshenko beam model subjected to a moving
harmonic load [24] is used in this study to obtain the point and transfer receptances of the
track in the moving frame of reference, initially without wheels mounted on it.

3.1. Track model

The vibration of a Timoshenko beam is described by the vertical displacement w, (directed
positive downwards) and the rotation angle ¢, of the cross-section (clockwise), as shown
in Fig. 3. For a harmonic load Qe'“o* moving at a speed V, with amplitude Q and angular
frequency w,, the kinetic equations for an infinite Timoshenko beam with continuous
supports [27] can be rewritten in the moving coordinate system attached to the load, i.e.,
E=x-Vt,

= =

1% % Qeiwot

ow,

Fig. 3. An infinite Timoshenko beam on an elastic foundation showing the vibration generated by a moving
harmonic load.
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where pA is the rail mass per unit length, pI is the rail rotational inertia, EI is the rail
bending stiffness, GA is the rail shear stiffness, k is the rail shear parameter, and s is the
support stiffness per unit length. Damping is introduced in the supports by making the
stiffness complex with the form s(1 +in) (this is suppressed in the equations for
simplicity).

(1)

3.2. Solution based on Fourier-transform method

By taking a Fourier transform, Eq. (1) can be transformed from the spatial domain to the
wavenumber domain

{—GAKikqu + [GAkk? + s — pA(kV + wy)?IW = Q 2)

GAKIkW + [GAk + EIk? — pI(kV + wy)?]® = 0
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Solving Eq. (2) yields the complex amplitudes W and @, and then, the response w,.(¢, t)
at position ¢ and time ¢t can be obtained by performing the inverse Fourier transform with
respect to k and w

(oo}

B Qeia)ot M(k) ks
Wr(f,t)—7_fme K dk (3)
where
M(k) = GAx + Elk? — p[(kV + (1)0)2 4

N(k) = [GAxk? + s — pA(kV + w)?][GAK + EIk? — pI(kV + wq)?] — G2A%k?k? (5)

It is worth pointing out that the dynamic response is stationary and harmonic if the
observation point moves with the load. Therefore, the train-track coupled system retains
the linear superposition characteristic and the frequency-domain method becomes possible.

3.3. Track receptance

The transfer receptance of the track at a distance ¢ from the load can be then obtained as

[oe]

1 (M@
H(f,wo)—% fm

—00

e kédk (6)

The integral in Eq. (6) can be evaluated by using contour integration. For £ > 0, the
integral is equal to —2ti times the sum of the residues of the poles in the lower half plane,
whereas for £ < 0, the integral is equal to 2mi times the sum of the residues of the poles in
the upper half plane. Hence, the receptance is given by

N oo [M@ i, ] MOk MGk )e
_1ZRes[me f,kn]——l[ N’ (k) + N kD ] (£=0)
HE wp) =1 "7’

inzzl Res [1\1\//183 e~z kn] =i

where k,, are the zeros of N (k) and Im(kl’z) >0, Im(k3’4) < 0. To illustrate the contour
integration, use is made of typical parameters given in Table 1 for the rail, which are also
applied in the following analysis. It is noted that the support stiffness of s = 66.67 MN/m?
corresponds to a vertical fastener stiffness of 40 MN/m at a fastener spacing of 0.6 m.
Damping is introduced in the rail pads and the rail as listed in Table 1. Fig. 4 (a) shows the
distribution of the four poles k,, on the complex plane, for load speeds ranging from 0 m/s
to 100 m/s and a frequency of 300 Hz. The decay rates for the track waves corresponding
to k3 and k, at a load speed of 40 m/s are shown in Fig.4 (b).

M(k1)e_i§k1 n M(kz)e_isz
N'(ky) N'(kz)

<0

(7)
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Fig. 4. Poles of N (k) on the complex plane and decay rates for the track waves using the parameters in Table 1:
(a) distribution of four poles at a frequency of 300 Hz for various load speeds; (b) decay rates at a load speed of
40 m/s.

