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Abstract

Oxide perovskites constitute one of the most versatile families of functional materials,
exhibiting a broad spectrum of physical phenomena including ferroelectricity, antiferro-
electricity, metal-insulator transitions, and the emergence of complex topological textures.
Understanding these properties at the microscopic level remains challenging, as they
emerge from the collective behavior of multiple coupled structural contributions that are
computationally demanding to simulate at finite temperature and large scale. This thesis
addresses these challenges through the systematic development, validation, and application
of second-principles interatomic potentials for a series of representative perovskite oxides,
and exploits these models to investigate the nature, stability, and dynamical control of
topological polar textures in bulk crystals and heterostructures. A rich variety of such
textures is identified and characterized, and their stability and tunability are systematically
assessed. The dynamical manipulation of these textures is then addressed through two
complementary strategies. Spatially modulated acoustic phonon excitations are shown to
enable deterministic and reversible engineering of a broad family of polar topologies, while
inhomogeneous, time-dependent electric fields allow precise control and displacement of
individual topological objects, including the reversible switching between states of opposite
topological charge in the same material. Together, these results establish a framework
for the active in situ control of polar textures in bulk ferroelectrics. Finally, an initially
non-polar perovskite is shown to harbor a hidden ferroelectric phase whose metastability is
governed by a layer-by-layer nucleation mechanism, and an electric-field-driven first-order
polarization switching process is identified as an alternative pathway to antiferroelectricity.
The lattice dynamics of a correlated oxide across its metal-insulator transition are also
examined, reproducing the triggered instability mechanism at the origin of the structural
phase transition.





Résumé

Les oxydes pérovskites constituent l’une des familles de matériaux fonctionnels les plus
remarquables, présentant une grande diversité de phénomènes physiques, notamment
la ferroélectricité, l’antiferroélectricité, les transitions métal-isolant, et l’émergence de
textures topologiques complexes. Ces propriétés émergent du comportement collectif
de plusieurs degrés de liberté structuraux couplés, ce qui rend leur compréhension à
l’échelle microscopique particulièrement ardue, d’autant que leur simulation à température
finie et grande échelle est numériquement coûteuse. Cette thèse répond à ces défis par le
développement systématique, la validation et l’application de potentiels interatomiques
de seconds principes pour une sélection d’oxydes pérovskites soigneusement choisis,
et exploite ces modèles pour étudier la nature, la stabilité et le contrôle dynamique de
textures polaires topologiques dans des cristaux massifs et des hétérostructures. Ces
textures se révèlent d’une grande diversité, et leur stabilité ainsi que les moyens de les
contrôler sont systématiquement étudiés. La manipulation dynamique de ces textures est
ensuite abordée selon deux stratégies complémentaires. D’une part, il est montré que des
excitations de phonons acoustiques spatialement modulées permettent de construire de
manière déterministe et réversible une large famille de topologies polaires. D’autre part,
des champs électriques inhomogènes et dépendants du temps permettent le contrôle précis
et le déplacement d’objets topologiques individuels, ainsi que la commutation réversible
entre états de charge topologique opposée au sein d’un même matériau. Ces résultats
ouvrent la voie à un contrôle actif in situ des textures polaires dans les ferroélectriques.
Enfin, il est montré qu’un oxyde pérovskite initialement non polaire peut abriter une
phase ferroélectrique cachée, dont la métastabilité est gouvernée par un mécanisme de
nucléation couche par couche. Un processus de commutation de la polarisation du premier
ordre, induit par champ électrique, est par ailleurs identifié comme voie alternative au
comportement antiferroélectrique. La dynamique de réseau d’un oxyde corrélé au voisinage
de sa transition métal-isolant est également étudiée, permettant de reproduire le mécanisme
à l’origine de sa transition de phase structurale.
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Introduction 1
Condensed matter physics is unusual among physics disci-
plines in the breadth of approaches it welcomes. It can be
studied at many levels of abstraction, from the mathematical
elegance of symmetry and topology to the practical engi-
neering of devices and materials. The field naturally draws
on quantum mechanics, statistical physics, thermodynam-
ics, special relativity and classical mechanics, and advances
through the interplay of experiment, theory, and computa-
tion, each bringing its own indispensable perspective. It also
bridges physics with chemistry, materials science, and even
biology, offering a rare versatility in how one can contribute.
Whether one is interested in abstract formalism or tangible
applications, in microscopic mechanisms or macroscopic
phenomena, condensed matter accommodates all.
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Condensed matter (31%)

Particle physics (16%)

Atomic & molecular (13%)

Optics & quantum optics (13%)

Astrophysics (12%)

Nuclear physics (10%)

Classical & statistical (6%)

Others (5%)

Figure 1.1: Distribution of Nobel Prizes
in Physics by subfield (1901–2025). Con-
densed matter physics accounts for ap-
proximately one quarter of all awards. The
classification is based on [1] for the period
1901–2000, extended to 2025 following [2].

This breadth of intellectual scope is matched by an equally
remarkable spectrum of practical impact. The field has been
recognized by a substantial fraction of Nobel Prizes in Physics,
as illustrated in Figure 1.1, reflecting both its fundamental
importance and its contribution to technological progress.
Most of the technologies that define modern life are, at their
core, condensed matter achievements. The transistor [3], the
foundation of every computer and smartphone, emerged
from the patient understanding of semiconductors [4]. The
blue light-emitting diode, awarded the Nobel Prize in Physics
in 2014 [5], transformed the way the world is illuminated and
made energy-efficient lighting accessible to billions. Magnetic
storage media [6], liquid crystal displays [7], photovoltaic
cells [8], lithium-ion batteries [9], magnetic resonance imag-
ing [10], and the superconducting qubits [11] at the heart of
nascent quantum computers are all, fundamentally, products
of condensed matter research. The path from the labora-
tory to society is often long and indirect, but it is real and
consequential.

It would be misleading, however, to suggest that the appeal
of condensed matter physics lies primarily in its applications.
The deeper motivation, and the one that animates much
of the work presented in this manuscript, is the pursuit of
understanding. A small change in composition, tempera-
ture, or pressure can transform an insulator into a metal, a
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paraelectric into a ferroelectric, or a trivial band structure
into a topologically protected one. Each of these transitions
is governed by a mechanism, often subtle and sometimes
counterintuitive, and identifying these mechanisms is what
drives the field forward. Applications follow, but they follow
understanding.

Solar cells (66.5%)

Light-emitting diodes (2.0%)

Photodetectors and sensors (2.9%)

Lasers and optical applications (3.1%)

Energy storage devices (6.9%)

Quantum computing applications (6.2%)

Other applications (12.2%)

Figure 1.2: Global perovskite market rev-
enue share by application (2024). The total
market was valued at approximately USD
0.7 billion, with solar cells accounting for
two-thirds of the revenue. Data adapted
from [12].

Among the materials that have most consistently rewarded
such investigation are the perovskite oxides. With the general
formula ABO3, this family hosts an extraordinary range of
physical phenomena such as ferroelectricity, antiferroelec-
tricity, ferromagnetism, multiferroicity, superconductivity,
colossal magnetoresistance, photovoltaic effect, and metal-
insulator transitions. This richness arises from the delicate
interplay between structural, electronic, and magnetic de-
grees of freedom that the perovskite structure accommodates.
Small perturbations, epitaxial strain, chemical substitution,
or applied electric or magnetic fields, can shift the balance
between competing phases, making these materials both
scientifically rich and potentially useful for applications in
solar-cells, nanoelectronics, sensors, energy storage devices,
and heating and cooling systems as alternatives to gas-based
technologies.

Among the plethora of phenomena that perovskite oxides ex-
hibit, this thesis focuses primarily on the structural properties
of these materials: how atoms arrange themselves collectively,
how they vibrate, and how these arrangements evolve with
external stimuli. It is remarkable that, without any external in-
struction, vast numbers of atoms spontaneously organize into
coherent patterns that extend across macroscopic distances.
These collective arrangements give rise to the phenomena
examined here: ferroelectricity, antiferroelectricity, and the
spatially modulated polarization patterns that emerge in
ferroelectric materials. Some of these patterns organize into
arrangements that are inherently robust to perturbations,
making them attractive for applications requiring stable
nanoscale structures.

The theoretical and computational study of perovskite oxides
has been particularly active over the past decades [13]. Den-
sity functional theory provides quantitative predictions of
ground-state properties, but its computational cost restricts
it to small systems at zero temperature. The phenomena
addressed in this thesis, structural phase transitions, po-
lar textures, and their dynamical manipulation, typically



7

involve hundreds or thousands of atoms over picosecond
to nanosecond timescales. Bridging this gap requires effec-
tive models parametrized on first-principles data that can
be deployed in large-scale molecular dynamics simulations.
The second-principles approach and machine-learning inter-
atomic potentials have emerged as the two main strategies
for achieving this.

The present thesis is devoted to the construction, validation,
and application of such models to a selection of perovskite
oxides, with the aim of investigating their finite-temperature
properties, the polar textures they host, the ways in which
these textures can be manipulated through external stimuli,
and the conditions under which ferroelectric and antiferro-
electric instabilities compete and can be tuned.

The present manuscript is organized as follows. Chapter 2
and Chapter 3 provide some generic background on func-
tional perovskite oxides, topological polar textures, and the
computational methods employed throughout this work.
Chapter 4 is devoted to the construction and validation of
interatomic potentials for the materials studied in this the-
sis. Chapter 5 investigates the ferroic textures emerging in
these materials, both in bulk and in superlattice geometries.
Chapter 6 addresses the dynamical manipulation of polar
textures under external stimuli. Chapter 7 focuses on the
unconventional ferroelectric and antiferroelectric behavior of
CaTiO3. Finally, Chapter 8 investigates the finite-temperature
lattice dynamics of YNiO3.
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Before turning to the original results of this thesis, it is
necessary to set the stage with the theoretical concepts on
which they rely. The perovskite oxides at the heart of this
work display a rich variety of structural and polar behaviors,
and making sense of these requires familiarity with a few
key ideas that recur throughout the manuscript.

The discussion opens with the perovskite structure itself,
the crystallographic framework from which all subsequent
considerations stem. The distortions that lower its symmetry,
together with the lattice vibrations that accompany them,
are then examined, as they underlie the structural phase
transitions encountered in later chapters. Attention next turns
to ferroelectricity and antiferroelectricity, two phenomena
central to this thesis, whose phenomenological description
provides the vocabulary used to characterize polar order.
The chapter closes with a discussion of topology in polar
oxides, where notions of topological defects, solitons, and
protection are introduced. These concepts will prove essential
when polar textures of nontrivial topology are examined in
subsequent chapters.

The aim here is not to provide an exhaustive review, but
to equip the reader with the conceptual tools and physical
intuition needed to engage with what follows.

2.1 The Perovskite structure

A
B
X

Figure 2.1: Illustration of the ideal 𝑃𝑚3̄𝑚
cubic unit cell ABX3 perovskite structure.

The compounds investigated in this work belong to the broad
family of perovskite materials, a class of ternary crystals
typically described by the chemical formula ABX3. In this
notation, A and B denote cations of different ionic radii, and
X is an anion, typically oxygen in oxide perovskites or a
halogen in halide perovskites. In its aristotype cubic form
(see Figure 2.1), the perovskite structure (space group 𝑃𝑚3̄𝑚)
is defined by a primitive unit cell with lattice parameter 𝑎.
The larger A cations occupy the cube corners, the smaller
B cation resides at the body center, and the X anions are
located at the face centers. The B cation is surrounded by six
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X anions, forming BX6 octahedra. Through periodic repeti-
tion, these octahedra connect via their corners, generating a
three-dimensional network that constitutes the backbone of
the structure. All members of this family adopt as slightly
different structures which can all be viewed as distortions of
this reference structure.

Aside from classical semiconductors such as silicon, per-
ovskites constitute one of the most extensively studied classes
of crystalline materials [14]. Their remarkable scientific rel-
evance arises from the structural flexibility of the ABX3
chemistry, which can accommodate a wide variety of metal-
lic cations on both A and B sites. This chemical versatility
gives rise to an exceptional diversity of physical properties,
including ferroelectricity, magnetism, multiferroicity [15],
superconductivity [16], metal–insulator transitions [17], com-
plex topological textures [18] and remarkable optoelectronic
properties exploited in photovoltaic applications [19]. As a
result, the perovskite structure serves as an ideal platform
for exploring how macroscopic functionalities emerge from
microscopic interactions at the atomic scale.

2.1.1 Structural distortions

The crystallographic description of the perovskite structure
was rationalized by Victor Goldschmidt in 1926 through
his introduction of the tolerance factor concept, providing a
geometric criterion for structural stability [20].

Although the perovskite family encompasses a vast number
of compounds, the ideal cubic structure is rarely the ground
state: most perovskites lower their symmetry through one
or more structural distortions at low temperature, while
preserving the fundamental framework of corner-sharing
BX6 octahedra. These deviations typically arise from size
mismatches between the constituent ions.

Goldschmidt proposed a geometric interpretation of these
distortions by modeling the ions as rigid spheres character-
ized by effective ionic radii. Within this picture, the stability of
the cubic phase can be assessed by comparing two geometric
constraints: the distance between ions in contact along the
face diagonal of the cube and that along the edge defined by
the octahedral network. For a perfectly cubic arrangement,
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these distances satisfy a specific relation, which leads to the
definition of the Goldschmidt tolerance factor

𝑡 =
𝑟𝐴 + 𝑟𝑋√

2 (𝑟𝐵 + 𝑟𝑋)
, (2.1)

(a)

(b)

(c)

(d)

(e)

Figure 2.2: Illustration of the top view of (a)
ideal cubic perovskite. (b) In-phase rotation.
(c) Out-of phase rotation. (d) A-type polar
distortion (e) B-type polar distortion.

where 𝑟𝐴, 𝑟𝐵 and 𝑟𝑋 denote the ionic radii of the A, B, and X
species, respectively. Values of 𝑡 close to unity favor the cubic
phase, whereas deviations from this condition typically lead
to symmetry-lowering distortions of the perovskite structure,
as illustrated in Figure 2.2 (a).

When 𝑡 < 1, the A cation is undersized with respect to
the cuboctahedral cavity formed by the surrounding BX6
octahedrons. In this situation, the A site is relatively spacious,
while the octahedral network is geometrically overextended
if kept perfectly cubic. The structure can lower its energy
in two distinct, and not mutually exclusive ways. First, the
corner-sharing octahedra may rotate cooperatively, thereby
reducing the size of the A-site cavity without breaking the
connectivity of the network. These rotations can occur around
the Cartesian axes of the parent cubic structure. Adjacent
octahedra along a given rotation axis may rotate in-phase or
out-of-phase as illustrated in Figure 2.2 (b) and (c). Second,
the A cation itself may displace within its cavity. Such off-
centering motions can contribute to polar distortions if they
break inversion symmetry as shown in Figure 2.2 (d) or to
anti-polar distortions if the A cations of different site move in
opposite directions. In practice, octahedral rotations are the
most common response for 𝑡 < 1, and multiple rotation axes
may be involved simultaneously. The classification of these
cooperative tilt patterns was introduced by Mike Glazer [21]
through the notation 𝑎±,0 , 𝑏±,0 , 𝑐±,0, where the letters indicate
the rotation amplitudes around the 𝑥, 𝑦 and 𝑧 axes, and the
superscript +,− and 0 denote in-phase, anti-phase, or absent
rotations, respectively. Among the 23 symmetry-distinct tilt
systems identified, the 𝑎−𝑎−𝑐+ pattern is the most frequently
encountered, lowering the symmetry from cubic 𝑃𝑚3̄𝑚 to
orthorhombic 𝑃𝑏𝑛𝑚 [22].

In perovskites with 𝑡 > 1, the relative ionic sizes imply that
the BX6 octahedra provides excess space for the B cation,
while the A cation more tightly fills its cuboctahedral cavity.
In this situation, the structure cannot efficiently relax through
octahedral tilting alone. Instead, it often lowers its energy
through off-centering displacements of the B cations with
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Figure 2.3: Stuctural distortion associated
with Goldschmidt tolerance factor for dif-
ferent perovskite oxides

BiFeO3
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P⃗

respect to the surrounding anion network, as illustrated in
Figure 2.2 (e). These polar distortions typically involve a
displacement of the B cation within its octahedron along one
or several Cartesian directions of the parent cubic structure.
When this off-centering breaks inversion symmetry, it gives
rise to a spontaneous polarization. In many oxide perovskites,
this instability reflects not only geometric size effects cap-
tured by the tolerance factor, but also electronic mechanisms
associated with B–X hybridization.

2.1.2 Phonons and structural instabilities

The structural distortions discussed above, such as octahe-
dral rotations or polar displacements, can all be interpreted
as collective atomic motions away from the high-symmetry
positions of the ideal cubic structure. A natural framework for
describing such collective atomic displacements in crystalline
solids is provided by the phonon formalism. Within the har-
monic approximation, a solid can be regarded as a collection
of independent harmonic oscillators whose normal modes,
referred to as phonons, define a complete orthogonal basis
for the atomic displacements. Beyond providing a convenient
basis for representing structural distortions, this formalism
is also exploited as a powerful criterion for assessing the
stability of a given reference structure.

u1

u2

γ1γ2

Atomic basis Phonon basis

u1 = (1, 0) γ1 =
√
2
2 (1, 1)

u2 = (0, 1) γ2 =
√
2
2 (−1, 1)

Figure 2.4: Schematic representation of the
change of basis from the atomic displace-
ment basis (𝑢1 , 𝑢2), where 𝑢1 and 𝑢2 denote
the displacements of atoms 1 and 2 with
respect to their reference positions, to the
phonon basis (𝛾1 , 𝛾2), where 𝛾1 and 𝛾2 de-
note the relative motions of atoms 1 and 2
with respect to one another.

Indeed, any arbitrary atomic distortion u can be expressed as
a superposition of phonon eigendisplacements, which form
a complete orthogonal basis for describing collective atomic
displacements in a crystal (Figure 2.4),

𝑢𝑙𝜅𝛼 =
1√
𝑀𝜅

∑
𝑗 ,q
𝑄 𝑗q 𝛾𝑗q(𝜅𝛼) 𝑒 𝑖q·R𝑙 , (2.2)

where 𝑢𝑙𝜅𝛼 is the displacement of atom 𝜅 in the direction
𝛼 in the cell 𝑙 located at R𝑙 , 𝑄 𝑗q denotes the amplitude
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of the phonon mode and 𝛾𝑗q its normalized eigenvector
(⟨𝛾𝑗q|𝛾𝑗q⟩ = 1), obtained from the diagonalization of the
dynamical matrix,∑

𝜅′𝛽

𝐷𝜅𝛼,𝜅′𝛽(q) 𝛾𝑗q(𝜅′𝛽) = 𝜔2
𝑗q 𝛾𝑗q(𝜅𝛼), (2.3)

where 𝛼 and 𝛽 label Cartesian directions, 𝜅 and 𝜅′ label atoms
in the unit cell, q is the phonon wavevector and 𝜔 𝑗q is the
frequency associated to the phonon mode 𝛾𝑗q. The dynamical
matrix 𝐷𝜅𝛼,𝜅′𝛽(q) is obtained from the Fourier transform of
the interatomic force constants (IFC), normalized by the
atomic masses,

𝐷𝜅𝛼,𝜅′𝛽(q) =
𝐾𝜅𝛼,𝜅′𝛽(q)√
𝑀𝜅𝑀𝜅′

, (2.4)

where the IFC correspond to the second derivatives of the
total energy with respect to atomic displacements,

𝐾𝑙𝜅𝛼, 𝑙′𝜅′𝛽 =
𝜕2𝐸

𝜕𝑢𝑙𝜅𝛼 𝜕𝑢𝑙′𝜅′𝛽
. (2.5)

Within the harmonic approximation, the energy associated
with atomic displacements can be written as

𝐸 =
1
2

∑
𝑙𝜅𝛼, 𝑙′𝜅′𝛽

𝐾𝑙𝜅𝛼, 𝑙′𝜅′𝛽 𝑢𝑙𝜅𝛼 𝑢𝑙′𝜅′𝛽 . (2.6)

The phonon frequencies 𝜔2
𝑗q are therefore directly related to

the curvature of the energy surface along the corresponding
phonon coordinate. This relation becomes particularly trans-
parent when the energy is expressed in the phonon basis. By
inserting Eq. (2.2) into Eq. (2.6), the energy can be written
as

𝐸 =
𝑁

2
∑
𝑗 ,q

𝜔2
𝑗q |𝑄 𝑗q|2 , (2.7)

where 𝑁 denotes the number of unit cells in the crystal.

Q

E

ω2 > 0
Stable

ω2 < 0
Unstable

Figure 2.5: Illustration of different energy
variation scenarios as a function of struc-
tural distortion 𝑄. The orange curve dis-
plays a positive curvature of the energy
landscape around the reference structure,
corresponding to a real and positive vi-
brational frequency 𝜔, indicative of a sta-
ble configuration. The blue curve, on the
other hand, exhibits a negative curvature
at the reference structure, giving rise to an
imaginary frequency 𝜔, which signals a
structural instability. The dotted line repre-
sents the harmonic approximation associ-
ated with this latter case.

In this representation, the sign of 𝜔2
𝑗q directly reflects the

dynamical stability of the structure with respect to a given
distortion. A positive value corresponds to a local minimum of
the energy surface along the associated coordinate, indicating
that the reference structure is stable against this distortion.
Conversely, a negative value, conventionally reported as an
imaginary phonon frequency, signals a negative curvature of
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the energy surface, as illustrated in Figure 2.5. In this case,
the reference structure is unstable and will spontaneously
distort along this mode in order to lower its energy.

Computing the phonon dispersion curves in the reference
structure therefore allows identifying possible instabilities
and anticipating the related distortions. In this respect, the
phonon formalism provides a microscopic and quantitative
counterpart to the empirical considerations introduced ear-
lier through the Goldschmidt tolerance factor (Section 2.1.1).
The distortions anticipated on geometric grounds, such as
octahedra rotations and polar displacements, correspond to
unstable modes at the center or the boundary of the Brillouin
zone, and are thus captured by small supercells commensu-
rate with these wavevectors. For most bulk perovskites, the
ground-state structure is well reproduced by first-principles
calculations on such small cells. Whereas the tolerance fac-
tor offers an intuitive geometric criterion for anticipating
the propensity of a perovskite to distort, the analysis of the
phonon dispersion curves reveals which specific atomic pat-
terns are energetically favored, at which wavevectors, and
with what relative strength. The geometric intuition is thus
complemented by a rigorous and predictive tool grounded
in the curvature of the energy landscape. Moreover, phonon
dispersions can be obtained from first-principles using den-
sity functional perturbation theory (Section 3.1.3), providing
direct access to these quantities without recourse to empirical
parameters. However, when several distinct instabilities are si-
multaneously present in the phonon dispersion, anticipating
the ground-state structure becomes considerably less straight-
forward. In such cases, the harmonic approximation alone
is insufficient, as it provides no information on the relative
energetics of the distorted phases or on how distinct unsta-
ble modes interact with one another. Resolving the ground
state then requires going beyond the harmonic level, either
by explicitly exploring the energy landscape through finite-
distortion calculations, or by quantifying the anharmonic
couplings between competing instabilities. This is precisely
the regime encountered in many perovskite oxides, where
octahedral rotation instabilities and polar instabilities coexist
and compete, making the determination of the ground state
a non-trivial problem that motivates the development of the
methods discussed in the following sections.

This approach will be used extensively throughout this
manuscript. Phonon dispersions of high-symmetry refer-
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ence structures will serve as a systematic starting point for
identifying structural instabilities, guiding the search for the
ground state, and uncovering metastable phases that may
compete energetically with it. They will also be employed
to characterize the microscopic mechanisms underlying the
structural phase transitions of the perovskites investigated in
this work, to rationalize the emergence of polar and antipolar
orders, and to inform the construction of the effective models
presented in Chapter 4.

2.2 Ferroelectricity and
antiferroelectricity

Having established that certain structural distortions in per-
ovskites are associated with unstable phonon modes, it is
natural to ask what macroscopic physical quantity emerges
when such an instability condenses, and what microscopic
mechanism is at its origin. A central quantity of interest is the
electric polarization P, defined as the electric dipole moment
per unit volume of the crystal. When atoms displace from
their centrosymmetric positions along a polar mode, the
resulting charge asymmetry gives rise to a net polarization.
Depending on how this polarization orders across the crystal,
whether it is uniform or spatially modulated, qualitatively
different collective behaviors emerge. This section introduces
the two main classes of polar order relevant to this thesis:
ferroelectricity, in which the spontaneous polarization is
uniform and switchable by an external electric field, and
antiferroelectricity, which involves a more subtle, spatially
modulated ordering.

2.2.1 Ferroelectricity

E

P

Figure 2.6: Schematic representation of a
ferroelectric hysteresis loop, showing the
evolution of the polarization𝑃 as a function
of the applied electric field E .

A crystal is defined as ferroelectric when it has at least two
equivalent stable orientation of polarization in the absence of
applied electric field and can be shifted from one to the other
by an applied electric field (Figure 2.6) [23]. The great majority
of known ferroelectrics are associated to a paraelectric high
symmetry phase stable at high temperature. As a result,
typical ferroelectrics exhibit a spontaneous polarization 𝑷𝑠
which decreases with increasing temperature and disappears
at a Curie temperature 𝑇𝑐 , as illustrated by the evolution of
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the free energy landscape shown in Figure 2.7. This transition
is associated typically with a divergence of the dielectric
permittivity 𝜀 following the Curie-Weiss law [24],

𝜀 =
𝐶

𝑇 − 𝑇0
(2.8)

P

F T < Tc
T = Tc
T > Tc

Figure 2.7: Illustration of the free energy
landscape of a prototypical ferroelectric for
temperatures below, equal and above the
Curie temperature.

where 𝐶 is the Curie constant, where 𝑇0 is the Curie-Weiss
temperature and is equal to 𝑇𝑐 when the ferroelectric to
paraelectric transition is continuous.

The ferroelectric phase transition is commonly associated
with the condensation of a soft phonon mode at the Γ point
of the Brillouin zone. Two distinct, yet not mutually exclusive,
microscopic are usually evoked to explain this transition.

In the displacive picture, illustrated in Figure 2.8, the ferroelec-
tric ground state is stabilized by a polar distortion in which
atoms displace from their centrosymmetric positions toward
configurations that minimize the total free energy. This off-
centering shortens specific interatomic bonds and optimizes
the relevant interactions. As the temperature is raised, ther-
mal fluctuations cause the atoms to explore an increasingly
large region of space. This effectively means that configura-
tions in which atoms are closer together, and thus experience
stronger repulsive interactions, become thermally accessible.
The average interatomic distances are consequently renor-
malized, reducing the energetic gain associated with the
polar distortion, and the system progressively recovers its
centrosymmetric configuration upon heating.

(a)

(b)

(c)

Figure 2.8: Illustration of the displacive
mechanism of the ferroelectric phase tran-
sition upon increasing temperature. As the
temperature increases, the amplitude of
thermal fluctuations grows, progressively
reducing the effective polar distortion until
the system recovers its centrosymmetric
configuration on average above 𝑇𝑐 .

Within this framework, and considering the simplest case
in which the polar instability is driven by a single phonon
mode, the restoring force associated with that mode hardens
continuously with temperature. Since the squared frequency
𝜔2 of a phonon mode is proportional to the curvature of
the energy surface (see Section 2.1.2) along the correspond-
ing coordinate, this hardening implies a linear relationship
𝜔2 ∝ (𝑇 − 𝑇𝑐), which is the essence of the soft-mode theory
introduced by Cochran [25]. The mode is said to soften upon
cooling: its frequency decreases continuously until it reaches
zero at 𝑇𝑐 , at which point the restoring force vanishes and
the system condenses into the polar phase. This softening
is directly reflected in the dielectric response, providing a
microscopic foundation for the divergence of the static dielec-
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tric permittivity following the Curie-Weiss law introduced in
Eq.(2.8).

Figure 2.9: Illustration of the order disorder
phase transition. At high temperature the
B atom in turquoise has enough energy
to switch between all the equivalent polar
configurations. On average, the turquoise
atom is located at the center of the cell

In the order-disorder picture, by contrast, the relevant atomic
displacements are already present locally above the transition
temperature. When the thermal energy is sufficiently large
to overcome the barrier separating equivalent polar configu-
rations, the system fluctuates between them as illustrated in
Figure 2.9. In the time average, these rapid switching events
result in a centrosymmetric structure, even though the in-
stantaneous local symmetry remains broken. The transition
temperature thus marks the onset of long-range correlations
between these local distortions rather than the appearance of
the distortions themselves.

In practice, these two pictures are not mutually exclusive
but rather constitute two complementary descriptions of the
same underlying physics. Depending on how thermal averag-
ing is performed, a given ferroelectric transition may appear
predominantly displacive or order-disorder, even though
the same phenomenon is being described. The distinction
is more clear-cut in systems where the local polarization is
fixed in magnitude and cannot vanish, so that the transition is
genuinely of the order-disorder type, analogous to magnetic
ordering. In oxide perovskites, however, the polarization can
locally collapse to zero, which blurs the boundary between
the two pictures: the displacive viewpoint emphasizes the
softening of a collective mode toward a high-symmetry aver-
age structure, while the order-disorder viewpoint describes
the same situation as a disordered ensemble of locally polar-
ized configurations whose orientations average out. The two
pictures thus coexist, and the choice between them is largely
a matter of perspective rather than of physical content.

Type of ferroelectricity

Ferroelectrics can be classified according to the nature of
the interactions driving the polar instability. The Landau
framework provides a natural language for this classification,
as each type of ferroelectric corresponds to a distinct form of
the internal energy expansion, as described below.

Proper ferroelectricity – In proper ferroelectrics, such as
BaTiO3 or PbTiO3, the spontaneous polarization P is itself the
primary order parameter of the transition. The paraelectric
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phase hosts an unstable polar phonon mode 𝜉 whose energy
surface takes the form of a double well,

P

E Proper
Improper
Nonferroelectrics

Figure 2.10: Schematic illustration of the
polar mode energy landscape for three
classes of materials. In proper ferroelectrics,
the energy surface exhibits a double-well
profile with a negative curvature at the
origin (𝜔2 < 0), reflecting an intrinsic po-
lar instability. In improper ferroelectrics,
the polar mode is stable (𝜔2 > 0) but its
well is shifted away from zero through
coupling with a non-polar primary order
parameter, inducing a finite polarization.
In non-ferroelectrics, the energy surface is
a single well centered at 𝜉 = 0, with no
instability or induced polarization.

𝐸(𝜉) ∝ 𝜔2𝜉2 + 𝛽𝜉4 , (2.9)

with 𝜔2 < 0, directly reflecting the negative curvature of
the energy surface along the polar coordinate introduced
in Section 2.1.2. The condensation of this mode drives the
system into the ferroelectric ground state, with 𝑃 ∝ 𝜉 acting
as the primary order parameter of the transition.

Although a polar instability at the zone center is present
in most ABO3 perovskites, it generally competes with non-
polar zone-boundary modes 𝜙, such as oxygen octahedral
rotations, through a positive biquadratic coupling of the form
𝐸 ∝ 𝛼𝜉2𝜙2 (𝛼 > 0), which tends to suppress the ferroelectric
instability. As discussed in Section 2.1.1, compounds with
𝑡 < 1 are particularly prone to such competing rotational
instabilities, so that their ground state is typically a non-
polar Pbnm phase [22]. Proper ferroelectricity thus most
commonly arises for 𝑡 > 1, where instabilities of rotation are
not dominating.

The microscopic origin of the polar instability depends on
the nature of the active cation. In B-type ferroelectrics (𝑡 > 1),
such as BaTiO3, the instability is driven by a partial hy-
bridization between O-2𝑝 and B-𝑑 states, which weakens the
short-range repulsive forces and gives rise to anomalously
large Born effective charges [26]. The resulting enhancement
of long-range dipolar interactions then overcomes the short-
range restoring forces, in line with Cochran’s picture [25].
When the A-site cation is comparatively too small (𝑡 < 1), the
dominant structural instabilities are instead the antiferrodis-
tortive rotations of the oxygen octahedra discussed above,
rather than a polar distortion. A genuine ferroelectric insta-
bility driven by the A site is found mainly in compounds
containing lone pairs, where the stereochemical activity of
the cation lone pair drives an off-centering through a more
local, electronic mechanism [13].

The condensation of the polar mode is invariably accompa-
nied by a macroscopic lattice distortion: the strain 𝜂 appears
as a secondary order parameter of the transition, linearly en-
slaved to the polar mode through a coupling term of the form
𝐸 ∝ 𝑔 𝜂𝜉2 in the energy surface. This term renormalizes the
curvature of the polar energy surface, effectively softening or
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hardening the polar mode depending on the sign of the ap-
plied strain, and is at the origin of the piezoelectric response
of ferroelectric materials, whereby an applied mechanical
stress induces a polarization and, conversely, an applied
electric field produces a lattice strain. It also implies that
ferroelectrics are far more sensitive to mechanical boundary
conditions than magnetic materials, where the spin-lattice
coupling is comparatively weak. This strong sensitivity to
strain is precisely what underpins the field of strain engineer-
ing, in which epitaxial mismatch between its ferroelectric
film and its substrate is exploited to tune the polar properties,
and stabilize otherwise inaccessible phases [27].

(Hybrid) imporper ferroelectricity – In improper ferro-
electrics, the polar mode 𝜉 does not exhibit any intrinsic
instability (𝜔2 > 0), but its appearance induced as a sec-
ondary order parameter through its linear coupling with a
non-polar primary order parameter 𝜙,

𝐸 ∝ 𝜆𝜙𝑛𝜉. (2.10)

The condensation of 𝜙 shifts the polar well and induces
a finite polarization 𝑃 ∝ 𝜉. A notable consequence is that
the dielectric response does not diverge at 𝑇𝑐 , in contrast to
proper ferroelectrics.

Hybrid improper ferroelectrics are a special case in which
the polarization is induced not by one but by two distinct
non-polar modes 𝜙1 and 𝜙2 through a trilinear coupling,

𝐸 ∝ 𝜆𝜙1𝜙2𝜉, (2.11)

a mechanism particularly relevant in layered perovskites and
superlattices [28]. In both cases, switching P necessarily re-
quires switching one of the primary order parameter, offering
a practical route to manipulate non-polar structural degrees
of freedom that would otherwise be insensitive to electric
stimuli.

Triggered ferroelectricity – Triggered ferroelectrics, first
proposed by Holakovský [29], share with improper ferro-
electrics the absence of an intrinsic polar instability in the
reference structure. However, rather than a linear coupling,
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the polarization is here induced through a biquadratic cou-
pling with a non-polar primary order parameter 𝜙,

𝐸 ∝ 𝛼𝜙2𝜉2 , 𝛼 < 0, (2.12)

whose condensation renormalizes the curvature of the po-
lar well from positive to negative, effectively triggering a
ferroelectric instability that was absent in the paraelectric
phase.

Hyperferroelectricity – Hyperferroelectrics are proper fer-
roelectrics that remain polar even under open-circuit bound-
ary conditions, i.e., in the presence of an unscreened de-
polarizing field. This unusual robustness translates into an
unstable longitudinal optical (LO) mode in addition to the
conventional transverse optical (TO) instability.

2.2.2 Antiferroelectricity

Sublattice 1 Sublattice 2
Figure 2.11: Illustration of Kittel-type an-
tiferroelectrics defined by two sublattices
with equal and opposite polarization.

The concept of antiferroelectricity was introduced by Kittel
in 1951 [30] by analogy with antiferromagnetism. Just as the
latter is characterized by a staggered magnetic order in which
neighboring spins align antiparallel, Kittel proposed that
an analogous staggered electric order could exist, in which
two (or more) symmetry-related sublattices carry equal but
opposite electric dipole moments, yielding a macroscopically
non-polar state with vanishing net polarization, as illustrated
in Figure 2.11. Within the same year, experimental evidence
was provided by Shirane and co-workers, who reported
characteristic double hysteresis loops in the polarization-
field response of PbZrO3 [31], a material that remains the
archetypal antiferroelectric nowadays.

This purely structural definition, however, proves insufficient
to uniquely identify antiferroelectrics, since not all antipo-
lar crystals share the same physical behavior. According
to classical textbooks [23, 32], antiferroelectrics are more
precisely defined as antipolar systems whose free energy is
closely comparable to that of a ferroelectric modification of
the same crystal, and which may therefore be switched from
the antipolar to a polar phase by application of a sufficiently
large electric field. This energetic proximity to a ferroelec-
tric phase is the key distinguishing criterion, and manifests
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experimentally through the appearance of characteristic dou-
ble hysteresis loops in the polarization versus electric field
response (Figure 2.12), as well as large dielectric anomalies
near the transition temperature. Loss

Recovered

E

P

Figure 2.12: Illustration polarization versus
electric field double hysteresis loop in anti-
ferroelectrics. The Turquoise (resp. orange)
part of the graph is the energy recovered
(resp. lost) while releasing the applied elec-
tric field.

In the book entitled Functional Metal Oxides [33], Karin Rabe
argues that the definition of antiferroelectricity should rest
on energetic grounds independently of any further struc-
tural criterion, beyond the necessary condition of a vanishing
net polarization. While the classical picture of two sublat-
tices with opposite polarizations remains a useful intuition,
it is neither necessary nor sufficient: a system presenting
a well-defined antipolar distortion does not qualify as an
antiferroelectric unless a competing ferroelectric phase lies
sufficiently close in energy to be accessible under applied
field. Conversely, a system with a more complex or less obvi-
ous antipolar order may well be antiferroelectric provided
this energetic condition is met. The definition thus hinges
not on the detailed structural character of the ground state,
but on the topology of the energy landscape in the vicinity
of the antiferroelectric phase.

Yet the energetic criterion alone, however physically trans-
parent, is not without its own ambiguities. As pointed out
by Catalan and co-workers [34], any system in which an
antipolar state lies close in energy to a polar one and can
be field-switched into the latter would formally qualify, in-
cluding ferroelectric thin films or superlattices in which
depolarizing fields drive the formation of antiparallel do-
main structures (see Section 2.3). In such systems, the net
macroscopic polarization vanishes and a double hysteresis
loop can be observed upon application of an electric field [34],
yet no one would classify them as antiferroelectrics in the
traditional sense. The reason is that the antipolar state in
these systems is not an intrinsic homogeneous phase of the
crystal: it is a multidomain state of a ferroelectric, where
the polarization is locally finite in each domain and the
apparent cancellation is purely a consequence of domain
averaging. This observation motivates a more complete and
modern definition of antiferroelectricity, recently proposed
by Catalan and co-workers [34], which rests on three simul-
taneous criteria. First, the antiferroelectric must possess a
ground state characterized by a periodic antipolar arrangement
of electric dipoles arising from atomic displacements with refer-
ence to a higher symmetry paraelectric phase. This structural
criterion is essential: the antipolar order must be a genuine
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property of the homogeneous crystal, not a consequence of
domain formation. Second, the antiferroelectric must be able
to accommodate antiphase boundaries, also called translational
boundaries, which correspond to phase shifts in the peri-
odic modulation of the antipolar distortion. Following the
formalism introduced by Catalan and co-workers [34], the an-
tiferroelectric order may be described as a spatial polarization
wave along some direction 𝑥,

𝑃(𝑥) = 𝑃0 sin
(

2𝜋
𝑎
𝑥 + 𝜙

)
, (2.13)

(a) ∆ϕ = π
a

b

(b) ∆ϕ = π/2

∆ϕ = π

∆ϕ = 3π/2

∆ϕ = 2π=0

(c)
∆ϕ

Figure 2.13: Illustration of translational
boundaries in antiferroelectrics, adapted
from [34]. Each panel corresponds to a
distinct phase shift Δ𝜙 in the antipolar
polarization wave 𝑃(𝑥). Panel (a) shows
the classical antiphase boundary (Δ𝜙 = 𝜋)
arising in systems with a simple up-down
modulation (𝑁 = 2). Panel (b) illustrates
the three distinct translational boundaries
(Δ𝜙 = 𝜋/2, 𝜋, 3𝜋/2) compatible with a
↑↑↓↓ modulation (𝑁 = 4), as found in
PbZrO3. Panel (c) shows the general case
as a function of Δ𝜙.

where 𝑎 is the periodicity of the antipolar modulation, 𝑃0
is the amplitude, and 𝜙 is a spatial phase. A translational
boundary is then defined as a discontinuity in 𝜙, , a phase
shift Δ𝜙 in the polarization wave, as illustrated in Figure 2.13.
If the antiferroelectric unit cell contains 𝑁 dipoles separated
by a distance 𝑏 such that 𝑎 = 𝑁𝑏, the phase shifts compatible
with the continuity of the underlying paraelectric lattice are
quantized as

Δ𝜙 = 2𝜋
𝑛𝑏

𝑎
, 𝑛 ≤ 𝑁. (2.14)

In the simplest case of an up–down modulation (𝑁 = 2), the
only non-trivial phase shift is Δ𝜙 = 𝜋, defining the classi-
cal antiphase boundary. In PbZrO3, where the modulation
is ↑↑↓↓ (𝑁 = 4), three distinct translational boundaries ex-
ist, corresponding to phase shifts of 𝜋/2, 𝜋, and 3𝜋/2. Such
boundaries are topologically protected: removing one implies
that the entire dipole sequence of one of the adjacent domains
must change. They are intrinsically distinct from the ordinary
domain walls of a ferroelectric, where a wall separates re-
gions of opposite polarization but the local order parameter
remains structurally identical on both sides. The existence
of translational boundaries is therefore a direct structural
fingerprint of the underlying periodic antipolar order, and is
absent in multidomain ferroelectrics. Third, the antiferroelec-
tric must be capable of undergoing a reversible voltage-induced
transition to a polar phase, manifested as a double hysteresis
loop in the polarization-field response.

The conjunction of these three criteria cleanly resolves the
ambiguity raised above. Systems such as PbTiO3/SrTiO3 su-
perlattices, in which depolarizing fields stabilize antiparallel
nanodomains and double hysteresis can be engineered [34],
satisfy the energetic criterion of Rabe and exhibit a vanishing
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net polarization, but fail the second structural criterion: no
translational boundaries exist, because there is no periodic an-
tipolar modulation at the unit cell level to begin with. Catalan
et al. therefore classify such systems as pseudo-antiferroelectrics
or synthetic antiferroelectrics, a terminology that acknowledges
their functional similarity to antiferroelectrics while distin-
guishing them from materials in which the antipolar order is
a genuine property of the crystal structure [34].

Antiphase
boundaries

Antipolar
dipoles

Double
hysteresis

Antiferroelectrics
PbZrO3, NaNbO3

PbHfO3, AgNbO3

vdW systems
Francisite

SrTiO3

Sm:BiFeO3

Ultrathin
BaTiO3, PbTiO3

PbTiO3/SrTiO3

superlattices

HfO2/ZrO2

systems

E

P

Figure 2.14: Venn diagram illustrating the
classification of materials with respect to
the three criteria defining antiferroelec-
tricity, as proposed by Catalan and co-
workers [34]: the presence of antipolar
dipole arrangements, the ability to accom-
modate antiphase boundaries, and the ob-
servation of a double hysteresis loop under
applied electric field. Genuine antiferro-
electrics lie at the intersection of all three
criteria. Adapted from [34]

This classification is summarized in Figure 2.14, which makes
clear that materials satisfying all three criteria simultaneously,
and thus qualifying as antiferroelectrics in the strict sense, are
in fact remarkably scarce. Far more common are materials that
meet only one or two of the criteria, and that consequently
share only part of the antiferroelectric phenomenology. Which
specific properties such a material exhibits depends precisely
on which criteria it fulfills. This observation is central to
Chapter 7, where it is shown how a compound that is not
antiferroelectric in any conventional sense can be turned into
a synthetic antiferroelectric displaying some of the functional
properties of genuine antiferroelectrics.

Properties of ferroelectrics and antiferroelectrics

The polar order characteristic of ferroelectric and antifer-
roelectric materials is not merely a structural curiosity: it
underpins a wide range of physical phenomena of both fun-
damental and technological relevance. In ferroelectrics, the
coupling between the spontaneous polarization and other
degrees of freedom gives rise to a rich landscape of functional
responses. Among the most prominent are the piezoelectric
effect, whereby mechanical stress induces an electric polariza-
tion and conversely an applied field produces a mechanical
deformation, and the pyroelectric effect, whereby a change
in temperature produces a change in spontaneous polariza-
tion [23]. Beyond these classical responses, ferroelectrics and
antiferroelectrics support a variety of phenomena that have
attracted considerable attention in recent decades. Ferroelec-
tric tunnel junctions exploit the polarization dependence of
the tunneling barrier to achieve large electroresistance ratios,
offering new routes toward non-volatile memory [35]. The
bulk photovoltaic effect in non-centrosymmetric ferroelectrics
generates a photocurrent whose direction and magnitude are
controlled by the polarization state [36]. Spin-orbit coupling
in polar systems gives rise to the Rashba effect, linking the
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electric polarization to the spin texture of charge carriers and
enabling electrically tunable spin-to-charge conversion [37].
In multiferroic materials, where ferroelectric and magnetic
orders coexist, magnetoelectric coupling enables the mutual
control of electric polarization by a magnetic field and of
magnetization by an electric field [38]. The proximity of anti-
ferroelectric and ferroelectric phases in energy, discussed in
Section 2.2.2, makes antiferroelectrics particularly attractive
for energy storage and energy harvesting applications, where
the large strain associated with the field-induced antipolar-
to-polar switching can be exploited [39]. More recently, the
discovery of ferroelectric metals [40] has challenged the con-
ventional wisdom that metallic screening is incompatible
with ferroelectric order, opening a new chapter in the under-
standing of polar instabilities.

Among this broad collection of properties, two are of par-
ticular relevance to the work presented in this thesis and
are introduced in detail in the following subsections: the
flexoelectric effect, which generalizes piezoelectricity to in-
homogeneous strain configurations, and the electrocaloric
effect, which couples the polarization to thermal degrees of
freedom and is central to the study of field-driven caloric
responses.

Piezoelectricity and flexoelectricity – Piezoelectricity is
one of the most well-established electromechanical couplings
in crystalline solids. In a piezoelectric material, a uniform
mechanical strain 𝜂 𝑗𝑘 produces a macroscopic electric polar-
ization 𝑃𝑖 at linear order according to

𝑃𝑖 =
∑
𝑗𝑘

𝑒𝑖 𝑗𝑘 𝜂 𝑗𝑘 , (2.15)

where 𝑒𝑖 𝑗𝑘 is the third-rank piezoelectric tensor. Conversely,
an applied electric field 𝐸𝑖 induces a mechanical deformation
of the crystal. Piezoelectricity requires the absence of an
inversion center and is therefore restricted to the twenty non-
centrosymmetric crystal classes. Ferroelectrics, being polar
and non-centrosymmetric by definition, are piezoelectric,
and some of the largest piezoelectric coefficients reported
in single crystals are found in perovskite ferroelectrics near
morphotropic phase boundaries [41].

Flexoelectricity generalizes this coupling to the case of in-
homogeneous deformations [42, 43]. Rather than coupling
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polarization to uniform strain, it couples polarization to a
strain gradient 𝜕𝜂 𝑗𝑘/𝜕𝑥𝑙 . The constitutive relation reads

𝑃𝑖 =
∑
𝑗𝑘𝑙

𝜇𝑖 𝑗𝑘𝑙
𝜕𝜂 𝑗𝑘

𝜕𝑥𝑙
, (2.16) +
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Figure 2.15: Schematic illustration of the
flexoelectric effect in a centrosymmetric
ionic chain. (a) In the unstrained reference
configuration, the centers of positive and
negative charge coincide and no polariza-
tion arises. (b) Under an inhomogeneous
tetragonal strain, the vertical compression
varies along the chain: the resulting strain
gradient displaces the positive and nega-
tive charge centers differently from cell to
cell and generates a net polarization. (c)
The same effect is produced by bending,
where the strain gradient arises from the
curvature of the structure. In both (b) and
(c), it is the gradient of the strain, rather
than the strain itself, that breaks inversion
symmetry and gives rise to a flexoelectric
polarization.

where 𝜇𝑖 𝑗𝑘𝑙 is the fourth-rank flexoelectric tensor. A funda-
mental distinction from piezoelectricity is that flexoelectricity
is symmetry-allowed in all dielectric crystals, including cen-
trosymmetric ones, since a strain gradient necessarily breaks
inversion symmetry locally even in a crystal whose unit cell
possesses an inversion center. This universality makes flex-
oelectricity a coupling of broad relevance across all crystal
classes.

The physical origin of flexoelectricity lies in the fact that
a non-uniform deformation shifts the relative positions of
positive and negative charge centers differently in adjacent
unit cells, thereby generating a net dipolar response. In many
perovskite oxides, large flexoelectric coefficients arise from
the proximity to a polar instability, which renders the crys-
tal highly polarizable and therefore strongly responsive to
any symmetry-breaking perturbation, including inhomoge-
neous strain. Flexoelectricity is of particular relevance at the
nanoscale, where strain gradients can be very large, and it
plays an important role in the physics of domain walls, thin
films under non-uniform epitaxial constraint, and curved
membranes [44, 45]. This coupling will play a direct role
in the results presented in this thesis: it accounts for the
emergence of specific polarization components within the
domain walls examined in Chapter 5, and it provides the
mechanism through which acoustic phonons can nucleate
and dynamically manipulate polar textures, as shown in
Chapter 6.

Electrocaloric effect – The electrocaloric effect refers to the
reversible adiabatic temperature change Δ𝑇 experienced by
a polar dielectric upon application of an external electric
field [23]. It belongs to the broader family of caloric effects,
which have attracted considerable attention as solid-state al-
ternatives to conventional gaz-compression refrigeration [46].
The effect is particularly large in ferroelectric and antiferro-
electric materials, owing to their anomalously large dielectric
responses and the field-driven phase transitions that can be
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induced in the vicinity of the Curie temperature [47]. The
physical mechanism is rooted in the coupling between the
electric polarization and the entropy of the system: the appli-
cation of a field modifies the polar order and, under adiabatic
conditions, this entropy change must be compensated by a
temperature variation of the system. Depending on the phase
and the direction of the applied field relative to the sponta-
neous polarization, this temperature change can be either
positive (normal electrocaloric effect) or negative (inverse
electrocaloric effect).

The electrocaloric response is quantified here following the
perturbative framework introduced by Graf and Íñiguez [47].
This framework is the one employed in Chapter 7 to evaluate
the electrocaloric response of CaTiO3 and to predict its de-
pendence on the orientation of the applied electric field. The
starting point is the standard thermodynamic expression for
the adiabatic temperature change, obtained via a Maxwell
relation between the field derivative of the entropy and the
pyroelectric vector 𝜋𝛼 = (𝜕𝑃𝛼/𝜕𝑇)E ,

Δ𝑇(E𝛼) = −
∫ E𝛼

0

𝑇

𝐶𝐸

(
𝜕𝑆

𝜕E ′𝛼

)
𝑇

dE ′𝛼

= −
∫ E𝛼

0

𝑇

𝐶𝐸

(
𝜕𝑃𝛼
𝜕𝑇

)
E

dE ′𝛼 ,
(2.17)

where 𝑆, 𝑇 and 𝐶𝐸 are respectively the entropy, temperature,
and heat capacity at constant field. The polarization 𝑃𝛼 is
then expanded as a Taylor series in the applied field E𝛼,

𝑃𝛼 = 𝑃
(0)
𝛼 + 𝜖0𝜒

(1)
𝛼𝛼E𝛼 + 𝜖0𝜒

(2)
𝛼𝛼𝛼E2

𝛼 + · · · , (2.18)

where 𝑃(0)𝛼 is the spontaneous polarization and the 𝝌(𝑛) are
the diagonal components of the 𝑛-th order dielectric suscep-
tibility tensor. Taking the temperature derivative at constant
field yields a corresponding expansion for the pyroelectric
vector,

𝜋𝛼 = 𝜋(0)𝛼 + 𝜋(1)𝛼𝛼E𝛼 + 𝜋(2)𝛼𝛼𝛼E2
𝛼 + · · · , (2.19)

where 𝜋(0)𝛼 is the spontaneous pyroelectric coefficient aris-
ing from the temperature dependence of the zero-field po-
larization, and the higher-order coefficients are related to
the temperature derivatives of the dielectric susceptibilities
(𝑛 > 0),

𝝅(𝑛) = 𝜖0

(
𝜕𝝌(𝑛)

𝜕𝑇

)
EEE
. (2.20)
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Table 2.1: Expected signs of the leading
contributions to Δ𝑇(E𝛼) across different
phases and field orientations [47]. The ori-
entation of EEE is given compared to P(0).

Phase EEE Δ𝑇(1) Δ𝑇(2)

PE any 0 +
AFE any 0 −
FE ⊥ 0 −

↿↾ + −
↿⇂ − −

Substituting into Eq. (2.17) and approximating 𝑇 and 𝐶𝐸 by
their zero-field values𝑇(0) and𝐶(0)

𝐸
, a standard approximation

valid away from phase transitions where |Δ𝑇| ≪ 𝑇(0) [47], the
adiabatic temperature change is decomposed into a hierarchy
of contributions,

Δ𝑇(E𝛼) ≈ −
𝑇(0)

𝐶
(0)
𝐸

[
𝜋(0)𝛼 E𝛼 +

1
2
𝜋(1)𝛼𝛼E2

𝛼 +
1
3
𝜋(2)𝛼𝛼𝛼E3

𝛼 + · · ·
]

= Δ𝑇(1) + Δ𝑇(2) + Δ𝑇(3) + · · · .
(2.21)

The sign of each contribution, and therefore the normal
or inverse character of the electrocaloric response, is fully
determined by the sign of the corresponding pyroelectric
coefficient. As summarized in Table 2.1, in the paraelectric
phase (𝑇 > 𝑇𝑐) no spontaneous polarization is present and
the response is dominated by Δ𝑇(2) ∝ 𝜋(1)𝛼𝛼; since the linear
susceptibility decreases with temperature above 𝑇𝑐 following
the Curie-Weiss law, 𝜋(1)𝛼𝛼 < 0 and the temperature change
is positive (normal effect) regardless of the field direction.
In an antiferroelectric state the spontaneous polarization
also vanishes, but the susceptibility now increases toward
𝑇𝑐 from below, so 𝜋(1)𝛼𝛼 > 0 and Δ𝑇 < 0 (inverse effect). In a
ferroelectric phase with spontaneous polarization 𝑃(0)𝑧 > 0,
a field applied parallel to the polar axis yields a dominant
linear contribution Δ𝑇(1) ∝ 𝜋(0)𝑧 E𝑧 > 0, while a perpendicular
field or an antiparallel field produces cooling.

2.3 Topological phases in polar oxides

As discussed in Section 2.2.1, ferroelectricity in polar oxides is
associated with the condensation of an unstable polar mode
of the high-symmetry reference structure, most commonly
located at the Γ point of the Brillouin zone [13]. In the simplest
picture, this condensation leads to a homogeneous distortion
of the crystal and the emergence of a macroscopic polarization.
In real materials, however, the polarization is generally not
uniform throughout the sample: in bulk systems it typically
breaks up into domains separated by domain walls, while
in nanostructures, where electrostatic and elastic boundary
conditions play a more prominent role, a richer variety of
inhomogeneous polar textures can emerge [18]. The study of
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such textures, their formation, and their response to external
stimuli constitutes a central theme of this thesis, and is
addressed in Chapter 5 and Chapter 6.

2.3.1 Physical origin
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Figure 2.16: The four primary ferroic or-
ders and their response to a conjugate field.
(a) Ferroelectric order: a spontaneous elec-
tric polarization P, switchable by an electric
field±EEE . (b) Ferromagnetic order: a sponta-
neous magnetization characterized by the
spin S of the orbiting electron, switchable
by a magnetic field ±HHH. (c) Ferrotoroidic
order: a toroidal moment T arising from a
vortex-like circulation of spins S around a
toroid of radius r, switchable by the magne-
toelectric product±(EEE×HHH). (d) Ferroelastic
order: a spontaneous strain 𝜼, switchable
by an applied stress ±𝜎𝜎𝜎. In each panel, the
two degenerate states related by the conju-
gate field are shown side by side.

The origin of such textures is twofold. First, and most funda-
mentally, ferroic order parameters arise from the breaking
of a symmetry of the high-symmetry parent phase, which
generates several energetically equivalent variants of the
low-symmetry phase. This is the case for ferroelectrics, ferro-
magnets, ferroelastics, and ferrotoroidics, all of which admit
two or more equivalent polarities that can be interconverted
by an external field [48]. As a material is cooled through its
phase transition, different regions of the sample may indepen-
dently select different polarities, spontaneously dividing into
domains separated by domain walls. The symmetry of these
domain walls reflects simultaneously the broken symmetry
of the ferroic phase and the full symmetry of the parent
paraelectric phase. In a prototypical perovskite undergoing a
cubic-to-rhombohedral transition, for instance, polarization
can orient along any of the eight equivalent ⟨111⟩ directions,
giving rise to domain walls separating regions whose polar
axes are 71◦, 109◦, or 180◦ apart and to complex inhomoge-
neous polar textures [18, 48].

Second, beyond this symmetry-breaking origin, additional
physical mechanisms can actively drive the formation of inho-
mogeneous polar patterns. In massive systems, the combina-
tion of several domain walls already gives access to non-trivial
polar arrangements, while strain gradients, through flexoelec-
tric coupling, and the coupling of the polarization to other
lattice degrees of freedom provide further routes towards
inhomogeneous textures. The range of accessible configu-
rations broadens considerably once surfaces and interfaces
come into play, as in thin films, superlattices, and freestand-
ing membranes: incomplete screening of the polarization
charges then imposes electrostatic boundary conditions, with
the associated depolarizing field, while epitaxial constraints
add elastic boundary conditions. The number of competing
mechanisms thus grows with the structural complexity of
the system, so that nanostructures offer a particularly wide
range of accessible polar textures, without this precluding
the emergence of non-trivial textures in massive systems,
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where fewer mechanisms are at play. Underlying all of these
situations, the energy cost associated with polarization gradi-
ents penalizes abrupt spatial variations and thereby sets the
internal structure and characteristic width of the resulting
textures.

Thin films and superlattices are particularly fertile grounds
for such textures, and serve as the main illustrative framework
in what follows.

Electrostatic interactions

The dominant interaction driving the formation of inhomo-
geneous polar patterns in ferroelectric nanostructures is of
electrostatic origin. Any spatially varying polarization field
P(r) gives rise to a bound charge density

𝜌𝑏(r) = −∇ · P(r), (2.22)
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Figure 2.17: Illustration of the electrical
boundary conditions in a ferroelectric thin
film of thickness 𝑑. (a) Open-circuit condi-
tions: unscreened surface bound charges
𝜎𝑏 generate a depolarizing field EEEdep an-
tiparallel to 𝑷. (b) Short-circuit conditions:
metallic electrodes provide a screening
field EEE scr. (c) Domain formation with alter-
nating polarization orientations of width
𝑤, reducing the average bound charge to
zero but giving rise to a stray field EEE st.
Adapted from Ref. [18]

.

while at a free surface (D ≡ 𝜖0 EEE + P = 0), the component of
the polarization normal to the interface produces a surface
bound charge density

𝜎𝑏 = P · n̂, (2.23)

where n̂ is the outward unit normal, as illustrated in Figure
2.17 (a). These unscreened surface charges are the source of a
large depolarizing field EEEdep, which is oriented antiparallel
to P and acts to suppress the polar distortion. In a proper
ferroelectric thin film under open-circuit electrical boundary
conditions, this depolarizing field is typically large enough
to destabilize the ferroelectric state entirely.

A first route to preserve polar order is to place the film
between metallic electrodes under short-circuit conditions
(Figure 2.17 (b)). The free charges at the electrode surfaces
generate a screening field EEE scr that compensates EEEdep. This
compensation is perfect only for ideal electrodes. Indeed, Jun-
quera and Ghosez demonstrated that real metallic electrodes
provide only partial screening, such that below a critical
thickness the polar mode switches from unstable to stable,
quenching the ferroelectric state entirely [49].

A second route, applicable under open-circuit conditions,
is the spontaneous formation of domains with alternating
polarization orientations, separated by domain walls (Figure
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2.17 (c)). The opposite polarity of adjacent domains causes
their surface bound charges to cancel on average, ⟨𝜎𝑏⟩ = 0,
thereby reducing the depolarizing field and the associated
electrostatic energy. This gain, however, comes at a cost:
each domain wall represents a region where the polarization
must rotate or reverse between two symmetry-equivalent
ground-state configurations, which require an energy cost
known as the domain wall energy. The equilibrium domain
width 𝑤 results from the balance between these two com-
peting contributions and is described by the Landau-Kittel
law [23]:

𝑤 ∝ 𝑑1/2 , (2.24)

where 𝑑 is the film thickness. The square-root dependence
reflects the fact that the electrostatic energy scales as 𝑤/𝑑
while the domain wall energy density scales as 1/𝑤, so that
minimization over 𝑤 yields this characteristic scaling.

(a)

(b)

Figure 2.18: Two flux-closure configura-
tions minimizing the electrostatic energy
in ferroelectric thin films. (a) Flux-closure
domain pattern built from 90◦ and 180◦
domain walls. (b) Polar vortex arising from
a continuous rotation of the polarization.
Adapted from Ref. [18]

Even when the average bound charge vanishes, a stray field
EEE st persists near the surfaces between adjacent domains of
opposite polarity [50, 51], as illustrated in Figure 2.17 (c).
This stray field tends to tilt the polarization in the vicin-
ity of the surface, promoting the formation of 90◦ domain
walls [52]. Although such configurations carry an additional
energy cost associated with polarization gradients, polariza-
tion anisotropy, and elastic energy, they enforce the continuity
of the normal component of polarization across the domain
wall, so that the local bound charge density vanishes identi-
cally rather than merely on average. This condition, ∇ · P = 0,
is more stringent than the cancellation achieved by 180◦ walls,
and leads to a greater reduction of the electrostatic energy.
One way to satisfy this condition is through the formation of
flux-closure configurations, as illustrated in Figure 2.18 (a),
analogous to those observed in magnetic systems, where the
polarization rotates through a succession of 90◦ and 180◦
domain walls arranged to close the polarization flux. To re-
duce the energy cost associated with the sharp domain walls
imposed by the large polarization anisotropy, the system
may instead adopt a continuous rotation of the polarization,
forming a vortex, as depicted in Figure 2.18 (b).

The same principles applies when, instead of a vacuum
interface, the ferroelectric is part of a heterostructure with a
dielectric layer. In this case, Eq. (2.23) can be rewritten as

𝜎𝑏 = (PFE − PDE) · n̂, (2.25)
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where the indices denote the two materials. Any disconti-
nuity in the normal component of P across the interface
therefore gives rise to bound charges and, consequently, to
a depolarizing field, in direct analogy with the free-surface
case. Crucially, however, the ferroelectric and dielectric layers
are now in direct contact and can couple to one another (Fig-
ure 2.19). The strength and nature of this coupling depend
sensitively on the dielectric properties of the surrounding
material and on the periodicity of the superlattice.
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Figure 2.19: Illustration of a ferroelec-
tric/dielectric heterostructure of period-
icity Λ. The discontinuity in the normal
component of polarization across the inter-
face generates bound charges, giving rise to
depolarizing fields EEEFE and EEEPE in the fer-
roelectric and dielectric layers respectively,
in direct analogy with the free-surface case.
Adapted from Ref. [18]

At short periodicities, the ferroelectric layers are too thin to
accommodate the large polarization gradients, anisotropy
energy, and elastic energy required to form vortices or flux-
closure configurations [53]. Instead, the ferroelectric and
dielectric layers remain electrostatically coupled across the in-
terface, and the system responds by developing a continuous
out-of-plane polarization component that interpolates be-
tween the two materials, thereby reducing the discontinuity
in P · n̂. Alternatively, both layers may align their polarization
in-plane, parallel to the interface, which trivially suppresses
the bound charge.

As the periodicity increases, the layers thicken and the elec-
trostatic coupling between the ferroelectric and dielectric
weakens. The polarization now has sufficient space to rotate
gradually, and the energy balance shifts: the cost of do-
main formation decrease compared to the electrostatic gain,
eventually favoring the formation of vortices or flux-closure
configurations [18, 54].

Elastic interactions

As introduced in Section 2.2.1, the strong coupling between
polar and elastic degrees of freedom makes ferroelectrics
highly sensitive to mechanical boundary conditions. In thin
film geometry, epitaxial growth on a cubic substrate with a
slightly different lattice parameter imposes a biaxial in-plane
strain

𝜂 =
𝑎sub − 𝑎film

𝑎film
, (2.26)

where 𝑎sub and 𝑎film are the lattice parameters of the substrate
and the film, respectively. This coherent strain is maintained
up to a critical thickness beyond which misfit dislocations
nucleate and the film progressively relaxes toward its bulk
lattice parameter. Within the coherent regime, the epitaxial
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strain renormalizes the energy landscape, shifting the tran-
sition temperature, reorienting the preferred polarization
direction, or even inducing polar order in otherwise paraelec-
tric materials. As a general rule, sufficiently large compressive
biaxial strains favor an out-of-plane (𝑐) over an in-plane (𝑎)
polar phase, or vice versa.

Beyond this homogeneous contribution, the strain is rarely
perfectly uniform: strain gradients develop in the vicinity
of interfaces, misfit dislocations, and film edges, as well as
in bent or freestanding membranes. They also arise intrin-
sically wherever the polarization itself varies in space, such
as across domain walls and within polar textures, since the
polarization is elastically coupled to the lattice. Such gradi-
ents couple back to the polarization through the flexoelectric
effect introduced in Section 2.2.2, providing an additional,
symmetry-independent route to locally modify the polar
state and to stabilize inhomogeneous textures.

