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The Anderson transition on random graphs is a paradigm for understanding high-dimensional quantum
phase transitions driven by disorder and closely mirrors several features of many-body localization. In
this Letter, we introduce a unitary Anderson model on small-world graphs, enabling large-scale, long-time
simulations of wave-packet dynamics. This allows us to uncover logarithmically slow critical dynamics,
two distinct localization times, and a crossover to ergodic diffusion. Finite-time scaling reveals distinct
critical exponents, establishing a dynamical universality class for this exotic transition. Our model opens
the way to an experimental realization of the Anderson transition on random graphs in quantum simulators.
By combining disorder, high dimensionality, and dynamics, our approach provides a general framework for
probing universal features of out-of-equilibrium quantum phase transitions, including those relevant to
many-body localization.
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Introduction—The Anderson transition is a paradigmatic
disorder-driven metal-insulator transition rooted in quan-
tum interference [1–5]. Its properties in low-dimensional
systems are well understood—extensively characterized as
a second-order phase transition in theory [5–8], numerics
[9–17], and experiments [18–27].
By contrast, its critical behavior in the high-dimensional

limit remains debated [28–30]. The Anderson transition
in infinite dimensions (AT∞) lies outside conventional
theories, with strong disorder playing a dominant role
[29,31–34]. Early studies focused on the Bethe lattice
[35–43], while recent work turned to effectively infinite-
dimensional random graphs—random regular graphs and
small-world graphs—motivated by their connection to the
Fock-space structure of the many-body localized (MBL)
phase [44–47].
The MBL transition itself is an ergodic-nonergodic

transition in interacting, isolated quantum systems [48–50].
Insights from Anderson models on random graphs have
aided MBL studies and vice versa [47,51–66]. Worth
mentioning, while random-graph models emulate the com-
plex network structure of Fock space [47,67], they lack
important ingredients such as disorder correlations that

generate nontrivial effects in the full MBL problem
[63,68]. Both transitions face similar ambiguities due to
severe finite-size and time effects: the possible existence of a
nonergodic delocalized phase and the precise critical proper-
ties of the Anderson transition [34,43,52–54,69–87], as well
as the critical disorder and nature of the MBL transition
[88–102]. Central to the present study is the challenging
characterization of the extremely slow dynamics in the
vicinity of these transitions [47,51,68,92,103,104].
In parallel, experiments now probe these regimes

directly. Cold-atom platforms have enabled studies of MBL
[105–108], while digital quantum simulators can now
access disordered dynamics with more than 100 qubits
[109]. Single-particle localization on engineered random
graphs has also become feasible through quantum-circuit
architectures [110,111], bringing theoretical models and
experimental implementations into closer alignment.
Complementing this progress, finite-time scaling has

emerged as a powerful tool for extracting critical behavior
directly from dynamics [20,75,76,99,112–116]. Wave-
packet dynamics, in particular, allow access to critical
spreading behavior in both cold atoms and classical waves
[19–21]. Finite-time scaling has already been used to extract
exponents in three and four dimensions [17,20,21,117,118],
but a systematic dynamical theory for AT∞ remains absent
despite substantial progress in eigenstate analyses.*Contact author: gabriel.lemarie@cnrs.fr
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In this Letter, we fill this gap by introducing a Floquet
Anderson model on small-world graphs, a variant of the
paradigmatic quantum kicked rotor model of quantum
chaos [119–122], which enables large-scale simulations
of long-time dynamics in the effectively infinite-
dimensional limit. By tracking wave-packet spreading,
we identify key dynamical signatures of criticality, includ-
ing logarithmically slow dynamics and multiple localiza-
tion scales. A finite-time scaling analysis reveals the onset
of ergodicity beyond the transition and yields critical
exponents consistent with, and extending, results obtained
from static observables. Our findings thus lay a dynamical
foundation for characterizing the AT∞ transition. More
broadly, the methodology developed here provides a
general framework that should be applicable to disordered,
high-dimensional systems, with potential relevance to
many-body localization, and may help uncover universal
features of their anomalous dynamical regimes.
Unitary Anderson model on small-world graphs—We

