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1. Introduction

Introduced in the 90’s by Durand [12], return words find their origin in the induction operation
on shift spaces. They are roughly defined as words separating two consecutive occurrences of a
given word. This notion is used to construct S-adic representations [12], to characterize families of
shift spaces [4,17,35], to obtain decision procedure for substitutive shift spaces [14,15], and to study
bifix codes [7]. Return words also have other applications in symbolic dynamics, combinatorics on
words, and algebra: they play a key role in the study of Schiitzenberger groups, which are profinite
groups naturally associated with minimal shift spaces (see [2]), and they appear when studying
critical exponents [11,16], and palindromic richness [18].
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It is natural to consider words as elements of the free group, and more generally to consider
their projection into some group, such as the free Abelian group, or groups of the form (Z/mZ)?,
m > 2. Several papers studying the behavior of return groups, i.e., subgroups generated by return
words in a given group, can be found in the literature; we briefly survey some of them.

Return groups were first described in the study of Sturmian and strict episturmian shift spaces,
where return words to any w form a basis of the free group over the alphabet [5,22]. This is partially
generalized in [6] by Berthé et al. to a much wider class called dendric shift spaces, which includes
both strict episturmian words and codings of regular interval exchanges. Indeed, in a dendric
shift space, return sets form bases of the ambient free group, a result called the Return Theorem.
This condition is in fact a characterization, as shown in [17]. Berthé et al. also observed that the
return words still form generating sets (but need not form bases) under the weaker assumption
of connectedness; and in fact the even weaker assumption of suffix-connectedness suffices [19]. An
analogous property in finite Abelian groups appears in the work of Balkova et al. on pseudorandom
number generators [3], in the form of the welldoc property. The general behavior of return groups
in finite groups is also linked with ergodic properties of skew products based on minimal shift
spaces [9]. Another work reveals that return groups in the Thue-Morse shift space have a peculiar
behavior: they form infinite decreasing chains [8].

Our aim is to initiate a systematic study of return groups in order to provide a coherent
explanation for these disparate results. Indirectly, all of them study whether or not all return groups
are equal, at least for sufficiently large words. This can be formalized using eventual stability defined
as follows: we ask that the return group to a sufficiently long word u is equal to the return group to
its prefix of some length bounded independently of u. The smallest such bound is called the stability
threshold, and we also study stability defined as eventual stability of threshold 0. To emphasize the
fact that (eventual) stability depends on the ambient group, we talk about (eventual) ¢-stability,
where ¢ is a morphism used to map the return words to the ambient group.

In this paper, we revisit the results mentioned above through the lens of (eventual) stability,
we generalize some of them, and we study several new aspects of stability such as decidability or
operations on shift spaces. More precisely, the paper is organized as follows.

The main notions from symbolic dynamics are recalled in Section 2 while eventual stability is
introduced in Section 3. We then study stability for the above-mentioned families of shift spaces. In
particular, using a key theorem by Krawczyk and Miillner [24], we show that no aperiodic automatic
shift space is eventually stable (Corollary 15). The end of Section 3 provides several equivalent
definitions of eventual stability: using Rauzy graphs (Proposition 7) or in subgroup separable groups
(Theorem 21).

In Section 4, we establish some decidability results in the context of shift spaces generated
by a primitive substitution. First, the limit of the return groups read in a finite group can be
effectively computed (Proposition 27). Moreover, at the cost of imposing additional conditions on
the substitution, we obtain analogous results when return groups are read in the free group over
the alphabet (Proposition 31).

Section 5 is dedicated to the study of the behavior of (eventual) stability under two natural
operations on shift spaces: derivation and application of a substitution. For both, (eventual) stability
is preserved whenever the group morphisms involved satisfy some mild conditions (Proposition
33, Proposition 39, and Proposition 41). A consequence of these results is that in the free group,
eventual stability is preserved by application of substitutions (Corollary 42). This cannot be said
about derivation however; we provide a counterexample (Proposition 35).

Afterwards, we show that stability in subgroup separable groups respects a local-global prin-
ciple, in the sense that it is sufficient to consider stability in the finite quotients (Proposition 43).
This is the object of Section 6. Using the local-global principle, we study the welldoc property in
Section 7. We restate it in terms of Abelian stability (Corollary 53) and, as a consequence of this
work, show that it is satisfied by a large family of shift spaces (Corollary 55).

2. Preliminaries

Let A be a finite alphabet. The symbol ¢ denotes the empty word, and A* is the free monoid over
A. We also let AT = A*\ {¢} be the set of all non-empty words over A. For u € A*, |u| denotes the
length of u.
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Let A% and A" be respectively the sets of two-sided and right-sided infinite words over A. Given
x € AZUANUA*, we let £(x) C A* denote the language of x, i.e., the set of all finite words appearing

in x. We extend this notation to subsets X € A% by £(X) = Uyex £(x). We further write

LX) ={ue LX) | |ul =n}, LX) ={ueLX)]||ul =n},
Ln(X) = {u € L(X) | [u] = n}.

2.1. Shift spaces

Let us equip the sets AN and A% with the product topology, where A is equipped with the
discrete topology. The shift is the map S: A% — AZ defined by (X;)p — (Xni1)n-

A non-empty subset X of A” is a shift space if it is closed and invariant under the shift map. The
shift space X is minimal if it does not strictly contain any other shift space. It should be noted that
this condition is equivalent to £(X) being uniformly recurrent, which is to say that, for any w € £(X),
there is a k such that any u € £-4(X) contains w as a factor.

A shift space is called periodic if it contains only purely periodic infinite words, and aperiodic if
it contains no such words. Note that a minimal shift space is either periodic or aperiodic, and that
the latter is equivalent to the shift space being infinite.

2.2. Substitutions

Since we also work with group morphisms, to avoid any confusion, we call substitution a
morphism between finitely generated free monoids, i.e., a monoid morphism of the form o : A* —
B*. Such a morphism o may be extended, whenever convenient, to maps AZ — BZ and AN — BY
which are again denoted o. We say that o is letter-to-letter whenever o(a) is a letter for all a € A.

A sequence x € A" is said to be substitutive if there exist substitutions o:B* — B* and
6:B* — A* and a letter b € B such that o"(b) converges in B" to y (which is a fixed point of o)
and x = 6(y). In turn, a shift space X over A is called substitutive if it is generated by a substitutive
sequence x, i.e.,

X=|{zeA” | L(z) c £ix)}.

We also say that X is generated by (o, ). Whenever x is substitutive and 6 is the identity, we say
that x (as well as the shift space it generates) is purely substitutive.

In what follows, we mostly deal with substitutive shifts spaces where the substitution 6 is letter-
to-letter and the substitution o is primitive, that is, there exists a positive integer k such that for
all a, b € B, the letter a occurs in o*(b). In that case, the generated shift space X is minimal and
independent of the choice of the fixed point y of o. More precisely, we have

X=1zeA?|L(z)C U £(0a"(b))} .

neN,beB

We say that such shift spaces are primitive substitutive, and every minimal substitutive shift space
is primitive substitutive [12].
2.3. Return words and return groups
For a shift space X € A% and a word u € £(X), a return word (also called first left return word)
to u is an element of the set
Rx(u) = {r e A% | ru € £(X) N (A" \ ATuah)}.

Note that Rx(e) = A and if u # ¢, the return words to u are the words r such that ru € £(X) and
ru contains exactly two occurrences of u, one as a prefix and one as a suffix.

3
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Example 1. Take the so-called Tribonacci substitution o : {a, b, c}* — {a, b, c}* defined by
o:a+ ab,b— ac,c— a.

Let X be the shift space generated by o. The set of return words to aba in X is given by Rx(aba) =
{ab, aba, abac}. Indeed, all three of these return words can be seen in the factor

o°(a) = abacabaabacababacabaabac
and, by [22, Corollary 4.5], any w € £(X) has exactly three return words.

For an alphabet A4, let F, denote the free group over A. Recall that it consists of all reduced
words over the alphabet A U A1, where A~! = {a™! | a € A} is a disjoint copy of .4, and a word
is reduced when it contains no factors of the form aa~! or a—'a with a € A. The cardinality of A is
called the rank of F 4. For a general reference on free groups and their basic properties, we refer to
the monograph [26]. We also recall, for context, the foundational Nielsen-Schreier theorem, which
states that any subgroup of a free group is isomorphic to a free group (of a possibly different rank).