In ferroelectric/dielectric heterostructures, the elastic bound-
ary conditions further couple to the electrostatic ones dis-
cussed above. The energy balance between the elastic cost
of polarization gradients and the electrostatic gain of flux-
closure configurations depends sensitively on the epitaxial
strain state, making the periodicity-driven crossover between
homogeneous and topological polar phases tunable through
the choice of substrate.

2.3.2 Topology

The physical ingredients discussed above give rise to a rich va-
riety of inhomogeneous polar configurations, such as simple
domain structures, flux-closure patterns or vortices, among
others. Classifying and characterizing these configurations
in a systematic way calls for a mathematical framework:
topology. In the context of ordered phases, topology pro-
vides a language to distinguish field configurations that
cannot be continuously deformed into one another, and to
assign them invariant quantitative descriptors known as topo-
logical charges. The following section introduces only the
concepts strictly necessary to follow the results presented in
this manuscript; a more thorough treatment can be found in
Refs. [18, 55–57].

At its core, topology is the branch of mathematics concerned
with the properties of geometric objects that are preserved
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under continuous deformations (stretching, twisting, bend-
ing, or contracting) but not under more drastic operations
such as cutting, tearing, or piercing. Two objects are said
to be topologically equivalent, or homeomorphic, if one can
be continuously deformed into the other without any such
operation. Formally, a homeomorphism between two topo-
logical spaces X and Y is a bĳective continuous function
𝑓 : X → Y whose inverse 𝑓 −1 is also continuous. For in-
stance, the closed unit disk𝐷2 is homeomorphic to the square
[−1, 1]2. Whenever two spaces are homeomorphic, all their
topological properties are identical and can be transposed
from one to the other by means of 𝑓 . The surface of a cube and
that of a sphere are homeomorphic in this sense. The surface
of a torus (see Figure 2.20 (c)), however, is fundamentally
different: the hole that characterizes it cannot be removed by
any continuous deformation, making it topologically distinct
from the sphere.

...

...

(a)

(b)

(c)

Figure 2.20: Illustration of homotopy
classes using an elastic band wrapped
around different surfaces. (a) On an in-
finite cylinder 𝕊1×ℝ, the winding number
𝑤 is a topological invariant that cannot be
changed by any continuous deformation.
(b) On a sphere 𝕊2, all closed loops are
contractible to a point, yielding a single
homotopy class. (c) On a torus 𝕋 2, two in-
dependent winding numbers are required
to classify all closed loops. Adapted from
Ref. [18]

The central tool for studying topological spaces is the concept
of homotopy. Formally, a homotopy between two continuous
functions 𝑓 , 𝑔 : X → Y is a continuous function 𝐻 : X ×
[0, 1] → Y satisfying 𝐻(𝑥, 0) = 𝑓 (𝑥) and 𝐻(𝑥, 1) = 𝑔(𝑥) for
all 𝑥 ∈ X , with fixed endpoints 𝑓 (0) = 𝑔(0) and 𝑓 (1) = 𝑔(1).
Intuitively, 𝐻 describes a continuous deformation between 𝑓

and 𝑔: two functions are homotopic if one can be continuously
deformed into the other. A simple example is the fact that
any close loop on the surface of a sphere can be continuously
deformed to a constant point as illustrated in Figure 2.20 (b).
A concrete illustration is provided by wrapping an elastic
band around different surfaces, as shown in Figure 2.20.
On an infinite cylinder 𝕊1 × ℝ, the number of times the
band winds around the cylinder cannot be changed by any
continuous deformation: a band winding once cannot be
deformed into one winding twice, nor into one that does not
encircle the cylinder at all. This integer-valued invariant is
called the winding number 𝑤, and all configurations sharing
the same winding number belong to the same homotopy class
(Figure 2.20 (a)). The situation is qualitatively different on a
sphere 𝕊2: any closed loop on its surface can be continuously
contracted to a point, so that all loops are homotopic, and
there is only a single homotopy class (Figure 2.20 (b)). On a
torus 𝕋 2, by contrast, two independent winding numbers are
required to fully classify all closed loops (one for the toroidal
direction and one for the poloidal direction) reflecting the
richer topology of the surface (Figure 2.20 (c)).
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The set of homotopy classes of closed loops on a topological
space X , labeled by the winding number𝑤, forms the first ho-
motopy group, or fundamental group, 𝜋1(X ). For the cylinder,
𝜋1(𝕊1 ×ℝ) � ℤ, reflecting the integer-valued winding num-
ber; for the sphere, 𝜋1(𝕊2) = {0}, consistent with the fact that
all loops are contractible; and for the torus, 𝜋1(𝕋 2) � ℤ ×ℤ,
since two independent integers are needed to describe its
closed loops. This construction generalizes naturally: the 𝑛-th
homotopy group 𝜋𝑛(X ) classifies the homotopy classes of
mappings from the 𝑛-dimensional sphere 𝕊𝑛 into the order-
parameter space X . The relevant value of 𝑛 is fixed not by
the dimensionality 𝐷 of the system alone, but also by the
dimensionality 𝑑𝑠 of the topological object to be classified: a
singularity of dimension 𝑑𝑠 embedded in a 𝐷-dimensional
system is enclosed by a sphere of dimension 𝑛 = 𝐷 − 𝑑𝑠 − 1,
so that 𝜋𝑛(X ) provides the appropriate topological invariant,
as discussed below.

2.3.3 Topological defects

In the context of condensed matter physics, the topological
space X introduced above takes a concrete physical meaning:
it is the order-parameter space, i.e., the set of all values
that the order parameter can take. The order parameter
itself is defined throughout the system, assigning to every
point of real space a value in X . A topological defect is a
region, an isolated point, line, or surface, around which the
order-parameter field cannot be smoothly deformed into a
uniform configuration. What characterizes such a defect is
not the behavior of the field at its core, but the way the field
winds around it. Away from the core, along this surface,
the order parameter does not vanish and can therefore be
normalized [58], so that only its orientation is retained: each
point of the surface is thereby mapped onto a point of X .
The defect is topologically protected when this map cannot
be continuously deformed into a trivial one, for which the
orientation is uniform. Its existence is then not accidental
but dictated by the topology of X , which, together with
the dimensionality of the system and that of the defect,
determines which defects are allowed and how they are
classified.

To fix ideas, consider three paradigmatic examples illustrated
in Figure 2.21. In the Ising ferromagnet, the spin has a fixed
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magnitude and can only point up or down, so X consists
of two disconnected points, 𝕊0 (Figure 2.21 (a)). In the 𝑋𝑌
model, the spin can point in any direction within a given
plane while maintaining a fixed magnitude, so X is a circle,
𝕊1 (Figure 2.21 (b)). Finally, in the Heisenberg model, the
spin can point in any direction in three-dimensional space,
sweeping the surface of a sphere, X = 𝕊2 (Figure 2.21 (c)).

The type of defect that can appear depends on the dimen-
sionality 𝑑 of the order-parameter space, with 𝑑 = 1, 2, 3 for
the Ising, 𝑋𝑌, and Heisenberg models respectively, indepen-
dently of the physical dimension 𝐷 of the system (one can
even have 𝑑 > 𝐷).

In the Ising case (𝑑 = 1), the order parameter can only point
up or down and cannot be continuously deformed from one
orientation to the other. Any boundary between domains
of opposite polarity therefore hosts a domain wall where the
order parameter vanishes. This defect is a point when 𝐷 = 1,
as illustrated in Figure 2.21 (d), a line when 𝐷 = 2, and a
plane when 𝐷 = 3.

χ =

S0

(a)

χ =

S1

(b)

χ =

S2

(c)

(d) (e) (f)

Figure 2.21: Order-parameter spaces X for
the (a) Ising, (b) 𝑋𝑌, and (c) Heisenberg
models, together with representative topo-
logical defects in each case. (d) In the Ising
model, the two-valued order parameter
forces a point defect (domain wall) wher-
ever the polarization reverses sign, here
illustrated in one dimension. (e) In the 𝑋𝑌
model (𝝌 = 𝕊1 and 𝐷 = 2), the simplest
topological defect is a vortex. (f) In the
Heisenberg model (𝝌 = 𝕊2 and𝐷 = 3), the
analog is the hedgehog or Bloch point, a
three-dimensional point defect.

In the 𝑋𝑌 model (𝑑 = 2), the order parameter can rotate con-
tinuously in the plane, but configurations that wind around
a closed loop cannot be unwound without passing through
a singularity. The resulting defect is a vortex, illustrated in
Figure 2.21 (e), whose core is a point when 𝐷 = 2 and a line
when 𝐷 = 3.

In the Heisenberg model (𝑑 = 3), the order parameter can
point in any direction in space, but certain configurations
that wrap around a closed surface similarly require a singular



36 2 Background

point to exist. A possible realization when 𝐷 = 3 is the Bloch
point, illustrated in Figure 2.21 (f), where the order parameter
points radially outward in all directions from the defect
core.

These three cases are representative of the topological defects
encountered in ferroic materials. We now discuss each of
them in more detail.

Domain walls – Domain walls are ubiquitous in ferroic
materials, regardless of the nature of the order parameter:
polarization, strain, magnetization, or toroidal moment. Ow-
ing to the energy degeneracy of the possible orientations of
the order parameter on cooling from the paraelectric phase,
ferroic materials spontaneously develop domain structures.
Regions of uniform order are called domains, and the bound-
aries between adjacent domains are called domain walls [48].
The internal structure of a domain wall depends critically
on the dimensionality 𝑑 of the order-parameter space. When
𝑑 = 1, as in the Ising model, there is no alternative: passing
from one domain to the other requires the order parameter
to vanish at the wall, producing a genuine singularity. This is
the Ising domain wall illustrated in Figure 2.22 (a).

(a)

(b)

(c)

Figure 2.22: Illustration of the three possi-
ble domain-wall structures for 𝑑 > 1 and
𝐷 = 1: (a) Ising, (b) Néel, and (c) Bloch
domain walls. The red curve traces the am-
plitude of the order parameter across the
wall. Adapted from Ref. [48]

When 𝑑 > 1, the situation changes drastically. Although an
Ising wall remains possible, the order parameter now has
the freedom to rotate continuously across the wall without
ever vanishing. If this rotation occurs in the plane of the
wall, the configuration is called a Bloch domain wall (Figure
2.22 (c)); if it occurs perpendicular to the wall, it is called a
Néel domain wall (Figure 2.22 (b)) [48]. As a consequence,
when 𝑑 > 1, a domain wall carries no topological protection:
the order parameter can rotate continuously from one domain
orientation to the other without creating any singularity, and
a multidomain configuration can in principle be continuously
deformed into a single-domain state. Domain walls in this
case are said to be topologically trivial.

(anti)vortices – Vortices are topological defects arising
when the order-parameter space is 𝕊1 or 𝕊1 × ℝ, as in the
examples of Figure 2.20 (a) and Figure 2.21 (b). They ap-
pear naturally in ferroelectric/dielectric heterostructures [54],
where the order parameter rotates continuously around a
defect, as illustrated in Figure 2.21 (e) and Figure 2.23.
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Each vortex is characterized by a winding number 𝑤, which
counts the number of times the order parameter winds
around the singularity along a closed loop L , as illustrated
in Figure 2.23 (b). It is defined as

𝑤 =
1

2𝜋

∮
L

𝑑𝜃
𝑑ℓ
· 𝑑ℓ , (2.27)

where 𝜃 is the angle of the order parameter along the loop.
Importantly, 𝑤 is independent of the choice of L , as long
as L encloses one and the same singularity: the loop can be
freely deformed without changing 𝑤, provided it does not
cross any singularity. When several singularities are enclosed,
the winding number measured along L is the sum of the
individual winding numbers of the enclosed defects. As
discussed in Section 2.3.2, all configurations sharing the
same winding number can be continuously deformed into
one another. For instance, the vortices in Figure 2.23 (a),(c)–(e)
all share 𝑤 = +1 and are therefore topologically equivalent,
while the antivortex in Figure 2.23 (f), with 𝑤 = −1, belongs
to a distinct homotopy class and cannot be reached by any
continuous transformation.

x

y

(a)
(c)

(d)

(e)

(f)

dℓ

dθ

(b)

Figure 2.23: Representative vortex and an-
tivortex configurations. (a) Generic vortex
with winding number 𝑤 = +1. (b) Def-
inition of 𝑤 along a closed loop L en-
closing the singularity. (c) Curl-free vortex
(∇ · P ≠ 0, ∇ × P = 0). (d) Divergence-free
vortex (∇ · P = 0, ∇ × P ≠ 0), energetically
favored in polar systems. (e) Additional
𝑤 = +1 configuration. (f) Antivortex with
𝑤 = −1, belonging to a distinct homotopy
class. Adapted from Ref.[18]

where 𝜃 is the angle of the order parameter along the loop.
Importantly, 𝑤 is independent of the choice of L , as long
as L encloses one and the same singularity: the loop can be
freely deformed without changing 𝑤, provided it does not
cross any singularity. When several singularities are enclosed,
the winding number measured along L is the sum of the
individual winding numbers of the enclosed defects.

Topological equivalence does not imply energetic degeneracy,
however. When the order parameter is a dipole, the vortices
in Figure 2.23 (c) and Figure 2.23 (d) are energetically very
different. The vortex in Figure 2.23 (d) satisfies ∇ · P = 0
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and ∇ × P ≠ 0, while the one in Eq. Figure 2.23 (c) satisfies
∇ ·P ≠ 0 and ∇×P = 0. As recalled from Eq. (2.22), a nonzero
divergence of the polarization leads to the accumulation of
bound charges at the defect core, which is energetically costly.
The curl-dominated vortex of Figure 2.23 (d) is therefore
strongly favored in polar systems.

(a) (b)

C
ontinuous

deform
ation

Figure 2.24: Continuous deformation of
a vortex into a monodomain state when
𝑑 > 2 in a three-dimensional system
(𝐷 = 3). (a) The order parameter rotates out
of the vortex plane along the extra dimen-
sion, progressively tilting toward a uniform
orientation. (b) The resulting monodomain
state, reached without passing through any
singularity. Adapted from Ref. [18]

As for domain walls, increasing the dimensionality of the
order-parameter space unlocks additional degrees of freedom
that allow the vortex to be continuously unwound. When
𝑑 > 2, the vortex extends into a tube whose core is now a
line defect. Along this extra dimension, the order parameter
can rotate out of the vortex plane and tilt progressively
toward a uniform orientation, deforming the configuration
into a monodomain state without ever passing through a
singularity, as illustrated in Figure 2.24 (b). The vortex is
therefore topologically trivial when 𝑑 > 2.

Bloch point and hopfion – When the order-parameter space
is 𝕊2 (𝑑 = 3), the relevant homotopy group governing point
defects in a three-dimensional system (𝐷 = 3) is 𝜋2(𝕊2) � ℤ.
This non-trivial group implies the existence of topologically
protected point defects, known as Bloch points (or hedge-
hogs), in which the order parameter points radially outward
from a central singularity in all directions, thereby wrapping
𝕊2 exactly once, as illustrated in Figure 2.25.

As established above, both domain walls and vortices are
topologically trivial when 𝑑 = 3: the additional degree of
freedom available to the order parameter always allows a
continuous deformation toward a uniform state. The Bloch
point is the simplest configuration that escapes this triviality.
It is a genuine point singularity, where the order parameter
is forced to vanish at the defect core. Its topological charge is
given by the degree of the mapping n : 𝕊2 → 𝕊2 evaluated
on a small sphere surrounding the singularity. Introducing
the Pontryagin charge density q, whose 𝑖-th component is
𝑞𝑖 =

1
8𝜋 𝜀𝑖 𝑗𝑘 n · (𝜕𝑗n × 𝜕𝑘n), this charge is expressed as

(a) (b)

(c)

Figure 2.25: Three representative Bloch
point configurations mapped onto 𝕊2. (a,b)
Two distinct textures with topological
charge 𝑄 = +1, differing in the rotation
path of the order parameter between the
poles. (c) A configuration with 𝑄 = −1, in
which the sense of rotation is reversed.

𝑄 =
1

4𝜋

∯
S

q · 𝑑S =
1

8𝜋

∯
S
𝜀𝑖 𝑗𝑘 n ·

(
𝜕𝑗n × 𝜕𝑘n

)
𝑑𝑆𝑖 , (2.28)

where n(r) is the unit vector of the order parameter, 𝜀𝑖 𝑗𝑘 is the
antisymmetric Levi-Civita tensor, and Einstein summation
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convention is implied over 𝑖, 𝑗, 𝑘. The integral is evaluated
over any closed surface S enclosing the defect core, and 𝑄 is
independent of the choice of S provided it fully encloses the
singularity. The radial hedgehog configuration, in which the
order parameter points outward everywhere, is the proto-
typical example of a defect with 𝑄 = +1; reversing the order
parameter yields the antihedgehog, with 𝑄 = −1. These are,
however, only particular representatives of their respective
classes, which contain many other, non-radial configurations
of the same charge.

As established for domain walls and vortices in the preceding
sections, a key question is whether these configurations can
be continuously deformed into a monodomain state. For
Bloch points, this is impossible as any configuration with
𝑄 ≠ 0 is topologically protected and cannot be unwound
without passing through a singularity.

2.3.4 Solitons

In contrast to topological defects, topological solitons carry no
singularity: the order parameter remains continuous and well-
defined everywhere. In addition, solitons always converge
to a homogeneous order in the far-field region. A useful
way to visualize the relationship between solitons and their
associated defects is through stereographic projection, which
maps the far-field boundary of a soliton onto a point and
thereby establishes a correspondence with the homotopy
classes introduced earlier. (a) (b)

(c) (d)

Figure 2.26: Skyrmion configurations via
stereographic projection of the order-
parameter space 𝕊2 onto the plane. (a,b)
Stereographic projection of the north and
south hemispheres, illustrating how the far-
field boundary maps to a point. (c) Néel
skyrmion, in which the order parameter
rotates radially from the core to the pe-
riphery. (d) Bloch skyrmion, in which the
in-plane component winds azimuthally
around the core. Both carry a skyrmion
number 𝑁 = +1.

(anti)skyrmions and (anti)merons – Skyrmions and anti-
skyrmions are typical topological solitons arising when the
order-parameter space is a sphere X = 𝕊2, corresponding to
𝑑 = 3. Two distinct types of skyrmion exist, distinguished by
the way the order parameter rotates between the two poles
of X , as illustrated in Figure 2.26.

In the Néel skyrmion, the order parameter remains normal
to the surface of the sphere X at every point, rotating radially
from the north pole to the south pole through the meridians
(Figure 2.26 (c)). In the stereographic projection onto the
plane, this corresponds to a radial rotation of the order
parameter from pointing up at the center to pointing down
at the periphery, passing through the equatorial plane.
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In the Bloch skyrmion, the order parameter rotates tangen-
tially along the equator of the sphere, winding around the
azimuthal direction as it travels from the north pole to the
south pole (Figure 2.26(d)). In the stereographic projection,
this corresponds to a vortex-like rotation of the in-plane
component of the order parameter.

The topological charge of a skyrmion is obtained by mapping
the order-parameter configuration within the area of the
soliton onto the order-parameter space, and counting the
number of times this mapping wraps around 𝕊2. It is given
by

𝑁 =
1

4𝜋

∬
n(r) ·

(
𝜕n(r)
𝑑𝑥
× 𝜕n(r)

𝑑𝑦

)
𝑑𝑥𝑑𝑦, (2.29)

where 𝑁 is called the skyrmion number, n(r) is the unit
vector of the order parameter and the integrand is called
the Pontryagin charge density. A skyrmion carries 𝑁 = +1,
meaning the order parameter wraps once around 𝕊2, while
an antiskyrmion carries 𝑁 = −1. For 𝐷 = 3, skyrmions are
forming tubes similar the vortex line exemplified in Section
2.3.3.

The topological charge is not necessarily an integer. A meron is
a half-skyrmion with𝑁 = ±1/2, in which the order parameter
covers only one hemisphere of X . Unlike skyrmions, merons
do not satisfy the far-field homogeneity condition and are
therefore not topological solitons in the strict sense. They
typically appear in bound pairs whose combined topological
charge is that of a full skyrmion, restoring the homogeneous
far-field order at the scale of the pair.

2.3.5 Topology of spins and electric dipoles

Before discussing topological protection in detail, it is worth
pausing on a specificity of polar systems with respect to their
magnetic counterparts, in which topological textures such as
vortices and skyrmions were first predicted and observed [59,
60].

In magnetic systems, the spin is a rigid unit vector constrained
to 𝕊2: its magnitude is fixed and it can rotate freely in any
direction at essentially no cost. The order-parameter space is
therefore isotropic, and smooth rotations between different
orientations are energetically inexpensive. In polar systems,
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the situation is fundamentally different for two reasons. First,
the electric polarization can in principle vanish, meaning that
the order-parameter space is not strictly 𝕊2 but includes the
origin. However, it is common practice to renormalize each
electric dipole to unit length [58], treating the polar pattern
as an effective distribution of spins and thereby recovering
the 𝕊2 topology that underpins the classification introduced
above. In practice, the vanishing of the polarization is unlikely
far below the Curie temperature, where the magnitude of
the polarization is well established. Second, and more impor-
tantly, the polarization couples strongly to the elastic degrees
of freedom through electrostriction and piezoelectricity. This
coupling makes polar systems highly anisotropic: rotating
the polarization away from its equilibrium orientation re-
quires distorting the lattice simultaneously, which carries a
significant elastic energy cost. For this reason, it was long
believed that polar topology would be essentially limited
to domain walls, the only topological objects that do not
require the polarization to rotate continuously over extended
regions.

In recent years, however, a plethora of experimental and the-
oretical evidence has demonstrated the existence of vortices,
skyrmions, and other non-trivial polar textures in ferroelectric
nanostructures and heterostructures [18]. These discoveries
have attracted considerable attention, in part because polar ob-
jects are in principle significantly smaller than their magnetic
counterparts. The stronger anisotropy and the shorter charac-
teristic length scales of polar systems translate directly into
higher potential storage densities, making topological polar
textures promising candidates for next-generation memory
devices.

2.3.6 Topological protection

The topological textures introduced above attract consider-
able interest because they are said to be topologically pro-
tected: small external perturbations such as thermal fluctua-
tions, applied voltages, or mechanical stimuli cannot destroy
them. At the same time, these objects can be displaced or
deformed by such stimuli, which makes them particularly
attractive for technological applications. A canonical example
is the racetrack memory, in which topologically stable objects
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serve as mobile information carriers that can be driven along
a magnetic or polar track.

This protection is a direct physical consequence of the topolog-
ical invariance introduced in Section 2.3.2. Since the topolog-
ical charge cannot change continuously, any transformation
that would bring a non-trivial texture to a uniform state
must pass through a singular, high-energy configuration.
In energetic terms, the topological charge acts as a barrier:
destroying the object requires an energy cost that is large
enough to be inaccessible under typical external stimuli.

A concrete illustration is provided by a vortex with winding
number 𝑤 = +1 in a polar system with 𝑑 = 2. Annihilating
this vortex and reaching a monodomain state requires the
polarization to pass through a head-to-head configuration at
some point during the transformation. Such a configuration
carries a non-zero divergence ∇ ·P ≠ 0, which gives rise to an
accumulation of bound charges and an associated electrostatic
energy cost that is prohibitively large. The vortex is therefore
robust against all but the strongest external perturbations.

This reasoning also clarifies why topological protection is
not universal. As discussed in Section 2.3.3, when 𝑑 = 3, a
vortex can be continuously unwound into a monodomain
state by rotating the order parameter out of the vortex plane,
without ever passing through a singular configuration. In
this case, no high energy barrier exists and the object carries
no topological protection.



Computational methods 3
3.1 First-principles methods . 44
3.1.1 Density functional theory 46
3.1.2 The +U correction . . . . . 51
3.1.3 Density Functional Pertur-

bation Theory . . . . . . . . 52
3.2 Second-principles effective

potentials . . . . . . . . . . . 55
3.2.1 Lennard-Jones potential . . 55
3.2.2 Reactive force fields . . . . 57
3.2.3 Shell model . . . . . . . . . 59
3.2.4 Coarse-grained approach:

effective hamiltonian . . . 61
3.2.5 Second-principles inter-

atomic potentials: Mutltib-
init . . . . . . . . . . . . . . . 63

3.2.6 Machine learning inter-
atomic potential . . . . . . . 82

3.2.7 Temperature dependent
effective potential . . . . . . 87

nm µm mmps

ns

µs

Experiment
First-principles

Second-principles

LGD (Third-principles)

Figure 3.1: chematic overview of the length
and time scales accessible to the different
theoretical approaches discussed in this
thesis, from first-principles methods at the
atomic scale to phenomenological models
at the mesoscopic scale. Adapted from [13].

The physical phenomena described in the preceding sections,
ranging from subtle structural instabilities and polar phase
transitions to the formation and dynamics of topological tex-
tures, all emerge from the collective behavior of electrons and
ions in complex oxide materials. Describing these phenomena
at the theoretical level requires a hierarchy of complemen-
tary approaches, each offering a different balance between
accuracy and computational tractability.

At the most fundamental level, the behavior of a material is
entirely determined by the quantum mechanical interactions
between its electrons and nuclei. Methods that solve these
interactions from first principles, without any empirical input,
provide the highest level of accuracy and predictive power.
However, the computational cost of such approaches scales
steeply with system size, restricting their applicability to unit
cells or small supercells containing at most a few hundred
atoms, and to static or short-time-scale calculations. Many of
the phenomena of interest here, such as the nucleation and
dynamics of topological textures or finite-temperature phase
transitions, involve length and time scales that are orders of
magnitude beyond this reach.

Bridging a gap requires coarser descriptions that retain the
essential physics while dramatically reducing the compu-
tational cost. As illustrated in Figure 3.1, the different ap-
proaches available span many orders of magnitude in both
length and time scales, from first-principles calculations
operating at the nanometer and picosecond scale, to second-
principles and Landau-Ginzburg-Devonshire models reach-
ing the millimeter and millisecond regime. In this section, the
most relevant methods used throughout this thesis are intro-
duced from the bottom up, following this hierarchy of length
and time scales. The presentation draws from the textbooks
by Giustino [61] and Martin [62] for the first-principles foun-
dations, and from the review by Ghosez and Junquera [13]
for the coarser-scale approaches.
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3.1 First-principles methods

The fundamental properties of matter, and in particular those
of condensed-matter systems, originate from the interactions
between electrons and atomic nuclei. Understanding these
interactions is at the heart of quantum mechanics, which pro-
vides a unified framework to describe the structure, stability,
and dynamics of materials. In the stationary regime, such
systems are governed by the time-independent Schrödinger
equation

𝐻̂ Ψ = 𝐸 Ψ, (3.1)

where 𝐻̂ denotes the Hamiltonian operator that contains
the kinetic and potential energy terms of all particles, and
𝐸 is the corresponding energy eigenvalue. The solution, the
many-body wavefunction Ψ, contains the complete informa-
tion about the quantum state of the system. Although exact
in principle, solving this equation for realistic materials is
computationally intractable due to the complexity arising
from the simultaneous motion of all electrons and nuclei.
Consider a set of 𝑁𝑒 electrons with mass 𝑚𝑒 and charge −𝑒 at
positions {r𝑖}, interacting with 𝑁𝐼 nuclei of atomic number
𝑍𝐼 , mass 𝑀𝐼 , and positions {R𝐼}. Throughout this thesis,
atomic units are used (ℏ = 𝑚𝑒 = 𝑒 = 1), in which 𝑍𝐼 and 𝑀𝐼

reduce to dimensionless integers and the Hamiltonian takes
the form [62],

𝐻̂ = −
𝑁𝑒∑
𝑖=1

1
2
∇2
𝑖 −

𝑁𝑒∑
𝑖=1

𝑁𝐼∑
𝐼=1

𝑍𝐼

|r𝑖 − R𝐼 |
+ 1

2
∑
𝑖≠𝑗

1
|r𝑖 − r𝑗|

−
𝑁𝐼∑
𝐼=1

1
2𝑀𝐼
∇2
𝐼 +

1
2
∑
𝐼≠𝐽

𝑍𝐼𝑍𝐽

|R𝐼 − R𝐽 |
.

(3.2)

where the first and fourth terms are the kinetic energies of
the electrons and nuclei respectively, the second term is the
Coulombic electron-nucleus attraction, the third term is the
Coulombic electron-electron repulsion, and the last term is
the Coulombic nucleus-nucleus repulsion. In this equation,
the nuclear kinetic energy scales with the inverse of the nu-
clear mass, 1/𝑀𝐼 . Since nuclei are more than a thousand
times heavier than electrons, their kinetic contribution is
correspondingly much smaller. Owing to this large mass
difference, the electrons move much faster than the nuclei
and can be assumed to adjust instantaneously to any nuclear
configuration, remaining in their ground state as the nuclei
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move. Consequently, the nuclear kinetic energy 𝑇̂𝑛 operator
can be neglected in the Hamiltonian. This is the essence of
the Born–Oppenheimer approximation [63]. Under this ap-
proximation, the Hamiltonian no longer contains differential
operators acting on the nuclear coordinates. As a result, the
nuclear positions can be treated as fixed parameters when
solving the electronic Schrödinger equation, and the Coulomb
interaction between nuclei becomes a constant for a given
set of nuclei positions {R}. At fixed nuclear positions, the
Hamiltonian can then be separated into two parts: the ionic
part, 𝐻̂𝑛 , containing only terms that depend on the nuclei,
and the electronic part, 𝐻̂𝑒 ,

𝐻̂ = 𝐻̂𝑛 + 𝐻̂𝑒 . (3.3)

Thus, it remains to solve the electronic part of the Schrödinger
equation. Since the Born–Oppenheimer approximation leads
to a separable Hamiltonian, the total wavefunction can be
approximated as

Ψ(r,R) ≈ 𝜓(r,R)𝜒(R), (3.4)

where 𝜓(r,R) is the electronic wavefunction for fixed nuclear
positions R, and 𝜒(R) is the nuclear wavefunction describing
the motion of the ions on the Born-Oppenheimer potential
energy surface. Once the Born-Oppenheimer approximation
is applied, the total problem reduces to solving the electronic
Schrödinger equation for fixed nuclear positions {R𝐼}. By re-
peating this for successive nuclear arrangements, one obtains
the electronic energy as a function of nuclear positions, defin-
ing the Born-Oppenheimer potential energy surface (PES)
on which the nuclei move. Minimizing along this surface
with respect to nuclear coordinates yields the equilibrium
geometry of the system, while its curvature gives access to
vibrational properties.

However, determining𝜓(r,R) exactly remains intractable due
to the electron-electron interactions, particularly in solids
where the number of electrons can reach 𝑁𝑒 ∼ 1023. Addi-
tional reformulation are therefore required. One of the most
successful and widely used is Density Functional Theory (DFT),
which is introduced in the following section.
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3.1.1 Density functional theory

Figure 3.2: Illustrated portraits of Walter
Kohn (left) and John A. Pople (right), laure-
ates of the 1998 Nobel Prize in Chemistry.
The artwork is inspired by the Nobel Foun-
dation’s modern visual style. AI-generated
illustration (ChatGPT, 2025) based on por-
traits from the Nobel Foundation archives.

In the previous section, the many-body wavefunction was
introduced. Being a function of 3𝑁𝑒 variables, it is impossible
to determine exactly. However, by reformulating the prob-
lem in terms of the electronic density 𝑛(r) and introducing
an auxiliary system of non-interacting electrons, it becomes
possible to access the ground-state energy of the system. The
theoretical foundation of Density Functional Theory was laid
in the 1960s by Walter Kohn together with Pierre Hohen-
berg [64], and later by Walter Kohn and Lu Jeu Sham [65].
The first work established that the energy and all associated
fundamental properties of the electronic ground state are a
functional of the ground-state electron density. The second
work showed that the electronic density of the interacting
system can, in principle, be exactly reproduced by a fictitious
system of non-interacting particles moving in an effective
potential that depends on the density. This result enables a
self-consistent solution of the many-body electronic problem
via the non-interacting system. The density of this fictitious
system is simply the sum of the densities of the single-particle
wavefunctions 𝜙(r) of the non-interacting electrons.

𝑛(r) =
𝑁𝑜𝑐𝑐∑
𝑖=1
|𝜙𝑖(r)|2 ,

〈
𝜙𝑖

��𝜙 𝑗

〉
= 𝛿𝑖 𝑗 , (3.5)

where 𝑁𝑜𝑐𝑐 is the number of occupied states.
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Figure 3.3: Schematic illustration of the con-
ceptual shift from the many-body approach
to density functional theory. In the many-
body picture, all electrons are treated ex-
plicitly as interacting particles. In the DFT
picture, the interacting system is replaced
by a fictitious system of non-interacting
electrons moving in an effective potential,
with all many-body effects absorbed into
the exchange-correlation functional

This section is dedicated to presenting the two theorems
that underpin density functional theory, explaining how the
ground-state energy is obtained in practice, and discussing
how this framework is adapted to the context of solid-state
physics.

As established in the previous section, the Born-Oppenheimer
approximation reduces the full quantum mechanical prob-
lem to the determination of the electronic wavefunction
𝜓(r,R) introduced in Eq. (3.4). The ground-state energy of
the electronic system is given by the expectation value of the
electronic Hamiltonian 𝐻̂𝑒 over this wavefunction,

𝐸𝑒 =
〈
𝜓

�� 𝐻̂𝑒

��𝜓〉
. (3.6)

Changing the wavefunction 𝜓 leads to a change in the energy
of the electronic system. Thus, the energy of the electronic
system is a functional of 𝜓.
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This result is general for any electronic state. However, the
problem remains: the total energy of the electronic system
still requires knowledge of the electronic many-body wave-
function 𝜓. It is at this point that the work of Hohenberg and
Kohn becomes particularly relevant [64]. The Hohenberg-
Kohn theorem states that the ground-state electron density
𝑛(r) uniquely determines the external potential 𝑉𝑒𝑛(r), up to
an additive constant, and hence the full many-body Hamil-
tonian and its ground-state wavefunction 𝜓. Consequently,
Hohenberg and Kohn proved that the ground-state total en-
ergy of the electronic system is a unique functional of the
density 𝐹[𝑛(r)]. This implies that the ground-state density
can be regarded as a fundamental variable of the problem: all
properties of the ground state can, in principle, be obtained
from a single density functional, independent of the specific
system under consideration.

So far, the functional 𝐹[𝑛(r)] remains unknown. Following the
constrained-search formulation of Levy [66, 67], the ground-
state electronic energy can be expressed as a variational
principle,

𝐸𝑒 = min
𝑛(r)

{∫
𝑑r 𝑛(r)𝑉𝑒𝑛(r) + min

𝜓→𝑛(r)

{〈
𝜓

�� 𝑇̂𝑒 + 𝑉̂𝑒𝑒 ��𝜓〉}}
= min

𝑛(r)

{∫
𝑑r 𝑛(r)𝑉𝑒𝑛(r) + 𝐹[𝑛]

}
(3.7)

where 𝑇̂𝑒 is the kinetic energiy operator of the electrons and
𝑉̂𝑒𝑒 is the Coulombic electron-electron repulsion operator
introduced in Eq. 3.2. The inner minimization defines the
universal functional 𝐹[𝑛].

Kohn and Sham [65] then proposed to decompose the un-
known kinetic and electron-electron contributions into tractable
terms plus a remainder. Specifically, 𝑇̂𝑒 is replaced by the
kinetic energy of a fictitious system of non-interacting elec-
trons {𝜙𝑖(r)}with the same density, and 𝑉̂𝑒𝑒 is as the classical
Hartree electrostatic repulsion. All remaining many-body
effects, namely the difference between the true kinetic en-
ergy and the non-interacting one, and the non-classical part
of the electron-electron interaction, are gathered into a sin-
gle unknown term 𝐸𝑥𝑐[𝑛], called the exchange-correlation
energy,
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𝐸[𝑛] =
∫

𝑑r 𝑛(r)𝑉𝑒𝑛(r) +
∑
𝑖

∫
𝑑r 𝜙∗𝑖 (r)
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2
𝜙𝑖(r)

+ 1
2

∬
𝑑r𝑑r′

𝑛(r)𝑛(r′)
|r − r′| + 𝐸𝑥𝑐[𝑛].

(3.8)

The ground-state energy can be obtained by applying a
variational principle [64],

𝛿𝐹[𝑛]
𝛿𝑛

����
𝑛𝑜

= 0. (3.9)

Applying this variational principle with a Lagrange mul-
tiplier to enforce the orthonormality of the single-particle
wavefunctions, ⟨𝜙𝑖|𝜙 𝑗⟩ = 𝛿𝑖 𝑗 , leads to the Kohn-Sham equa-
tions [65],



[
− 1

2∇2 +𝑉𝑒𝑛(r) +𝑉𝐻(r) +𝑉𝑥𝑐(r)
]
𝜙𝑖(r) = 𝜀𝑖𝜙𝑖(r)

𝑉𝐻(r) =
∫
𝑑r′ 𝑛(r

′)
|r−r′|

𝑉𝑥𝑐(r) = 𝛿𝐸𝑥𝑐 [𝑛]
𝛿𝑛

����
𝑛(r)

(3.10)

where 𝑉̂𝐻 and 𝑉̂𝑥𝑐 are the Hartree and exchange corelation
potentials respectively. The last remaining piece of the puzzle
is the knowledge of the exchange-correlation functional. In-
deed, with 𝐸𝑥𝑐 and 𝑉̂𝑥𝑐 , all many-body effects are in principle
included. However, in practice, nobody knows this functional
that would give the exact electronic ground-state energy and
density. The problem is now to construct sufficiently simple
and accurate approximations to 𝐸𝑥𝑐[𝑛].

Since the introduction of the Kohn-Sham equations, many
efforts have been made to construct exchange-correlation
functionals, which can be organized into a hierarchy of in-
creasing non-locality and computational cost, as illustrated
in Figure 3.4. Historically, functionals that depends only
on the electronic density have been called the local density
approximation (LDA) [68, 69].

This approximation estimates the exchange correlation energy
by locally evaluating the exchange correlation energy of the
homogeneous electron gas,
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𝐸𝐿𝐷𝐴𝑥𝑐 [𝑛] =
∫

𝑑r 𝑛(r)𝜀ℎ𝑜𝑚𝑥𝑐 [𝑛(r)] (3.11)
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Figure 3.4: Hierarchy of exchange-
correlation approximations in DFT, ar-
ranged by increasing non-locality and com-
putational cost. Each rung of the ladder
introduces additional ingredients: the local
density 𝑛(r) in the LDA, its gradient ∇𝑛(r)
in the GGA, higher-order derivatives in the
meta-GGA, and explicit dependence on the
occupied orbitals {𝜙𝑖} and unoccupied or-
bitals {𝜙𝑎} in hybrid and double-hybrid
functionals respectively.

where 𝜀ℎ𝑜𝑚𝑥𝑐 is the exchange and correlation of the homoge-
neous electron gas. In this approximation, the exchange part
is known analytically, and the correlation is parametrized
using Monte-Carlo simulations [70]. Later, this initial ap-
proximation has been supplemented by the general gradi-
ent approximation (GGA) incorporating the local gradients
of the electronic density. Then, the meta-GGA incorporate
higher-order derivatives of the density [71], mainly ∇2𝑛(r).
Finally, hybrid functionals mix exchange–correlation terms
depending on the density with orbital-explicit expressions
to evaluate the exchange energy [72]. Building upon this,
double-hybrid functionals further incorporate a perturbative
treatment of electron correlation, thus combining DFT ex-
change–correlation with wavefunction-based correlation for
improved accuracy [73].

Atomic configuration
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Vxc and VH

Ĥϕi(r) = εiϕi(r) n(r)new = n(r)old ± ε ?

Energy, Forces, Stress

Mix density

YES

NOSCF cycle

Figure 3.5: Self-consistent field scheme
used to solve the Kohn-Sham equations.
The gray boxes are the input needed to start
the self-consistent field cycle. The orange
boxes are the steps of the self-consistent
field cycle, and the blue box is the output
of the self-consistent field cycle.

Once the level of exchange correlation has been chosen, the
Kohn-Sham equations finally become solvable. Indeed, the
ground-state electronic energy is obtained self-consistently
following the scheme in Figure 3.5. For a given ionic con-
figuration, a first wavefunction is used to calculate a first
electronic density, which is used to calculate the Hartree
potential 𝑉̂𝐻 and the exchange correlation potential 𝑉̂𝑥𝑐 . It is
then possible to solve the Kohn-Sham equations 3.8, evaluate
a new wavefunction and then a new electronic density. If the
density is equal to the previous density within the tolerance,
the self-consistent field (SCF) cycle stops. If not, the new
and the old densities are mixed. The new density is used to
evaluate 𝑉̂𝐻 and 𝑉̂𝑥𝑐 and the SCF restarts.

The formalism presented above can be applied to a wide
range of systems, such as molecules, clusters, crystals, and
disordered systems. This manuscript focuses exclusively on
crystals, in which the constituent atoms are arranged periodi-
cally in space, forming a lattice characterized by translational
symmetry. All the information on the crystal is then contained
within a single unit cell: the position R𝑙𝜅 of any atom is ob-
tained by combining the lattice vector R𝑙 = 𝑛1a1+𝑛2a2+𝑛3a3,
which locates its unit cell, with its position r𝜅 within that cell
(Figure 3.6),

R𝑙𝜅 = R𝑙 + r𝜅 . (3.12)
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Because the potential shares the periodicity of the lattice, the
Hamiltonian is invariant under all lattice translations. This
invariance has a direct consequence on the form of the elec-
tronic wavefunctions, formalized by the Bloch theorem [74]: the
eigenstates can be chosen so that, under a lattice translation,
they are left unchanged up to a phase factor. Equivalently,
each Bloch function can be written as the product of a plane
wave of wavevector k and a function 𝑢𝑛k(r) that has the peri-
odicity of the lattice. Imposing Born–von Kármán periodic
boundary conditions over a supercell of 𝑁 unit cells of vol-
ume Ω0 quantizes the allowed wavevectors k and fixes the
normalization of the Bloch functions,

𝜙𝑛k(r) = (𝑁Ω0)−1/2𝑒 𝑖k·r 𝑢𝑛k(r), ⟨𝑢𝑚k|𝑢𝑛k⟩ = 𝛿𝑚𝑛 (3.13)

(a)

R l

rκ

R lκ

a2

a1

(b)

Figure 3.6: Schematic representation of (a)
a periodic crystal. (b) The position of any
atom in the crystal is uniquely determined
by the lattice vector R𝑙 = 𝑛1a1+𝑛2a2+𝑛3a3
locating its unit cell and its position r𝜅
within that cell, such that R𝑙 ,𝜅 = R𝑙 + r𝜅 .

To take advantage of the periodicity of the crystal in the DFT
formalism, the electronic density can be expressed in terms
of the periodic functions introduced above:

𝑛(r) = 1
8𝜋3

∫
BZ
𝑑k

occ∑
𝑛

𝑢∗𝑛k(r) 𝑢𝑛k(r) (3.14)

The numerical integration over the Brillouin zone would a pri-
ori require a large number of k-points. However, the electronic
wavefunction is almost identical for k-points close to each
other. This limits the number of k-points needed to obtain
accurate density. The k-point mesh has to be converged. This
convergence can systematically be improved by increasing
the number of k-points in the grid. Moreover, because the
Bloch functions are periodic, they are usually written as a
Fourier series, and the electronic wave function can be written
as:

𝜙𝑛k(r) = (𝑁Ω0)−1/2 ∑
G
𝐶𝑛,k(G) 𝑒 𝑖(k+G)·r (3.15)
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Figure 3.7: Illustration of the plane-wave
energy cutoff scheme in reciprocal space.
Only plane waves whose kinetic energy
satisfies 1

2 |k + G|2 ≤ 𝐸cut are retained in
the basis set, corresponding to reciprocal
lattice vectors G lying within a circle of ra-
dius
√

2𝐸cut in two dimensions. Increasing
𝐸cut systematically improves the complete-
ness of the basis set at the cost of a larger
number of plane waves.

where G is a reciprocal space vector and 𝐶𝑛,k(G) is the
Fourier transform of 𝑢𝑛k(r). This transformation leads to the
fact that 𝑢𝑛k(r) has been expanded in a planewave basis set
which consists of an infinite summation of reciprocal space
vectors. Fortunately, this sum can be truncated by taking
planewaves that have a kinetic energy lower than an energy
cutoff 𝐸cut ≥ 1

2 |k +G|2.

As for the k-point grid mesh, this energy cutoff has to be
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converged, and the error linked to this approximation can
always be reduced by increasing the number of planewaves.
The use of a plane-wave basis naturally introduces two practi-
cal difficulties. The first concerns the treatment of the tightly
bound core states, which would require a prohibitively large
number of plane waves to be represented accurately. The
second arises from the rapid oscillations of the valence wave-
functions close to the nuclei. The first limitation is overcome
by the frozen-core approximation, in which the total elec-
tronic density is separated into frozen core and active valence
contributions. The core electrons are assumed to remain
essentially unchanged by the surrounding chemical envi-
ronment and are therefore excluded from the self-consistent
cycle. The second limitation is handled through the construc-
tion of pseudopotentials, where the true ionic potential is
replaced by a smoother effective potential acting only on
the valence electrons. Modern pseudopotentials are now
systematically generated and validated from first-principles
in well-maintained databases such as PseudoDojo [75], en-
suring high accuracy and transferability across chemical
environments.

3.1.2 The +U correction

Standard DFT exchange-correlation functionals based on the
local density or generalized gradient approximations are
known to fail in describing materials with strongly correlated
𝑑 and 𝑓 electrons, often incorrectly predicting insulating
transition-metal oxides to be metallic [76]. A widely used
correction to this problem is the DFT+𝑈 method [77–80],
which supplements the DFT total energy with a Hubbard-like
term acting on the correlated orbitals,

𝐸DFT+𝑈 = 𝐸DFT[𝑛(r)] + 𝐸Hub[𝑛𝐼𝜎𝑚,𝑚′] − 𝐸DC[𝑛𝐼𝜎], (3.16)

where 𝐸DFT is the uncorrected DFT energy functional of the
electronic density 𝑛(r), 𝐸DC is a double-counting term that
removes the correlation energy already included in the DFT
functional, and 𝐸Hub is the Hubbard correction depending
on the occupation matrix 𝑛𝐼𝜎𝑚,𝑚′ , where 𝐼 labels the corre-
lated atomic site, 𝜎 denotes the spin, and 𝑚, 𝑚′ index the
correlated orbitals within that site. The value of𝑈 is in prac-
tice often determined semi-empirically, by testing different
values against experimental observables. Although this ap-
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proach is sometimes criticized, it may be noted that most
exchange-correlation functionals are themselves validated
through semi-empirical testing. Alternatively, self-consistent
schemes for the determination of𝑈 from first principles have
been proposed [81, 82]. In this work, DFT+𝑈 is employed
exclusively for the construction of the training set of YNiO3
(Section 4.3.6), where the Hubbard𝑈 correction is applied to
the Ni 𝑑 states to correctly reproduce the insulating character
of this material.

3.1.3 Density Functional Perturbation Theory

Density Functional Theory provides a robust and power-
ful framework for computing the ground-state electronic
energy of a system for a fixed configuration of atomic nu-
clei. By calculating this energy across a sufficient number
of nuclear configurations, one can, in principle, map out
the Born-Oppenheimer energy surface, which governs the
system’s adiabatic dynamics. While this static picture is foun-
dational, a vast class of physical phenomena is not described
by the energy itself, but rather by the system’s response to
external perturbations. Properties such as vibrational fre-
quencies, elastic constants, dielectric susceptibilities, and
piezoelectric coefficients are all defined by how the total
energy changes when the system is slightly displaced from
its equilibrium ground state. To access these properties, one
must move beyond a simple enumeration of ground-state
energies and develop a formalism capable of treating the
system’s behaviour in the vicinity of its minimum energy con-
figuration. The conceptual foundation of DFPT rests upon the
well-established framework of quantum mechanical pertur-
bation theory. The approach begins with a reference system,
typically the solved Kohn-Sham system from a standard
DFT calculation, for which the unperturbed Hamiltonian, its
wavefunctions, and eigenvalues are assumed to be known.
A perturbation is then introduced, characterised by a small,
dimensionless parameter 𝜆, which represents a modification
to the external potential. The goal is to determine the per-
turbed wavefunctions and their corresponding energies. This
is achieved by expressing all quantities (the Hamiltonian, the
wavefunctions, and the energies) as power series expansions
in 𝜆. Substituting these series into the perturbed Schrödinger
equation and collecting terms of the same order in 𝜆 yields a
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Table 3.1: Overview of physical quantities
related to first- and second-order deriva-
tives of the total energy accessible on the
first-principles level through DFPT. The
perturbation parameter 𝜆 takes the values
of an atomic displacement 𝑢, a homoge-
neous strain 𝜂, or an electric field E .

1st 2nd Order

𝜆 𝑢 𝜂 E

𝑢 𝑓 𝐾 Λ 𝑍∗

𝜂 𝜎 Λ 𝐶 𝑒0

E 𝑃 𝑍∗ 𝑒0 𝜖∞

hierarchical set of equations. Solving these equations order-
by-order provides the corrections to the wavefunctions and
energies.

A profoundly important result that emerges from this for-
malism is the 2𝑛 + 1 theorem [83]. This theorem states that
the knowledge of the perturbed electronic wavefunctions
up to a given order 𝑛 is sufficient to determine the energy
corrections up to order 2𝑛 + 1. For example, the unperturbed
ground-state wavefunction (order 𝑛 = 0) alone determines
the first-order energy correction, such as the forces and the
stress. Furthermore, the first-order correction to the wave-
functions (𝑛 = 1) is sufficient to calculate the energy up to
third order (2𝑛 + 1 = 3). This theorem drastically reduces the
computational cost of obtaining high-order response proper-
ties, as it avoids the need to explicitly calculate high-order
wavefunction corrections for many properties of interest. The
power of perturbation theory has been integrated into the
DFT framework by Gonze and co-workers [83–86]. In this
context, the Hohenberg-Kohn theorems guarantee that the
electron density becomes a functional of the perturbation
parameter, 𝜆, and consequently, so does the total energy. The
2𝑛 + 1 theorem has been shown to hold within this DFPT
framework, ensuring its computational efficiency. The formal-
ism can be further generalised to handle multiple, distinct
perturbations applied concurrently to the same reference sys-
tem. This allows for the calculation of mixed derivatives of the
energy with respect to different perturbation parameters.

As introduced above, a large range of physical quantities can
then be accessed through DFPT framework. The energy can
be written in a power series around the energy reference 𝐸0

𝐸(𝜆) = 𝐸0 +
∑
𝑖

𝜕𝐸

𝜕𝜆𝑖

����
0
𝜆𝑖 +

1
2
∑
𝑖 , 𝑗

𝜕2𝐸

𝜕𝜆𝑖𝜕𝜆 𝑗

����
0
𝜆𝑖𝜆 𝑗 + ... (3.17)

and the first, second, and third derivatives of the energy can
be obtained using DFPT formalism.

Such perturbations typically include atomic displacements
𝑢, homogeneous strain 𝜂, and a static external electric field
E . Table 3.1 summarizes the physical quantities that can
be accessed at first and second order with respect to these
perturbations. At first order, each perturbation gives rise
to a specific physical response: atomic displacements lead



54 3 Computational methods

to the forces 𝐹 acting on the atoms, homogeneous strain
produces the stress tensor 𝜎 acting on the unit cell, and an
external electric field induces a spontaneous polarization
𝑃. At second order, the corresponding derivatives define
key response tensors. The second derivative with respect to
atomic displacements yields the interatomic force-constant
matrix𝐾 [86], that with respect to strain gives the elastic tensor
𝐶 [87], and that with respect to the electric field, provides the
clamped-ion dielectric tensor 𝜖∞. In addition to these pure
responses, mixed derivatives between different perturbations
describe important coupling effects. The derivative with
respect to both and𝜂 defines the internal strain–displacement
coupling Λ, which quantifies the forces induced on atoms
by strain and, conversely, the stress generated on the cell
by atomic displacements. The derivative with respect to
𝑢 and E corresponds to the Born effective charge tensor
𝑍∗ [86], which characterizes the polarization induced by
atomic displacements or, equivalently, the forces produced
by an electric field. Finally, the derivative with respect to 𝜂
and E yields the piezoelectric tensor 𝑒0, which describes the
polarization generated by strain or, equivalently, the stress
induced by an applied field.

In principle, once the first-order derivatives of the wavefunc-
tions are available, one can also access third-order derivatives
of the total energy with respect to the same set of perturba-
tions. These higher-order responses describe a wide range of
physical effects. For instance, third derivatives with respect
to three atomic displacements provide the third-order force
constants, which are directly related to anharmonic effects
and thermal properties. Mixed derivatives involving electric
fields lead to various nonlinear optical responses: the electro-
optic tensor (involving two electric fields and one static field)
and the Raman tensor, which corresponds to derivatives with
respect to two electric fields and one atomic displacement,
describing how the dielectric polarizability changes under a
vibrational mode. A particularly relevant example is the flexo-
electric tensor [88, 89] introduced in Section 2.2.2 of Chapter 2,
which quantifies the polarization induced by a strain gradient.
This tensor can be viewed as a higher-order extension of the
piezoelectric effect: while the piezoelectric tensor 𝑒0 relates a
homogeneous strain to polarization, the flexoelectric tensor
describes the same coupling when the strain varies spatially.
In centrosymmetric materials where the piezoelectric effect
is forbidden by symmetry, the flexoelectric response thus
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represents the leading electromechanical coupling.

3.2 Second-principles effective
potentials

Atomic configuration

First guess of ϕi(r) and n(r)

Vxc and VH
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Figure 3.8: Illustration of the second-
principles spirit. The second-principles po-
tential (e.g. Lennard-Jones, shell model,
ReaxFF, effective hamiltonian, fully atom-
istic taylor expansion or deep neural net-
work) replace the time consuming treat-
ment of the electron of the ab-initio ap-
proach.

While density-functional theory provides a powerful and pre-
dictive framework to investigate materials properties from
first principles, its direct application remains restricted to
relatively small system sizes and short time scales. Many
phenomena of interest in ferroic and functional oxides, such
as domain formation, topological textures, long-wavelength
structural instabilities, or finite-temperature phase transi-
tions, emerge at length and time scales that are beyond the
practical reach of standard DFT simulations [90]. To overcome
these limitations, one typically constructs effective models
whose parameters are derived from first-principles calcu-
lations. The central idea is to retain the same input-output
structure as DFT, namely mapping an atomic configura-
tion onto an energy, forces, and stresses, but to bypass the
computationally expensive SCF cycle entirely. Instead, the
Kohn-Sham equations are replaced by an analytical or data-
driven representation of the potential-energy surface, trained
on first-principles data, as illustrated in Figure 3.8. We col-
lectively refer to such DFT-derived effective descriptions as
second-principles models. The terminology reflects the fact
that these approaches are fitted to first-principles data and,
within the subspace on which they are trained, can in princi-
ple reproduce DFT accuracy while enabling simulations at
vastly larger spatial and temporal scales.

In the following, we briefly review several representative
frameworks before detailing the specific formalism employed
in this work. This section is partly inspired by Refs. [13, 91],
to which the reader is referred for a more comprehensive
overview and additional references.

3.2.1 Lennard-Jones potential

The simplest class of interaction models used in atomistic
simulations are pair potentials, which describe the energy as
a function of the distance between two particles only. Among
them, the Lennard–Jones potential, originally introduced by
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John Lennard-Jones [92], provides a minimal yet effective
description of short-range repulsion and intermediate-range
attraction between neutral atoms or molecules.

In its general form, the potential combines a repulsive and
an attractive power law,

𝑈(𝑟) = 𝐴𝑛

𝑟𝑛
− 𝐵𝑚
𝑟𝑚

, (3.18)

r/σ

U
(r
)/
ϵ

Figure 3.9: Lennard-Jones potential energy
surface describing the interaction between
two inert gas atoms. 𝜖 and 𝜎 as been ob-
tained from Ref. [93].

where 𝑟 is the interparticle distance and the coefficients 𝐴𝑛
and 𝐵𝑚 determine the strength of the repulsive and attractive
interactions, respectively. The repulsive term reflects the
strong overlap-driven energy increase at short distances,
commonly associated with the Pauli exclusion principle [94],
whereas the attractive contribution represents van der Waals
interactions [95].

A particularly common choice (e.g. for noble gases) is the
so-called 12-6 form [96],

𝑈(𝑟) = 4𝜖
[( 𝜎
𝑟

)12
−

( 𝜎
𝑟

)6
]

(3.19)

where 𝜖 sets the depth of the potential well and 𝜎 defines
the distance at which the interaction energy vanishes. For a
system containing many particles, the total interaction en-
ergy is obtained by summing such pair contributions over all
atomic pairs (𝑖 , 𝑗), where 𝜖𝑖 𝑗 and 𝜎𝑖 𝑗 are species-dependent in-
teraction parameters. This analytical form is both flexible and
computationally inexpensive, which explains its widespread
use in atomistic simulations. In practice, 𝜖 and 𝜎 can be fitted
to reproduce experimental thermodynamic data or reference
ab initio calculations for simple systems such as noble gases,
within the range where the pairwise approximation remains
valid. Because the energy expression is fully analytical, the
associated forces are straightforward to compute, making
the potential particularly suitable for large-scale molecular
dynamics simulations.

Several alternative pair potentials have been proposed to
better reproduce specific classes of materials or interaction
regimes. Notable examples include the Mie potential [97],
which generalizes the Lennard-Jones form through adjustable
exponents, and the Buckingham potential [98], which replaces
the repulsive power law by an exponential term at the cost
of one extra parameter. Although these forms may offer
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improved realism for particular systems, the Lennard–Jones
potential remains the most widely used pair interaction due
to its simplicity, computational efficiency, and its ability to
reproduce the qualitative behavior.

3.2.2 Reactive force fields
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Non-bonding interaction

Figure 3.10: Schematic representation of
the four classes of interatomic interactions
in the ReaxFF framework: bond stretching
between two atoms, valence-angle bending
involving three atoms, torsional strain be-
tween four atoms, and non-bonding inter-
actions comprising long-range electrostatic
and van der Waals contributions.

Reactive force fields provide an intermediate description
between quantum-mechanical approaches and conventional
empirical potentials. Among them, the ReaxFF (Reactive Force
Field), introduced by van Duin, Goddard and co-workers [99],
was specifically designed to enable atomistic simulations of
chemically reactive systems at a computational cost much
lower than quantum methods, while retaining a realistic
description of bond formation and breaking. In contrast to
traditional force fields, where the bonding topology must be
fixed in advance, ReaxFF relies on a bond-order formalism in
which bond strengths are continuously determined from in-
teratomic distances. This allows bonds to deform, dissociate,
and form dynamically during a simulation, while electronic
effects are treated implicitly through environment-dependent
interaction terms. As a result, the method can describe reac-
tive processes such as chemical transformations, diffusion, or
interfacial reactions within large-scale molecular dynamics
simulations. Because of this flexibility, ReaxFF involves a rela-
tively complex functional form with many parameters. These
parameters are typically optimized against extensive training
datasets including structural, energetic, and kinetic informa-
tion, most often obtained from first-principles calculations
such as density-functional theory, although experimental
data can also be used. Once parameterized, the model can be
applied to a wide range of environments and phases, making
it suitable for studying complex materials and reactive pro-
cesses beyond the accessible scales of quantum-mechanical
simulations.

In this framework [100], illustrated in Figure 3.11, the total
energy is decomposed into bond-related and environment-
dependent contributions,

𝐸System = 𝐸Bond + 𝐸Over + 𝐸Angle + 𝐸Torsion

+ 𝐸vdW + 𝐸Coulomb + 𝐸Specific.
(3.20)
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Atom positions

Determine charges

ECoulomb EvdW
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bond orders

(BO)
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overcoordination

EBond EOver
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EAngle ETorsion

ESystem
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Figure 3.11: Workflow for the determination of each energy contribution in the ReaxFF framework. Starting from the atomic
positions, the bond orders and atomic charges are first determined self-consistently, from which the bonding (𝐸bond, 𝐸over),
angular (𝐸angle, 𝐸tors), and non-bonding (𝐸Coulomb, 𝐸vdW) contributions are evaluated before being summed into the total
energy 𝐸System. Adapted from [100].

Here, 𝐸bond depends on interatomic distances and represents
bond formation energies. 𝐸angle and 𝐸tors account for three-
body valence-angle strain and four-body torsional strain
(see Figure 3.10). 𝐸over introduces a penalty that limits over-
coordination according to valence rules (for instance, increas-
ing the energy if a carbon atom exceeds four bonds). 𝐸Coulomb
and 𝐸vdW describe long-range electrostatic and dispersion
interactions between all atoms, while 𝐸specific gathers addi-
tional system-dependent terms required to capture effects
such as lone pairs or hydrogen bonding.

The parameters entering these energy terms are typically
derived from DFT calculations. Because the energetic con-
tributions are explicitly resolved, ReaxFF can closely repro-
duce first-principles results while remaining computationally
much less demanding. The parametrization strategy focuses
on matching reference interaction distances and forces, en-
suring that the model reproduces ab initio forces accurately
in the physically relevant region of configuration space.

Since then, ReaxFF has been widely applied across diverse
fields. In computational chemistry, it is commonly used to
investigate the reactivity of organic systems [101]. It has also
been extended to inorganic materials such as ferroelectric
perovskite oxides [102, 103], to electrochemical problems in-
cluding sodium-induced degradation of graphite cathodes in
batteries [104], and to large-scale simulations of char combus-
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tion under different atmospheres [105], involving systems of
tens of thousands of atoms. More recently, it has successfully
described proton transfer between H3O+ and OH− in water,
highlighting its suitability for modeling acid–base chemistry
in aqueous environments [106].

3.2.3 Shell model

Center of shell
Core

atom 1
(polarized)

atom 2

core-shell shell-shell

Figure 3.12: Schematic representation of
the shell model for two polarized ions. Each
ion is described by a massive core and a
massless electronic shell coupled through
an effective spring, along with the core–
shell and shell–shell interactions between
neighboring ions.

Another widely used approach to model ionic materials at
the atomistic scale is the shell model [107], which provides a
simple phenomenological description of ionic polarizability.
In this framework, each ion is represented by two charged
particles: a massive core and a massless electronic shell
coupled through an effective spring (see Figure 3.12), such
that the relative displacement between the two mimics the
deformation of the electronic cloud in response to the local
environment, thereby introducing an explicit description of
polarization effects.

Electrostatic interactions act between all cores and shells,
except within the same ion, while short-range interactions are
typically defined between shells only. These short-range terms
effectively account for the interactions not captured by the
Coulomb contribution, including Pauli repulsion associated
with electron-density overlap as well as dispersion forces.
Various analytical forms can be employed for this purpose,
such as Born–Mayer, Buckingham, Rydberg, or Morse-type
potentials [108].

The core–shell coupling is often described using an isotropic
harmonic spring, although anharmonic or anisotropic terms
can be introduced when a more accurate description of polar-
ization or hybridization effects is required. Model parameters,
including effective charges, short-range potential coefficients,
and core–shell coupling constants, are generally fitted to
experimental measurements or first-principles calculations,
targeting structural properties, energies, forces, vibrational
frequencies, or dielectric responses. Owing to its balance be-
tween physical interpretability and computational efficiency,
the shell model has been successfully applied to a broad
range of ionic and partially covalent materials [13].
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Bond-valence model

Another classical approach for modeling ionic and partially
covalent solids is the bond–valence model [109–111], which is
based on the idea that each atom tends to realize a preferred
atomic valence in a stable structure. Within this framework,
the valence 𝑉 of an atom is distributed among the bonds
it forms with its neighbors. Each bond is assigned a bond
valence 𝑠𝑖 𝑗 , related to the bond length 𝑅𝑖 𝑗 through the expo-
nential relation [112],

𝑠𝑖 𝑗 = exp
(
𝑅0 − 𝑅𝑖 𝑗

𝑏

)
, (3.21)

where 𝑅0 is a bond-type-dependent reference length and 𝑏
is a softness parameter. The total valence of an atom is then
obtained as the sum over all its neighbors,

𝑉𝑖 =
∑
𝑗

𝑠𝑖 𝑗 , (3.22)

and a structure is considered chemically stable when this
sum matches the formal oxidation state of each ion. This
simple concept has proven effective for rationalizing and
predicting a wide range of crystal structures, particularly in
oxide materials [113, 114].

In atomistic simulations, the bond–valence model can be
formulated as an energy-based potential written as

𝐸𝐵𝑉 = 𝐸𝑏 + 𝐸𝑐 + 𝐸𝑟 + 𝐸𝑎 , (3.23)

where 𝐸𝑏 represents the bond–valence contribution enforc-
ing the preferred local valence 𝑉𝑖 , 𝐸𝑐 is the Coulomb in-
teraction between ions, 𝐸𝑟 denotes a short-range repulsive
term preventing unphysical overlaps, and 𝐸𝑎 accounts for
angular-dependent interactions that stabilize the local bond-
ing geometry.

The parameters entering these terms are commonly deter-
mined by fitting to experimental structural data or to first-
principles results, for instance by reproducing relative en-
ergies of competing structures, equilibrium geometries, or
atomic forces obtained from DFT calculations. Thanks to
its physically transparent formulation and modest computa-
tional cost, the bond–valence approach provides an efficient
intermediate description between simple pairwise poten-
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tials and more elaborate reactive or polarization-based force
fields.

3.2.4 Coarse-grained approach: effective
hamiltonian

(a)

(b)

Figure 3.13: Illustration of coarse-grained
approach in effective hamiltonian. (a)
Sketch of atomic displacements creating a
polar distortion in ABO3 perovskite struc-
ture (b) Local mode substituting the atomic
displacements.

A common strategy to model complex systems across many
fields is the use of coarse-grained descriptions. In biology,
for instance, coarse graining is routinely employed to re-
duce molecular complexity: instead of tracking every atom,
groups of atoms are represented as larger effective units
such as amino acids, carbohydrates, or entire proteins. This
reduction of microscopic detail allows one to focus on the
collective behavior relevant at larger spatial and temporal
scales. Such approaches have been widely used, in particular,
to investigate protein folding mechanisms [115].

