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Bound entanglement in symmetric random induced states
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Bound entanglement, a weak, yet resourceful, form of quantum entanglement, remains notoriously hard to
detect and construct. We address this here by leveraging symmetric random induced states, where positive
partial transpose (PPT) bound entanglement arises naturally under partial tracing when proper parameters are
selected. We investigate the probability of finding PPT bound entanglement in symmetric random induced states
constructed via two methods: partial tracing of symmetric multiqubit pure states, on the one hand, and tracing out
a qudit ancilla, on the other hand. For N > 3 qubits, we demonstrate that bound entanglement naturally emerges
under optimal parameters, with a probability of occurrence very close to 1. We show that the two methods
produce different varieties of PPT bound entangled states and identify the contexts in which each method offers
distinct advantages. These methods provide a versatile toolkit for the generation of large families of random PPT
bound entangled states without complex numerical optimization.
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I. INTRODUCTION

Since its discovery, quantum entanglement has been re-
garded as the most nonclassical characteristic of quantum
mechanics. Over the decades, extensive research efforts have
been dedicated to the detection, characterization, and manipu-
lation of quantum entanglement, which constitutes a pivotal
resource for quantum sciences and technologies [1,2]. De-
spite these efforts, determining whether a multipartite state
is separable or entangled, a challenge known as the sepa-
rability problem [1], remains daunting in the most general
scenario. For qubit-qubit and qubit-qutrit systems, there exists
a straightforward necessary and sufficient condition to address
this problem [3,4]. However, for systems in higher dimen-
sions, the development of efficient analytical or numerical
methods to solve the separability problem remain challenging.
This difficulty is partially attributed to a form of entangle-
ment that poses significant detection challenges, known as
bound entanglement, which gathers all those states that are
entangled but are not distillable, i.e., from which no pure max-
imally entangled pairs can be extracted using local operations
and classical communication [5]. The utility of these states
has been demonstrated across various applications, including
the conversion of pure entangled states [6], quantum key
distribution [7], and quantum metrology [8,9]. Nonetheless,
constructing such states remains a nontrivial task, given the in-
complete characterization of the set of bound entangled states.
The first bound entangled states were presented in [5,10],
along with a family of states for which bound entanglement
can be activated [11]. The subsequent analytical construction
of bound entangled states primarily employed unextendible
product bases [12—15], and constructions of bound entangled
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states from existing ones have also been explored [16,17].
Prior work showed that bound entangled states can also be
generated through Lorentz boosts [18]. Numerous other an-
alytical and numerical approaches have been investigated to
construct bound entangled states [19-33], but no straight-
forward efficient way to generate large families of bound
entangled states has been investigated.

In this paper, we show how one can obtain bound entan-
gled states within symmetric random induced states (RIS). A
RIS is obtained by tracing out an ancillary system from an
initial random pure state of the global system. Recent findings
indicate that bipartite bound entanglement can be generically
obtained in RIS for systems of sufficiently large dimensions
[34]. However, the question remains to be studied and clarified
for low dimensions. The present study addresses this gap by
examining the efficiency of obtaining bound entanglement
in multipartite N-qubit systems in symmetric RIS for low
to moderate N values. We study two distinct constructions
that successfully generate bound entanglement with different
properties. Since the only operation involved in generating
random induced states is the partial tracing over an ancillary
system, our methods provide straightforward access to sym-
metric multipartite bound entangled states.

The paper is organized as follows. In Sec. II, we first
present the necessary background and definitions related to
entanglement, bound entanglement, symmetric states, and
RIS. In Sec. III, we describe the two methods used for con-
structing bound entangled RIS states. In Sec. IV, we present
the results for both methods and compare them. Finally, in
Sec. V, we conclude and provide several perspectives on our
work.

II. BACKGROUND

A. Bound entanglement

Entangled states p are states that cannot be expressed
as a convex combination of separable product states [1,2].