Given a group G and a subset T C G, we let (T) denote the subgroup of G generated by T,
i.e., the smallest subgroup of G containing T (where the dependency on G is implicit). We also use
the classical inequality symbols to describe the subgroup relations. For instance, H < G to say that
H is a subgroup of G. We view A* as a subset of F in the usual way, so we naturally extend any
substitution o : A* — B* into a group morphism from F 4 to Fz. We also consider subgroups of F 4
generated by words of .A*, as in the following central notion.

Definition 2. Let X be a shift space over A and let u € £(X). The return group to u in X is the
subgroup (Ry(u)) of F 4.

More generally, we are interested in the study of images of return groups under group mor-
phisms ¢:F, — G where the image ¢(F4) often has additional properties (such as being finite).
In this case, it will be more convenient to assume that ¢ is onto and that G itself satisfies these
properties. This is not a restriction since one can simply replace G by ¢(F 4) if needed. The following
simple lemma is used repeatedly.

Lemma 3. Let X be a minimal shift space over A and let ¢:F 4 — G be any group morphism. If w is
a factor of u € £(X), then up to conjugacy, ¢ (Rx(u)) is a subgroup of ¢ (Rx(w)). More precisely, if pw
is a prefix of u, then

¢ (Rx(w)) = ¢(p) "¢ (Rx(u) ¢(p).
In particular, if w is a prefix of u, then ¢ (Rx(w)) > ¢ (Rx(u)).
Proof. Assume that u = pws. First observe that any return word to u = pws is a concatenation

of return words to pw ([12, Proposition 2.6, part 4]). Likewise, any return word to pw is, up to
conjugacy by p, a concatenation of return words to w. Therefore

(Rx(w)) = p~" (Rx(pw)) p = p~" (Rx(w)) p.
As ¢ is a morphism, we further deduce that ¢ (Rx(w)) > ¢(p)~ '@ (Rx(u)) ¢(p). O

3. Eventual stability

Lemma 3 shows that return groups are subgroups of one another when extending words on the
right. We therefore consider the following version of stability.

Definition 4. Let ¢:X — G be any group morphism. A shift space X over A has eventually ¢-stable
return groups if there exists M € N such that, for all w € £y(X) and all u € wA* N £(X), we have
¢ (Rx(u)) = ¢ (Rx(w)). If M = 0, we moreover say that X has ¢-stable return groups.

4
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We make two comments on this definition. First, the set of integers M satisfying the above
property is either empty or an interval of the form [K, co). In the latter case, the integer K is called
the threshold. Second, since Rx(&) = A, one could equivalently say that X has ¢-stable return groups
whenever ¢ (Rx(u)) = ¢(F4) for all u € £(X).

Eventual stability is of particular interest when ¢ is the identity on F4, in which case we omit
the mention of ¢ and say that X has (eventually) stable return groups. This omission is justified by
the following simple result.

Proposition 5. Let X be a minimal shift space over A with eventually stable return groups of threshold
M. Then X has eventually ¢-stable return groups of threshold at most M for every group morphism ¢
defined on F 4.

Eventual stability can also be stated in terms of groups generated by Rauzy graphs. Let X be
a shift space. The order-n Rauzy graph of X, denoted I3,(X), is the directed graph whose vertices
are the elements of £,(X), and there is an edge from u to v if there are letters a and b such that
ub = av € £(X); this edge is labeled by a. The label of a path is the concatenation of the labels of
the edges.

The Rauzy group of u € £(X), denoted Gr(u), is the subgroup of F, generated by the labels of
paths based on u in I, (X), where by path based on u we mean a path from u to u.

Example 6. Let us give an explicit example of a Rauzy graph. We once again use the shift space
generated by the Tribonacci substitution introduced in Example 1. Its order-2 Rauzy graph is
computed as follows: one can check that £3(X) = {aab, aba, aca, baa, bab, bac, cab}, and therefore
that £,(X) = {aa, ab, ac, ba, ca}. As such, we obtain the order-2 Rauzy graph represented below.

e, S

The Rauzy group of ba is Gr(ba) = (baa, ba, baca) = Figp ).

Proposition 7. Let X be a minimal shift space over A and let ¢ : F4 — G be any group morphism. Then,
X has eventually ¢-stable return groups if and only if there exists K € N such that, for all w € Lx(X)
and all u € wA* N L(X), we have ¢(Gr(u)) = ¢(Gr(w)). Moreover, we then have ¢(Gr(u)) = ¢ (Rx(u))
forallu e Lok (X).

In particular, X has ¢-stable return groups if and only if ¢(Gr(u)) = @(F 4) for all u € £(X).

Proof. The proof relies on the following observations: on the one hand, for any u € £(X), every
return word to u is the label of a path based on u, so (Rx(u)) < Gr(u). On the other hand, if
u € wA* N L(X) is of length at least K,, = max{|vw| | v € Rx(w)}, then Gr(u) < (Rx(w)) by
the proof of [6, Theorem 4.7] (see also [19, Proposition 6.2]). Consequently, for any w € £(X) and
uewA*N l:sz(X),

1. ifzp U%XSJ)) = ¢ (Rx(w)), then ¢(Gr(u)) < ¢ (Rx(w)) = ¢ (Rx(u)) < ¢(Gr(u)) so ¢(Gr(u)) =
@ (Rx(u));

2. if o(Gr(u)) = @(Gr(w)), then ¢ (Rx(w)) < ¢(Gr(w)) = ¢(Gr(u)) < ¢ (Rx(w)) so ¢(Gr(w)) =
@ (Rx(w)).

Assume that X has eventually ¢-stable return groups of threshold M, and set K = max{K, | v €
Lu(X)}. Since K > M, to conclude that ¢(Gr(u)) = ¢(Gr(w)) whenever w is the length-K prefix of

5
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u, it is sufficient to show that ¢(Gr(u)) = ¢ (Rx(u)) for all u € L£-¢(X). Applying Item 1 with w
the length-M prefix of u € £x(X), we have ¢ (Rx(u)) = ¢ (Rx(w)) so ¢(Gr(u)) = ¢ (Rx(u)). This
shows one implication.

For the converse, assume that ¢(Gr(u)) = ¢(Gr(w)) whenever w is the length-K prefix of u. To
conclude that X has eventually ¢-stable return groups (of threshold at most K), it suffices once
again to prove that ¢(Gr(w)) = ¢ (Rx(w)) for all w € £5¢(X). This is a consequence of Item 2 since,
taking any u € wA* N Lk, (X), we have ¢(Gr(u)) = ¢(Gr(w)) so ¢(Gr(w)) = ¢ (Rx(w)).

The characterization of ¢-stability then directly follows from the fact that ¢(Gr(u)) = ¢ (Rx(u))
for all long enough u and that Gr(u) < Gr(w) and (Rx(u)) < (Rx(w)) whenever w is a prefix of
u. d

3.1. Behavior of known families

Return groups and their stabilization have already been studied, sometimes implicitly, for some
well-known classes of shift spaces. As a consequence, we obtain some simple examples of shift
spaces with (eventually) stable return groups.

3.1.1. Eventually stable return groups

It is proved in [6] that minimal dendric shift spaces — or more generally, connected shift spaces —
have stable return groups. The second author extended this result by considering a weaker version
of connectedness called “suffix-connectedness” in [19]. Let us recall the definitions.

Let X be a shift space and let u € £(X). We let E; (u) (resp., Ed+(u)) denote the set of length-d
words v such that vu € £(X) (resp., uv € £(X)). The order-d extension graph of u, denoted &;(u),
is then defined as the bipartite graph with set of vertices E; (u) U E:{(u) and set of edges given by
{(v, w) € Ej (u) x EJ (u) | vuw € L(X)}.

Example 8. Let us compute the order-2 extension graph of b in the shift space X gener-
ated by the Tribonacci substitution defined in Example 1. Once again, the length-3 factors are
aab, aba, aca, baa, bab, bac, and cab. In particular, we deduce that E; (b) = {aq, ba, ca} and E;(b) =
{aa, ab, ac}. Exploiting the specific substitution generating X, we check that aabac, babac, cabaa,
cabab, and cabac are in £(X) and that aabaa, aabab, babaa, and babab are not. Therefore, the order-2
extension graph of b is the graph represented below.

@,.\@
@f @)

Definition 9. A word u € £(X) is dendric if the order-1 extension graph &;(u) is a tree (i.e., both
connected and acyclic). We then say that a shift space X is eventually dendric if there exists M € N
such that all words u € £>y(X) are dendric. The smallest M satisfying this property is called the
threshold for dendricity. If M = 0, we say that X is dendric.