construct our unitary Anderson model on small-world
graphs by generalizing the well-known quantum kicked
rotor (QKR) [119–122], a paradigmatic model of quantum
chaos that exhibits dynamical localization. The Floquet
operator U ¼ U2U1 consists of two parts: U1 is the
evolution operator of the QKR, incorporating random
on-site phases and hopping on a one-dimensional (1D)
ring of size N controlled by the kicking parameter K; U2

implements random two-site unitaries, resulting in bpNc
long-range links with 0 < p < 1=2, that generate small-
world connectivity. Together, they define a QKR living on a
small-world graph with infinite dimensionality. We provide
a detailed explanation of this model in Appendix A.
Single-particle models on random graphs, such as the

one introduced here, often serve as effective toy models for
many-body systems, where the Hilbert space exhibits an
emergent graph structure. This connection has provided
valuable insights into the MBL problem [47,51–66]. The
kicked unitary nature of our model enables large-scale
exact diagonalization via polynomial filtering techniques
[123], allowing accurate finite-size scaling of eigenstate
and spectral properties. For p ¼ 0.1, we pinpoint the
critical point at Kc ≈ 1.95 and characterize the critical
behavior, in agreement with prior results [52–54]; full
details will be presented elsewhere [124]. Additionally, the
Floquet structure makes the model well suited for quantum-
circuit implementations [111] and a useful simplified
setting for studying Floquet MBL, where localization
appears under periodic driving [125–127].
Wave-packet dynamics across the Anderson transition in

the unitary Anderson model on small-world graphs—The
time evolution of wave packets provides a direct probe of
the critical dynamical properties—a challenging task due
to the need for large system sizes and long evolution
times, yet one that we successfully achieve through our
model and numerical approach. For a wave function

initially localized on a single site, jψðt ¼ 0Þi ¼ ji0i we
define the “average” and “typical” wave packet as
Πðr; tÞ ¼ hPi∶dði;i0Þ¼r jψði; tÞj2i and Πtypðr; tÞ ¼
N typhNðrÞi exp hPi∶dði;i0Þ¼r ln jψði; tÞj2=NðrÞi, with N typ

a normalization factor, respectively. The distance r ¼
dði; i0Þ is the graph (or Hamming) distance between
site i and the initial site i0, and the sum runs over the
NðrÞ sites i at distance r from i0, with hNðrÞi ∼mr

(m ≈ 1.3 for p ¼ 0.1). We introduce both average and
typical wave packets to probe the spatially heterogeneous
dynamics of the model. Even within a single realization, the
wave-function profile is highly uneven: a few branches
carry anomalously large amplitudes, while most carry
much smaller ones, see also [53,54,128]. Consequently,
the average wave packet is dominated by rare large-ampli-
tude branches, whereas the typical wave packet reflects the
behavior of the bulk. This distinction arises from intrinsic
spatial heterogeneity within a single sample, rather than
from rare disorder realizations. It becomes particularly
important in localized or near-localized regimes, where
the average profile decays more slowly than the typical one,
revealing two characteristic localization scales associated
with rare and typical branches.
One of our main findings is the clear distinction between

average and typical wave packets, as shown in Fig. 1. This
distinction highlights the nonergodic nature of both the
localized regime [K ¼ 1.5, Figs. 1(a) and 1(d)] and the
critical regime [K ¼ 1.95, Figs. 1(b) and 1(e)]. It also
reveals nonergodic behavior in the delocalized regime
[K ¼ 2.5, Figs. 1(c) and 1(f)] at times shorter than the
ergodic time, which separates nonergodic critical-like
dynamics from ergodic transport [53,54]. Beyond average
and typical quantities, one could further consider moments
of the wave-packet amplitude, PqðtÞ ¼

P
i jψði; tÞj2q, and

analyze their critical dynamical behavior in a manner
similar to previous studies of eigenstates [52–54]. We leave
a systematic investigation of PqðtÞ for future work [124]
and focus here on the distinct behaviors of the average and
typical wave packets in the following sections.
Logarithmically slow critical dynamics—The critical

dynamics of such highly heterogeneous systems are often
ultraslow, similar to those observed in glassy phases [129].
This makes detecting critical behavior particularly chal-
lenging, as it requires access to very long timescales and
large system sizes. Our unitary model offers a significant
advantage in this regard, enabling efficient simulations of
long-time dynamics in large systems via fast Fourier
transform. At the critical point, the spatial profile decays
algebraically Πðr; tÞ ∼ Πð0; tÞr−ð1þμÞ for r < r�ðtÞ and
decays rapidly for r > r�ðtÞ, where r�ðtÞ characterizes the
wavefront. From the numerical data shown in Fig. 1(b), we
find μ ¼ 0.24 and r�ðtÞ ∼ ln t. These dynamical properties
of the wave packet reproduce the “critical localization”
behavior predicted by random-matrix models of AT∞