The same philosophy can be applied in condensed-matter
physics and materials science. Instead of retaining all atomic
degrees of freedom, one can construct reduced models that
keep only the most relevant collective variables. In ferro-
electric systems, these variables are typically local modes
associated with structural instabilities, as illustrated in Figure
3.13. Such local modes may be defined approximately from
the eigendisplacement of the unstable soft phonon, or more
rigorously constructed as lattice Wannier functions corre-
sponding to the unstable phonon branch [116]. By integrating
out the remaining microscopic fluctuations, the system can
then be described using a limited set of physically meaningful
variables that capture the dominant structural distortions and
energetics. Within this framework, effective Hamiltonians
provide a systematic coarse-grained description in which the
Born–Oppenheimer energy surface is parameterized in the
restricted subspace spanned by the local modes 𝝃𝑖 (lattice
degrees of freedom) and the macroscopic strain 𝜼 (elastic
degrees of freedom). The total energy is thus written as

𝐸(𝝃𝑖 , 𝜼) = 𝐸self(𝝃𝑖) + 𝐸dpl(𝝃𝑖) + 𝐸short(𝝃𝑖)
+ 𝐸elast(𝜼) + 𝐸int(𝝃𝑖 , 𝜼),

(3.24)

where 𝝃𝑖 denotes the local mode in cell 𝑖 and 𝜼 the homoge-
neous strain. The local-mode self-energy 𝐸self is expressed
as a Taylor expansion of the energy around the reference
high-symmetry phase in terms of the local-mode amplitudes.
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Symmetry constraints typically suppress odd-order contribu-
tions, and the expansion is usually truncated at fourth order,
yielding the commonly adopted polynomial form

𝐸self(𝝃𝑖) =
∑
𝑖

[
𝛼𝜉2

𝑖 + 𝛽𝜉4
𝑖

+ 𝛾
(
𝜉2
𝑖𝑥𝜉

2
𝑖𝑦 + 𝜉2

𝑖𝑦𝜉
2
𝑖𝑧 + 𝜉2

𝑖𝑧𝜉
2
𝑖𝑥

)]
.

(3.25)

The second contribution, 𝐸dpl, corresponds to the long-range
part of the dipole-dipole interaction present in semiconduc-
tors and insulators. By nature, this interaction is infinite
range.

𝐸dpl({𝝃𝑖}) =
𝑍̄2

𝜖∞

∑
𝑖< 𝑗

𝝃𝑖 · 𝝃𝑗 − 3(R𝑖 𝑗 · 𝝃𝑖)(R𝑖 𝑗 · 𝝃𝑗)
𝑅3
𝑖 𝑗

(3.26)

where R𝑖 𝑗 is the vector connecting the center of cell 𝑖 with
the center of cell 𝑗, 𝜖∞ is the high-frequency dielectric tensor
and 𝑍̄ is the mode effective charge [86] which quantifies the
change of polarization induced by a given local mode 𝝃𝑖 ,

𝑍̄𝑖𝛼 =
∑
𝑘𝛽

𝑍∗𝑘𝛽𝜉𝑖𝑘𝛽 . (3.27)

The third term, 𝐸short, is the short-range interaction between
the local modes and can be written as

𝐸short({𝝃𝑖}) =
∑
𝑖≠𝑗

∑
𝛼𝛽

𝐽𝑖𝛼 𝑗𝛽𝜉𝑖𝛼𝜉𝑗𝛽 (3.28)

where J represent the interaction matrix between local modes
which decay with distance.

Then, the elastic energy, 𝐸elast, can be written, using Voigt
notation [117], as

𝐸elast(𝜼) = 𝑁

2
∑
𝑎𝑏

𝐶𝑎𝑏𝜂𝑎𝜂𝑏 (3.29)

where C is the elastic tensor.

Finally, the last term entering into account is the coupling
between the strain and the local modes
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𝐸int({𝝃𝑖}, 𝜼) =
1
2
∑
𝑖

∑
𝑎

∑
𝛼𝛽

𝑔𝑖𝑎𝛼𝛽𝜂𝑎𝜉𝑖𝛼𝜉𝑖𝛽 (3.30)

where g is the strength of coupling between the strain and
the local mode.

The parameters entering the Hamiltonian are typically de-
rived from first-principles calculations, ensuring that the
reduced model maintains a quantitative connection to the
underlying electronic structure. This approach was first intro-
duced for ferroelectric materials by Rabe and Joannopoulos
in the study of GeTe [118], and was later generalized, formal-
ized by Zhong, Vanderbilt, and Rabe for BaTiO3 [119] and
systematized by Wagmare and Rabe [116]. Their work estab-
lished the modern effective-Hamiltonian framework, which
has since become a powerful tool to investigate phase tran-
sitions, finite-temperature behavior, and electromechanical
properties of ferroic and functional materials.

3.2.5 Second-principles interatomic potentials:
Mutltibinit

Among the second-principles approaches introduced above,
the framework implemented in Multibinit [120, 121] is the
one employed for the vast majority of the results presented
in this thesis, and will therefore be described in greater detail
than the other methods.

The conceptual foundations of this approach were laid by
Wojdeł, Hermet, Ljungberg, Ghosez and Ĩñiguez in 2013 [120],
where the idea of a systematic polynomial expansion of the
Born-Oppenheimer energy surface in terms of lattice degrees
of freedom was first formalized. Multibinit was subsequently
developed as an ambitious platform aiming to unify all rele-
vant degrees of freedom within a single framework, tightly
integrated with the Abinit software [122]. The present imple-
mentation is the result of cumulative efforts from successive
members of the PhyTheMa group. The present thesis has
contributed to this effort through extensive use, systematic
validation, and the identification and resolution of numerous
issues in the implementation.

Reference structure – As introduced above, the second-
principles approach relies on a Taylor expansion of the energy
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around a reference structure (RS), taking into account all lat-
tice degrees of freedom. The first step in constructing such a
model is therefore the choice of this reference structure. If the
goal of the model is to describe and study the anharmonicity
of a given phase, the most natural choice for the reference
structure is the local minimum corresponding to that phase.
If, however, the objective is to describe phase transitions, com-
petition between phases, or domain structures, the reference
structure should instead correspond to a high-symmetry con-
figuration common to several lower-symmetry phases. The
reference structure, depicted in Figure 3.14, is fully described
by the unit cell vectors R𝑙 and the atomic positions within
the cell r𝜅 introduced in equation (3.12). All possible crystal
configurations can then be expressed in terms of atomic and
strain distortions, u𝑙𝜅 and 𝜼, with respect to the reference
structure:

𝑅𝑙𝜅𝛼 =

3∑
𝛽=1
(𝛿𝛼𝛽 + 𝜂𝛼𝛽)(𝑅𝑙𝛽 + 𝑟𝜅𝛼) + 𝑢𝑙𝜅𝛼 , (3.31)
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Figure 3.14: (Top) Illustration of the refer-
ence cell (red). The simulation box (black)
consists of a repetition of the reference
cell. (Bottom) Distorted structure with both
atomic displacement and homogeneous
strain (the undistorted structure is super-
imposed to guide the eyes).

where 𝛼 and 𝛽 denote Cartesian coordinates. Within this
framework, any possible distortion can be described, includ-
ing unstrained configurations (𝜼 = 0) with atomic displace-
ments, homogeneous strain states where the atoms remain at
their reference relative positions (u𝑙𝜅 = 0), inhomogeneous
strain captured by nonzero atomic displacements (u𝑙𝜅 ≠ 0),
and, more generally, configurations exhibiting both finite
strain and atomic displacements.

Polynomial expansion of lattice degrees of Freedom – Once
this structural framework is established, the total energy 𝐸tot
of the system can be expressed as the sum of the energy of
the reference configuration, 𝐸(R0), and the energy deviation
with respect to the reference structure, 𝐸eff(R),

𝐸tot(R) = 𝐸(R0) + 𝐸eff(R). (3.32)

Then, writing the energy deviation using the notation of
Eq. (3.31),

𝐸eff({u𝑙𝜅 , 𝜼}) = 𝐸𝑝({u𝑙𝜅}) + 𝐸𝑠(𝜼) + 𝐸𝑠𝑝({u𝑙𝜅}, 𝜼) (3.33)

where ’𝑝’ stands for phonon and ’𝑠’ for strain. Let us now
focus on each term separately. It is common to write the
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energy deviation from the reference structure due to atomic
distortions as a Taylor series:

𝐸𝑝({u𝑙𝜅}) =
∞∑
𝑛=2

1
𝑛!

∑
𝑘𝑙𝜅𝜈𝛼𝛽···

𝐾
(𝑛)
𝑘𝑙𝜅𝜈𝛼𝛽···𝑢𝑘𝜅𝛼𝑢𝑙𝜈𝛽 . . . (3.34)

where the tensor K(𝑛) is the 𝑛-th derivative of the energy
with respect to atomic displacement

𝐾
(𝑛)
𝑘𝑙𝜅𝜈𝛼𝛽··· =

𝜕𝑛𝐸eff
𝜕𝑢𝑘𝜅𝛼𝜕𝑢𝑙𝜈𝛽 . . .

����
𝑅𝑆

(3.35)
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Figure 3.15: Schematic representation of
the dipole-dipole (DD, red) and short-
range (SR, blue) contributions to the total
interatomic force constants (IFC). When
activating the explicit treatment of DD in-
teractions, the latter are computed analyt-
ically and infinite range while the SR IFC
are obtained by subtracting the DD part
from the total IFC and their range limited
to that of a supercell defined by the q-point
grid used for the calculations.

Notably, the reference structure is a stationary point of the PES,
which implies that K(1) = 0. Moreover, K(2) is the interatomic
force constant matrix that can be accessed using DFPT or finite
difference, as introduced in the previous section. The range
of interaction captured by the interatomic force-constant
K(2) is determined by the 𝑞-point mesh in DFPT framework
and the supercell size in finite difference (typically spanning
supercells of up to ten unit cells). If the reference structure
is an insulator, the long-range atomic interaction created
by electric dipoles caused by atomic displacements can be
analytically calculated beyond the supercell size or the 𝑞-
point mesh. This approach allows one to split the interatomic
force constant into a short-range (SR) contribution and a
long-range (LR) dipole-dipole (DD) part,

𝐾
(2)
𝑘𝑙𝜅𝜈𝛼𝛽 ≈ 𝐾

(2),𝑆𝑅
𝑘𝑙𝜅𝜈𝛼𝛽 + 𝐾

(2),𝐷𝐷
𝑘𝑙𝜅𝜈𝛼𝛽 (3.36)

where K(2),𝑆𝑅 is non-zero in the size of the supercell or the
𝑞-point mesh and zero outside as shown in Figure 3.15. The
long-range part of the dipole-dipole interaction, K(2),𝐷𝐷 , is
defined up to infinity by [86]:

𝐾
(2),𝐷𝐷
0𝑙𝜅𝜈𝛼𝛽 =

∑
𝛾𝛿

𝑍∗𝜅𝛼𝛾𝑍
∗
𝜈𝛽𝛿

( (𝝐−1
∞ )𝛾𝛿
𝐷3 − 3

Δ𝛾Δ𝛿

𝐷5

)
det(𝝐∞)−1/2

(3.37)
where Δ𝛼 =

∑
𝛽(𝝐−1
∞ )𝛼𝛽𝛿𝑟𝛽 and 𝐷 =

√
𝚫 · Δr with Δr the

vector separating two atoms in the simulation box.
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It turns out that K(2),𝐷𝐷 can be calculated in reciprocal space
by an Ewald summation technique [86, 119]. By taking the
Fourier transform of K(2),𝐷𝐷

𝐾̃
(2),𝐷𝐷
𝜅𝜈𝛼𝛽 (q = Γ) =

∞∑
𝑙=1

𝐾
(2),𝐷𝐷
0𝑙𝜅𝜈𝛼𝛽𝑒

𝑖0·R𝑙 , (3.38)

where the exponential factor reduces to unity since q = Γ = 0,
and the sum therefore runs over all lattice vectors R𝑙 without
any phase modulation. 𝐾̃(2),𝐷𝐷𝜅𝜈𝛼𝛽 captures the interaction of
atom 𝜅 and 𝜈 and all their periodic images until infinity
onto a single interaction as illustrated in Figure 3.16 (b). This
mapping allows one to replace a sum over supercells up to
infinity and restrict the index atom 𝜅 and 𝜈 with the size of
the largest box between simulation and short-range box.

Within this formalism, the harmonic contribution to𝐸𝑝({u𝑙𝜅})
can be written as,

𝐸𝐻𝑎𝑟𝑝 ({u𝑙𝜅}) =
1
2

∑
𝜈∈𝑆𝐶

3∑
𝛼=1

𝑢0𝜈𝛼

3∑
𝛽=1

( ∑
𝑙𝜅∈𝑆𝑅

𝐾
(2),𝑆𝑅
0𝑙𝜈𝜅𝛼𝛽

+
∑
𝜅∈𝑆𝐶

𝐾̃
(2),𝐷𝐷
𝜈𝜅𝛼𝛽 (q = Γ)

)
𝑢𝑙𝜅𝛽

(3.39)

(a)

(b)

Figure 3.16: Illustration of different har-
monic atomic displacement interaction
ranges of the second-principles implemen-
tation in Multibinit. In grey the simulation
box and in transparent its periodic repli-
cas around. (a) Illustration of the harmonic
short range interaction (blue box). (b) Il-
lustration of dipole-dipole interaction. The
interaction of two atoms and their periodic
replica until infinity (shaded arrows) is
mapped onto one single interaction (bold
arrows). The size of the dipole-dipole in-
teraction box (red box) is always the same
as the simulation box.

It means that all the atoms in the simulation box are harmon-
ically coupled to each other. In practice, the full interatomic
force constant matrix 𝐾(2) of the reference structure is read
from a DFPT calculation (from a so called .ddb file). Then, the
dipole-dipole interaction 𝐾̃(2),𝐷𝐷 is calculated and subtracted
from 𝐾(2) to get 𝐾(2),𝑆𝑅. Then, 𝐾̃(2),𝐷𝐷 is recalculated for the
simulation box and added to 𝐾(2),𝑆𝑅.

Finally, the force constant matrix and the Born effective
charges must to comply with the acoustic sum rule (ASR).
The first one guarantees that the total energy is invariant upon
a rigid translation of the crystal (𝑢𝑘𝜅𝛼 = 𝑢𝑙𝜈𝛼 ∀𝜅, 𝜈 ∈ 𝑆𝐶 and
𝛼 ∈ [1, 3]). This rule is fulfilled when the sum over one atom
index 𝜅 vanishes, i.e.,∑

𝜅

𝐾
(2)
0𝑙𝜅𝜈𝛼𝛽 = 0 ∀𝛼, 𝛽, 𝜈, 𝑙. (3.40)

This is not a priori the case in DFPT. The strategy to impose
the ASR is to derive that the self interaction element (𝜅 = 𝜈)
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to be the negative sum of the pairwise interaction (𝜅 ≠ 𝜈)

𝐾
(2)
0𝑙𝜅𝜅𝛼𝛽 = −

∑
𝜅≠𝜈

𝐾
(2)
0𝑙𝜅𝜈𝛼𝛽 , ∀ 𝜅, (3.41)

and impose the symmetry of K(2)

𝐾
(2)
0𝑙𝜅𝜈𝛼𝛽 = 𝐾

(2)
𝑙0𝜈𝜅𝛽𝛼 . (3.42)

The second ASR guarantees that no net dipole is created by a
rigid displacement of all atoms in the crystal. This implies
that the sum of the Born effective charge over the entire
simulation box must vanish,

∑
𝑙𝜅

𝑍∗𝑙𝜅𝛼𝛽 = 0 ∀ 𝛼, 𝛽 (3.43)

The second contribution to the harmonic energy is the elastic
energy 𝐸𝑠(𝜼). The homogeneous strain tensor 𝜂𝛼𝛽 contains
symmetric and antisymmetric parts. It is convenient to ex-
clude the anti-symmetric part, which reflects a rigid rotation
of the whole crystal, and to use Voigt notation [117] to reduce
the two Cartesian indices 𝛼, 𝛽 to a single index 𝑎 = 1, . . . , 6.
In this notation, 𝐸𝑠(𝜼) can be expressed as a Taylor series:

𝐸𝑠(𝜼) =
∞∑
𝑛=2

𝑁

𝑛!
∑
𝑎𝑏···

𝐶
(𝑛)
𝑎𝑏···𝜂𝑎𝜂𝑏 · · · (3.44)

where 𝑁 is the number of repetitions of the unit cell and the
tensor C(𝑛) is the 𝑛-th derivative of the energy with respect
to the strain,

𝐶
(𝑛)
𝑎𝑏··· =

1
𝑁

𝜕𝑛𝐸eff
𝜕𝜂𝑎𝜕𝜂𝑏 · · ·

����
𝑅𝑆

. (3.45)

For the same reason as for K(1), C(1) = 0, and the harmonic
term C(2) corresponds to the elastic tensor introduced in the
previous section.

Finally, the strain-phonon interaction energy 𝐸𝑠𝑝({u𝑙𝜅}, 𝜼)
can also be expressed as a Taylor series:

𝐸𝑠𝑝({u𝑙𝜅}, 𝜼) =
∞∑

𝑚,𝑛=1

1
(𝑚 + 𝑛)!

∑
𝑎𝑏···

∑
𝑘𝑙𝜅𝜈
𝛼𝛽···

Λ
(𝑚,𝑛)
𝑎𝑏···𝑘𝑙𝜅𝜈𝛼𝛽···𝜂𝑎 𝑢𝑘𝜅𝛼 · · ·

(3.46)
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where the tensor 𝚲 is the (𝑚, 𝑛)-th mixed derivative of the
energy with respect to the strain and atomic displacements,

Λ
(𝑚,𝑛)
𝑎𝑏···𝑘𝑙𝜅𝜈𝛼𝛽··· =

𝜕𝑛+𝑚𝐸eff
𝜕𝜂𝑎 · · · 𝜕𝑢𝑘𝜅𝛼 · · ·

����
𝑅𝑆

. (3.47)

The lowest-order coupling term 𝚲(1,1) corresponds to the
strain-phonon tensor introduced in the previous section.

Q

E Harmonic approx.
ab initio data

Figure 3.17: Schematic representation of
the harmonic approximation (dashed) of
the Born-Oppenheimer energy surface. The
crosses represent a sample of ab initio data
points. While exact at the reference struc-
ture, the harmonic approximation pro-
gressively deviates from the true Born-
Oppenheimer energy surface for larger dis-
tortions.

At this stage, the information around the reference struc-
ture is known and exact at the harmonic level. This is not
sufficient to fully describe the Born-Oppenheimer energy
surface around the reference structure as shown in Figure
3.17. To do so, one needs to add anharmonic contribution to
the Taylor expansion of the energy as illustrated in Figure
3.18. However, the number of independent tensors (3.35),
(3.45) and (3.47) are generally too large to calculate all of
them, even at low order. This implies that restricting the
order and range of interatomic anharmonic interactions is
not enough and an efficient algorithmic way of finding the
most important interaction is needed. Moreover, as in the har-
monic approximation, 𝐾(2) and Λ(𝑚,𝑛) have to comply with
the ASR. Imposing such ASR is more complicated at higher
order and turns out to be impossible considering that take
into account only the most important interaction. Fortunately,
it is possible to find an alternative way to write 𝐸𝑝 and 𝐸𝑠𝑝
where the ASR is automatically satisfied at all orders. Instead
of expanding the energy in terms of displacement, we expand
it as a function of displacement differences:

Q

E Anh + Harm
Harmonic approx.
ab initio data

Figure 3.18: Schematic representation of
the second-principles approach to the Born-
Oppenheimer energy surface. The har-
monic contribution (dashed) is kept ex-
act from DFPT calculations, while the an-
harmonic correction (solid) is fitted to the
residual ab initio data (crosses), i.e. the dif-
ference between the true energy surface
and the harmonic approximation.

𝐸𝑎𝑛ℎ𝑝 ({u𝑙𝜅}) =
𝑁∑
𝑛=3

1
𝑛!

∑
𝑘𝑙𝜅𝜈𝛼𝛽···

𝐾̂
(𝑛)
𝑘𝑙𝜅𝜈𝛼𝛽···(𝑢𝑘𝜅𝛼 − 𝑢𝑙𝜈𝛽) . . .

(3.48)
where K̂(𝑛) are the anharmonic force-constant tensors. Sim-
ilarly, the anharmonic strain-phonon interaction is written
as

𝐸𝑎𝑛ℎ𝑠𝑝 ({u𝑙𝜅}, 𝜼) =
𝑀,𝑁∑
𝑚,𝑛=1
𝑚+𝑛>2

1
(𝑚 + 𝑛)!

∑
𝑎𝑏···

∑
𝑘𝑙𝜅𝜈𝛼𝛽···

Λ̂
(𝑚,𝑛)
𝑎𝑏𝜅𝜈𝛼𝛽···𝜂𝑎(𝑢𝑘𝜅𝛼 − 𝑢𝑙𝜈𝛽) . . .

(3.49)

where 𝚲̂
(𝑚,𝑛) are the anharmonic strain-phonon coupling



3.2 Second-principles effective potentials 69

tensors. Using displacement differences instead of bare dis-
placements automatically fulfils the ASR, since any rigid
translation of the crystal results in a null contribution to
𝐸𝑎𝑛ℎ𝑝 and 𝐸𝑎𝑛ℎ𝑠𝑝 . The main counterpart of this approach re-
sides in the fact that the number of independent anharmonic
coefficients to determine increases.

Algorithmic anharmonic term generation – Now that the
polynomial expansion of lattice degrees of freedom has been
introduced, the next task is to find an algorithmic way of
generating the anharmonic terms and grouping together the
symmetry-equivalent ones.

The first step of this procedure relies on the definition of a set
of independent anharmonic coefficients complying with the
crystal symmetry of the reference structure. Consequently,
the irreducible anharmonic coefficients will consist in a set of
equivalent terms which are called symmetry adapted terms
(SATs) [120]. During the preparation of the manuscript, we
reviewed and fixed remaining issues in the implementation
of the SATs generation in Multibinit. We take into account the

x

y

z

Figure 3.19: Illustration of a symmetry-
adapted term (SATs) of the type (𝐵[000]

𝑥 −
𝑋
[000]
3𝑥 )2(𝐵

[000]
𝑦 − 𝑋[000]

3𝑦 )2 in an ABX3 per-
ovskite structure. The highlighted cell
(dashed box) is the reference unit cell lo-
cated at [000], surrounded by its periodic
images shown at reduced opacity. Each ar-
row, centered on the bond between atoms 𝑖
and 𝑗, represents a displacement difference
(𝑢𝑖𝛼 − 𝑢𝑗𝛼) along the Cartesian direction
𝛼. Double arrows indicate that the corre-
sponding displacement difference enters
the term squared, which reflects the in-
variance of the SATs under mirror-plane
reflections. Red and black arrows distin-
guish the two independent displacement
pairs entering the coupling term.

set of symmetry operations {S|t} of the reference structure
where S is a 3×3 matrix that represent the point symmetry
and t is a translation vector, both expressed in the chosen
reference frame. Then, if we apply {S|t} to any vector x, we
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obtain a transformed vector given by,

𝑥′𝛼 =
∑
𝛽

𝑆𝛼𝛽𝑥𝛽 + 𝑡𝛼 (3.50)

Since, {S|t} is a symmetry operation of the RS, it has to
fulfill

{S|t}(R𝑙 + r𝜅) = R′𝑙 + r′𝜅 . (3.51)

This means that for any atom 𝜅 in the cell 𝑙, there must
exist an atom 𝜅′ in cell 𝑙′ of the same atomic species that
satisfies relation (3.51). Equation (3.51) simply expresses the
invariance of the RS under the action of its space-group
symmetries {S|t}. As a direct consequence of the invariance
of the RS, the atomic distortions u𝑙𝜅 and homogeneous strain
𝜼 with respect to the reference positions must transform
consistently under the same symmetry operations

𝑢′𝑙′𝜅′𝛼 =
∑
𝛽

𝑆𝛼𝛽𝑢𝑙𝜅𝛽 (3.52)

𝜂′𝛼𝛽 =
∑
𝛾𝛿

𝑆𝛼𝛾𝜂𝛾𝛿(𝑆−1)𝛿𝛽 (3.53)

Naturally, since u′
𝑙𝜅 and 𝜼′ are related to u𝑙𝜅 and 𝜼 by sym-

metry, they should produce the same energy changes,

𝐸eff({u′𝑙𝜅 , 𝜼
′}) = 𝐸eff({u𝑙𝜅 , 𝜼}) (3.54)

In the current implementation of Multibinit, SATs are gener-
ated through a four-step procedure. The first step consists in
enumerating all elementary distortions with respect to the
RS, including atomic displacements pairs and homogeneous
strain, within a cutoff radius 𝑟cut controlled by the parameter
fit_cutoff. The full set of space-group symmetry opera-
tions {S|t} of the RS is applied to these distortions in order
to group them into symmetry-equivalent distortions. Each
group of distortions is then assigned a unique irreducible
label.

The second step consists of recursively combine all the irre-
ducible distortions from the lowest polynomial order to the
higher one using the keyword fit_rangePower. Thereby, in
order to reduce the number of possible combinations, we
impose that one of the irreducible atoms of the perovskite
reference structure must appear in all products. As a result,
only terms constructed around a fixed irreducible atomic site
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are generated. The anharmonic coefficients obtained in this
way can thus be interpreted as describing all anharmonic
interactions within a local neighborhood, or interaction shell,
centered on a single atom,

𝐾̂
(𝑛)
𝑘𝑙𝑚···𝜅𝜈𝛿···𝛼𝛽···(𝑢𝑘𝜅𝛼 − 𝑢𝑙𝜈𝛼)(𝑢𝑘𝜅𝛽 − 𝑢𝑚𝛿𝛽) · · · (3.55)

The third step, required to obtain the complete set of symmetry-
adapted combinations, is the most computationally demand-
ing one. Indeed, a given combination of 𝑝 irreducible distor-
tions does not, in general, exhaust all the irreducible combi-
nations that can be constructed from the corresponding sets
of symmetry-equivalent distortions. In order to generate the
missing coefficients associated with a given combination of
irreducible atomic displacement pairs, a dedicated two-step
procedure is employed. First, a symmetry operation {S|t} is
applied to one of the 𝑝 irreducible atomic displacement pairs,
transforming it into a symmetry-equivalent distortion. This
transformed distortion is then combined with the remaining
𝑝−1 untransformed irreducible distortions to form a new can-
didate combination. Second, all symmetry operations of the
RS are successively applied to this new combination, allowing
all 𝑝 distortions to be transformed simultaneously. If the re-
sulting set can be mapped onto an already existing irreducible
combination, it is grouped with this existing combination;
otherwise, it is retained and stored as a new irreducible
combination. This procedure is recursively applied over all
symmetry operations of the reference structure and over
all 𝑝 irreducible entities involved in the initial combination,
including both atomic displacement pairs and homogeneous
strain components. The total number of generated irreducible
combinations strongly depends on the local coordination of
the central atom and its nearest-neighbor environment.

In the final step of the SATs generation, the full set of
symmetry-equivalent combinations is constructed for each
representative irreducible combination and associated with
a single anharmonic coefficient. As a consequence of the
crystal symmetries, some symmetry-adapted terms may van-
ish identically. These symmetry-forbidden contributions are
therefore eliminated, leading to a further reduction in the
number of independent irreducible coefficients.
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Algorithmic anharmonic term selection – Having con-
structed the complete set of symmetry-adapted anharmonic
terms allowed by the reference structure, the remaining chal-
lenge is no longer one of completeness, but of relevance. The
objective of a second-principles model is not to retain the full
polynomial expansion of the lattice degrees of freedom up to
a given order and interaction cutoff, but rather to identify and
keep only the most physically important anharmonic con-
tributions. Indeed, the number of SATs grows rapidly with
both the polynomial order and the interaction range, making
a systematic inclusion of all allowed terms impractical. We
therefore adopt an algorithmic strategy to select, from the
full space of symmetry-allowed interactions, a reduced sub-
set of dominant anharmonic SATs, which are subsequently
determined by fitting to a targeted set of ab initio data.

The selection and determination of these coefficients rely
on the algorithm introduced by Escorihuela-Sayalero and
co-workers [121], which consists of two essential ingredients:
(i) the computation of anharmonic coefficients and (ii) the
selection of the most relevant terms among them. In practice,
the determination of the anharmonic coefficients is performed
using a least-squares fitting procedure. The quantities fitted
are ab initio energies, atomic forces, and stresses, computed
for a set of atomic configurations forming the training set
(TS).

Within our second-principles framework, the energy of a
given atomic configuration is directly obtained by evaluating
Eq. (3.33). Atomic forces are then naturally obtained as deriva-
tives of the energy with respect to atomic displacements,

𝑓𝑙𝜅𝛼 = − 𝜕𝐸

𝜕𝑢𝑙𝜅𝛼

����
u,𝜼
. (3.56)

The stresses 𝜎 acting on the simulation cell are defined as
derivatives of the energy with respect to strain,

𝜎𝑎 =
1
𝑉

𝜕𝐸

𝜕𝜂𝑎

����
u,𝜼
, (3.57)

where 𝑉 is the volume of the atomic configuration. It is
important to emphasize that the derivative of the energy
with respect to strain is computed under the constraint that
the relative atomic coordinates are kept fixed. This definition
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of the stress slightly differs from that originally presented
by Escorihuela-Sayalero and co-workers [121]. In Multib-
init, we instead adopt the convention commonly used in
solid-state physics textbooks [62]. In particular, the strain 𝜼
applied to compute the stress does not have the same mean-
ing as the deformation parameters defining the distorted
reference structure, which are denoted here by 𝜂𝑎 in Eq.(3.57).
Appendix A provides a detailed derivation of the stress ex-
pressions and discusses their practical implementation. These
expressions were independently rederived, reimplemented,
and systematically tested within the present thesis.

To determine the values of the selected anharmonic coeffi-
cients, we introduce a goal function (GF) that quantifies the
discrepancy between the anharmonic contributions obtained
from the TS and those predicted by the second-principles
polynomial expansion.

In the present implementation, only the anharmonic contri-
butions are included in the minimization procedure. The
harmonic part of the model is determined independently and
with high accuracy from DFPT calculations, and is therefore
removed from the total ab initio quantities prior to fitting. As a
result, the fitting procedure targets exclusively the genuinely
anharmonic part of the potential energy surface. For a given
atomic configuration 𝑠 ≜ ({u}, 𝜼), the anharmonic energy is
defined as

𝐸Anh(TS, 𝑠) = 𝐸tot(TS, 𝑠) − 𝐸0(R0) − 𝐸har(𝑠), (3.58)

where 𝐸0(R0) is the energy of the reference structure and
𝐸har(𝑠) denotes the harmonic contribution evaluated for the
same configuration. Analogous definitions apply to the an-
harmonic components of the forces and stresses.

The GF depends on a set of 𝑝 anharmonic coefficients Θ𝑝 ≜
{𝜃1 , . . . , 𝜃𝑝}, where each coefficient 𝜃𝑖 corresponds to one
of the anharmonic parameters K̂𝑛 , 𝚲̂(𝑛,𝑚), or Ĉ𝑛 associated
with given SATs. It is defined as a weighted least-squares
functional involving anharmonic energies, atomic forces, and
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stresses,

𝐺(Θ𝑝 , TS) = 𝑤1
𝑁1

∑
𝑠

Ω−1(𝑠) 𝛽(𝑠)
[
𝐸Anh(TS, 𝑠) − 𝐸Anh(Θ𝑝 , 𝑠)

]2

+ 𝑤2
𝑁2

∑
𝑠𝜅𝑙𝛼

𝛽(𝑠)
[
𝑓 Anh
𝑙𝜅𝛼 (TS, 𝑠) − 𝑓 Anh

𝑙𝜅𝛼 (Θ𝑝 , 𝑠)
]2

+ 𝑤3
𝑁3

∑
𝑠𝑎

Ω2(𝑠) 𝛽(𝑠)
[
𝜎Anh
𝑎 (TS, 𝑠) − 𝜎Anh

𝑎 (Θ𝑝 , 𝑠)
]2
,

(3.59)

The prefactors 𝑤1, 𝑤2, and 𝑤3 are user-defined weights,
adjustable through the fit_factors keyword in Multibinit,
allowing one to tune the relative importance of energies,
forces, and stresses in the fit. The normalization constants 𝑁1,
𝑁2, and 𝑁3 are chosen as 1, 3𝑁TS

at , and 6, respectively, where
𝑁TS

at is the number of atoms in the training set configurations.
This choice compensates for the much larger number of
force and stress data points compared to a single energy
value per configuration. The factor Ω(𝑠) was introduced
by Sheppard and co-workers [123] to balance the relative
contributions of forces and stresses and depends on the
volume of configuration 𝑠. Its inclusion ensures that stresses
and forces enter the GF on comparable footing. In addition,
each configuration 𝑠 is assigned a statistical weight 𝛽(𝑠),
designed to control the relative influence of different regions
of configuration space. Strongly distorted structures typically
exhibit large forces and stresses and can otherwise dominate
the fit. However, for lattice-dynamical and finite-temperature
simulations, it is often desirable to describe accurately the
vicinity of (meta)stable configurations. To this end, we adopt
a Maxwell–Boltzmann-like weighting function,

𝛽(𝑠) = exp
[
−
∑
𝑖𝛼 | 𝑓𝑖𝛼(TS, 𝑠)|

𝛼𝑤

]
, (3.60)

where 𝛼𝑤 is a tunable parameter specified via the fit_-

weight_T keyword. The weights 𝛽(𝑠) are subsequently nor-
malized such that

∑
𝑠 𝛽(𝑠) = 𝑛𝑠 , where 𝑛𝑠 is the total number

of configurations in the training set. This procedure enhances
the contribution of configurations close to equilibrium while
still retaining information from more distorted structures.

The GF defined in Eq. (3.59) is a quadratic function of the
coefficientsΘ𝑝 and can thus be interpreted as a 𝑝-dimensional
paraboloid. The optimal set of anharmonic coefficients is
obtained by minimizing 𝐺(Θ𝑝 , TS) with respect to all 𝜃𝑖 ,
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leading to the stationarity conditions

𝜕𝐺(Θ𝑝 , TS)
𝜕𝜃𝑖

= 0 ∀ 𝑖 ∈ {1, . . . , 𝑝}. (3.61)

A detailed discussion of the mathematical properties of such
goal functions can be found in Refs. [120, 121].

The second component of the algorithm proposed by Escorihuela-
Sayalero and co-workers [121] concerns the selection of the
most relevant anharmonic terms. Previous second-principles
studies [120, 121] have shown that a realistic and predictive
model can typically be achieved using only a few tens of
anharmonic symmetry-adapted terms. Identifying this small
subset from the full space of allowed interactions is, however,
a highly nontrivial combinatorial problem.

If 𝑁SAT symmetry-adapted terms are generated for a given
cutoff radius 𝑟cut and polynomial order, the number of possi-
ble combinations of 𝑝 terms is

𝑁comb =

(
𝑁SAT
𝑝

)
. (3.62)

Start fit process (fit coeff = 1)

Generate set ofNSAT possible coef-
ficients and/or read a set from .xml

do icoeff=1,fit ncoeff

GenerateNSAT − (icoeff − 1) SATs co-
efficient setsΘi

icoeff by adding non selected
cofficients θi to set of before selected coef-
ficients: Θi

icoeff : {θ1, θ2, ..., θicoeff−1, θi}

MinimizeG (Θi
icoeff ,TS)

∀ i ∈ NSAT − (icoeff − 1)

Find
imin = argmin

i
(G (Θi

icoeff ,TS))

Select
θimin → θicoeff

icoeff= icoeff+1

Figure 3.20: Schematic illustration of the
iterative term selection algorithm pro-
posed by Escorihuela-Sayalero and co-
workers [121] as implemented in Multi-
binit. At each iteration, the anharmonic
term 𝜃𝑖 whose inclusion most reduces the
goal function 𝐺 is added to the selected
set, until the target number of coefficients
fit_ncoeff is reached.

Even for moderate cutoffs, 𝑁comb rapidly becomes astronom-
ically large. For example, selecting 𝑝 = 30 terms from the set
of third- and fourth-order anharmonic interactions (includ-
ing strain–phonon couplings) within a cutoff 𝑟cut =

√
3

2 𝑎𝑝 in
a perovskite structure yields 𝑁comb ∼ 10147, rendering any
exhaustive search infeasible.

To overcome this limitation, the iterative selection algorithm
introduced in Ref. [121] is employed and schematically illus-
trated in Figure 3.20. In the first iteration, each individual
anharmonic coefficient 𝜃𝑖 is fitted independently by minimiz-
ing 𝐺(𝜃𝑖 , TS), and the term yielding the largest reduction of
the GF is selected. In subsequent iterations, new candidate
sets are constructed by adding one additional term to the
previously selected set, and the coefficients are reoptimized at
each step. This procedure is repeated until either a target num-
ber 𝑝 of coefficients is reached, specified by the fit_ncoeff

keyword, or a convergence criterion on 𝐺(Θ𝑝 , TS) is satisfied.
Within this approach, the total number of combinations that
must be tested is drastically reduced.
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Algorithmic Bounding of the Polynomial Expansion – Af-
ter the fitting stage (unconstrained fit), the resulting set of
SATs often leads to an effective potential that is not bounded
from below. In such situations, the energy of the model di-
verges towards large negative values for sufficiently large
distortions, rendering the model physically meaningless and
unusable in practice. Increasing the size or diversity of the
TS is generally insufficient to resolve this issue, as the di-
mensionality of the anharmonic parameter space remains
prohibitively large.

An additional strategy is therefore required to enforce the
stability of the model while preserving the quality of the
initial fit. The principle of the bounding algorithm is to
identify anharmonic terms that may induce an unbounded
behavior and to systematically stabilize them by introducing
higher-order SATs with positive coefficients. This procedure
ensures that the effective potential remains bounded from
below without significantly degrading the accuracy of the
fitted model in the physically relevant region of configuration
space.

Q

E
ne
rg
y

DFT data
Free fit
Bounded fit

RS

Figure 3.21: Schematic illustration of the
bounding procedure. The free fit is repre-
sented by the solid line and is not bounded
from below. The Bounding process assure
that the model is bounded from below and
produce the dashed line.

Fix setΘp SAT coefficients of free-fit expansion

do i= 1 , p

If θi < 0
or

SATi contains
odd product

Generate and count high order equivalent terms
in order bound rangePower: NBi

do j= 1,NBi

if θBji /∈ Θp

Add θBji toΘp

Optimize θBji

UpdateG0

j = j+ 1

if
j <= NBi

i = i + 1

True

False

False

TrueFalse

Figure 3.22: Illustration of the bounding al-
gorithm. The algorithm is activated by the
keyword bound_model. At the beginning
an input set Θ𝑝 of anharmonic SAT coeffi-
cients are fixed. For each divergent term 𝜃𝑖
a set 𝑁𝐵𝑖 of equivalent even higher-order
term is added. 𝑥 and 𝑦 are representatives
of any irreducible atomic displacement pair
or homogeneous strain in the example. In
a second loop the 𝑁𝐵𝑖 SAT bounding co-
efficients are added to the initial set and
optimized

Therefore, each SATs appearing in the free-fit is examined
for its propensity to induce a negative divergence at large
distortion amplitudes. A SATs is classified as divergent if it
involves odd powers, or if it corresponds to an even-order
term with a negative fitted coefficient. Such terms can poten-
tially destabilize the effective potential and must therefore be
treated explicitly.

For each divergent SATs, a set of higher-order, even bounding
SATs is constructed. This set includes even terms generated
from all symmetry-allowed multipliers of the divergent SATs,
as well as even analogs of the divergent term itself, provided
that their polynomial order lies within the prescribed bound-
ing range (see Figure 3.22). The lower and upper bounds of
this range are controlled by the bound_rangePower keyword
in Multibinit. In practice, bounding terms are typically in-
troduced at polynomial orders two or four higher than the
maximum order included in the free fit.

To enforce the boundedness of the potential, the coefficients
associated with these higher-order bounding SATs must be
constrained to positive values, while preserving as much as
possible the accuracy of the model with respect to the TS.
A simple and robust iterative optimization strategy is then
applied. At the beginning of the procedure, the coefficients
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Θ𝑝 of the free-fit polynomial are fixed. A loop over the free-
fit SATs is then initiated. When a divergent free-fit SATs
is detected, its associated set of 𝑁 higher-order equivalent
bounding SATs, denoted {𝐵 𝑗}, is generated. A second loop is
subsequently performed over these bounding terms.

At each iteration, a single bounding SATs is added to the poly-
nomial, and its coefficient 𝜃𝐵𝑗

𝑖
is optimized independently,

where 𝑖 labels the divergent free-fit SATs among the initial 𝑝
terms, and 𝑗 labels the corresponding bounding term. Prior to
the optimization, a consistency check is performed to ensure
that the bounding SATs is not already present in the polyno-
mial, as multipliers originating from different free-fit terms
can lead to equivalent symmetry-adapted interactions.

The optimization of 𝜃𝐵𝑗
𝑖

is carried out by analyzing the be-
havior of the goal function as a function of this single co-
efficient, while all other coefficients are held fixed. In this
context, the GF becomes a one-dimensional quadratic func-
tion, 𝐺(𝜃𝐵𝑗

𝑖
, TS), which is considered relative to its initial

value 𝐺0 at the beginning of the bounding iteration. The
value 𝐺(𝜃𝐵𝑗

𝑖
= 0, TS)/𝐺0 = 1 provides one point on this

parabola by construction. Two additional evaluations of the
GF are performed at positive trial values of 𝜃𝐵𝑗

𝑖
, allowing

the parabola to be fully determined and its minimum to be
identified analytically.
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Figure 3.23: Scheme of the bounding pro-
cedure. For each created bounding term,
there are two possible scenarios: (a) if the
coefficient 𝜃𝐵𝑗

𝑖𝑜𝑝𝑡
that minimize the GF is

positive, we keep it (b) if the coefficient
𝜃
𝐵𝑗

𝑖𝑜𝑝𝑡
that minimize the GF is negative, we

force it to be positive. the value of the coef-
ficient is chosen to be positive and to keep
the ratio 𝐺/𝐺0 under a threshold fixed by
bound_penalty

If the minimum of the parabola occurs at a positive value
𝜃
𝐵𝑗

𝑖
> 0, this value is retained, as it simultaneously improves

the description of the TS and contributes to stabilizing the
potential. If, on the contrary, the minimum lies at a negative
value of 𝜃𝐵𝑗

𝑖
, a positive coefficient is instead selected such

that the relative increase of the GF satisfies 𝐺(𝜃𝐵𝑗
𝑖
, TS)/𝐺0 =

𝐺𝑃 > 1 (see Figure 3.22 and Figure 3.23). This choice explicitly
trades a controlled loss of accuracy for the enforcement of
boundedness.

After fixing 𝜃
𝐵𝑗

𝑖
, the reference value 𝐺0 is updated, and the

loop over the remaining bounding SATs associated with the
same divergent free-fit term is continued. The penalty factor
𝐺𝑃 must remain close to unity in order to avoid a cumulative
degradation of the model accuracy when multiple bounding
terms are introduced. In Multibinit, the default value is
𝐺𝑃 = 1.001, and it can be adjusted by the user via the bound_-
penalty keyword.
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As an alternative bounding strategy, all single-body SATs
of a given range of higher even polynomial orders can be
added simultaneously, and their coefficients optimized using
a bounded-variable least-squares algorithm, with positivity
constraints imposed on these higher-order terms. This option
can be enabled by setting the corresponding fit_max_nbody

parameter to −1 for the selected bounding orders.

Model mixing for chemically inhomogeneous systems –
The second-principles framework described above is con-
structed around a single reference structure and a corre-
sponding set of symmetry-adapted anharmonic interactions.
In its standard formulation, it is therefore naturally suited
to describe bulk crystalline materials with a well-defined
chemical composition.

However, many systems of current interest, such as superlat-
tices, heterostructures, or compositionally modulated materi-
als, involve spatial variations of the chemical environment. In
such cases, constructing a fully new second-principles model
for the entire heterostructure would be computationally de-
manding and conceptually redundant when reliable bulk
models of the constituent materials are already available.

In chemically inhomogeneous systems, a model-mixing strat-
egy can be adopted, following the methodology introduced
in Ref. [91]. In this approach, an effective model is constructed
by combining pre-existing second-principles models of the
bulk constituents. The interaction parameters are locally in-
terpolated according to the chemical environment of each
atom, ensuring consistency with the second-principles for-
malism.

We assume that reliable bulk second-principles models have
been previously constructed for a set of materials labeled
by an index 𝑐. Each bulk model provides a complete set of
interaction tensors K(𝑛),𝑐 , 𝚲(𝑚,𝑛),𝑐 , and C(𝑛),𝑐 , as well as the
corresponding Born effective charges and dielectric tensors.

In the mixed system, each atom (𝑙𝜅) is assigned a chemical
label 𝜇𝑙𝜅 identifying the bulk model to which it belongs. To
characterize its local chemical environment, we consider a
set of neighboring atoms within a predefined cutoff. Let N𝑙𝜅

denote the number of neighbors of atom (𝑙𝜅). For each bulk
model 𝑐, we define
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𝑛𝑐
𝑙𝜅 =

∑
(𝑙′𝜈)∈N𝑙𝜅

𝛿𝜇𝑙′𝜈 ,𝑐 (3.63)

where 𝛿𝜇𝑙′𝜈 ,𝑐 is equal to 1 if atom (𝑙′𝜈) belongs to bulk model
𝑐, and 0 otherwise. By construction,

N𝑙𝜅 =
∑
𝑐

𝑛𝑐
𝑙𝜅 . (3.64)

We then introduce the local chemical weight

𝑝𝑐
𝑙𝜅 =

𝑛𝑙𝜅,𝑐

N𝑙𝜅
,

∑
𝑐

𝑝𝑐
𝑙𝜅 = 1, (3.65)

which quantifies the fraction of neighbors of atom (𝑙𝜅) belong-
ing to bulk model 𝑐. These weights define the local chemical
environment and are used to interpolate the interaction coef-
ficients entering the second-principles interatomic potential.
For the pure part of the model (where the 𝑝𝑐

𝑙𝜅 = 1) the bulk
interactions are recovered, and when 𝑝𝑐

𝑙𝜅 ≠ 1 the interac-
tion is interpolated between different models. If a particular
interaction is missing in one model the coefficient for that
interaction in averaging is set to zero.

We first consider the purely phononic part of the energy,
expressed in terms of the displacement differences as intro-
duced above. For an 𝑛-body anharmonic interaction involving
atoms (𝑙𝜅), (𝑘𝜈), . . . , the corresponding interaction tensor in
the mixed model is defined as a weighted average over the
bulk models:

K(𝑛)𝜅𝜈𝑙𝑘𝛼𝛽... =
1

2𝑁
∑
𝑐

𝐾̂
(𝑛),𝑐
𝜅𝜈𝑙𝑘𝛼𝛽...(𝑝

𝑐
𝑙𝜅 + 𝑝

𝑐
𝑘𝜈 + · · · ), (3.66)

where the sum is over different models that we have, K̂(𝑛),𝑐
is the interaction coefficient order 𝑛 for bulk model 𝑐 and 𝑁
accounts for the number of bodies involved in the calculation
of the parameter.

The harmonic phononic energy is then given by the (3.39)
where the short-range part 𝐾(2),𝑆𝑅 is replaced by the cor-
responding K(2),𝑆𝑅 following the interpolation procedure
described above. The long-range dipole-dipole contribution
is constructed from effective Born charges and a mixed high-
frequency dielectric tensor. In analogy with Eq. (3.37), we
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write

K(2),𝐷𝐷0𝑙𝜅𝜈𝛼𝛽 =
∑
𝛾𝛿

Z ∗𝜅𝛼𝛾Z ∗𝜈𝛽𝛿
( (𝜀−1
∞ )𝛾𝛿
𝐷3 − 3

Δ𝛾Δ𝛿

𝐷5

)
det(𝜺∞)−1/2

(3.67)

The effective Born charge of atom (𝑙𝜅) is approximated as

Z ∗𝑙𝜅𝛼𝛽 =
∑
𝑐

𝑝𝑐
𝑙𝜅𝑍
∗,𝑐
𝑙𝜅𝛼𝛽

√
(𝜀∞)𝛼𝛽
(𝜖𝑐∞)𝛼𝛽

(3.68)

where 𝑍∗,𝑐
𝑙𝜅𝛼𝛽 and 𝜖∞,𝑐 are the Born effective charge tensor

and dielectric tensor of bulk model 𝑐, respectively. The mixed
dielectric tensor 𝜺∞ is approximated from the bulk values ac-
cording to the geometry of the superlattice, where 𝑙𝑐 denotes
the fraction of unit cells of bulk model 𝑐 in the superlattice.
For a layered system, an arithmetic average is used for the
in-plane components,

𝜖𝑚∞ =
∑
𝑐

𝑙𝑐 𝜖𝑐∞ , (3.69)

while a harmonic average is used for the direction perpendic-
ular to the interface,

(𝜖𝑚∞)−1 =
∑
𝑐

𝑙𝑐 (𝜖𝑐∞)−1. (3.70)

The same interpolation strategy is applied to the strain–
phonon interaction tensors. For a mixed derivative of order
(𝑚, 𝑛) involving 𝑚 strain components and 𝑛 atomic displace-
ments, we define

L(𝑛,𝑚)
𝑎𝑏𝜅𝜈𝛼𝛽··· =

1
2𝑁

∑
𝑐

Λ̂
(𝑛,𝑚),𝑐
𝑎𝑏𝜅𝜈𝛼𝛽···(𝑝𝑙𝜅,𝑐 + 𝑝𝑘𝜈,𝑐 + · · · ) (3.71)

This construction ensures that the strain–phonon couplings
continuously interpolate between bulk behaviors while re-
maining consistent with the structure of the second-principles
expansion introduced in Eq. (3.46).

Finally, the purely elastic part of the energy is constructed
by interpolating the elastic constants of the bulk models.
Denoting by 𝑛𝑐 the number of unit cells of material 𝑐 in the



3.2 Second-principles effective potentials 81

mixed system, we approximate

C(𝑛)
𝑎𝑏

=
∑
𝑐

𝑛𝑐 𝐶̂
(𝑛),𝑐
𝑎𝑏

(3.72)

where 𝐶̂(𝑛),𝑐
𝑎𝑏

are the order 𝑛 elastic constants of bulk model
𝑐.

In practical applications to heterostructures or superlattices,
the bulk constituents generally possess different equilibrium
lattice parameters. Since each second-principles model is
defined as a polynomial expansion around its own reference
structure, a direct mixing of the models requires that their
reference cells be made compatible.

Before performing the interpolation of the interaction param-
eters described above, it is therefore necessary to reformulate
each bulk model around a common reference lattice. This can
be achieved by systematically redefining the strain degrees
of freedom and consistently transforming the polynomial
expansion of the energy.

Each bulk second-principles model is constructed with re-
spect to its own reference lattice, and therefore its strain
variable, denoted 𝜼(𝑟), is defined relative to that bulk ref-
erence. For the purpose of model mixing, we introduce a
common reference lattice for the heterostructure, and define
the corresponding strain tensor 𝜼(𝑚). The two strain tensors
are related by the lattice mismatch between the bulk and
mixing references. Proceeding in a manner analogous to the
derivation presented above for the stress definitions, one
finds

𝜂(𝑟)𝛼𝛽 = Δ𝜂𝛼𝛽 + (𝛿𝛼𝛽 + Δ𝜂𝛼𝛽)𝜂(𝑚)𝛼𝛽 , (3.73)

where 𝚫𝜼 denotes the misfit strain between the bulk and
mixing reference structures.

Since the second-principles model is a polynomial expan-
sion around the reference structure, replacing 𝜼(𝑟) by its
expression in terms of 𝜼(𝑚) generates additional terms in
the energy functional. The constant contributions simply
shift the reference energy and can be discarded, while the
linear and higher-order terms proportional to 𝚫𝜼 lead to a
systematic renormalization of the elastic, strain–phonon, and
higher-order coupling coefficients.
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We first consider the harmonic elastic energy,

𝐸𝐻𝑎𝑟𝑠 ({𝜼(𝑟)}) =
𝑁𝑆𝐶

2
∑
𝑎𝑏

C𝑎𝑏𝜂(𝑟)𝑎 𝜂(𝑟)
𝑏
. (3.74)

Substituting Eq. (3.73) into this expression yields additional
linear and quadratic terms in 𝜼(𝑚). Besides the original
quadratic contribution, the expansion generates: (i) linear
strain terms proportional to 𝚫𝜼, (ii) modified quadratic terms
proportional to 𝚫𝜼, (iii) a constant energy shift proportional
to Δ𝜂𝑎Δ𝜂𝑏 . The constant contribution only shifts the refer-
ence energy and can therefore be discarded. The linear and
quadratic corrections can be absorbed into renormalized co-
efficients, which are added to the anharmonic sector of the
model.

A similar procedure applies to the harmonic strain–phonon
coupling,

𝐸𝐻𝑎𝑟𝑠𝑝 =
∑
𝑙𝜅𝛼𝑎

L𝑙𝜅𝛼𝑎𝑢𝑙𝜅𝛼𝜂
(𝑟)
𝑎 . (3.75)

Replacing 𝜼(𝑟) by its expanded form produces additional
phonon and strain–phonon contributions proportional to
𝚫𝜼. These terms effectively renormalize the phonon and
strain–phonon coefficients and are incorporated into the
model in the same manner as for the purely elastic part.

The same transformation is applied to all strain and strain
–phonon terms in both the harmonic and anharmonic sectors.
As a result, each bulk model is consistently reformulated
around a common reference lattice, leading to a systematic
renormalization of its coefficients while preserving the poly-
nomial structure of the energy functional. Once expressed in
compatible reference cells, the bulk models can be straight-
forwardly combined within the model-mixing framework to
construct effective potentials for heterostructures.

3.2.6 Machine learning interatomic potential

Machine-learning interatomic potentials (MLIP) provide an
alternative strategy to construct accurate atomistic models
directly from first-principles data. Although the idea of learn-
ing potential-energy surfaces using flexible statistical models
dates back several decades, with early demonstrations already
appearing in the 1990s [124], these approaches remained for
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a long time relatively marginal in the atomistic-simulation
community. Earlier assessments often emphasized their draw-
backs [120]: the resulting potentials could be mathematically
complex, difficult to interpret physically, and potentially lim-
ited in transferability, since they primarily interpolate within
the region of configuration space covered by the training
data. In addition, the computational overhead associated
with early implementations further slowed their adoption.

This situation has changed dramatically over the past decade,
and especially since the early 2020s [125–128]. Progress in ma-
chine learning, the rapid growth of available first-principles
datasets [129, 130], and advances in computational resources
have collectively transformed MLIP into practical and widely
used tools [128, 131–135]. Modern architectures can now
achieve near first-principles accuracy while retaining compu-
tational costs orders of magnitude lower than direct electronic-
structure calculations. As a result, MLIP are increasingly
becoming standard instruments for large-scale atomistic sim-
ulations, enabling the study of complex materials, long time
scales, and large system sizes that were previously inaccessi-
ble, while maintaining a close connection to ab-initio reference
data.

In the following, we briefly introduce the general princi-
ples behind MLIP before discussing the specific framework
adopted in this work.

Deep potential – Machine-learning interatomic potentials
such as DeepMD [136] are based on deep feedforward neural
networks [137], whose goal is to approximate an unknown
target function 𝑓 ★ from data.

These models are called networks because they can be repre-
sented as a directed acyclic graph describing how successive
transformations are composed,

𝑓 (x) = 𝑓 (𝐿) ◦ 𝑓 (𝐿−1) ◦ · · · ◦ 𝑓 (1)(x), (3.76)

where each function 𝑓 (ℓ ) corresponds to one layer. The total
number of layers defines the depth of the model — hence the
term deep learning — and the last transformation produces
the output layer. The qualifier feedforward indicates that in-
formation propagates in a single direction, from the input
representation to the output, without feedback or recurrent
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connections. During training, the model output 𝑓 (x) is re-
quired to match reference values 𝑦 ≈ 𝑓 ★(x), provided for each
input x. While the training data specify the desired output
𝑦, they do not impose how the intermediate transforma-
tions should behave. The learning algorithm must therefore
determine how to organize these internal representations
so as to produce accurate predictions. For this reason, the
intermediate layers are referred to as hidden layers.

x1 x2 x3 · · · xn

w1 w2 w3 wn

b +
∑n

i wixi

y

Figure 3.24: Schematic representation of an
individual neuron. The neuron receives a
vector of inputs {𝑥𝑖}, computes a weighted
sum with learnable weights {𝑤𝑖} and bias
𝑏, and applies a non-linear activation func-
tion 𝜎 to produce its output 𝑦.

Each layer is composed of elementary units called neurons.
An individual neuron performs a simple (non-)linear trans-
formation on its inputs: it receives a vector of inputs {𝑥𝑖}
computes a weighted sum, adds a scalar bias 𝑏, and finally
applies an activation function 𝜎(x; w, 𝑏). The output of a single
neuron can be expressed as,

𝑦 = 𝜎

(
𝑏 +

𝑛∑
𝑖

𝑤𝑖𝑥𝑖

)
(3.77)

where the weights 𝑤𝑖 and the bias 𝑏 are the learnable param-
eters adjusted during the training process to minimize the
prediction error.

In a neural network, these individual neurons are organized
into layers where the outputs of one layer serve as the inputs
for the next. The architecture begins with an input layer, which
does not perform computations but simply holds the input
data. It is followed by one or more hidden layers and a final
output layer. To compute a prediction, the network performs
a forward pass: starting from the input, the activations are
computed layer by layer. For a given layer ℓ , the activation of
each neuron is stored, as it becomes the necessary input for
calculating the weighted sums of layer ℓ + 1.

The power of this hierarchical structure relies entirely on
the choice of the activation function. If a linear activation
function were used for all neurons, the entire multi-layer
network would collapse into a single linear transformation.
This is a fundamental result of linear algebra: the composition
of two linear functions is itself a linear function. In this
scenario, adding more layers would provide no additional
representational power over a single-layer model.

By introducing non-linear activations such as sigmoid, hyper-
bolic tangent functions or the Rectified Linear Unit (ReLU),
defined as ReLU(z)=max(0,z), the network gains the ability to
approximate complex, non-linear boundaries. Conceptually,
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non-linear units can be combined to represent Boolean logic
gates such as AND, OR, and NOT. Since any computational
circuit can be built from these primitive gates, a sufficiently
large neural network acts as a programmable functional
approximator.

This is formalized by the Universal Approximation Theo-
rem [138], which states that a feedforward network with at
least one hidden layer and a non-linear activation function
can approximate any continuous function to any desired
degree of accuracy, provided it has enough neurons.

Rather than manually designing the connections to mimic
a specific circuit, the network "learns" the optimal weights
and biases through training. This process involves defining
a loss function (or cost function) that measures the discrep-
ancy between the network’s prediction 𝑓 (𝑥) and the training
data.

The aforementioned principles can be applied to build MLIP
as it is done in DeepMD, which is designed to preserve the
physical symmetries of atomic systems. In this framework,
the total potential energy 𝐸 of a system containing 𝑁 atoms
is decomposed into a sum of local atomic contributions:

𝐸 =

𝑁∑
𝑖=1

𝐸𝑖 , (3.78)

where each atomic energy 𝐸𝑖 is the output of a dedicated
feedforward neural network that maps the local environment
of atom 𝑖 to a scalar value as shown in Figure 3.25.

For each atom 𝑖, the network only considers neighbors 𝑗 lo-
cated within a spherical cutoff radius 𝑅𝑐 . Since raw Cartesian
coordinates are not invariant under rotation or translation,

the relative positions are transformed into a standardized set
of descriptors {𝐷𝑖 𝑗}which serve as the input layer.

For each neighbor 𝑗 within the sphere, the spatial information
is encoded as a four-component vector:

D𝑖 𝑗 = {
1
𝑅𝑖 𝑗

,
𝑥𝑖 𝑗

(𝑅𝑖 𝑗)2
,
𝑦𝑖 𝑗

(𝑅𝑖 𝑗)2
,
𝑧𝑖 𝑗

(𝑅𝑖 𝑗)2
}, (3.79)

where𝑅𝑖 𝑗 is the distance between atoms 𝑖 and 𝑗 and {𝑥𝑖 𝑗 , 𝑦𝑖 𝑗 , 𝑧𝑖 𝑗}
are the relative coordinates defined in a local frame of refer-
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Figure 3.25: Illustration of the neural
network architecture implemented in
DeepMD [136]. The frame in the box is
an enlargement of a deep neural network.
The relative position of all neighbors with
respect to atom 𝑖, {𝑅𝑖 𝑗}, is first converted
to {𝐷𝑖 𝑗} which serves as the input layer
and then passed to the hiden layers used
to compute 𝐸𝑖 . Adapted from Ref. [136]
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ence. This transformation ensures that the input is invariant
to the global orientation of the system.

The neural network is structured as a composition of multiple
fully connected hidden layers:

L𝑜𝑢𝑡
𝑖 ◦ L

𝑁ℎ

𝑖
◦ L𝑁ℎ−1

𝑖
◦ · · · ◦ L1

𝑖 ({𝐷𝑖 𝑗}) (3.80)

Each hidden layer L𝑝 performs a linear transformation fol-
lowed by a non-linear activation function, in general the
activation function is typically hyperbolic tangent. The final
output layer L𝑜𝑢𝑡

𝑖
is a linear transformation that yields the

scalar atomic energy 𝐸𝑖 .

The model parameters are optimized using the Adam stochas-
tic gradient descent method. The training utilizes a "multi-
task" loss function 𝐿 that simultaneously accounts for errors
in energy, forces, and the virial tensor:

𝐿(𝑝𝜖 , 𝑝 𝑓 , 𝑝𝜉) = 𝑝𝜖Δ𝜖
2 +

𝑝 𝑓

3𝑁
∑
𝑖

|ΔF𝑖|2 +
𝑝𝜉

9
||Δ𝜉||2 , (3.81)

where Δ𝜖, ΔF𝑖 and Δ𝜉 are the root-mean-square errors of
the energy, forces, and virial, respectively. The gradients
required for the forces and virial are computed analytically
via backpropagation. This simultaneous training on multiple
physical properties provides a strong regularization, ensuring
physical consistency across the predicted potential energy
surface.

In this thesis, MLIP are employed for the construction of
atomistic models detailed in Chapter 4 and further exploited
in Chapter 8.
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3.2.7 Temperature dependent effective potential

As discussed in Section 2.1.2, the harmonic approximation
gives access to the curvature of the Born–Oppenheimer en-
ergy surface, from which phonon dispersion curves can be
derived. These curves are particularly useful for assessing
the dynamical stability of a given material: a negative curva-
ture along a phonon branch signals that the corresponding
mode is unstable. Whether computed via DFPT or finite
differences, however, these approaches share a fundamental
limitation: they probe the potential energy surface strictly at
zero temperature.

This limitation becomes especially problematic when the
phase of interest is only thermodynamically stable above
a finite critical temperature 𝑇𝑐 . Such a phase is experimen-
tally well defined and accessible, yet a harmonic phonon
calculation performed within it will inevitably produce imag-
inary frequencies. These imaginary modes are artifacts of the
zero-temperature framework rather than genuine physical
instabilities of the material.

To overcome this difficulty, one must build an effective inter-
atomic potential that accounts for finite-temperature effects
from the outset. This is the central idea behind the Tempera-
ture Dependent Effective Potential (TDEP) method [139, 140],
which replaces the static internal energy used in the harmonic
approximation by the free energy, thereby incorporating the
thermal fluctuations that govern structural stability at finite
temperature.

The starting point of the method is a model Hamiltonian that
describes the lattice dynamics in harmonic form:

𝐻̂ = 𝑈0 +
∑
𝑖

p2
𝑖

2𝑚𝑖
+ 1

2
∑
𝑖 𝑗𝛼𝛽

𝑢𝑖𝛼 𝐾𝑖 𝑗𝛼𝛽 𝑢𝑗𝛽 , (3.82)

where p𝑖 and u𝑖 are the momentum and displacement of
atom 𝑖 relative to its thermally averaged position at a given
temperature, respectively. The interatomic force constants
𝐾𝑖 𝑗𝛼𝛽 and the baseline energy 𝑈0 are unknown quantities
that remain to be determined.

As emphasised above, the TDEP method is formulated in
terms of the free energy 𝐹 rather than the internal energy
𝑈 . Within the quasiharmonic framework, the free energy
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separates into two contributions:

𝐹 = 𝑈 − 𝑇𝑆 = 𝐹el + 𝐹vib. (3.83)

The first term, 𝐹el, is the electronic contribution obtained
from DFT calculations using the Mermin functional [141].
The second term, 𝐹vib, captures the vibrational contribution
and, in the harmonic approximation, takes the form

𝐹vib =

∫ ∞

0
𝑔(𝜔)

[
𝑘𝐵𝑇 ln

(
1 − 𝑒−

ℏ𝜔
𝑘𝐵𝑇

)
+ ℏ𝜔

2

]
𝑑𝜔, (3.84)

where 𝑔(𝜔) is the phonon density of states. The first term
inside the integral accounts for the thermal population of
phonon modes, while the second corresponds to the zero-
point energy contribution.

The key insight of TDEP is to determine the force constants
not from a static calculation at the equilibrium geometry,
but from a molecular dynamics simulation that naturally
samples the thermally relevant region of the potential energy
surface. In a canonical-ensemble molecular dynamics run,
the system explores configurations weighted by the Boltz-
mann distribution at temperature 𝑇. The simulation gives
direct access to the instantaneous forces, displacements, and
potential energies at each time step. However, it does not
provide the entropy directly. This is precisely the gap that
TDEP fills through its model Hamiltonian, which gives access
to the phonon density of states and, from it, the vibrational
entropy.