Definition 10. A word u € £(X) is suffix-connected if there exists 1 < d < |u| 4+ 1 such that the
elements of {au’ | a € E{(u)} lie in a single connected component of £;(u”), where u = u'u” and
|u’| = d— 1. We then say that a shift space X is eventually suffix-connected if there exists M € N such
that all words u € £>u(X) are suffix-connected. The smallest M satisfying this property is called
the threshold for suffix-connectedness. If M = 0, we say that X is suffix-connected.

Obviously, every eventually dendric shift space is also eventually suffix-connected and the
threshold for suffix-connectedness cannot exceed the one for dendricity. Observe that, unlike the
original definition in [19], for a shift space to be suffix-connected, we also ask that the empty word
is suffix-connected, leading to the following result.

6
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Proposition 11 ([19, Corollary 1.2]). Every minimal suffix-connected shift space has stable return groups.

The above proposition can be extended to the case where the empty word is not suffix-
connected, as shown in [19]. More generally, the techniques used in [6,19] can be applied to the
class of minimal eventually suffix-connected shift spaces, leading to the following natural extension
of Proposition 11.

Proposition 12. Every minimal eventually suffix-connected shift space X has eventually stable return
groups. Furthermore, the threshold for the stability of return groups does not exceed the threshold for
suffix-connectedness.

Proof. Let X be a minimal eventually suffix-connected shift space of threshold M. By [19, Proposi-
tion 5.3], for every w € Ly(X) and u € wA* N £(X), we have Gr(u) = Gr(w). By Proposition 7, X
then has eventually stable return groups of threshold at most M. O

This proposition sheds some light on the behavior of return groups in eventually dendric shift
spaces. It also gives a partial answer to [19, Question 10.2]. Indeed, as the Rauzy groups Gr(u)
and Gr(v) are conjugate when |u| = |v|, we established that, whenever X is eventually suffix-
connected, all but finitely many return groups of X lie in the same conjugacy class. We cannot
precisely compute their rank however.

3.1.2. Unstable return groups

On the other hand, Berthé and the second author recently showed that the Thue-Morse shift
space does not have eventually stable return groups [8]. This result can be extended to any minimal
automatic shift space using a result by Krawczyk and Miillner. Let us first recall the definition of
automatic shift spaces.

Definition 13. A shift space X is k-automatic for k > 2 if it is generated by (o, ) where o : B* — B*
satisfies |o(b)] = k for all b € B, and t: B* — A* is letter-to-letter.

Theorem 14 ([24, Theorem 3.2.3]). If X is an aperiodic minimal k-automatic shift space then, for each
n € N, there is a constant K, such that, for every u € £, (X), any return word to u has length multiple
of k™.

Corollary 15. If X is an aperiodic minimal k-automatic shift space over A, then X does not have
eventually ¢-stable return groups, where ¢ : F 4 — Z is such that ¢(u) = |u| for all u € A*. In particular,
X does not have eventually stable return groups.

Proof. To show that X does not have eventually ¢-stable return groups, it is enough to prove that,
for every w € £(X), there exists u € wA* N £(X) such that ¢ (Rx(u)) # ¢ (Rx(w)). Let w € £(X).
Since Rx(w) is finite, there is a positive integer n such that w has a return word of length not
multiple of k". By Theorem 14, there exists u having w as a prefix and such that all return words
to u have length multiple of k". In other words, ¢ (Rx(u)) € k"Z while ¢ (Rx(w)) € k"Z, which
implies that ¢ (Rx(u)) # ¢ (Rx(w)). This shows that the return groups are not eventually ¢-stable.
In particular, X does not have eventually stable return groups by Proposition 5. O

Combined with Proposition 12, this implies the following result.
Corollary 16. A minimal eventually suffix-connected shift space that is k-automatic is periodic.
3.2. Some equivalent conditions

When considering stability conditions for a minimal shift space, it is easy to see that it suffices
to check that infinitely many words have “full” return groups, as detailed below.

7
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Proposition 17. Let X be a minimal shift space over A and let ¢ be a group morphism defined on F 4.
The following assertions are equivalent:

1. the shift space X has @-stable return groups;
2. ¢ (Rx(u)) = @(F4) for infinitely many u € £(X).

Proof. Clearly, if X has ¢-stable return groups, then ¢ (Rx(u)) = ¢ (Rx(e)) = @(F4) holds for
infinitely many u € £(X). Conversely, let w € £(X). By minimality and by assumption, there
exists u € £(X) having w as a factor and such that ¢ (Rx(u)) = ¢(F4). Lemma 3 then implies
that ¢(F4) is, up to conjugacy by an element of ¢(F4), a subgroup of ¢ (Rx(w)), which in turns
implies that ¢ (Rx(w)) = ¢(F4). Therefore, ¢ (Rx(w)) = @(F4) = ¢ (Rx(¢e)) for all w € £(X),
proving g-stability. O

Building on similar ideas, we provide in Theorem 21 different equivalent definitions for eventual
@-stability. In order to do so, we ask for an additional algebraic condition known as subgroup
separability. This condition has a rich history in group theory and, as we shall see, is satisfied by
the morphisms classically considered in the context of return words. The definition of subgroup
separability will be stated in terms of the following notion.

Definition 18. Let G be a group and let H < G. We say that G is H-separable if, for every g ¢ H,
there exists a normal subgroup N < G of finite index such that gN is not in the subgroup H/N of
G/N.

In the terminology of Malcev [27], who was among the firsts to study such properties, we would
alternatively say that the subgroup H is a finitely separable subgroup of G. The next lemma is a
property which appeared in a paper of Raptis and Varsos ([30, Proposition 1]). We include a proof
for the sake of completeness.

Lemma 19. Let G be a group and let H < G. If G is H-separable, then H does not strictly contain any
of its conjugates.

Proof. Suppose by contradiction that the subgroup g~'Hg is strictly contained in H for some g € G.
Let h € H\ g~ 'Hg, we have ghg~! ¢ H. Therefore, there exists a normal subgroup N < G of finite
index such that ghg !N ¢ H/N. In particular, hN ¢ g~'Hg/N. Next, consider the two subgroups
H/N and g~ 'Hg/N of G/N. Those are conjugate subgroups in a finite group, thus they have the
same cardinality. Moreover g~ 'Hg < H, thus g~'Hg/N = H/N. We deduce that

hN € H/N = g~ 'Hg/N,

contradicting the choice of N. O

Definition 20. A group G is subgroup separable if it is H-separable for every finitely generated
subgroup H < G.

Subgroup separable groups are sometimes called locally extended residually finite (LERF), a
terminology which can be traced back to a paper of Burns [10] who attributed it to Meskin. This
alternative terminology is meant to highlight the fact that the property is a generalization of residual
finiteness (RF), which may be defined as {1}-separability.

Many important families of groups are known to be subgroup separable. A first example is the
family of finite groups. Indeed, in a finite group G, the trivial subgroup {1} has finite index, and
if H < G is a proper subgroup with g ¢ H, then g ¢ H = H/{1}. A classical result of M. Hall,
which is particularly important in the context of this paper, states that all free groups are subgroup
separable ([20, Theorem 5.1]). Another result, due to Malcev, states that virtually polycyclic groups
(i.e., finite extensions of groups with cyclic subnormal series) have finitely separable subgroups, and
thus they are subgroup separable [27]. This includes all finitely generated Abelian groups; see [33,
Lemma 4.2] for a direct proof of this. On the other hand, a simple example of a finitely generated
group which is not subgroup separable is the direct product of two free groups of rank 2 [1].

We now provide equivalent points of view for eventual stability.

8
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Theorem 21. Let X be a minimal shift space over A and let ¢ :F 4 — G be a group morphism onto a
group G. Consider the following assertions:

1. X has eventually ¢-stable return groups;

2. {p (Rx(u)) | u € £(X)} is finite;

3. the subgroups ¢ (Rx(u)) are conjugate for all but finitely many u € £(X);
4. the subgroups ¢ (Rx(u)) are conjugate for infinitely many u € £(X).

Then: 1 implies 2 and 3; 2 and 3 each imply 4. Moreover, all the assertions are equivalent when G is
subgroup separable.