©2026 American Physical Society
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FIG. 1. Set of bipartite states. Separable states (SEP), PPT BE,
and NPT entangled states (NPT). The union of the PPT BE and SEP
states yield all PPT states. It is still an open question whether there
exists NPT bound entangled states (NPT BE) [35]. For 2 x 2 and
2 x 3 systems, the PPT BE set is empty [3,4].

The Peres-Horodecki positive partial transpose criterion (PPT
criterion) provides a straightforward, sufficient condition for
entanglement: a quantum state p is entangled across the bi-
partition A|B if its partial transposition p™ has at least one
negative eigenvalue. This criterion is necessary and suffi-
cient for qubit-qubit and qubit-qutrit systems [3,4]. In higher
dimensions, PPT states, i.e., states with a positive partial trans-
pose, may still exhibit entanglement. PPT entangled states
have the property that they cannot be distilled [5]. The entan-
glement in nondistillable states is bound to the state, hence
their name: Bound entangled (BE) states. By contrast, the
question of whether the entanglement of all negative partial
transpose (NPT) states can be distilled remains open [35].
Figure 1 summarizes the different entanglement properties of
bipartite states. Throughout this work, bound entangled states
will refer to PPT BE states. In the context of multipartite sys-
tems, quantum states can be entangled with regard to (w.r.t.)
some bipartitions while not w.r.t. others, and the same applies
for the PPT property. States that are PPT and entangled w.r.t.
a given bipartition are bound entangled w.r.t. this bipartition.
To fully characterize a multipartite state, one thus has to go
over every possible bipartition of the system, see, e.g., [26].

B. Symmetric N-qubit states

Multipartite symmetric states are states that remain invari-
ant under any permutation of their parties. Symmetric N-qubit
states live in the symmetric subspace Hg of dimension N + 1.
It is spanned by the Dicke states

N\ /2
|DN)=(a> > P]0...01...1) (1)

o N—a o
for « =0,..., N, where the sum runs over all possible

permutation operators P, of the N qubits. Two major sim-
plifications emerge when investigating the entanglement of
symmetric states. First, for symmetry reasons, a symmetric

state can only be either separable across all possible biparti-
tions or across none. In the first case the state is said to be fully
separable, in the latter the state it is entangled across all possi-
ble bipartitions and said to be genuinely multipartite entangled
[2]. Second, while a symmetric state can be PPT w.r.t. some
bipartitions and not w.r.t. others (so that symmetric states
can be PPT bound entangled only w.r.t. specific bipartitions),
only the number of qubits in each part of the bipartitions is
relevant since any permutation of the qubits leaves the state
unchanged. Therefore, the bipartitions A|B can be merely de-
noted by their cardinalities, and an entangled symmetric state
of N qubits can only be PPT bound entangled across any of
the bipartitions N — 1|1, N — 2|2, ..., [N/2]||N/2].

C. Random induced states

A RIS on H?, where d denotes the dimension of the state
space H, is defined as a mixed state obtained after adding an
ancilla to the system and partially tracing a random pure state
on the enlarged space H? ® Hd« over the ancilla degrees of
freedom, where ’Ht‘fﬂ is the ancilla state space of dimension d,,.
If the system state space ¢ can be evenly bipartitioned as
H2 @ HA? it is demonstrated that, for large dimensions d,
the probability of obtaining an entangled RIS is high, as long
as the ancilla state space dimension d,, is smaller than some
threshold s [34]. Similarly, the probability of obtaining a PPT
RIS is high as long as d, is greater than some other threshold
p < s [36]. In between these two thresholds (for p < d,;, < s),
there is a high probability that the RIS is PPT entangled.
While the arguments presented are also valid for unbalanced
bipartitions, it is unknown if there exists such thresholds for
low dimensions d or if a region of PPT entangled states
exists. These studies also leave the entanglement properties of
random induced states in the symmetric subspace unexplored.
Here, we fill in these gaps.

III. METHODS

In this section, we present the two methods investigated
to generate symmetric random induced states, as well as the
method we employ to detect bound entanglement and how we
estimate the probability to get bound entanglement in the RIS.