Within the TDEP framework, the potential energy at each
time step 𝑡 is modelled as

𝑈TDEP(𝑡) = 𝑈0 +
1
2
∑
𝑖 𝑗𝛼𝛽

𝐾𝑖 𝑗𝛼𝛽 𝑢𝑖𝛼(𝑡) 𝑢𝑗𝛽(𝑡), (3.85)

where𝑈0 is the potential energy of the thermally averaged
structure. The force constants 𝐾𝑖 𝑗𝛼𝛽 are obtained by min-
imising the difference between the forces predicted by this
harmonic model and those computed along the molecular dy-
namics trajectory. Physically, this amounts to finding the best
harmonic approximation to the potential energy surface as
experienced by the atoms at temperature 𝑇, rather than at the
static equilibrium geometry. Because the molecular dynamics
trajectory samples configurations according to their thermal
weight, the resulting force constants naturally encode the ef-
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fective stiffness felt by the ions at that temperature (including
the implicit effects of anharmonicity on the curvature of the
energy landscape).

Once the force constants are known, the baseline energy𝑈0
is fixed by requiring that the average potential energy of the
model match that of the molecular dynamics:

𝑈0 =

〈
𝑈MD(𝑡) −

1
2
∑
𝑖 𝑗𝛼𝛽

𝐾𝑖 𝑗𝛼𝛽 𝑢𝑖𝛼(𝑡) 𝑢𝑗𝛽(𝑡)
〉
. (3.86)

The physical intuition behind this expression is straightfor-
ward:𝑈0 absorbs all the potential energy that is not captured
by the harmonic thermal fluctuations. By subtracting the
harmonic contribution from the instantaneous molecular
dynamics energy, one isolates a quantity whose time fluctu-
ations are far smaller than those of 𝑈MD itself, leading to a
more rapidly converging estimate of the baseline energy.

The TDEP free energy is then assembled by combining this
baseline energy with the vibrational free energy computed
from the TDEP phonon density of states:

𝐹TDEP = 𝑈0 + 𝐹vib. (3.87)

In this expression, the phonon density of states entering
𝐹vib is evaluated using the temperature-dependent force con-
stants, so that the vibrational entropy and zero-point energy
reflect the effective potential landscape at the temperature of
interest.

To assess the residual error of this approach, one can in-
voke thermodynamic integration via the Kirkwood coupling
parameter 𝜆 [142], yielding the formally exact free energy:

𝐹 = 𝑈0 + 𝐹vib +
∫ 1

0
⟨𝑈MD −𝑈TDEP⟩𝜆 𝑑𝜆. (3.88)

The last term quantifies the degree of anharmonicity that
escapes the harmonic model. Since TDEP is designed to
capture as much of the physics as possible within a harmonic
framework, this correction is expected to be small. Numerical
tests by Hellman and co-workers [140] confirm that, for
systems of practical size (of the order of a hundred atoms),
the anharmonic correction is indeed negligible compared to
the intrinsic accuracy of the method.
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Example: one-dimensional anharmonic oscillator– To build
intuition for the TDEP procedure, it is instructive to consider
a simple one-dimensional potential that combines a harmonic
well with a localised anharmonic perturbation:

𝑈(𝑥) = 1
2
𝑘(𝑥 − 𝑥0)2 + 𝛼 𝑒−𝛽(𝑥−𝑥0)2 . (3.89)

Here 𝑘 sets the harmonic stiffness, while 𝛼 and 𝛽 control the
amplitude and width of the Gaussian perturbation, respec-
tively. The parameter 𝑥0 denotes the equilibrium position,
which may itself depend on temperature.

In the standard harmonic approximation, one evaluates the
second derivative of 𝑈(𝑥) at the zero-temperature equilib-
rium position 𝑥 = 0, yielding the force constant

𝐾 =
𝑑2𝑈

𝑑𝑥2

����
𝑥=0

= 𝑘 + 2𝛼𝛽
(
2𝛽𝑥2

0 − 1
)
𝑒−𝛽𝑥

2
0 . (3.90)

This expression shows that the curvature at the origin can
become negative for certain values of 𝛼 and 𝛽, producing
an imaginary harmonic frequency even though the potential
supports stable oscillations at finite temperature as illustrated
in Figure 3.26. The problem is clear: the harmonic approxima-
tion probes the energy surface only at a single point which is
a static equilibrium and entirely misses the effective stiffness
experienced by a thermally excited particle.
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Figure 3.26: Illustration of the TDEP pro-
cedure applied to a one-dimensional an-
harmonic potential (black). The standard
harmonic approximation evaluated at the
static equilibrium (dashed) fails to capture
the effective stiffness at finite temperature,
while the TDEP effective potential (colored)
correctly reproduces the thermally sam-
pled curvature.

The TDEP approach resolves this by placing a particle in the
full potential and running a molecular dynamics simulation
at the temperature of interest. The trajectory provides a set of
𝑁𝑡 instantaneous forces, positions, and energies {𝐹𝑡 , 𝑥𝑡 , 𝐸𝑡}.
These data are then used to fit an effective harmonic potential
of the form

𝑈(𝑥) = 𝐾̂(0) + 1
2
𝐾̂(2)(𝑥 − 𝑥′0)2 , (3.91)

where 𝑥′0 is the temperature-dependent equilibrium position.
The effective force constant 𝐾̂(2) is determined by a least-
squares fit of the model forces 𝐾̂(2)(𝑥𝑡 − 𝑥′0) to the true forces
𝐹𝑡 . Geometrically, this corresponds to fitting a straight line
through the force-versus-displacement data sampled along
the trajectory—the slope of that line gives the effective spring
constant at temperature 𝑇.

The equilibrium position 𝑥′0 is found self-consistently: start-
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ing from an initial guess, one extracts 𝐾̂(2) and computes
the residual force at 𝑥′0. This residual force is then used to
update 𝑥′0 in a steepest-descent fashion, and the process is
repeated until convergence. Once the equilibrium position
is determined, the baseline energy is obtained by requiring
the model to reproduce the average potential energy of the
simulation:

𝐾̂(0) =

〈
𝐸𝑡 −

1
2
𝐾̂(2)(𝑥𝑡 − 𝑥′0)2

〉
. (3.92)

The resulting effective potential has a remarkable property:
even though it is strictly harmonic in form, it implicitly
encodes the anharmonicity of the true potential to the extent
that it is thermally probed. Unlike the Taylor expansion
around the static minimum, which requires increasingly
high-order terms to capture the shape of the potential away
from equilibrium, the TDEP fit adapts its curvature and centre
to the region of phase space that matters at the temperature
of interest. This is what makes the method particularly well
suited to dynamically unstable systems, where the harmonic
approximation predicts imaginary frequencies while TDEP
recovers real, physically meaningful phonon modes.

In this thesis, the TDEP method is employed to compute finite-
temperature phonon dispersions, with its most significant
application to the study of the structural phase transition in
YNiO3, as detailed in Chapter 8.
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A substantial part of this thesis has been devoted to the
systematic construction and validation of atomistic models
for perovskite materials. Building reliable models is not a
peripheral task: it is a prerequisite for any meaningful large-
scale simulation, and the quality of the physical conclusions
drawn in the following chapters rests directly on the predic-
tive accuracy of the models described here. The construction
workflow has been applied as consistently as possible across
all materials, following the general methodology introduced
in Section 3.2.5 and Section 3.2.6. The training set construc-
tion strategy is detailed in Section 4.1. The materials covered
span a broad range of physical complexity: from BaHfO3,
a simple cubic dielectric with no structural instability, to
canonical ferroelectrics such as BaTiO3 and PbTiO3, to more
subtle cases including the quantum paraelectric SrTiO3 and
the incipient ferroelectric CaTiO3, and finally to YNiO3, a
rare-earth nickelate exhibiting a metal-to-insulator transition,
for which a MLIP model was developed. The author also
contributed to the construction of a deep-learning potential
for the antiferroelectric PbZrO3 [143], though this model
is not directly employed in the simulations presented in
this manuscript. All other models have been used in one or
several of the publications associated with this work, and
constitute the computational foundation upon which the
results reported in the subsequent chapters are built.

4.1 Generation of the training set

The construction of a physically motivated training set is a
central step in any second-principles interatomic potential
construction workflow. This workflow is common to all the
models presented in this manuscript. The strategy exploits
the structure of the model itself: since the harmonic part
of the potential is obtained exactly from DFPT, the phonon
dispersion curves are available before any training set is
constructed and directly reveal the curvature of the Born-
Oppenheimer surface along every lattice degree of freedom.
In particular, any imaginary frequency identifies a direction
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of negative curvature, signaling a structural instability of the
reference structure.

Step 1: Identification of the energy minima – Starting
from the unstable modes identified in the phonon disper-
sion curves, all possible combinations are condensed using
(q)Agate software [144] and used as starting points for ab
initio structural relaxations typically in 2× 2× 2 supercells of
the reference structure. Each combination that converges to a
local minimum is retained. Not all combinations yield a min-
imum, and symmetry-equivalent phases must be considered
separately since the energy barriers between two phases are
not necessarily the same depending on the path taken.

Step 2: Interpolation between the reference structure and
the minima – Once all local minima have been identified,
linear interpolations are performed between the reference
structure and each minimum, and between all pairs of min-
ima, following

𝛼 𝑆1 +
(𝛼max − 𝛼) 𝑆2

𝛼max
, 𝛼 ∈ [0; 𝛼max], (4.1)

where 𝑆1 and 𝑆2 are the starting and ending structures, 𝛼
is the interpolation fraction, and 𝛼max is chosen so that the
interpolated structures remain within the energy window
[𝐸GS; 𝐸RS + |𝐸GS|], where 𝐸GS is the ground-state energy and
𝐸RS is the energy of the reference structure, for interpolations
from the reference structure to the minima. For interpola-
tions between minima, 𝛼max is set to 1 to avoid spurious
phase-mixing effects. All interpolated structures are charac-
terized at the ab initio level to obtain energies, forces, and
stresses. Extrapolations beyond the minima (𝛼max > 1) are
also included in order to provide information on the shape
of the potential energy surface beyond the minima, which is
essential to ensure that the fitted model remains bounded
from below.

Step 3: Phonon and strain noise – To ensure that the train-
ing set covers configurations around the interpolation paths
and the minima, random structures are generated by com-
bining two types of perturbations applied to each relaxed
structure. First, a random strain is applied by composing
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a tetragonal distortion matrix 𝜼(𝜀, 𝛿1) and a shear matrix
S(𝛿2), where 𝜀 controls the amplitude of the homogeneous
volumetric deformation, 𝛿1 the tetragonal distortion, and
𝛿2 the shear amplitude, all drawn randomly. To explore de-
formations along arbitrary crystallographic directions, each
matrix is additionally rotated by an independently drawn
permutation matrix O chosen from {𝕀, 𝑅𝑥𝑦 , 𝑅𝑥𝑧 , 𝑅𝑦𝑧} [145].
The deformed cell matrix is obtained by successively applying
these matrices to the lattice vector matrix R,

R← RO2 S O1 𝜼. (4.2)
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Figure 4.1: Schematic illustration of the
training set construction strategy on a sub-
set of the Born-Oppenheimer surface. Iden-
tified energy minima are connected by lin-
ear interpolation paths, and phononic and
strain noise configurations are superim-
posed around each minimum and along
each path to ensure a representative sam-
pling of the thermodynamically relevant
region of configuration space.

Second, random atomic displacements u are generated by
populating phonon modes of the reference structure at
a chosen temperature following a Bose-Einstein distribu-
tion [146],

Δ𝑢𝜅𝛼 =

(
𝑀𝑝

𝑀𝜅

)1/2 ∑
𝜈

(−1)𝜈−1𝑒𝜅𝛼,𝜈 𝑙𝜈

(
2

𝑒ℏ𝜔𝜈/𝑘𝐵𝑇 − 1
+ 1

)1/2
,

(4.3)
where 𝑀𝑝 is the mass of the proton, 𝑀𝜅 is the mass of atom 𝜅,
𝑒𝜅𝛼,𝜈 the 𝜅𝛼 component of the 𝜈-th normalized eigenvector of
the dynamical matrix with associated vibrational frequency
𝜔𝜈, and 𝑙𝜈 =

√
ℏ/(2𝑀𝑝𝜔𝜈) the zero-point amplitude of the

𝜈-th mode.

Step 4: Iterative refinement and bounding – The training
set obtained from the previous steps is used to fit a first model.
In practice, the energy landscape contains too many degrees
of freedom to be sampled exhaustively, and a restricted
training set typically produces some anharmonic terms with
negative coefficients or odd powers that cause the model to
diverge toward−∞ for large atomic displacements. When this
occurs, the model is analyzed to identify the offending terms,
and additional bounding terms of higher order with positive
coefficients are added following the automatic bounding
procedure of Section 3.2.5. The corrected model is then
used to run molecular dynamics simulations at increasing
temperatures, whose trajectories are compared against ab
initio calculations to identify poorly described regions of the
energy landscape. The training set is enriched accordingly
and the model is refitted. This procedure is repeated until the
model passes the systematic validation described below.
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The resulting training set illustrated in Figure 4.1 is physi-
cally motivated and targeted: rather than sampling the Born-
Oppenheimer surface uniformly, it concentrates on the low-
energy subspace that is thermodynamically relevant, and
its construction is driven at every step by the information
already available from the harmonic model.

4.2 Systematic validation of models

Once a model has been fitted and bounded, it must be
validated before being used for production simulations. A
systematic three-step procedure that probes the quality of
the model at increasing levels of complexity is followed
consistently for all models presented in this manuscript.

Step 1: Training set and test set reproduction – The first
step consists in verifying that the model reproduces the
energies, forces, and stresses contained in the training set.
The goal function values before and after fitting provide a first
quantitative estimate of the quality of the fit. To guard against
overfitting and assess the predictive power of the model,
a test set is constructed by running a molecular dynamics
simulation with the model and recalculating a fraction of the
trajectory at the ab initio level. Good agreement between the
model and DFT on these unseen structures confirms that the
model is predictive in the region of phase space explored
by the molecular dynamics. It should be noted, however,
that when small supercells are employed for the molecular
dynamics, the temperatures assigned to the test sets are best
understood as indicative of the thermal energy injected into
the system rather than as the actual thermodynamic phase
explored, owing to the well-known sensitivity of structural
phase transition temperatures to supercell size [147].

Step 2: Relaxation of metastable phases – The second step
verifies that the model predicts the correct sequence of local
minima. All phases identified during the training set construc-
tion are relaxed using the Broyden-Fletcher-Goldfarb-Shanno
(BFGS) algorithm [148–151] as implemented in Multibinit, and
the resulting energies and atomic distortions are compared
against DFT. This step ensures that the ground state is cor-
rectly identified and that no spurious inversion of metastable
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phases occurs, which would compromise the description of
phase transitions.

Step 3: Phonon dispersion curves – The third step probes
the curvature of the energy around a phase of interest, typi-
cally the experimental ground state, by computing phonon
dispersion curves with finite differences and comparing them
against DFPT. Good agreement on the phonon dispersion
or density of states ensures that the thermal activation of
the modes will be correctly described in finite-temperature
simulations.

All models produced during this thesis that pass this valida-
tion procedure are made publicly available on the University
dataverse (https://dataverse.uliege.be) together with a
validation passport that summarizes all three steps of the
procedure, reports the goal function values, and documents
any limitations or known issues encountered during the
fitting and bounding process. Depending on the material
and the intended application, additional tests are included
in the passport, such as the sequence of phase transitions,
domain wall energies, or other quantities relevant to a com-
plete characterization of the model. This practice is intended
to ensure the reproducibility of the results presented in this
manuscript and to make the models directly reusable by the
broader community.

4.3 Second-principles interatomic
potentials

The methodology outlined in Section 4.1 and Section 4.2 is
now applied to a broad range of perovskite materials, each
selected to address a distinct set of physical phenomena
investigated in the following chapters.

4.3.1 Barium Hafnate

0

200

400

600

800

Γ X M Γ R X|M R

F
re
qu
en
cy

(c
m

−
1
)

Figure 4.2: Phonon dispersion curves of
BaHfO3 in the cubic 𝑃𝑚3̄𝑚 phase at 0 K.

Barium hafnate, BaHfO3, is an ABO3 perovskite oxide in
which the A site is occupied by a Ba2+ cation and the B site
by a Hf4+ cation. With a Goldschmidt tolerance factor of
𝑡 = 1.016 [152], BaHfO3 sits at the center of the perovskite
structural diagram illustrated in Figure 2.3, in the ideal cubic

https://dataverse.uliege.be
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region, alongside BaZrO3 (𝑡 ≈ 1.0) [153]. This near-perfect
geometric compatibility between ionic sizes explains why
BaHfO3 retains its cubic 𝑃𝑚3̄𝑚 symmetry over the entire ac-
cessible temperature range, from melting at𝑇𝑚 ≈ 2893 K [152]
down to the lowest temperatures, without exhibiting any
structural instability. This absence of any structural phase
transition is atypical within the perovskite family [22], and
is confirmed by the absence of any soft mode in the phonon
dispersion curves, as illustrated in Figure 4.2. This lack of
structural complexity has kept BaHfO3 comparatively un-
derstudied with respect to the broader perovskite family, in
which a wider variety of structural instabilities and functional
properties arise.

It is precisely this simplicity that makes BaHfO3 an ideal
candidate for the construction and validation of a second-
principles interatomic potential, serving as a straightforward
introductory case before tackling more complex materials.
In the absence of any competing instability, the model does
not need to reproduce a sequence of structural phase tran-
sitions, allowing one to focus entirely on the quality of the
energy surface representation around a single minimum. For
this reason, BaHfO3 is used as the tutorial material in the
official Multibinit documentation [154], and constitutes the
natural starting point of the series of models presented in
this section.

Harmonic interactions – The harmonic part of the model
was obtained from DFPT calculations performed with the
Abinit software package [122], using the GGA with the PBEsol
exchange-correlation functional [155] and a plane-wave pseu-
dopotential approach. Optimized norm-conserving pseu-
dopotentials from the PseudoDojo server [75, 156] were em-
ployed, treating Ba 5𝑠25𝑝66𝑠2, Hf 5𝑠25𝑝65𝑑26𝑠2, and O 2𝑠22𝑝4

electrons as valence states. A plane-wave energy cutoff of
55 Ha was adopted, together with a 8 × 8 × 8 Γ-centered
Monkhorst-Pack [157] 𝑘-point mesh for the five-atom cubic
unit cell, with the sampling adapted to the supercell size to
maintain a comparable level of convergence. The dynamical
matrices were computed on a 8 × 8 × 8 𝑞-point mesh for the
relaxed cubic 𝑃𝑚3̄𝑚 phase. In addition to the interatomic
force constants, the DFPT calculations provided the dielectric
constant, Born effective charges, elastic constants, and strain-
phonon coupling coefficients, the latter vanishing identically
by symmetry in the cubic reference structure. The dielectric
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constant and Born effective charges are used to construct the
long-range dipole-dipole interaction, while the elastic con-
stants enter in the harmonic description of the strain degrees
of freedom.

Training set generation – Following the construction pro-
cedure outlined in Section 4.1, the simplicity of BaHfO3
renders the first two steps essentially trivial. Since the en-
ergy landscape reduces to a single global minimum with
positive curvature in all directions, the cubic 𝑃𝑚3̄𝑚 phase is
the only equilibrium structure, and no interpolation between
competing minima is required. The training set therefore
consists exclusively of phononic and strain noise, built from
150 configurations sampled around the cubic reference: 50
structures generated at 50 K, 50 at 100 K, and 50 at 500 K. This
deliberately broad temperature range ensures that the model
correctly describes the curvature of the energy surface from
the harmonic regime at low temperature up to the strongly
anharmonic displacements relevant at high temperature. The
energies, forces, and stresses of all configurations were com-
puted using the same ab initio settings as described above,
on a 2 × 2 × 2 supercell of 40 atoms, with the 𝑘-point mesh
reduced to 4 × 4 × 4 to maintain a comparable sampling
density of the Brillouin zone.

Generation of the interatomic potential – With the training
set in hand, the next step consists in constructing an inter-
atomic potential capable of reproducing the first-principles
data it contains. The quality of the harmonic approximation
alone can first be assessed by evaluating the goal function on
the training set before any fitting, as reported in the second
column of Table 4.1. Although the harmonic part is exact
with respect to DFPT, it proves insufficient to reproduce the
training set data accurately, as evidenced by the large values
of 𝐺𝐸, 𝐺 𝑓 , and 𝐺𝜎.

The anharmonic part of the model was therefore obtained
by fitting to the training set. SATs up to fourth order were
generated using a cutoff radius of 3.44 Å (compared to a cubic
lattice parameter of 4.14 Å), including third- and fourth-order
phonon-displacement and strain-phonon coupling terms,
while elastic interactions were retained at second order. A
selection of 20 anharmonic SATs was identified through
goal-function minimization using the algorithmic selection
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Table 4.1: Goal function values (𝑒𝑉2/Å2) of
the energy, forces and stresses for each step
of the construction of the models of BaHfO3
: before the fit process (TS evaluated with
the harmonic part), after the fit process (20
SATs), after the bounding process (110 SATs
for BaHfO3)

Harmonic part Unbounded Bounded

𝐺𝐸 2.278×10−3 4.940×10−5 2.194×10−5

𝐺 𝑓+𝜎 3.973×10−2 3.894×10−3 4.106×10−3

𝐺 𝑓 2.471×10−2 2.948×10−3 3.052×10−3

𝐺𝜎 1.502×10−2 9.463×10−4 1.054×10−3

presented in Section 3.2.5. As shown in the third column of
Table 4.1, the addition of these terms reduces the goal function
by orders of magnitude with respect to the harmonic baseline,
confirming that the fitted model captures the dominant
anharmonic contributions.
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Figure 4.3: Comparison between the
bounded model and DFT energies for the
configurations contained in the training set
of BaHfO3. The solid line indicates perfect
agreement between the model and DFT.
The inset shows the distribution of the ab-
solute errors. Energies are reported relative
to the cubic reference structure.

The bounding procedure described in Section 3.2.5 was then
applied to ensure that the model remains bounded from
below at large atomic displacements. Bounding terms of order
6 and 8 were added automatically, introducing 110 additional
SATs into the model. As shown in the fourth column of Table
4.1 and illustrated in Figure 4.3, this procedure preserves
the quality of the fit to an excellent degree, leaving the goal
function essentially unchanged while eliminating any risk
of divergence. The final model thus comprises 130 SATs in
total.

Validation of the model – The validation of the model
follows the three-step procedure outlined in Section 4.2. For
BaHfO3, however, steps two and three are trivially satisfied by
construction. Since the energy landscape possesses a single
stationary point, no metastable phase relaxation is required,
and the comparison with DFPT phonon dispersion curves
in the cubic reference structure is exact by definition: the
interatomic-force constant are taken directly from DFPT and
preserved unchanged in the model, so the phonon dispersion
curves of the reference phase are reproduced with perfect
accuracy by construction.

The non-trivial part of the validation therefore reduces to
step 1: assessing whether the model generalizes beyond the
training set. A test set was constructed by running hybrid
Monte Carlo (HMC) [158, 159] simulations with the model
at 50 K, 300 K, and 1000 K, and recalculating 1% of each
trajectory at the ab initio level. The goal function evaluated on
these unseen structures is reported in Table 4.2. The model
reproduces the test set data with good accuracy at 50 K
and 300 K, while a moderate degradation is observed at
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TS Test set

50K 300K 1000K

𝐺𝐸 2.19×10−5 9.16×10−7 1.76×10−5 5.34×10−4

𝐺 𝑓+𝜎 4.11×10−3 2.67×10−4 4.57×10−3 7.72×10−2

𝐺 𝑓 3.05×10−3 1.15×10−4 3.26×10−3 5.39×10−2

𝐺𝜎 1.05×10−3 1.51×10−4 1.31×10−3 2.33×10−2

Table 4.2: Goal function values (𝑒𝑉2/Å2)
of the energy, forces and stresses for each
test set produced by running MD with the
model of BaHfO3 (50 K, 300 K and 1000 K).

1000 K, where the thermal displacements explore regions
of the potential energy surface that are not sampled by the
training set. As illustrated in Figure 4.4, panel (a) confirms that
the model correctly tracks the instantaneous DFT energies
along the HMC trajectories at all three temperatures, with
no systematic drift. Panel (b) further shows that the model
versus DFT energy comparison remains largely linear across
the entire temperature range, with the test set points closely
following the training set trend. The agreement is excellent at
50 K and 300 K, and remains satisfactory at 1000 K despite the
larger displacements, demonstrating the predictive character
of the potential in the physically relevant regime.
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Figure 4.4: Validation of the BaHfO3 model
against ab initio data. (a) Time evolution of
the energy along representative segments
of the hybrid Monte Carlo trajectories at
50 K, 300 K, and 1000 K, comparing the
model predictions with the DFT recalcula-
tions. (b) Model versus DFT energies for
the training set and the three test sets gen-
erated at 50 K, 300 K, and 1000 K. The solid
line indicates perfect agreement. Energies
are reported relative to the cubic reference
structure.
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Finite-temperature simulations – As a first application of
the model, the thermal expansion of BaHfO3 was investigated
through HMC simulations performed on a supercell of 20480
atoms, with 40 Monte Carlo trial trajectories of 1000 molecular
dynamics time steps each, spanning the temperature range
from 300 K to 1500 K. The resulting volumetric thermal ex-
pansion coefficient 𝛼𝑉 = 2.097×10−5 K−1 is in excellent agree-
ment with the experimental value of 2.079 × 10−5 K−1 [152],
and significantly improves upon the quasi-harmonic estimate
of 3.213 × 10−5 K−1 [160], as illustrated in Figure 4.5. This
result confirms that the explicit treatment of anharmonicity
in the second-principles framework is essential for an accu-
rate description of thermal properties, even in a structurally
simple material such as BaHfO3.
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Figure 4.5: Thermal expansion of BaHfO3
as a function of temperature, comparing
the second-principles model with experi-
mental data [152] and the quasi-harmonic
approximation [160].

4.3.2 Strontium Titanate

Strontium titanate, SrTiO3, is one of the most extensively
studied perovskite oxides, having played a central role in the
history of condensed matter physics. It was indeed SrTiO3
that provided some of the first experimental evidence for
soft-mode driven structural phase transitions [161], quantum
paraelectricity [162], two-dimensional electron gases at oxide
interfaces [163], and unconventional superconductivity at
remarkably low carrier densities [16, 164]. This remarkable
breadth of physical phenomena stems from the delicate
balance between competing instabilities that characterizes
this material.

With a Goldschmidt tolerance factor of 𝑡 = 1.001, SrTiO3 sits
at the center of the structural diagram illustrated in Figure
2.3, making it one of the closest realizations of the ideal
cubic perovskite structure. Above the critical temperature, it
adopts the cubic 𝑃𝑚3̄𝑚 phase. Upon cooling, it undergoes an
antiferrodistortive (AFD) phase transition at 𝑇𝑐 ≈ 105 K [161],
driven by the condensation of oxygen octahedra rotations
at the 𝑅-point of the Brillouin zone, which lowers the sym-
metry to the tetragonal 𝐼4/𝑚𝑐𝑚 phase. Below 4 K, quantum
fluctuations prevent the polar soft mode from fully condens-
ing, causing the static dielectric constant to saturate at an
exceptionally large but finite value rather than diverging as
would be expected for a true ferroelectric transition [162].
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This behavior establishes SrTiO3 as the archetypal quantum
paraelectric.

From the perspective of model construction, SrTiO3 repre-
sents a qualitatively different challenge compared to BaHfO3.
The cubic reference phase is no longer a global minimum
of the energy landscape but rather an unstable stationary
point, as evidenced by the several soft modes visible in
its phonon dispersion curves (Figure 4.6): an out-of-phase
oxygen octahedra rotation at the 𝑅-point, which drives the
cubic-to-tetragonal 𝐼4/𝑚𝑐𝑚 transition at𝑇𝑐 ≈ 105 K; a weaker
in-phase rotation instability at the 𝑀-point; and a polar insta-
bility at the Γ-point. The latter is in direct competition with
the rotations, a consequence of the tolerance factor being
close to unity. Upon cooling it is the 𝑅-point instability that
condenses first, driving the cubic-to-tetragonal transition
while the polar mode remains uncondensed down to the
lowest temperatures. However, this delicate balance makes
SrTiO3 extremely sensitive to external perturbations: epitaxial
strain alone is sufficient to tip it into a ferroelectric phase,
even at room temperature [165]. The model must therefore
correctly reproduce not only the curvature of the potential
energy surface around the distorted ground state but also the
energy barriers separating the symmetry-equivalent minima
and the coupling between oxygen octahedra rotations, polar,
and strain degrees of freedom that govern its rich structural
energy landscape.
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Figure 4.6: Phonon dispersion curves of
SrTiO3 in the cubic 𝑃𝑚3̄𝑚 phase at 0 K,
with atomic participation highlighted by
color: Sr (blue), Ti (green), and O (red).
Imaginary frequencies appear at the Γ

point, corresponding to a polar instability
involving mainly Ti and O displacements,
at the 𝑀 point, corresponding to in-phase
oxygen octahedra rotations, and at the 𝑅
point, corresponding to the antiferrodis-
tortive out-of-phase oxygen octahedra ro-
tations. The atomic displacement patterns
associated with each unstable mode are
illustrated below the dispersion curves.

Harmonic interactions – The harmonic part of the model
was obtained from DFPT calculations performed with the
Abinit software package [122], using the GGA with the PBEsol
exchange-correlation functional [155] and a plane-wave pseu-
dopotential approach. Optimized norm-conserving pseu-
dopotentials from the PseudoDojo server [75, 156] were em-
ployed, treating Sr 4𝑠24𝑝65𝑠2, Ti 3𝑠23𝑝63𝑑24𝑠2, and O 2𝑠22𝑝4

electrons as valence states. A plane-wave energy cutoff of
45 Ha was adopted, together with a 8 × 8 × 8 Γ-centered
Monkhorst-Pack [157] 𝑘-point mesh for the five-atom cubic
unit cell, with the sampling adapted to the supercell size to
maintain a comparable level of convergence. The dynamical
matrices were computed on a 8 × 8 × 8 𝑞-point mesh for the
relaxed cubic 𝑃𝑚3̄𝑚 phase. In addition to the interatomic
force constants, the DFPT calculations provided the dielectric
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constant, Born effective charges, elastic constants, and strain-
phonon coupling coefficients, the latter vanishing identically
by symmetry in the cubic reference structure. The dielectric
constant and Born effective charges are used to construct the
long-range dipole-dipole interaction, while the elastic con-
stants enter in the harmonic description of the strain degrees
of freedom.

Training set generation – Following the construction pro-
cedure outlined in Section 4.1, the richer energy landscape
of SrTiO3 requires a more elaborate training set than that of
BaHfO3. Starting from the unstable cubic 𝑃𝑚3̄𝑚 reference
phase, the soft modes identified from the phonon dispersion
curves were used to drive structural relaxations via the BFGS
algorithm, combining the unstable modes at Γ, 𝑀, and 𝑅

in all relevant combinations in order to systematically map
the energy landscape and identify the distinct local minima.
The energies, forces, and stresses of all configurations were
computed using the same ab initio settings as described above,
on a 2× 2× 2 supercell of 40 atoms, with the 𝑘-point mesh re-
duced to 4× 4× 4 to maintain a comparable sampling density
of the Brillouin zone. The resulting phases are summarized in
Table 4.3. These results are in good agreement with previous
theoretical results [166].

A noteworthy observation is that the DFT lowest-energy mini-
mum at 0 K is not the experimentally observed 𝐼4/𝑚𝑐𝑚 phase
but rather a polar phase, with 𝐶𝑐 and 𝐼𝑚𝑎2 lying slightly
below it in energy. This confirms the quantum paraelectric
character of SrTiO3: in the absence of quantum fluctuations,
the ground state at 0 K carries a finite polarization, and it
is only the zero-point motion of the ions that stabilizes the
non-polar 𝐼4/𝑚𝑐𝑚 phase at low temperature [167]. Further-
more, the rotation amplitude of the 𝐼4/𝑚𝑐𝑚 phase predicted
at 0 K amounts to 5.64◦, significantly larger than the experi-
mental value of approximately 2◦ [168]. This overestimation
is a known limitation of the PBEsol functional, which has
been reported to systematically overestimate octahedra tilt
amplitudes in SrTiO3 [169].

Interpolations and extrapolations between the identified
stationary points in Table 4.3 were then performed to ensure
adequate coverage of the potential energy surface between
the minima. Phononic noise was subsequently added by
sampling thermal displacements in the 𝐼4/𝑚𝑐𝑚 phase at 15,
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25, 50, and 100 K. The final training set comprises 2064 ab
initio configurations.

Space group Δ𝐸 𝜙𝑥 𝜙𝑦 𝜙𝑧 𝑃

𝑃𝑚3̄𝑚 - - - - -
𝑃4/𝑚𝑏𝑚 -0.046 - - +1.6 -
𝑃4𝑚𝑚 -0.526 - - - 16.4
𝐴𝑚𝑚2 -0.638 - - - 18.0
𝑅3𝑚 -0.682 - - - 18.5
𝑅3̄𝑐 -6.673 -3.08 -3.08 -3.08 -
𝐼𝑚𝑚𝑎 -6.905 -3.84 -3.84 - -
𝐼4/𝑚𝑐𝑚 -7.375 -5.64 - - -
𝐼𝑚𝑎2 -7.651 - - -5.6 14.2
𝐶𝑐 -7.660 -0.45 -0.45 -5.6 14.8

Table 4.3: Summary table of all the iden-
tified minima in SrTiO3 in GGA-PBEsol.
For all identified minima, the energy com-
pared to the reference structure Pm3̄m Δ𝐸
(meV/f.u.) is reported, the tilt 𝜙 of the oxy-
gen octahedra (degrees) and the module
of the polarization (𝜇C/cm2)

Generation of the interatomic potential – With the training
set in hand, the next step consists in constructing an inter-
atomic potential capable of reproducing the first-principles
data it contains. The quality of the harmonic approximation
alone can first be assessed by evaluating the goal function on
the training set before any fitting, as reported in the second
column of Table 4.4.

Harmonic part Unbounded Bounded

𝐺𝐸 3.834×10−5 2.454×10−8 1.900×10−8

𝐺 𝑓+𝜎 4.438×10−3 3.078×10−5 3.010×10−5

𝐺 𝑓 6.542×10−4 2.259×10−5 2.217×10−5

𝐺𝜎 3.784×10−3 8.185×10−6 7.927×10−6

Table 4.4: Summary table of the mean
squared displacement (𝑒𝑉2/Å2) of the en-
ergy, forces and stresses for each step of
the construction of the models of SrTiO3:
before the fit process (TS evaluated with
the harmonic part, after the fit process
(20 SATs), after the bounding process (73
SATs).

Although the harmonic part is exact with respect to DFPT,
it proves insufficient to reproduce the training set data accu-
rately, as evidenced by the relatively large values of 𝐺𝐸, 𝐺 𝑓 ,
and 𝐺𝜎.

The anharmonic part of the model was therefore obtained
by fitting to the training set. SATs up to fourth order were
generated using a cutoff radius equal to the cubic lattice pa-
rameter of 3.88 Å, including third- and fourth-order phonon-
displacement and strain-phonon coupling terms, while elastic
interactions were retained at second order. A selection of
20 anharmonic SATs was identified through goal-function
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minimization. As shown in the third column of Table 4.4, the
addition of these terms reduces the goal function by several
orders of magnitude with respect to the harmonic model
alone.
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Figure 4.7: Comparison between the
bounded model and DFT energies for the
configurations contained in the training set
of SrTiO3. The solid line indicates perfect
agreement between the model and DFT.
The inset shows the distribution of the ab-
solute errors. Energies are reported relative
to the cubic reference structure.

The bounding procedure described in Section 3.2.5 was then
applied to ensure that the model energy remains bounded
from below at large atomic displacements. Bounding terms
were added automatically, introducing 53 additional SATs
into the model. As shown in the fourth column of Table
4.4 and illustrated in Figure 4.7, this procedure preserves
the quality of the fit to an excellent degree, leaving the
goal function essentially unchanged and an excellent linear
agreement between model and DFT energies (𝑅2 = 0.9995)
and a distribution of absolute errors tightly peaked around
zero, while eliminating any risk of divergence. The final
model thus comprises 73 SATs in total.

Validation of the model – The validation of the model
follows the three-step procedure outlined in Section 4.2.
Unlike BaHfO3, all three steps are non-trivial here. First, a
test set was constructed by running HMC simulations with
the model at 10 K, 50 K, and 100 K on a 2 × 2 × 2 supercell
of 40 atoms, and recalculating 1% of each trajectory at the ab
initio level.

Table 4.5: Goal function values (eV2/Å2)
of the energy, forces and stresses for each
test set produced by running HMC with
the model of SrTiO3 (10 K, 50 K and 100 K).

TS Test set

10K 50K 100K

𝐺𝐸 1.90×10−8 2.35×10−8 1.03×10−6 7.98 ×10−5

𝐺 𝑓+𝜎 3.01×10−5 1.61×10−4 9.78×10−4 3.03×10−3

𝐺 𝑓 2.22×10−5 1.36×10−4 7.96×10−4 2.50×10−3

𝐺𝜎 7.93×10−6 2.52×10−5 1.82×10−4 5.29×10−4

The goal function evaluated on these unseen structures is
reported in Table 4.5 and the model versus DFT energy com-
parison is illustrated in Figure 4.8. The model reproduces the
test set data with good accuracy across the entire tempera-
ture range, with the goal function remaining close to the one
obtained for the training set.
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Figure 4.8: Validation of the SrTiO3 model
against ab initio data. (a) Time evolution of
the energy along representative segments
of the hybrid Monte Carlo trajectories at
10 K, 50 K, and 100 K, comparing the model
predictions with the DFT recalculations. (b)
Model versus DFT energies for the training
set and the three test sets generated at 10 K,
50 K, and 100 K. The solid line indicates
perfect agreement. Energies are reported
relative to the cubic reference structure.

In the case of SrTiO3, the 2 × 2 × 2 supercell is already in
the cubic 𝑃𝑚3̄𝑚 phase at 50 K, so that the test sets at 10 K
and 50 K both probe the energy surface in the vicinity of the
𝐼4/𝑚𝑐𝑚 and cubic phases, which is precisely the region of
interest for finite-temperature simulations of this material.
The test set at 100 K, which samples larger displacements,
further confirms that the model remains predictive at higher
thermal amplitudes.

Having validated the first step, all phases identified during
the training set construction were relaxed using the BFGS
algorithm and compared against DFT. As shown in Figure
4.9, the model correctly reproduces the sequence of local
minima, with energy differences with respect to DFT below
0.21 meV/f.u. for all phases. The structural distortions, pro-
jected onto the phonon modes of the cubic reference, are also
accurately reproduced, with a maximum discrepancy below
0.045 Å/f.u.
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Figure 4.9: Comparison between DFT and
model for all identified metastable phases
of SrTiO3. (a) Energies relative to the cubic
𝑃𝑚3̄𝑚 reference. (b) Amplitudes of the
distortion modes (Å/f.u.).
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Finally, the phonon dispersion curves and the density of states
were computed in the experimental 𝐼4/𝑚𝑐𝑚 ground state
using finite differences with Phonopy [170] and compared
against DFPT, as shown in Figure 4.10. The model reproduces
both the dispersion branches and the density of states with
good accuracy, ensuring that the thermal activation of vibra-
tional modes will be correctly described in finite-temperature
simulations. Importantly, the model preserves the soft mode
at the Γ point of the 𝐼4/𝑚𝑐𝑚 phase, correctly capturing the
quantum paraelectric character of SrTiO3.
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Figure 4.10: Comparison between the DFT
and the model (finite difference method) of
the phonon dispersion curves and the den-
sity of states of SrTiO3 in the experimental
ground state I4/mcm (40 atoms cell).

Finite-temperature simulations – The validated model is
now used to investigate the finite-temperature properties of
SrTiO3, focusing on the 𝐼4/𝑚𝑐𝑚 → 𝑃𝑚3̄𝑚 structural phase
transition. HMC simulations were performed on supercells
of 8640 atoms with 40 Monte Carlo trial trajectories of 1000
molecular dynamics time steps. In the vicinity of the critical
temperature, larger supercells of 20480 atoms with 4000 time
steps were employed to reduce finite-size effects and properly
capture the fluctuations at the phase transition.
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Figure 4.11: Evolution of the oxygen octahe-
dra rotation amplitude 𝜙 and the strain 𝜂
with temperature, obtained from HMC sim-
ulations. The dashed line shows a power-
law fit 𝜙 ∝ (𝑇𝑐 − 𝑇)0.36. The strain evolves
linearly with 𝜙2, as expected for the sec-
ondary order parameter of a proper fer-
roelastic transition. The thermal expansion
coefficient 𝛼𝑙 of the high-temperature cu-
bic phase is indicated in the right panel.
The inset shows the emergence of a finite
polarization at low temperature.

As illustrated in Figure 4.11, the model predicts a phase
transition from 𝐼4/𝑚𝑐𝑚 to 𝑃𝑚3̄𝑚 at 𝑇sim

𝑐 ≈ 230 K, with the
rotation amplitude following a power-law 𝜙 ∝ (𝑇𝑐 − 𝑇)0.36,
characteristic of a second-order transition. The strain, which
acts as the secondary order parameter, evolves linearly with
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the rotation amplitude squared, as expected for a proper
ferroelastic transition, and the thermal expansion of the cubic
phase is well reproduced with 𝛼𝑙 = 1.064×10−5 K−1 [171]. The
inset of Figure 4.11 (a) further reveals the emergence of a small
but finite polarization at low temperature, consistent with
the polar instability identified in Table 4.3 and confirming
the quantum paraelectric character of SrTiO3: in the absence
of quantum fluctuations, the classical ground state at 0 K is
polar.

The shift between 𝑇sim
𝑐 and the experimental value of 105 K

results from two distinct sources. First, neglecting zero-point
quantum fluctuations in classical molecular dynamics sim-
ulations is known to overestimate 𝑇𝑐 [172, 173]. Second, the
choice of exchange-correlation functional plays a critical role:
as demonstrated by Verdi and co-workers [174], no single func-
tional can simultaneously reproduce the correct transition
temperature, the experimental rotation amplitude, and the
softening of the polar mode. The PBEsol functional used here
predicts a 𝑇𝑐 that is too high and overestimates the octahedra
tilt amplitude, while the Random Phase Approximation (RPA)
functional [175], despite giving the best description of the
polar soft mode, significantly overestimates 𝑇𝑐 . The rSCAN
meta-GGA functional [176] offers the best compromise for the
transition temperature but at the cost of a poorer description
of the ferroelectric instability.

The importance of quantum nuclear effects has been further
demonstrated through isotope substitution. Using RPA-based
MLIP combined with path-integral molecular dynamics,
Schmidt and co-workers [177] showed that O16 remains para-
electric even when quantum fluctuations are included, while
the heavier O18 isotope, whose reduced zero-point motion
tips the balance, recovers a standard soft-mode driven ferro-
electric transition, consistent with experimental observations.
These results underscore that a quantitatively accurate de-
scription of SrTiO3 requires the simultaneous treatment of
quantum nuclear motion, isotopic effects, and a high-level
electronic-structure description.

These limitations being well identified and rooted in the
treatment of quantum nuclear effects and the choice of
exchange-correlation functional, they are not expected to
affect the description of the pressure dependence of the
phase transition, which is governed by classical structural
energetics. Despite this systematic overestimation of 𝑇𝑐 , the
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model correctly captures the physical trends under pressure,
as shown in Figure 4.12. The stabilization of the 𝐼4/𝑚𝑐𝑚
phase with increasing pressure is well reproduced, with a
𝑑𝑇𝑐/𝑑𝑃 slope in excellent agreement with the experimental
value of 0.054 GPa/K [178]. When the experimental phase
boundary is rigidly shifted in temperature to match 𝑇sim

𝑐 at
zero pressure, it aligns closely with the model predictions
across the entire pressure range. Ex

p.
bo
un
da
ry

0.5 1 1.5 2
0

5

10

15

20

Temperature (T/Tc)

P
re
ss
ur
e
(G

P
a)

0

1

2

3

4

5

6

7

O
6
ro
ta
ti
on

(d
eg
re
es
)

Pm3̄m

I4/mcm

Figure 4.12: Pressure-temperature phase
diagram of SrTiO3, showing the evolution
of the oxygen octahedra rotation ampli-
tude with temperature and pressure from
HMC simulations. The color scale encodes
the rotation amplitude in degrees. The
dashed line represents the experimental
phase boundary [178], rigidly shifted in
temperature to match𝑇sim

𝑐 at zero pressure,
with the experimental slope of 𝑑𝑇𝑐/𝑑𝑃 =

0.054 GPa/K preserved. The solid circles
are the experimental data points.

The temperature dependence of the phonon dispersion curves
in the cubic phase was further investigated using the TDEP
method [140, 179], as shown in Figure 4.13. The dispersion
curves were computed at temperatures ranging from 𝑇 𝑠𝑖𝑚𝑐

to 3𝑇 𝑠𝑖𝑚𝑐 , revealing that all modes are stable well above
𝑇 𝑠𝑖𝑚𝑐 and that, upon cooling toward 𝑇 𝑠𝑖𝑚𝑐 , two distinct soft
modes emerge progressively: the 𝑅+4 antiferrodistortive mode
associated with out-of-phase oxygen octahdra rotation and
the Γ−5 polar mode. The 𝑅+4 mode softens and reaches near-
zero frequency first, consistent with the fact that it is this
mode that drives the phase transition, while the Γ−5 mode
remains finite throughout the cubic phase, reflecting the
competition between these two modes.
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Figure 4.13: Temperature-dependent
phonon dispersion curves of SrTiO3 in
the cubic 𝑃𝑚3̄𝑚 phase, computed using
the TDEP method [179] at temperatures
ranging from 𝑇𝑐 to 3 𝑇𝑐 . The color scale
encodes temperature. The progressive
hardening of the soft modes at 𝑅 and Γ

with increasing temperature is clearly
visible.

The temperature dependence of these two modes is quan-
tified in Figure 4.14, where 𝜔2 is plotted as a function of
temperature and compared against experimental data from
Shirane et al. [161] and Yamanaka et al. [180]. The linear
temperature dependence of 𝜔2, characteristic of Cochran’s
soft-mode theory [25], is well reproduced by the model for
both modes, in good agreement with the PBEsol results re-
ported by Verdi and co-workers [174] using the stochastic
self-consistent harmonic approximation (SSCHA) [181].

As expected, the 𝑅+4 mode softens continuously upon cooling
and extrapolates to zero at 𝑇sim

𝑐 . Below 𝑇𝑐 , the system enters
the tetragonal 𝐼4/𝑚𝑐𝑚 phase, where the three-fold degener-
acy of the 𝑅+4 mode is lifted by the reduced symmetry into
a two-fold degenerate branch and a non-degenerate branch.
Both branches harden upon further cooling. Meanwhile, the
Γ−5 polar mode continues to soften below 𝑇𝑐 and eventually
reaches zero frequency at low temperature, signaling a sec-
ond instability toward a polar phase. This is fully consistent
with the sequence of phase transitions identified in Figure
4.11, where the ground state of SrTiO3 is polar, as expected in
the absence of quantum fluctuations.
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Figure 4.14: Evolution of 𝜔2 as a func-
tion of temperature for the 𝑅+4 antiferrodis-
tortive mode (main panel) and the Γ−5 polar
mode (inset), compared against experimen-
tal data from Shirane and co-workers [161]
and Yamanaka and co-workers [180]. The
linear temperature dependence of 𝜔2 is
illustrated by the dashed lines.
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The second-principles model for SrTiO3 constructed in this
section is made publicly available and can be retrieved fol-
lowing Ref. [182]. It has been used in several subsequent
studies: directly to investigate the multimodal topological tex-
tures arising from coupled structural orders in SrTiO3 [183]
and the mechanical coupling between polar topologies and
oxygen octahedra rotations in PbTiO3/SrTiO3 heterostruc-
tures [184], and in combination with the PbTiO3 model of
Section 4.3.3 to study domain wall structures and polar tex-
tures in PbTiO3/SrTiO3 heterostructures (Chapter 5) [185].

4.3.3 Lead Titanate

Lead titanate, PbTiO3, is a prototypical ferroelectric per-
ovskite with a Goldschmidt tolerance factor of 𝑡 = 1.001,
placing it in the ideal cubic region of Figure 2.3, close to
SrTiO3. Despite this geometric similarity, the two materials
display strikingly different physical behaviors: while SrTiO3
undergoes an antiferrodistortive transition and remains a
quantum paraelectric, PbTiO3 exhibits a single, strongly first-
order ferroelectric phase transition from the cubic 𝑃𝑚3̄𝑚
phase to the tetragonal 𝑃4𝑚𝑚 phase at 𝑇𝑐 ≈ 763 K [186],
with a large spontaneous polarization of ∼ 0.75 C/m2 and
an exceptionally large tetragonality 𝑐/𝑎 ≈ 1.065 at low tem-
perature [187].

This behavior originates from the dual nature of the ferro-
electric instability in PbTiO3, which is not a pure B-type fer-
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roelectric like BaTiO3 [188]. As demonstrated by Cohen [189],
ferroelectricity in PbTiO3 involves two distinct covalent mech-
anisms: the hybridization between the Ti 3𝑑 and O 2𝑝 states,
responsible for the B-site off-centering common to both ma-
terials, and the hybridization between the Pb 6𝑠 lone pair
and the O 2𝑝 states, which drives a large A-site displace-
ment absent in BaTiO3. It is this additional Pb contribution
that stabilizes the tetragonal phase and suppresses the inter-
mediate orthorhombic and rhombohedral phases observed
in BaTiO3, resulting in a single, direct cubic-to-tetragonal
transition upon cooling.

Beyond its role as a textbook ferroelectric, PbTiO3 has emerged
as a privileged platform for the study of topological polar
textures at both the bulk and heterostructure level, including
ferroelectric domain walls of Ising, Bloch, and Néel char-
acter [190–192], polar skyrmions in heterostructures [193],
and a rich variety of topological configurations in bulk [194,
195]. A predictive large-scale atomistic model is therefore an
essential tool for investigating such phenomena, which are
the subject of Chapter 5 and Chapter 6 of this thesis.
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Figure 4.15: Phonon dispersion curves of
PbTiO3 in the cubic 𝑃𝑚3̄𝑚 phase at 0 K,
with atomic participation highlighted by
color: Pb (blue), Ti (green), and O (red).
Imaginary frequencies appear at the Γ

point, corresponding to a polar instability
involving mainly Ti and O displacements,
at the 𝑀 point, corresponding to in-phase
oxygen octahedra rotations, and at the 𝑅
point, corresponding to the antiferrodis-
tortive out-of-phase oxygen octahedra ro-
tations. The atomic displacement patterns
associated with each unstable mode are
illustrated below the dispersion curves.

From the perspective of model construction, PbTiO3 poses a
more demanding challenge than SrTiO3. The dominant polar
instability at Γ competes with octahedra rotation instabili-
ties at 𝑅 and 𝑀, as illustrated in Figure 4.15. Among these
compteting instabilities, the polar mode wins and drives
the system into a ferroelectric ground state characterized by
unusually large atomic displacements and a strong coupling
between polarization and strain. Since the model relies on
a Taylor expansion of the potential energy surface around
the cubic reference structure, accurately capturing such large
distortions requires a careful selection of high-order SATs.
The model must therefore not only reproduce the correct
energy hierarchy between the polar and antiferrodistortive
minima, but also describe the strong strain-phonon coupling
that is responsible for the exceptionally large tetragonality of
the 𝑃4𝑚𝑚 ground state.

Harmonic interactions – The harmonic part of the model
was obtained from DFPT calculations performed with the
Abinit software package [122], using the GGA with the PBEsol
exchange-correlation functional [155] and a plane-wave pseu-
dopotential approach. Optimized norm-conserving pseu-
dopotentials from the PseudoDojo server [75, 156] were
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employed, treating Pb 5𝑑106𝑠26𝑝2, Ti 3𝑠23𝑝63𝑑24𝑠2, and O
2𝑠22𝑝4 electrons as valence states. A plane-wave energy cutoff
of 65 Ha was adopted, together with a 8 × 8 × 8 Γ-centered
Monkhorst-Pack [157] 𝑘-point mesh for the five-atom cubic
unit cell, with the sampling adapted to the supercell size to
maintain a comparable level of convergence. The dynamical
matrices were computed on a 4 × 4 × 4 𝑞-point mesh for the
relaxed cubic 𝑃𝑚3̄𝑚 phase. In addition to the interatomic
force constants, the DFPT calculations provided the dielectric
constant, Born effective charges, elastic constants, and strain-
phonon coupling coefficients, the latter vanishing identically
by symmetry in the cubic reference structure. The dielectric
constant and Born effective charges are used to construct
the long-range dipole-dipole interaction, while the elastic
constants enter the harmonic description of the strain degrees
of freedom.

Training set generation – Following the construction pro-
cedure outlined in Section 4.1, the training set was built
using the same strategy as for SrTiO3: the unstable modes
identified from the phonon dispersion curves of the cubic
reference were combined systematically to map the energy
landscape and identify all relevant local minima, which were
then connected through interpolations and extrapolations,
supplemented by phononic noise generated at several temper-
atures. The energies, forces, and stresses of all configurations
were computed using the same ab initio settings as described
above, on a 2 × 2 × 2 supercell of 40 atoms, with the 𝑘-point
mesh reduced to 4× 4× 4 to maintain a comparable sampling
density of the Brillouin zone. The identified phases and their
structural parameters are summarized in Table 4.6, in good
agreement with the first-principles reference data of Sharma
et al. [196].

The bounding procedure, however, proved significantly more
challenging than for BaHfO3 or SrTiO3. The large atomic
displacements and strong strain-phonon coupling charac-
teristic of PbTiO3 led to frequent divergences during finite-
temperature molecular dynamics simulations, even after the
initial bounding step. To address this, the configurations at
which the model energy diverged were identified, added to
the training set, and the fitting and bounding procedure was
repeated iteratively. Additionally, several molecular dynamics
trajectories were included in the training set to better sample
the regions of configuration space prone to divergence. This



4.3 Second-principles interatomic potentials 115

iterative refinement of the training set is a direct consequence
of the physical complexity of PbTiO3 and illustrates the ad-
ditional care required when constructing second-principles
models for materials with large distortions. The final training
set comprises 3644 ab initio configurations.

S.G. 𝑎 (Å) 𝑏 (Å) 𝑐 (Å) 𝜙 (◦) 𝑃 Δ𝐸

𝑃𝑚3̄𝑚 3.92 3.92 3.92 0.0 0.0 0.0
𝑃4/𝑚𝑏𝑚 3.92 3.92 3.92 +2.1 0.00 −0.23
𝐼4/𝑚𝑐𝑚 3.91 3.91 3.93 -4.3 0.00 −3.27
𝐼𝑚𝑚𝑎 3.91 3.92 3.92 -3.2 0.00 −3.63
𝑅3̄𝑐 3.92 3.92 3.92 -2.6 0.00 −3.66
𝑅3𝑚 3.95 3.95 3.95 0.0 0.81 −59.19
𝐴𝑚𝑚2 3.89 3.98 3.98 0.0 0.86 −64.00
𝑃4𝑚𝑚 3.86 3.86 4.24 0.0 1.26 −85.24

Table 4.6: Structure and energy of various
metastable phases of PbTiO3 designated
by their space group, as relaxed in DFT.
Lattice parameters are in Å, distortion am-
plitudes include rotations in degrees with
respect to the cubic reference, the norm
of polarization in C/m2 using the Born
effective charge of the cubic reference, and
energies Δ𝐸 are in meV/f.u. with respect
to the five-atom cubic reference structure.
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Figure 4.16: Comparison between the
bounded model and DFT energies for the
configurations contained in the training set
of PbTiO3. The solid line indicates perfect
agreement between the model and DFT.
The inset shows the distribution of the ab-
solute errors. Energies are reported relative
to the cubic reference structure.

Generation of the interatomic potential – With the training
set in hand, the next step consists in constructing an inter-
atomic potential capable of reproducing the first-principles
data it contains. The quality of the harmonic approximation
alone can first be assessed by evaluating the goal function on
the training set before any fitting, as reported in the second
column of Table 4.7. Although the harmonic part is exact
with respect to DFPT, it proves insufficient to reproduce the
training set data accurately, as evidenced by the large values
of 𝐺𝐸, 𝐺 𝑓 , and 𝐺𝜎.

The anharmonic part of the model was therefore obtained
by fitting to the training set. SATs were generated using a
cutoff radius of

√
3/2 times the cubic lattice parameter (𝑎

= 3.92 Å), including terms up to eighth order in atomic
displacements, strain-phonon coupling, and anharmonic
elastic constants up to fourth order. The inclusion of high-
order elastic terms proved essential to achieve a satisfactory
reproduction of the training set, reflecting the unusually large
structural distortions and strong strain-phonon coupling
characteristic of PbTiO3. A selection of 29 anharmonic SATs
was identified through goal-function minimization. As shown
in the second column of Table 4.7, the addition of these terms
reduces the goal function by several orders of magnitude with
respect to the harmonic baseline, confirming that the fitted
model captures the dominant anharmonic contributions to
the potential energy surface.
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The bounding procedure described in Section 3.2.5 was then
applied to ensure that the model energy remains bounded
from below at large atomic displacements. Bounding terms
were added automatically, introducing 66 additional SATs
into the model. As shown in the fourth column of Table 4.7,
the bounding procedure preserves the quality of the fit for
the vast majority of configurations. However, as visible in
Figure 4.16, a subset of high-energy structures are notice-
ably affected: the bounding terms introduce an additional
stiffness that causes the model to overestimate the energy of
configurations corresponding to large atomic displacements.
This is an inherent consequence of the need to stabilize the
Taylor expansion at large amplitudes, which is particularly
pronounced in PbTiO3 due to its exceptionally large polar
distortions. The final model thus comprises 95 SATs in total
and remains reliable for configurations within the thermally
relevant range, as will be assessed more carefully during the
validation procedure below.

Table 4.7: Summary table of the mean
squared displacement (𝑒𝑉2/Å2) of the en-
ergy, forces and stresses for each step of
the construction of the models of PbTiO3:
before the fit process (TS evaluated with
the harmonic part), after the fit process
(29 SATs), after the bounding process (66
SATs).

Harmonic part Unbounded Bounded

𝐺𝐸 6.764×10−3 1.860×10−5 8.547×10−5

𝐺 𝑓+𝜎 8.709×10−1 1.948×10−3 2.842×10−3

𝐺 𝑓 4.362×10−2 1.449×10−3 2.012×10−3

𝐺𝜎 8.273×10−1 4.995×10−4 8.295×10−4

Validation of the model – The validation of the model
follows the three-step procedure outlined in Section 4.2. A
test set was constructed by running HMC simulations with
the model at 10 K, 50 K, 100 K, 200 K, and 300 K, and
recalculating 1% of each trajectory at the ab initio level. The
goal function values evaluated on these unseen structures
are reported in Table 4.8.

Table 4.8: Summary table of
the mean squared displacement
(eV2/Å2) of the energy, forces and
stresses for each test set produced
by running MD with the model of
PbTiO3 (10 K, 50 K, 100 K, 200 K
and 300 K).

TS Test set

10K 50K 100K 200 K 300 K

𝐺𝐸 8.6×10−5 1.0×10−5 5.4×10−5 1.5×10−4 2.1×10−4 5.4×10−4

𝐺 𝑓+𝜎 2.8×10−3 3.9×10−3 1.4×10−2 2.6×10−2 5.0×10−2 8.1×10−2

𝐺 𝑓 2.0×10−3 3.7×10−3 1.3×10−2 2.3×10−2 3.0×10−2 3.9×10−2

𝐺𝜎 8.3×10−4 2.2×10−4 5.8×10−4 3.1×10−3 2.0×10−2 4.2×10−2
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The model reproduces the test set data with good accuracy
at low temperatures, while a moderate degradation of the
goal function is observed at 200 K and 300 K, due to the
larger atomic displacements sampled at higher temperatures.
Crucially, as illustrated in Figure 4.17, the model versus DFT
energy comparison remains largely linear across the entire
temperature range, without any sign of the artificial stiffening
observed for some high-energy training set configurations.
This indicates that the problematic configurations identified
during the bounding step are not visited during molecular
dynamics at these temperatures, which is reassuring regard-
ing the practical applicability of the model in the thermally
relevant regime.
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Figure 4.17: Model versus DFT energies for
the training set and the three test sets gen-
erated at 10 K, 50 K, 100 K, 200 K and 300 K.
The solid line indicates perfect agreement.
Energies are reported relative to the cubic
reference structure.
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Figure 4.18: Validation against DFT of the
interatomic potential for PbTiO3. (a) Com-
parison between DFT and model energies
for different (meta)-stable phases, as con-
sistently relaxed within each approach.
(b) Comparison between DFT and model
distortion amplitudes for different meta-
and stable phases, as consistently relaxed
within each approach (Å/f.u.).

Then, all phases identified during the training set construction
were relaxed using the BFGS algorithm and compared against
DFT. As shown in Figure 4.18 (a), the model correctly repro-
duces the sequence of local minima across the full energy
range, from the non-polar phases close to the cubic reference
to the tetragonal 𝑃4𝑚𝑚 ground state, ∼85 meV/f.u. below it.
The largest energy discrepancy amounts to 0.68 meV/atom
for the ground state, within the typical convergence criterion
for DFT calculations. The structural distortions, projected
onto the symmetry-adapted modes [197, 198] of the cubic
reference, are also accurately reproduced as shown in Figure
4.18 (b), with a maximum discrepancy of 0.049 Å/f.u. across
all identified phases.

Finally, phonon dispersion curves and the density of states
were computed in the experimental𝑃4𝑚𝑚 ground state using
finite differences with Phonopy [170] and compared against
DFPT, as shown in Figure 4.19 and Figure 4.20. The model
reproduces the overall shape of the dispersion branches with
good accuracy, particularly in the low-frequency region where
the thermally relevant modes are located. However, a notable
feature deserves attention: the DFPT calculation reveals a
softening of a low-frequency branch between the 𝐴 ( 12 , 1

2 ,
1
2 )

and𝑍 (0, 0, 1
2 ) high-symmetry points. This softening suggests

the proximity of the 𝑃4𝑚𝑚 phase to a competing structural
modulation with a wavevector in the plane perpendicular
to the polarization axis, possibly related to the formation of
domain structures or modulation of the polarization, though
its precise origin warrants further investigation. This soft
branch is precisely what made the bounding procedure so
challenging for PbTiO3: adequately stabilizing the model
against divergence in this region required a stronger bound-
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ing, which in turn introduces some stiffening of the potential
and contributes to the partial degradation of the fit quality
noted above.

Figure 4.19: Validation against DFT of the
interatomic potential for PbTiO3. Compari-
son between DFT and model of the phonon
dispersion curve across the whole Brillouin
zone.
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Despite some discrepancy between the model and DFT in
certain regions of the dispersion curves, the model remains
fully predictive in the low-frequency regime where the ther-
mally relevant modes are located. To quantify the overall
agreement more rigorously, given these partial discrepan-
cies, the cumulative phonon density of states is compared
against DFPT in Figure 4.20. The area-based quality factor
Δ𝑎 = 1−ΔA/ADFT = 0.95, where ΔA denotes the difference
in area between the model and DFT cumulative DOS normal-
ized by the DFT result, confirms that the model captures the
overall vibrational spectrum with good fidelity. Examining
the atom-projected contributions reveals that the residual
discrepancy originates primarily from the oxygen modes,
while the Pb and Ti contributions are well reproduced.
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Figure 4.20: Validation against DFT of the
interatomic potential for PbTiO3. Compar-
ison between DFT and model cumulative
total phonon density of states in the tetrag-
onal 𝑃4𝑚𝑚 ground state. The inset shows
the comparison between DFT and model
contributions to the cumulative phonon
density of states individually for each type
of atoms.

Finite-temperature simulations – The validated model is
now applied to investigate the finite-temperature properties
of PbTiO3, focusing on the ferroelectric 𝑃4𝑚𝑚 → 𝑃𝑚3̄𝑚
phase transition. HMC simulations were performed in the
NPT ensemble with 40 Monte Carlo trial trajectories of 1000
molecular dynamics time steps on a supercell of 8640 atoms
(12× 12× 12), using 1000 sweeps for thermalization followed
by 1000 sweeps for the production run. In the vicinity of the
phase transition, larger supercells of 20480 atoms (16×16×16)
with 4000 sweeps were employed to reduce finite-size effects
and properly capture the critical fluctuations.
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Figure 4.21: Ferroelectric 𝑃4𝑚𝑚 to para-
electric 𝑃𝑚3𝑚 phase transition of PbTiO3
in temperature as predicted by the inter-
atomic potential . (a) Evolution of the spon-
taneous polarization (normalized with the
polarization 𝑃0 at 0 K) with temperature,
in comparison with the results of Refs [120,
199–202]. The orange dashed curve shows
a critical exponent fit of 𝑛 = 0.28. (b) Evo-
lution of the homogeneous strains with
temperature, in comparison with the re-
sults of Refs [120, 203]. Note that the data
of Ref. [120] with a negative pressure of
-14 GPa have been shifted to align with the
strain of the present model at 𝑇𝑐

As illustrated in Figure 4.21, the model predicts a first-order
ferroelectric phase transition at 𝑇sim

𝑐 ≈ 400 K, significantly
lower than the experimental value of 763 K. The polarization
evolves with a critical exponent 𝑛 = 0.28, and drops discon-
tinuously at 𝑇𝑐 , consistent with the first-order character of the
transition. The strain likewise exhibits a discontinuity at 𝑇𝑐 ,
in good agreement with LDA-based second-principles calcu-
lations [120] under negative pressure correction. The sponta-
neous polarization at 0 K reported in Figure 4.21 (a) has been
estimated using the Born effective charges of the cubic phase,
yielding a slightly overestimated value of 𝑃0 = 1.1 C/m2.
Using instead the Born effective charges of the 𝑃4𝑚𝑚 phase
would give an underestimated value of 0.84 C/m2. The more
accurate value obtained from DFT using the Berry phase ap-
proach is 𝑃0 = 0.99 C/m2, in good agreement with previous
calculations [204]. The underestimation of 𝑇𝑐 is a common
feature of second-principles models based on PBEsol, which
tends to underestimate the ferroelectric instability [120, 199,
200, 202], and is further compounded by the high-order
bounding terms that stiffen the potential at large displace-
ments. Notably, 𝑇sim

𝑐 lies between the values obtained from
LDA-based second-principles [120] and machine-learning
meta-GGA methods [202], which respectively under- and
overestimate 𝑇𝑐 in the absence of pressure correction. 0
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Figure 4.22: Temperature-dependent
phonon dispersion curves of PbTiO3 in
the cubic phase above 𝑇𝑐 (𝑇𝑐 denotes the
critical temperature of the simulation
considering 4 × 4 × 4 supercell)

The temperature dependence of the phonon dispersion curves
was investigated using the TDEP method [140, 179], as shown
in Figure 4.22. Above 𝑇sim

𝑐 , the system is stable in the cu-



120 4 Construction and validation of second-principles models

bic phase with no imaginary modes. Upon cooling toward
𝑇sim
𝑐 , a polar mode at the Γ point softens progressively from

81 to 21 cm−1, while antiferrodistortive modes at 𝑅 and 𝑀

simultaneously soften, though more slowly. This simultane-
ous softening at both the zone center and zone boundary
is the hallmark of the competition between polar and rota-
tional instabilities in materials with a tolerance factor close
to unity [120], and confirms that the polar mode wins over
the antiferrodistortive one in PbTiO3, in direct contrast to the
scenario observed in SrTiO3.