[75,76], similar to the behavior predicted for random
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regular graphs (with μ ¼ 0.5) [73]. The spatial profile of the
typical wave packet shown in Fig. 1(e) is distinct from the
average one and converges after a finite typical localization
time τtyploc [see inset of Fig. 2(b)] to an exponentially
localized profile with the finite localization length
ξc⊥ ≈ ð2 ln mÞ−1, i.e., Πtypðr; tÞ=Πtypð0; tÞ ∼mre−r=ξ

c⊥ , in
agreement with Refs. [53,54].
The critical behavior is also encoded in the dynamics of

the return probability, Πð0; tÞ, which is predicted to decay
as Πcð0; tÞ ∼ ðln tÞ−μ þ Πcð0;∞Þ [53,72,75,76]. To miti-
gate fluctuations and considering the relationship between
Πð0; tÞ and the inverse participation ratio P2 of eigenstates
at large times, it is important to work with coarse-grained
wave packets, starting from an initial flat distribution over
Ninit > 1 sites. In Fig. 2(a), we show the return probability
of coarse-grained wave packets initialized as jψðt ¼ 0Þi ¼PNinit

i0¼1ðeiϕi0=
ffiffiffiffiffiffiffiffiffi
Ninit

p Þji0i, where ϕi0 are independent random
phases that we average over, and Ninit ¼ 32. The lowest
curve represents Πcð0; tÞ for system size N ¼ 217 and large
evolution times up to t ¼ 105 and is found compatible with
the predicted behavior with μ ¼ 0.24 [determined from
Fig. 1(b)] and a small fitted value Πcð0;∞Þ ≈ 0.1.

Localized dynamics and finite-time scaling hypothesis—
The localized phase exhibits pronounced nonergodic proper-
ties [53,54], as reflected in the distinct spatial profiles of the
average and typical wave packets [see Figs. 1(a) and 1(d)].
The average wave packet converges slowly, after an average
localization time τloc, to a profile given by the critical wave
packet multiplied by an exponential decay governed by the
average localization length ξk, i.e., Πðr;∞Þ=Πð0;∞Þ∼
r−ð1þμÞe−r=ξk . In this sense, τloc controls the onset of
exponential localization of the average wave packet, and
this characteristic time—together with the associated length
scale ξk—diverges at the transition (see Fig. 2).
On the other hand, the typical wave packet rapidly

adopts, after a small typical τtyploc that saturates at a finite
value at the transition, a purely exponential localized
profile with decay controlled by ξ⊥ ≪ ξk, specifically,
Πtypðr;∞Þ=Πtypð0;∞Þ ∼mre−r=ξ⊥ . These observations
strongly corroborate the existence of two distinct locali-
zation lengths [29,53,54,75,76,124,130], but also reveal the
existence of two localization times.
To characterize the divergence of τloc near criticality,

we perform a finite-time scaling analysis of the return

FIG. 1. Wave-packet dynamics across the Anderson transition on small-world graphs: (a)–(c) show the average wave-packet profile
Πðr; tÞ, while (d)–(f) display the typical wave-packet profile Πtypðr; tÞ. Curves from dark blue to pale orange correspond to evolution
times t ¼ 18, 48, 126, 329, 853, 2212, 5736, 14 873, 38 566, 105. A strong distinction between average and typical wave packets
emerges in the localized and critical regimes and at times shorter than the ergodic time in the delocalized regime [lower blue curves in (c)
and (f)], highlighting nonergodicity. Notably, the typical wave packet saturates after the short typical localization time τtyploc [see also
Fig. 2(b), inset], forming an exponentially localized profile with localization length ξ⊥, even at criticality. Conversely, the average wave
packet exhibits slow logarithmic dynamics, a power-law spatial decay at criticality, and much slower convergence with exponential
localization in the localized regime. Black dashed lines represent theoretical fits. Blue dashed lines in (b) and (c) indicate the wavefront
r�, marking deviations from power-law decay, with insets showing r� ∼ ln t. Red dashed lines in (c) and (f) highlight the spatially
ergodic behavior at large times and distances in the delocalized regime. In (c) and (f), the first five short-time curves are shifted vertically
(blue y axis), while the long-time curves align with the red y axis for clarity. Results are averaged over 5400 disorder realizations with
N ¼ 219 and p ¼ 0.1.
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probability Πð0; tÞ. In the infinite-time limit, Πð0;∞Þ ≃
P2 ≈ ξ−μk þ P∞