Proof. Item 1 implies Item 2 since it suffices to consider return groups associated with the elements
of L.y (X) for some M, which is finite. It also implies Item 3 by Proposition 7. Indeed, there exists
M such that, for all u € £-y(X), the subgroup (Rx(u)) is a Rauzy group for a length-M word.
The conclusion then follows since, when X is uniformly recurrent, the Rauzy graphs are strongly
connected so Rauzy groups associated with words of the same length are conjugate. The fact that
Item 2 implies Item 4 is a consequence of the pigeonhole principle, and the implication from Item 3
to Item 4 is direct.

Let us now prove that, when G is subgroup separable, Item 4 implies Item 1. Let W be an infinite
subset of £(X) such that, for all v € W, the subgroup ¢ (Rx(v)) is conjugate to some given H < G.
Fix v € W. As X is minimal, there exists M such that all words u € £-y(X) have v as a factor. Let
u € L-y(X) and let w be its length-M prefix. By Lemma 3 and by definition of v, there exists a
conjugate H; of H such that

¢ (Rx(u)) < ¢ (Rx(w)) < Hy.

Similarly, as X is minimal and W infinite, there exists t € W such that u is a factor of t. Therefore,
there exists a conjugate H, of H such that H, is a subgroup of ¢ (Rx(u)). Since G is subgroup
separable and return groups are finitely generated, this implies that H; = H, by Lemma 19, so
o (Rx(u)) = ¢ (Rx(w)). As this is true for any w € £y(X) and u € wA* N £(X), this ends the
proof. O

We do not know however if some or all of these assertions are still equivalent when G is not
subgroup separable.
We deduce the following dichotomy as a direct consequence of Lemma 3 and of Theorem 21.

Corollary 22. Let X be a minimal shift space over A and let ¢:F4 — G be a morphism onto a
subgroup separable group G. Either X has eventually ¢-stable return groups, or there exists a sequence
(u™), .y € LX)V such that ¢ (R (u™V)) < ¢ (R (u™)) for all n.

4. Decidability in the case of substitutive shift spaces

Based on Proposition 17 and Theorem 21, (eventual) stability of return groups reduces to the
study of return groups for well-chosen infinite families of words. This is especially useful in the
case of a minimal substitutive shift space X where, following the work of Durand on derivation,
one can find a sequence of words (u™),cy, a finite alphabet ¢, an endomorphism « of F¢, and a
free group morphism v such that, for each n, we have (Rx(u™)) = ¥/(a"(F¢)) (see Proposition 25).
Moreover, the above morphisms « and  are computable, leading to decidability results on eventual
stability, both in finite groups and in the free group over the alphabet of X.

4.1. Derived sequences

Assume that X is a minimal shift space over .4, and consider a word u € £(X). Let 6,: B* — A*
define a bijection between B and Rx(u). There is a shift space Y over B such that £(Y) = Ou‘l([,(X)).
This shift space is minimal and is unique up to a renaming of the letters (because 6, and B are not

9
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uniquely defined). It is called the derived shift space of X with respect to u, and is denoted D,(X).
The substitution 6, is called a derivating substitution (for u).

One can also define derivation of a right-infinite word x € .AY with respect to one of its prefixes
u. In this case, we have a canonical choice of 6,. More precisely, we naturally set

Ry(u) = {r € A" | ru € £(x) N (uA*\ ATuA™)}

and A, = {1,..., #Ry(u)}. Then we define 6,,:.4}; — A* such that 6, ,(A,) = R.(u) by labeling
return words according to the order of their first occurrences in x. More formally, for every i € A,,
if k is the smallest occurrence of 6, ,(i)u in x, then xjo x) belongs to {6, ,(j) | 1 <j < i}*. In particular,
this implies that 6, ,(1)u is a prefix of x. The derived sequence of x with respect to u, denoted D,(x),
is then the unique z € A7 such that 6, ,(z) = . It satisfies (for the choice 6, = 6y ,)

Du(X) = {z € A% | £(2) € L(D(X)}

Lemma 23 ([12, Proposition 2.6]). Let X be a minimal shift space. If 6, is a derivating substitution for
u € L(X), then for every w € £(Dy(X)), we have

Ou(Rpux)(w)) = Rx(6u(w)u).

Furthermore, if X = y|0,00) for some y € X, u is a prefix of x, and w is a prefix of Dy(x), then 6,(w)u is
a prefix of x, Do, (wyu(x) = Dy(Dy(X)), and 6x g,(w = Oxubpyx),w-

The two following results are reformulations of Durand’s work in [12,13]. As Proposition 25 was
not explicitly stated, we give a short proof.

Theorem 24. Let o : B* — B* be a primitive substitution with a fixed point y € BY, let T: B* — A*
be a letter-to-letter substitution, and let x = (y).

1. For every prefix u of x, the substitution 6, is computable and there exist some computable
substitutions o,,: C* — C* and t,:C* — A} such that o, is primitive, 1, is letter-to-letter,
and Dy(x) = 7,(z) where z € A is the fixed point of o, starting with 1.

2. There is a computable constant K such that the set

#{(oy, T) | u prefix of x} < K.

In particular, the number of derived sequences of x (with respect to its prefixes) is at most K.

Proposition 25. Let X be a minimal substitutive shift space generated by (o, t), where o : B* — B*
is primitive and t: B* — A* is letter-to-letter. There exist two computable substitutions o: C* — C*
and ¥ :C* — A* and a sequence (U™ )y € L(X)N such that u™ is a proper prefix of u™V and
Rx(u™) = a™(C) for all n € N.

Proof. We set x = t(y), where y is a fixed point of o. Using Lemma 23, we inductively define a
sequence (v™M),cy Of prefixes of x by

V@ =¢ and o™ =06, w(1)™ forneN.

By Lemma 23 once again, the sequence of infinite words defined by x™ = D, (x) satisfies x(n+1) =
D1(x™) for all n € N. Moreover, if we set 0y = 6y, and 01 = O, ; for all n, then 6, ym = 6o .. . by

Using Theorem 24 and its notations, there exist computable i < j such that (o,m, T,0)) =
(0,6, T,i), hence x? = xU), This inductively implies that, for all m > i + 1, ™%~ = x(™ and
Om+j—i = Om. It then suffices to define the sequence (u™),cy by u™ = v+~ for every n and to
consider ¥ =6+ -6, & =041 ---6, and ¢ = {1, ..., #R,(v")}. D

Observe that in the case of a purely substitutive shift space, i.e., T = id, the morphisms 7, in
the above proof are also identity morphisms. This is the case for the next example.

10
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Example 26. Let us illustrate the above construction with the primitive substitution o:a +—
aab, b — ach, ¢ — ba and its fixed point

x = aabaabacbaabaabacbaabbaacbaaba - - -

We start with v(® = ¢. The values of 6y and o, are simply

1—a 1~ 112
Op: 32— b and oy0: {2+ 132
3>cC 321

In particular x© is the image of x under a — 1,b — 2, c — 3.
Next we find vV = 6y(1)v'® = a. The values of o, and 6; may be computed using the
procedure described by Durand [13]:

1—1 1~ 12

212 2+ 123
01: and o,:

3> 132 3+ 1413

4+ 122 4+ 1233

The next value is v® = 6y6;(1)v(") = aa. Using the same procedure as before, we find

10— 12 1~ 12

2+ 123 2 1234
6: 33> 14 and o,2: {3+~ 15

4+ 13 4+ 134

5 1233 5> 123434

Finally, v® = 646,6,(1)v® = aabaa and

1~ 12 1~ 12
2+ 1234 2+ 1234
f3: $3 1+~ 15 and o,3: {3+~ 15
4+ 134 4+— 134
5> 123434 5> 123434

In particular we see that o3 = o,@). Therefore x¥ = x**V for all k > 2, and thus 6, = 644
for all k > 3. Consequently, for each n € N, the set of return words to the prefix v®*™ of x is
Yva({1,...,5}), where

1+ aab 1 12

2 — aabacb 2+ 1234
Y =6¢016,: { 3 — aabb and o =63: {3+~ 15

4+ aacb 4+ 134

5 + aabacbacb 5 123434

4.2. Eventual stability in finite groups

Observe that all shift spaces have eventually ¢-stable return groups whenever the image of ¢ is
a finite group by Theorem 21. We now show that, up to conjugacy, the subgroup over which the
images of the return groups stabilize is computable. We deduce in particular that the question of
@-stability in finite groups is decidable. These computability results are motivated by recent work on
density of regular languages, where the computation of the stabilizing groups plays a key role [9].

11
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Proposition 27. Let X be a minimal substitutive shift space generated by (o, ), where o : B* — B*
is primitive and t: B* — A* is letter-to-letter. Let ¢ : F4 — G be a morphism onto a finite group G.
One can:

1. compute a subgroup H of G over which the images under ¢ of the return groups stabilize;
2. decide whether X has g-stable return groups.

