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Don’t worry, I was at a complete stop

But this was a sign!



What is an integer partition ?

Writing n as a sum of positive integers and the order of the terms
does not matter. Knuth’s TAOCP vol. 4A. 7.2.1.4.

5 = 4+1 = 3+2 = 3+1+1 = 2+2+1 = 2+1+1+1 = 1+1+1+1+1

counting the number of partitions : c(5) = 7

c(n) = #{(i1, i2, i3, . . . , in) ∈ Nn | i1 +2i2 +3i3 + · · ·+ n in = n}



What is an integer partition ?

Basic series expansion
1

1− z t
=

∑

n≥0

z tn , t ∈ N>0

Consider first a finite product

5∏

t=1

1

1− z t

=(1 + z + z 2 + z 3 + z 4 + z 5 + · · · ) (1 + z 2 + z 4 + z 6 + · · · )
(1 + z 3 + z 6 + · · · ) (1 + z 4 + z 8 + · · · ) (1 + z 5 + z 10 + · · · )

=1 + z + 2z 2 + 3z 3 + 5z 4 + 7z 5 + · · ·



What is an integer partition ?

Leonhard Euler (1741)

A formal power series c(z ) =
∑

n≥0

c(n) zn =
∏

t≥1

1

1− z t
A000041

Remark

In this talk, we make no distinction between a sequence (c(n))n≥0

and the corresponding formal series
∑

n≥0 c(n) z
n ∈ C[[z ]].



What is an integer partition ?

There is a vast literature on integer partitions:

◮ unrestricted partitions c(z )

◮ bounded partitions (sums of integers bounded by j ≥ 1)

c≤j (z ) =
∑

n≥0

cj (n) z
n =

j
∏

ℓ=1

1

1− z ℓ

◮ k -ary partitions (sums of powers of k ≥ 2)

bk (z ) =
∑

n≥0

bk(n) z
n =

∏

r≥0

1

1− z k
r

◮ Fibonacci partitions (sums of Fibonacci numbers)

f(z ) =
∑

n≥0

f (n) zn =
∏

n≥0

1

1− zFn



What is an integer partition ?

Just to be sure, count the number of ternary partitions for 10

b3(10) = 5

9+1 = 3+3+3+1 = 3+3+1 + · · ·+ 1
︸ ︷︷ ︸

4

= 3+1 + · · ·+ 1
︸ ︷︷ ︸

7

= 1 + · · ·+ 1
︸ ︷︷ ︸

10

b3(n) = #{(i0, i1, i2, . . .) | i0.30 + i1.3
1 + i2.3

2 + · · · = n}



What is a k-regular sequence ?

Let k ∈ N≥2. An integer sequence (s(n))n≥0 is k -regular :

◮ the Z-module generated by its k -kernel is a finitely generated
Z-submodule of QN Allouche–Shallit

◮ it has a linear representation

s(n) = λMn0
· · ·Mnℓ

γ

where λ ∈ Q1×r , M0, . . . ,Mk−1 ∈ Qr×r , γ ∈ Qr×1 and

n =

ℓ∑

i=0

ni k
i , repk (n) = nℓ · · · n0

◮ The series
∑

n≥0 s(n) repk (n) is recognizable
Berstel–Reutenauer

◮ computations of a weighted automaton fed with base-k
expansions



What is a k-regular sequence ?

Example: (c3(n))n≥0 = (⌊n2+6n+15
12 ⌋)n≥0 is 2-regular A001399

λ =
(

0 0 1 0 0 0 0 0
)

M0 =























4 0 0 0 0 0 0 0

0 2 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0

0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0























, M1 =























4 0 0 0 0 0 0 0

4 2 0 0 0 0 0 0

1 1 0 1 0 0 0 0

1 1 0 0 0 1 0 0

1 1 0 0 0 0 0 1

1 1 0 1 0 0 0 0

1 1 0 0 0 1 0 0

1 1 0 0 0 0 0 1























γ =
(

1/12 1/2 1 5/12 2/3 3/4 2/3 5/12
)T

Allouche–Shallit (1992) Example 18

For all j ≥ 1, k ≥ 2, the sequence (cj (n))n≥0 is k -regular.
The poles of c≤j (z ) are roots of unity.



What is a k-regular sequence ?
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c3(5) = 5
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What is a k-regular sequence ?