A. Generation of RIS

We consider two different methods to generate random
induced states.

(1) Method I (MI). We generate a random (N + N,)-qubit
symmetric pure state [{) on HISV+M’+1 and trace out N, qubits,
i.e., the RIS is given by p; = Try, ([¥f1){¥1]).

(2) Method Il (MII). We generate a random pure state |y, )
on Hy ! ® Hd and trace out the qudit ancilla system H% of
dimension d,, i.e., the RIS is given by 0, = Tr,(|v») (¥2]).

In both methods, the generated RIS p are symmetric, i.e.,
Pyp = p = pP,, for all permutations o of the N qubits. For
both cases, the initial random pure states |i1) and |y,) are
generated according to the unitarily invariant Fubini-study
measure in the space of pure states (the Haar measure), which
ensures that all random pure states on 2§ ™' and HY ! ®
’H;‘“ are generated equiprobably [37]. Figure 2 illustrates both
methods.
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FIG. 2. Generation of RIS. Method I (a): A RIS p; is created from an initial pure state |y,) randomly generated on the symmetric subspace

N+Ng+1
Hs

of N 4+ N, qubits after tracing out N, qubits. Method II (b): A RIS p; is created from an initial pure state |1,) randomly generated on

the tensor product space Hy ™' ® Hd% of the symmetric subspace of N qubsits and a d,-dimensional qudit after tracing out the ancilla qudit.

B. Detection of PPT bound entanglement

To assess whether the generated RIS is NPT, PPT BE,
or SEP, we check if the state is PPT across the different
bipartition of the N qubits. Since the RIS is symmetric, as
soon as one of its bipartitions is NPT, the state is necessarily
genuinely entangled, i.e., entangled accross every bipartition.
If the state is in contrast PPT accross every bipartition, the
separability problem must be solved to assess or not the full
separability of the state. To do so, we use the reformulation
of the separability problem as a truncated moment problem
that we solve using semi-definite optimization [38], as it is
very efficient for symmetric qubits. The different outcomes
are then the following.

(1) NPT. The state is NPT for every bipartition. There is
NPT entanglement across all partitions.

(2) PPT BE. The state is PPT for at least one bipartition
and NPT for the others. There is PPT bound entanglement
across the PPT bipartitions.

(3) SEP. The state is PPT for every bipartition and is fully
separable.

It may happen that in some cases the separability problem
is unresolved with this method. These cases are tracked in our
process and tagged UNK for unknown states. Note that for
N =2 and N = 3, the only bipartitions are 1|1 and 2|1, re-
spectively. For these dimensions, PPT states are also separable
by the PPT criterion, thus PPT bound entangled bipartitions
can then arise for N > 3 [3,4].

C. Estimation of the probabilities

The probability Px (K = NPT, PPT BE, SEP) of obtain-
ing NPT, PPT BE, and SEP states, respectively, using either
method I or II is given by

Pq = lim X, )

n—oo n

with ng the number of times a K state is found among the set
of n RIS using the respective methods. We similarly define
the probability Pynk that methods MI and MII generate a PPT
RIS that cannot be detected as either separable or entangled by
our implementation of the truncated moment reformulation of
the separability problem.

The probabilities Px are estimated by using the empirical
probabilities P (n) = nx/n for a fixed number n of RIS. For
large n, Px ~ Px(n). The validity of this approximation is
analyzed through the convergence of Py (n) with respect to n.
We conclude that with n = 10° the approximation is expected
to hold within a precision of 1073 (see Appendix).

IV. RESULTS

This section presents our results about the probabilities of
generating PPT BE states, as well as NPT and SEP states,
from the two kinds of RIS generated in this paper. We show
how they scale with system size N. We also provide a dis-
cussion about the different properties of the obtained PPT BE
states depending on the methods used to generate the RIS, and
compare the two methods.