Proof. We prove the first claim. By Proposition 25, there exist computable substitutions «: C* — C*
and v :C* — A* and a sequence (u™) ey € LX)V of distinct words such that Rx(u™) = ya™(C).
Since G is a finite group (and C is finite), there exist positive integers n,p < #G*C such that
pya" = @ya™P. By induction, this implies that o™ = @™ for all k € N. In particular,
if H = (pya"(C)) then, for every k € N, ¢ (Rx(u"™*)) = H. We conclude by Item 4 of Theorem
21. The second claim directly follows as it suffices to check whether H = G. O

Example 28. Let us illustrate the procedure described in the proof of Proposition 27 with the shift
space X generated by the substitution o :a + aac, b > ach, ¢ — ba from Example 26. Take the
morphism ¢:F4 — S3 onto the symmetric group on 3 elements defined by ¢p:a — (123),b >
(12),c — (12 3), where permutations are given using the cycle notation. Let & and { be as in
Example 26. Then

1~ (23) 1 (23)
2+—id 2+—id

oY: {3 (132) and ¢vYa: {3~ id ,
4 (12) 4+ id
5+ (23) 5 (23)

and straightforward computations show that ¥ = a8, Hence the images of the return groups
of X under ¢ stabilize on conjugates of (py¥(C)) = ((2 3)). Note that in this case the computation
of oo was already enough to conclude that X does not have ¢-stable return groups.

4.3. Eventual stability in free groups

In some particular cases, the substitution i of Proposition 25 is the identity, i.e., we obtain an
infinite sequence of words whose return groups are given by a"(F.). More generally, we sometimes
have a group morphism ¢:F, — F4 and a finitely generated subgroup H < F 4 such that, for all
n > 0, "(H) is the return group for some well-chosen u™ e £(X) (the u‘™’s being distinct). In these
cases, we also obtain the decidability of (eventual) stability of return groups.

Lemma 29. Let ¢:G — G be a group endomorphism and let H < G. If ¢ is injective over H and
¢(H) < H, then the subgroups ¢"(H) form an infinite decreasing chain.

Proof. Towards a contradiction, suppose that ¢"(H) = ¢"*1(H), where n is minimal. Note thatn > 0
as ¢(H) < H. Fix x € H. Then, as ¢"(H) = ¢"T!(H), there exists y € H such that ¢"T1(y) = ¢™(x).
By injectivity, ¢™(y) = @™ 1(x) as ¢"(y), ¢"~'(x) € H. Since this holds for every x € H, we conclude
that " '(H) = ¢"(H), a contradiction to the minimality of n. O

The following result relies heavily on algorithmic techniques detailed in [23], which are based
on Stallings foldings introduced in Stallings’ seminal paper [32].

Lemma 30. Let X be a minimal shift space over A, let ¢:F, — F4 be a group endomorphism, and
let S C F4 be a finite subset such that (¢(S)) < (S). If there exists pairwise distinct words u™ e £(X)
such that (Rx(u™)) = (¢"(S)) for all n € N, then one can (from ¢ and S):

1. decide whether X has eventually stable return groups;
2. then compute the subgroup over which the return groups stabilize;

12
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3. decide whether X has stable return groups.

Proof. Before studying the sequence (¢"(S)), let us recall the following generalities on finitely
generated subgroups. Let T be a finite subset of F 4. Then one can compute the rank of (T) using [23,
Proposition 7.1] and [23, Proposition 8.2] successively. Moreover, ¢ is injective over (T) if and only
if (T) and ¢ (T) = (@(T)) have the same rank, and otherwise the rank can only decrease when
applying ¢. Applied to the sequence ({¢"(S)) )nen, this leads to the existence of a computable k < #S
such that ¢ is injective over (¢¥(S)).

Since (p(S)) < (S), we have (¢**'(S)) < (¢¥(S)). To decide whether this is an equality, it
then suffices to determine whether ¢*(s) ((p" I S) for all s € S. This can be done using [23,
Proposition 7.1] and [23, Proposition 7.2].

o If (o*T1(S)) = (¢*(S)) then, by induction, (Rx(u™)) = (¢"(S)) = (¢*(S)) for all n > k. By
Item 4 of Theorem 21, this implies that X has eventually stable return groups, and (Rx(u)) is
conjugate to (¢¥(S)) for any long enough u € £(X).

o If (p*T(S)) < (¢*(S)), then by Lemma 29, the subgroups (¢"(S)) form a decreasing chain and
X does not have stable return groups by Item 2 of Theorem 21.

This ends the proof of the first claim. Notice that, if X has eventually stable return groups, the return
groups then stabilize over (go"(S)) which is computable. As in Proposition 27, we can then decide
whether X has stable return groups. 0O

Proposition 31. Let X be a shift space generated by a primitive substitution o. If o is either a derivating
substitution or a bifix substitution, then one can:

1. decide whether X has eventually stable return groups;
2. compute the subgroup over which the return groups stabilize if they do;
3. decide whether X has stable return groups.

Proof. Assume first that o : A* — A* is a derivating substitution. Then there exists a computable
u € £(X) such that ¢ is a derivating substitution for u, and if (u™),ey € £(X)N satisfies ug = & and
u™ = o (u™), we have Rx(u™) = ¢™(4) by induction on Lemma 23. Moreover, we clearly have
(0(A)) < (A). We then use Lemma 30 to conclude.

Next assume that o is bifix. Observe that periodicity of the shift space generated by o is
decidable [21,29] and that the problem becomes trivial in that case: X then has eventually stable
return groups, the stabilizing subgroup is generated by a unique word (the period), and in particular,
X has stable return group only when it is over a unary alphabet. Hence, we may assume moving
forward that X is aperiodic.

By [8, Theorem 1] and [8, Proposition 3], there exists a computable positive integer K (which
depends on o) such that for all w € £>¢(X), Rx(o(w)) = o(Rx(w)). In particular, for any u € Lk (X),
the set S = Rx(u) satisfies Rx(o"(u)) = o"(S) for all n € N. Let us show that we can chose u such
that it is a prefix of its image under o’* for some k. This will then imply that (o%(S)) < (S) by Lemma
3. As o is primitive, there exist computable k < #A and a € A such that o%(a) € aAt. We then
take u as the length-K prefix of lim, o*"(a). Note that S = Ry(u) is computable by Theorem 24 so
we can use Lemma 30 with ¢ = ¢ to conclude. O

Before moving on to the next example, let us briefly give further details for the computation of
the constant K from [8, Theorem 1] which appears in the above proof. Moving forward we call K
(whenever it exists) the preservation constant.

Since the preservation constant is related to synchronization, we first recall useful terminology
taken from [25]. Let o be a primitive substitution and let X be the shift space generated by o. Given
a word u € £(X), an interpretation of u is a triple (p, w, s) such that w € £(X) and o(w) = pus. We
say that an interpretation (p, w, s) passes by a factorization u = v'u” if w = w'w” with o(w’) = pu’
and o(w”) = u”s. We say that u is synchronized if there is a factorization u = v'u” by which every
interpretation of u must pass. Assume that X is aperiodic. Then Mossé’s recognizability theorem [28]
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is equivalent to the existence of a synchronizing constant L > 0 such that every word of £-;(X) is
synchronized [25, Proposition 3.3.20]. If we set

lo| = max{lo(a)l | a € A}, (o) =min{lo(a)l | a € A},
then, by [12, Lemma 3.2], there is a constant M such that
min{|r| | r € Rx(u)} > |o|[L/{0)]

for every u € £-y(X). Finally, [8, Theorem 1] states that if o is bifix (in addition to being primitive
and aperiodic), then it has a preservation constant of K = max{M, 2[L/{o)1}. Or in other words, it
satisfies o (Rx(u)) = Rx(o(u)) for every word u of length at least K = max{M, 2[L/{o)]}. Note that
the constants L and M, and thus also the constant K, are computable [8, Proposition 3].

Example 32. Let us continue with the shift space X generated by o :a +— aab, b — acb, c — ba
and show that it does not have eventually stable return groups. Observe that ¢ is bifix, primitive
and aperiodic. Moreover, o is injective on F 4, and therefore on any of its subgroups.
Let us compute the constant K as described above. First we observe that all words of length
L =4 in £(X) are synchronized; here are synchronizing factorizations for each of them:
cb-ac, a-acb, ba-ac, acb-a, cb-aa, aab-a, ab-aa,
b-baa, aab-b, ab-ba, b-aab, b-acb, ab-ac.