Table 1. Parameters for railway track based on Timoshenko beam model [27, 32]

Parameter  Definition Unit Value
GA Rail shear stiffness MN 617
El Rail bending stiffness MNm? 6.42
N Damping loss factor of rail / 0.02
pA Rail mass per unit length kg/m 60

pl Rail rotational inertia Kgm 0.240
K Rail shear parameter / 0.4

s Support stiffness per unit length of foundation MN/m? 66.67
s Damping loss factor of foundation / 0.15

As is shown in Fig. 4, k, and k, are the poles with the largest real part (positive or
negative). The real part of the poles represents the wavenumber, and the imaginary part
corresponds to decay with distance. It can be seen from Fig. 4 (b) that the decay rates for
waves k4 and k, both remain at a high level at frequencies below 200 Hz. However, at
frequencies above 250 Hz, the rate of attenuation of the wave corresponding to the pole k,
is far lower than that of the pole k3, indicating that the transfer receptance for the track at
sufficient distance from the load is dominated by the k, component at high frequencies.
The effect of the load speed on the poles is also shown in Fig. 4 (a). The pole k, is related
to the wave propagating in the same direction as the load speed and the pole k, is related
to the wave in the opposite direction. As the load speed increases, the poles k, and k,
migrate slightly to the right, meaning that the wavelength for k, wave increases and the
wavelength for k, wave decreases. This is the basis of the Doppler effect.[33] Fig. 5 (a)
illustrates the effect of the load motion on the wave propagation along the rail, for a speed
of 40 m/s and a frequency of 300 Hz. It is shown that the wave ahead of the load is
compressed compared to the static case, whereas the wave behind the load is lengthened.
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Fig. 5. The response of the rail: (a) instantaneous wave propagation along the rail at 300 Hz for a non-moving
load and a load moving to the right with a speed of 40 m/s; (b) the point receptance and the transfer receptance
magnitude at £ = 2.5 m for a load moving to the right at 40 m/s.

The point receptance of the rail and the transfer receptance at £ = 2.5m for this case are
also shown in Fig. 5 (b). It can be seen that magnitude of the transfer receptance is far
lower than that of the point receptance at frequencies below 200 Hz, due to the high decay
rates in this frequency region. A peak is found at around 200 Hz in both point and transfer
receptances, corresponding to the resonance of the rail mass vibrating on the pad

stiffness.[27]

4. Dynamics of Train-track Coupled System

In this section, the receptances obtained in Section 3 are employed to derive the spectral
density matrices for the response of the track and the vehicle (see Fig. 6) excited by random

roughness or irregularities.

4.1. Train-track coupled model
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Fig. 6. Two-dimensional model of a half railway vehicle supported by an infinite elastic track represented by a
Timoshenko beam.
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The vehicle is assumed to be symmetric about the track centreline. It is represented by a
half vehicle model consisting of a half car body, two half bogie frames, four wheels and
several flexible spring-damper elements connecting them . The car body, bogie frames, and
wheels are regarded as rigid bodies, and only vibration in the vertical direction is
considered.[7] It is noted that, for vertical motion, the rigid model for the wheel is
reasonable for frequencies below 1 kHz. At higher frequencies flexible modes in the radial
direction occurring above 2 kHz should be considered.[27] Considering the natural
frequencies of bridges are much lower than that of the wheel bouncing on the track, and
the frequencies of the peaks of interest in this study are rather high, therefore the bridge
structure is disregarded in the model, and this will have little effect on the stochastic
response of the vehicle apart from its mean response. [34] Table 2 lists the definitions of
the main parameters used to describe a half vehicle along with their values that relate to a
metro train in Shanghai.