A. Probabilities

As shown in Figs. 3 and 4, it is possible to create bound
entanglement in symmetric N-qubit RIS with both methods
MI and MII as soon as N > 3. Upon increasing the ancilla
parameters N, and d,, we observe three distinct entanglement
“phases.” First, the probability to obtain an NPT RIS starts
from a maximal value 1 (to within 1073), then decreases
down to O, while the probability of obtaining a PPT BE
state increases to reach a maximum inbetween. The maximum
PPT BE probability varies and increases with N in MI for
N =4,5,6 and in MII for N = 4, 5, reaching a value close
to 1 in both methods for higher N. This probability then
decreases down to 0, while the probability of obtaining a
fully separable RIS increases and tends to 1. This behavior
aligns with the analytical results reported in [34,36] for large
dimensions in the bipartite scenario. However, here we do not
observe sharp thresholds between the different phases. The
increase (or decrease) in each probability is not abrupt, but
rather gradual.

Let us focus on the PPT BE RIS (the yellow curves
on Figs. 3 and 4). The notation PPT BEy,, _x, denotes PPT
bound entanglement across all the bipartitions N — k;|k;
(j=1,...,J). In case the state is PPT bound entangled
across all possible bipartitions (all possible bipartitions but the
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FIG. 3. Bound entanglement in Method I. Probabilities that the generated random induced states have NPT entanglement (red), PPT bound
entanglement (yellow), or are separable (green) using Method I with respect to the number of qubits N, in the ancilla system, for N =4, ..., 9.
N, starts at 1 and increases with a step of 1. The maximal PPT BE probability quickly grows to 1 as N increases, showing the efficiency of the
method. The brown curves are a refinement of the PPT BE yellow curve. They show the probabilities of obtaining PPT bound entanglement
across the different bipartitions: PPT BE,, PPT BE, ,, and PPT BE, , 3 as the ancilla parameter increases. The PPT BE,; curve and the global
PPT BE curve (yellow) are almost identical for N = 4 and 5. The bottom frame exhibit the three probabilities of getting PPT BEy, PPT BE,;,
and UNK states. The lines between the dotted points are to guide the eye. The background colors indicate the regions where the probability of
obtaining NPT entanglement (red), PPT bound entanglement (yellow), or separable states (green) is the highest compared to the other two.

penultimate [N/2] + 1|[N/2] — 1), it is also denoted by PPT
BE,; (PPT BEy).

For instance, for N = 6, the different possibilities are
PPT BE; (PPT BE across the bipartition 5|1), PPT BE,
(across the bipartition 4|2), PPT BE; (across the bipartition
4]2), and four combinations of them: PPT BE; » (across the
bipartitions 5|1 and 4|2), PPT BE; ;3 = PPT BEy (across the
bipartitions 5|1 and 3|3), PPT BE, 3 (across the bipartitions 4]2
and 3|3), and PPT BE; » 3 = PPT BEy; (across the bipartitions
5|1, 4J2, and 33).

We observe that out of all possible bipartitions, there is a
nonzero probability of obtaining a RIS with PPT entangle-
ment across only a few. In our example of six qubits out of
the seven possible outcomes, there is a nonzero probability of
obtaining a RIS with PPT entanglement across only four of
them, and as the ancilla parameter increases, their respective
probabilities start to increase in a specific order: PPT BE,,
PPT BE, », PPT BE, » 3, and finally, PPT BE, 3. These refine-
ments can be observed in Figs. 3 and 4.