Allouche–Shallit (1992) Thm. 2.10

If a sequence is k -regular, then it is O(nc) for some c.

Even though c≤j (z ) → c(z ) as j → ∞,
the number of unrestricted paritions grows too quickly:

Knuth TAOCP vol. 4A p. 399

c(n) =
eπ

√
2n/3

4n
√
3

(

1 +O(n−1/2)
)

Hence, (c(n))n≥0 is k -regular for NO k ≥ 2.



What is the Thue–Morse word?

The sum-of-digits function (in base 2)

σ2(n) =

ℓ∑

i=0

ni , rep2(n) = nℓ · · · n0 ∈ {0, 1}∗, n =

ℓ∑

i=0

ni 2
i

t2 = (−1)σ2(n), t2 = +−−+−++−−++−+−−+ · · ·

+ −

0
1

1

0

+ 7→ +−

− 7→ −+

We define a formal power series

t2(z ) =
∑

n≥0

(−1)σ2(n) zn = 1− z − z 2 + z 3 − z 4 + z 5 + · · ·



What is the Thue–Morse word?

Easy to generalize, in base k ≥ 2

Let ω = ωk = exp(2iπ/k)

tk (n) = ωσk (n)

We define a formal power series

tk(z ) =
∑

n≥0

ωσk (n) zn

ω
1

ω
2

ω
0

t3(z ) = ω0 + ω1z + ω2z 2 + ω1z 3 + ω2z 4 + ω0z 5 + ω2z 6 + · · ·

generalized Thue–Morse word: 012120201120 · · ·



How does everything fit together?

Theorem (Merca 2026)

t2(z ) is the inverse of b2(z ) in C[[z ]]

(1−z−z 2+z 3−z 4+z 5+· · · ).(1+z+2z 2+2z 3+3z 4+3z 5+· · · ) = 1

−→ What will happen in base k > 2 ?



t3(z ) = ω0 + ω1z + ω2z 2 + ω1z 3 + ω2z 4 + ω0z 5 + ω2z 6 + · · ·

b3(z ) = 1+z+z 2+2z 3+2z 4+2z 5+3z 6+3z 7+3z 8+5z 9+5z 10+· · ·
t3(z ).b3(z ) = 1+(1+ω)z+(1 + ω + ω2

︸ ︷︷ ︸

0

)z 2+(2 + 2ω + ω2
︸ ︷︷ ︸

1+ω

)z 3+· · ·

Theorem (Golafshan, R.)

There exists a k -regular sequence (gk (n))n≥0 such that

tk (z ).bk (z ) =
∑

n≥0

gk(n) z
n = gk (z )

We can quite well describe gk (z ). . .
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A useful polynomial

Let k ≥ 2 and ω = ωk = exp(2iπ/k).

1

1− z

k−1∑

i=0

ωi z i = −ωk−1
k−2∏

j=1

(z − ωj )

is a polynomial of degree k − 2

Pk(z ) = c
(k)
k−2 z

k−2 + · · ·+ c
(k)
0 .

The coefficients c
(k)
j are all non-zero. More precisely, for

0 ≤ j ≤ k − 2, we have

c
(k)
j =

1− ωj+1

1− ω
and 1 ≤

∣
∣
∣c

(k)
j

∣
∣
∣ ≤ 1

sin(π/k)
.



Coefficients c
(k)
j of Pk (z ) for 3 ≤ k ≤ 20



“(gk (n))n≥0 is a digital sequence”

tk (z ).bk (z ) =
∑

n≥0

gk(n) z
n = gk (z )

◮ gk (n) = 0 if and only if k − 1 appears in repk (n)

◮ otherwise, repk (n) = dℓ · · · d0 ∈ {0, . . . , k − 2}∗

gk(n) =
ℓ∏

j=0

c
(k)
dj

Corollary

(gk (n))n≥0 is trivially k -regular (rank-1 representation)
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Vanishing when the digit k − 1 appears is not (totally) suprising

Theorem Andrews–Fraenkel–Sellers (2015)

If repk (n) = dℓ · · · d0, then

bk (kn) ≡ (dℓ + 1) · · · (d0 + 1) mod k .

Lemma

For all n ≥ 0, we have

bk (kn) = bk (kn + 1) = · · · = bk (kn + k − 1)

and bk (kn) = bk (kn − 1) + bk (n), for all n ≥ 1.

Therefore, (1− z ) bk (z ) = bk (z
k ).