Table 2. Parameters for a metro used in urban rail transit viaduct in Shanghai

Parameter  Definition Unit Value

my Mass of the half car body Kg 2.045 x 10*
b Pitch moment of inertia for the half car body kg - m? 8.994 x 10°
m Mass of the half bogie frame Kg 2.223 x 103
Ji Pitch moment of inertia for the half bogie frame kg - m? 1.629 x 103
m,, Mass of the wheel Kg 8.94 x 107
a Half distance between the secondary suspensions M 7.85

b Half distance between the two wheels of each bogie M 1.25

ky Vertical stiffness of the primary suspension per wheel N/m 1.22 x 10°
cq Vertical damping of the primary suspension per wheel N-s/m 1.5 x 10*
k, Vertical stiffness of the secondary suspension per bogie N/m 3.4 x 10°

Cy Vertical damping of the secondary suspension per bogie N-s/m 2.0 X 10*
ke Equivalent vertical stiffness of wheel-track contact per wheel N/m 1.5 x 10°

Based on the aforementioned assumptions, the vehicle model has a total of 10 degrees of
freedom (DOFs), including seven translational and three rotational DOFs. The equation of
motion for the vehicle subsystem can be expressed as

mii + cu + ku = —f (8)

where m, c,and k are the mass, damping, and stiffness matrices for the vehicle,
respectively. u is the displacement vector of the vehicle. f is the vector of the wheel-rail
interaction forces. The negative sign in Eq. (8) represents the fact that the forces act upward
on the wheels.

The wheel-rail contact model is an essential element for analyzing the dynamic
performance of the entire system. A linearized contact spring is adopted to simplify the
system as a linear stationary stochastic vibration problem (see Fig. 7), which is reasonable
for typical levels of excitation. Thus, the interaction forces can be determined by

fi = kg )
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where u; is the relative compression across the i-th contact spring (i = 1,2,3,4) and k. is
the linearized contact stiffness.

Fig. 7. Schematic diagram for mechanical analysis of the decomposed wheel-rail system.

Only vertical track irregularities are taken into consideration in this study. These are
expressed by the US FRA vertical alignment irregularity PSD function S,(£2) [35]

kA 02

S =mmry 02)

(10)
where (2 represents the spatial angular frequency of track irregularities; k represents the
safety factor, which ranges from 0.25 to 1.0; A, represents the roughness constant; 2.
represents the cutoff spatial angular frequency. The track irregularity of class 6 is used in
this study for illustration purposes with k =1, A, = 0.0339 cm? - rad/m, and 02, =
0.8245 rad/m. Notice that, as track irregularities are broadband, the behavior of the peaks
of interest won’t change substantially except their magnitude if a different type of
irregularities is considered.

4.2. Frequency response of coupled system

To facilitate mechanical analysis, the original coupled model can be decomposed into
several subsystems, the vehicle, the contact springs, the irregularity, and the rail, as shown
schematically in Fig. 7. The displacement response of the vehicle can be determined by the
frequency-domain method

U=-HF (11)

where H, = (—mw? + iwc + K) ™1 is defined as the frequency response function (FRF)
matrix of the vehicle subsystem. It is noted that interactions between the wheels and the
track occur at 4 DOFs. Therefore, the vehicle system can be reduced to 4 DOF by using
the condensation technique. The response amplitudes of the wheels and the interaction
forces are obtained by

U, =ItU={Uy1 Uwz Uws Una}" (12)
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FW = ITF = {Fl F2 F3 F4_}T (13)

where It is the transfer matrix for reducing the 10-DOF system to a 4-DOF one.
The response amplitudes of the wheels can then be derived from the interaction forces

Uy, = —HF, (14’)

where the reduced FRF matrix of the wheels H,, can be determined as H,, = ItH,IT by
using the condensation technique.
The relative compressions across the contact springs can be derived by

U, = HF, (15)

where H is defined as the FRF matrix of the contact subsystem. As the four linearized
contact springs are unconnected, H. is determined as a diagonal matrix, i.e., H, =
diag{1/k. 1/k. 1/k. 1/k.}.