Hence we find that [L/(c)] =2, M = 6 and
K = max(6, 2) = 6.
Take for instance u = aabaab. The set of return words to u is given by

Rx(u) = {aabaabacb, aabaabbaacb, aabaabacbach,
aabaabacbaabbaach, aabaabacbaabbaacbaabbaacb}.

Since u is a prefix of o' (u), it follows that o (Rx(u)) is a subgroup of (Rx(u)). Moreover, one can check
that aabaabbaach ¢ o (Rx(u)), and thus o (Rx(u)) < (Rx(u)). Therefore we can apply Lemma 30
with u™ = ¢"(u) to conclude that X does not have eventually stable return groups.

5. Closure properties

This section is devoted to the study of the behavior of (eventual) stability of the return groups
under two fundamental operations: derivation and application of a substitution.

5.1. With respect to derivation

Derivation being closely related to return words, it is a natural candidate when considering
preservation of (eventual) stability of the return groups.

Proposition 33. Let X be a minimal shift space over A, let ¢:F, — G be a group morphism, and
let u € £(X). If X has eventually ¢-stable return groups of threshold M, then D,(X) has eventually
@0,-stable return groups of threshold at most max{0, M — |ul|}, where 6, is the associated derivating
substitution for u.

In particular, if X has @-stable return groups, then D,(X) has ¢0,-stable return groups.

Proof. By Lemma 23, 90, (Rp,x)(w)) = ¢ (Rx(Bu(w)u)) for all w € £(Dy(X)). Therefore, if K satisfies
(Jlw| > K = |6,(w)u| = M), then D,(X) has eventually ¢68,-stable return groups of threshold at
most K. The conclusion follows since one can take K = max{0, M — |u|}. O
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Consequently, if X has eventually ¢-stable return groups of threshold M, then D,(X) has
eventually i -stable return groups of threshold at most max{0, M — |u|} for all ¥ : F5 — H such
that ker(¢6,) < ker(y). Indeed, n = ¥(¢6,)"':G — H is then a well-defined group morphism,
and ¢ = ne#b,. Since ker(6,) is trivial precisely when Rx(u) is a free subset of F 4, we deduce the
following corollary.

Corollary 34. Let X be a minimal shift space over A and let u € £(X) such that Rx(u) is a free subset
of F4. If X has eventually stable return groups of threshold M, then D,(X) has eventually stable return
groups of threshold at most max{0, M — |u|}.

In particular, if X has stable return groups, then Dy(X) has stable return groups.

Unfortunately, the hypothesis that Rx(u) is a free subset of F 4 is needed: in general, if X has
eventually stable return groups, then D,(X) might not have eventually stable return groups as shown
by the following result.

Proposition 35. Leto:{a,b,c,d}* — {a, b, c, d}* be the substitution defined by

a+— baa
b+ ca
¢ — bad
d— acd

and let X be the shift space generated by o. Then

1. X has stable return groups;
2. Dyp(X) does not have eventually stable return groups.

Proof. 1.Set A = {a, b, c, d}. As o is bifix, one can use Proposition 31 and its proof to determine that
X has stable return groups. In this particular case, we can also use a quicker method. Indeed, observe
that o is invertible, i.e., o (F 4) = F4. Therefore it suffices to verify that the sets of return words to
words of length K each generate F 4, where K is the preservation constant detailed in the discussion
following the proof of Proposition 31. One can check that, for the morphism o under consideration,
K = 10 (the synchronizing constant is L = 4, and we find M = 10 and K = max{10, 6} = 10).
Therefore, to show that X has stable return groups, it suffices to show that, for each length-10 word,
the set of return words generates F 4. This can be done with explicit computations.
2 Using Durand’s algorithm, one can show that Dy(X) is generated by the substitution

1+ 123334,

2 — 123232533,

3+ 123233,

op: {4 +— 12333632734,
5+ 12323232736533,
6 — 12333632736533,
7 +— 12323232734.

Observe that o}, is a derivating substitution (for the letter 1) so one can apply the procedure of
Proposition 31 to show that Dy(X) does not have eventually stable return groups. Computations
performed in SageMath [34] with the publicly available stallings_graphs package [36] show
that oy, is injective over H = (RDb(X)(l» = (0p(B)) and that o,(H) < H. Hence, Dy(X) does not have
universally stable return groups. O

This negative result does not contradict Corollary 34 as the set Ry(b) is not free. For instance
Rx(b) contains the four elements baa, baaca, badacd, badacdca, and they satisfy the relation

(baa)~'baaca = (badacd)™'badacdca.
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Corollary 36. The family of shift spaces with (eventually) stable return groups is not closed under
derivation.

5.2. With respect to substitutions

Another classical operation on shift spaces is to consider the image under a substitution. In the
particular case where the substitution is a derivating substitution, this operation is the converse
of derivation. Lemma 23 then gives a strong link between the sets of return words. For a general
substitution, there is a similar link but the return words in the image are related to the return
words to the set of pre-images, which might contain more than one word. The study of the behavior
of (eventual) stability under application of a substitution therefore relies heavily on the notion of
return words to sets of words.

Definition 37. A set S C A* is a factor code if it is non-empty and no word is factor of another.
If S C £(X) is a factor code, then one naturally defines the return words to S in X as follows:
Rx(S)={re A" |JueSst.rue£X)N(SA*\ ATSA)}.

Note that, if S, T are two factor codes such that S C T, then Rx(S) € (Rx(T))*.

Lemma 38. Let X be a minimal shift space over A and let ¢ :F, — G be a group morphism. Then X
has eventually ¢-stable return groups of threshold at most M if and only if, for all factor codes T < £(X),
we have ¢ (Rx(T)) = ¢ (Rx(S)), where S = {uo,minfju;,my) | 4 € T}.

Proof. One implication directly follows from the fact that singletons are particular factor codes. Let
us prove the converse, and let S, T C £(X) be two factor codes such that S = {ujo,mingu,my | 4 € T}

By definition of S and T, Rx(T) € (Rx(S))* so the inclusion ¢ (Rx(T)) < ¢ (Rx(S)) follows.
Conversely, take r € Rx(S). There exist u, v’ € S such that ru’ € £(X) N uA*. By definition of S,
there exist v, v’ € A* such that uv, u’v' € T. Since X is minimal, there exist w,t € £(X) such
that wrtu'v' € £(X) N uvA* and v’ is a prefix of tu’v’. Then wrt € (Rx(T))*, w € (Rx(u))*, and
t € (Rx(W))* sor € (Rx(u)) (Rx(T)) <Rx(u’)>. Moreover, as X has eventually ¢-stable return groups
of threshold at most M, ¢ (Rx(u)) = ¢ (Rx(uv)) < ¢ (Rx(T)). Indeed, either v = ¢ or |u| = M.
Similarly, ¢ (Rx(t)) < @ (Rx(T)). Thus @(r) € ¢ (Rx(T)). As this is true for any r € Rx(S), we
conclude that ¢ (Rx(T)) = ¢ (Rx(S)). O

We can now prove the counterpart of Proposition 33 and Corollary 34. For a shift space X over
A and a substitution o : A* — B*, we let o[X] denote the shift-closure of {o(x) | x € X}.

Proposition 39. Let X be a minimal shift space over A and let o : A* — B* be a substitution. Let
¢:F4 — Gand ¥ :Fs — H be group morphisms satisfying ker(¢) < ker(yro). If X has eventually
@-stable return groups of threshold M, then o [X] has eventually yr-stable return groups of threshold at
most max{1, M|o|}.

Proof. First, recall that |o| = max{|o(a)| | a € A} and observe that the hypothesis on the kernels
is equivalent to 6 = Yo¢~':9(F4) — H being a well-defined group morphism. This morphism
satisfies 69 = Yo.

To study o[X], we first factorize the substitution o into t6 as follows. Let A = {ay, ..., a4},
ni=lo(a)l,andCc ={ag;; | 1 <i<d,0<j<|o(a) — 1} where a;; # ayy if i # i orj # j. We
define 6: A* — C* and 7:C* — B* by

0(a;) = aio---Aip—1 and t(a;;) = o(a;);.