Figure 4.23: Temperature-dependent
phonon dispersion curves of PbTiO3 in
the tetragonal phase at 𝑇𝑒𝑥𝑝 = 300 𝐾 in
a 4 × 4 × 4 supercell, compared with
experimental data from Refs [205, 206].
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The phonon dispersion curves in the tetragonal 𝑃4𝑚𝑚 phase
were computed using TDEP on a 4 × 4 × 4 supercell and
compared against experimental data from Tomeno and co-
workers [205] and Fontana and co-workers [206], as shown in
Figure 4.23. Since the model underestimates 𝑇𝑐 , a direct com-
parison at 𝑇sim = 300 K would not be meaningful. Instead,
the simulation was performed at a rescaled temperature
𝑇sim = (𝑇exp/𝑇𝑐,exp) × 𝑇𝑐,sim, where 𝑇𝑐,sim is the critical tem-
perature predicted by the model for the 4 × 4 × 4 supercell
used in the TDEP calculation. The model shows excellent
agreement with the experimental data over a wide frequency
range and across all high-symmetry paths of the Brillouin
zone, highlighting its predictive reliability for the description
of vibrational properties at finite temperature despite the
underestimation of the critical temperature.

The second-principles model for PbTiO3 constructed in this
section is made publicly available and can be retrieved fol-
lowing Ref. [207]. It constitutes the primary atomistic tool
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employed in Chapter 5 and Chapter 6 of this thesis. In Chap-
ter 5, it is applied directly to the study of ferroelectric domain
walls and polar textures in bulk PbTiO3 [195], and in combi-
nation with the SrTiO3 model of Section 4.3.2 to investigate
domain wall structures and polar textures in bulk and in
PbTiO3/SrTiO3 heterostructures [184, 185]. In Chapter 6, it
is further employed to study the dynamical manipulation of
polar topologies from acoustic phonon excitations [208] and
the precise control of polar textures under inhomogeneous
and time-dependent electric fields [209].

4.3.4 Barium Titanate
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Figure 4.24: Phonon dispersion curves of
BaTiO3 in the cubic 𝑃𝑚3̄𝑚 phase at 0 K,
with atomic participation highlighted by
color: Ba (blue), Ti (green), and O (red).
Imaginary frequencies appear at the Γ

point, corresponding to a polar instability
involving mainly Ti and O displacements,
at the 𝑋 point, corresponding to antipolar
motion of Ti and O along one direction,
and at the 𝑀 point, corresponding to an-
tipolar motion of Ti and O along two di-
rections. The atomic displacement patterns
associated with each unstable mode are
illustrated below the dispersion curves.

Barium titanate, BaTiO3, is arguably the most studied fer-
roelectric perovskite oxide, having served as a cornerstone
material for both fundamental research and technological
applications since its discovery in the 1940s [210]. With a
Goldschmidt tolerance factor of 𝑡 = 1.063, it sits well within
the B-type ferroelectric region of Figure 2.3, reflecting the
excess space available to the Ti4+ cation within its oxygen octa-
hedron. At high temperature, BaTiO3 adopts the cubic 𝑃𝑚3̄𝑚
phase, and upon cooling it undergoes a rich sequence of
three first-order ferroelectric phase transitions: cubic 𝑃𝑚3̄𝑚
to tetragonal 𝑃4𝑚𝑚 at 403 K, to orthorhombic 𝐴𝑚𝑚2 at
278 K, and to rhombohedral 𝑅3𝑚 at 183 K [211], with the
polarization successively rotating from the ⟨001⟩ to the ⟨011⟩
and ⟨111⟩ pseudocubic directions.

Unlike SrTiO3 and PbTiO3, BaTiO3 exhibits no octahedra rota-
tion instability as shown in Figure 4.24. Its phonon dispersion
curves in the cubic phase shows a single unstable branch
centered on the Γ point, corresponding to the off-centering
of the Ti cation within its oxygen cage. The other parts of
this unstable branch are simply modulations of this same
Ti-O displacement pattern, reflecting the local character of
the instability. This purely polar energy landscape stands
in sharp contrast to both SrTiO3, where antiferrodistortive
and polar instabilities compete, and PbTiO3, where the A-site
lone pair and the strong coupling with the strain provide an
additional driving force.

The microscopic origin of ferroelectricity in BaTiO3 has been
the subject of extensive debate. As established by Cohen [189],
the ferroelectric instability in BaTiO3 is driven by the hy-
bridization between the Ti 3𝑑 and O 2𝑝 states, which over-
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comes the short-range repulsions that would otherwise stabi-
lize the centrosymmetric phase. This balance is particularly
delicate in BaTiO3: as shown by Ghosez and co-workers [188],
the ferroelectric instability results from a subtle competition
between the destabilizing long-range dipole-dipole inter-
actions, driven by the large Born effective charges associ-
ated with Ti-O hybridization, and the stabilizing short-range
forces.

The model for BaTiO3 was developed collaboratively over
several iterations, starting from an initial version described
in Ref. [212]. The training set was subsequently enriched by
A. Sasani, and the model was then refitted and finalized by
M. Yu. The author of this thesis contributed to all stages of
this process, providing guidance and performing systematic
validation at each step.

Harmonic interactions – The harmonic part of the model
was obtained from DFPT calculations performed with the
Abinit software package [122], using the GGA with the PBEsol
exchange-correlation functional [155] and a plane-wave pseu-
dopotential approach. Optimized norm-conserving pseu-
dopotentials from the PseudoDojo server [75, 156] were em-
ployed, treating Ba 5𝑠25𝑝66𝑠2, Ti 3𝑠23𝑝63𝑑24𝑠2, and O 2𝑠22𝑝4

electrons as valence states. A plane-wave energy cutoff of
40 Ha was adopted, together with a 8 × 8 × 8 Γ-centered
Monkhorst-Pack [157] 𝑘-point mesh for the five-atom cubic
unit cell. The dynamical matrices were computed on a 4×4×4
𝑞-point mesh for the relaxed cubic 𝑃𝑚3̄𝑚 phase. In addition
to the interatomic force constants, the DFPT calculations pro-
vided the dielectric constant, Born effective charges, elastic
constants, and strain-phonon coupling coefficients, the latter
vanishing identically by symmetry in the cubic reference
structure. The dielectric constant and Born effective charges
are used to construct the long-range dipole-dipole interaction,
while the elastic constants enter the harmonic description of
the strain degrees of freedom.

Training set generation – Following the construction proce-
dure outlined in Section 4.1, the energy landscape of BaTiO3
was first mapped by condensing the unstable modes identi-
fied from the phonon dispersion curves of the cubic reference,
in all relevant combinations, to identify the distinct local min-
ima. The energies, forces, and stresses of all configurations



4.3 Second-principles interatomic potentials 123

were computed using the same ab initio settings as described
above, on a 2 × 2 × 2 supercell of 40 atoms, with the 𝑘-point
mesh reduced to 4 × 4 × 4 to maintain a comparable sam-
pling density of the Brillouin zone. The resulting phases are
summarized in Table 4.9. Interpolations and extrapolations
between the identified stationary points were then performed
to ensure adequate coverage of the potential energy surface
between the minima. Unlike BaHfO3, SrTiO3, and PbTiO3,
where phononic noise was generated by populating phonon
modes at selected temperatures, the thermal sampling for
BaTiO3 was performed directly through ab initio molecular
dynamics simulations at temperatures ranging from 1 K to
100 K on a 2 × 2 × 2 supercell of 40 atoms. The final training
set comprises 1119 ab initio configurations.

S.G. 𝑎 (Å) 𝑏 (Å) 𝑐 (Å) 𝜙 (◦) P Δ𝐸

𝑃𝑚3̄𝑚 3.97 3.97 3.97 0.0 0.0 0.0
𝑃4/𝑛𝑚𝑚 3.97 3.97 4.02 0.0 0.0 −6.54
𝑃𝑚𝑚𝑎 3.97 3.96 4.03 0.0 0.0 −8.98
𝑃𝑏𝑐𝑚 3.96 4.01 3.98 +0.03 0.10 −9.84
𝐶𝑚𝑐𝑚 3.97 4.00 4.00 0.0 0.0 −10.63
𝑃4𝑚𝑚 3.96 3.96 4.05 0.0 0.38 −17.27
𝐴𝑚𝑚2 4.01 4.01 3.95 0.0 0.42 −21.66
𝑅3𝑚 3.99 3.99 3.99 0.0 0.43 −23.14

Table 4.9: Structure and energy of various
metastable phases of BaTiO3 designated
by their space group, as relaxed in DFT.
Lattice parameters are in Å, distortion am-
plitudes include rotations in degrees with
respect to the cubic reference, the norm
of polarization in C/m2 using the Born
effective charge of the cubic reference, and
energies Δ𝐸 are in meV/f.u. with respect
to the five-atom cubic reference structure.
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Figure 4.25: Comparison between the
bounded model and DFT energies for the
configurations contained in the training set
of BaTiO3. The solid line indicates perfect
agreement between the model and DFT.
The inset shows the distribution of the ab-
solute errors. Energies are reported relative
to the cubic reference structure.

Generation of the interatomic potential – With the training
set in hand, the next step consists in constructing an inter-
atomic potential capable of reproducing the first-principles
data it contains. The quality of the harmonic approximation
alone can first be assessed by evaluating the goal function on
the training set before any fitting, as reported in the second
column of Table 4.10. Although the harmonic part is exact
with respect to DFPT, it proves insufficient to reproduce the
training set data accurately, as evidenced by the large values
of 𝐺𝐸, 𝐺 𝑓 , and 𝐺𝜎.

The anharmonic part of the model was therefore obtained
by fitting to the training set. SATs from third to fourth order
were generated using a cutoff radius equal to the cubic lattice
parameter of 3.97 Å, including strain-phonon coupling terms
and anharmonic elastic constants. A selection of 24 SATs was
identified through goal-function minimization. As shown in
the second column of Table 4.10, the addition of these terms
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reduces the goal function by several orders of magnitude with
respect to the harmonic baseline, confirming that the fitted
model captures the dominant anharmonic contributions to
the potential energy surface.

The bounding procedure described in Section 3.2.5 was then
applied to ensure that the model energy remains bounded
from below at large atomic displacements. Bounding terms
were added automatically, introducing 68 additional SATs
into the model. As shown in the third column of Table 4.10,
this procedure preserves the quality of the fit to an excellent
degree, leaving the goal function essentially unchanged while
eliminating any risk of divergence. The final model thus
comprises 92 SATs in total. As illustrated in Figure 4.25, the
bounded model achieves an excellent linear agreement with
DFT energies (𝑅2 = 0.987), with more than 90% of the training
set configurations reproduced within 1 meV/atom, which is
within the typical convergence criterion of DFT calculations.
A minor stiffening artifact is visible for a small subset of
configurations, a direct consequence of the bounding terms.

Table 4.10: Summary table of the mean
squared displacement (𝑒𝑉2/Å2) of the en-
ergy, forces and stresses for each step of
the construction of the models of BaTiO3:
before the fit process (TS evaluated with
the harmonic part), after the fit process
(24 SATs), after the bounding process (68
SATs).

Harmonic part Unbounded Bounded

𝐺𝐸 2.22×10−4 1.48×10−5 1.45×10−5

𝐺 𝑓+𝜎 1.68×10−1 5.43×10−3 5.69×10−3

𝐺 𝑓 2.93×10−2 4.51×10−3 4.52×10−3

𝐺𝜎 1.39×10−1 9.19×10−4 1.27×10−3

Validation of the model – The validation of the model
follows the three-step procedure outlined in Section 4.2.
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Figure 4.26: Model versus DFT energies for
the training set and the three test sets gener-
ated by continuously heating from 10 K to
300 K for BaTiO3. The solid line indicates
perfect agreement. Energies are reported
relative to the cubic reference structure.

The bounded model achieves a good fit quality on the training
set, as illustrated in Figure 4.26. The test set was constructed
differently from the approach used for the previous materials:
rather than sampling discrete temperatures, a continuous
heating simulation from 10 K to 300 K was performed, gener-
ating 861 configurations whose energies, forces, and stresses
were recalculated at the ab initio level. As shown in Figure
4.26, the model versus DFT energy comparison is perfectly
linear across the entire range, with𝑅2 = 0.994, confirming the
predictive character of the potential throughout the thermally
relevant regime.

All phases identified during the training set construction were
relaxed using the BFGS algorithm and compared against DFT.
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As shown in Figure 4.27 (a), the model correctly reproduces
the sequence of local minima across the full energy range with
remarkable accuracy, from the antipolar phases near the cubic
reference to the polar 𝑅3𝑚 ground state. The structural dis-
tortions, projected onto the symmetry-adapted modes [198]
of the cubic reference, are also accurately reproduced as
shown in Figure 4.27 (b), with excellent agreement between
the model and DFT amplitudes for all identified phases.
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Figure 4.27: Validation against DFT of the
interatomic potential for BaTiO3. (a) Com-
parison between DFT and model energies
for different (meta)-stable phases, as con-
sistently relaxed within each approach.
(b) Comparison between DFT and model
distortion amplitudes for different meta-
and stable phases, as consistently relaxed
within each approach (Å/f.u.).

Phonon dispersion curves were computed using finite dif-
ferences with Phonopy [170] in the three experimentally ob-
served phases of BaTiO3: the tetragonal 𝑃4𝑚𝑚, orthorhombic
𝐴𝑚𝑚2, and rhombohedral 𝑅3𝑚 phases. As shown in Figure
4.28, the model is in excellent agreement with DFPT in all
three phases, correctly reproducing the dispersion branches.
A notable feature in panel (c) is the apparent instability of the
acoustic branches in the 𝑅3𝑚 phase as predicted by DFPT.
This artifact is attributed to the absence of higher-order mul-
tipolar corrections to the non-analytic part of the dynamical
matrix [213], which become significant in low-symmetry po-
lar phases such as the rhombohedral phase of BaTiO3 and
are not included in the present DFPT calculation. The model,
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which does not suffer from this limitation, correctly predicts
stable acoustic branches in this phase. This confirms that
the curvature of the potential energy surface is accurately
described around each of the thermodynamically relevant
phases, ensuring a reliable description of the thermal activa-
tion of vibrational modes in finite-temperature simulations.
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Figure 4.28: Comparison between DFPT (solid lines) and model (dots) phonon dispersion curves of BaTiO3 in the three
experimentally observed phases: (a) tetragonal 𝑃4𝑚𝑚, (b) orthorhombic 𝐴𝑚𝑚2, and (c) rhombohedral 𝑅3𝑚.

Finite-temperature simulations – The validated model is
applied to investigate the well-known 𝑅3𝑚 → 𝐴𝑚𝑚2 →
𝑃4𝑚𝑚 → 𝑃𝑚3̄𝑚 phase transition sequence of BaTiO3 upon
heating. HMC simulations were performed in the NPT ensem-
ble, following the same protocol as for the other materials. As
illustrated in Figure 4.29, the model successfully reproduces
the full R-O-T-C phase transition sequence, with transition
temperatures of approximately 150 K, 200 K, and 250 K for
the 𝑅3𝑚 → 𝐴𝑚𝑚2→ 𝑃4𝑚𝑚 → 𝑃𝑚3̄𝑚 transitions, respec-
tively. Each transition is clearly identifiable as a discontinuous
jump in the polarization components, consistent with the
first-order character of all three transitions. The model also
correctly captures the thermal expansion of the cubic phase
above𝑇𝑐 , demonstrating that the strain degrees of freedom are
accurately described throughout the temperature range.
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Figure 4.29: Evolution of the three polariza-
tion components 𝑃𝑥 , 𝑃𝑦 , and 𝑃𝑧 with tem-
perature, obtained from HMC simulations
in the NPT ensemble. The successive dis-
continuous jumps identify the three first-
order phase transitions 𝑅3𝑚 → 𝐴𝑚𝑚2→
𝑃4𝑚𝑚 → 𝑃𝑚3̄𝑚.

The predicted transition temperatures underestimate the
experimental values of 183 K, 278 K, and 393 K [211], a sys-
tematic trend common to PBEsol-based atomistic models. As
demonstrated for the second-principles model of Ref. [212],
this offset can be compensated by applying a small negative
hydrostatic pressure to correct for the underestimation of
the cubic lattice constant by PBEsol, recovering transition
temperatures in much better agreement with experiment.
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More fundamentally, this underestimation reflects the sensi-
tivity of the ferroelectric instability in BaTiO3 to the choice of
exchange-correlation functional. Azuma and co-workers [214]
recently demonstrated that the R2SCAN meta-GGA func-
tional combined with DFT-D4 dispersion corrections yields
phase transition temperatures of 350 K, 250 K, and 160 K, in
significantly better agreement with experiment, at the cost
of a more computationally demanding electronic structure
treatment.

The second-principles model for BaTiO3 constructed in this
section is made publicly available and can be retrieved fol-
lowing Ref. [215]. It serves as the primary atomistic tool in
Chapter 5 and Chapter 6 of this thesis. In Chapter 5, it is
applied to characterize switchable skyrmion-antiskyrmion
tubes in rhombohedral BaTiO3 [216]. In Chapter 6, it is further
employed to investigate the dynamical manipulation of polar
topologies from acoustic phonon excitations [208].

4.3.5 Calcium Titanate
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Figure 4.30: Phonon dispersion curves of
CaTiO3 in the cubic 𝑃𝑚3̄𝑚 phase at 0 K,
with atomic participation highlighted by
color: Ca (blue), Ti (green), and O (red).
Imaginary frequencies appear at the Γ

point, corresponding to a polar instability
involving Ca and Ti displacement against
O, at the 𝑋 point, corresponding to antipo-
lar motion of Ca and O along one direction,
at the 𝑀 point, corresponding to in-phase
rotation of oxygen octahedra and at 𝑅 cor-
responding to out-of-phase oxygen octahe-
dra rotation. The atomic displacement pat-
terns associated with each unstable mode
are illustrated below the dispersion curves.

Calcium titanate, CaTiO3, is the original mineral perovskite
that gave its name to the entire family of ABO3 compounds.
With a Goldschmidt tolerance factor of 𝑡 ≈ 0.973, it sits well
within the A-type region of Figure 2.3, reflecting the un-
dersized Ca2+ cation relative to the available A-site cavity.
This geometric configuration drives a strong tendency for
oxygen octahedra rotations, placing CaTiO3 among the most
distorted oxide perovskites at ambient conditions. Its room-
temperature and ground-state structure is the orthorhombic
𝑃𝑏𝑛𝑚 phase, characterized by the 𝑎−𝑎−𝑐+ octahedra rota-
tion pattern in Glazer notation [21]. Upon heating, CaTiO3
undergoes a sequence of phase transitions before reaching
the cubic 𝑃𝑚3̄𝑚 phase above 1636 K [217]. Although it is
generally agreed that the tetragonal 𝐼4/𝑚𝑐𝑚 phase precedes
the cubic phase, the exact sequence of intermediate phases
between 𝑃𝑏𝑛𝑚 and 𝐼4/𝑚𝑐𝑚 remains debated. Based on neu-
tron diffraction and calorimetry measurements, Kennedy and
co-workers [218] and Guyot and co-workers [219] proposed
an intermediate 𝐶𝑚𝑐𝑚 phase (𝑎0𝑏−𝑐+) between 𝑃𝑏𝑛𝑚 and
𝐼4/𝑚𝑐𝑚, a result reproduced by a Landau-type phenomeno-
logical potential fitted to the same experimental data [220].
Independently, Carpenter suggested an intermediate 𝐼𝑚𝑚𝑎
phase (𝑎−𝑎−𝑐0) for the related (Ca,Sr)TiO3 solid-solution
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system based on a Landau-type analysis [221]. Furthermore,
temperature-dependent structural measurements by Yashima
and Ali [217, 222] suggested that CaTiO3 may transform
directly from 𝑃𝑏𝑛𝑚 to 𝐼4/𝑚𝑐𝑚 without any intermediate
phase. Overall, there is currently no consensus on the full
temperature-dependent phase transition sequence of CaTiO3,
making further theoretical investigations timely.

Despite its apparently simple non-polar character, CaTiO3
conceals a rich and subtle physics. The 𝑃𝑏𝑛𝑚 ground state
contains antipolar displacements of the Ca cation induced by
a trilinear coupling with the in-phase and antiphase oxygen
octahedra rotations through the hybrid-improper mecha-
nism [223]. Although the dominant octahedra rotations and
antipolar Ca displacements suppress the polar instability
in the 𝑃𝑏𝑛𝑚 phase, CaTiO3 remains an incipient ferroelec-
tric [224] and small perturbations such as epitaxial strain
are sufficient to stabilize a ferroelectric phase [225], as will
be discussed in Chapter 7. This delicate balance between
oxygen octahedra rotations and polar degrees of freedom
makes CaTiO3 particularly demanding to capture within
a second-principles model based on Taylor-expansion. The
large amplitudes of the oxygen octahedra rotation distor-
tions place the system far from the cubic reference structure,
challenging the convergence of the polynomial expansion.
Moreover, the large number of unstable modes in the cubic
reference structure gives rise to a rich landscape of metastable
phases, imposing stringent requirements on the coverage of
the potential energy surface during the construction of the
model. Furthermore, the phase transition sequence upon
heating remains debated, so the model must be validated
against a rich set of metastable phases whose correct energetic
ordering is not fully experimentally established. Finally, as
pointed out above, although CaTiO3 is nominally non-polar
in its 𝑃𝑏𝑛𝑚 ground state, it sits close to a ferroelectric insta-
bility, such that small perturbations are sufficient to stabilize
a polar phase; the model must therefore reproduce the en-
ergetics of the relevant ferroelectric phases with sufficient
fidelity.

An initial second-principles model of CaTiO3 was previously
developed during the PhD work of MM. Schmitt [226]. How-
ever, significant developments of the Multibinit software
during the course of this thesis, in particular in the treatment
of anharmonic terms and the fitting procedures, motivated a
re-examination of this model. In collaboration with H. Zhang,
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the anharmonic part of the potential was therefore re-fitted
using the updated implementation, while the harmonic terms
and the overall structure of the model were preserved. The
original validation tests were systematically reproduced to
ensure consistency with the previous version. The model
presented here should therefore be viewed as an updated and
internally consistent version of the original Schmitt model,
benefiting from methodological improvements in the fitting
procedure rather than representing a fundamentally new
construction.

Harmonic interactions – The harmonic part of the model
was obtained from DFPT calculations performed with the
Abinit software package [122], using the GGA with the Wu-
Cohen exchange-correlation functional [227], which has been
shown to provide excellent results for CaTiO3 [228]. Opti-
mized norm-conserving pseudopotentials [156] generated
with the Wu-Cohen functional were employed, treating Ca
3𝑠23𝑝64𝑠2, Ti 3𝑠23𝑝63𝑑24𝑠2, and O 2𝑠22𝑝4 electrons as valence
states. A plane-wave energy cutoff of 40 Ha was adopted,
together with a 8 × 8 × 8 Γ-centered Monkhorst-Pack [157]
𝑘-point mesh for the five-atom cubic unit cell. The dynamical
matrices were computed on a 8 × 8 × 8 𝑞-point mesh for the
relaxed cubic 𝑃𝑚3̄𝑚 phase. In addition to the interatomic
force constants, the DFPT calculations provided the dielectric
constant, Born effective charges, elastic constants, and strain-
phonon coupling coefficients, the latter vanishing identically
by symmetry in the cubic reference structure. The dielectric
constant and Born effective charges are used to construct
the long-range dipole-dipole interaction, while the elastic
constants enter the harmonic description of the strain degrees
of freedom.

Training set generation – The training set for CaTiO3 was
constructed prior to the development of the systematic pro-
cedure described in Section 4.1, following an earlier and
more computationally intensive approach [121]. As a first
step, the unstable modes of the cubic reference structure
were condensed systematically to identify the relevant local
minima. The resulting phases, summarized in Table 4.11, span
a wide range of structural distortions, from purely antifer-
rodistortive phases such as 𝐼4/𝑚𝑐𝑚, 𝐶𝑚𝑐𝑚, and 𝐼𝑚𝑚𝑎, to
the 𝑃𝑏𝑛𝑚 ground state combining rotations and antipolar
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displacements, as well as purely polar phases such as 𝑃4𝑚𝑚,
𝐴𝑚𝑚2, and 𝑅3𝑚 lying at much higher energies. Ab initio
molecular dynamics simulations were then performed to
explore the dynamical distortions of the material from first
principles. However, this approach alone proved insufficient
to adequately cover the full energy landscape: the high-energy
purely polar phases are almost never spontaneously visited
during such simulations, given the large energy barriers sep-
arating them from the ground state. The potential energy
surface was therefore additionally sampled through linear
interpolations between the various stationary phases, with
the lattice parameters relaxed along each interpolation path
to provide information on strain-phonon couplings. The ener-
gies, forces, and stresses of all configurations were computed
at the ab initio level on 2 × 2 × 2 supercells of the cubic refer-
ence structure. The final training set comprises 5325 ab initio
configurations.

Table 4.11: Structure and energy of various
metastable phases of CaTiO3 designated
by their space group, as relaxed in DFT.
Lattice parameters are in Å (in the primitive
cell) and energies Δ𝐸 are in meV/f.u. with
respect to the five-atom cubic reference
structure.

Space group Δ𝐸 𝑎 (Å) 𝑏 (Å) 𝑐 (Å)

𝑃𝑚3̄𝑚 0.0 3.863 3.863 3.863
𝑅3𝑚 −42.0 5.422 5.422 6.751
𝐴𝑚𝑚2 −48.4 3.821 5.423 5.545
𝑃4𝑚𝑚 −72.1 3.803 3.803 4.018
𝑃4/𝑚𝑏𝑚 −224.2 5.338 5.338 3.882
𝑃𝑚𝑐21 −238.0 3.842 5.383 5.410
𝐼4/𝑚𝑐𝑚 −261.1 5.336 5.336 7.750
𝑅3̄𝑐 −280.3 5.405 5.405 13.122
𝐶𝑚𝑐𝑚 −291.6 7.564 7.643 7.635
𝐼𝑚𝑚𝑎 −296.2 5.401 7.566 5.407
𝑅3𝑐 −303.3 5.395 5.395 13.313
𝑃𝑏𝑛𝑚 −355.3 5.433 7.587 5.333

Generation of the interatomic potential – With the training
set in hand, the next step consists in constructing an inter-
atomic potential capable of reproducing the first-principles
data it contains. SATs up to third and fourth order were
generated using a cutoff radius equal to the cubic lattice
parameter. A selection of 60 anharmonic SATs was identified
through goal-function minimization, with the first 30 terms
having Ca as the common atom and the subsequent 30 terms
having Ti as the common atom. The bounding procedure
described in Section 3.2.5 was then applied to ensure that the
model energy remains bounded from below at large atomic
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displacements. This step proved essential for CaTiO3: the un-
bounded 60-term model frequently encountered divergences
during finite-temperature simulations. Bounding terms were
added automatically, introducing 179 additional SATs into
the model, without significantly deteriorating the quality of
the fit. The final model thus comprises 239 anharmonic SATs
in total. As illustrated in Figure 4.31, the bounded model
achieves an acceptable linear agreement with DFT energies
(𝑅2 = 0.966).
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Figure 4.31: Comparison between the
bounded model and DFT energies for the
configurations contained in the training set
of CaTiO3. The solid line indicates perfect
agreement between the model and DFT.
Energies are reported relative to the cubic
reference structure.

Validation of the model – To verify to which extent the
model successfully captures the important metastable phases,
structural relaxations has been performed and compared the
resulting energies and lattice distortions with those calculated
by DFT relaxations. As illustrated in Figure 4.32 (a), while
the model slightly overstabilizes the energy of some phases,
it successfully reproduces the correct energetic order.
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Figure 4.32: Comparisons of (a) energy,
(b) lattice distortion modes and of dif-
ferent phases of CaTiO3 between DFT
and model-based structural relaxations.
The symmetry-adapted lattice distortion
modes and strain modes were analyzed
with ISODISTORT [198]. The amplitudes
of the lattice distortion modes are reported
in the so-called “parent-cell-normalized”
values.

In Figure 4.32 (b), the symmetry-adapted modes condensed [198]
in different distorted phases are compared between DFT



132 4 Construction and validation of second-principles models

and model-based structural relaxations. All lattice distortion
modes appearing in the DFT-relaxed structures also appear
in the model-relaxed structures, with comparable mode am-
plitudes in both cases. These results indicate that the key
stationary points on the potential energy surface are well
captured by the model.

The phonon dispersion curves and density of states were com-
puted in the𝑃𝑏𝑛𝑚 ground state and the𝑅3𝑐metastable phase
using finite differences with Phonopy [170] and compared
against DFPT, as shown in Figure 4.33. The model accurately
reproduces the phonon dispersions of these strongly dis-
torted phases, confirming that the curvature of the potential
energy surface is well captured in the vicinity of the relevant
stationary points.

Figure 4.33: Comparisons of phonon dis-
persions and phonon density of states be-
tween DFPT and the model-based finite-
difference calculations for (a) the 𝑃𝑏𝑛𝑚
ground state and (b) the 𝑅3𝑐 metastable
phase.
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Finite temperature simulations – The validated model is
now applied to investigate the temperature-dependent phase
transitions of CaTiO3. HMC simulations were performed in a
16×16×16 supercell, starting from the low-temperature𝑃𝑏𝑛𝑚
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ground state and progressively heating until the system
becomes cubic. Throughout the heating process, the system
stays non-polar. To monitor structural phase transitions, the
evolution of octahedra rotations and lattice parameters as
functions of temperature has been tracked.

The finite-temperature simulations show that the system re-
mains in the 𝑃𝑏𝑛𝑚 phase at low temperatures, characterized
by the 𝑎−𝑎−𝑐+ rotation pattern and the lattice parameters
𝑎 = 𝑏 > 𝑐 (Figure 4.34 (a) and (b)). As the temperature
increases, several phase transitions can be observed, as in-
dicated by the changes in octahedra rotation pattern and
lattice parameters. In addition, the volume of the unit cell
shows rapid increases near the phase transitions, resulting
in peaks in lattice dilation curve (Figure 4.34 (c)). The phase
transition temperatures are estimated by these peaks in the
lattice dilation curve.
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Figure 4.34: Structural phase transitions
during the heating process from the 𝑃𝑏𝑛𝑚
ground state. (a) Oxygen octahedra rota-
tions, (b) pseudocubic lattice parameters,
and (c) unit cell volume and lattice dilation
as functions of temperature. The simula-
tion is performed in a 16 × 16 × 16 super-
cell using the second-principles model of
CaTiO3.

Upon heating from the low-temperature𝑃𝑏𝑛𝑚 phase, the first
phase transition occurs around 1200 K, where the in-phase
rotation 𝜙+𝑧 exhibits a sudden reduction and the antiphase
rotations 𝜙−𝑥 and 𝜙−𝑦 are almost unchanged. Above this tem-
perature, the antiphase rotations 𝜙−𝑥 and 𝜙−𝑦 have slightly
different amplitudes, suggesting that the phase above the
first transition can be identified as the 𝐶2/𝑚 with 𝑎−𝑏−𝑐0

rotation pattern. This𝐶2/𝑚 phase is very similar to the 𝐼𝑚𝑚𝑎
(𝑎−𝑎−𝑐0) phase suggested by Carpenter [221]; the main differ-
ence lies in the amplitudes of the antiphase rotations about
the two pseudocubic axes, which are equal in the 𝐼𝑚𝑚𝑎
phase but unequal in the 𝐶2/𝑚 phase.

With the temperature further increasing, the next phase
transition occurs around 1550 K, where 𝜙−𝑦 rapidly decreases
and 𝜙−𝑥 slightly increases. Above this temperature, only 𝜙−𝑥
has a significant amplitude, indicating that the phase is
𝐼4/𝑚𝑐𝑚 with 𝑎−𝑐0𝑐0 rotation pattern. Finally, around 1900
K, the amplitude of the last rotation 𝜙−𝑥 decreases toward
zero, indicating that the system changes to the cubic 𝑃𝑚3̄𝑚
phase. Therefore, the finite-temperature simulation suggests
a phase transition sequence for CaTiO3: 𝑃𝑏𝑛𝑚 (𝑎−𝑎−𝑐+) →
𝐶2/𝑚 (𝑎−𝑏−𝑐0) → 𝐼4/𝑚𝑐𝑚 (𝑎−𝑐0𝑐0) → 𝑃𝑚3̄𝑚 (𝑎0𝑎0𝑎0),
where the octahedra rotations about the three pseudocubic
axes disappear progressively.

The evolution of octahedra rotations with temperature is
further illustrated in Figure 4.35, where the three-dimensional
distributions of local oxygen octahedra rotations in the 16 ×



134 4 Construction and validation of second-principles models

16 × 16 simulation supercell are depicted. The rotations of
the local oxygen octahedra are characterized using 𝜙𝑥 , 𝜙𝑦 ,
𝜙𝑧 as defined by

𝜙𝑥 = 𝜔𝑥(−1)𝑖𝑦+𝑖𝑧 , 𝜙𝑦 = 𝜔𝑦(−1)𝑖𝑧+𝑖𝑥 , 𝜙𝑧 = 𝜔𝑧(−1)𝑖𝑥+𝑖𝑦 ,
(4.4)

where 𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧 is the rotation angle around the pseu-
docubic [100], [010], and [001] directions, respectively, and
𝑖𝑥 , 𝑖𝑦 , 𝑖𝑧 are integers that indicate the position of the local
oxygen octahedra in the directions of the three pseudocubic
axes. As shown in Figure 4.35, at low temperatures (e.g.,
100 K), 𝜙𝑥 and 𝜙𝑦 alternate between positive and negative
values, indicating that the rotations around the pseudocubic
[100] and [010] axes are antiphase. In contrast, 𝜙𝑧 does not
change its sign throughout the supercell, indicating that the
rotations around the pseudocubic [001] axis are in-phase.
This is consistent with the 𝑎−𝑎−𝑐+ rotation pattern in the
low-temperature 𝑃𝑏𝑛𝑚 phase. As the temperature increases,
the octahedra rotations around the three pseudocubic axes
progressively diminish: first, the in-phase rotations around
the pseudocubic [001] axis disappear, followed by the dis-
appearance of antiphase rotations around the pseudocubic
[010] axis, and then the [100] axis. Additionally, above those
transition temperatures, local octahedra rotations with small
amplitude persist and exhibit a layered-correlation feature.
This layered-correlation feature of octahedra rotations is re-
lated to the geometric connectivity of the octahedra in the
perovskite structure, which imparts strong correlation of
octahedra rotations within the plane perpendicular to the
rotation axis and weak correlation of the octahedra rotations
between adjacent planes. As outlined at the beginning of
this section, there is general consensus from experiments on
the low-temperature 𝑃𝑏𝑛𝑚 phase, and the high-temperature
𝐼4/𝑚𝑐𝑚 and 𝑃𝑚3̄𝑚 phases, while the potential intermedi-
ate phase between the 𝑃𝑏𝑛𝑚 and 𝐼4/𝑚𝑐𝑚 phases is still
under debate. The model-based simulations are consistent
with experiments with regard to the 𝑃𝑏𝑛𝑚, 𝐼4/𝑚𝑐𝑚, and
𝑃𝑚3̄𝑚 phases, and predicts an intermediate 𝐶2/𝑚 phase
between the 𝑃𝑏𝑛𝑚 and 𝐼4/𝑚𝑐𝑚 phases. For comparison
with experimental values, the model predicts the model
predicts the disappearance of in-phase and antiphase octa-
hedra rotations at approximately 1200 K (where the transi-
tion 𝑃𝑏𝑛𝑚 (𝑎−𝑎−𝑐+) → 𝐶2/𝑚 (𝑎−𝑏−𝑐0) occurs) and 1900 K
(where the transition 𝐼4/𝑚𝑐𝑚 (𝑎−𝑐0𝑐0) → 𝑃𝑚3̄𝑚 (𝑎0𝑎0𝑎0)
occurs), respectively. In comparison, x-ray and neutron diffrac-
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Figure 4.35: Evolution of octahedra rotations during the heating process from the 𝑃𝑏𝑛𝑚 ground state in CaTiO3. The
intensity of the colors represents the amplitude of 𝜙𝑥 , 𝜙𝑦 , and 𝜙𝑧 defined by Eq. (4.4), with red and blue indicating
opposite signs.

tion experiments [217, 218, 222] show that superlattice re-
flections associated with in-phase octahedra rotations vanish
around 1500 K, while those related to antiphase rotations
disappear around 1600 K. Therefore, the model appears to
underestimate the temperature at which in-phase octahedra
rotations vanish and overestimate the temperature at which
antiphase rotations disappear.

The second-principles model for CaTiO3 constructed in this
section is made publicly available and can be retrieved fol-
lowing Ref. [229]. It constitutes the primary atomistic tool
employed in Chapter 7 of this thesis, where it is applied to
investigate the finite-temperature properties and the hidden
ferroelectric 𝑅3𝑐 phase of bulk CaTiO3 [230], as well as the
first-order polarization process arising in CaTiO3 thin films
grown on NdGaO3 substrates [231]. The model was also em-
ployed to study the tuning of the CaTiO3 energy landscape
into that of antiferroelectric PbZrO3 [232], though the results
of that work fall outside the scope of the present thesis.
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4.3.6 Yttrium Nickelate

RNiO3 (R = Pr–Lu, Y) perovskites are well known to exhibit
a metal-to-insulator transition (MIT) upon cooling, accompa-
nied by a structural transition from the orthorhombic 𝑃𝑏𝑛𝑚
phase to the monoclinic 𝑃21/𝑛 phase [233]. The critical tem-
perature of this MIT (𝑇MIT) depends strongly on the tolerance
factor 𝑡 of the system, and decreases as 𝑡 increases. The struc-
tural transition across the MIT is accompanied by a breathing
distortion of the NiO6 octahedra, which expand and contract
according to a rock-salt pattern. This gives rise to two in-
equivalent Ni sites, with long and short Ni-O bonds, often
described as a charge ordering of the nominal form [233]

2 Ni3+ → Ni2+ +Ni4+. (4.5)

The origin of the MIT in RNiO3 has long been debated. It
was initially interpreted as an electronic instability, of either
charge-disproportionation or Mott type, driven primarily by
on-site electronic correlations. Mercy and co-workers pro-
posed instead that the transition is structurally triggered [234].
In the cubic reference structure, the breathing mode of the
oxygen octahedra is stable and, in fact, the stiffest mode of
the system; its energy curvature is, however, progressively
renormalized by the oxygen octahedra rotations through a
cooperative biquadratic coupling. When the rotations reach a
critical amplitude, the breathing mode becomes unstable and
condenses, opening a gap. The MIT thus takes the form of a
Peierls instability that is not present in the cubic phase but is
triggered by the oxygen octahedra rotations. The same work
showed that this mechanism is generic across the RNiO3
series and that an effective Landau theory correctly captures
the evolution of 𝑇MIT with the tolerance factor. The softening
of the breathing mode has, however, not yet been observed
experimentally, which raises questions about the continuous
character of the structural change across the MIT. One pos-
sibility is the involvement of Raman-active modes coupling
the oxygen octahedra rotations and the breathing distortion,
which would render the transition more complex; a similar
mechanism was recently proposed for NdNiO3 by Gomes
and co-workers [235].

In addition to the MIT, RNiO3 compounds exhibit, upon
further cooling, a magnetic transition from a paramagnetic
state to an E-type antiferromagnetic order, characterized by an
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up-up-down-down spin arrangement at the in-plane Ni sites.
For compounds with smaller tolerance factor, the magnetic
transition temperature 𝑇N lies well below 𝑇MIT, and the two
transitions are decoupled. From NdNiO3 onwards, however,
𝑇MIT and 𝑇N become entangled and coincide: for these large-
cation compounds, the oxygen octahedra rotations alone are
no longer sufficient to trigger the MIT, and the onset of the
antiferromagnetic order assists the transition, which becomes
first order [234].

Among the RNiO3 family, YNiO3 is of particular interest, as
it exhibits a high 𝑇MIT of approximately 600 K [233], while
its magnetic transition occurs at a much lower temperature
of approximately 150 K [234]. This large separation between
the two transition temperatures allows the MIT to take place
entirely within the paramagnetic regime, in the absence
of long-range magnetic order. A further computational ad-
vantage of YNiO3 is the absence of partially filled 𝑓 -states,
which would otherwise introduce additional complexity and
computational cost.

Unlike the second-principles models presented in the previ-
ous sections, the model for YNiO3 is constructed within the
MLIP framework using the DeePMD approach introduced
in Section 3.2. In this framework, no reference structure is
required, and the harmonic and anharmonic parts of the in-
teraction are not distinguished: the potential energy surface is
learned directly from a set of ab initio configurations through
a neural network representation of the atomic interactions.
The construction of the model therefore reduces to the gener-
ation of a representative training set and the optimization of
the network parameters, as described below.

Training set generation – DFT calculations were performed
using the DFT+𝑈 approach with the LDA exchange-correlation
functional as implemented in the Abinit software pack-
age [122]. An on-site Coulomb repulsion was applied to
the Ni 3𝑑 orbitals, with 𝑈 = 2.5 eV and 𝐽 = 0 eV. A plane-
wave energy cutoff of 24 Ha was adopted, together with a
12 × 12 × 8 Γ-centered Monkhorst-Pack [157] 𝑘-point mesh
for the 20-atom unit cell, corresponding to a

√
2 ×
√

2 × 2
supercell of the five-atom cubic 𝑃𝑚3̄𝑚 phase. Calculations
on larger supercells of 40 and 160 atoms were additionally
carried out for the construction of the training set, with the
𝑘-point mesh adapted accordingly to maintain a comparable
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sampling density of the Brillouin zone. In all calculations, a
ferromagnetic alignment of the Ni magnetic moments was
imposed.

The key structural ingredients governing the properties of
YNiO3 are the oxygen octahedra rotations and the breathing
distortion of the NiO6 octahedra. Although the breathing
mode appears as an unstable phonon in the 𝑃𝑏𝑛𝑚 structure,
it corresponds to a high-frequency stable mode in the cubic
𝑃𝑚3̄𝑚 reference, and is progressively softened by the intro-
duction of the oxygen octahedra rotation, as demonstrated
by Mercy and co-workers [234] through the so-called trig-
gering mechanism. These two degrees of freedom therefore
constitute the minimal set of ingredients required to correctly
describe both the ground state and the structural transition
of YNiO3.

The training set was constructed with this physical picture
in mind. The primary contribution consists of structures in
which the breathing distortion amplitude is systematically
varied at different oxygen octahedra rotation amplitudes, so
as to map the coupling between these two key degrees of
freedom across the relevant region of the potential energy sur-
face. Additional phases beyond 𝑃𝑏𝑛𝑚 and 𝑃21/𝑛 were also
included, namely 𝐼𝑚𝑚𝑎 (𝑎−𝑎−𝑐0), 𝑃4/𝑚𝑏𝑚 (𝑎0𝑎0𝑐+), and the
cubic 𝑃𝑚3̄𝑚 (𝑎0𝑎0𝑎0) reference, together with interpolated
and extrapolated structures between them. Finally, configura-
tions with random strain and atomic displacement noise were
added to ensure adequate coverage of the potential energy
surface in the vicinity of each minimum. The final training
set comprises approximately 2100 ab initio configurations.

Generation of the interatomic potential – The interatomic
potential for YNiO3 was constructed using the DeePMD-kit
software [127], employing the Deep Potential Smooth Edi-
tion descriptor, referred to as se_e2_a. In this descriptor, the
atomic environment of each atom is encoded through an
embedding network whose input consists of pairwise inter-
atomic distances, while both radial and angular information
of the neighboring environment are captured through the
construction of a descriptor matrix combining the embed-
ding outputs along all pair directions as detailed in Eq.(3.79).
The resulting descriptor is by construction invariant under
translation, rotation, and permutation of atoms of the same
species. Interactions are restricted to neighbors within a cutoff
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radius of 7.0 Å, with a smooth inner onset at 1.5 Å to avoid
short-range singularities and a smooth decay to zero at the
outer cutoff of 7.0 Å. The embedding network consists of
three layers with 25, 50, and 100 neurons respectively, with an
axis neuron dimension of 12, while the fitting network com-
prises three hidden layers of 240 neurons each with residual
connections. All activation functions are hyperbolic tangents.
The model was trained for 106 steps on a dataset compris-
ing configurations from supercells of 20, 40, and 160 atoms,
including dedicated configurations sampling the triggering
mechanism between octahedra rotations and the breathing
distortion. The loss function weights were set to progressively
increase the contribution of energies relative to forces over the
course of training, starting from a force-dominated regime
with prefactors of 1000 on forces and 0.02 on energies, and
converging to equal weights of 1 for both. The learning rate
followed an exponential decay from 10−3 to 7.7 × 10−5.

Validation of the model – The validation of the model
follows the three-step procedure outlined in Section 4.2. The
training set and test set reproductions are presented in Figure
4.36.
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Figure 4.36: Model versus DFT energies for
the structures contained in the (a) training
set (b) test set of YNiO3. The insets shows
the distribution of the absolute error in
both cases.

The model achieves excellent fit quality on the training set,
with 𝑅2 = 0.99995, and maintains high accuracy on the inde-
pendent test set, with 𝑅2 = 0.9998, confirming the predictive
character of the interatomic potential on configurations not
included during training.

The two experimentally observed phases, 𝑃𝑏𝑛𝑚 and 𝑃21/𝑛,
are then relaxed using the BFGS algorithm and compared
against DFT. As reported in Table 4.12, the model accurately
reproduces both the lattice parameters and the relative en-
ergetics of the two phases. The energy difference between
𝑃𝑏𝑛𝑚 and 𝑃21/𝑛 is reproduced to within 0.17 meV/f.u., and
the lattice parameters agree with DFT to within 0.01 Å for all
axes. The monoclinic distortion angle 𝛽 of the 𝑃21/𝑛 phase is
also recovered with high fidelity.
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Table 4.12: Comparison of the relaxed lat-
tice parameters of the 𝑃𝑏𝑛𝑚 and 𝑃21/𝑛
structures obtained from DFT and from
the model in YNiO3.

𝑃𝑏𝑛𝑚 𝑃21/𝑛
DFT Model DFT Model

Δ𝐸 (meV/f.u.) 9.9 9.73 0.0 0.0
𝑎 (Å) 5.0753 5.0756 5.0786 5.0793
𝑏 (Å) 5.4404 5.4345 5.4267 5.4249
𝑐 (Å) 7.2724 7.2754 7.2912 7.2878
𝛽 (deg.) 90 90 90.104 90.104

The distortion amplitudes of the two phases, projected onto
the symmetry-adapted modes [198] of the cubic 𝑃𝑚3̄𝑚 ref-
erence, are compared in Figure 4.37. The model correctly
captures the relative weights of the dominant 𝑅−5 out-of-
phase oxygen octahedra rotation mode and the 𝑀+2 in-phase
oxygen octahedra rotation mode, as well as the secondary
modes present in the 𝑃21/𝑛 ground state such as the breath-
ing 𝑅−2 mode responsible for the metal-to-insulator transi-
tion [234].

Figure 4.37: Comparison of the distor-
tion amplitudes for the 𝑃𝑏𝑛𝑚 and 𝑃21/𝑛
phases of YNiO3, projected onto the sym-
metry modes of the cubic 𝑃𝑚3̄𝑚 reference
structure, as obtained from DFT and from
the model. R−
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Finally, the phonon dispersion curves of both the 𝑃𝑏𝑛𝑚 and
𝑃21/𝑛 phases are compared against DFPT calculations in
Figure 4.38. The model reproduces the overall phonon band
structure of the 𝑃𝑏𝑛𝑚 phase with good accuracy across the
entire Brillouin zone, correctly capturing both the acoustic
branches and the distribution of optical modes up to 600 cm−1.
Crucially, the imaginary frequency at the Γ point of the
𝑃𝑏𝑛𝑚 phase, associated with the breathing distortion of the
NiO6 octahedra and responsible for the structural transition
toward the 𝑃21/𝑛 ground state, is accurately reproduced
by the model. For the 𝑃21/𝑛 ground state, the absence of
any imaginary frequency in the model-based dispersion
confirms that the breathing distortion is correctly stabilized,
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in agreement with the DFT result. The overall agreement
between model and DFT phonon dispersions in both phases
validates the ability of the potential to describe the lattice
dynamics of YNiO3 in the thermodynamically relevant region
of its energy landscape.

4.3.7 Lead zirconate

A second-principles model for PbZrO3 was also developed
within the group, based on the MLIP framework using the
DeePMD approach [143]. In that work, the model was em-
ployed to investigate the finite-temperature properties of
antiferroelectric PbZrO3, including its structural phase tran-
sition and dielectric response. The model was subsequently
used by collaborators to study the topology of ferroelastic do-
main walls in PbZrO3 single crystals, where second-principles
atomistic simulations revealed the existence of vortices and
antivortices at 90° twin boundaries [236]. As the results ob-
tained with this model fall outside the scope of the present
work, the model is not discussed further.

The MLIP model for YNiO3 constructed in this section will be
made publicly available upon publication. It constitutes the
primary atomistic tool employed in Chapter 8 of this thesis.
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Figure 4.38: Comparisons of phonon dis-
persions curves between DFPT and the
model-based finite-difference calculations
for (a) the 𝑃𝑏𝑛𝑚 phase and (b) the 𝑃21/𝑛
ground state in YNiO3.

4.4 Role of long-range dipolar
interactions

The second-principles and MLIP models presented in the pre-
vious sections have demonstrated their ability to reproduce
the properties of polar and functional oxides with near-first-
principles accuracy. However, a fundamental difference exists
between these two classes of models in the way electrostatic
interactions are treated. In second-principles models built
within the Multibinit framework, the long-range part of
the dipole-dipole interactions is incorporated analytically
through the Born effective charges and the dielectric tensor,
as discussed in Section 3.2.5. In contrast, MLIP models such
as DeePMD [127] rely on the nearsightedness of interatomic
interactions and neglect, by construction, any contribution
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beyond the cutoff radius defined by the training set. In prac-
tice, most MLIP models are trained on 2 × 2 × 2 supercells,
which limits the effective interaction range to approximately
two unit cells. While non-dipolar short-range interactions
are expected to decay exponentially fast beyond this range,
dipole-dipole interactions are long-ranged and decay only as
1/𝑟3, raising the question of whether their truncation at the
scale of the training supercell introduces significant errors in
the description of polar materials.

This question is particularly relevant in the context of lon-
gitudinal optical (LO) phonon modes, whose macroscopic
electric field originates precisely from the long-range part of
the dipole-dipole interactions and gives rise to the characteris-
tic LO-TO splitting. When this contribution is absent from the
model, the LO branches near the Γ point may be incorrectly
described, potentially introducing artifacts in the phonon
dispersion curves and in the energetics of specific atomic
displacement patterns. At the same time, it is not a priori clear
to what extent such artifacts affect macroscopic properties
such as phase diagrams or ferroelectric switching, which
are governed by the transverse optical (TO) instability and
may remain well captured even within a purely short-range
model.
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Figure 4.39: (a) Two-dimensional diatomic
lattice composed of oppositely charged
ions arranged on a bipartite square lat-
tice. The primitive unit cell (blue) and a
larger supercell (red) are indicated. Dark
and light spheres represent ions of oppo-
site charge. (b) Phonon dispersion relation
𝜔(𝑞) along the high-symmetry path X–Γ–X
of the Brillouin zone. The presence of two
atoms per unit cell gives rise to acoustic
and optical branches. Insets illustrate the
corresponding eigenmodes at selected q-
points.

As already detailed in Section 3.2.5 and illustrated in Figure
3.15, the DD contribution to the total IFC is evaluated analyti-
cally from the Born effective charges and the optical dielectric
tensor, and extends from nearest neighbors to infinite range.
It is subtracted from the total IFC to yield the remaining SR
contribution, whose range is limited to that of the supercell
defined by the 𝑞-point grid used in the DFPT calculation. In
practice, and as illustrated in Figure 4.39, a second-principles
model trained on a 2×2×2 supercell therefore captures short-
range interactions up to two unit cells, while the dipole-dipole
correction, when activated, extends these to infinite range.
This dual control, which consists in adjusting the 𝑞-point grid
while toggling the analytical dipole-dipole term, allows one to
systematically modulate the effective interaction range of the
model and to isolate the specific contribution of long-range
dipolar interactions to the material properties. Taking BaTiO3
as a paradigmatic polar material is particularly relevant in
this context, since its ferroelectric instability has historically
been rationalized as a competition between short-range re-
pulsions and long-range dipole-dipole interactions [188, 189].
One might therefore expect that truncating the long-range
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part of the dipole-dipole interactions would significantly alter
the description of the material. Three models are constructed
and compared: M8+Dip, derived from an 8 × 8 × 8 𝑞-point
mesh with analytical dipole-dipole correction and used as
the reference; M2+Dip, derived from a 2 × 2 × 2 mesh with
analytical dipole-dipole correction; and M2, derived from a
2 × 2 × 2 mesh without any dipole-dipole correction.

The influence of neglecting the long-range part of the dipole-
dipole interactions on the phonon dispersion curves of BaTiO3
is first examined. Figure 4.40 presents the phonon dispersion
curves produced by the three models, each capturing a given
range of interactions (arranged by rows), evaluated at different
levels of resolution in the phonon band structure (arranged
by columns). The resolution is varied by computing the
phonon frequencies at 𝑞-points compatible with supercells
of increasing size, which gives access to distortion patterns
of progressively longer wavelength, not necessarily limited
to the intrinsic interaction range of the model itself.

In the first column, a 2 × 2 × 2 supercell is considered,
which only gives access to distortion patterns associated
with phonon modes at the high-symmetry points (Γ, 𝑋 , ...) as
schematized in Figure 4.40. The second column (4 × 4 × 4 su-
percell) extends this to additional intermediate points along
the dispersion paths. Finally, the third column (8 × 8 × 8
supercell) further increases the number of points, offering
a more detailed sampling of the phonon dispersion curves,
and overlays a faint colored line representing the frequencies
as predicted by the model in the infinite supercell limit.

By rows, each model is constructed using different 𝑞-point
meshes for the calculation of the dynamical matrices, related
to a specific range of interatomic force constants in real
space. The first-row model (blue points) is derived using an
8 × 8 × 8 𝑞-point mesh, while the second-row (green points)
and third-row (red points) models use a 2 × 2 × 2 mesh. It
is important to emphasize that, within this framework, the
short-range part of the dipole-dipole interactions is inherently
included up to the specified interaction range of each model.
The long-range part is treated differently: it is incorporated
analytically in the first two models, while the third model
omits this contribution entirely. For reference, the solid blue
line representing the phonon frequencies predicted by the
M8+Dip model is superimposed on all panels; importantly,
the long-range part of the dipole-dipole interactions is only
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included in the plotted dispersion lines if the model itself
accounts for this information.

Comparing M2+Dip with the reference M8+Dip first, only
minor differences are observed in the phonon dispersion
curves, in good agreement with the literature [237]. This
suggests that beyond a range of two unit cells, the interactions
are dominated by electrostatics while the short-range part
nearly vanishes [238]. This observation is in line with the
results of Ref. [237] where the inclusion of the point Λ =

(1/4, 1/4, 1/4) on top of the 2 × 2 × 2 𝑞-point mesh was
anticipated to provide good convergence of the phonon
curves.

When the long-range part of the dipole-dipole interactions
is omitted (M2 model), the overall description of the phonon
dispersion bands remains accurate. However, certain spe-
cific bands, particularly near the Γ point, are inadequately
described, as evidenced by an extra unstable LO branch
and an artificial degeneracy between the LO and TO modes
of the topmost band at Γ. These discrepancies underscore
the critical role of the long-range part of electrostatic inter-
actions in accurately capturing the giant LO-TO splitting
characteristic of BaTiO3 [239, 240]. Including the long-range
part of the dipole-dipole interactions corrects these inaccura-
cies, yielding a significantly improved representation of the
phonon bands in this region. The remaining bands and the
LO branches away from Γ are well described regardless of
whether the long-range correction is included. Interestingly,
the ferroelectric instability, intrinsic to TO modes, is very well
captured even without the long-range part of electrostatic
interactions. This demonstrates that the short-range part of
the Coulomb interactions alone, limited to two unit cells,
is sufficient to accurately describe this instability, and that
in BaTiO3, the long-range part of the Coulomb interaction
does not play a significant role in its ferroelectric charac-
ter. It is important to note, however, that the dipole-dipole
interactions include both short-range and long-range parts,
and that the competition between the so-called short-range
and dipole-dipole interactions is already present in the in-
teratomic force constants down to first neighbors [241]. The
dominant contributions of the dipole-dipole interactions re-
sponsible for the ferroelectric instability are therefore already
well captured within a 2 × 2 × 2 supercell. This establishes
that a BaTiO3 model built with a 2 × 2 × 2 training set, as
is typical of MLIP approaches, will remain largely accurate
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Figure 4.40: Phonon dispersion curves of BaTiO3 obtained from three distinct models each capturing a specific range of
interactions (8, 2 and 2 from top to bottom rows) with varying levels of resolution in the phonon band structure (2, 4 and
8 from left to right columns). The first two models (blue, green) include analytically the dipole-dipole interactions that
extend to infinite range M8+Dip and M2+Dip, while the third (red) omits them M2. The solid blue line present in all panels
represents the reference model (8×8×8 𝑞-point mesh with analytic treatment of the dipolar interactions).

overall, with the ferroelectric instability and its chain-like
character [240] preserved, except for the specific LO phonon
branches near Γ. This discrepancy is unlikely to significantly
impact phase transitions, as confirmed by the very similar
phase transition sequence and hysteresis loops reproduced
by the M2 and M8+Dip models shown in Figure 4.41 [143,
242, 243]. It must be noted, however, that this conclusion is
material-dependent and the 2 × 2 × 2 range cannot be taken
for granted in general.
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Figure 4.41: (a) Phase diagram of BaTiO3,
and (b) hysteresis loop of the 𝑅3𝑚 phase at
50 K, reproduced using the M2 and M8+Dip
models, as indicated in the legend. The
supercell size used for the calculations was
12×12×12.

It is also worth noting that programs such as Phonopy [170]
can include the dipole-dipole correction at the postprocessing
level on top of a M2-type model, thereby mimicking the
phonon dispersion curves of the M2+Dip model. This is a
common practice in the literature [143, 242, 243]. However,
this correction is not present in the independent use of the
model itself, creating the illusion that the model phonons
correspond to those of M2+Dip, while in reality the model
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operates at the M2 level during simulations.

A deeper analysis is conducted by focusing on the Γ-X branch
of the phonon dispersion curve, which allows access to larger
supercells. As shown in Figure 4.42, the extra unstable phonon
branch predicted by the M2model is confirmed to be an artifact
arising from the absence of the long-range part of the dipole-
dipole interactions: when these interactions are included, the
branch stabilizes. Similarly, the high-frequency LO mode is
significantly corrected, eliminating its near degeneracy with
the TO mode near Γ. The remaining bands are reasonably well
described in all cases. Several conclusions can be drawn at this

(a) (b) (c)
M2 M2+Dip M8+Dip

F
re

q
u

en
cy

(c
m
−

1
)

F
re

q
u

en
cy

(c
m
−

1
)

F
re

q
u

en
cy

(c
m
−

1
)

Γ X Γ X Γ X
-200

0

200

400

600

800

-200

0

200

400

600

800

-200

0

200

400

600

800

Figure 4.42: Phonon dispersion curves of BaTiO3 along the Γ − 𝑋 branch for the same three models as described in Figure
4.40. Blue lines correspond to the phonon dispersion curves computed with the reference model.

stage. First, neglecting the long-range part of the dipole-dipole
interactions leads to significant inaccuracies in the description
of LO modes, making their inclusion essential whenever these
modes are involved in the material’s distortions. Second,
including these interactions not only improves accuracy but
also speeds up convergence, allowing a good description of
the phonon dispersion curves with a relatively coarse 𝑞-point
grid. Third, a small interaction cutoff may be sufficient for
a reasonable global description of the phonon dispersion
curves, including the ferroelectric instability, which explains
the success of MLIP methods even when trained on small
supercells [242]. It must be kept in mind, however, that this
interaction range is material dependent.

To further quantify the concrete deficiencies arising from the
exclusion of the long-range dipole-dipole interactions, the
spurious unstable LO phonon at 𝑞 = 1/20 u.c.−1 predicted
by the M2 model is condensed onto a large supercell. As
illustrated in Figure 4.43, the condensation of such a mode
induces head-to-head and tail-to-tail domain configurations
that remain metastable due to the incorrect description of
the phonon branch. This polarization state is clearly unphys-
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ical, as the divergence of the polarization generates bound
charges that enormously increase the electrostatic energy of
the system (see Eq. (2.22)). Similarly, condensing two such
LO modes directed along 𝑥 and 𝑦 simultaneously stabilizes
a lattice of center-convergent and center-divergent vortices,
demonstrating that more complex polar configurations can
also be affected by this spurious behavior. The energy low-
ering associated with these fake metastable phases is not
negligible, reaching approximately 10 meV/f.u., comparable
to that of the 𝑃𝑚𝑚𝑎 phase (see Table 4.9). Properly including
the long-range part of the dipole-dipole interactions stabilizes
the problematic LO branch and suppresses these fake low-
energy states: the original double-well potential is replaced
by a steeply rising energy surface, preventing the formation of
bound charges and restoring a physically correct description
of the material.
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Figure 4.43: Polarization map resulting
from the condensation of (a) one and (c)
two LO phonon modes (directed along 𝑦
and 𝑥) from the Γ − 𝑋 branch at 𝑞 = 1/20
u.c.−1 predicted by the model calculated
using a 2 × 2 × 2 𝑞-point mesh and exclud-
ing the long-range part of the dipole dipole
interactions. (b,d) Energy landscapes as
a function of the amplitude of the corre-
sponding LO modes predicted by the mod-
els calculated using a 2 × 2 × 2, 4 × 4 × 4,
8 × 8 × 8 𝑞-point mesh without the long-
range part and a 2 × 2 × 2 with the long-
range part of the dipole-dipole interactions
as specified in the legend.

It is worth noting that the apparent minima observed when
limiting the interaction range are in fact saddle points of
the Born-Oppenheimer energy surface once full structural
relaxation without symmetry constraints is allowed, as con-
firmed by finite-temperature simulations using the M2 model
in which the associated configurations are found to be unsta-
ble and do not persist. This is consistent with the absence of
such metastable phases in previous MLIP models restricted
to short-range interactions. However, one cannot exclude the
presence of spurious local minima in other materials, and at
a minimum these results demonstrate that models limited to
short-range interactions will significantly overstabilize head-
to-head or tail-to-tail polar configurations, inevitably affecting
phase competition in any context where such configurations
are relevant.
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In summary, as soon as longitudinal optical phonon modes
are involved in the atomic displacements of the material
under study, the proper treatment of the long-range part of
the dipole-dipole interactions remains essential to correctly
quantify the energetics. This becomes particularly relevant
when studying topological textures, dynamics in large su-
percells, or thin films and superlattices where depolarizing
fields play an important role.

4.5 Summary

This chapter has presented the construction and validation
of second-principles and machine-learning interatomic po-
tential models for a series of functional perovskite oxides,
namely BaHfO3, SrTiO3, PbTiO3, BaTiO3, CaTiO3, and YNiO3,
covering a broad range of physical behaviors from quantum
paraelectricity and antiferrodistortive transitions to strongly
first-order ferroelectricity and metal-insulator transitions.

For the second-principles models constructed within the
Multibinit framework, a common construction strategy has
been followed: the harmonic part is obtained exactly from
DFPT, the training set is built by systematically mapping
the relevant regions of the potential energy surface, and the
anharmonic part is determined by fitting to this set, followed
by a bounding procedure to ensure stability at large distor-
tions. Each model has been validated through a systematic
three-step procedure involving training set reproduction, test
set assessment, and comparison of structural and vibrational
properties against DFT. The model for YNiO3 demonstrates
that this workflow can equally be adapted to the MLIP frame-
work, here using the DeePMD approach, while retaining the
same validation standards.