2 [59,116,124]. Drawing an analogy with

the finite-size scaling of eigenstate moments, we propose
the following finite-time scaling behavior for the
dynamics [17,52,54,117,118,124]:

Πð0; tÞ − Πcð0;∞Þ
Πcð0; tÞ − Πcð0;∞Þ ¼ F

�
ln t
ln τloc

�
; ð1Þ

with FðXÞ → 1 for X ≪ 1 and FðXÞ → cXμ for X ≫ 1.
This scaling law in ln t= ln τloc is analogous to the linear
finite-size scaling in lnN=ξk found in [53,54,72,124] as
times scale like volumes. In Fig. 2(b), we present the
collapse of numerical data when plotted with respect to
ln t= ln τloc, revealing a divergence behavior of ln τloc ∼
jK − Kcj−νloc with νloc ≈ 1, in perfect agreement with the
critical exponent ν ¼ 1 for averaged observables in the
localized phase [52,53,59]. As one of the key results of this
Letter, the determination of the critical exponent through
finite-time scaling helps identify and confirm the dynami-
cal universality class of this complex quantum system.
In fact, logarithmically slow dynamics have also been
observed in MBL systems, though their interpretation
remains more ambiguous in the finite-time regime. In this
context, finite-time scaling provides a valuable tool to
clarify such behavior and identify critical features of the
transition [96].
Delocalized dynamics and ergodicity—In the delocal-

ized regime, the average wave packet [Fig. 1(c)] shows two
distinct behaviors over time. (i) At early times, it decays
with distance following a power law, similar to critical
behavior, but with a different exponent. This regime also
features a slowly expanding wavefront, scaling as ln t, and
reflects a form of “logarithmic multifractality” [75,76].
(ii) At later times, the wave packet settles into a profile
with a nonergodic core that eventually transitions to ergodic
behavior at larger distances. This crossover marks the
restoration of ergodicity. The typical wave packet
[Fig. 1(f)] confirms this picture, showing ergodic spreading
at long times, while its early-time differences from the
average reveal localized, nonergodic “bubbles.”
To quantitatively assess the ergodic time τergo, we

analyze the return probability Πð0; tÞ. Care is needed in
its interpretation. First, delocalized dynamics suffers from
strong finite-size effects, in addition to the finite-time
effects we focus on. To minimize these, we exclude data
beyond the time when the results for system sizes N ¼ 217

and N ¼ 218 start to diverge from each other. Second,
classical diffusion on small-world graphs exhibits “glassy”
relaxation, with the return probability decaying as a stretched
exponential at long times, Πð0; tÞ ∼ t−1=2e−ct

βd , where c
depends on m [131–133]. Our simulations of classical
diffusion on small-world graphs yield βd ≈ 0.61 (see [124]).
This contrasts with the exponential decay found in random
regular graphs [72] and Bethe lattice [134].
Based on the picture provided by wave packets, at short

times the system resides in a nonergodic bubble, where the
return probability decays logarithmically slowly, Πð0; tÞ ∼
ðln tÞ−dðKÞ [75,76]. We propose that the quantum decay
follows the behavior