They clearly satisfy o = 6.
We consider the intermediary shift space 6[X] and show that it is eventually i t-stable of
threshold at most max{1, M|co|}. To do so, we first study the return group of any non-empty
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v € L(6[X]). Let a;; and ai; respectively be the first and last letters of v. Define p, = a;o--- @i j_1
and s, = @41 A n—1. Then pyvs, = 6(t,) for a unique t, € £(X). Since v only appears as a
factor of 6(t,) and 6(t,) only appears as the image of t,, we have

Ropx1(v) = P, "Rox1(0(t,))ps = P, 'O(Rx(t,))py- (1)

Now, take w € L(0[X]) of length max{1,M|o|} and u € wcC* N £(6[X]). We prove that
W‘L’ (Rg[x](w)> = w‘[ <R9[x](ﬂ)>. By Eq (]), we have

YT (Ropxy(w)) = ¥T(pw) ' Y10 (Rx(tw)) ¥T(pw)
= wt(pw)ill/fa (Rx(tw)) I,l”:(pw)
= wt(pw)7]5‘¢ (Rx(tw)) YT (pw).

Similarly, ¥ 7 (Ropxy(u)) = ¥ t(pu) "6 ¢ (Rx(tu)) ¥ T(pu). As pu = py by definition of u and w, it then
suffices to show that ¢ (Rx(ty)) = ¢ (Rx(ty)). By definition of u and w once again, t,, is a prefix of
t, and

) > 10 _ Ipowdul  fwl
o]l ol = ol

As X is eventually ¢-stable of threshold M, this directly implies that ¢ (Rx(ty)) = ¢ (Rx(t,)), and
therefore that ¥ 7 (Rgjx(w)) = ¥ 1 (Repx)(u)). This ends the proof that [X] is eventually v t-stable
of threshold K < max{1, M|o|}.

Let us now show that o [X] is eventually i/-stable of threshold at most K. Let w € Lk(o[X]) and
let u € wB* N £(c[X]). Since 7 is letter-to-letter, one easily sees that T~'(u) N £(A[X]) is a factor
code and

Ropx)(U) = T(Ropxy(t ™' (1) N LOIX]))).

Set T = v~ H(u)N£(A[X]) and S = {vjox) | v € T}. Note that S = = (w) N £(O[X]) thus we similarly
have R, xj(w) = t(Rex(S)). As 0[X] is eventually v t-stable of threshold K, we obtain by Lemma
38

YRox)(U) = YT(Ropx(T)) = ¥ (Rox(S)) = Y Ropxg(w).
This shows that o[X] is eventually y-stable of threshold at most K < max{1, M|o|}. O
Observe that the bound max{1, M|o |} can safely be replaced by M|o| except when M = 0. The
fact that max{1, M|o|} is tight when M = 0 is made clear by the following example.

Example 40. Let A = {a, b} and let o : A* — A* be defined by o(a) = ab and o(b) = abbb. For
any shift space X over 4, we have R, x)(a) = {ab, abbb}. In particular, ¢ [X] cannot be stable, even
when X is.

The following shows that this phenomenon disappears when the morphism o is surjective
between free groups.

Proposition 41. Let X be a minimal shift space over A, let o: A* — B* be a substitution, and let
¢:F4 — Gand :Fs — H be group morphisms satisfying ker(¢) < ker(y o). If X has ¢-stable return
groups and o : F 4, — Fg is surjective, then o [X] has -stable return groups.

Proof. For conciseness, we re-use the notations from the proof of Proposition 39. Let u € £(o [X])\
{£}. Then for any w € T~ !(u) N £(6[X]), we have

¥ (Ropa(w) = ¥ (Rop(w)) = ¥2(pu) "o (Rx(tw)) ¥ T(pw)-
Since X has ¢-stable return groups and o is surjective, we have

Yo (Rx(tw)) = 09 (Rx(ty)) = 0@(Fa) = Yo(F4) = ¥(Fg).
17
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This shows that v (Ra[xl(u)) contains ¥ (Fz), up to conjugacy by an element of y(Fz). Consequently,
W <R(,pq(u)> = ¥ (Fp), and as it is true for all non-empty u € L(o[X]), the shift space o[X] has
y-stable return groups by Proposition 17. O

Finally, let us highlight two consequences of these propositions.

Corollary 42.

1. The family of shift spaces with eventually stable return groups is closed under application of
substitutions.

2. The family of shift spaces with stable return groups is closed under application of substitutions
that are surjective when seen as group morphisms.

Proof. Indeed, we can apply Proposition 39 and Proposition 41 with ¢ the identity on F 4, ¥ the
identity on Fz, and any substitution o since ker(g) is trivial. O

6. Local-global principle for stability

As stated in Section 4.2, if the image of ¢ is finite, then any minimal shift space X has eventually
@-stable return groups. But, as shown in Section 3, not every shift space has eventually stable return
groups. This shows that eventual stability of return groups cannot simply be reduced to a “local”
property. On the other hand, when considering stability, we show that it is sufficient to consider
morphisms ¢ with finite images, making this property easier to study. More precisely, we prove
the following local-global principle for stability.

Proposition 43. Let X be a minimal shift space over A and let ¢ :F 4 — G be a group morphism onto
a subgroup separable group G. For every u € £(X), the following assertions are equivalent:

L ¢ (Rx(u)) =G
2. ¥ (Rx(u)) = H for every onto group morphism :F4 — H where H is finite and ker(¢) <
ker(yr).

To simplify the proof of this result, we first obtain an alternative statement using the following
simple observation.

Remark 44. By the first isomorphism theorem, statements about images of morphisms may be
translated in terms of normal subgroups. More precisely, for an onto morphism ¢:G — H and a
subset S C G, the property ¢(S) = H is equivalent to S ker(¢) = G. Moreover, H is finite if and only
if ker(¢) has finite index.

In light of this, the statement of Proposition 43 can be rephrased as follows. Let X be a minimal
shift space over A and let N be a normal subgroup of F4 such that F4/N is subgroup separable.
Then for every u € £(X), (Rx(u)) N = F 4 if and only if (Rx(u)) N' = F 4 for every normal subgroup
N’ < F 4 of finite index such that N < N’. The proof relies on a simple lemma.

Lemma 45. Let G be a group and let H < G such that G is H-separable. If HN = G for all normal
subgroups N < G of finite index, then H = G.

Proof. Let us proceed by contraposition and assume that H is a proper subgroup of G. Let g € G\ H.
Since G is H-separable, we may take a normal subgroup N < G of finite index such that gN ¢ H/N.
Thus H/N # G/N, which means that HN # G. O

Proof of Proposition 43. For the forward implication, we assume that ¢ (Rx(u)) = G, which is
equivalent to (Rx(u)) ker(¢) = F4 by Remark 44. Clearly for every morphism ¢ :F, — H onto
a group H such that ker(¢) < ker(y), we then have F4 = (Rx(u)) ker(¢) < (Rx(u)) ker(y), thus
¥ (Rx(u)) = H.
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For the converse, as G is subgroup separable, it is in particular ¢ (Rx(u))-separable. By Lemma 45,
to show that ¢ (Rx(u)) = G, it suffices to prove that ¢ (Rx(u)) N = G for every normal subgroup
N < G of finite index. Let N be such a subgroup. By the correspondence theorem, there exists a
normal subgroup N’ < F 4 of finite index containing ker(¢) such that N = ¢(N’). Let ¢ : F4 — F4/N’
denote the canonical morphism. We get ker(¢) < N’ = ker(y) and F4/N’ is finite. Hence, by
assumption, ¥ (Rx(u)) = F4/N’, or in other words, (Rx(u)) N' = F4. Applying ¢, we obtain
¢ (Rx(u)) N = G. As this is true for every normal subgroup N < G of finite index, we conclude
by Lemma 45. O

The next corollary highlights the special case of Proposition 43 when ¢ is the identity on F 4.

Corollary 46. Let X be a minimal shift space over A and let u € £(X). The following assertions are
equivalent:

L (Rx(u)) =Fa;
2. ¥ (Rx(u)) = H for every onto morphism v : F4 — H where H is a finite group.
Next we turn to the case where ¢ is the Abelianization map, that is,

ab:F_A — Z#A ur— (|u|a)a€A7

where |u], is the number of occurrences of a in u, with the inverse a~' counting as a negative
occurrence. In this context, we can improve slightly the statement of Proposition 43. To this end,
consider the k-Abelianization morphisms (k > 1), defined by

abg:Fyq — (Z/KZY™ u— (|ul, 4+ KZ)gea.

1

Proposition 47. Let X be a minimal shift space over A and let u € £(X). The following assertions are
equivalent:

1. ab (Rx(u)) = Z*4;
2. aby (Rx(u)) = (Z/KZ)*A for every k > 1.