Finally, the role of long-range dipole-dipole interactions has
been examined systematically, using BaTiO3 as a test case. It
has been shown that their truncation, as is common in MLIP
models trained on small supercells, leaves the ferroelectric
instability largely unaffected but introduces spurious LO
phonon branches that can stabilize unphysical head-to-head
and tail-to-tail polar configurations. This result establishes
a concrete limitation of short-range models for the study
of topological textures and inhomogeneous polar configu-
rations, and motivates the explicit treatment of long-range
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electrostatics in the second-principles framework. All models
presented in this chapter that have been the subject of a
publication are made publicly available, and together consti-
tute the primary atomistic tools employed in the subsequent
chapters of this thesis.
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5.1 Polar textures in bulk crystals

The background developed in Chapter 2 established that
the polarization of a ferroelectric material is not necessarily
uniform, and that a variety of inhomogeneous polar textures
can emerge instead. Several mechanisms contribute to this.
The multiplicity of energetically equivalent polar states allows
the material to break up into domains separated by domain
walls of different types, whose coexistence and combination
can already give rise to non-trivial polar arrangements. On top
of this, polarization and strain gradients, depolarizing fields,
and epitaxial strain provide additional driving forces that
further shape the resulting textures. This chapter is devoted
to the characterization of such textures in perovskite oxides,
with the aim of identifying the mechanisms that govern their
internal structure and assessing how robust they are to their
environment.

The chapter is organized around two complementary settings.
The first part addresses polar textures in bulk crystals, where
the absence of interfaces isolates their intrinsic properties.
The case of 180◦ domain walls in PbTiO3 is examined first,
with particular attention to the in-plane Bloch component that
develops at the wall center, to the ferroelectric-to-paraelectric
transition occurring within the wall, and to the sensitivity
of the Bloch component to mechanical boundary conditions.
Because this Bloch component is itself ferroelectric, it can
be manipulated and reversed, and serves as the building
block for topological polar textures in tetragonal PbTiO3. The
discussion then turns to the stabilization of skyrmion and
antiskyrmion tubes that can be stabilized in rhombohedral
BaTiO3 and KNbO3. The second part addresses polar textures
in PbTiO3/SrTiO3 heterostructures, where the confinement of
the ferroelectric layer and the presence of interfaces introduce
additional competing contributions. The question of whether
the Bloch character of 180◦ domain walls persists in this
geometry is examined first.
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5.1.1 Bloch domain wall in PbTiO3

x
yz

1 n
1 n

Cell index

Figure 5.1: Schematic representation of the
(2𝑛+2)×1×1 supercell used to model 180◦
ferroelectric domain walls in bulk PbTiO3.
The black arrows indicate the orientation
of the Ising polarization component 𝑃𝑧 in
each domain, pointing upward and down-
ward in alternating halves of the supercell.
The colored planes mark the positions of
the two domain walls, each centered on a
PbO plane and lying in the 𝑦𝑧 plane. The
colored arrows indicate the Bloch polariza-
tion component 𝑃𝑦 confined at the domain
walls. The domain width is 𝑛 unit cells
on each side, with the domain wall itself
occupying a single unit cell, as indicated
by the cell index below.

A domain wall separating two antiparallel polarization do-
mains is classified according to the character of the polar-
ization within the wall. In the Ising case, the polarization
simply vanishes at the wall center with no in-plane com-
ponent. When an in-plane component develops, the wall
acquires a mixed character: it is termed Bloch if this compo-
nent is oriented perpendicular to the domain wall normal,
and Néel if it is oriented parallel to it [48], as introduced
in Section 2.3.3. Early first-principles studies by Meyer and
Vanderbilt [190] concluded that 180◦ domain walls in bulk
PbTiO3 were purely of Ising character, with no polarization
component at the wall center. This picture was later revised
by Wojdeł and Íñiguez [191], who proposed that the domain
wall can develop a spontaneous ferroelectric component in
the wall plane, with an amplitude of approximately 0.4 C/m2

primarily driven by Pb displacements in the PbO plane, as
illustrated in Figure 5.1. This in-plane component, now com-
monly referred to as the Bloch component, carries important
physical consequences: it breaks the mirror symmetry of the
domain wall and endows it with a chiral character, with direct
implications for the emergence of topological polar textures
in PbTiO3-based systems [194] detailed in Section 5.1.2.

Building on these findings, the work presented in this section
reinvestigates 180◦ domain walls in bulk PbTiO3 in greater
depth, combining second-principles large-scale atomistic
simulations [195] and first-principles calculations [244], with a
particular focus on the ferroelectric-to-paraelectric transition
occurring within the domain wall and on the sensitivity of
the Bloch component to mechanical boundary conditions.

First-principles

Strain dependence of Bloch domain wall – The 180◦ stripe
domain in bulk PbTiO3 were first reinvestigated at the first-
principles level using the same DFT parameters as for the
construction of the PbTiO3 model described in Section 4.3.3,
with the 𝑘-point mesh adapted to the supercell dimensions.
To this end, the five-atom unit cell was replicated 20 times
along the [100] direction, building a 20×1×1 supercell of 100
atoms, as shown in Figure 5.1. The domain wall was centered
on a PbO plane, which is the energetically preferred config-
uration with respect to the TiO2-centered alternative [190].
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The bulk soft-mode distortion of the tetragonal phase was
then superimposed on the atomic positions such that the
polarization points upward in one half of the supercell and
downward in the other. With this geometry, the domain wall
lies in the 𝑦𝑧 plane, the Ising polarization within the domains
points along 𝑧, the Bloch component at the wall lies along 𝑦,
and the Néel component along 𝑥. At this point, it is important
to emphasize that the systems studied in this section are
bulk ferroelectrics without interfaces to dielectric or metallic
layers that could give rise to bound surface charges. Besides,
periodic boundary conditions are imposed in all three spatial
directions. This enforces continuity of the normal component
of the polarization and precludes the formation of surface
charges, thereby eliminating any macroscopic depolarization
field along 𝑧. In the absence of significant depolarization
fields, the true ground state of the system is monodomain.
The domain structures analyzed in this work should thus
be viewed as metastable configurations, stabilized under the
considered specific conditions.

The stability of the different domain wall configurations is
characterized through three energy quantities. The Ising
domain wall energy 𝐸Ising

DW measures the energy cost of form-
ing a 180◦ domain wall with no Néel or Bloch component
with respect to the homogeneous ferroelectric phase, and is
computed as

𝐸
Ising
DW =

1
2𝐴

(
𝐸

Ising
sc − 20 × 𝐸ferro

bulk

)
, (5.1)

where 𝐸Ising
sc is the energy of the relaxed supercell where

only the Ising domain is allowed to condense (i.e. atomic
relaxation along 𝑧 only), 𝐸ferro

bulk is the reference energy of the
bulk structure (without domain walls), calculated from a
single perovskite unit cell in the relaxed ferroelectric phase.
The factor of 1/2 is due to the fact that in a supercell with
periodic boundary conditions there are two domain walls. 𝐴
represents the area of the domain wall, computed from the
corresponding lattice parameter within the supercell. Since
the most stable structure in bulk PbTiO3 under short-circuit
boundary conditions is the monodomain ferroelectric phase,
𝐸

Ising
DW is positive. Domain walls energies will be given in

units of mJ/m2 or in units of meV/□, where the square "□"
represents the cell surface area of the domain wall.
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The second relevant magnitude is the energy gain for con-
densing only the Néel component at the domain wall on top of
the Ising configuration (i.e. atomic relaxation along 𝑧 and 𝑥).
This is referred from now on as 𝐸Neel

DW . It is computed applying
an equivalent relation as the one described by Eq. (5.1) with
𝐸

Ising
sc replaced by 𝐸Neel

sc , the energy of the relaxed structure
allowing for a Néel component at the domain wall. During
this process, the appearance of a Bloch component of the
polarization at the domain wall is constrained. It is important
to emphasize that the distinction that is drawn between Ising
and Néel-type domains is not commonly made in the liter-
ature. In many cases, the term “Ising domain” is used even
when a Néel component and the associated inhomogeneous
strain relaxations along the 𝑥-direction are present. This is,
for instance, the case of Refs. [185, 190, 191]. This point will be
discussed further below. This practice arises because, upon
structural relaxation, the Néel component develops naturally
contrary to the Bloch component that requires an explicit
breaking of symmetry to emerge.

Finally, if on top of the most stable Ising and Néel components
of the polarization at the domain wall, the condensation of
the Bloch component is allowed (i.e. atomic relaxation along
𝑥, 𝑦 and 𝑧), 𝐸Bloch

DW can be defined by applying an equivalent
relation as the one described by Eq. (5.1), but introducing
𝐸Bloch

sc as the energy of the most stable ferroelectric polar-
ization (including both Néel and Bloch components). The
difference between 𝐸Bloch

DW and 𝐸Neel
DW is particularly relevant

to estimate the critical temperature upon which the Bloch
component is unstable𝑇DW

C . Structural relaxation using BFGS
algorithm has been performed with a convergence criteria of
2.5×10−3 eV/Å for the maximum component of the force on
any atom and 2.5×10−5 eV/Å3 for the maximum component
of the stress tensor. The local polarization is computed follow-
ing the standard approach of Ref. [190], as the product of the
Born effective charges of the cubic reference structure and the
atomic displacements with respect to the centrosymmetric
phase, evaluated on five-atom unit cells centered on either
Pb or Ti depending on the plane.

The relaxed atomic structures of the supercell were obtained
under various epitaxial strain conditions. These include: (i)
full relaxation of both atomic positions and lattice vectors;
(ii) relaxation with lattice constants fixed to those of the
optimized bulk tetragonal ferroelectric phase (see Table 4.6);
(iii) relaxation under the epitaxial constraint imposed by



5.1 Polar textures in bulk crystals 155

a hypothetical SrTiO3 substrate (𝑎 = 𝑏 = 3.889 Å); and
(iv) relaxation under strain conditions corresponding to a
DyScO3 substrate, both assuming a square surface unit cell
(𝑎 = 𝑏 = 3.912 Å), or an orthorhombic one (𝑎 = 3.912 Å and
𝑏 = 3.916 or 𝑎 = 3.916 Å and 𝑏 = 3.912 Å). The corresponding
layer-resolved polarization profiles are presented in Figure
5.2.
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Figure 5.2: Layer-resolved polarization pro-
files across 180◦ ferroelectric domains in
bulk PbTiO3 under six different epitax-
ial strain conditions: (a) full relaxation of
atomic positions and lattice vectors; (b)
relaxation with lattice parameters fixed
to those of the optimized bulk tetrago-
nal ferroelectric phase (see Table 4.6); (c)
relaxation under an epitaxial constraint
mimicking a hypothetical SrTiO3 substrate
(𝑎 = 𝑏 = 3.889 Å) ; (d) relaxation un-
der strain corresponding to a DyScO3
substrate with a square surface unit cell
(𝑎 = 𝑏 = 3.912 Å); (e) relaxation with or-
thorhombic DyScO3 substrate constraints,
𝑎 = 3.912 Å and 𝑏 = 3.916 Å; and (f) the
same as (e) but with 𝑎 = 3.916 Å and
𝑏 = 3.912 Å. Vertical dashed lines mark the
position of the PbO plane at the domain
wall. Inset: zoom on the 𝑃𝑥 component
around the domain wall.

The results presented in Figure 5.2 are consistent with
prior findings [245], the 180◦ ferroelectric domain walls are
atomically narrow, with a width on the order of the lattice
constant. The domain wall width was extracted by fitting
the polarization profile to the functional form proposed by
Gureev and co-workers [246],

𝑃(𝑥) = 𝑃0 tanh
(
𝑥

𝛿

)
, (5.2)

where 𝛿 denotes the characteristic half-width of the domain
wall, such that the full transition from −𝑃0 to 𝑃0 extends
over approximately 4𝛿. The results reveal that 𝛿 increases
with the in-plane lattice parameter, ranging from 2.06 Å at
𝑎 = 3.871 Å to 2.45 Å at 𝑎 = 3.916 Å, reflecting a broadening
of the domain wall under tensile strain conditions as detailed
in Table 5.1.
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The position-dependent variations of the in-plane strain 𝜂𝑥𝑥
(𝜂1 in Voigt notation) computed with respect to the bulk tetrag-
onal ferroelectric in-plane lattice constant, illustrated in Figure
5.3, give rise to a Néel component 𝑃𝑥 through flexoelectric
coupling. The associated strain gradient, 𝜀𝑥𝑥,𝑥(𝑥) = 𝜕𝜂𝑥𝑥/𝜕𝑥,
becomes nonzero. While 𝑃𝑥 remains small (see insets of. Fig-
ure 5.2), it peaks at the PbO planes where 𝜂1 reaches up to
0.8%. Conversely, 𝜂1 drops to −0.06% at the domain wall,
where 𝑃𝑥 vanishes. This inhomogeneous strain distribution
helps relax the elastic energy and is reflected in the energetics
summarized in Table 5.1 and discussed below. Importantly,
the symmetry-adapted form of the flexoelectric tensor for the
considered space group (𝑃2221) prohibits coupling between
the strain gradient 𝜂𝑥𝑥,𝑥 and the Bloch component of the
polarization, 𝑃𝑦 [247].
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Figure 5.3: Layer-resolved profile of the
in-plane strain component 𝜂1, evaluated
with respect to the in-plane lattice constant
of the bulk tetragonal ferroelectric phase.
The strain is shown for three relaxation
scenarios: (triangle) only the Ising com-
ponent 𝑃𝑧 of the polarization is allowed
to relax; (square) both the Néel (𝑃𝑥 ) and
Ising (𝑃𝑧 ) components are relaxed; (dots)
all three components of the polarization,
including the Bloch component (𝑃𝑦 ), are
relaxed. In all cases, the lattice vectors are
fully relaxed.

Finally, under full relaxation, a Bloch component is clearly
observed, whose magnitude increases with in-plane lattice
constant 𝑏, as illustrated in Figure 5.2. It originates from
displacements of Pb atoms along the 𝑦 direction [185, 191, 248,
249]. For the fully relaxed structure, the Pb displacement is
Δ𝑦Pb = 0.20 Å, decreasing to Δ𝑦Pb = 0.19 Å under the SrTiO3
epitaxial constraint. The amplitude of the Bloch component
at the minimum is also strongly dependent on the epitaxial
strain, ranging from 0.28 C/m2 when the cell parameters of
bulk tetragonal are imposed to 0.49 C/m2 when a DyScO3
substrate is assumed.

Table 5.1: Calculated domain wall energies
using DFT under various epitaxial strain
conditions for a supercell of 20 × 1 × 1 u.c.
(domain width of 10 u.c.). Lattice constants
𝑎, 𝑏, and 𝑐 (in Å) correspond to the three
Cartesian directions. 𝑃0 (in C/m2) denotes
the polarization at the center of the do-
main, and 𝛿 (in Å) is the half-width of the
domain wall, both obtained by fitting the
polarization profiles to the functional form
given in Eq. (5.2). Domain wall energies are
reported in mJ/m2, with values in meV/□
given in brackets.

𝑎 𝑏 𝑐 𝑃0 𝛿 𝐸
Ising
DW 𝐸Neel

DW 𝐸Bloch
DW

Fully relaxed
3.884 3.884 4.122 1.01 2.20 200.2 (200.1) 194.2 (193.9) 190.0 (189.7)

3.892 [185] 3.897 [185] 4.075 [185] 179.5 (178.0) [185] 173.1 (171.5) [185]
152.0 (148.0) [191] 147.9 (144.0) [191]

Fixed to bulk tetragonal ferroelectric
3.861 3.861 4.244 1.2 2.06 – – 227.2 (232.3)

Strained on cubic SrTiO3
3.889 3.889 4.110 0.99 2.21 – – 191.4 (190.9)

Strained on cubic DyScO3
3.912 3.912 4.061 0.92 2.39 – – 225.6 (227.5)

Strained on orthorhombic DyScO3 (𝑎 < 𝑏)
3.912 3.916 4.057 0.91 2.38 – – 230.8 (232.7)

Strained on orthorhombic DyScO3 (𝑎 > 𝑏)
3.916 3.912 4.057 0.91 2.45 – – 233.9 (231.6)

From an energetic perspective, the Ising domain wall energy
of the fully relaxed PbO-centered configuration amounts to
200.2 mJ/m2 (200.1 meV/□), to be compared with 179.5 mJ/m2

(178.0 meV/□) from Ref. [185]. Meyer and Vanderbilt obtained
a lower value of 132 mJ/m2 (128.5 meV/□) at the LDA level
using a 12 × 1 × 1 supercell with lattice vectors constrained
to the bulk tetragonal ferroelectric unit cell [190]. It is worth
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recalling that the “Ising” domain wall energies reported
in Refs. [185, 190, 191] correspond to Néel wall energies in
the notation adopted here, which should be kept in mind
when comparing the absolute values. While this is primarily
a matter of nomenclature, it is an important point when
comparing energies across studies. The remaining discrep-
ancies can be attributed to differences in the DFT functional
(LDA in Ref. [190] and PBEsol in Refs. [185, 191] and in this
work), pseudopotentials, and basis sets. Notably, when the
same pseudopotentials are used, the agreement in energy
differences improves.

When a Néel-type polarization component is allowed at the
domain wall in the fully relaxed case, the energy decreases
by approximately 6.0 mJ/m2 (6.2 meV/□), in good agree-
ment with the value of 6.4 mJ/m2 reported in Ref. [185].
This energy gain is surprisingly large given the relatively
small amplitude of the Néel polarization component, and is
attributed to the relaxation of the elastic energy produced by
an inhomogeneous strain at the domain wall, as discussed
above.

The full development of the Bloch component leads to an
additional energy reduction that strongly depends on the
imposed in-plane lattice constant. In the fully relaxed struc-
ture, this reduction amounts to 4.2 mJ/m2 (4.2 meV/□), in
good agreement with Ref. [185] (6.4 mJ/m2) and Ref. [191]
(4.1 mJ/m2). First-principles calculations reported in Ref. [244]
further show that, under a tensile strain akin to that imposed
by a DyScO3 substrate, this energy reduction increases sub-
stantially, reaching approximately 10.7 mJ/m2 (10.6 meV/□).
This trend is consistent with previous studies on the phase
diagram of bulk PbTiO3 under strain, where tensile strains
favor polarization rotation from the purely tetragonal 𝑐-phase
toward phases with non-vanishing in-plane components [250,
251]. The absence of any increase in the Néel component 𝑃𝑥
with strain reflects symmetry constraints enforcing head-to-
head and tail-to-tail polarization configurations, which are
electrostatically unfavorable.

This strain dependence of the Bloch energy well suggests that
the critical temperature below which the Bloch component
stabilizes is highly sensitive to the mechanical boundary
conditions. It should however be noted that the conclusions
drawn here for the DyScO3 strain conditions must be inter-
preted with some caution. Under such tensile strain, bulk
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PbTiO3 is known to favor the formation of 𝑎/𝑐 domain struc-
tures [252, 253]. However, the periodic boundary conditions
imposed in the present DFT calculations enforce a strict peri-
odicity of the domain configuration and preclude any modu-
lation along the 𝑦 and 𝑧 directions, making such 𝑎/𝑐 domain
structures inaccessible within this computational framework.
Furthermore, the supercell sizes required to properly describe
these configurations would be computationally prohibitive
at the DFT level. The strain-dependent trends reported here
should therefore be understood as pertaining specifically to
the constrained stripe domain geometry considered in this
work.

Second-principles

While DFT calculations remain tractable for the supercell sizes
considered above, the exploration of more complex domain
configurations, larger domain widths, and finite-temperature
behavior requires system sizes that quickly become pro-
hibitive at the first-principles level. The second-principles
interatomic potential constructed in Section 4.3.3 is therefore
employed, providing access to much larger supercells and
longer simulation times while retaining first-principles accu-
racy. As a preliminary validation, the domain wall energies
and polarization components of the model are compared
against DFT for conventional 180◦ and 90◦ domain wall config-
urations, using the same nomenclature as above. The results,
summarized in Table 5.2, show good agreement between the
model and DFT for both Ising and Ising+Néel configurations
of the 180◦ domain wall, as well as for the 90◦ Ising+Néel
wall following the setup of Ref. [190].

Table 5.2: Comparison of domain wall
energies (mJ/m2) and maximal polariza-
tion components (𝜇C/cm2) for a 180◦ Pb-
centered stripe configuration with a do-
main width of 10 u.c. (1 × 1 × 20 u.c. sim-
ulation box) and for a 90◦ O-O-centered
configuration with a domain width of 4 u.c.
(1 × 1 × 8 u.c. simulation box). Values in
parentheses correspond to DFT results for
the 180◦ cases and to Ref. [190] for the 90◦
case.

Type 𝐸DW 𝑃𝑥 𝑃𝑦 𝑃𝑧

Constrained 180◦ Ising 206 (200) 0.0 (0.0) 0.0 (0.0) 93 (102)
Fully relaxed 180◦ Ising + Néel 201 (194) 0.15 (0.37) 0.0 (0.0) 93 (102)
Fully relaxed 180◦ Bloch 195 (190) 0.17 (0.33) 36 (36) 93 (101)
Fixed cell 90◦ 39 (32.5) 3 × 10−4 42 67

With the model validated on conventional domain wall config-
urations, it can be applied with confidence to the exploration
of Bloch-type walls. As illustrated in Figure 5.4, and without
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having been explicitly trained on such inhomogeneous con-
figurations, the model predicts a spontaneous ferroelectric
Bloch component confined at the 180◦ domain wall, with
an amplitude of 𝑃𝑦 = 36 𝜇C/cm2, in excellent agreement
with the DFT result reported in Figure 5.2 and with previous
theoretical predictions [191, 248]. The energy difference be-
tween the fully relaxed Ising+Néel and Bloch configurations
amounts to approximately 6 mJ/m2 (6 meV/□), in good agree-
ment with DFT (Table 5.2), with the total energy difference
across the supercell differing by only 3.8 meV per formula
unit. The robustness of the model is further confirmed by
the fact that the Bloch domain wall energy is independent of
whether the Bloch components in adjacent walls are aligned
or anti-aligned, consistent with the expected ferroelectric
character of this component.
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Figure 5.4: Polarization profile of 𝑃 ∥ [001]
(𝑃𝑧 ) (purple) and 𝑃 ∥ [010] (𝑃𝑦 ) (orange)
in a 180◦ domain structure from second-
principles.

With the domain wall energetics and polarization components
of the model validated against DFT, the structural properties
of the domain wall can now be examined in greater detail. In-
terestingly, both layer-by-layer polarization profiles in Figure
5.2 (a) and Figure 5.4 exhibit a plateau beginning at the second
TiO2 plane, with a saturation value of 𝑃0 lower than the bulk
value reported in Table 4.6. This discrepancy arises from the
competition between the 𝑐 lattice parameter preferred at the
domain center, where 𝑃𝑧 saturates, and the shorter 𝑐 favored
near the domain wall, where 𝑃𝑧 vanishes. The relaxed out-of-
plane parameter of the full domain structure is 𝑐 = 4.122 Å,
i.e., 2.87% shorter than the bulk tetragonal value, with a
concomitant increase of the in-plane lattice constant from
3.861 Å to 3.884 Å. The local in-plane strain 𝜂1 illustrated in
Figure 5.3, exhibits a uniform tensile strain of approximately
0.54% within the domain interior. This effect diminishes as
the domain width increases, since the contribution from the
domain interior grows relative to the domain wall region.
This sensitivity of the lattice parameters to the domain width
has direct consequences on the convergence of the domain
wall energies. In other words, the strong coupling between
polarization and strain drives the system to locally align the
tetragonality with the polarization direction. In the domain
interior, where the polarization points along 𝑧, the unit cell
tends to elongate along 𝑧 while contracting along 𝑥 and 𝑦.
In contrast, within the domain wall, the polarization rotates
toward the 𝑦 direction, leading to a preferred elongation
along 𝑦 and contraction along 𝑥 and 𝑧, as illustrated in Figure
5.5. This results in a competition between the structural pref-
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erences of the domain interior and those of the domain wall,
forcing the system to adopt a compromise configuration.⊗ P⃗P⃗

Figure 5.5: Illustration of the elastic compe-
tition between the domain an the domain
wall in PbTiO3.
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c∞ − 0.56/t0.77

Fully relaxed

(a)

(b)

Figure 5.6: (a) Convergence of the Bloch
DW energies with respect to the domain
width 𝑡 in the fully relaxed case, con-
strained to the bulk tetragonal cell param-
eters case and DFT fully relaxed results
(green stars). The solid lines represents a
power-law fit to the energies on the fully
relaxed case. (b) Convergence of 𝑐 lattice pa-
rameter with respect to the domain width
fitted with a power-law.

For this reason, domain wall energies are inherently difficult
to converge, as the associated strain relaxations are long-
range in nature and DW energies evolve strongly with the
domain density [254]. In the present work, stripe domain
configurations are considered with a domain width 𝑡 = 𝐿/2,
where 𝐿 is the supercell size along 𝑥, such that each supercell
always contains two domain walls. Under fully relaxed condi-
tions, increasing 𝑡 modifies the lattice parameters and in turn
influences 𝐸DW as shown in Figure 5.6. Alternatively, fixing
the lattice parameters to their bulk values provides a practi-
cal estimate of the isolated domain wall energy from small
supercells [190]. The evolution of 𝑐 and 𝐸DW as a function of 𝑡,
obtained from second-principles simulations, is shown in Fig-
ure 5.6. Both quantities converge slowly under full relaxation,
following a power-law dependence on 𝑡. Fixing the lattice
constants to their bulk values yields domain wall energies in
excellent agreement with the extrapolated isolated domain
wall limit, consistent with previous findings [190].
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Figure 5.7: Results of NEB calculations
illustrating the domain wall energy evo-
lution along the transition from a Bloch
domain wall to two distinct monodomain
configurations: one with the final polariza-
tion aligned parallel to the original domain
polarization and the other with the final
polarization oriented perpendicular to the
original domain polarization. Both NEB
paths are compared against DFT calcula-
tions.

Domain wall-domain wall interaction – To investigate the
mechanism by which a domain wall configuration transitions
to a monodomain state, NEB calculations were performed.
Two possible monodomain states exist: one aligned with the
polarization in the domain interior, and another aligned with
the Bloch component of the domain wall. This distinction
is crucial for understanding how an applied electric field
will drive the system toward a monodomain state, and pro-
vides insight into how domain walls vanish with increasing
temperature. The resulting transition paths are presented in
Figure 5.7.

The pathway from a Bloch domain wall to a monodomain
aligned with one of the original domains (along 𝑧) involves
domain wall displacement followed by annihilation, passing
through several local minima as the walls approach each
other. The last local minimum arises when the walls are
separated by three unit cells, beyond which the system evolves
continuously toward the monodomain state. This is consistent
with the domain wall width of approximately 4𝛿, i.e., roughly
two unit cells, extracted from Table 5.1: once the two walls are
closer than this characteristic length, their profiles overlap
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and the system can no longer sustain two distinct walls. In
contrast, the transition toward a monodomain aligned with
the Bloch component (along 𝑦) follows a smooth rotation of
the domain polarization. Both transitions exhibit comparable
energy barriers, significantly higher than that of the Bloch-to-
Ising transition, suggesting that with increasing temperature
the system will first undergo a Bloch-to-Ising transition before
complete suppression of the domain wall, consistent with
previous findings [191]. As further confirmed in Figure 5.7,
the model accurately reproduces the energetics of the Bloch
domain wall configuration with respect to DFT and the energy
path of the transition to the monodomain state.

The interaction between domain walls as they approach each
other is further examined in Figure 5.8. Significant interac-
tions arise when the walls are separated by less than three
unit cells, and their strength increases exponentially with
decreasing separation, following approximately ∼7.2 𝑒−1.2𝑥 ,
where 𝑥 is the inter-wall distance. A power law of the type
2.1/𝑥1.8 appears less appropriate by comparison. This ex-
ponential decay reflects the short-range character of direct
domain wall interactions, consistent with the characteristic
domain wall width of 4𝛿 ≈ 2.5 unit cells extracted from Table
5.1, and contrasts with the slower power-law convergence
of domain wall energies with domain density, which is gov-
erned by long-range elastic relaxations [244]. Beyond four
unit cells, domain walls do not interact significantly, which
may cause the Bloch component to disorder with increasing
temperature, complicating its experimental detection. This
is a direct consequence of the ferroelectric nature of the do-
main wall, meaning that the relative orientation of the Bloch
components in adjacent walls becomes irrelevant at larger
separations.
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Figure 5.9: Polarization profile in x-z plane
highlighting the appearance of Ising lines
within the domain wall.

Disorder within domain walls – The possibility of Ising line
disorder within the domain wall is also investigated, follow-
ing the proposal of Stepkova and co-workers in BaTiO3 [255].
As shown in Figure 5.9, the relaxed structure inside the
180◦ domain wall of PbTiO3 closely resembles the Ising line
configuration predicted for BaTiO3 [256] and observed exper-
imentally in LiTaO3 [257]. The Ising line configuration lies
2.95 meV/□ above the uniformly ordered Bloch configuration.
This appears to be the first prediction of Ising lines in PbTiO3,
which calls for experimental verification. This finding also
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highlights the difficulty of detecting the Bloch component
through techniques such as X-ray diffraction, which require
a well-ordered Bloch component for unambiguous observa-
tion [185].

5.1.2 Topological polar textures in PbTiO3

Recently, topological textures such as magnetic skyrmions
have attracted considerable attention in magnetic materials
for their potential applications in information storage and
processing [258]. Their electric analogs in ferroelectrics were
long considered unlikely, given the strong coupling between
polarization and strain that tends to penalize polarization
rotation, and the few examples reported prior to 2019 were
confined to specific heterostructures [193]. Pereira Gonçalves
and co-workers [194] proposed an elegant route to stabilize
such textures in simple bulk ferroelectrics: consider a colum-
nar nanodomain polarized along +𝑧, embedded in a matrix
of opposite polarization along −𝑧. The closed 180◦ domain
wall encircling this nanodomain naturally develops a spon-
taneous Bloch component that winds continuously around
the domain boundary, giving rise to a non-zero topological
charge 𝑄 = 1 and stabilizing an electric skyrmion bubble in
bulk PbTiO3 as illustrated in Figure 5.10 (a).

In the magnetism community, a distinction is sometimes
drawn between skyrmions, stabilized by chiral Dzyaloshinskii-
Moriya interactions, and skyrmion bubbles, stabilized by
non-chiral dipolar interactions, despite both carrying the
same topological charge [258]. Whether an analogous dis-
tinction applies in the ferroelectric context remains an open
question. Following the convention of Ref. [194], the term
skyrmion is used throughout this chapter to refer to any
𝑄 = 1 polar texture, without implying a specific stabilization
mechanism.

Stabilization of polar skyrmionic textures – Since the
second-principles model accurately reproduces the Bloch
domain wall structure of PbTiO3, which constitutes the fun-
damental building block of the electric skyrmion, it can be
used to stabilize and characterize such configurations. Follow-
ing the procedure described in Ref. [194] (see Figure 5.10 (a)),
a polar Bloch skyrmion is stabilized as shown in Figure
5.10 (c). The relaxed polarization profile exhibits a tightly
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bound vortex-like arrangement, with the in-plane polariza-
tion components winding continuously around a central core
polarized antiparallel to the surrounding matrix.
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Figure 5.10: Skyrmion, skyrmionium, target-skyrmion and skyrmion bag in PbTiO3. (a) Sketch of a Bloch skyrmion. (b)
Sketch of a skyrmionium constructed using 180◦ domains. (c) Relaxed Bloch skyrmion using a 20 × 20 × 1 supercell,
starting from the configuration of panel (a). (d) Relaxed Bloch skyrmionium using a 32 × 32 × 1 supercell, starting from the
configuration of panel (b). (e) Results of a NEB calculation along the path between the skyrmion and monodomain states
using a 20 × 20 × 1 supercell. (f) Relaxed Bloch target-skyrmion using a 41 × 41 × 1 supercell. (g) Relaxed Bloch skyrmion
bag using a 40 × 40 × 1 supercell.

To analyze the transition from a skyrmion to a monodomain
state, NEB calculation has been performed. Figure 5.10 (e) il-
lustrates the minimum energy pathway, where the skyrmion
progressively shrinks while transforming into a monodomain
structure. Along this pathway, several intermediate configu-
rations are observed, some of which correspond to distinct
metastable states. This finding agrees with finite-temperature
simulations. Indeed, the skyrmion remains stable up to 50 K
in a 20 × 20 × 4 supercell. Beyond this temperature, thermal
effects induce its collapse into a monodomain state through a
pinning–depinning transition. This behavior aligns with the
observations of Liu and co-workers in Ref. [259].

In addition, the last minimum exhibited by the NEB calcu-
lation corresponds to a skyrmion radius of four unit cells,
which is consistent with the domain wall interaction length
discussed in Section 5.1.1.
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Given the robustness of the model in reproducing topologies
reported in the literature, additional polar textures have
been explored. Following the scheme illustrated in Figure
5.10 (b), a Bloch-type skyrmionium has been constructed.
This structure consists of a central core encircled by a ring of
opposite polarization, yielding a net zero topological charge
(𝑄 = 0). The resulting stabilized configuration is shown in
Figure 5.10 (d). Although topologically trivial, it exhibits a
spatially complex structure with concentric domain walls
that makes it physically distinct from a simple monodomain
state. Analogous textures have been previously reported
in ferromagnetic systems under various names, including
"2𝜋-vortex" [260, 261] and "donut skyrmion" [262]. The term
skyrmionium is usually given to a skyrmion surrounded by
a domain wall of opposite topological charge [263] and it is
the convention adopted here.

The term "target-skyrmion" [264] is also sometimes used for
such structures but, rigorously speaking, target-skyrmion
more precisely refers to multi-ring textures with nonzero
topological charge. In the present work, the target-skyrmion
would consists of multiple concentric polarization domains,
giving rise to a nonzero topological charge. They are success-
fully stabilized in PbTiO3, as illustrated in Figure 5.10 (d).
Figure 5.10 highlights the rich diversity of topological struc-
tures accessible in ferroelectrics and point to new possibilities
for information encoding based on topological textures. These
structures can be understood within a unified 𝑘𝜋-skyrmion
framework, where the out-of-plane polarization component
reverses 𝑘 times between the center and the periphery. Within
this scheme, the standard skyrmion, skyrmionium, and target-
skyrmion correspond to 𝑘 = 1, 𝑘 = 2, and 𝑘 = 3, respectively,
reflecting increasing radial complexity and domain wall mul-
tiplicity [260]. Here, these textures are stabilized by selectively
reversing the sign of 𝑃𝑧 within the skyrmion core. By control-
ling the number and spatial arrangement of these reversals,
we can in principle realize 𝑘𝜋-skyrmions with arbitrary val-
ues of 𝑘, limited only by the physical size of the system. While
𝑘𝜋-skyrmion textures have been observed in PbTiO3/ SrTiO3
superlattices, where interfacial coupling facilitates their for-
mation [265, 266], the results presented here demonstrate
that a broader variety of topological structures can also be
stabilized in bulk PbTiO3.

Finally, “skyrmion bags” are also sometimes reported in mag-
netic systems [264, 267]. They consists of several skyrmion-
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like cores confined within a larger enclosing domain wall,
resulting in a composite texture with higher total topological
charge. They can also be stabilized in PbTiO3 as illustrated
in Figure 5.10 (g). Depending on the number of skyrmion
inside the bag, the topological charge𝑄 can take any arbitrary
value.

Influence of biaxial strain – The skyrmions discussed ear-
lier emerge from the Bloch component of the domain wall.
An anti-skyrmion can thus be constructed by reversing the
internal structure of this component, as shown in Figure
5.11 (a). This approach is justified by the ferroelectric nature
of the Bloch component.

In the absence of strain constraints, the skyrmion is more
stable than the anti-skyrmion, as shown in Figure 5.11 (b).
The anti-skyrmion is not stable at finite temperature. Indeed,
it transforms into a skyrmion even at low temperatures.
Under epitaxial tensile strain, the energy difference between
the skyrmion and the anti-skyrmion increases, as shown
in Figure 5.11 (b). This is due to the enhancement of the
in-plane component under tensile strain. It increases the
energetic cost of the head-to-head configuration in the anti-
skyrmion. However, at a critical threshold (around 3.94 Å), the
energy difference abruptly drops to zero. For cell parameters
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Figure 5.11: Effect of biaxial strain on the stability of skyrmion and anti-skyrmion in PbTiO3. (a) Sketch of the initial
configuration of a skyrmion and an anti-skyrmion and the evolution of the relaxed polar texture of skyrmion and
anti-skyrmion under biaxial strain. (b) Evolution of the difference of energy between skyrmion and anti-skyrmion for
various values of in-plane cell parameters.

above 3.94 Å, the in-plane component of the polarization
extends throughout the supercell. As a result, skyrmions
and anti-skyrmions become energetically degenerate. This is
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due to periodic boundary conditions and the Poincaré–Hopf
theorem [268] which dictates that the total vorticity in the
simulation cell must vanish. As a result, vortex and antivortex
textures must cancel each other. This effect is general for
any skyrmion and antiskyrmion stabilized in rhombohedral
phases, as discussed in greater details in Section 5.1.3. It
is worth noting that, as far as can be determined from the
literature, anti-skyrmions have not yet been experimentally
observed in PbTiO3, representing an open challenge for
experimental verification.

Finally, Figure 5.11 (b) also shows that at high compressive
epitaxial strain, the energy difference between skyrmions
and anti-skyrmions tends toward zero. Under compressive
strain, the Bloch component diminishes, consistent with the
strain dependence of the domain wall energetics reported in
Section 5.1.1. As a result, both skyrmion and anti-skyrmion
textures approach an Ising-type domain wall configuration.
At high tensile strain, the out-of-plane polarization compo-
nent progressively diminishes, consistent with the known
tendency of bulk PbTiO3 to adopt the 𝐴𝑚𝑚2 phase under
sufficient tensile strain [251], in which the polarization lies
entirely in-plane. As a result, the out-of-plane component
survives only at the vortex and antivortex cores, transforming
skyrmions and anti-skyrmions into merons and anti-merons
respectively.

5.1.3 Skyrmion and antiskyrmion rhombohedral
ferroelectrics

[1,1,1]pc
[0,1,1̄]pc

[2̄,1,1]pc

Figure 5.12: Schematic representation of
the antiskyrmion tubes with 𝑄 = −2 re-
ported in Ref. [269].

As seen in Section 5.1.2, a Bloch skyrmion tube is stabilized
in bulk PbTiO3 when a polar nanocolumn is embedded in
a matrix of opposite polarization. The question naturally
arises as to whether analogous topological structures can be
stabilized in other ferroelectric perovskites, and in particular
in rhombohedral systems such as BaTiO3. In this context,
fractional Skyrme lines have been predicted in rhombohedral
BaTiO3, confined within 180◦ domain walls [270], although
ordinary skyrmions could not be stabilized in that work. Sep-
arately, antiskyrmion tubes with𝑄 = −2 have been predicted
when a columnar nanodomain is aligned along any ⟨111⟩pc
polar axis [269] (see Figure 5.12), broadening the scope of
topological structures accessible in this material. Here, mo-
tivated by the nanocolumn approach employed in PbTiO3
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presented in Section 5.1.2, a [001]pc-oriented polar nanocol-
umn is constructed in rhombohedral BaTiO3, in which the Ti
displacements responsible for the in-plane and out-of-plane
polarization components are intentionally adjusted to achieve
the desired initial configuration. The same DFT framework
as described in Section 4.3.4, in combination with the second-
principles model introduced therein, is employed throughout
this section. The generality of the approach is further assessed
in KNbO3, a rhombohedral ferroelectric analog of BaTiO3, for
which analogous results are obtained, discussed in greater de-
tail, and compared to those reported for PbTiO3 under tensile
strain in Section 5.1.2. The corresponding DFT calculations
are performed using the Abinit package [122]. For KNbO3,
the GGA with the PBEsol exchange-correlation functional
is employed together with a plane-wave pseudopotential
approach and optimized norm-conserving pseudopotentials
from the PseudoDojo server [75, 156]. The valence electron
configurations are 3𝑠23𝑝64𝑠1 for K, 4𝑠24𝑝64𝑑45𝑠1 for Nb, and
2𝑠22𝑝4 for O. A plane-wave energy cutoff of 40 Ha is used
together with an 8 × 8 × 8 Γ-centered 𝑘-point mesh, adapted
to the supercell size.

Stabilization and topological properties of skyrmion and
antiskyrmion tubes

The relaxation of these initial configurations reveals a distinc-
tive behavior with respect to previously studied topological
textures in bulk ferroelectrics. In previously studied systems
such as strain free PbTiO3 skyrmions (see Section 5.1.2),
[111]pc-oriented antiskyrmion tubes in BaTiO3 [269], and
skyrmion lines in 180◦ domains in BaTiO3 [270], the non-
collinear polarization is confined to the domain wall. In
contrast, as shown in Figure 5.13 (a), the Bloch character of
the polarization is found to extend throughout the entire
matrix of antiparallel polarization after relaxation: although
the out-of-plane polar nanocolumn is confined to a few unit
cells, the vortexlike disturbance of the field, reflected by the
in-plane polarization components, spreads across the whole
supercell.
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Figure 5.13: BaTiO3 polarization map of
(a) DFT equilibrium skyrmion texture ob-
tained after relaxation of manually im-
posed initial Ti displacements. (b) Equilib-
rium antiskyrmion texture obtained after
relaxation of the skyrmion texture after
reverting the sign of the displacements
along 𝑥. Arrows indicate the in-plane com-
ponents of the polarization, whereas the
color map represents the out-of-plane po-
larization.

This behavior can be attributed to two main factors: (i) the
development of an in-plane polarization component reduces
elastic energy, allowing each cell to locally adopt a configura-
tion closer to the nearest ⟨111⟩pc R3m ground state, and (ii)
it mitigates the formation of energetically unfavorable 180◦
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domains, which would otherwise be prohibitively costly, as
reported in Refs. [269, 270]. A similar behavior was reported
in Ref. [194] for PbTiO3 skyrmion tubes subject to tensile
strain exceeding a critical threshold. As demonstrated in
Section 5.1.2, this behavior is confirmed and extended by
the present calculations: both skyrmion and antiskyrmion
textures are stabilized in PbTiO3 over the biaxial strain range
𝑎 ∈ [3.935, 3.970] Å. Together with the stabilization of anal-
ogous structures in KNbO3 (see Figure 5.14), these results
suggest that the extension of the Bloch character throughout
the polarization matrix is a general feature of rhombohedral
ferroelectrics rather than a peculiarity of BaTiO3.
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Figure 5.14: KNbO3 polarization map with
respect to the cubic reference and the unit
cell centred on Nb atom in xy plane. (a)
K-centered skyrmion (b) K-centered anti-
skyrmion (c) Nb-centered skyrmion (d)
Nb-centered anti-skyrmion. The colorbar
represents the out-of-plane polarization
𝑃𝑧 .

Having established the stabilization of these textures, their
topological and chiral properties are now examined. As
shown in Figure 5.15 (a), an integer value of𝑄 = 1 is obtained
for the polar texture shown in Figure 5.13 (a), confirming its
nontrivial topological character. Unlike the antiskyrmions
reported in Ref. [269], the skyrmion textures stabilized here
are found to exhibit a chiral nature, a property of significant
relevance for light-matter interactions with potential applica-
tions in optoelectronics [271]. Such chirality can in principle
be probed experimentally by means of resonant soft X-ray
diffraction-based circular dichroism measurements [272–
276].
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Figure 5.15: Analysis of the topological
charge and helicity of the skyrmion tubes
shown in Figure 5.13. Arrows indicate the
direction of the in-plane polarization com-
ponents. (a,b) The color map represents the
Pontryagin density, integrand of Eq. (2.28)
for the (a) skyrmion case and (b) anti-
skyrmion case. (c) The color map repre-
sents the helicity density computed as the
integrand of Eq. (5.3).

The chirality of the skyrmion tube can be quantified through
the helicity [18, 273, 277, 278],

H =

∭
P(r) · (∇ × P(r)) 𝑑r, (5.3)

which takes a non-zero value whenever the in-plane polar-
ization rotation is coupled to a finite out-of-plane component
at the core, as illustrated in Figure 5.15.

Due to the periodic boundary conditions and the Poincaré-
Hopf theorem [268], the total vorticity in the simulation
supercell must sum to zero. Consequently, the vortex and
antivortex textures must counterbalance each other. As it
can be observed in Figure 5.13 (a) and Figure 5.14 (a,c), the
antivortex is located at the middle of the cell edges. One
may wonder whether the center of the nanocolumn could be
positioned at the antivortex core to stabilize an antiskyrmion
with a topological charge of 𝑄 = −1 in place of a skyrmion.
This can be accomplished by reversing the sign of the atomic
displacements along the 𝑥-direction of the skyrmion texture
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with respect to the cubic reference, effectively transforming
vortices into antivortices and vice versa.

Interestingly, and in contrast to the strain-free case of PbTiO3
(see Section 5.1.2) skyrmion, the position of the nanocolumn
is found to be flexible and decoupled from the in-plane polar-
ization components, allowing it to align with the antivortex
core and stabilize an antiskyrmion, as illustrated in Figure
5.13 (b). As shown in Section 5.1.2, this flexibility is also
recovered in PbTiO3 when a sufficient biaxial tensile strain
is applied, suggesting that it is the rhombohedral character
of the local polarization that governs this decoupling. The
DFT energy of the antiskyrmion structure is found to be
nearly degenerate with that of the skyrmion (see Figure 5.16),
demonstrating that rhombohedral ferroelectrics can host both
skyrmion and antiskyrmion textures under identical strain
and growing conditions.
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Two distinct types of skyrmions and antiskyrmions are further
identified, depending on whether the vortex and antivortex
cores are centered at Ti or Ba sites. Although the textures
are initially stabilized through intentional Ti displacements,
configurations with the singularity centered at Ba sites are
found to be stable as well. Notably, the Ba-centered configu-
rations are energetically more favorable, lying 1.2 meV/f.u.
below their Ti-centered counterparts in the 7×7×1 supercell.
This energy difference can be understood from the fact that
the vortex and antivortex cores represent the intersection of
two domain walls separating the up/down and left/right
in-plane polarization components, which are more stable
when centered on the Ba site [279]. A detailed energy analy-
sis of both skyrmion and antiskyrmion pairs, together with
NEB [280–282] calculations of the energy barriers between
them, is presented in Figure 5.17.
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Figure 5.17: Energy barrier for the Ba to
Ti centered skyrmions and antiskyrmions
obtained from a NEB calculation with the
second-principles model. Both curves rep-
resent the energy per formula unit with
respect to the cubic reference.

Orientation, size effects and stability of skyrmion tubes

The energy and stability of skyrmion tubes are systematically
investigated as a function of nanocolumn orientation, radius,
and supercell size. Given the nearly degenerate energetics of
Ba- and Ti-centered skyrmion and antiskyrmion textures es-
tablished above, the analysis is carried out on the Ti-centered
skyrmion configuration as a representative case. Orientation
effects are examined with DFT, while stability and size effects
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are studied with the second-principles interatomic potential
presented in Section 4.3.4.

Size dependence of skyrmion tube energetics – The de-
pendence of the defect energy on nanocolumn size is exam-
ined from second-principles for a fixed supercell length of
𝐿 = 21 u.c. Stable configurations are found down to 𝑟 = 1 u.c.,
as illustrated in Figure 5.18, which is notably smaller than
the minimum radius of 4 u.c. reported in Ref. [269], below
which textures decay to a monodomain configuration. The
defect energy is found to scale linearly with the square root
of the nanocolumn area, with metastable states accessible at
different sizes. For instance, doubling the radius from 𝑟 = 1
to 𝑟 = 2 u.c. raises the energy by only Δ𝐸 = 0.07 meV/f.u.,
illustrating the fine tunability of the nanocolumn size.
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Figure 5.18: Stabilization of different
skyrmion in BaTiO3 of 𝑟 = 1 u.c. nanocol-
umn stabilized with the second-principle
interatomic potential using supercell sizes
of 21x21x1 and 7x7x1.

Influence of the orientation of the nanocolumn’s cross
section – As the skyrmion tube is oriented along the [001]pc
direction, its cross-section exhibits a cubic shape, in contrast
to the hexagonal-like cross-sections reported in Ref. [269].
Square nanocolumns are found to align either rhombically,

Figure 5.19: Stabilization of (a) Rhombus
and (b) square-like defects oriented cross
sections of the nanocolumn in BaTiO3. Ar-
rows indicate the in-plane components of
the polarization, whereas the color map
represents the out-of-plane polarization
computed in a supercell of 7x7x1.
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with domain walls along {110}pc as shown in Figure 5.19 (a),
or cubically, with domain walls along {100}pc as shown
in Figure 5.19 (b). Both configurations are stable, with an
energy difference of 0.1 meV/f.u. in the 7 × 7 × 1 supercell.
However, attributing this difference solely to the domain
orientation is not straightforward, as a change in orientation
inevitably affects the nanocolumn area, which influences the
total energy by a comparable amount, as discussed above.
Overall, the energy landscape associated with varying the
nanocolumn cross-section orientation is found to be extremely
flat, suggesting that multiple realizations are accessible and
that dynamical transitions between them are possible at finite
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†Supplemental Video 1 of Ref. [216]

†Supplemental Videos 2 and 3 of Ref. [216]

temperatures, as illustrated in the supplemental video† of
Ref. [216].

Effect of the supercell size – The effect of supercell size is
examined from second-principles by fixing the nanocolumn
radius at 𝑟 = 2 u.c. and varying the supercell length across
𝐿 = 7, 11, 13, 15, 17, 19, 21 u.c. As discussed above, al-
though the nanocolumn size is fixed, the in-plane polarization
components extend across the supercell, locally resembling
the ⟨111⟩pc 𝑅3𝑚 configuration, leading to an asymptotic en-
ergy behavior, as shown in Figure 5.20. As the supercell
grows, regions resembling the ⟨111⟩pc monodomain expand
uniformly while the defect’s energy contribution remains con-
stant. This behavior is accurately described by a power-law
model 𝐸 = 𝐸𝑑 + 𝑎/(𝑥 + 𝑏), allowing the energy difference be-
tween the defect and the rhombohedral monodomain phase
to be extrapolated to the infinite supercell limit.
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Figure 5.20: Energy dependence of a
Ti-centered skyrmion tube exhibiting a
nanocolumn of 2 u.c. as a function of super-
cell size, obtained from second-principles
simulations in BaTiO3. Points indicate the
simulation data, while the solid line repre-
sents a fit to the power-law model and its
asymptotic value as explained in the text.
All energies are calculated with respect to
the 𝑅3𝑚 monodomain ground-state

The asymptotic defect energy extrapolated to the infinite su-
percell limit is 𝐸𝑑 = 0.07 ± 0.01 meV/f.u. above the 𝑅3𝑚
ground state, lying well within the narrow energy win-
dow separating the rhombohedral and orthorhombic 𝐴𝑚𝑚2
phases. This result indicates that the defect introduces only
a minor, localized energy disturbance despite inducing a
large-scale disruption in the polarization pattern, confirming
the metastable character of these topological textures.
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Figure 5.21: Energy barrier for the stability
of Ba and Ti centered skyrmions toward
an homogeneous out-of-plane polarization
state obtained from a NEB calculation with
the second-principles model. Blue and red
curves represent the energy per formula
unit with respect to the cubic reference for
Ba and Ti centered defects respectively.

Stability of the skyrmion tubes – The thermal stability
of skyrmion and antiskyrmion textures is investigated by
means of second-principles finite-temperature molecular
dynamics simulations. Both types of textures are not found
to be equally robust under thermal fluctuations. Ti-centered
defects remain stable up to 𝑇 = 150 K, corresponding to the
𝑅3𝑚 → 𝐴𝑚𝑚2 phase transition reported in Section 4.3.4,
whereas Ba-centered defects collapse already at 𝑇 = 80 K.
Beyond these thresholds, the nanocolumns collapse into a
monodomain out-of-plane polarization while the in-plane
vortex components persist. Despite their lower energy, Ba-
centered defects exhibit a lower barrier to transitioning into
the homogeneous state, as quantified by the NEB calculations
presented in Figure 5.21. The corresponding transition paths
are illustrated in the supplemental† videos of Ref. [216].

https://link.aps.org/supplemental/10.1103/PhysRevB.111.L180104
https://link.aps.org/supplemental/10.1103/PhysRevB.111.L180104
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5.2 Polar textures in heterostructures

As discussed in Section 2.3, heterostructures provide a natu-
ral framework in which non-trivial topological textures can
emerge spontaneously [18]. This behavior originates from
the interplay between electrical, mechanical boundary condi-
tions, which can be tuned independently, in contrast to bulk
ferroelectrics.

This has been clearly illustrated in several phase-field stud-
ies. For instance, Dai and co-workers [283] investigated
(PbTiO3)16/(SrTiO3)16 superlattices under fixed electrical
boundary conditions. By varying the substrate lattice con-
stant from 3.87 Å to 3.99 Å, a sequence of phases was obtained,
evolving from 𝑐 phase to a skyrmion bubble state, then to
a vortex phase, and finally to an 𝑎-twin configuration. In a
complementary approach, Hong and co-workers [284] consid-
ered the opposite situation, where the mechanical boundary
conditions were kept fixed while the electrical boundary
conditions were tuned by varying the periodicity, i.e., the
value of 𝑛 in (PbTiO3)𝑛/(SrTiO3)𝑛 . In this case, the system
was found to evolve through a sequence of phases of the
form 𝑎1/𝑎2 domain configuration to a vortex and finally to
flux-closure by varying 𝑛 from 6 to 54.

Overall, these studies demonstrate that heterostructures ex-
hibit a much richer variety of accessible phases than bulk
ferroelectrics, where similar topological structures are typi-
cally only metastable. This enhanced tunability makes them a
particularly suitable platform for the stabilization and control
of complex polar textures.

5.2.1 Ubiquity of Bloch domain walls in
PbTiO3/SrTiO3 heterostructures

From a theoretical perspective, the presence of a Bloch com-
ponent in 180◦ stripe domain walls in bulk PbTiO3 appears
to be a robust and intrinsic feature. As discussed in Section
5.1, such non-Ising character emerges naturally from the
underlying energetics of the system and is often regarded
as ubiquitous in this material. However, it remains unclear
whether this picture holds in PbTiO3 heterostructures.

In PbTiO3/SrTiO3 heterostructures, the PbTiO3 layer is con-
fined between SrTiO3 layers, which induces a discontinuity
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of the polarization at the interface. This leads to depolarizing
fields that perturb the ideal 180◦ domain-wall configuration
by limiting its extension along the out-of-plane direction and
favoring the formation of flux-closure domains [54].

Within this context, combined experimental and theoretical
investigations have reported the presence of Bloch compo-
nents at 180◦ domain walls in PbTiO3 layers, and have sug-
gested that these may give rise to chiral domain walls [193].
Despite these reports, direct experimental evidence remains
scarce owing to the intrinsic difficulty of probing ferroelectric
domain walls at the nanoscale. Moreover, other experimen-
tal studies based on different techniques, have questioned
the existence of chiral domain walls in PbTiO3-based thin
films [192, 257]. These contrasting observations suggest that
the presence of Bloch components in heterostructures may be
highly sensitive to external conditions. From the theoretical
side, the situation also remains debated. Using the second-
principles model of Wojdeł and Íñiguez constructed from
LDA data [120, 191], Gòmez Ortiz and co-workers investigated
the evolution of polar textures as a function of layer thickness,
epitaxial strain, and temperature [285, 286]. Their calcula-
tions predicted the persistence of a Bloch component of the
polarization within domain walls up to room temperature,
a feature that was further invoked to explain the formation
of polar skyrmions [193]. In contrast, other DFT simulations
of PbTiO3/SrTiO3 based on LDA did not report any Bloch
component [287].

In order to clarify this issue, the second-principles models
introduced in Section 4.3.2 and Section 4.3.3 are combined
to construct PbTiO3/SrTiO3 heterostructures, following the
methodology described in Section 3.2.5. Within this frame-
work, the reference in-plane lattice parameter of the het-
erostructure is determined by minimizing the total elastic
energy of the coupled SrTiO3 and PbTiO3 layers:

𝐶SrTiO3

2

(
𝑎av − 𝑎SrTiO3

𝑎SrTiO3

)2

+ 𝐶PbTiO3

2

(
𝑎av − 𝑎PbTiO3

𝑎PbTiO3

)2

, (5.4)

where 𝐶SrTiO3 (resp. 𝐶PbTiO3 ) denotes the harmonic elastic con-
stant of SrTiO3 (resp. PbTiO3). Minimization of this expression
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yields the equilibrium lattice parameter 𝑎av:

𝑎av = 𝑎SrTiO3 𝑎PbTiO3
©­«
𝐶SrTiO3
𝐶PbTiO3

𝑎SrTiO3 + 𝑎PbTiO3

𝐶SrTiO3
𝐶PbTiO3

𝑎2
SrTiO3

+ 𝑎2
PbTiO3

ª®¬ . (5.5)

In the following, PbTiO3/SrTiO3 superlattices are denoted
as (PTO𝑛|STO𝑚)𝑁 , where 𝑛 and 𝑚 denote the number of
PbTiO3 and SrTiO3 unit cells per period, respectively, and 𝑁
the number of repetitions. All the structures in this section
have been relaxed using the BFGS algorithm in order to
minimize the forces below 1×10−3 eV/Å and the stresses not
constrained by epitaxial strain below 3.7 ×10−5 eV/Å3.

As a prototypical example, (PTO6|STO6)∞ heterostructures
epitaxially grown on a SrTiO3 cubic substrate is considered.
For such layer thicknesses the second-principles simulations
reveal that the equilibrium domain period (Λ𝑑) is approxi-
mately 18 unit cells. For comparison, other calculations found
an equilibrium domain period of 12-14 unit cells at these thick-
nesses [286]. Importantly, as shown in Figure 5.22, while the
presence of a Bloch component is observed in the domain wall
for small lateral domain sizes (𝑃𝑦 = 0.27 C/m2 for Λ𝑑=8 unit
cells), this component progressively reduces with increasing
Λ𝑑 and disappears completely for domain periods larger than
14 unit cells. Consistently, the Bloch component disappears
completely at periods lower than the equilibrium domain pe-
riods of superlattices with different layer thicknesses. Figure
5.22 (c) shows a plot of the magnitude of the Bloch component
as a function of domain period for bulk PbTiO3 strained on
SrTiO3 and for superlattices with varying thickness of PbTiO3
and SrTiO3, specifically (PTO6|STO6)∞, (PTO10|STO6)∞ and
(PTO10|STO10)∞. At the equilibrium domain period for each
system (18, 26, and 24 unit cells, respectively, marked by the
vertical arrows) the magnitude of the Bloch component is
zero.

The absence of Bloch polarization at the domain walls of the
superlattices is at odds with the predictions for bulk PbTiO3
for which the Bloch component is largely independent of the
lateral size of the domains. The disappearance of the Bloch
component in heterostructures is most likely related to the
finite size of the PbTiO3 layer in the simulated PbTiO3/SrTiO3
heterostructures (in contrast to bulk PbTiO3) and appears to
originate from the interaction between the Bloch and flux-
closure components of the polarization. Consecutive panels
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in Figure 5.22 (a) demonstrate that, as the domain period
Λ𝑑 progressively increases, the volume occupied by the flux
closure regions naturally expands to eventually cover the
entire film thickness and suppress the Bloch component.
In the bulk PbTiO3 calculations with periodic boundary
conditions (see Figure 5.22 (b)), which artificially remove
the surface region, the Bloch component remains sizable,
confirming the intrinsic Bloch nature of the domain wall in
PbTiO3 and supporting the interpretation of a surface effect in
PbTiO3/SrTiO3 superlattices. Importantly, second-principles
simulations further reveals that the magnitude of the Bloch
component is strongly sensitive to the epitaxial strain as
shown in Figure 5.22 (d). For a domain period of 12 unit
cells, the Bloch component disappears when the compressive
strain increase from 0 to -0.2%. From a modeling perspective,
these observations mean that making reliable predictions
remains challenging since the results might be very sensitive
to the approximations that are used and the way the strain is
treated in the simulations.

Consecutive panels in Fig. 2(a) demonstrate that, as the
domain period Λd progressively increases, the volume
occupied by the flux closure regions naturally expands
to eventually cover the entire film thickness and suppress
the Bloch component. In the bulk PbTiO3 calculations with
periodic boundary conditions [Fig. 2(b)], which artificially
remove the surface region, the Bloch component remains
sizable (Py ¼ 0.38 C=m2 at Λd ¼ 130 unit cells), confirm-
ing the intrinsic Bloch nature of the domain wall in PbTiO3

and supporting our interpretation of a surface effect in
PbTiO3=SrTiO3 superlattices.

Importantly, we also observe that the magnitude of the
Bloch component is strongly sensitive to the epitaxial strain
as shown in Fig. 2(d). For a domain period of 12 unit cells,
the Bloch component disappears when we increase the
compressive strain from 0 to −0.2% (see Sec. VII for the
definition of the lattice parameters for the PbTiO3=SrTiO3

system). From a modeling perspective, these observations
mean that making reliable predictions remains challenging
since the results might be very sensitive to the approx-
imations that are used and the way the strain is treated in the
simulations. Experimentally, it means that partial relaxation
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FIG. 2. Second-principles calculations of the structure of 180° domain walls in PbTiO3=SrTiO3 superlattices at 0 K. (a) Cross sections
of a ðPTO6jSTO6Þ∞ superlattice period viewed in the x-z plane for domain periods ranging from 8 to 16 unit cells. The color scales
depict the magnitude of Py, whereas the arrows mark the orientation of the spontaneous polarization. The Bloch polarization in the
centers of the 180° domain walls decreases in magnitude with increasing domain period and disappears between 12 and 14 unit cells. (b)
Domain period dependence of the Bloch polarization in bulk PbTiO3 for comparison. No significant changes in the Bloch component
occur. Note the different color scale compared to (a). (c) Plot of the magnitude of the Bloch polarization in the domain walls of bulk
PbTiO3 (red circles) and for PbTiO3=SrTiO3 superlattices with different layer thicknesses as a function of the domain period (both
systems are strained on SrTiO3). The arrows indicate the equilibrium domain periods for the PbTiO3 layer in each superlattice. The
Bloch polarization is systematically zero at the equilibrium domain period. (d) Plot of the Bloch polarization in the domain walls of the
PbTiO3=SrTiO3 superlattice as a function of strain, for a domain period of 10 (green circles) and 12 (purple diamonds) unit cells.
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Figure 5.22: Second-principles calculations
of the structure of 180◦ domain walls in
PbTiO3/SrTiO3 heterostructures ar 0 K.
(a) Cross sections of a (PTO6|STO6)∞ het-
erostructure period viewed in 𝑥 − 𝑦 plane
for domain periods ranging from 8 to 16
unit cells. The color scales depict the mag-
nitude of 𝑃𝑦 , whereas the arrows mark
the orientation of the spontaneous polar-
ization. (b) Domain period dependence of
the Bloch polarization in bulk PbTiO3 for
comparison. Note the different color scale
compared to (a). (c) Plot of the magnitude
of the Bloch polarization in the domain
walls of bulk PbTiO3 (red circles) and for
PbTiO3/SrTiO3 heterostructures with dif-
ferent layer thicknesses as a function of the
domain period (both systems are strained
on SrTiO3). The arrows indicate the equi-
librium domain periods for the PbTiO3
layer in each superlattice. (d) Plot of the
Bloch polarization in the domain walls of
the PbTiO3/SrTiO3 heterostructure as a
function of strain, for a domain period of
10 (green circles) and 12 (purple diamonds)
unit cells. Reprinted from Ref. [185].

Experimentally, it means that partial relaxation of the su-
perlattice and local fluctuation of the strain (e.g., during
preparation of lamellae for scanning transmission electron
microscopy analysis) might strongly affect the observations.
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Nevertheless, it should be noted that the use of tensile strain
to attempt to stabilize the Bloch component in PbTiO3 do-
main walls is associated with caveats that must be considered.
Substrates that impose tensile strain on PbTiO3 (including
the rare-earth scandates) also promote the formation of 𝑎/𝑐
domains due to ferroelasticity [288]. The combination of the
depolarizing field and the tensile strain induces asymmetric
flux-closure arrays with net in-plane polarization, where 90◦
and 180◦ domain walls coexist [200, 289]. The ferroelastic
component in the tensile strain regime could further affect
the Bloch component in the 180◦ domain walls.

Further insight into the presence of Bloch components in
PbTiO3/SrTiO3 heterostructures has been obtained through a
combination of first-principles-based modelling, phase-field
simulations, and experimental investigations, detailed in
Ref. [185]. The first- and second-principles modelling was car-
ried out in the present work, the phase-field simulations were
performed by the group of J. Hlinka, and the experimental
investigations were led by M. Hadjimichael and E. Zatterin.

The Phase-field simulations for a realistic PbTiO3/SrTiO3 het-
erostructure under compressive strain yielded a labyrinthine
domain pattern with 180◦ domain walls and a domain period
of about 27 unit cells, consistent with experimental observa-
tions. The domain walls exhibited a flux-closure structure,
with in-plane polarization appearing only near the interfaces
and no Bloch component at the domain-wall centre. Diffuse X-
ray scattering patterns were computed from these simulated
configurations to enable a direct comparison with experiment.
Around the ℎ𝑘0 heterostructure peaks (zero out-of-plane mo-
mentum transfer), the pure flux-closure texture gave rise
only to a very weak second-order diffuse signal, whereas
an artificially introduced Bloch component produced strong
transverse diffuse intensity. Synchrotron diffuse scattering
measurements performed down to 2.2 K showed no such
transverse signature at the ℎ𝑘0 reflections, ruling out any
periodic Bloch polarization. In contrast, the anisotropic dif-
fuse signal observed around the 𝑘𝑘1 peaks, characterized by
minima perpendicular to the in-plane momentum transfer,
matched exactly the scattering fingerprint expected from
the depolarization-driven flux-closure rotation. These results,
fully consistent across length scales, confirm that a Bloch com-
ponent is not ubiquitous in PbTiO3/SrTiO3 heterostructures
and that its appearance depends critically on the boundary
conditions, domain period and epitaxial strain, as highlighted
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by the first- and second-principles calculations of the present
work. Further details on the experimental measurements and
phase-field simulations are provided in Ref. [185].