As is demonstrated above, when the observation point moves with the vehicle, the response
of the contact points on the track will be stationary and harmonic. Therefore, the frequency-
domain method can be applied to obtain the response of the contact points on the track
through

U, = H/F, (16)

where H, is the FRF matrix of the track subsystem and, by means of the superposition
principle, can be determined from the point and transfer receptances, i.e., Eq. (7),

H(0) H(2b) H(2a)  H(2a + 2b)
u—| HC2b) H(0) H(2a—2b)  H(2a) a7
t H(-2a)  H(-2a+2b) H(0) H(2b)
H(-2a—-2b)  H(-2aq) H(—2b) H(0)

The track irregularities are assumed to be a spatial stochastic process. If the running of the
vehicle is taken into consideration, the irregularities under each contact point become
temporal variables. To ensure the wheel-rail contact is maintained, the various
displacements are related by

U, -U.+R, =U, (18)
where R,, is the amplitude vector of irregularities at certain frequency (positive for an
asperity). Substituting Eq. (14)-(16) into Eq. (18), the interaction forces F,, is obtained as

F, = (H,, + H, + H.)'R,, = K4R,, (19)
where K4 = (H,, + H, + H.)~! is a dynamic stiffness matrix, the inverse of the combined
receptance matrix, which converts spatial geometric irregularities into equivalent wheel-

rail interaction forces. In the meantime, the displacement response of the contact points on
the track can be easily obtained through Eq. (16) as U, = H;Ky4R,,.
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4.3. Response PSD

The spectral density matrix for the wheel-rail contact force S¢, and for the response of the
contact points on the track Sy, can be then obtained as

F* T
St,, = lim Wz = = K;S,K] (20)
u;ut
Sy, = lim L — H;K;S,KIHT (21)

where the superscript * denotes the conjugate and superscript T denotes the transpose
operation. S;. is defined as the spectral density matrix for the irregularities of contact points
given by

* T
w

= B(w,V) %Sr (%) (22)

in which S,.(0) is the spatial-PSD function of track irregularities in Eq. (10); B(w,u) is a
phase-lag matrix, describing relationships of time delay among the excitations. The use of
the phase-lag matrix allows different types of excitations to be represented. For example,
at low frequencies, excitations at each wheel can be regarded as strictly correlated, and
B(w, V) can be expressed as

S, = lim
T—oo

) o) o)
1 elvzb elea elvz(a+b)
[2) o) o)
—i—2b i—2(a—b) i—2a
_| eV 1 eV e'v
BloV)=| "_a,, -i%2(a-b) i%2p (23)
eV eV 1 ev
o) o) o)
e—lvz(a+b) e—lvza e—lvzb 1

of which the derivation can be found in [36]. In contrast, at high frequencies an
uncorrelated excitation model is more reasonable, for which B(w, ) can be obtained as
B(w,V) =diag{l 1 1 1}. For the active-passive wheel model which has been
developed in [10]. the irregularity excitation is only applied on one wheel at a time. If the
first wheel is treated as the active wheel, B(w,u) can be expressed as B(w,V) =
diag{1 0 0 0}

5. Mechanism Analysis

5.1. Multiple peaks in response PSD

The frequency-domain method presented in Section 4 is first applied to analyze the
vibration of the train-track coupled system introduced in Fig. 6 with the uncorrelated
irregularity excitations at four wheels. The PSDs of vertical contact forces from the first
and second wheels are shown in Fig. 8 (a), for a passage speed of 40 m/s. Moreover, Fig.
8 (b) shows the PSDs of contact forces for a track coupled with four wheels with the
irregularity excitation only on the third wheel. This model represents a pair of bogies at the
adjacent ends of two vehicles, with b = 1.25 m and ¢ = 3.55 m. In the latter case the
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bogies and car body are omitted from the model; this only affects the results at frequencies
below 10 Hz. As can be seen from Fig. 8, similar response peaks can be observed at
frequencies above 200 Hz in the contact forces obtained from both models. The middle
wheels (blue lines) present more peaks than the side wheels (red lines). These results
broadly resemble the experimental results in Fig. 2, especially when the four adjacent
wheels are included in the model. Notice that the discrepancies between the field test results
and simulation results will be discussed in Section 5.4.
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Fig. 8. PSD functions of wheel-rail contact forces for the system of: (a) a half vehicle on the rail subjected to
uncorrelated irregularity excitations at all four wheels; (b) four wheels on the rail with track irregularity only on
the third wheels.