The proof relies on the following elementary fact, of which we include a proof.

Lemma 48. For any k > 1, the kernel ker(aby) is the smallest normal subgroup of F 4 containing all
commutators and kth powers.

Proof. The fact that ker(aby) is a normal subgroup containing commutators and kth powers is an
easy consequence of the definition. The fact that it is the smallest such normal subgroup follows
from the observation that every element of g € F4 can be written in the form

g=d'a? . d¥c,
where c is a product of commutators, §; € Z and A = {ay, ..., aq}. It is then clear that, when g €

ker(aby), all §; must be multiples of k, and thus g is a product of kth powers and commutators. O

Proof of Proposition 47. The fact that 1 implies 2 is an immediate consequence of Proposition 43.

For the converse, in light of Proposition 43, we need to show that, for any onto morphism
Y :F4 — H such that H is finite and ker(ab) < ker(y), we have ¥ (Rx(u)) = H. It is equivalent to
show that (Rx(u)) ker(y) = F4 by Remark 44, or, as we assume that 2 holds, it suffices to prove
that ker(v) contains ker(aby) for some k > 1.

Let us fix such a morphism . As ker(ab) < ker(y), the latter contains all commutators (and
in particular, H is Abelian). Let us show that it contains all kth powers for an appropriate choice
of k > 1. For each a € A, let k, be the order of ¥/(a) in H, and let k = lcm{k, | a € A}. Take
g= ail ‘.- ag"c € F4, where §; € Z and c is a product of commutators. Since H is Abelian, we find
(in additive notation for H) that

d
¥(g") =) siky(a) =0,
i=1
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since k is a common multiple of the orders of the vr(qa;). This shows that ker(y) contains all kth
powers in F 4, thus it contains ker(aby) by Lemma 48. O

7. Applications to the welldoc property

It turns out that Abelian stability already appeared in the literature in a disguised form. Namely,
in a paper from 2016 [3], Balkova et al. studied the well distributed occurrence property — or welldoc
for short — in relation with pseudorandom number generation. The main purpose of this section
is to show precisely how welldoc relates to Abelian stability. This also allows us to obtain some
sufficient conditions for the welldoc property which generalize results of Balkova et al.

The original definition of welldoc is framed within the setting of one-sided infinite words,
i.e., elements of AY. It goes as follows: given a one-sided infinite word y € AN and w € £(y),
consider the set

Py(w) = {yo,m | M € N, Yimm+jw)) = w}
Then, in Balkova et al.’s terminology, y € A" is said to have the welldoc property when, for all k > 1
and all words w € £(y),

aby(Py(w)) = (Z/kZ)*.

Let us extend the notion of welldoc to the setting of general group morphisms and bi-infinite
words and shift spaces. To do so, it is useful to set x;;;) = x[;}) when j < i, where the inverse is

taken in the free group F 4. Then, for x € A% and w € £(x), we define the following subset of F 4:
Py(w) = {Xjo,m) | M € Z, Xym,mjw)) = w}.

Note that if y = X[9 ), then Py(w) = P(w) N A*.

Definition 49. Let ¢:F, — G be a group morphism. A word x € A% U AN has g-welldoc if, for all
w € L(x),

@(P(w)) = @(FA).
By extension, we say that a shift space X has g-welldoc when all its elements have it.

In this terminology, Balkovéd et al.’s definition of welldoc for y € AY is equivalent to the
conjunction of the aby-welldoc properties over all integers k > 1.

In the case of finite groups, this two-sided version is coherent with the original one-sided
definition. In fact, welldoc is a property of the language rather than the point, as detailed in the
following lemma. In particular, a minimal shift space has ¢-welldoc if and only if any of its elements
does.

Lemma 50. Let ¢:F, — G be a morphism onto a finite group G. Let x,y € A% U AN be such that
L(x) = L(y). If x has gp-welldoc, then so does y. More precisely, for any w € £(x), if ¢(Py(w)) = G, then
@(Py(w)) = G.

Proof. Let w € £(x). Since G is finite, there exists M such that the elements of Py(w) of length at
most M suffice to obtain G. Letting M’ = —M if x € A® and M’ = 0 if x € AV, this means that for
every g € G, there exists i in [M’, M) such that ¢(x(0 ) = g and xjji+w) = w. Since £(y) = L(x),
there exists an index k such that X mijw)) = Yiksm’ ksmiw))- Therefore, G € o(Vjor) ™ 'o(Py(w)),
which implies that p(Py(w)) = G. O

Observe that if w = xo »), then the positive (resp., negative) elements of P,(w) are concatenations
of return words (resp., inverses of return words) to w in x. More generally, we have the inclusion

Py(w) € x[_()}i) (Rx(w)), (2)

whenever X;; i4,») = w. This hints at a relationship between welldoc and stability. The following
result, which was proved in [9] using tools from the theory of bifix codes, further confirms this.
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Proposition 51 ([9, Theorem 6.1]). Let X be a minimal shift space and ¢ : F 4 — G be a morphism onto
a finite group G. Then X is ¢-stable if and only if, for every x € X and n > 0,

QD(PX[QOO)(X[O,“))) = G'
Combined with our own results, it can be strengthened as follows.

Theorem 52. Let X be a minimal shift space over A and let ¢ : F 4 — G be a morphism onto a subgroup
separable group G. The following assertions are equivalent:

1. X has @-stable return groups;
2. X has y-welldoc for every onto morphism  : F4 — H where H is finite and ker(¢) C ker().

Proof. Thanks to the local-global principle (Proposition 43), it is sufficient to show that, for any
morphism ¢:F4 — G onto a finite group G, X has ¢-stable return groups if and only if it has
¢-welldoc. The fact that ¢-welldoc implies ¢-stable return groups follows from (2).

Next assume that X has g-stable return groups. Fix w € £(X). By minimality of X, there exists
z € X such that w = zjg ||y and £(X) = £(Zj0,0))- Using Proposition 51, we have ‘P(sz.oo)(w)) =G.
Therefore, by Lemma 50, for any x € X, ¢(Py(w)) = G. As it is true for any w € £(X) and any x € X,
X has ¢-welldoc. O

As in the previous section, we may sharpen the result when ¢ is the Abelianization map by using
Proposition 47 instead of the general the local-global principle (Proposition 43). This leads to the
following simple characterization of the original welldoc property of Balkova et al.

Corollary 53. Let X be a minimal shift space over A. The following assertions are equivalent:

1. X has ab-stable return groups;
2. X has abg-welldoc for all integers k > 1.

Analogous results were obtained recently by Espinoza (private communication) and Savalev and
Puzynina [31]. Moreover, another recent result by Espinoza (unpublished) states that every proper
unimodular shift space has ab-stable return groups. Note that this last result also implies that the
shift space of Example 32 is ab-stable, even though it is not eventually stable.

Another interesting application of Theorem 52 is the following corollary obtained when ¢ is the
identity on F 4.

Corollary 54. A minimal shift space has stable return groups if and only if it has p-welldoc for every
morphism ¢ onto a finite group.

In particular, we deduce the following, which generalizes in multiple ways a theorem by Balkova
et al. stating that Arnoux-Rauzy words have the welldoc property [3].

Corollary 55. Every minimal suffix-connected shift space, and in particular, every minimal dendric
shift space, has ¢-welldoc for every morphism ¢ onto a finite group.

8. Open questions

Since this work is a first exploration of eventual stability of return groups, many questions
remain unanswered. We would like to emphasize two that we believe are of particular interest.

1. We recently showed that return words can be used to characterize dendricity, a purely
combinatorial property [17]. Namely, a minimal shift space X over A is dendric if and only if X
has stable return groups and, for every u € £(X), #Rx(u) = #.A. In light of this result and of
the examples given in Section 3.1, it is of interest to investigate the interactions between
the algebraic properties of return words and some combinatorial aspects of shift spaces.
For instance, can (eventual) ¢-stability be used to characterize k-automatic shift spaces, or
eventually dendric shift spaces? On the other hand, can (eventual) stability be understood
from a combinatorial perspective?
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2. In Section 5, we obtained results on closure properties of (eventual) stability with respect
to derivation and substitutions. As for topological conjugacy, we know that stability is not
preserved. Is eventual stability preserved by topological conjugacy? In other words, is it a
dynamical property? Note that, by Corollary 42, it is equivalent to ask whether it is closed
under topological factorization.
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