5.3 Summary

This chapter has examined polar textures in perovskite ox-
ides across two complementary settings, bulk crystals and
heterostructures, with the aim of identifying the mechanisms
governing their internal structure and assessing their sensi-
tivity to mechanical and electrical boundary conditions.

In bulk PbTiO3, the 180◦ domain wall is found to develop
a spontaneous ferroelectric Bloch component at its center,
driven primarily by Pb displacements in the PbO plane. This
component is shown to be highly sensitive to epitaxial strain:
tensile strain increases the associated energy gain substan-
tially, while compressive strain suppresses it. The strong
coupling between polarization and strain is identified as a
key factor governing the convergence of domain wall energies
with domain width, through long-range elastic relaxations
that extend far beyond the wall core. The domain wall inte-
rior is further shown to exhibit a ferroelectric-to-paraelectric
transition upon approaching the wall center, and Ising line
disorder is predicted for the first time in PbTiO3, suggesting
that the detection of the Bloch component by diffraction-
based techniques may be hampered by orientational disorder
of adjacent walls at finite temperature.

The ferroelectric nature of the Bloch component, confirmed by
the independence of the domain wall energy on the relative
alignment of Bloch components in adjacent walls, establishes
it as the elementary building block for topological polar
textures. In tetragonal PbTiO3, a polar skyrmion tube is stabi-
lized when a columnar nanodomain is embedded in a matrix
of opposite polarization, with the winding Bloch component
along the domain boundary conferring a topological charge
𝑄 = 1. Under sufficient tensile strain, the polarization ma-
trix acquires an extended Bloch character and antiskyrmion
textures become accessible as well, alongside merons and
antimerons as the system approaches the 𝐴𝑚𝑚2 phase.

In rhombohedral BaTiO3 and KNbO3, both skyrmion and
antiskyrmion tubes are stabilized via the same nanocolumn
approach, with the key distinction that the Bloch character
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extends throughout the entire polarization matrix rather than
being confined to the domain wall. This behavior is attributed
to the multicomponent nature of the polarization in the
rhombohedral phase, which allows each unit cell to locally
approach a ⟨111⟩pc ground-state configuration. Skyrmion and
antiskyrmion textures are found to be degenerate and exhibit
a chiral character, with Ti-centered defects remaining stable
up to the 𝑅3𝑚 → 𝐴𝑚𝑚2 phase transition temperature.

In PbTiO3/SrTiO3 heterostructures, the picture established in
bulk does not carry over straightforwardly. Second-principles
simulations reveal that the Bloch component present at small
domain periods is progressively suppressed as the equilib-
rium domain period is approached, due to the competition
between the intrinsic Bloch character of the domain wall and
the flux-closure polarization structure induced by depolar-
izing fields at the interfaces. The magnitude of the Bloch
component is found to be strongly sensitive to both the do-
main period and the epitaxial strain, suggesting that reliable
predictions in this geometry require careful control of these
parameters. These findings are fully consistent with syn-
chrotron diffuse X-ray scattering measurements, which find
no evidence for a periodic Bloch component at equilibrium
domain periods, confirming that Bloch domain walls are not
ubiquitous in PbTiO3/SrTiO3 heterostructures and that their
appearance is governed by boundary conditions.
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Section 5.1 demonstrated that bulk ferroelectric perovskites
host a rich variety of complex polar textures, ranging from
Bloch domain walls and skyrmion tubes to antiskyrmions and
merons. However, all of these structures share a fundamental
limitation: in bulk materials, the true ground state is the
monodomain configuration, and the topological textures dis-
cussed so far are metastable phases that were constructed by
intentionally imposing specific initial atomic displacements.
As a consequence, their spontaneous formation under realis-
tic conditions remains unlikely, and experimental evidence
for such textures in bulk ferroelectrics remains scarce. While
complex polar textures have been observed in heterostruc-
tures and thin films [193], where electrostatic and mechanical
boundary conditions naturally favor their stabilization, their
direct observation and controlled engineering in bulk crystals
constitutes a significant and largely unresolved experimental
challenge.

Overcoming this challenge requires the development of strate-
gies capable of actively engineering and manipulating these
textures in situ. In bulk materials, the primary lever for con-
trolling polar textures remains epitaxial strain or mechanical
boundary conditions imposed by the substrate, which fix the
resulting polarization pattern and leave little room for post-
fabrication tunability. Early attempts at dynamical control
relied on electric field or optical pulses applied over meso-
scopic regions to pump polar optical phonons and stabilize
hidden phases [290, 291]. While demonstrating that in situ
manipulation is in principle achievable, these approaches
suffer from important shortcomings: only specific phases
have been stabilized so far, the correlation between pulse
characteristics and the resulting polar arrangement is poorly
understood, and deterministic control over the full phase
diagram of topological textures remains elusive.

This chapter presents two complementary approaches to the
dynamical manipulation of polar textures, both relying on
the application of spatially modulated excitations rather than
static boundary conditions. The first approach, detailed in Sec-
tion 6.1, exploits inhomogeneous and time-dependent electric
fields to achieve precise and reversible control over domain
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arrangements and topological defects, including the stabi-
lization and switching of polar skyrmion and antiskyrmion
in BaTiO3 [209, 216] presented in Section 5.1.3. The second
approach, detailed in Section 6.2, leverages the flexoelectric
coupling in ferroelectric materials through acoustic phonon
excitations (APEX), enabling deterministic and predictable
tailoring of a broad range of polar topologies in both BaTiO3
and PbTiO3 [208].

6.1 Control and displacement of polar
textures from inhomogeneous and
time-dependent electric fields

The second-principles models for PbTiO3 and BaTiO3 intro-
duced in Section 4.3.3 and Section 4.3.4 are employed here
to investigate the stabilization and dynamical control of the
polar textures characterized in Chapter 5. Finite-temperature
molecular dynamics simulations are carried out, and the
system is driven by spatially inhomogeneous and time-
dependent electric fields EEE (r, 𝑡) of various functional forms,
which are detailed in the following subsections.

The effect of the inhomogeneous electric fields is incorporated
by adding an external force on each atom. Since the Born
effective charge tensor Z∗ describes the linear relationship
between the force on an atom and the macroscopic electric
field [86], the force induced along 𝛽 on an atom 𝜅 at position
r by an electric field EEE in direction 𝛼 is given by

𝐹𝜅,𝛽(r, 𝑡) = 𝑍∗𝜅,𝛼𝛽 E𝛼(r, 𝑡). (6.1)

In the following examples, the standard procedure is adopted
whereby Z∗ is computed in the reference 𝑃𝑚3̄𝑚 cubic phase
in the present case.
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6.1.1 Stabilization and control of polar textures
in PbTiO3

Stripe domains

The first class of inhomogeneous electric fields considered
takes the cosine form

EEE (r) = A · cos(k · r) = A · cos
(

2𝜋𝑥
𝜆𝑥
+ 2𝜋𝑦

𝜆𝑦
+ 2𝜋𝑧

𝜆𝑧

)
, (6.2)

where k controls the direction and periodicity of the spatial
modulation, and A sets the direction and amplitude of the
applied field. The relative orientation of these two vectors
determines the nature of the resulting domain structure.
When k and A are parallel or antiparallel, the field promotes
head-to-head and tail-to-tail domain configurations, which
are electrostatically unfavorable. When k and A are perpen-
dicular, the field instead couples to transverse optical modes
and stabilizes regular 180◦ domain walls, as illustrated in
Figure 6.1 (a-c) for bulk PbTiO3. In the latter case, Bloch-like
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Figure 6.1: Stabilization of different domain textures in bulk PbTiO3 after the application of an inhomogeneous electric field
with the functional form of Eq. 6.2. (a) 𝜆𝑥 = 16 u.c. A = 0.51(0, 0, 1)MV/cm. (b) 𝜆𝑦 = 16 u.c. A = 0.51(1, 0, 0)MV/cm.
(c) 𝜆𝑥 = 𝜆𝑦 = 16 u.c. A = 0.51(0, 0, 1)MV/cm. (d) 𝜆𝑦 = 8 u.c. A = 1.54(0, 0, 1)MV/cm (e) 𝜆𝑥 = 16 u.c. A = 25.7(1, 0, 0)
MV/cm (f) in-plane tensile strain 𝑎 = 𝑏 = 3.955 Å and 𝜆𝑦 = 16 u.c. A = 0.51(1, 0, 0) MV/cm. Arrows indicate the
in-plane components of the polarization, whereas the color map represents the out-of-plane polarization. A reference arrow
representing the scale of the in-plane polarization components is included.
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polarization components emerge at the domain walls as a
consequence of their ferroelectric character [191], a feature
introduced in Section 5.1.1.

The polarization configuration obtained from the second-
principles calculations does not necessarily mirror the applied
electric field, as other energy contributions are inherently
at play. Applying fields with very narrow periodicities or
configurations that promote head-to-head and tail-to-tail
domains will not necessarily produce such structures if they
lead to energetically unfavorable solutions. For instance, in
bulk PbTiO3, simulated in a 16×16×4 supercell, a periodicity
of 𝜆 ≤ 8 u.c. does not result in 180◦ domain walls with the
imposed periodicity. Instead, the dipoles tilt towards the
direction perpendicular to the modulation, forming a more
uniform pattern that minimizes gradient energies, as shown
in Figure 6.1 (d). Similarly, when an electric field favoring
head-to-head and tail-to-tail domains is ap- plied, these con-
figurations are largely suppressed at low field magnitudes.
As the field strength increases, the system minimizes the elec-
trostatic energy by lifting the dipoles towards the direction
perpendicular to the modulation, thereby reducing the unfa-
vorable bound charges arising from polarization divergence,
as illustrated in Figure 6.1 (e).

Finally, when a sufficiently large tensile strain is applied to
PbTiO3 (𝑎 = 𝑏 = 3.955 Å), the regular 180◦ domains evolve
towards textures with a non-uniaxial polarization pattern,
typically adopting a polarization wave arrangement as shown
in Figure 6.1 (f). Notably, the PbO plane, which previously
exhibited a ferroelectric instability along 𝑧, reorients along
𝑦 while remaining perpendicular to the applied field, a
response driven by elastic energy relaxation.

Stabilization of complex polar textures
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Figure 6.2: Superposed electric field used
to stabilize the polar textures of Figure
6.3 (a) and (c). Colors the normalized com-
ponent of the electric field along 𝑧while the
arrows represent the in-plane component
of the electric field.

More complex polar textures can be stabilized through the
superposition of several electric fields of the form of Eq. (6.2).
In particular, skyrmion textures can be stabilized in bulk
PbTiO3 by superposing two cosine fields, both oriented along
𝑧 with amplitude A = 0.51 (0, 0, 1)MV/cm, but modulated
along perpendicular directions 𝑥 and 𝑦 associated with peri-
odicity 𝜆𝑥 and 𝜆𝑦 respectively. This promotes the formation
of a square lattice of skyrmion bubbles [194], as illustrated in
Figure 6.3 (a-b). It is noteworthy that the Bloch component
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of the domain walls varies stochastically between individual
skyrmions (Figure 6.3 (b)), demonstrating that they are not
identical periodic replicas of one another and granting a
distinct chiral nature to each defect.

Upon increasing the tensile strain on the system (𝑎 = 𝑏 =

3.955 Å), in-plane lattices of vortices and antivortices can be
stabilized, as shown in Figure 6.3 (c), through the superposi-
tion of two fields modulated along 𝑥 and 𝑦 with magnitudes
along 𝑦 and 𝑥 respectively. The polarization wave previously
stabilized under similar mechanical conditions (see Section
6.1.1) becomes unstable under the effect of the second modu-
lated field, and closure textures emerge in order to comply
with the imposed periodicity. This results in the evolution of
the previously uniform domain wall along 𝑦 into a structured
wall exhibiting distinct internal domains with 𝑃𝑦 > 0 and
𝑃𝑦 < 0. Under the combined effect of the tensile strain and the
two modulated fields, this corresponds to a transition from
a uniform PbO ferroelectric domain wall [191] into an Ising
line [255]. The vortex and antivortex singularities are placed
at the intersection of the two domain walls, centered on a Pb
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Figure 6.3: Stabilization of different textures in bulk PbTiO3 by means of different electric fields. (a-b) Skyrmion lattice
generated by the superposition of two cosine functions with periodicities of 𝜆1,𝑥 = 16 u.c. and 𝜆2,𝑦 = 16 u.c. and
A = 0.51(0, 0, 1)MV/cm in a supercell of size 𝐿 = 16, 32 u.c. respectively. (c) Stabilization of a vortex/antivortex lattice in
epitaxially strained PbTiO3 𝑎 = 𝑏 = 3.955 Å by the superposition of two cosine functions with periodicities of 𝜆1,𝑥 = 16,
(𝜆2,𝑦 = 16) u.c. and A1 = 0.51(0, 1, 0), (A2 = 0.51(1, 0, 0)) MV/cm. (d-f) Individual Skyrmion defects stabilized by the effect
of Gaussian pulses as achievable by an AFM tip with different values of 𝜎 = 4, 5, 6 u.c. respectively. Arrows indicate the
in-plane components of the polarization, whereas the color map represents the out-of-plane polarization. A reference arrow
representing the scale of the in-plane polarization components is included.
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atom, and an out-of-plane polarization component develops
at those points, granting a non-zero topological character
to the texture and effectively forming a meron/antimeron
lattice. Notably, these closure textures remain stable over
large distances, allowing their nucleation with fields that do
not require strong spatial modulation.

Single defects can also be stabilized by a Gaussian field ap-
plied on a homogeneous background of opposite polarity,
mimicking the effect achievable with an atomic force mi-
croscopy tip as anticipated in Refs. [194, 292]. Such a field
takes the general form

EEE (r, 𝑡) = A · 𝑒−(𝝁−r−v𝑡)2/𝜎2
, (6.3)

where 𝝁 is the center of the Gaussian field, 𝜎 its standard
deviation, and v the velocity of the center of mass. By selecting
different values of 𝜎, bubble domains of different sizes can
be stabilized, as shown in Figure 6.3 (d-f). However, if 𝜎 is
chosen too small, the applied field is unable to nucleate any
domain unless unrealistically large amplitudes are employed,
and the resulting domains collapse into a monodomain phase
upon removal of the bias.

6.1.2 Reversible and deterministic switching

One of the strengths of stabilizing polar textures via applied
electric fields, compared to conventional methods such as
strain engineering [283] or varying growth conditions [284], is
the ability to actively manipulate the polar state of the material
in real time. In the previous subsections, the initial structure
before applying the electric field was the centrosymmetric
cubic 𝑃𝑚3̄𝑚 phase for simplicity. However, as discussed
below, similar control of the resulting phase is obtained when
starting from an already polarized phase.

This subsection presents concrete examples in which do-
mains along different directions or skyrmion lattices can be
stabilized and dynamically switched between each other by
varying the applied electric field. To illustrate this, Figure 6.4
collects the progressive evolution of the system at 𝑇 = 70 K
under different applied electric fields. Starting from a mon-
odomain structure obtained after poling with a homogeneous
field (Figure 6.4 (a)), a domain structure periodically repeated
along 𝑥 is nucleated by applying a field of the form of Eq. (6.2)
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with 𝜆𝑥 = 16 u.c. and 𝐴𝑧 = 5.14 MV/cm (Figure 6.4 (b)),
which relaxes upon removal of the field (Figure 6.4 (c)). The
domain orientation can subsequently be switched towards 𝑦
by applying a softer field with periodicity 𝜆𝑦 = 16 u.c. and
𝐴𝑧 = 2.06 MV/cm. Notably, these field-induced phases are
long-lived metastable states that remain stable after the field
is removed (Figure 6.4 (d)).

The domain structure can be erased by applying a homoge-
neous field of amplitude 𝐴𝑧 = 1.54 MV/cm, or rewritten at
convenience following the procedure described above. Fur-
thermore, a transition from periodically repeated domain
structures to a lattice of skyrmions can be achieved by simul-
taneously applying two fields modulated along 𝑥 and 𝑦 with
𝜆1,𝑥 = 𝜆2,𝑦 = 16 u.c. and 𝐴𝑧 = 5.14 MV/cm (Figure 6.4 (f)).
Upon removal of the field, the periodic lattice of bubble nan-
odomains further relaxes into a lattice of skyrmion textures,
demonstrating once more the stability of the nucleated phases
and the deterministic character of the control.
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Figure 6.4: Dynamical evolution of different textures in bulk PbTiO3 stabilized by means of electric fields. (a) Initial phase
showing a monodomain configuration. (b) Domain structure under the application of a modulated electric field following
Eq. (6.2) 𝜆𝑥 = 16 u.c. and A = 5.14(0, 0, 1) MV/cm (c) Relaxed domain structure after removing the electric field. (d)
Relaxed opposite domain configuration after the application of a modulated field following Eq. (6.2) 𝜆𝑦 = 16 u.c. and
A = 2.06(0, 0, 1)MV/cm. (e) Monodomain structure obtained under the application of a homogeneous field of magnitude
1.54 MV/cm. (f) Lattice of bubble domains after the application of two modulated fields along 𝑥 and 𝑦 with magnitude 5.14
MV/cm. (g) Skyrmion lattice after the relaxation of (f) under no external fields. Arrows indicate the in-plane components
of the polarization, whereas the color map represents the out-of-plane polarization. A reference arrow representing the
scale of the in-plane polarization components is included.
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6.1.3 Dynamics of ferroelectric domains

After stabilizing domain structures and demonstrating de-
terministic switching between different configurations, the
displacement of domain walls under time-dependent elec-
tric fields is now investigated using time-dependent electric
fields. This section focuses on their mobility, examining how
domain walls respond to changes in the electric field and
how fast they can rearrange. In order to account for the time
modulation of the electric field an extra term needs to be
added to the functional form presented in Eq. (6.2) that now
reads

EEE (r, 𝑡) = A · cos(2𝜋𝑥
𝜆𝑥
+ 2𝜋𝑦

𝜆𝑦
+ 2𝜋𝑧

𝜆𝑧
+ 2𝜋𝑡

𝑇
), (6.4)

where 𝑇 is the period of the time-modulation. The expected
velocity of the electric field wave, corresponding to the prop-
agation speed of its phase, is then given by

𝑣 =

(
1/𝜆2

𝑥 + 1/𝜆2
𝑦 + 1/𝜆2

𝑧

)−1/2
/𝑇, (6.5)

which, in the most common case of a single spatial modula-
tion, reduces to 𝑣 = 𝜆/𝑇.

The motion of domain walls is critical to many applications
involving ferroelectric materials and has been deeply stud-
ied in the context of homogeneous electric fields under the
nucleation and growth framework [293–297]. However, their
behavior under inhomogeneous and time-dependent elec-
tric fields, as well as the dynamics of topological textures,
remains comparatively underexplored except for a few recent
works [292, 298]. In Figure 6.5, the molecular dynamics re-

Figure 6.5: Domain wall motion in bulk
PbTiO3. Domain structure (upper row) and
instantaneous electric field (bottom row) at
(a) 𝑡 = 0 s. (b) 𝑡 = 4.8 ns and (c) 𝑡 = 9.3 ns.
Arrows in the dipole patterns represent the
in-plane components of the polarization.
The color bar in the electric field represents
its normalized value along the 𝑧 direction.
The dashed lines in panels (b) and (c) repre-
sents the location of the node of the electric
field wave and the circles in panel (c) high-
light domain nucleation points.
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sults are shown for the domain wall motion under an external
electric field of magnitude 2 MV/cm, periodicity 𝜆𝑥 = 16
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u.c. and velocity 𝑣 = 300 m/s. The temporal variation of
the electric field imposes a constraint on the domain walls,
requiring them to adapt to the periodic changes in the electric
field. However, as revealed in. Figure 6.5 (b), a noticeable lag
in their response to the field’s oscillations can be observed
(see dashed line), proving a delay in the reaction time of the
domains to the external driving force that amounts to 4 ps
at 𝑇 = 5 K for the 16 u.c. domain periodicity. Interestingly,
this lag is only present at the onset of the dynamics; once the
domains begin to move, the correlation between the domain
wall position and the node of the electric field wave becomes
one-to-one (see dashed line in Figure 6.5 (c)). Moreover, this
lag shows a strong temperature dependence: when the sys-
tem is heated to 100 K, the lag is reduced by half, and at
200 K, it already becomes negligible. Interestingly, when the
electric field is removed, the domains stop moving immedi-
ately, showing no sign of residual momentum, although this
observation can be slightly influenced as a consequence of
the domain propagation mechanism.

The molecular dynamics simulations confirm that domain
displacement follows the diffuse boundary model as pro-
posed in Ref. [295]. As shown by the solid circles in Figure 6.5,
certain regions of the domain nucleate first, and the domain
wall subsequently follows this initial nucleation, rather than
propagating uniformly across the domain. Therefore, if the
nucleus of the new domain exceeds a critical size, it can lead
to the formation of an additional domain layer even after the
electric field is removed. However, this phenomenon is more
related to the relaxation of the domain structure than to an
inertial response. While the absence of response delay upon
field removal is consistent with the findings of Ref. [299],
theses results complement them by demonstrating a clear
response delay at the onset of domain wall motion. This
asymmetry in the response delay of domains comes from the
intrinsic energy barrier for nucleation.

Besides, there are scenarios where domains remain immo-
bile due to the high activation energy associated with their
motion irrespective of the wave velocity. These observations
indicate, for instance, that domain mobility is strongly in-
fluenced by their size: domains with double periodicity (32
u.c.) remain static when the electric field is adjusted to match
their modulation while retaining the magnitude that renders
domains with a periodicity of 16 u.c. already mobile. The ac-
tivation energy barrier can be mitigated by either increasing
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the temperature or enhancing the magnitude of the electric
field applied to the domains. Specifically, when the period-
icity of the domains and the corresponding electric fields
is doubled, the field magnitude should also be doubled in
order to produce sufficient force on the domains, enabling
their movement. This relationship between activation energy,
temperature, and electric field is consistent with the predic-
tions of the creep law [296, 297]. These adjustments enable
domains to transition from an immobile to a mobile regime,
allowing even larger domains to overcome their activation
energy.

When the propagation speed of the electric field increases,
the domain structure is unable to keep up with the rapid
oscillations and eventually regions of negative electric field
align with positive polarization regions. This misalignment
induces a chaotic evolution in the system, leading to the
fragmentation of the domain structure and marking the
maximum velocity at which domains can move. In this case,
with 𝜆𝑥 = 16 u.c. and a field amplitude of 2 MV/cm, this
limiting velocity was approximately 3000 m/s, significantly
higher than the 900 m/s recently reported for magnetic
skyrmions [300]. If the wave velocity of the electric field
is increased further, there is a threshold beyond which the
domains become effectively immobile, no longer responding
to the applied electric field. Interestingly, the limiting velocity
at which domains lose connectivity and destabilize remains
unaffected by changes in the electric field magnitude or
temperature as long as the domains remain in the mobile
regime . The domain structure consistently destabilizes at
the same electric field velocity, marking an intrinsic upper
bound on domain wall motion that is probably related with
the material and the stability of the multidomain structure.

Similar characteristics, such as the lag in response and asym-
metric response delay, existence of a limiting velocity (which
is indeed identical to the one previously reported), and diffuse
boundary nucleation, are also observed in the dynamics of
bubble domains. In such a case, the motion of the bubble do-
mains is governed by the elongation and contraction of their
structure, resembling the deformation of a water droplet
or the motion of an amoeba. Remarkably, the mobility of
these bubble domains is isotropic, enabling them to move
equivalently in any direction in response to the position of a
Gaussian field, without exhibiting any preference for specific
crystallographic directions. Furthermore, they can adapt to
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other waveforms, such as cosine functions, maintaining their
structural integrity while being displaced by these periodic
perturbations under appropriate electric field magnitudes.

6.1.4 Stabilization and switching of skyrmion
tubes in BaTiO3

So far, the focus has been placed on the metastability of
skyrmions and antiskyrmions in rhombohedral BaTiO3, where
these structures are constructed by intentionally imposing
atomic displacements and subsequently relaxing the configu-
rations. In this section, it is shown that these textures can be
stabilized using inhomogeneous electric fields, providing an
experimental pathway for their realization. In order to sta-
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Figure 6.6: Schematic view of the computational experiment. (a-c) The black arrows denote the desired polarization
direction within the material. The red and blue stripes represent electrodes, which can be sequentially activated in a stepwise
manner during experimental implementations to achieve the intended polarization (a) Polarization field modulated along
the 𝑥-direction and directed along 𝑦. (b) Polarization field modulated along 𝑦 and directed along 𝑥. (c) Control of the out
of plane components achievable by with an AFM tip. (d) Obtained structure after the application of a modulated electric
field as described in the text. (e) Skyrmion texture after in-plane and out of plane components have been controlled with
the application of extra fields in configurations (b) and (c). (f) Antiskyrmion texture obtained from (e) after reverting the
polarity of the electric field shown in (b). Arrows indicate the in-plane components of the polarization, whereas the color
map represents the out-of-plane polarization.

bilize the in-plane components of the polarization, spatially
modulated electric fields are employed. In Figure 6.6 (a), an
initial polarization texture is schematically illustrated. Exper-
imentally, this could be achieved by sequentially activating
contiguous electrodes in a stepwise manner, as depicted in
the schematic. Numerically, an electric field of 1 MV/cm
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†Supplemental Videos 4 of Ref. [216]

modulated along 𝑥 and directed along 𝑦 by a cosine func-
tion is imposed in order to comply with periodic boundary
conditions, and the evolution of the system (𝐿 = 17 u.c.) is
studied through finite-temperature simulations at 𝑇 = 10
K. In tetragonal ferroelectrics, such electric fields will result
in the stabilization of 180◦ domain walls with the polariza-
tion aligned along 𝑦. However, due to the rhombohedral
nature of BaTiO3, in-plane polarization components along
the 𝑥-direction will also develop as well as out-of-plane com-
ponents resulting on a more complex structure (see Figure
6.6 (d)). The direction of the in-plane polarization compo-
nents along the 𝑥 axis can vary and show an erratic behavior
as shown in Figure 6.6 (d) varying depending on the specific
realization. However, applying now an electric field oriented
along 𝑥 and modulated along the 𝑦 direction allows effective
control over these in-plane components. This second field
induces polarizations along the 𝑥 axis, similar to those il-
lustrated in Figure 6.6 (b). Utilizing such configuration will
stabilize a vortex, while reversing the polarity of this second
field will result in the stabilization of an antivortex texture,
as shown in Figure 6.6 (e-f), respectively. Furthermore, this
procedure can be applied recursively; by alternating the
polarity of the second electric field, a controlled switching
between skyrmion and antiskyrmion states can be achieved†.
Alternatively, activating simultaneously the electrodes shown
in Figure 6.6 (a) will already stabilize an antivortex texture.
due to the electric fields generated between contiguous elec-
trodes. Importantly, due to the nature of the domain-walls
only Ba-centered vortex/antivortex can be stabilized in this
way.

Similar to the in-plane components, the out-of-plane compo-
nents will vary depending on the realization when no bias is
applied to the sample. To achieve a localized nanocolumn,
as shown in Figure 6.6 (e-f), a Gaussian field as achievable
with an AFM tip has been applied on top of a homogeneous
background of opposite polarization. Figure 6.6 (c). Exper-
imentally, a homogeneous out-of-plane polarization could
first be established via scanning, followed by local reversal to
achieve the desired nanocolumn. An important aspect to high-
light is that once the nanocolumn is established, it remains
stable, and the switching of the in-plane components does not
affect it, in agreement with the DFT results that proved the
flexibility of the out-of-plane components to adjust to vortex
and antivortex cores. This stability enables the transition

https://doi.org/10.1103/PhysRevB.111.L180104
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from skyrmion to antiskyrmion to occur without the need
for an electric field applied along the 𝑧 direction. Because the
in-plane polarization components extend over a large scale,
as discussed throughout the manuscript, highly spatially
modulated electric fields are not required, facilitating the
experimental implementation of this setup.

6.2 Dynamical manipulation of polar
topologies from acoustic phonon
excitations
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Figure 6.7: Schematic representation of
the twistronics geometry employed in
Ref. [301], in which a BaTiO3 freestanding
layer is twisted by a small angle relative to
a reference BaTiO3 substrate, giving rise to
a moiré pattern and the associated complex
polar textures at the interface.

The stabilization of complex polar textures through inho-
mogeneous electric fields, as demonstrated in Section 6.1,
constitutes a powerful approach for nucleating and switching
topological defects. Nevertheless, the application of spatially
modulated electric fields may prove impractical in certain
experimental configurations, in particular when dealing with
conducting or semimetallic materials where electric fields
are screened. In such cases, a mechanically-based route offers
a natural alternative: rather than coupling to the polarization
through the Born effective charge tensor, the same strain-
mediated response can be activated through the excitation of
acoustic phonons, which propagate freely regardless of the
electronic character of the material [302].

Acoustic phonon excitations (APEX) constitute spatially pe-
riodic deformations of the crystal lattice that propagate as
mechanical waves. In ferroelectric perovskites, ferroelectric-
ity is strongly coupled to both homogeneous [283, 303] and
inhomogeneous strains [44, 288, 304–306], as introduced in
Chapter 2. The flexoelectric effect and the strong polarization-
strain coupling are at the root of the effectiveness of mechani-
cal boundary conditions in stabilizing complex polar phases.
This is evidenced by the formation of complex topological
structures in two-dimensional twisted freestanding layers (see
Figure 6.7) [301, 307, 308], around induced cracks [309], on
top of wrinkled surfaces [265], and on rippled surfaces [310].
However, in all these configurations, the mechanical bound-
ary conditions are largely fixed and solely determined by the
initial structural setup, namely the twist angle, the shape of
the crack, or the surface morphology. Methods that rely on
an on-demand, externally tunable strain pattern therefore
remain challenging to achieve.
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As discussed in Section 6.1, earlier attempts at dynamical
control of polar textures relied primarily on the pumping
of polar optical phonons through electric field or optical
pulses [290, 291]. While these approaches demonstrated
that in situ phase manipulation is in principle achievable,
they suffer from two important limitations: only switching
between specific phases has been demonstrated so far, and
the relationship between the pulse characteristics and the
resulting polar arrangement remains poorly understood.

The APEX approach proposed here addresses both of these
shortcomings. By activating specific longitudinal and trans-
verse acoustic modes, a spatially modulated strain field is
imprinted on the material, which drives the nucleation of
ferroelectric domain walls and more complex topological
textures through flexoelectric coupling. The resulting polar
arrangement can be anticipated a priori from the symmetry
and wavevector of the pumped modes, making the method
both deterministic and predictable. The results presented
in this section demonstrate this approach in BaTiO3 and
PbTiO3 as model systems, and are based on first- and second-
principles simulations employing the models described in
Section 4.3.3 and Section 4.3.4. Generalizations to other com-
pounds exhibiting ferroelectric instabilities are in principle
possible, opening a novel pathway for the discovery of ma-
terials displaying non-trivial polar topologies. These results
constitute the main findings of Ref. [208].

Before discussing the consequences on the polarization pat-
tern, the structural implications of activating APEX on the ma-
terial are briefly examined. The phonon dispersion curve of
PbTiO3 in the𝑃𝑚3̄𝑚 phase, as computed from first-principles
at zero Kelvin, is shown in Figure 6.8. Focusing on the Γ–𝑋
acoustic branch, two distinct mode types can be identified:
the doubly degenerate transverse mode (see Figure 6.8 (b))
and the longitudinal mode (see Figure 6.8 (c)). The structural
distortions generated by these APEX favor the development
of head-to-head or tail-to-tail domains in the longitudinal
case, and of 180◦ domain walls in the transverse case, consis-
tent with the cell deformations at domain walls established
from first-principles since the seminal work of Meyer and
Vanderbilt [190]. With this structural picture in mind, the fol-
lowing subsections demonstrate how the judicious selection
and combination of APEX drives the generation of various
polar textures through flexoelectric coupling.
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Figure 6.8: (a) Phonon dispersion curve
of PbTiO3 in the chosen Pm3̄m reference
structure. The colors (Pb: blue; Ti: green;
O: red) show the contribution of each atom
to the eigenvectors. (b) Transversal APEX.
(c) Longitudinal APEX.The amplitudes of
the distortions have been augmented for
visualization purposes.

6.2.1 Single acoustic mode

A unique transverse APEX from the Γ–𝑋 acoustic branch
is first pumped into the 𝑃𝑚3̄𝑚 phase of PbTiO3, inducing
an overall distortion of 1 Å, corresponding to a maximal
displacement of 0.015 Å of Pb atoms. Depending on its orien-
tation, a significant strain gradient 𝜀𝑥𝑧,𝑥 or 𝜀𝑦𝑧,𝑦 is induced
in the material as shown in Figure 6.9 (a2-b2). Upon the
relaxation of the supercell, this strain gradient induces the
formation of ferroelectric domain walls [191] through the
flexoelectric effect as evidenced in Figure 6.9 (a3-b3). Indeed,
depending on the wavevector of the mode 𝑞 = 1/20 u.c.−1 or
𝑞 = 1/10 u.c.−1, where u.c. stands for unit cell, the magnitude
of the strain gradient varies leading to initial induced polar-
ization values of 1.14 𝜇C/cm2 and 3.88 𝜇C/cm2 respectively.
After relaxation of the supercell, typical polarization values
of 93 𝜇C/cm2 and 84 𝜇C/cm2 respectively (comparable to the
values reported in Section 5.1.1 in Table 5.2), are recovered in-
side the domain. The formation of a Bloch component within
the domain wall arises from the ferroelectric nature of the
domain walls introduced in Section 5.1.1, rather than being
a direct result of the imposed strain gradient. The results
presented are paradigmatic examples; however, other domain
wall types, such as Ising or Néel, can also be engineered by
pumping the longitudinal mode of the same phonon branch.
Besides, the amplitude and location of the strain and strain
gradient are tunable by adjusting the amplitude and phase
of the acoustic wave. As shown in Figure 6.9, the size of the
domains can be designed by selecting different 𝑞-points from
the acoustic branch.
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Remarkably, even if they remain stable across the entire
Brillouin zone, pumping a phonon from the acoustic branch
with positive frequency, results in a phase that is lower in
energy than the initial 𝑃𝑚3̄𝑚 configuration in which the
phonon was pumped. This energy lowering can be explained
by the coupling of the acoustic branch and the optical soft-
mode [89, 311–313] that after relaxation of the cell develops a
non zero local polarization state.

Figure 6.9: Stabilization of different do-
main walls in bulk PbTiO3 after the appli-
cation of an APEX of amplitude 1 Å and
periodicities of 1/20 and 1/10 u.c.−1. (a1-b1)
Shear strain, 𝜂𝑥𝑧 , produced in the material.
(a2-b2) Induced strain gradients, 𝜀𝑥𝑧,𝑥 . (a3-
b3) Polarization patterns after relaxation of
the supercell. Arrows indicate the in-plane
components of the polarization whereas
the color map represents the out of plane
polarization.
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6.2.2 Combination of acoustic modes

Up to now, it was shown that the location and size of domains
can be controlled using a unique transverse APEX. However,
it is also possible to pump simultaneously more than one
phonon. In this section, it is shown that mixing several APEX
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can create a multitude of combinations, leading to non-trivial
polar textures in both BaTiO3 and PbTiO3.
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Figure 6.10: Stabilization of different topo-
logical defects by combining longitudinal
and transversal acoustic phonons from the
Γ − 𝑋 branch of the Pm3̄m phase of (a-
c) BaTiO3 and (d) PbTiO3.(a) Local initial
in-plane shear strain, and (b) in-plane po-
larization after relaxation in BaTiO3 by the
pumping of transversal APEX along 𝑥 and
𝑦 with periodicities of 𝑞 = 1/10 u.c.−1.
(c) Polarization pattern after relaxation in
BaTiO3 displaying a meron-antimeron lat-
tice when transversal APEX of periodicity
𝑞′ = 1/10 u.c.−1 are imposed on top of
the in-plane distortion. For visualization
purposes, the pattern has been shifted by
3 u.c. along the [110] direction relative to
(a) and (b). (d) Polarization pattern after
relaxation in PbTiO3 displaying skyrmion
as a result of transverse APEX with period-
icities of 𝑞 = 1/20 u.c.−1. Arrows indicate
the direction of the in-plane components
of the polarization while color maps reflect
the out-of-plane component.

For instance, using a combination of longitudinal phonons
from the Γ - 𝑋 branch, an alternating pattern of positive
and negative 𝜂𝑥𝑦 shear strains, defined as 1

2

(
𝜕𝑢𝑦
𝜕𝑥 +

𝜕𝑢𝑥
𝜕𝑦

)
, can

be induced in bulk BaTiO3 where 𝑢𝑥 and 𝑢𝑦 are the atomic
displacements in the 𝑥- and 𝑦-directions with respect to the
undistorted cell respectively. Interestingly, this initial struc-
ture resembles the experimentally observed 2D ferroelectric
vortex pattern in twisted BaTiO3 freestanding layers [301],
as shown in Figure 6.10 (a). Therefore, pumping this combi-
nation of longitudinal APEX subsequently gives rise, after
relaxation, to an in-plane polar texture similar to that ob-
served in twisted bilayers, as evidenced in Figure 6.10 (b). The
aforementioned modes can be combined with a transverse
APEX similar to the ones discussed previously for the PbTiO3
case and create a non-zero 𝜂𝑥𝑧 and 𝜂𝑦𝑧 shear strain map.
This induces the development of an out of plane component
of the polarization on top of the in-plane components that
leads to the formation of a meron/anti-meron lattice. This
phase is similar to those already observed in PbTiO3/SrTiO3
freestanding layers [314] or chiral magnets [315]; however,
this constitutes, to the best of the author’s knowledge, the
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first prediction of a meron/anti-meron lattice in BaTiO3. Fol-
lowing a similar spirit of combining APEX, more complex
phases can also be stabilized in PbTiO3. As shown previously,
alternating positive and negative 𝜂𝑥𝑧 and 𝜂𝑦𝑧 strains can
create ferroelectric domain walls. These ferroelectric domain
walls have been demonstrated to be the key ingredient in
nucleating polar skyrmions equivalent from the one studied
in Section 5.1.2. By combining the transverse APEX that leads
to ferroelectric domain walls along the 𝑥-axis with the mode
that leads to ferroelectric domain walls along the 𝑦-axis, the
creation of a polar skyrmion is naturally achieved, as shown
in Figure 6.10 (c). As demonstrated by the previous examples,
fine-tuning of the polarization texture can be achieved in var-
ious ferroelectric materials by combining several APEX. The
discussed method not only proves effective in stabilizing pre-
viously reported polarization textures but also predicts novel
configurations. Furthermore, the method is deterministic,
allowing the resulting polarization pattern to be anticipated
a priori after selecting the appropriate modes.

6.2.3 Dynamical control of polar patterns

Until now, the focus has been placed solely on the stabilization
of various polar patterns. However, unlike conventional meth-
ods where mechanical boundary conditions are solely fixed
by growth conditions, the flexoelectric response to acoustic
waves is dynamical [311], enabling real-time manipulation of
polar textures by activating APEX.

This section provides a concrete example in demonstrating
that the method enables dynamical control of the orientation
of the ferroelectric domains in PbTiO3. Previous studies have
shown that the orientation of the domains exhibits a stochastic
Vogel-Fulcher-type behavior [316].

Relying on the specific conductive properties of domain
walls [317], a deterministic control of this orientation might
so reveal crucial for designing novel nanoelectronic devices
such as transistors [318].

To achieve precise control over the orientation of the ferro-
electric domains, a two-step process is employed. Initially,
a transverse APEX with a periodicity of 𝑞1 = 1/10 u.c.−1 is
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Figure 6.11: Dynamical tuning of domain orientation in PbTiO3 by APEX as described in the text. Snapshots of molecular
dynamics simulation at (a) 0 ps showing a domain along the 𝑥-direction, (b) 10 ps showing a domain along the 𝑦-direction
after the application of the acoustic phonons and (c) 22 ps showing the reversal to a 𝑥-oriented domain driven by the
phonon pumping. Arrows indicate the in-plane components of the polarization whereas the color map represents the out
of plane polarization.

pumped. The strain gradient associated with this periodic-
ity, of approximately 6.1 × 107 m−1, has been shown to be
sufficient to reorient the domains with a moderate phonon
amplitude of 12 Å. This corresponds to a maximal lead dis-
placement of 0.17 Å compared to the cubic phase that does not
break the stability of the crystal. Subsequently, APEX with
the desired periodicity, specifically 𝑞2 = 1/20 u.c.−1 in this
instance, are pumped. This dynamical approach underscores
the potential of this method for fine-tuning polar textures
in advanced material applications. As illustrated in Figure
6.11 (a), the simulation is initialized with the ferroelectric
domains oriented along the 𝑥-direction. Then, 𝑞1 is pumped
eight times at intervals of 0.36 ps, propagating along the
𝑥-direction. Note that, as shown in Figure 6.9, these acoustic
phonons along the 𝑥-direction would favour the 𝑦-orientation
of the domains. Afterwards, 𝑞2 is pumped four times at in-
tervals of 0.36 ps, again propagating along the 𝑥-direction.
Finally, the system is allowed to evolve over a period of 7 ps
and as shown in Figure 6.11 (b) the domain orientation is
flipped. To revert again the domain orientation and transit
back to an 𝑥-oriented domains (see Figure 6.11 (c)), the same
procedure is applied but now with the wave propagating
along the 𝑦-direction.

As demonstrated here, the orientation switching of the do-
mains can occur even at relatively low temperatures where
the domains are typically expected to be static [316]. This
suggests that effective tuning of the polar phase by means of
APEX could be achieved at room temperature, making it a
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promising candidate for new electronic applications. More-
over, this example serves as a proof of concept, indicating
that this dynamical control approach could be extended to
other phenomena, thereby offering new opportunities for the
control of polar patterns.

6.3 Summary

This chapter presented two complementary approaches for
the dynamical manipulation of polar textures in bulk fer-
roelectric perovskites, both relying on spatially modulated
excitations rather than static homogeneous boundary condi-
tions.

The first approach, based on inhomogeneous and time-
dependent electric fields, was shown to enable precise and
reversible control over a broad range of polarization config-
urations in PbTiO3 and BaTiO3. Through the appropriate
choice of field geometry, amplitude, and periodicity, stripe do-
main structures, skyrmion lattices, vortex/antivortex lattices,
and individual skyrmion defects were stabilized determinis-
tically. In rhombohedral BaTiO3, it was further demonstrated
that skyrmions and antiskyrmions can be nucleated and
switched between each other in a controlled manner, pro-
viding a concrete experimental pathway for their realization.
The dynamical study of domain-wall motion under time-
dependent fields revealed features consistent with creep
dynamics, an asymmetric response delay at the onset of
motion, and an intrinsic upper bound on the domain-wall
propagation speed.

The second approach, based on APEX, exploited the strong
flexoelectric coupling in ferroelectric perovskites. It was
shown that pumping a single transverse acoustic mode gen-
erates well-defined strain gradients that deterministically
nucleate ferroelectric domain walls, with domain size and
location tunable through the choice of 𝑞-point and phonon
amplitude. By combining multiple APEX, a richer variety of
polar textures was accessed, including in-plane vortex pat-
terns, meron/anti-meron lattices in BaTiO3, and skyrmion
defects in PbTiO3. The dynamical character of the flexoelec-
tric response was further exploited to demonstrate real-time
switching of the ferroelectric domain orientation in PbTiO3,
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even at temperatures where domains are typically expected
to be static.

Taken together, these results establish spatially modulated
excitations as a powerful and versatile tool for the in situ
engineering of polar topologies, opening new perspectives for
the design of nanoelectronic devices based on the controlled
manipulation of ferroelectric domain structures.
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CaTiO3 occupies a peculiar place among perovskite oxides.
In its bulk ground state, it adopts the nonpolar orthorhombic
𝑃𝑏𝑛𝑚 structure, characterized by oxygen octahedra rotations,
and is, strictly speaking, neither ferroelectric nor antiferro-
electric: macroscopically, it behaves as an ordinary dielectric,
with a polarization that varies linearly with the applied
electric field. Yet it does not sit far from polar order. The low-
temperature increase of its dielectric constant has long led to
its description as an incipient ferroelectric [224, 230], and a
genuine spontaneous polarization can indeed be induced by
tensile epitaxial strain or by chemical substitution [220, 225,
319–322]. CaTiO3 is therefore best understood as a compound
poised close to a ferroelectric instability, whose latent polar
character can be revealed by appropriate external control.

This proximity to polar order also raises the question of its
relation to antiferroelectricity. In this respect, the comparison
with PbZrO3, the prototypical antiferroelectric perovskite, is
instructive: the two compounds have remarkably close Gold-
schmidt tolerance factors, yet PbZrO3 is a well-established
antiferroelectric while CaTiO3 is not [232]. This contrast
shows that the tolerance factor alone does not determine
antiferroelectric behavior, and that CaTiO3, despite not being
antiferroelectric, lies close enough in configuration space for
the question of its potential antiferroelectric character to be a
meaningful one.

This chapter examines the ferroelectric and antiferroelec-
tric potential of CaTiO3 from this standpoint. The first part
focuses on bulk CaTiO3 and on the metastable polar 𝑅3𝑐
phase: its connection to the 𝑃𝑏𝑛𝑚 ground state through the
minimum energy path, its thermal stability, and the condi-
tions under which an electric field could stabilize it, thereby
probing whether bulk CaTiO3 can be regarded as ferroelec-
tric or antiferroelectric. The second part turns to epitaxial
CaTiO3 films grown on differently oriented NdGaO3 sub-
strates, and shows, through a combination of experimental
and theoretical approaches, that epitaxial strain can tune the
energy landscape associated with different orientation of the
polarization and ultimately enable a deterministic first-order
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polarization process, an electric analogue of the first-order mag-
netization process known in magnetism [323, 324], giving
rise to the associated double hysteresis loops. This second
part stems from a close collaboration with experimentalists,
in particular Lukas Korosec, from the group of Jean-Marc
Triscone, and Marios Hadjimichael: the experimental results,
which are essential to the conclusions and inseparable from
the theoretical analysis, were obtained by our collaborators,
while the contribution of the author concerns the theoretical
and computational part. The complete list of contributors is
given in the corresponding publication [231].

7.1 Finite-temperature properties and
the hidden ferroelectric R3c phase

As seen in Section 4.3.5, although the polar 𝑅3𝑐 phase has a
higher energy than the 𝑃𝑏𝑛𝑚 ground state, it is free of lattice
instabilities (see Figure 4.33 (b)), so that it corresponds to a
local minimum on the potential energy surface and has the
potential to be stabilized at low temperatures. Consistently,
this polar 𝑅3𝑐 phase has been experimentally stabilized in
CaTiO3 films grown on (111)-oriented LaAlO3 substrates
at room temperature [325]. The second-principles CaTiO3
model presented in Section 4.3.5 successfully captures this
metastable 𝑅3𝑐 phase, providing an opportunity to further in-
vestigate its intrinsic properties in bulk. The focus is therefore
placed on the metastability of the 𝑅3𝑐 phase in bulk CaTiO3
and on the conditions under which it can be stabilized under
an external electric field, with the aim of probing the potential
ferroelectric or antiferroelectric nature of bulk CaTiO3.

7.1.1 Minimum energy path connecting 𝑃𝑏𝑛𝑚
and 𝑅3𝑐 phases

First, the minimum energy path connecting the𝑃𝑏𝑛𝑚 (𝑎−𝑎−𝑐+)
and 𝑅3𝑐 (𝑎−𝑎−𝑎−) phases is explored using the NEB method.
Although these two phases exhibit different oxygen octahedra
rotation patterns, they share a common rotation component,
𝑎−𝑎−𝑐0. To construct the initial path, the atomic displace-
ments contained in the common rotation component are
first aligned and then a linear interpolation is performed.
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The NEB calculations is repeated on supercells of different
sizes.

The calculation on 2×2×2 supercells (with respect to the five-
atoms perovskite unit cell) converged to a path that exhibits
one energy barrier, as illustrated in Figure 7.1 (a). Along this
path, from 𝑃𝑏𝑛𝑚 to 𝑅3𝑐, the octahedra rotations around
the pseudocubic [001] direction (denoted as “𝑐-rotations”)
gradually change from in-phase to antiphase, i.e., the rotation
direction of every second layer of oxygen octahedra is flipped.
The energy barrier of the NEB path is 40.3 meV/f.u. from the
𝑃𝑏𝑛𝑚 side and 14.0 meV/f.u. from the 𝑅3𝑐 side.

Figure 7.1: Minimum energy path connect-
ing the 𝑃𝑏𝑛𝑚 and 𝑅3𝑐 phases calculated
using the NEB method on supercells of
different sizes. (a) Energy normalized over
the size of the entire simulation system (en-
ergy per formula unit) and plotted against
the transition coordinate. (b) Energy nor-
malized by cross-sectional area and plot-
ted against the number of flipped layers
of octahedra rotations. The inset cubes in
(b) depict the evolution of oxygen octahe-
dra rotations around the pseudocubic [001]
axis, characterized by 𝜙𝑧 as defined by Eq.
(4.4), along the NEB path for 12 × 12 × 12
supercells. (c) Evolution of polarization
components 𝑃𝑥 (= 𝑃𝑦 ), and 𝑃𝑧 along the
NEB path for 12×12×12 supercells. The in-
sets in (c) show the cell-by-cell polarization
map of the𝑃𝑏𝑛𝑚,𝑅3𝑐, and two representa-
tive intermediate states, with arrows repre-
senting the polarization component within
the 𝑦𝑧 plane and the background colored
squares indicating the oxygen octahedra
rotations, characterized by 𝜙𝑧 . The cell-by-
cell polarization was calculated based on
𝐵-site-centered 5-atom pseudocubic per-
ovskite unit cells.

On supercells larger than 2× 2× 2, an interesting observation
is that the calculations converge to NEB paths with multiple
energy barriers. Specifically, two energy barriers are observed
on the NEB path calculated using 4 × 4 × 4 supercells, three
barriers for 6×6×6 supercells, and so on, with 𝑁 barriers
expected for 2𝑁 ×2𝑁 ×2𝑁 supercells, as illustrated in Figure
7.1 (a). A close inspection of the structural changes along
the NEB paths reveals that each of the energy barriers cor-
responds to the flipping of one layer of octahedra rotations
in the simulation supercell. In the 2 × 2 × 2 supercell, there
is only one layer of octahedra rotation flipped during the
change of 𝑐-rotations from in-phase to antiphase, resulting in
one single energy barrier; whereas in larger supercells, more
layers of octahedra are allowed to flip independently, and
therefore the calculations result in multiple energy barriers.
The multiple energy barriers in larger supercells indicate that
along the minimum energy path from 𝑃𝑏𝑛𝑚 to 𝑅3𝑐, different
layers of octahedra are flipped one-by-one.

Another interesting observation from the NEB calculations is
the decreasing trend of the energy barrier with the increase
of the supercell size (Figure 7.1 (a)), which seems to imply a
paradox: as the supercell size becomes infinitely large, the
barrier for the transition from 𝑅3𝑐 to 𝑃𝑏𝑛𝑚 will tend to be
infinitely small. This could lead to the suspicion that the 𝑅3𝑐
phase might not be able to remain stable on a macroscopic
scale, as even a small perturbation could destabilize 𝑅3𝑐 in
favor of 𝑃𝑏𝑛𝑚, which seems to contradict the fact that the
𝑅3𝑐 phase is dynamically stable and does not show lattice
instability at 0 K. To resolve this paradox, the localized nature
of the layer-by-layer flipping of oxygen octahedra rotations
along the NEB path must be considered, and the way of
computing the energy need to be changed. It should be noted
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that each time one layer of octahedra rotations flips, the
energy cost is concentrated locally on that flipping layer,
rather than being distributed throughout the entire system.
From this view, instead of normalizing the energy over the
size of the entire system (energy per formula unit), a more
appropriate way to represent the energy is to normalize
with respect to the cross-sectional area perpendicular to the
oxygen octahedra rotation axis.

In Figure 7.1 (b), the energy normalized with respect to the
cross-sectional area is plotted against the number of flipped
layers of the octahedra rotations. It can be seen that the energy
barrier for flipping one layer is approximately the same in the
calculations performed on supercells of different sizes. In this
representation, the energy barrier is not expected to decrease
toward zero when extrapolating the size of the system to
macroscopic scale. Therefore, the calculations reveal that
the minimum energy path connecting the 𝑃𝑏𝑛𝑚 and 𝑅3𝑐
phases consists of consecutive flips of the 𝑐-rotations, and
emphasize the localized nature of the layer-by-layer flips
along the path.

Interestingly, going from the nonpolar 𝑃𝑏𝑛𝑚 phase to polar
𝑅3𝑐 phase, the layer-by-layer flipping of oxygen octahedra
rotation is also accompanied with a gradual development
of the polarization. Figure 7.1 (c) shows the evolution of
the polarization components 𝑃𝑥 , 𝑃𝑦 , and 𝑃𝑧 along the NEB
path, all of which increase as the system goes from 𝑃𝑏𝑛𝑚

to 𝑅3𝑐. A closer examination of the cell-by-cell polarization
(insets in Figure 7.1 (c)) reveals that the development of
polarization is spatially non-uniform. In the intermediate
states along the NEB path, in-phase and antiphase 𝑐-rotations
coexist. In the region with antiphase 𝑐-rotations, the cell-by-
cell polarization vectors are nearly aligned, locally resembling
the 𝑅3𝑐 structure. By contrast, the region with in-phase 𝑐-
rotations is similar to the 𝑃𝑏𝑛𝑚 phase, but exhibits a finite 𝑃𝑧 ,
which arises from the requirement to maintain polarization
continuity with the adjacent 𝑅3𝑐-like region. The presence
of a non-zero 𝑃𝑧 component in this region accounts for the
fact that the net polarization 𝑃𝑧 exceeds both 𝑃𝑥 and 𝑃𝑦 .
According to the previous discussion, the transition from
𝑃𝑏𝑛𝑚 to 𝑅3𝑐 along the NEB path can also be interpreted
as the movement of the interface between these two phases.
This interfacial motion is accomplished by the local flipping
of the oxygen octahedra rotations and the reorientation of
the polarization in the unit cells close to the interface.



7.1 Finite-temperature properties and the hidden ferroelectric R3c phase 205

These results are consistent with the experimental findings
of Ref. [325], where the 𝑅3𝑐 phase is stabilized in CaTiO3
films grown on (111)-oriented LaAlO3 substrates. In that
case, the 𝑎−𝑎−𝑎− oxygen octahedra rotation pattern of the
LaAlO3 substrate, which matches that of the 𝑅3𝑐 phase of
CaTiO3, provides the epitaxial boundary conditions that
seed and pin the antiphase rotation pattern at the interface,
thereby stabilizing the 𝑅3𝑐 phase against the competing
𝑃𝑏𝑛𝑚 ground state.

7.1.2 Thermal stability of the 𝑅3𝑐 phase
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Figure 7.2: Structural phase transitions dur-
ing the heating process from the 𝑅3𝑐 phase.
(a) Polarization, and (b) oxygen octahedra
rotations as functions of temperature. The
simulation was performed in 16×16×16 su-
percell using the second-principles model
of CaTiO3.

Then, assuming that the 𝑅3𝑐 phase has been induced in some
way, its thermal stability is studied by performing second-
principles HMC heating simulations in 16× 16× 16 supercell.
The model-based calculations confirm that the 𝑅3𝑐 phase,
once stabilized, remains stable below a certain finite temper-
ature. Figure 7.2 shows that the 𝑅3𝑐 phase, characterized
by 𝑃𝑥 = 𝑃𝑦 = 𝑃𝑧 ≠ 0 and 𝜙−𝑥 = 𝜙−𝑦 = 𝜙−𝑧 ≠ 0, remains
stable up to around 300 K, consistent with the experimental
stabilization of the 𝑅3𝑐 phase at room temperature [325].
Between 300 K and 350 K, a transition from the 𝑅3𝑐 phase
to some nonpolar structure occurs, as evidenced by the fact
that the polarization abruptly drops to zero (Figure 7.2 (a)).
Above 350 K, the oxygen octahedra rotations around two
of the pseudocubic axes remain antiphase (𝜙−𝑥 = 𝜙−𝑦 ≠ 0,
and 𝜙+𝑥 = 𝜙+𝑦 = 0), while the rotations around the third
pseudocubic axis change to a complex pattern (𝜙−𝑧 ≠ 0 and
𝜙+𝑧 ≠ 0) [326]. As the temperature further increases, both
𝜙−𝑧 and 𝜙+𝑧 exhibit several jumps (Figure 7.2 (b)). When the
temperature reaches around 1200 K, the system goes into the
𝐶2/𝑚 phase, and both 𝜙−𝑧 and 𝜙+𝑧 become zero. At higher
temperatures, the phase transitions are the same as those
observed when heating from the 𝑃𝑏𝑛𝑚 phase in Figure 4.34
from Section 4.3.5.

The evolution of oxygen octahedra rotations and cell-by-cell
polarization with temperature is shown in Figure 7.3. It
can be seen that the antiphase rotations around the three
pseudocubic axes and the uniform polarization are well
preserved up to 300 K.
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Figure 7.3: Evolution of (a) oxygen octahedra rotations and (b) cell-by-cell polarization during the heating process from the
𝑅3𝑐 phase. The intensity of the colors in (a) represents the amplitude of 𝜙𝑥 , 𝜙𝑦 , and 𝜙𝑧 defined by Eq. (4.4), with red and
blue indicating opposite signs. The arrows in (b) denote the in-plane component of the cell-by-cell polarization component
within the 𝑦𝑧 plane. As 𝑃𝑥 = 𝑃𝑦 holds at all temperatures, the out-of-plane component 𝑃𝑥 is not shown. The background
colored squares indicate the oxygen octahedra rotations, characterized by 𝜙𝑧 . The cell-by-cell polarization was calculated
based on 𝐵-site-centered 5-atom pseudocubic perovskite unit cells.

Above this temperature, the oxygen octahedra rotations
around the pseudocubic [001] axis, which are characterized
by 𝜙𝑧 , are neither in-phase nor antiphase, but exhibit some
complex patterns. These complex patterns can also be re-
garded as a defective in-phase pattern, as the planes across
which 𝜙𝑧 changes its sign can be viewed as defect planes
within a matrix with in-phase rotations.

Accordingly, the polarization mostly disappears with small
residual polarization remaining close to the defect planes.
As the temperature further increases, these defect planes are
progressively eliminated, the proportion of in-phase rota-
tions increases, and the polarization disappears. This process
occurs through local switching of oxygen octahedra rotations,
very similar to what has been observed in the NEB calcula-
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tions illustrated in Figure 7.1. In fact, the jumps in 𝜙−𝑧 and
𝜙+𝑧 correspond to the local switching of oxygen octahedra
rotations. Therefore, the results reveal that the thermal desta-
bilization of the 𝑅3𝑐 phase toward the 𝑃𝑏𝑛𝑚 phase does not
occur as a direct and global transition, but rather happens
progressively in a temperature range through consecutive
and localized flipping of oxygen octahedra rotations.

7.1.3 Electric-field induced switching

The remaining question is to which extent the hidden 𝑅3𝑐
phase could be eventually stabilized in bulk CaTiO3. Given
the reasonably small energy difference between the 𝑃𝑏𝑛𝑚
and 𝑅3𝑐 phases (see Section 4.3.5) ‗ and the large polarization
of the latter, it is reasonable to expect that the 𝑅3𝑐 phase
could be stabilized over the 𝑃𝑏𝑛𝑚 phase under appropriate
electric field.
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Figure 7.4: Field-dependent energy 𝐹 of
the 𝑃𝑏𝑛𝑚 and 𝑅3𝑐 phases as a function
of electric field, calculated from structure
relaxations with the electric field applied
along pseudocubic [111] direction. Note
that the symmetry of the 𝑃𝑏𝑛𝑚 phase is
lowered to 𝑃𝑐 under the applied electric
field.

To confirm this first at 0 K, Figure 7.4 compares the field-
dependent energy functional 𝐹 defined as 𝐹 = 𝑈 −Ω(EEE · P)
(where𝑈 is the internal energy, Ω the unit cell volume, P the
macroscopic polarization vector andEEE the homogeneous elec-
tric field vector), for the 𝑃𝑏𝑛𝑚 and 𝑅3𝑐 phases as a function
of electric field†. At zero field, the 𝑃𝑏𝑛𝑚 phase exhibits the
lowest 𝐹, but this is changing for increasing fields. Above 1.7
MV/cm, the 𝑅3𝑐 phase becomes thermodynamically more
favorable, suggesting a tendency for a transition from 𝑃𝑏𝑛𝑚

to 𝑅3𝑐 under sufficiently large electric field. Despite this, the
electric field of 1.7 MV/cm is not sufficient to induce the
𝑃𝑏𝑛𝑚-to-𝑅3𝑐 transition. A larger field is required to over-
come the barrier between the two phases (even 5 MV/cm is
not sufficient, the 𝑃𝑏𝑛𝑚 phase remains metastable according
to Figure 7.5), and the transition would be very difficult at 0
K because there is no assistance from thermal fluctuations.

To directly simulate the electric-field induced 𝑃𝑏𝑛𝑚-to-𝑅3𝑐
transition at finite temperature and access polarization-electric
field (𝑃-E ) hysteresis loops, HMC simulations have been per-
formed while adding the same extra energy term −Ω(EEE · P),

‗ It is important to notice that, compared to DFT, the MULTIBINIT model
tends to overstabilize the 𝑅3𝑐 phase respect to the 𝑃𝑏𝑛𝑚 phase (see Section
4.3.5), so the 𝑃𝑏𝑛𝑚-to-𝑅3𝑐 transition fields reported in this section should
be seen as a lower bound.

† Strictly speaking, 𝐹 is not the electric enthalpy (which would include an
additional E2 term) but is a proper quantity to minimize to identify the
ground state under finite electric field [327]
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as above. This gives rise, in practice, to an extra force on
each of the atoms, proportional to the product of the Born
effective charge (estimated in the parent cubic phase) and the
field. The simulations were performed at two representative
temperatures: 200 K, at which the 𝑅3𝑐 phase is metastable
in the absence of electric field, and 500 K, at which the 𝑅3𝑐
phase becomes dynamically unstable and transforms spon-
taneously into nonpolar structure in zero field (see Section
4.3.5).
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Figure 7.5: Simulated 𝑃-𝐸 hysteresis loops
of CaTiO3 at (a) 200 K and (b) 500 K. The
insets show the cell-by-cell polarization
(arrows, representing 𝑃𝑦𝑧 ) and oxygen oc-
tahedra rotations (colored squares, repre-
senting 𝜙𝑧 ). The electric field was applied
along the pseudocubic [111] direction, and
the polarization was projected to the same
direction. The simulations were performed
in 12× 12× 12 supercells using the second-
principles model of CaTiO3.

At 200 K, starting in the metastable 𝑅3𝑐 phase, the model-
based simulations reveal a well-defined single𝑃-E loop with a
reasonable coercive field of about 0.75 MV/cm (Figure 7.5 (a)),
confirming the switchable character of the polarization and
the ferroelectric nature of the 𝑅3𝑐 phase. This result is consis-
tent with the experimental observation in Ref. [325], where
reversible polarization switching was detected by piezore-
sponse force microscopy in thin films. This suggests that
bulk CaTiO3 could potentially be made ferroelectric. How-
ever, starting in the 𝑃𝑏𝑛𝑚 phase, the simultations reveal that
turning the system into the 𝑅3𝑐 phase would require a field
of 3-5 MV/cm which is beyond the breakdown field of real
samples [328]. Since the model tends to overstabilize the 𝑅3𝑐
phase, the fact that the transition remains inaccessible even
under these conditions indicates that such a field-induced
transition is unlikely to occur experimentally. Alternatively,
cooling CaTiO3 from 1300 K (in the 𝐶2/𝑚 phase) under a
more reasonable field of 1 MV/cm might help stabilize the fer-
roelectric 𝑅3𝑐 phase at low temperature but would certainly
remain very challenging experimentally as well.

At 500 K, the finite-field simulations reveal a double 𝑃-E hys-
teresis loop (Figure 7.5 (b)), fingerprint of an antiferroelectric
behavior. The vanishing remanent polarization confirms that
the polar 𝑅3𝑐 phase is no longer stable at zero field. Instead,
the system adopts a nonpolar structure with complex oxygen
octahedra rotation pattern, which can be regarded as 𝑃𝑏𝑛𝑚
structure with planar defects. The electric-field induced tran-
sition to the 𝑅3𝑐 phase is first order and identified by an
abrupt jump of the polarization and a change in the oxygen
octahedra rotation pattern from 𝑎−𝑎−𝑐+ to 𝑎−𝑎−𝑎− (Figure
7.3). As such, CaTiO3 could be considered as antiferroelec-
tric in this temperature regime. However, once again, the
electric field for the nonpolar-polar transition (around 4.7
MV/cm) clearly exceeds the breakdown field of real samples
[328], making such behavior hardly accessible experimentally.
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These results are consistent with the fact that, although not
a priori impossible, the antiferroelectric-like switching in
bulk CaTiO3 has never been reported experimentally. All this
points out that not only the energetic proximity of the polar
and non-polar phases but also the energy barrier between
them is key in assessing the antiferroelectric behavior of a
compound in a given temperature range.
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Figure 7.6: Electric-field induced𝑃𝑏𝑛𝑚-to-𝑅3𝑐 phase transition at 500 K with the electric field applied along the pseudocubic
[111] direction. (a) Polarization and (b) oxygen octahedra rotation angle as functions of the applied electric field. (c)
Cell-by-cell polarization (arrows, representing 𝑃𝑦𝑧 ) and oxygen octahedra rotations (colored squares, representing 𝜙𝑧 )
during the transition. Note that the symmetry of the 𝑃𝑏𝑛𝑚 phase is lowered to 𝑃𝑐 under the applied electric field. The
simulation was performed in 12 × 12 × 12 supercells using the second-principles model of CaTiO3.