Πð0; tÞ ∼ ðln tÞ−dðKÞe−½t=τergoðKÞ�βd : ð2Þ

FIG. 2. Finite-time scaling of the return probability Πð0; tÞ in
the localized phase of the Anderson transition on small-world
graphs. K varies from K ¼ 1.0 (strongest localization, upper
blue) to K ¼ 1.95 (critical, lower purple curve), with evolution
times ranging from t ¼ 10 to t ¼ 105. (a) Raw data for the coarse-
grained Πð0; tÞ (see text) show a slow convergence to a finite
value, indicating asymptotic localization. At the critical point
Kc ¼ 1.95, the return probability Πcð0; tÞ decays logarithmically
as Πcð0; tÞ ≈ Aðln tÞ−μ þ Πcð0;∞Þ (black dashed line), with μ ¼
0.24 (fixed) and A;Πcð0;∞Þ ≈ 0.107 as fitting parameters,
signaling critical localization. (b) Single-parameter scaling of
Πð0; tÞ. The data in (a) collapse onto a single scaling function
when plotted as ln t= ln τloc, where τloc is the average localization
time. The inset shows ln τloc vs K, along with the typical locali-
zation time τtyploc , defined as the time beyond which Πtypðr ¼ 20; tÞ
saturates [see Figs. 1(d) and 1(e)]. While τtyploc saturates at a finite
value at the transition, the average localization time logarithm
diverges algebraically as ln τloc ∼ jK − Kcj−νloc with νloc ≈ 1.06,
in perfect agreement with the critical exponent ν ¼ 1 for averaged
observables in the localized phase. Results are averaged over
3600–18000 disorder configurations for a system size N ¼ 217

and for p ¼ 0.1.
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It is important to note that this form of decay is difficult to
predict a priori. Without direct access to the full spatial
distribution of the wave-packet dynamics, the short-time
logarithmic decay would be challenging to identify with
confidence. In Fig. 3(a), the numerical data are well fitted
by this formula, and the ergodic time shown in Fig. 3(b)
aligns with the analytical prediction, τergoðKÞ ∼ ecstjK−Kcj−ν ,
with ν ¼ 0.5 [72]. Thus, τergoðKÞ behaves as the correlation
volume [52,72–74]. Such stretched-exponential forms are
also widely observed in MBL systems, often cited as evi-
dence for prethermalization or nonergodicity [135–139].
Our results contribute to demonstrate that a quantum
system can remain ergodic despite exhibiting stretched-
exponential decay, with an exponent that stays below unity.
Experimental realization—The Floquet-unitary nature of

our model makes it feasible to implement using quantum-
circuit architectures in modern quantum simulators [140],
with the assistance of sequential multicontrolled quantum
gates [141] or quantum cellular automata circuits [111].
We refer to Appendix B for a detailed discussion of the
experimental realization.
Conclusion—We have explored the dynamical Anderson

transition in infinite dimensions by introducing a unitary
Anderson model on small-world graphs. This model
generalizes the paradigmatic quantum kicked rotor of quan-
tum chaos to an effectively infinite-dimensional setting and
allows us to capture the essential features of the Anderson
transition in this limit: logarithmically slow spreading at
criticality, the emergence of two distinct localization times
in the localized phase, and a crossover to ergodic diffusion
at large scales and long times in the delocalized regime.

Through finite-time scaling, we identify two critical expo-
nents (νloc ≈ 1 and ν ≈ 1=2) characterizing the divergence
of localization and ergodic times, respectively. Our
approach provides a direct probe of the critical quantum
dynamics in complex, disordered systems and introduces
robust tools for their systematic analysis. These results not
only offer a clear dynamical picture of AT∞ in driven,
nonequilibrium settings, but also challenge recent conclu-
sions drawn from alternative graph and matrix models
[80,81,103,142,143]. Most importantly, this work estab-
lishes a methodological framework for dynamical scaling
in infinite-dimensional localization, with potential rel-
evance to many-body localization.
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[116] W. Chen, G. Lemarié, and J. Gong, Critical dynamics of
long-range quantum disordered systems, Phys. Rev. E 108,
054127 (2023).
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End Matter

Details on the unitary Anderson model on small-
world graphs—We begin with the standard Hamiltonian
formulation of the Anderson model on a small-
world graph [52–54], defined as H ¼ P

N
i¼1 εijiihij þP

hi;ji jiihjj þ
PbpNc

k¼1 ðjikihjkj þ jjkihikjÞ, where fjiig is
the position basis with 1 ≤ i ≤ N, and εi are inde-
pendent identically distributed (i.i.d.) random variables,
representing on-site disorder. The second term corres-
ponds to nearest-neighbor hopping on a one-dimensional
ring, and the third term introduces long-range hopping
links. These long-range links connect pairs of sites
ðik; jkÞ, randomly chosen with probability 0 < p < 1=2,
resulting in bpNc such links. This generates a small-
world graph with effective branching number m≈
ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