5.2. Influence of two wheels on wheel-rail interactions

In order to investigate the multiple peaks observed both in the field measurement and the
simulations in Fig. 8, a simplified model including active and passive wheel/rail
interactions is applied in the following sections. The simplified model consists of an
infinite continuously supported Timoshenko beam for the rail together with two
longitudinally arranged wheels linked by a hinged massless bar, as shown in Fig. 9. Track
irregularities are assumed to exist under the right-hand wheel (the active wheel), using the
US FRA class 6 spectrum in Eq. (10), and the other wheel is excited only by the rail
vibration; this is treated as the passive wheel. Responses of this simplified model can be
easily calculated based on previous derivations in section 4, in which certain functions need
to be adjusted and their expressions are given in Appendix A for the sake of brevity.
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Fig. 9. An infinite Timoshenko beam model of the rail with two wheels linked by a hinged bar with
irregularities only existing under the active wheel.

The response PSDs of the active and passive contact forces are presented in Fig. 10 (a), for
a passage speed of 40 m/s. As a comparison, the response PSD of wheel-rail contact forces
for a single wheel running on the rail at 40 m/s is shown in Fig. 10 (b).

108 108 v
=== Active -
A . [}
Iy —-= Passive n
108 4 A 106 4 =k
m 21 m N\ e S
< iy & ’
< 1001 i\ R /’\ = 10% 4
[a)] R N, \ [a)
4 '\, “\ /‘\_,/// N/ \\ ;f\ L
102 - 'l \ I~ = S 102 4
H \‘
Il
100 Ly T T T 10° T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
Frequency (Hz) Frequency (Hz)
(2 (b

Fi

—

g. 10. PSD functions of wheel-rail contact forces for the system of (a) the active and passive wheels on the
rail; (b) a single wheel on the rail.

Similar to Fig. 8, it can be observed from Fig. 10 (a) that, besides the original resonance
peak around 50 Hz, there is a set of peaks at 400 Hz and above. In contrast, these additional
peaks do not occur in Fig. 10 (b), with only the peak corresponding to the P2 resonance of
the wheel on the rail appearing. Therefore, the effects of multiple wheels on the rail have
changed the pattern of wheel/rail interactions, leading to multiple peaks in the response.

5.3. Contact force expressions

These multiple peaks can be explained from a mathematical perspective. Assume the active
wheel is subjected to a particular component of track irregularities with a constant
wavelength. Utilizing the frequency-domain method established above, the interaction
forces F,, = [Fa  F,]T can be derived from Eq. (19), in which F, represents contact forces
of the active wheels and F, for the passive wheels. Note that the irregularity under the
passive wheels is zero, so the irregularity vector can be expressed as R, = [R 0]T.
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Besides, the FRF matrices of the subsystem are all second order matrices. The active and
passive contact forces can then be determined by

1 1
w45 -]
F

= y (24)
[H(O, w) + klc - ﬁ] — H(2b, w)H(—2b, w)

_ —H(=2b, w)R 25)
’ [H(O, ) +klc_$ — H(2b, w)H(—2b, w)

where the element H (¢, w) represents the receptance of the rail, given by Eq. (7). It can be
seen that the contact forces are complicated complex functions, especially as the rail
receptance H (&, w) is a complex integral, but the contact force will reach a local maximum
if the modulus of the denominator in Eq. (24) or Eq. (25) has a local minimum. Fig. 11
gives the modulus of the denominator in contact forces at different frequencies.
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Fig. 11. The modulus of the denominator in contact force expressions at different frequencies.

As is expected, the curve has local minima at around 50 Hz, 380 Hz, 635 Hz and 950 Hz,
exactly the places where the multiple peaks occur in Fig. 10 (a). This kind of explanation
makes sense from a mathematical viewpoint, but it fails to provide an intuitive physical

interpretation and still cannot answer the question why these functions have local extrema
at certain frequencies.