Generally, for an N-qubit system, as the ancilla parameters
grow, the PPT bound entanglement emerges progressively
across more and more bipartitions. First appear the PPT BE;
states, then the PPT BE, ; states, PPT BE, , 3 states, and so
on, until the PPT BE, states, and finally the PPT BEy states.
It occurs with a lower probability than PPT BE,;, and does not

behave similarly for every N, nor for the two methods. Indeed,
N = 4 is the only case where PPT BEy RIS are more likely to
appear than PPT BE,; RIS in both methods. Moreover, the
probability of PPT BEy is dramatically smaller (close to 0)
for odd numbers than for even numbers N. In Method II, the
probability of PPT BEyx tends towards O for odd numbers.
Another difference between odd and even N can be observed
in the growth of the maximal probability of PPT BE,; with
respect to N as depicted in both Figs. 3 and 4. Indeed, in
both methods, the maximal probability increases from N = 4
to N = 5, but then decreases from N =5 to N = 6, and in-
creases again from N =6 to N =7, and so on, displaying
a sawtooth behavior. Different behaviors between odd and
even number qubits in symmetric qubits systems were also
observed in other works [39].

The range of the ancilla parameters d, and N, for which
there is the highest probability of obtaining PPT bound entan-
glement increases with the number of qubits N. By identifying
the intersection points of the probability curves for distinct
entanglement “phase” (NPT, PPT BE, and SEP) as a function
of the ancilla parameter N, for each system size N, one can
map out the dominant regimes of each phase. These inter-
sections, extracted from Fig. 3, define the boundaries in the
resulting phase diagram (Fig. 5). Notably, the transition from
NPT to PPT exhibits a linear dependence on ~ N, whereas the

042440-4



BOUND ENTANGLEMENT IN SYMMETRIC RANDOM ...

PHYSICAL REVIEW A 113, 042440 (2026)

1.0

0.5

Probabilities

0.0
0.014

0.00 1

0 100 200 300 400 O 2000 4000

Probabilities

= =

2000 4000 6000 8000

0 500 1000 0

da d(l
@ NPT
PPT BE @ PPT BEy
PPT BE, @ PPT BE,,
@ PPT BE,, UNK
@ SEP

FIG. 4. Bound entanglement in Method II. Probabilities that the
generated random induced states have NPT entanglement (red),
PPT bound entanglement (yellow), or are separable (green) using
Method II with respect to the dimension of the ancilla qudit d, for
N =4, ...,7. The value of the ancilla starts at d, = 2 for each
N. For N =4,...,7, the following values of N, are multiples of
10, 25, 100, and 200, respectively. The brown curves are a refinement
of the PPT BE yellow curve. They show the probabilities of obtaining
PPT bound entanglement across the different bipartitions: PPT BE,
and PPT BE,, as the ancilla parameter increases. The PPT BE,
curve and the global PPT BE curve (yellow) are almost identical
for N = 4 and 5. The bottom frame exhibit the three probabilities of
obtaining PPT BEy, PPT BE,;;, and UNK states. The lines between
the dotted points are to guide the eye. The background colors indicate
the regions where the probability to get NPT entanglement (red),
PPT bound entanglement (yellow), or separable states (green) is the
highest compared to the other two.

transition from entanglement to full separability follows a
quadratic scaling ~N2. This scaling behavior highlights that
the regime in which bound entanglement can occur grows
with N2, underscoring its increasing relevance in larger
systems.

B. Hilbert-Schmidt distance and variety of PPT BE RIS

With the help of the Hilbert-Schmidt (HS) distance,
we investigate here the variety of PPT BE RIS generated
using the two methods. The Hilbert-Schmidt distance is
defined between two operators A and B as Dys(A, B) =
VTt[(A — B)T(A — B)]. We first determine the mean distance
between random induced states and the maximally mixed state

701
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= 40-
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FIG. 5. Entanglement phase diagram. Diagram highlighting
where NPT (red), PPT BE (orange), and SEP (green) RIS are the
most likely obtained for Method I, as a function of N and N,. The
boundaries correspond to the intersections between the probability
curves of Fig. 3. The lines are linear and quadratic fits of the inter-
section points.
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FIG. 6. Mean HS distance in RIS. Mean Hilbert-Schmidt dis-
tance Dys between the RIS and the maximally mixed state for N =
4,5, 6 as a function of the ancilla parameter (N, or d,) for both meth-
ods MI and MILI. For each parameter of the ancilla, 100 000 RIS were
generated. The lighter blue band indicates the standard deviation, and
is continuous to guide the eye. The background colors indicate the
regions where the probability of obtaining NPT entanglement (red),
PPT bound entanglement (yellow), or separable states (green) is the
highest compared to the other two.
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FIG. 7. Variety of bound entangled RIS. PDFs of the Hilbert-
Schmidt distance between two random induced bound entangled
states using both methods MI and MII (and considering a set of three
distinct parameters for each method, see insets). The comparison of
the graphs shows that Method I presents a larger variety of bound
entangled states than Method II.