The special case k = 3 ; P3(z ) = ω6 z + 1 where ω6 = exp(2iπ/6)

Allouche–Shallit (1992)

A k -regular seq. taking finitely many values is k -automatic.

P3 = ω6 z + 1, so g3 takes its values in {0} ∪ {ωi
6 | 1 ≤ i ≤ 5}

1

ω6

ω2
6

ω3
6

ω4
6

ω5
6

0

0

0

0

0

0

0

1

1

1 1

1

1

22

2

2 2

2



Applications

tk(z ).bk (z ) = gk (z )

i.e., if repk (n) = dℓ · · · d0, then

n∑

j=0

ωtk (j ) bk (n − j ) = gk (n) =

ℓ∏

j=0

c
(k)
dj

.

Triangular system to count k -ary partitions when knowing tk , gk :

example k = 3

b3(0) = g3(0) = 1 ⇒ b3(0) = 1

b3(1) + ω b3(0) = g3(1) = −ω2 ⇒ b3(1) = 1

b3(2) + ω b3(1) + ω2 b3(0) = g3(2) = 0 ⇒ b3(2) = 1

b3(3) + ω b3(2) + ω2 b3(1) + ω b3(0) = g3(3) = −ω2 ⇒ b3(3) = 2

...



Applications

Conversely, we can recover the prefix of length n + 1 of the
Thue–Morse word tk , when knowing bk , gk .

example k = 3

ωt0 · 1 = g3(0) = 1 ⇒ t0 = 0

ωt0 · 1 + ωt1 · 1 = g3(1) = −ω2 ⇒ t1 = 1

ωt0 · 1 + ωt1 · 1 + ωt2 · 1 = g3(2) = 0 ⇒ t2 = 2

ωt0 · 2 + ωt1 · 1 + ωt2 · 1 + ωt3 · 1 = g3(3) = −ω2 ⇒ t3 = 1

...

“That’s a fun way to compute Thue–Morse words!”



(Non)-Regularity

Allouche–Shallit (1992) Thm. 3.1

The set of k -regular sequences is closed under convolution.

tk .bk = tk
︸︷︷︸

automatic

⋆ bk
︸︷︷︸

status-?

= gk
︸︷︷︸

regular

Proposition

bk grows too quickly, it is not regular.

But, for bounded k -ary partitions, bk ,≤j is ℓ-regular, for all ℓ, j .



Inverse?

Recall

◮ b2(z ) is the inverse of t2(z ) in C[[z ]]. (Merca 2026)

◮ bk (z ) is not the inverse of tk (z ), for k ≥ 3.

tk (z ) = 1 + · · · is invertible in C[[z ]]. Let uk (z ) s.t. tk .uk = 1.

We get

un = un−k +







un/k , if n ≡ 0 (mod k);

−ω u(n−1)/k , if n ≡ 1 (mod k);

0, otherwise;

with initial values (u0, u1, . . . , uk−1) = (1,−ω, 0, . . . , 0).

tk .bk = gk ⇒ bk
︸︷︷︸

non-regular

= uk . gk
︸︷︷︸

k -regular

So uk cannot be k -regular.



A side note

There exists also a notion of formal inverse:

Let F(z ) =
∑

n≥0 fn z
n ∈ Fp [[z ]]. If f0 = 0 and g1 6= 0,

there exists a unique G(z ) =
∑

n≥0 gn z
n ∈ Fp [[z ]] such that

F(G(z )) = G(F(z )) = z .

◮ M. Gawron, M. Ulas, On formal inverse of the Prouhet-Thue-Morse
sequence, Disc. Math. 339 (2016).

◮ N. Rampersad, M. Stipulanti, The formal inverse of the
period-doubling sequence, J. Integer Seq. 21 (2018).

◮  L. Merta, Formal inverses of the generalized Thue-Morse sequences
and variations of the Rudin-Shapiro sequence, DMTCS 22
(2020–2021)



Going further

Introducing partition polynomials

bk (t , z ) :=
∏

r≥0

1

1− tz k
r =

∑

n≥0

bk ,n(t) z
n .

M. Ulas, B. Żmija. On arithmetic properties of binary partition

polynomials. Adv. in Appl. Math. (2019)

Interest

bk ,n(t) =

n∑

j=0

ak ,n,j t
j

ak ,n,j counts partitions of n with exactly j parts

bk ,n(1) = bk (n).