5.4. Explanation based on wave propagation theory

In fact, the vibration of the rail consists of waves, which propagate along the rail and can
be reflected by the wheels; the responses are formed of the superposition of these waves.
To show the wave propagation effect, a series of models are considered in which the
wheelbase 2b of a bogie is varied. Fig. 12 gives the PSDs of the active and passive contact
forces and the phase differences between them. Results are shown for cases with b =
0.5by, by, 1.5b, and 2b,, in which by, is the original half wheelbase of 1.25 m.
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Fig. 12. PSDs and phase differences of the active and passive contact forces for wheelbase of (a) b = 0.5b,; (b)
b = by; (¢) b = 1.5by; (d) b = 2b.

These results show that, when the responses reach the local maxima, the two contact forces
are either in phase or 180° out of phase, signifying intensification of the waves. For the
active wheel, for example, the wave excited by the active wheel radiates outwards along
the rail, and is partially reflected by the passive wheel. If the reflected wave is in phase
with the irregularities, the excitation for the active wheel will be enhanced, and so will be
the response.

In this case, the active wheel is initially excited by irregularities and generates the wheel-
rail contact force F,,, defined as the first order active contact force with a subscript 1 and
derived as

E, = KqR, (26)

in which R, is the irregularity (positive downward) and Ky is the dynamic stiffness
function for a single wheel-rail contact

1
Kd= 1 1 (27)
—W+H(O,w)+k—c

in which H(0, w) is the point receptance of the rail at the contact point (¢ = 0). It is worth
pointing that, for frequencies between 100 and 1000 Hz, |H (0, )| is much larger than the
other two terms and therefore
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1

T (28)

The incident wave w;(¢, t) excited by F,, propagates (in the negative & direction) to the
passive contact point, and the vibration of this point w;(—2b, t) can be obtained from Eq.
(26) by multiplying by a transfer receptance H(—2b, w)

wi(=2b,t) = H(—2b, w)F,, (29)

As discussed in Section 3, the transfer receptance at frequencies above 300 Hz is dominated
by the k, (or k,) component at sufficient distance from the excitation point. Therefore, by
ignoring the rapidly decaying component (k, term), from Eq. (7) H(—2b, w) can be
simplified as

M(kz)

H(=2b, w) =~ i———< elk22b (30)

N'(k,)
The vibration w;(—2b,t) can be seen as an equivalent track irregularity that causes a
secondary interaction force at the passive wheel. This can be written as

Ry = wi(—=2b,t) = n;R, (31

Here, n; describes the changes of the magnitude and phase of R; from the initial
irregularity R,

R H(=2b,w
n = — = H(—2b,w)Ky ~ ( )

R, H(0, w) (32)

The equivalent irregularity R; will excite the passive wheel and generate a first order
passive contact force Fi%' This is given by

R, = K4R, (33)

Comparing Eqs (26), (32) and (33) it can be seen that Fp1 = 1; F,,. The force Fpl will then
excite a reflected wave w,.(¢, t) in the rail which will propagate back to the active wheel.
It will excite the active wheel and can again be seen as an equivalent irregularity R,. R,
can be obtained as

R, = H(2b, a))Fpl =R, (34)
in which H(2b, w) is a transfer receptance at & = 2b and can be simplified as
M(k,) .
H(2b, w) = —i e~ ika2b (35)
N'(ky)

and 7, describes the changes of the magnitude and phase of R, from the initial irregularity
Ry

R
n, = R—z = H(2b, w)H(—2b, w)K3 (36)
0
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In this process, the magnitude and phase of the reflection R, generated from the initial
irregularity R, [26] undergo a series of changes

xXKq XH(-2b,w) xKq XH(2b,w)

Ro Fy R, K, R, (37)

Fig. 13 depicts the process of wave generation, propagation, and reflection during wheel-
rail interactions. After being excited by initial irregularities R, the incident wave w; (&, t)
propagates outward from the active contact point, and serves as an equivalent track
irregularity R, at the passive wheel. In the same way, the equivalent irregularity R, excites
a reflected wave w,.(¢, t), and it will propagate back to the active point as a reflection R,.
If the reflection R, and the initial irregularity R, are in phase,

Arg[n,] = 2nm (38)

for integer values of n, the excitation for the active wheel will be enhanced due to the
constructive interference.

| 2b = 2b, |

1o S oe

/w0,
270°

90°
180° 0°
Reflection

R, 270°
Q

Fig. 13. The process of wave generation, propagation, and reflection during wheel-rail interactions.