16pþ 1
p

=2Þ [84,145].
To construct the unitary (Floquet) version of this

model, we start from the 1D quantum kicked rotor (QKR)
[119–122], a paradigmatic model of quantum chaos whose
Floquet operator can be interpreted as a unitary Anderson
model [146]. The evolution operator over a single period is

U1 ¼
P

N
i;j¼1 e

iΦiδij
P

N
k¼1 Fike−iK cosð2πk=NÞF−1

kj jiihjj, where
Fjk ¼ e2πijk=N=

ffiffiffiffi
N

p
is the discrete Fourier transform,

Φi are i.i.d. random phases uniformly distributed over
½0; 2πÞ, and K is the kicking strength controlling hopping
amplitude.
To embed long-range connections and generate small-

world structure, we multiply U1 by unitary two-site gates
Uα

2 ¼ ð1= ffiffiffi
2

p Þðjjαihjαj þ jkαihkαj − jjαihkαj þ jkαihjαjÞ þP
i≠jα;kα jiihij, each acting on a randomly selected pair

ðjα; kαÞ. The total long-range operator is U2 ¼
QbpNc

α¼1 Uα
2 ,

and the full Floquet operator of our model is U ¼ U2U1.
Together, U1 defines the 1D dynamics and U2 implements
small-world long-range connections, forming a small-
world graph with infinite dimensionality. As illustrated
in Fig. 4, the one-dimensional ring corresponds to the QKR
unitary operator U1, while each long-range link corre-
sponds to a single unitary operator Uα

2.

Details on experimental realization—A possible
realization scheme was proposed in Ref. [141]. The
first part of the Floquet operator U1,

P
N
i;j e

iΦiδij ,
corresponds to on-site random phases Φi and can be
directly implemented using random phase gates in the
computational basis. The second part of U1,P

N
i;j

P
N
k¼1 Fike−iKVð2πk=NÞF−1

kj , involves a Fourier trans-
formation and can be implemented using the quantum
Fourier transform and its inverse [147]. The realization
of U2 is more involved but remains within reach. One
approach generates the small-world shortcuts via a
permutation operator P, implemented using a sequence
of random controlled-NOT gates acting on randomly
chosen qubit pairs ðjα; kαÞ. This is followed by a multi-
controlled rotation gate Ci1;…;iμ;η1;…;ημ;jðθÞ, which rotates
the jth qubit by angle θ only if each control qubit ik
equals a specified value ηk ∈ f0; 1g for 1 ≤ k ≤ μ, and
then by the inverse permutation P−1. This procedure
uses only a polynomial number of gates while effec-
tively simulating a Hilbert space of exponential size,
benefiting from quantum speedup [141]. Alternatively,
the small-world structure can be engineered using
quantum cellular automata (QCA) circuits, where mutual
information between qubits naturally develops a small-
world network after several QCA cycles, as recently
demonstrated on a 23-qubit superconducting quantum
processor [111]. Both localized and delocalized regimes
of our model can be realized with current platforms,
while accessing the critical regime may require extended
coherence times due to the long-time dynamics. Beyond
exact realizations, interacting chains with similar Hilbert-
space graph structures can be engineered in cold-atom and
programmable quantum simulator platforms [110,148].

FIG. 4. Illustration of a small-world graph consisting of a 1D
ring of N sites (represented by the black circle), on which U1, the
evolution operator of the quantum kicked rotor, acts, character-
ized by the kicking parameter K. Additionally, there are bpNc
long-range links, generated by random two-site unitariesUα

2 (blue
dashed lines), controlled by the parameter 0 < p < 1=2. This
setup describes a quantum kicked rotor on a random graph with
infinite effective dimension and average connectivity mþ 1≈
ð3þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

16pþ 1
p

=2Þ. It exhibits an Anderson transition driven by
the K parameter, between a localized phase for K < Kc and a
delocalized phase for K > Kc, with critical properties that are
universal and independent of the value of 0 < p < 1=2.
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