with purity tr(pf) = 1/(N + 1). Figure 6 depicts how the
mean distance for MII decreases dramatically faster to O than
for MI, for N = 4, 5, 6. The yellow background in the panels
indicates where the probability of obtaining PPT BE states is
the highest compared to the probability of obtaining NPT or
SEP RIS. These observations indicate that MII creates bound
entangled states much closer to the MMS compared to MI.
The same behavior is observed for other numbers N in both
methods. Note that Dys(ps, 0o) is directly linked to the purity
of the RIS pg: Dys(ps, po) = tr(pg) — 1/(N + 1). Hence, up
to a constant the curves of Fig. 6 also represent the evolution
of the mean purity in the RIS w.r.t. the ancilla parameters.
We then investigate the variety of the created random induced
bound entangled states. To that end, we create samples of
random induced PPT BE states of N = 4, 5, and 6 qubits using
both methods. The ancilla parameters are fixed around the
ones giving the maximum probability to get a bound entangled
state. For Method I, the selected parameters are N, = 12, 18,
and 24 for N = 4, 5, and 6, respectively, and d, = 100, 250,
and 300 for Method II. Figure 7 displays the probability den-
sity functions (PDFs) of the HS distance between two PPT
BE RIS for these selected parameters. The PDFs are estimated
from a sample of 30 000 bound entangled RIS that generate
a sample of (30 000> — 30 000)/2 = 449 985 000 relative
distances. In Fig. 8, we show the PDFs of the HS distance
between PPT BE RIS of N = 4 qubits and the Dicke dyadic
products |Dj‘(,)(Df,| (¢, 8 =0,...,N). These latter PDFs are
estimated from a sample of 10° bound entangled RIS. The fig-
ure shows how the two methods generate bound entangled RIS

distributed around the maximally mixed state. The distribution
is narrower around the MMS for Method II than for Method 1.

C. Comparative analysis of methods I and I1

The results presented in the previous section shed light on
the distinct features of the two methods for generating PPT BE
states. First, for a fixed number of qubits N, and in particular
for N = 4,5, and 6, Method I attains a slightly lower maximal
probability of producing a PPT BE states than Method II.
However, as N increases, this difference becomes negligible,
and both methods converge toward nearly identical maximal
probabilities close to unity.

A striking difference arises in the range of the control
parameter over which PPT BE states are observed with high
probability. MII possesses a considerably wider parameter re-
gion in which the probability of finding PPT BE states exceeds
that of NPT or SEP ones. This broad stability means that MII
is less sensitive to parameter variations, offering a more robust
performance that could facilitate experimental implementa-
tion. The ability to maintain a high generation probability
over an extended parameter range may prove advantageous in
practical situations where fine control of the ancilla parameter
is difficult to achieve.

Conversely, MI exhibits a pronounced advantage in terms
of the diversity of the generated states. The ensemble of PPT
BE states obtained from MI is significantly more varied as
shown in Figs. 7 and 8. This enhanced diversity may be
important for theoretical studies aiming to characterize the
structure, geometry, or classification of bound entanglement,
or for applications requiring an heterogeneous sample of en-
tangled states.