It is noted that k, is approximately equal to —k, because the speed of bending waves is
much greater than the train speed. In this case, H(2b, w) is approximately equal to
H(—2b, w) and n, ~ n?. Therefore, Eq. (38) can be equivalently expressed as

Arg(n;) = nn (39)
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Eq. (39) also represents the condition on the phase difference between F,, and Fpl in the
case of intensification. By substituting Eq. (32) and Eq. (7), the condition of wave
intensification can be further evaluated as

M(kyIN'(k3)
M(k3)N'(ks) + M(ky)N' (k3)

Arg —Re(k,)2b = nm (40)
This qualitatively shows that the condition depends on the wheelbase and the wavenumbers
of the rail. Notice that, as the wavenumbers are determined by roots of the quartic
polynomial Eq. (5), which is also a function of frequency, it is possible to give a numerical
solution of the condition for a specific case. Fig. 14 shows the magnitude and phase of n;
and 7, for wheelbase of b = b,.
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Fig. 14. The coefficients n; and 7, for wheelbase of b = b: (a) magnitude; (b) phase.

It can be seen that the magnitudes of the two coefficients are both less than 1, due to the
effect of wave attenuation and the influence of the wheel and contact receptances in K.
The phase of n; reaches 0 or m at around 380 Hz, 635 Hz and 950 Hz, where the phase of
7, is 2. This is consistent with the results in Fig. 12 (b) in which the peak in the contact
forces occurs when the phase difference between them is either O or .

Fig. 15 shows the phase changes of the intermediate variables from the initial irregularity
to the reflection in the case of intensification at 635 Hz.
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Fig. 15. The phase changes in the case of intensification between the initial irregularity and the reflection at 635
Hz.

The phase of the reflection returns to 2, and it will continue to propagate and get reflected
between the two wheels. In fact, as long as the reflection R, has the same phase as the
initial irregularity, the excitation will be continuously intensified. Thus, the total equivalent
irregularity becomes

C R
Riotal = § [n:I"R = — (41)
L 1= [n,|

Fig. 14 (a) shows that |n,| is larger than 0.6 at frequencies above 400 Hz, so Ry Will be
more than 2.5R according to Eq. (41). This shows that wave interference will have a
significant effect on the intensification of excitations. In particular, |n,| reaches the peak
(around 0.8) at 700 Hz, and Ry, exceeds 5R in this case. This explains that there is
maximum amplification at the peak around 635 Hz, compared to other additional peaks in
Fig. 12 (b).

As the number of wheels increases, there will be more reflected waves between multiple
wheels, leading to a more complicated condition of wave intensification and an increase in
consequent peaks in the response. This can be justified by comparing the two-wheel results
of Fig. 10 to the four-wheel results of Fig. 8, and also the field test results of a three-vehicle
train in Fig. 2 (b). Notice that, the field measurement was conducted at a fixed point on the
rail, and there may be additional peak energies in excitations at certain wavelengths, e.g.,
due to wheel flats or combined irregularities of wheel and rail, etc. These facts may lead to
unexpected changes in the peak patterns of the field test results, e.g., peaks from 200 Hz to
400 Hz in Fig. 2 (b).

The wave interference phenomenon is insignificant at low frequencies because waves are
strongly attenuated when travelling in the rail in this frequency region.[17] According to
Fig. 4 (b), the decay rates at frequencies below 200 Hz are above 10 dB/m. Therefore, the
wheel-rail interactions at low frequencies are not affected by the wave reflections.
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6. Influence of Load Speed on Wheel-rail Interactions

Usually, a moving irregularity model is applied to solve train-track coupled dynamics in
the frequency domain, in which the train is assumed to be stationary and irregularities are
pulled between wheels and the rail as a relative excitation. As discussed in Section 3, the
wavelength of the wave propagating in the same direction as the moving excitation is
shorter than that propagating in the opposite direction due to effects of the load motion on
the poles, namely the Doppler effect. The difference between the wavelengths of the waves
heading in each direction gradually increases as the load speed increases.