7.2 First-order polarization process as
an alternative to antiferroelectrics

A modern definition of antiferroelectricity introduced in
Chapter 2 characterizes these materials through several cri-
teria, one of which is particularly relevant from an applied
perspective: the electric-field-induced switching between
antipolar and polar states, responsible for the characteristic
double hysteresis loops in the polarization versus electric field
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(𝑃–E ) curves. This response underlies a broad range of techno-
logical applications, including energy storage, electrocaloric
cooling, neuromorphic computing, and water purification
via piezocatalysis [310, 329–332].

In contrast to antiferromagnetism, which is widespread
among magnetic compounds, only a limited number of ma-
terials satisfy all the criteria required to be strictly classified
as antiferroelectrics. Many more, however, fulfill only part
of these criteria while still reproducing some of the associ-
ated functional properties, and are therefore referred to as
synthetic antiferroelectrics.

Because materials that are intrinsically antiferroelectric in
the strict sense are scarce, significant efforts have recently
been devoted to designing synthetic antiferroelectric systems
that reproduce their functional behavior. Various strategies
have been proposed, including the engineering of antipolar–
polar transitions in heterostructures [333–336] and interface-
induced effects in nanostructures [337, 338]. In many cases,
the underlying idea is to tune the depolarizing field so as to
slightly destabilize the polar phase relative to the antipolar
one, while still allowing the polar state to be recovered under
an applied electric field. Among these synthetic antiferro-
electrics, the present chapter focuses on those reproducing
the field-induced switchability and the associated double
hysteresis loop.
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Figure 7.7: Illustration of first order mag-
netization process. (a) Energy landscape of
different orientation of the magnetization.
(b) Related M-H curves

In magnetic systems, double-hysteresis loops in magnetiza-
tion versus magnetic field (M-H) curves are not restricted
to antiferromagnets but can also appear as a feature of some
ferromagnetic systems showing first-order magnetization
process [323, 324]. In such systems, the free energy shows
two slightly inequivalent extrema associated with distinct
orientations of the magnetization, as illustrated in Figure
7.7 (a). In some cases, the application of an appropriate ex-
ternal magnetic field can reverse the stability of the two
inequivalent minima, producing a first-order transition from
one state to the other through an abrupt rotation of the mag-
netization. In the case where this field-induced transition is
reversible under removal of the magnetic field, it can give
rise to double-hysteresis M-H loops, as illustrated in Figure
7.7 (b).

One may wonder whether, by analogy, a similar mechanism
could exist in polar materials, leading to a first-order po-
larization process capable of generating double hysteresis
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loops without invoking a conventional antipolar ground state.
While a few early studies hinted at such possibilities in liquid
crystals, amorphous systems or models inspired by biological
systems [339–341], this concept has remained largely unex-
plored in crystalline ferroelectrics. Demonstrating an electric
analogue of the first-order magnetization process would not
only broaden the fundamental understanding of polarization
switching but also open new opportunities for designing ma-
terials with controllable hysteresis and enhanced functional
responses.

The way tensile epitaxial strain can induce and stabilize dif-
ferent polar states in CaTiO3 is first examined. As shown in
Section 4.3.5, bulk CaTiO3 adopts an orthorhombic 𝑃𝑏𝑛𝑚
phase which can be seen as a small distortion of the reference
cubic perovskite structure: it arises from the condensation
of in-phase and anti-phase rotations of the oxygen octahe-
dra according to a pattern (𝑎−𝑎−𝑏+) in Glazer notation [21],
and further includes secondary antipolar motions of the Ca
cations [223] in the plane perpendicular to the in-phase rota-
tion axis of the oxygen octahedra. Previous theoretical [220,
225, 319] and experimental [321, 342] studies have shown that,
under epitaxial tensile strain, CaTiO3 preserves its oxygen
octahedra rotation pattern but further develops polarization
along different directions and exhibits competing ferroelectric
phases. This testifies to a complex and tunable energy land-
scape and provides an appealing opportunity to explore the
possibility of achieving a first-order polarization process.

7.2.1 Epitaxial mechanical constraints

To investigate this phenomenon, high-quality CaTiO3 thin
films have been deposited on (110)o and (001)o-oriented
NdGaO3 substrates, with high structural quality and atomi-
cally flat surfaces (see Appendix B-Section B.2) The NdGaO3
substrate adopts the same orthorhombic 𝑃𝑏𝑛𝑚 phase as bulk
CaTiO3. Simple inspection of the lattice parameters (see Ap-
pendix B, Table B.1) suggests that, when epitaxially grown
on (110)o and (001)o NdGaO3, CaTiO3 should keep in each
case the same orientation as the substrate to minimize elastic
energy. The second-principles calculations support this ex-
pectation and show that by imposing only epitaxial strain, the
most favorable orientation for the film is that of preserving
the orientation of the substrate (see Appendix B, Table B.2).
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Figure 7.8: Sketch of atomic configura-
tion and oxygen octahedra orientation
of CaTiO3 films grown on (a) NdGaO3
(110)o-oriented and (b) (001)o-oriented. Ten-
sile strain imposed by NdGaO3 (c) (110)o-
oriented and (d) (001)o-oriented as well as
the resulting dominant polarization orien-
tations
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In practice, this additionally preserves the continuity of the
pattern of oxygen octahedra rotations across the interface
(Figure 7.8), which should further stabilize the orientation.
For both orientations, X-ray diffraction confirms that the films
are fully strained, twin-free, and inherit the substrate oxygen
octahedra rotation pattern across the interface (see Appendix
B-Section B.3).

Importantly, although they arise from the same material,
the mechanical constraints imposed on the CaTiO3 film by
the NdGaO3 substrate are significantly different for the two
substrate orientations (see Appendix B, Table Table B.2) and
should therefore affect the energy landscape differently. The
(110)o substrate applies a rectangular biaxial tensile strain
along co and bo − ao, while the (001)o substrate produces
an orthorhombic tensile constraint in the (𝑎o , 𝑏o) plane. This
difference in the degree of strain leads to markedly different
behavior for the two orientations of films, as will be shown
below.

CaTiO3 on (110)-oriented NdGaO3

aTiO3 films grown on (110)o are first examined (see Methods).
Combined X-ray diffraction, electrical measurements (see
Appendix B-Section B.3) and first-principles calculations,
demonstrate that this strain state stabilizes a low-symmetry
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Figure 7.9: Characterisation of the ferroelectric properties of CaTiO3 films. (a) Experimental polarization versus electric
field measurement for a 18.2 nm-thick CaTiO3 film grown on NdGaO3 (110)o along apc and bpc at 𝑇𝑒𝑥𝑝 = 4.2 K in 𝑃𝑚 phase.
(b) Experimental dielectric constant versus temperature measurement for the same film as panel (a), along apc and bpc,
showing a characteristic peak at 𝑇𝑐,𝑒𝑥𝑝 = 110 K signifying the transition from 𝑃𝑚 to 𝑃21/𝑚 phase. (c) Second-principles
polarization versus electric field curve for CaTiO3 strained on NdGaO3 (110)o along apc and bpc at 𝑇𝑠𝑖𝑚 = 40 K in 𝑃𝑚 phase.
(d) Experimental polarization versus electric field measurement for a 17.4 nm-thick CaTiO3 film deposited on NdGaO3
(001)o along ao and bo at 𝑇𝑒𝑥𝑝 = 4.2 K in 𝑃𝑚 phase. (e) Experimental dielectric constant versus temperature measurement
for the same film as panel (d), along ao and bo showing a characteristic peak at 𝑇𝑐,𝑒𝑥𝑝 = 80 K signifying the transition
from 𝑃𝑚 (𝑃21𝑛𝑚-like) to 𝑃𝑏𝑛𝑚 phase. (f) Second-principles polarization versus electric field curve for CaTiO3 strained on
NdGaO3 (001)o along ao and bo at 𝑇𝑠𝑖𝑚 = 40 K in 𝑃𝑚 (𝑃21𝑛𝑚-like) phase.

𝑃𝑚 polar phase with an in-plane polarization along apc
( Figure 7.8(b)), slightly lower in energy than a competing
𝑃21 phase polarized along bpc.

Having resolved the structure, the electrical response of
an 18.2 nm thick film along the two orthogonal in-plane
axes is examined. Figure 7.9(a) shows that a well-defined
ferroelectric hysteresis loop is obtained at 4.2 K when the field
is applied along apc, whereas only a linear dielectric response
is observed along bpc. Capacitance–voltage measurements
(Appendix B, Figure B.9) and second-principles simulations
(Figure 7.9 (c)) further confirm this anisotropic response,
demonstrating that CaTiO3 behaves as a uniaxial ferroelectric
under this strain state.

It has to be noted that the ferroelectric hysteresis loop oc-
casionally exhibits a step-like or partially pinched shape (
Figure 7.9(a)). Such pinched loops have previously been re-
ported in ferroelectric thin films and ceramics and are often
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associated with extrinsic effects, such as defect dipoles or in-
homogeneous switching conditions [343–345]. The degree of
pinching in the hysteresis loops varies from sample to sample,
and depends on their switching history. This suggests that
this behavior is not an intrinsic property of CaTiO3 under
this strain state but is most likely associated with extrinsic
effects.

The temperature dependence of the dielectric constant along
the two orthogonal directions shown in Figure 7.9 (b) further
supports the uniaxial ferroelectric behavior: a pronounced
peak appears only when the field is applied along the ferro-
electric axis apc, while the curve remains flat when the field is
applied along the orthogonal bpc direction (see Appendix B,
Figure B.10 and Figure B.11 for frequency-dependent capaci-
tance and loss tangent versus temperature, showing strong
anisotropic response along the two orthogonal directions).
This further identifies the ferroelectric Curie temperature to
𝑇𝑐,𝑒𝑥𝑝 = 115 K, a value slightly overestimated by the second-
principles model (𝑇𝑐,𝑠𝑖𝑚 = 245 K). Together, these results
highlight the strong directional coupling between strain,
octahedra rotations, and polarization in such orientation.

CaTiO3 on (001)-oriented NdGaO3

Attention is now turned to CaTiO3 films strained on (001)o-
oriented NdGaO3. Below approximately 87 K, synchrotron X-
ray diffraction and electrical measurements reveal a symmetry
lowering to a polar 𝑃𝑚 phase (see Appendix B-Section B.2),
in excellent agreement with second-principles calculations
which yield a transition temperature of 85 K. The polarization
is predominantly oriented along ao and show a smaller
component along bo.

First- and second-principles calculations corroborate this pic-
ture and further reveal the presence of two nearly degenerate
polar 𝑃𝑚 phases, separated by only 0.7 meV/f.u. ( Figure
7.8(d)). One is polarized primarily along 𝑎o (close to 𝑃21𝑛𝑚),
the other along 𝑏o (close to 𝑃𝑏21𝑚). Their near degeneracy
arises from a subtle competition: in the 𝑃21𝑛𝑚-like state,
the main polarization component is perpendicular to the
antipolar motions of the Ca cations, whereas it is parallel to
them in the 𝑃𝑏21𝑚-like state. In what follows, in order to
avoid any ambiguity between both 𝑃𝑚 phases, the notation
𝑃21𝑛𝑚 and 𝑃𝑏21𝑚 is adopted, according to the direction of
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the main component of their polarization, without changing
the generality of the following results.

The electrical and dielectric measurements reveal a marked
anisotropy: while a conventional ferroelectric loop is ob-
served when the field is applied along ao, a double hysteresis
loop emerges when the field is applied along bo (Figure
7.9 (d–e)). This distinct behavior is reproduced in second-
principles simulations ( Figure 7.9(f)), which reproduce a
simple ferroelectric loop along ao and the emergence of a
double hysteresis loop when the electric field is applied along
bo.

Temperature-dependent dielectric measurements in Figure
7.9(e) provide an independent manifestation of this duality
and anisotropic response, revealing markedly different dielec-
tric signatures depending on the orientation of the applied
electric field. This anisotropy is additionally evident from
the frequency dependent capacitance and loss tangent (see
Appendix B, Figure B.10 and Figure B.11).

The pronounced directional switching observed here is un-
usual. This behavior evokes features typical of first-order
magnetization process, but alternative mechanisms could, in
principle, produce such a behavior. In particular, Ref. [336]
shows that, in ferroelectric/dielectric superlattices, competi-
tion between domain configurations and field-induced reori-
entation, governed by electrostatic and mechanical boundary
conditions, can lead alternatively to single or double hystere-
sis loops depending on the orientation of the applied electric
field.

To assess the origin of this behavior in CaTiO3 films, a fine
sampling of the polarization energy landscape has been per-
formed ( Figure 7.10 (a)) and the associated switching path-
ways are examined. The minimum-energy path connecting
the two experimentally accessible polarization states (𝑃21𝑛𝑚

ground state and 𝑃𝑏21𝑚 metastable phase) is first computed
using second-principles NEB calculations (Figure 7.10 (a,c)).
The resulting path reveals a “Mexican hat”-shape energy
landscape, which is compatible with a progressive in-plane
rotation of the polarization vector between the nearly orthog-
onal minima, without passing through the paraelectric 𝑃𝑏𝑛𝑚
state, when a field is applied along bo. This polarization rota-
tion is further confirmed by field-driven molecular-dynamics
simulations. Finite-temperature simulations under electric
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Figure 7.10: (a) Energy landscape of CaTiO3 strained on NdGaO3 (001)o, shown as a function of the pseudo-cubic
polarization components 𝑃𝑥 and 𝑃𝑦 . The grey line marks the lowest-energy path (nudged elastic band) connecting the
𝑃21𝑛𝑚 ground state and the 𝑃𝑏21𝑚 metastable phase, defining a polar angle 𝜃 that parameterize the polarization rotation
along this path. The landscape exhibits a Mexican-hat-like shape (although not perfectly flat). For electric fields applied
along ao (resp. bo), the system exhibits single (resp. double) hysteresis loops. (b) Reorientation of the polarization in
CaTiO3 strained on NdGaO3 (001)o under electric field along bo at 𝑇sim = 40 K ( Figure 7.9(d)), highlighting an abrupt
jump associated with a first-order transition. (c) Energy along the same minimum-energy path shown in panel (a), plotted
as a function of the rotation angle 𝜃, and its evolution under electric field applied along bo, as fitted with Eq. 7.1.

field applied along bo (Figure 7.9(f)) show that the polar-
ization rotates progressively from ao to bo with increasing
field until a critical field is reached, where it abruptly jumps
from the 𝑃21𝑛𝑚 state to the 𝑃𝑏21𝑚 state, while remaining
finite throughout the transition and never passing through
zero. The polarization trajectories shown in Figure 7.10(b)
provide an alternative representation of the same data, di-
rectly visualizing this continuous and almost rigid rotation
followed by the sudden jump. Together, these results establish
that the observed double hysteresis loop is associated with a
discontinuous reorientation of the polarization between two
ferroelectric states of distinct orientations that are close in
energy and separated by a small energy barrier. By analogy
with magnetism, the term first-order polarization process is
introduced here.
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7.2.2 Origin of first-order polarization process

The experimental and theoretical results consistently estab-
lish that CaTiO3 films grown on NdGaO3 (001)o substrates
exhibit either conventional ferroelectric switching or double
hysteresis loops, depending on the orientation of the applied
electric field. This directional duality arises from a first-order
polarization process, an analogue of first-order magnetization
process in magnetic systems. This interpretation is supported
by a one-to-one correspondence between the key characteris-
tics of first-order magnetization process and the observations
in CaTiO3.

The foundation of this analogy lies in an underlying energy
landscape prone to polarization rotation. The calculations
reveal two nearly degenerate, yet non-equivalent, 𝑃𝑚minima
(close to 𝑃21𝑛𝑚 and 𝑃𝑏21𝑚) associated with nearly perpen-
dicular polarization orientations and separated by a small
energy barrier.

Extending the analogy to a more quantitative level, the po-
larization energy landscape can be described within a phe-
nomenological framework using a mathematical formalism
directly analogous to that employed for first-order magneti-
zation process. To capture the NEB energy profile 𝑈 along
the minimum-energy path (Figure 7.10 (a)) in a compact form,
it is assumed that𝑈 depends only on the orientation 𝜃 – with
respect to ao – of the spontaneous polarization of amplitude
𝑃𝑠 , taken to be constant, and𝑈(𝜃) is fitted using a minimal
angular expansion:

𝑈(𝜃) = 𝑈0 + 𝐾1 sin2 𝜃 + 𝐾2 sin4 𝜃 + 𝐾3 sin6 𝜃 (7.1)

This fit (Table 7.1) perfectly reproduces both the relative depth
of the two minima and the barrier separating them (Figure
7.10 (b)), providing a concise representation of the anisotropy
governing polarization rotation.

Table 7.1: Values of 𝑈0 and anisotropy
constant 𝐾1, 𝐾2, 𝐾3 (meV/f.u.) and 𝑃𝑠
(𝜇C/cm2) for CaTiO3 strained on NdGaO3
(110)o and NdGaO3 (001)o

Terms NdGaO3 (110)o NdGaO3 (001)o

𝑈0 0.0 0.0
𝐾1 9.56 2.11
𝐾2 -11.48 -2.33
𝐾3 3.76 0.83
𝑃𝑠 27 21

Assuming a constant polarization amplitude 𝑃𝑠 , the coupling
to an external electric field E along bo is introduced through
the field-dependent energy 𝐹(𝜃) = 𝑈(𝜃) − E𝑃𝑠 sin𝜃. Within
this phenomenological framework, the application of an ex-
ternal electric field progressively tilts the energy landscape,
leading to a field-induced interchange of stability between
the two competing minima at E ∼ 140 kV/cm at 0 K, in good
agreement with the coercive field obtained from second-
principles molecular dynamics simulations. This agreement
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confirms that, at the phenomenological level, the double
hysteresis loop is governed by an abrupt and reversible reori-
entation of the polarization vector that is directly analogous
to the magnetization reversal characteristic of a first-order
magnetization process.
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Figure 7.11: Energy versus angle 𝜃 ob-
tained by fitting Eq. (7.1) in the case of
CaTiO3 strained on NdGaO3 (110)o for dif-
ferent applied field. Dots correspond to
the second-principles NEB energies in zero
field.

This unified framework also explains the absence of double
hysteresis loops in films grown on (110)o substrates. Second-
principles NEB calculations reveal a substantially higher
energy barrier between the competing polarization states
(𝑃21 and 𝑃𝑚), approximately four times larger than in the
(001)o case (see Figure 7.11). Within the same parametrization,
this increased barrier translates into a predicted coercive
field exceeding 500 kV/cm at 0 K, well above the dielectric
breakdown threshold of CaTiO3 thin films. As a result, the
practically accessible electric fields cannot induce a transition
toward the competing polarization states, and only robust
uniaxial ferroelectric switching is experimentally observed
in this orientation. Such in-plane uniaxial ferroelectrics in
thin-films offer a simplified polarization landscape and can be
advantageous for applications requiring directional control,
such as non-volatile memories, electro-optical modulators
and in-plane tunnel junctions [346–349].

These contrasting cases suggest concrete guidelines for re-
alizing first-order polarization processes in ferroelectrics: (i)
selecting materials with intrinsic structural anisotropies that
differentiate polarization orientations, such as ferroelastic
or antipolar distortions; (ii) using epitaxial boundary condi-
tions to tune the relative stability of the resulting ferroelectric
states toward near degeneracy without suppressing their
polar character; and (iii) ensuring that the barriers separating
these states remain moderate, so that polarization reorien-
tation can be driven reversibly by experimentally accessible
electric fields. From this perspective, a broad class of strained
ferroelastic and antipolar materials emerges as promising
candidates for first-order polarization processes [22].

CaTiO3 provides a concrete realization of these guidelines.
The oxygen-octahedra rotation pattern, inherent to its or-
thorhombic structure, introduces a built-in anisotropy be-
tween different polarization directions, while epitaxial strain
acts as an external and tunable control parameter that can
selectively enhance or partially compensate this intrinsic
anisotropy depending on its magnitude and symmetry [225].
The resulting balance stabilizes multiple ferroelectric states
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of comparable energy while maintaining moderate barriers
between them, thereby enabling a first-order polarization
reorientation under moderate applied electric fields.

Viewed from this perspective, the first-order polarization
process identified here does not rely on an exotic switch-
ing pathway, but instead on a well-established mechanism
in ferroelectrics, namely polarization rotation. Polarization
rotation is indeed not unusual in ferroelectric perovskites
and has been extensively studied in connection with giant
piezoelectric responses [350]. In those systems, the rotation
of the polarization vector under an electric field is the key
mechanism enabling ultrahigh electromechanical coupling,
but it typically requires very large fields to overcome sub-
stantial intrinsic energy barriers [351, 352]. In contrast, the
strain-engineered energy landscape considered here brings
competing ferroelectric minima into close energetic proximity,
enabling a field-induced polarization reorientation at much
lower, experimentally accessible fields. As a result, polariza-
tion rotation manifests not as a smooth response, but as a
first-order switching process, giving rise to double hysteresis
loops.

The discovery of a first-order polarization process imme-
diately raises the question of its technological relevance,
since the coexistence of distinct switching modes can be har-
nessed in practical functionalities. Importantly, the first-order
polarization process is not only an alternative to antiferro-
electricity. The ability to toggle between ferroelectric-like and
antiferroelectric-like responses depending on the orientation
of the applied field within the same system is particularly
appealing for neuromorphic computing, where ferroelectric
switching underlies convolutional neural networks, while
antiferroelectric-like behavior can emulate spiking neural
networks—two complementary elements for hybrid neuro-
morphic architectures [331]. Moreover, the duality of the
dielectric response extends beyond polarization switching.
Indeed, in magnetic systems, first-order magnetization pro-
cess is often accompanied by magnetocaloric effects [353,
354] of opposite sign depending on the orientation of the
applied field; by analogy, first-order polarization process is
expected to couple to similar electrocaloric behaviors. Con-
sistent with this picture, and using the formalism introduced
in Section 2.2.2, opposite signs of the electrocaloric tempera-
ture change are predicted from the second-principles model
depending on field orientation: Δ𝑇 < 0 when the electric
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Figure 7.12: (a) Dielectric susceptibility as a function of temperature. (b) Change in temperature under different electric
field condition.

field is applied perpendicular to the polarization, with an
efficiency in the same range as conventional antiferroelectrics
(Δ𝑇/ΔE2 = −3×10−5 K cm2 kV−2) [355, 356]. On the contrary,
Δ𝑇 > 0 when the electric field is parallel to the polarization
as shown in Figure 7.12 (b) (Δ𝑇/ΔE = 0.02 K cm kV-1). This
mirrors the behavior of first-order magnetization process.
It further reinforces the close analogy between first-order
magnetization process and first-order polarization process
and highlights strained CaTiO3 as a promising platform for
multifunctional applications.

7.3 Summary

This chapter examined the ferroelectric and antiferroelectric
potential of CaTiO3 from two complementary perspectives,
combining second-principles simulations with experimental
measurements.

The first part focused on the metastable polar 𝑅3𝑐 phase
of bulk CaTiO3. The minimum energy path connecting the
𝑃𝑏𝑛𝑚 ground state and the 𝑅3𝑐 phase was explored using
second-principles NEB calculations on supercells of increas-
ing size. A layer-by-layer flipping mechanism of the oxygen
octahedra rotations was identified along this path, with an
energy cost that is localized at the flipping layer and re-
mains finite in the thermodynamic limit. Finite-temperature
simulations further showed that the 𝑅3𝑐 phase is stabilized
below approximately 300 K, where it behaves as a genuine
ferroelectric, while the 𝑃𝑏𝑛𝑚 phase with defects is recovered
above this temperature. The response to an applied electric
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field was also investigated, revealing that the field must
overcome a substantial barrier to drive the system from the
𝑃𝑏𝑛𝑚 ground state toward the 𝑅3𝑐 phase, so that the system
does not exhibit the characteristic double hysteresis loops
of antiferroelectrics. Bulk CaTiO3 is therefore confirmed to
be neither ferroelectric nor antiferroelectric, but an incipient
ferroelectric with a metastable polar phase accessible under
appropriate conditions.

The second part turned to epitaxially strained CaTiO3 films
grown on differently oriented NdGaO3 substrates. It was
shown that the substrate orientation acts as a decisive control
parameter: films grown on (110)o-oriented substrates exhibit
robust uniaxial ferroelectric behavior, while films grown
on (001)o-oriented substrates develop two nearly degener-
ate polar 𝑃𝑚 phases with nearly orthogonal polarization
orientations and a Mexican-hat energy landscape. Under
these conditions, the dielectric response becomes strongly
anisotropic: a conventional ferroelectric hysteresis loop is
observed when the field is applied along ao, while a double
hysteresis loop emerges along bo. Through a combination of
second-principles NEB calculations and finite-temperature
molecular dynamics simulations, this behavior was attributed
to a discontinuous reorientation of the polarization vector
between two nearly degenerate ferroelectric states, driven by
a field-induced interchange of their stability. By direct anal-
ogy with the first-order magnetization process in magnetic
systems, this mechanism is introduced here as a first-order
polarization process.

The phenomenological framework developed for the first-
order magnetization process was extended to the present
context, providing a compact parametrization of the energy
landscape that quantitatively reproduces both the energy
barrier between competing states and the coercive field ob-
tained from molecular dynamics simulations. This framework
also accounts for the absence of double hysteresis loops in
films grown on (110)o substrates, where the substantially
larger barrier between competing polarization states requires
fields well beyond the dielectric breakdown threshold. Con-
crete guidelines were proposed for realizing first-order polar-
ization processes in other ferroelectric systems, identifying
strained ferroelastic and antipolar materials as a broad class
of promising candidates. Finally, the electrocaloric signa-
tures of the first-order polarization process were examined,
revealing opposite signs of the electrocaloric temperature
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change depending on the orientation of the applied field, in
direct analogy with the magnetocaloric effect accompanying
first-order magnetization process in magnetic systems.
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The rare-earth nickelates RNiO3 constitute a paradigmatic
family of perovskite oxides exhibiting, upon cooling, a sharp
metal-insulator transition (MIT) concurrent with a structural
phase transition from the orthorhombic 𝑃𝑏𝑛𝑚 phase to the
monoclinic 𝑃21/𝑛 ground state. The structural signature of
this transition is the appearance of a breathing distortion of
the NiO6 octahedra, which breaks the equivalence between Ni
sites and is intimately linked to the opening of the electronic
gap. The physical origin of this transition was elucidated
by Mercy and co-workers [234], who demonstrated from
first-principles calculations that the breathing distortion 𝑄𝐵

(Figure 8.1) does not arise spontaneously but is instead struc-
turally triggered by the oxygen octahedra rotation modes
𝑅−5 and 𝑀+2 already present in the 𝑃𝑏𝑛𝑚 phase. Through
a biquadratic coupling of the form ∝ 𝑄2

𝐵
𝑄2
𝑖

(𝑖 = 𝑀+2 , 𝑅
−
5 ),

these rotations progressively renormalize the curvature of
the breathing mode energy well, driving it from a stable
single-well to an unstable double-well configuration at the
transition temperature 𝑇MI. A Landau model built on this
triggered mechanism was shown to quantitatively account
for the experimentally observed evolution of 𝑇MI across the
nickelate series. As shown in Figure 8.2, this behavior is cor-
rectly reproduced by the MLIP model introduced in Section
4.3.6.
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Two aspects of this picture are worth noting. First, the Lan-
dau model of Mercy and co-workers [234] is constructed
around the hypothetical cubic 𝑃𝑚3̄𝑚 reference structure,
which is never directly observed experimentally, as YNiO3
melts before reaching this phase [357]. Second, and more
fundamentally, the triggered mechanism rests on the progres-
sive softening of the breathing mode as the oxygen octahedra
rotations develop: in the cubic reference, the breathing dis-
tortion corresponds to the highest-frequency phonon at the
𝑅 point of the Brillouin zone (Figure 8.1), yet it must evolve
into the most unstable mode at the transition. This softening
is a central prediction of the triggered mechanism, but to
date no experimental evidence of it has been reported. This is
not surprising given the considerable experimental challenge
involved: the phonon spectrum of the 𝑃𝑏𝑛𝑚 phase is dense,
and identifying a single mode that softens from the top of the
phonon spectrum down to an instability (Figure 8.3) at the
transition requires an exceptional spectroscopic sensitivity
and a reliable assignment of the mode character across the
full temperature range.
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Figure 8.3: Phonon dispersion curve of
𝑃𝑏𝑛𝑚 phase in YNiO3 from DFPT.

The MLIP model presented in Section 4.3.6, combined with
the TDEP approach, provides a direct means to address this
question. By computing the phonon dispersion curves of
YNiO3 as a function of temperature, the evolution of the
breathing mode frequency can be tracked continuously from
well above 𝑇MI down to the transition, allowing a quantitative
test of the picture proposed by Mercy and co-workers [234]
and, ultimately, a guide for future experimental detection of
this softening.

8.1 Structural phase transition

The finite-temperature structural properties of YNiO3 are
first investigated by characterizing the 𝑃𝑏𝑛𝑚-to-𝑃21/𝑛 phase
transition and establishing the temperature scale over which
the model operates, before turning to the lattice dynamics
and phonon softening in the following sections.

Finite-temperature properties are investigated by means
of molecular dynamics simulations performed with the
LAMMPS software [358] using the developed interatomic
potential. NPT simulations are carried out on a 16 × 16 × 16
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supercell of the five-atom cubic unit cell, spanning tempera-
tures from 1 K to 1000 K at intermediate steps. A timestep of
1 fs is employed throughout. At each temperature, the system
is first equilibrated for 50 ps, after which the simulation is
continued for a further 50 ps for analysis. The trajectories are
analyzed using the Agate software [144].

0

0.2

0.4

0.6

0.8

1

B
O
C
/B

O
C
(T

=
0
K
)

0 0.2 0.4 0.6 0.8 1
90

90.02

90.04

90.06

90.08

90.1

90.12

T/Tc

β
(d
eg
re
es
)

(a)

(b)

Figure 8.4: Temperature dependence of
(a) the breathing distortion amplitude 𝑄𝐵 ,
normalized to its 𝑇 = 0 K value, and (b)
the monoclinic angle 𝛽, as a function of the
reduced temperature 𝑇/𝑇𝑐 . Both quantities
vanish continuously at 𝑇𝑐 , consistent with
a second-order structural phase transition.

The structural phase transition between the 𝑃𝑏𝑛𝑚 and 𝑃21/𝑛
phases is monitored through two order parameters: the am-
plitude of the breathing distortion𝑄𝐵, normalized to its value
at 𝑇 = 0 K, and the monoclinic angle 𝛽. In the orthorhombic
𝑃𝑏𝑛𝑚 phase, 𝛽 = 90 by symmetry, while a deviation from 90
signals the onset of the monoclinic 𝑃21/𝑛 phase. Both quan-
tities are reported as a function of the reduced temperature
𝑇/𝑇𝑐 in Figure 8.4.

Both order parameters vanish continuously at 𝑇𝑐 , consistent
with a second-order character of the 𝑃𝑏𝑛𝑚-to-𝑃21/𝑛 struc-
tural phase transition. The breathing distortion amplitude
decreases smoothly upon heating and goes to zero at 𝑇𝑐 ,
while the monoclinic angle 𝛽 returns to 90 at the same tem-
perature, confirming that the two structural signatures of
the 𝑃21/𝑛 phase disappear simultaneously at the transition.
The transition temperature obtained from the simulations is
𝑇𝑐 ≈ 120 K, which underestimates the experimental value
of approximately 600 K [359]. This underestimation is likely
related to the choice of the LDA+𝑈 functional used to gen-
erate the training data, as a similar study on SmNiO3 us-
ing DeePMD reported a significantly better agreement with
experiment when employing a GGA-PBEsol+𝑈 functional
instead [360].
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O
cc
ur
re
nc
es

1.15 Tc

7.25 Tc

(a)

(b)

(c)

Figure 8.5: (a) Temperature dependence of
the amplitudes of the 𝑅−5 , 𝑀+2 , and 𝑅−2 dis-
tortion modes as a function of the reduced
temperature 𝑇/𝑇𝑐 in YNiO3. Distributions
of the (b) 𝑅−5 and (c) 𝑀+2 mode amplitudes
(Å) at 1.15𝑇𝑐 and 7.25𝑇𝑐 .

The evolution of the dominant structural modes across the
transition is examined in Figure 8.5. The amplitudes of the
𝑅−5 oxygen octahedra rotation mode and the 𝑀+2 in-phase
rotation mode are tracked as a function of the reduced tem-
perature 𝑇/𝑇𝑐 , and their distributions at two representative
temperatures, 1.15𝑇𝑐 and 7.25𝑇𝑐 , are reported as histograms.
Strikingly, the amplitudes of both rotation modes remain
essentially constant across the entire temperature range inves-
tigated, from 𝑇𝑐 up to 7𝑇𝑐 . The 𝑅−5 mode shows no significant
variation, while the 𝑀+2 amplitude changes by less than 3%
between 1.15𝑇𝑐 and 7.25𝑇𝑐 , with their distributions showing
no appreciable shift between these two temperatures. This im-
plies that the structural conditions required for the breathing
distortion to develop are already fully established well above
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𝑇𝑐 , and persist essentially unchanged up to temperatures
several times larger than 𝑇𝑐 . This behavior stands in sharp
contrast with the picture of Mercy and co-workers [234], in
which the progressive development of the oxygen octahedra
rotations upon cooling is the driving force of the triggered
mechanism. In the present simulations, the rotations are
already fully developed at all temperatures investigated and
do not vary appreciably across the transition, demonstrating
that the thermal triggering of the breathing distortion cannot
be attributed solely to a temperature-driven growth of the
rotation amplitudes.

8.1.1 Temperature-dependent phonon softening

Temperature-dependent phonon dispersions in the 𝑃𝑏𝑛𝑚
phase are computed using the TDEP software package [179],
which extracts effective interatomic force constants from
molecular dynamics trajectories at finite temperature. At each
temperature, the dynamical matrix is obtained from a 1280-
atom supercell, with interactions truncated at a cutoff radius
of 7 Å. The phonon dispersions are then computed from the
resulting temperature-dependent force constants.

The analysis focuses on the Γ-point modes of the 𝑃𝑏𝑛𝑚 phase
whose symmetry is compatible with the 𝑃21/𝑛 ground state,
as these are the only candidates to drive the structural phase
transition. In 𝑃𝑏𝑛𝑚 settings, the two relevant irreducible
representations are Γ2+ and Γ3+, which can be expressed as
combinations of cubic modes as Γ2+ = 𝑅−3 ⊕ 𝑅−5 ⊕ 𝑋−3 ⊕ 𝑀+5
and Γ3+ = 𝑅−2 ⊕ 𝑅−3 ⊕ 𝑅−4 ⊕𝑀+5 [361], where 𝑅−2 corresponds
to the breathing mode. To track the evolution of the breathing
character across temperature, the distortion patterns of the
𝑃21/𝑛 ground state are projected onto each Γ3+ mode, and
the resulting overlap is encoded as the size of each data point
in Figure 8.6.

As illustrated in Figure 8.6, all Γ3+ modes maintain approx-
imately constant frequencies across the temperature range
investigated, except for one. At high temperatures, the breath-
ing character is delocalized across several Γ3+ modes with
frequencies above 300 cm−1, reflecting strong hybridization
between modes of compatible symmetry. As the tempera-
ture decreases toward 𝑇𝑐 , these contributions progressively
concentrate into a single mode that acquires a dominant
breathing character. This mode softens continuously down to
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65 cm−1 at 1.15𝑇𝑐 . Close to𝑇𝑐 , 𝜔2 evolves linearly with temper-
ature, consistent with the soft-mode theory of Cochran [25],
as shown in the inset of Figure 8.6. At higher temperatures,
the departure from this linear behavior reflects the strong
mode hybridization that prevents the identification of a single
soft mode.
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Figure 8.6: Temperature dependence of
the Γ3+ mode frequencies in the 𝑃𝑏𝑛𝑚
phase of YNiO3, computed from TDEP
calculations. The size of each point encodes
the overlap with the breathing distortion of
the𝑃21/𝑛 ground state. The mode carrying
the dominant breathing character softens
continuously upon cooling, from above
300 cm−1 at high temperature down to
65 cm−1 at 𝑇𝑐 . Inset: 𝜔2 as a function of
temperature close to𝑇𝑐 , compared with the
soft-mode prediction 𝜔 ∝ (𝑇 − 𝑇𝑐)1/2 and
a fit with exponent 0.35.

The phonon spectral functions at 7.25𝑇𝑐 and 1.6𝑇𝑐 are com-
pared in Figure 8.7. At high temperature, the breathing mode
is hybridized with several other modes of compatible sym-
metry across a broad frequency range, making its individual
identification impossible. As the temperature approaches 𝑇𝑐 ,
the mode softens and acquires a dominant breathing char-
acter, as established in Figure 8.6. However, even at 1.6𝑇𝑐 ,
the mode exhibits a significant spectral broadening at the Γ

point, indicative of a reduced phonon lifetime arising from
enhanced anharmonic interactions near the transition. These
two compounding effects, mode hybridization at high temper-
ature and spectral broadening near 𝑇𝑐 , provide a theoretical
rationale for the absence of experimental observation of this
softening to date, and constitute a concrete prediction for
future experiments.
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Figure 8.7: Phonon spectral functions of
YNiO3 in the 𝑃𝑏𝑛𝑚 phase computed from
TDEP at (left) 7.25𝑇𝑐 and (right) 1.6𝑇𝑐 . At
high temperature, the breathing mode is
delocalized across several modes of com-
patible symmetry and cannot be individ-
ually identified. At 1.6𝑇𝑐 , the mode has
softened and become identifiable at the
Γ point, but its significant spectral broad-
ening reflects a reduced phonon lifetime,
rendering its experimental detection chal-
lenging.
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Furthermore, the softening is spatially confined to the imme-
diate vicinity of the Γ point, and is only observable within
a narrow temperature window above 𝑇𝑐 , where the mode
has softened sufficiently to be distinguished from the remain-
ing Γ3+ modes while retaining enough spectral weight to be
detectable. This places stringent requirements on the momen-
tum and energy resolution of any experimental probe.

8.1.2 Origin of the delayed condensation of the
breathing mode

Although the triggered mechanism is correctly reproduced
at 0 K and the breathing mode is observed to soften upon
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heating toward 𝑇𝑐 , the question of why the breathing dis-
tortion does not condense at temperatures well above 𝑇𝑐 ,
despite the oxygen octahedra rotations being fully developed,
remains to be addressed. To investigate this, the energy cost
of condensing the breathing distortion is evaluated both
on the average structure and on instantaneous snapshots
extracted from the molecular dynamics trajectories at ap-
proximately 1.8𝑇𝑐 . As shown in Figure 8.8, condensing the
breathing distortion on top of the average structure yields
a double-well energy profile, consistent with the triggered
mechanism of Mercy and co-workers [234]: the oxygen octa-
hedra rotations present in the average structure are sufficient
to destabilize the breathing mode. By contrast, when the
breathing distortion is condensed on top of individual MD
snapshots, the energy profile is positive for the vast majority
of configurations, meaning that the breathing distortion costs
energy. The average curvature over all snapshots is positive,
confirming that the breathing mode is effectively stabilized
by the instantaneous fluctuations of the lattice.
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Figure 8.8: Energy as a function of the
breathing distortion amplitude 𝐵OC at
≈ 1.8𝑇𝑐 . The dashed line corresponds to
the condensation of the breathing distor-
tion on top of the average structure, yield-
ing a double-well profile. The blue lines cor-
respond to individual molecular dynamics
snapshots, for which the breathing distor-
tion costs energy in the vast majority of
cases, resulting in a positive average curva-
ture.

These results reveal that the picture of Mercy and co-workers [234]
is correct but incomplete. The oxygen octahedra rotations
are indeed a necessary condition for the appearance of the
breathing distortion, as demonstrated by the double-well
profile of the average structure. However, the instantaneous
fluctuations of the other phonon modes, absent from the static
Landau model of Mercy and co-workers [234], effectively op-
pose the condensation of the breathing distortion and delay
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its appearance to lower temperatures. The structural phase
transition is therefore not driven by the progressive growth
of the oxygen octahedra rotations, which remain essentially
constant in amplitude across the entire temperature range as
shown in Figure 8.5, but rather by the progressive reduction
of these competing fluctuations as the temperature decreases
toward 𝑇𝑐 .

8.2 Conclusion

In this chapter, the finite-temperature structural properties of
YNiO3 have been investigated by means of a MLIP potential
trained on DFT+𝑈 calculations. The model correctly repro-
duces the structural phase transition from the 𝑃𝑏𝑛𝑚 metallic
phase to the 𝑃21/𝑛 insulating ground state, as well as the trig-
gered mechanism identified by Mercy and co-workers [234]
at 0 K.

Three main results emerge from this study. First, despite
the oxygen octahedra rotations being fully developed at all
temperatures investigated and remaining essentially con-
stant across the transition, the breathing distortion does
not condense until 𝑇𝑐 . This contrasts with the static picture
of Mercy and co-workers [234], in which the progressive
growth of the rotations is the driving force of the transi-
tion. Second, the breathing mode is nonetheless observed to
soften continuously upon cooling toward 𝑇𝑐 , in fair agree-
ment with the soft-mode theory of Cochran [25], confirming
that the triggered mechanism leaves a clear fingerprint in
the finite-temperature lattice dynamics. Third, the delayed
condensation of the breathing mode is attributed to the in-
stantaneous fluctuations of the other phonon modes, which
effectively stabilize the breathing distortion at finite tempera-
ture and are absent from the static Landau model of Mercy
and co-workers [234].

Taken together, these results provide a more complete picture
of the structural phase transition in YNiO3, and constitute
concrete predictions for experiments seeking to detect the
phonon softening associated with the metal-insulator transi-
tion.
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When this thesis began, fully atomistic second-principles
models parametrized on first-principles calculations were
rare, and the few that existed were typically not available to
the broader community [120, 121]. The landscape has since
changed dramatically. The rapid development of machine-
learning interatomic potentials, combined with the matura-
tion of open-source second-principles frameworks [122, 127,
128, 132], has made it possible to construct accurate effective
models for complex materials with relative ease. This thesis
has contributed to this shift by adopting a systematic, trans-
parent, and open approach: every model constructed here
has been validated through a three-step procedure and made
publicly available with a documented validation passport,
enabling reproducibility and reuse by the community.

The models developed in Chapter 4 for BaTiO3, PbTiO3,
SrTiO3, BaHfO3, CaTiO3, PbZrO3 and YNiO3 [143, 195, 212,
230] have demonstrated that second-principles approaches
can achieve quantitative agreement with density functional
theory while enabling simulations at the scales required to
study finite-temperature phenomena and complex textures.
The role of long-range dipolar interactions [362], often as-
sumed to be essential for modeling polar materials, was
investigated using second-principles models. The results
showed that short-range effective interactions can capture
most bulk properties of ferroelectrics with surprising accu-
racy, even in the absence of explicit long-range dipolar inter-
actions, helping to explain the success of MLIP approaches,
which typically rely on local descriptors, for such materials.
The study also identified specific artifacts that arise when
long-range contributions are neglected, providing guidance
on the contexts in which their explicit treatment remains
necessary.

The study of polar textures in ferroelectric materials, ad-
dressed in Chapter 5, has revealed a richer phenomenology
than was appreciated at the outset of this work [195, 216].
Polar skyrmions and related topological structures, initially
regarded with some skepticism as theoretical constructs, have
gradually been established as genuine physical features of
these materials through both simulation and experiment.
The work presented here has contributed to this broader
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effort by identifying stable polar textures in bulk and het-
erostructures geometries and characterizing their properties.
The identification of Bloch components in domain walls, re-
ported in collaboration with experimental groups, challenged
the prevailing understanding of domain wall structure in
PbTiO3/SrTiO3 heterostructures [185]. While the prediction
of new topological phases in polar materials through numeri-
cal simulations has become somewhat routine in recent years,
translating these discoveries into experimentally accessible
and controllable phenomena remains an open challenge. The
emphasis in this thesis has therefore been placed on their dy-
namical manipulation and experimental feasibility, keeping
in mind the constraints and opportunities of real laboratory
conditions. Along these lines, the work presented in Chapter
6 demonstrated that both acoustic phonon excitations and
inhomogeneous electric fields can be used to controllably
displace, nucleate, and switch complex polar textures [208,
209, 216]. These results offer theoretical guidance toward the
possible integration of polar textures in devices, should their
technological relevance eventually be established. Temper-
ature gradients, mechanical stress, optical excitations, and
combinations of multiple stimuli applied simultaneously
remain largely unexplored avenues in this direction, and the
experimental feasibility of many of these protocols suggests
that this will be a fruitful area of collaboration between theory
and experiment in the coming years.

The study of CaTiO3, presented in Chapter 7, led to two
distinct findings. First, the metastable polar 𝑅3𝑐 phase was
shown to be a genuine local minimum on the potential en-
ergy surface, separated from the 𝑃𝑏𝑛𝑚 ground state by a
layer-by-layer flipping mechanism of the oxygen octahedra ro-
tations. Finite-temperature simulations established that, once
induced, the 𝑅3𝑐 phase remains stable up to approximately
300 K and exhibits switchable ferroelectric polarization, while
the large energy barrier between the two phases renders a di-
rect field-induced 𝑃𝑏𝑛𝑚-to-𝑅3𝑐 transition experimentally in-
accessible in bulk [230]. Second, epitaxial CaTiO3 films grown
on (001)o-oriented NdGaO3 substrates were found to host two
nearly degenerate polar 𝑃𝑚 phases with nearly perpendicu-
lar polarization orientations, giving rise to double hysteresis
loops under an electric field applied along bo. This behav-
ior, confirmed by both experiment and second-principles
simulations, was identified as a first-order polarization pro-
cess, an electric analogue of the first-order magnetization
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process known in magnetic systems, and proposed as a new
route to obtain double hysteresis loops without invoking a
conventional antipolar ground state [231].

The investigation of YNiO3 in Chapter 8 revisited the trig-
gered mechanism proposed by Mercy and co-workers [234]
for the structural phase transition and identified a critical miss-
ing piece: the instantaneous fluctuations of phonon modes
at finite temperature, absent from the static Landau model,
effectively stabilize the breathing distortion well above the
transition temperature. The predicted softening of the breath-
ing mode as the temperature decreases toward 𝑇𝑐 constitutes
a concrete, testable prediction for future experiments.

Across these diverse materials and phenomena, a common
thread emerges: the interplay between structure, dynamics,
and temperature is central to understanding the behavior
of perovskite oxides, and effective models that bridge the
accuracy of first-principles calculations with the scales re-
quired by experiment are now mature enough to provide
genuine insight. The field has moved from proof of concept to
systematic application, and the open availability of validated
models will, it is hoped, accelerate further progress.

The natural next step in the development of these effective
models is the explicit reintroduction of electronic and spin
degrees of freedom. While these are implicitly present in
the models constructed here through their parametrization
on density functional theory, they are integrated out and
not treated as dynamical variables. This prevents the in-
vestigation of phenomena such as charge localization and
polaron formation, spin dynamics under external perturba-
tions, charge doping, or electronic excitations that would
require time-dependent density functional theory. Recent
work [363–365] has begun to address this challenge by cou-
pling lattice dynamics with explicit treatment of electronic
degrees of freedom.

The successful integration of these approaches would open
an entirely new landscape of phenomena accessible to large-
scale simulation. In the context of YNiO3, for instance, such
a framework would enable the real-time simulation of the
metal-to-insulator transition, and in particular the direct ob-
servation of the feedback between the electronic degrees of
freedom and the lattice, i.e., whether the electronic redis-
tribution accompanying the transition exerts forces on the
atoms that in turn modify the structural dynamics. Beyond
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bulk transitions, this would also allow one to address the
electronic character of non-trivial polar structures: domain
walls and topological textures, which have been shown here
to be dynamically displaceable, could in principle become
charged under appropriate conditions. The ability to move
such charged domain walls with external fields would then
amount to a controlled displacement of electronic charges,
opening prospects for domain-wall-based nanoelectronic
functionalities.

Beyond the prototypical perovskites studied in this thesis, the
application of second-principles frameworks to less-explored
layered oxide families, Ruddlesden-Popper phases, Aurivil-
lius compounds, and Dion-Jacobson structures, is an emerg-
ing field where the expertise developed here can be directly
applied [366]. These materials exhibit rich structural and
electronic phase diagrams that remain largely unexplored at
finite temperature and at the scales required to study domain
structures and interfaces.

Finally, the study of chirality in crystals [367], which faces
many of the same computational challenges as the polar tex-
tures investigated here, represents another natural direction
for the methods developed in this work. Whether chirality
constitutes a genuine ferroic order parameter remains an
open question, and settling this issue would naturally call for
the same tools developed here: large-scale finite-temperature
simulations capable of capturing the formation, stability, and
dynamics of non-trivial chiral textures. Should chirality prove
to be a ferroic order parameter, the investigation of chiral do-
main walls, topological chiral structures, and their response
to external fields would follow as a direct extension of the
work presented in this thesis. More broadly, the methods,
models, and physical understanding developed throughout
this work are not tied to the specific materials studied here.
They represent a general framework for investigating the
interplay between structure, order, and dynamics in com-
plex oxides, one that is now sufficiently mature to be turned
toward the next generation of open questions in the field.
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Computation of stress A
This chapter subsection provides a detailed derivation of
the stress expressions and discusses their practical imple-
mentation. These expressions were independently rederived,
reimplemented, and systematically tested within the present
thesis. Starting from Eq. (3.31) , the reduced coordinate of
atom 𝜅 in unit cell 𝑙 can be expressed as

𝑅′𝑙𝜅𝛼 =

[ (
𝛿𝛼𝛽 + 𝜂𝛼𝛽

)
𝐴0

𝛼𝛽

]−1
𝑅𝑙𝜅𝛼 , (A.1)

where 𝐴0
𝛼𝛽 denotes the matrix elements that define the ele-

mental unit cell of the reference structure.

In order to compute the stress corresponding to a given
atomic configuration (𝜼, {u𝑙𝜅}), we consider infinitesimal
perturbations 𝛿𝜼 and 𝛿{u𝑙𝜅} applied to this configuration
under the constraint that the reduced atomic coordinates
remain fixed. This condition reads

[ (
𝛿𝛼𝛽 + 𝜂𝛼𝛽

)
𝐴0

𝛼𝛽

]−1 3∑
𝛽=1
(𝛿𝛼𝛽 + 𝜂𝛼𝛽)𝑅0

𝑙𝜅𝛽 + 𝑢𝑙𝜅𝛼

=

[ (
𝛿𝛼𝛽 + 𝜂𝛼𝛽 + 𝛿𝜂𝛼𝛽

)
𝐴0

𝛼𝛽

]−1 3∑
𝛽=1
(𝛿𝛼𝛽 + 𝜂𝛼𝛽 + 𝛿𝜂𝛼𝛽)𝑅0

𝑙𝜅𝛽 + 𝑢𝑙𝜅𝛼 + 𝛿𝑢𝑙𝜅𝛼 ,

(A.2)

from which one obtains the variation of the atomic displace-
ments induced by the strain,

𝛿𝑢𝑙𝜅𝛼 = 𝛿𝜂𝛼𝛽
(
𝛿𝛽𝛾 + 𝜂𝛽𝛾

)−1
𝑢𝑙𝜅𝛾 . (A.3)

An additional subtlety arises from the fact that the stresses
reported in density-functional theory are computed with
respect to the currently distorted structure, rather than the
reference structure used in the second-principles formalism.
In our approach, the strain of the distorted structure is defined
as

𝜂𝑆𝑃𝛼𝛽 =
𝐴′𝛼𝛽 − 𝛿𝛼𝛽𝐴0

𝛼𝛽

𝐴0
𝛼𝛽

, (A.4)
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Figure A.1: Sketch of the difference of defi-
nition of strain between first- and second-
principles

In contrast, the strain entering the DFT definition of the stress
is

𝜂𝐷𝐹𝑇𝛼𝛽 =
(𝐴′𝛼𝛽 + 𝛿𝐴′𝛼𝛽) − 𝐴′𝛼𝛽

𝐴′𝛼𝛽
=

𝛿𝐴′𝛼𝛽
𝐴′𝛼𝛽

. (A.5)

whereas the strain associated with the configuration used
to compute the DFT stress is expressed within the second-
principles framework is

(𝐴′𝛼𝛽 + 𝛿𝐴′𝛼𝛽) − 𝛿𝛼𝛽𝐴0
𝛼𝛽

𝐴0
𝛼𝛽

. (A.6)

We can rewrite Eq. (A.6) in terms of 𝜂𝐷𝐹𝑇 ,

(𝐴′𝛼𝛽 + 𝛿𝐴′𝛼𝛽) − 𝛿𝛼𝛽𝐴0
𝛼𝛽

𝐴0
𝛼𝛽

=

(𝐴′𝛼𝛽 + 𝛿𝐴′𝛼𝛽) −
𝛿𝛼𝛽𝐴′𝛼𝛽
(𝛿𝛼𝛽+𝜂𝑆𝑃𝛼𝛽 )

𝐴′𝛼𝛽
(𝛿𝛼𝛽+𝜂𝑆𝑃𝛼𝛽 )

(A.7)

=
(𝛿𝛼𝛽 + 𝜂𝑆𝑃𝛼𝛽 )(𝐴′𝛼𝛽 + 𝛿𝐴′𝛼𝛽) − 𝛿𝛼𝛽𝐴′𝛼𝛽

𝐴′𝛼𝛽
(A.8)

= 𝜂𝑆𝑃𝛼𝛽 + (𝛿𝛼𝛽 + 𝜂𝑆𝑃𝛼𝛽 )𝜂𝐷𝐹𝑇𝛼𝛽 (A.9)

the configuration used to evaluate the stress in DFT is a
function of the second-principles strain 𝜼𝐷𝐹𝑇 , and this dif-
ference in definition must be explicitly taken into account to
reproduce DFT stresses within the present framework.

Taking all the above aspects into account, the stress can be
written as

𝜎𝑎 =
1
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=
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∑
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𝜕𝑢𝑙𝜅𝛼
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𝜕𝜂𝑆𝑃𝑎
𝜕𝜂𝐷𝐹𝑇𝑎

����
u,𝜼𝑆𝑃 ,𝜂𝐷𝐹𝑇𝑎 =0

.

(A.10)
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The the above expression, 𝑉 is the volume of the configura-
tion on whihch we are evaluatinb the stress, 𝜕𝐸/𝜕𝜂𝑆𝑃𝑎 and
𝜕𝐸/𝜕𝑢𝑙𝜅𝛼 can be easily from the potential, 𝜕𝑢𝑙𝜅𝛼/𝜕𝜂𝑆𝑃𝑎 can
be obtained from Eq. (A.3) and 𝜕𝜂𝑆𝑃𝑎 /𝜕𝜂𝐷𝐹𝑇𝑎 can be obtained
from Eq. (A.7).
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to 𝜂33 and (bottom) calculated stress with
and without the correction introduced in
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Figure 3.14 shows the effect of the last factor of Eq. A.10
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B.1 Lattice parameters and strain

a (Å) b (Å) c (Å) apc (Å) bpc (Å) cpc (Å) 𝛾 (◦)

CTODFT 5.343 5.429 7.595 3.8085 3.8085 3.7975 89.085
CTOexp 5.382 5.443 7.642 3.8275 3.8275 3.8210 89.354
NGO001,DFT 5.393 5.530 7.686 3.8620 3.8620 3.8430 88.5628
NGO001,exp 5.428 5.498 7.710 3.8630 3.8630 3.8550 89.2659

Table B.1: Experimental and first-
principles cell parameters of CaTiO3 and
NdGaO3

Case CTO axis ∥ 𝑎𝑝𝑐,NGO(001) CTO axis ∥ 𝑏𝑝𝑐,NGO(001) 𝜂1 (%) 𝜂2 (%) 𝜂3 (%) 𝜂4 (%) 𝜂5 (%) 𝜂6 (%) Δ E (meV/f.u.)

1 𝑎𝑝𝑐 𝑏𝑝𝑐 +0.93 +0.93 – – – +0.32 0.0
2 𝑎𝑝𝑐 𝑐𝑝𝑐 +0.93 – +1.09 – +2.58 – +14.96

CTO axis ∥ 𝑎𝑝𝑐,NGO(110) CTO axis ∥ 𝑐𝑝𝑐,NGO(110)

1 𝑎𝑝𝑐 𝑏𝑝𝑐 +0.93 +0.72 – – – +2.58 +15.90
2 𝑎𝑝𝑐 𝑐𝑝𝑐 +0.93 – +0.89 – 0.0 – 0.0
3 𝑐𝑝𝑐 𝑎𝑝𝑐 +1.09 – +0.72 – 0.0 – +0.21

Table B.2: In-plane epitaxial strain of
CaTiO3 (CTOexp) grown coherently on
NdGaO3 (NGOexp) for different crystal-
lographic alignments (i.e. for distinct ori-
entations between both compounds of 𝑎𝑝𝑐 ,
𝑏𝑝𝑐 , 𝑐𝑝𝑐 as defined in Table B.1) and the
second-principles energy difference in the
centrosymmetric phase.

B.2 Atomic force microscopy
topography

Atomic force microscopy characterisation of the surface
morphology of CaTiO3 films deposited on (110)o-oriented
NdGaO3 (Figure B.1 (a)), as well as the films deposited on
(001)o-oriented NdGaO3 (Figure B.1 (b)) shows atomically
smooth surfaces with surface roughness which is less than
one unit cell.
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Figure B.1: Atomic force microscopy char-
acterisation of the CaTiO3 thin films, show-
ing smooth surfaces. Multiple samples
from each orientation have been studied,
however a representative scan of each ori-
entation is shown. (a) CaTiO3 thin film on
NdGaO3 (110)o, showing a mean square
roughness of 0.26 nm. (b) CaTiO3 thin film
on NdGaO3 (001)o, showing a mean square
roughness of 0.18 nm.
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B.3 Space group determination

For CaTiO3 on NdGaO3 (110)o laboratory X-ray diffraction
(XRD) (Figure B.2) shows intense Bragg peaks and well-
defined finite-size oscillations, indicative of high-quality
growth. Furthermore, laboratory XRD reciprocal-space maps
and specular scans of half-order peaks (see Figure B.3 and ??)
show that the film is fully strained on the substrate, twin-free,
and follows the A-cation antipolar motion of the substrate,
which confirms that the rotation pattern of the oxygen octahe-
dra is preserved through the interface. Subsequent electrical
measurements (see Figure B.9), these results indicate that this
substrate stabilizes a low-symmetry 𝑃𝑚 polar phase, with
the polarization oriented in-plane along 𝑎pc.

For CaTiO3 on NdGaO3 (001)o, laboratory XRD reciprocal
maps confirm that CaTiO3 film is coherently strained on the
substrate (Figure B.4). To determine the space group symme-
try of the ferroelectric phase, we performed synchrotron X-ray
diffraction measurements and searched for peaks appearing
at the phase transition temperature. The persistence of the
025o peak across the phase transition, as shown in Figure
B.6(a), confirms that the oxygen octahedral rotations and
antipolar motion of the Ca atoms persist in the polar phase.
A polarization component along the 𝑎 axis breaks the 𝑏-glide
plane symmetry of the non-polar 𝑃𝑏𝑛𝑚 space group, which
causes 0KL diffraction peaks with odd K to become allowed.
Similarly, a polarization component along the 𝑏 axis breaks
the 𝑛-glide plane symmetry, implying that H0L peaks with
odd (H+L) become allowed. Figures ??(b) and (c) show the
appearance of clear 036o and 0560 diffraction peaks below
approximately 87 K, while (d) and (e) reveal the emergence
of small 306o and 560o peaks at the same temperature. This
indicates a single structural phase transition where both glide
plane symmetries are broken simultaneously. The polariza-
tion develops a larger component along 𝑎𝑜 and a smaller
component along 𝑏𝑜 lowering the symmetry to 𝑃𝑚. The
highest space group compatible with the existence of these
diffraction peaks is indeed 𝑃𝑚.

These results confirm the predictions from first-principles
calculations and validate the symmetry assignments used
throughout the study.
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B.3.1 Laboratory x-ray diffraction
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Figure B.2: Symmetric laboratory x-ray
diffraction scans, from which out-of-
plane lattice constants and film thickness
were determined using InteractiveXRD-
Fit [InteractiveXRDFit]. For CaTiO3 on
NdGaO3 (001)o, we obtain 𝑐o/2 = 3.793 Å
and a thickness of 17.4 nm. For CaTiO3 on
NdGaO3 (110)o, we obtain |®𝑎o + ®𝑏o|/2 =

3.798 Å and a thickness of 18.2 nm.

(b)(a) (d)(c)

Figure B.3: Reciprocal space maps of
CaTiO3 on NdGaO3 (110)o measured
around the (a) 240o, (b) 332o, (c) 420o,
and (d) 332o diffraction peaks. The per-
fect alignment of film and substrate peak
in 𝑄𝐼𝑃 confirms that the film is fully
coherently strained to the substrate. A
single film peak in each map confirms
that this film is twin-free, i.e. there is
only a single orientation of the unit cell
throughout the film. From the film peak
positions, we confirm that CaTiO3 films
on NdGaO3 (110)o are monoclinic rather
than orthorhombic, as expected for a
strained (110)o-oriented 𝑃𝑏𝑛𝑚-like per-
ovskite film [vailionis2008monoclinic],
with lattice constants 𝑎 = 5.387Å, 𝑏 =

5.444Å, 𝑐 = 7.709Å, and the angle 𝛾 =

91.02◦.
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Figure B.4: Reciprocal space maps of
CaTiO3 on NdGaO3 (001)o measured
around the (a) 116o and (b) 116o diffrac-
tion peaks, confirming that the film is fully
coherently strained to the substrate. The
CaTiO3 peak positions are consistent with
an orthorhombic structure.
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Figure B.5: CaTiO3 on NdGaO3 (110)o: X-
ray diffraction peaks confirming the ori-
entation of the 𝑐o axis is the same in the
film and the substrate. The 221o diffraction
peak is a "half-order" peak arising from the
antipolar motion of Ca or Nd cations. If
a part of the CaTiO3 film had its 𝑐o axis
along the perpendicular in-plane direction,
its 221o diffraction peak would appear at
the reciprocal space point corresponding
to 3

2
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2 00 of the substrate.
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B.3.2 Synchrotron X-ray diffraction

(a) (b) (c)

(d) (e)

Figure B.6:𝑄𝑧 -scans of half-order peaks of
CaTiO3 on NdGaO3 (001)o measured using
synchrotron X-ray diffraction as a function
of temperature. (a) 025o peak, indicating
that both the CaTiO3 film and NdGaO3
substrate have the same octahedral tilt pat-
tern. The octahedral rotations and A-cation
antipolar motion of CaTiO3 persist across
the phase transition and coexist with the
ferroelectric phase. (b) 036o, and (c) 056o
peaks, indicating the broken 𝑏 glide plane,
corresponding to a polarization along the
𝑎o axis. (d) 306o, and (e) 506o peaks, in-
dicating the broken 𝑛 glide plane, corre-
sponding to a polarization along the 𝑏o
axis. The relative intensity of the different
peaks indicates that the polarization along
the 𝑎o axis is much larger than that along
the 𝑏o axis.
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Figure B.7: Temperature dependence of
(a) the specular 008o reflection of CaTiO3
on NdGaO3 (001)o, measured using syn-
chrotron X-ray diffraction. (b) Pseudocu-
bic 𝑐 (= 𝑐o/2) lattice parameter as a func-
tion of temperature, showing that the fer-
roelectric phase transition is concomitant
with a structural transition marked by the
anomaly in the out-of-plane lattice constant
at approximately 87 K. Inset: etragonality
(ratio of film to substrate lattice constants)
as a function of temperature showing an
anomaly at approximately 87 K.

(a) (b)

B.3.3 Electrical measurement

Substrates

Figure B.8: Temperature dependence of the
dielectric constant of a NdGaO3 (110)o sub-
strate, measured along the main in-plane
directions, [001]o and [110]o.
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Figure B.9: Capacitance-voltage measure-
ments for (a) CaTiO3 thin film on NdGaO3
(110)o along the polar and non-polar direc-
tions, and (b) CaTiO3 thin film on NdGaO3
(001)o along the ferroelectric and antiferro-
electric directions. Measurements taken at
4.2 K.
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(a)

(c)

(b)

(d)

Figure B.10: Raw data for the real
part of the capacitance (C’) and the
loss tangent [tan(𝛿)] measured at 1 kHz
as a function of temperature for a
CaTiO3/NdGaO3(001)o structure [(a) and
(b)] and a CaTiO3/NdGaO3 (110)o struc-
ture [(c) and (d)]. The ferroelectric phase
transition is evidenced by a peak in the
loss tangent in all measurements except the
one along the non-polar [001]o direction in
the uniaxial ferroelectric CaTiO3/NdGaO3
(110)o .
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Figure B.11: Real part (𝐶′) and complex
part (𝐶′′) of the measured complex capac-
itance as a function of temperature at se-
lected frequencies for CaTiO3/NdGaO3
(001)o measured along ao [(a) and (b)]
and along bo [(c) and (d)], and for
CaTiO3/NdGaO3(110)o measured along
the polar [1̄10]o direction ( (e) and (f) )
and the nonpolar [001]o direction [(g) and
(h)]. The position of the peak associated
with the phase transition varies little across
multiple decades in frequency, which rules
out relaxor-ferroelectric behaviour.
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Figure B.12: (a) Experimental and (b)
second-principles remanent polarization
versus temperature in CaTiO3 strained on
NdGaO3 (001)o.
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Figure B.13: (a) Experimental and (b)
second-principles remanent polarization
versus temperature in CaTiO3 strained on
NdGaO3 (110)o.
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