Taken together, these observations suggest that the choice
between MI and MII depends on the intended application.
If one prioritizes variety and seeks to probe the richness of
the PPT BE landscape, MI constitutes the preferred option. If
instead the goal is to achieve higher generation probabilities
and to benefit from greater robustness to parameter fluctua-
tions (features especially relevant in experimental contexts)
MII should be favored. For larger system sizes, where both
methods reach nearly maximal probabilities, this distinction
becomes less critical; however, in the low-N regime, it re-
mains a significant consideration.

V. CONCLUSION

In this work, we showed that symmetric RIS offered a
practical and efficient route to generating bound entangled
states, even in low-dimensional systems, as long as the num-
ber of qubits satisfied N > 3. By considering two distinct
methods for generating RIS, namely, partial tracing of sym-
metric multiqubit pure states (method MI) and tracing out
a qudit ancilla (method MII), we demonstrated that bound
entanglement emerged naturally for suitable choices of the
ancilla parameters. The probabilities of generating such PPT
bound entangled states increased rapidly with the system size,
reaching values close to unity, thus providing a highly efficient
mechanism for producing large ensembles of bound entangled
states without complex optimization procedures.
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between the maximally mixed state py and the corresponding Dicke dyadic product.

The results presented here highlight notable patterns in
the distribution of PPT bound entanglement across biparti-
tions, including a sawtooth behavior in the maximal PPT
BE,; probability for odd versus even numbers of qubits and
the sequential appearance of PPT entanglement across in-
creasing subsets of bipartitions. Such insights deepen our
understanding of multipartite symmetric entanglement and
its intricate structure. Furthermore, our exploration of the
Hilbert-Schmidt distances provides a quantitative character-
ization of the diversity of the generated states, illustrating the

versatility of symmetric RIS as a resource for entanglement
studies.

Our comparative analysis of the two methods reveals a
complementary picture. Method I produces a broader variety
of bound entangled states, which is valuable for theoretical
studies aimed at exploring the structure and geometry of
entanglement. Conversely, Method II yields states that are
more concentrated around the maximally mixed state, pro-
viding higher robustness and a wider parameter range where
bound entanglement occurs, which may be advantageous for
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FIG. 9. Empirical probabilities. (a), (c) Empirical probabilities Px(n) (K = NPT, PPT BE, and SEP) with respect to the number # of RIS
generated for N = 4 for (a) Methods I and (c) II. The ancilla parameters are N, = 12 for Method I and d, = 80 for Method II. The plot points
represent the empirical probabilities computed for the sequence of sample numbers n = 1,2, 4,8, ..., 8192 and then from n = 10* to 10° by
constant steps of 2000 (continuous lines are only guides for the eyes). (b), (d) Absolute values of the successive differences of the plot points:
A(n;) = Px(n;) — Px(ni_y), with i indexing the successive plot points for Methods (b) I and (d) II. The lower four panels display a zoom in

the region n € [10%, 10°].

experimental implementations. These distinctions underscore
the importance of selecting a method according to the in-
tended application, whether it be for fundamental research,
entanglement characterization, or experimental realizations.

Looking forward, our study opens multiple avenues for
future research. One promising line of inquiry is to explore
the operational utility of the RIS in quantum information pro-
cessing, metrology, and quantum communication protocols
using both methods. Additionally, extending this approach to
higher-dimensional systems and other symmetry classes could
further enrich the toolkit for the generation and characteriza-
tion of bound entanglement.

Overall, our work establishes symmetric RIS as a flex-
ible and powerful framework for the generation of bound
entangled states, bridging theoretical analysis and potential
experimental realization. The combination of high probability
generation, controllable state properties, and methodological
simplicity positions this approach as a valuable resource for
the ongoing exploration of the subtle phenomenon of bound
entanglement in quantum systems.
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APPENDIX: EMPIRICAL PROBABILITIES

Figure 9 displays the empirical probabilities Py (n) (K =
NPT, PPT BE, and SEP) with respect to the number n of
RIS generated for N =4, N, = 12 (Method I) and d, = 80
(Method II). At n = 10°, the empirical probabilities are ex-
pected to yield an approximation of the exact probabilities to
within a precision of 1073,
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