In this section it is investigated whether the load speed has an effect on the peaks in the
PSD of wheel-rail contact forces. Different values of pad stiffness are also considered. The
PSDs of the wheel-rail contact forces are calculated by using the moving load approach
and the moving irregularity approach and compared for different fastener stiffness and train
speeds. The investigation is still based on the simplified model shown in Fig. 9 with b =
1.25m.

Fig. 16 shows the force PSD for two values of pad stiffness (10 MN/m and 40 MN/m) for
a fastener spacing of 0.6 m, and a train speed of 100 m/s; Fig. 17 shows results for two
higher values of train speed (200 m/s and 300 m/s) with the pad stiffness of 40 MN/m
for a fastener spacing of 0.6 m. Notice that these high speeds are considered in order to
illustrate Doppler effect on wheel-rail interactions despite their impracticability for the
current trains in operation.
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Fig. 16. PSDs of the active contact forces at V = 100 m/s by using the moving load model (red line) and the
moving irregularity model (blue line) with pad stiffness of (a) 10 MN/m; (b) 40 MN/m.
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Fig. 17. PSDs of the active contact forces with pad stiffness of 40 MN/m at a fastener spacing of 0.6 m by
using the moving load model (red line) and the moving irregularity model (blue line) at the train speed of (a)
200 m/s; (b) 300 m/s.

It can be seen from Fig. 16 that differences between the contact forces obtained using the
moving load model and the moving irregularity model are small, showing that Doppler
effect has little influence on wheel-rail interactions for these cases. In contrast, as is shown
in Fig. 17, the difference is slightly increased with the increase of train speed, and Doppler
effect can be observed for a train speed of 300 m/s. These peaks for the moving load
model are seen to move to the lower frequency range, compared to that of the moving
irregularity model. It is noted that the shift in the peaks in the upper frequency region is
greater than in the low frequency region. However, since practical train speeds are usually
below 100 m/s, these results show that the moving irregularity model is sufficient in most

practical cases.

Comparing the cases for different pad stiffness in Fig. 16, the position of the peaks is
unaffected but the height of the peaks is increased for the softer rail pads. This is related to
the lower decay rate that such a track exhibits.

7. Conclusions

This study has investigated the phenomenon and the mechanism of multiple peaks in the
high-frequency rail vibration spectra. A frequency-domain method has been adopted to
calculate the PSD responses of the train-track coupled system excited by multi-wheel
moving excitations and stochastic irregularities. The track is modelled as an infinite
Timoshenko beam with continuous supports. Based on the residue theorem, the point and
transfer receptances of the rail are explicitly determined using a Fourier transform-based
method.

The results from the train-track dynamic interaction model show the multiple peaks in the
responses of the system, around 400 Hz to 1000 Hz, occur with the presence of multiple
wheelsets on the rail. Based on the wave propagation theory, it is found that the multiple
peaks occur when the bending rail waves reflected from multiple wheels on the rail are
exactly in phase with the initial irregularity. This suggests the high-frequency rail response
to multiple wheels cannot be simply treated as the combination of individual responses to
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a series of single wheels by using superposition principle, as conventionally done.[10]
Instead, the wave interference between multiple wheels shall be considered. And the
consequent peak responses would be responsible for typical wear patterns on the
railhead.[17]

Although the model has been based on a moving excitation, the influence of the Doppler
effect on the wheel-rail contact forces is found to be small for a practical range of parameter
values. Where the train speed is 100 m/s or below, the effect of load motion is
insignificant, and a moving irregularity model can be used to solve train-track coupled
dynamics.
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Appendix A
H, = —di ! ! Al
w = lag{mwwz mwwz} ( )
H. =di 11 A2
c 1ag{kc kc} ( )
_ [ H(0) H(2b)
He=\ni=2p)  H(O) (A3)
B(w,V) = diag{1 0} (A4)
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