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Abstract
We study stochastic differential equations driven by finite-order chaos

processes on abstract Wiener spaces, with pathwise Riemann–Stieltjes in-
tegration. The driving noise is an Rm-valued chaotic process given by
multiple Wiener-Itô integrals of fixed order, allowing for non-Gaussian
dynamics. Under mild smoothness assumptions on the coefficients and
Hölder-type regularity of the noise, we establish existence and uniqueness
of solutions. We then prove Malliavin differentiability and absolute con-
tinuity of the law of the solution. Since the usual Gaussian isonormal
framework is unavailable, we rely on the Kusuoka-Stroock approach to
Malliavin calculus and develop a Taylor expansion for multiple integrals
under Cameron-Martin shifts. Under suitable ellipticity, independence,
and non-degeneracy conditions, the Bouleau–Hirsch criterion yields den-
sity results. Applications to multidimensional Hermite-driven equations
are provided.
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1 Introduction
This paper is concerned with the stochastic differential equation

Xk
t = xk0 +

∫ t

0

bk(Xs)ds+

m∑
`=1

∫ t

0

σk,`(Xs)dF
`
s , (1)

studied in the following general framework:

• x0 ∈ Rd is the initial value of the process X;

• the stochastic integral in (1) is understood pathwise, in the Riemann–
Stieltjes sense (see e.g. [31]);

• the driving process F is an Rm-valued chaos process defined on an abstract
Wiener space (Ω,F ,P,H) (see definition (10) below);
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• the coefficients (bk)1≤k≤d and (σk,`)1≤k≤d,1≤`≤m are (smooth) determin-
istic functions, as made precise by hypothesis (H1) in Subsection 2.2.

The question of the existence of a density for the solution to (1) in the
classical case where F is a multidimensional Brownian motion was, in fact,
Malliavin’s original motivation in [17] for introducing what is now known as
Malliavin calculus. Over the last two decades, a substantial body of work has
been devoted to the case where F = (BH,1t , . . . , BH,dt )t≥0 is an m-dimensional
fractional Brownian motion of Hurst parameter H ∈ (0, 1), that is, a centered
Gaussian process with continuous trajectories and covariance

E[BH,`s BH,`
′

t ] = δ`,`′
1

2
(|s|2H + |t|2H − |t− s|2H), (2)

see e.g. [2, 7, 9, 10, 11, 19, 23, 24]. Among these contributions, [24] investigates
the Malliavin smoothness of the solution to (1) and, as an application, estab-
lishes that this solution admits a density with respect to the Lebesgue measure.
The results obtained in [24] subsequently turned out to be key ingredients in
several further developments: smoothness of the density under a Hörmander-
type hypoellipticity condition [2], upper bounds for the density [3], asymptotic
expansions for expectations of smooth functionals of the solution [18], rates of
convergence and asymptotic error distribution of Euler approximation schemes
[12], and statistical inference [8]. The strategy introduced in [24] has also been
extended in various directions, covering for instance mixed stochastic differential
equations [26], delay equations [14] and fractional stochastic Volterra integral
equations [4]. While [24] only deals with the range H ∈ (1/2, 1), the authors
of [7] reinterpret equation (1) in the rough-paths sense of [16], thereby cover-
ing much more general rough Gaussian processes, and in particular the case
H ∈ (1/4, 1/2).

The purpose of the present paper is to push this theory further, in the general
context of chaotic processes on abstract Wiener spaces. More precisely, we show
that, under mild conditions on the coefficients (bk)1≤k≤d and (σk,`)1≤k≤d,1≤`≤m
(hypothesis (H1) in Subsection 2.2) and on the driving process F (hypothe-
sis (H2) in Subsection 2.2), the stochastic differential equation (1) admits a
unique solution. Under additional assumptions on the coefficients (hypothesis
(H3) in Section 5) and under independence and non-degeneracy assumptions
(hypotheses (H4) and (H5) in Section 5), which naturally extend their standard
counterparts in the Gaussian setting, we then prove that this solution admits a
density.

Let us stress at once a central difficulty in this last task. In order to es-
tablish the absolute continuity of the law of the solution {Xt}t∈[0,T ], we rely
on the Bouleau–Hirsch criterion (Theorem 5.1 below), which is formulated in
terms of Malliavin calculus. This strategy has already proved its effectiveness
in the Gaussian settings recalled above. There, however, the analysis is con-
siderably simplified by the fact that Malliavin calculus can be set up via an
isonormal process canonically associated with the underlying Gaussian process,
which greatly facilitates the computation of the Malliavin derivatives of the
quantities involved. This favourable picture breaks down as soon as the driving
process F is no longer Gaussian. Consequently, the classical methods developed
in the Gaussian setting are not directly available to us, and new strategies have
to be devised. Our main tool is an alternative definition of Malliavin calculus,
which is presented in Subsection 2.3.
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The paper is organised as follows. Section 2 is devoted to the background
of our work: we first recall the definition of abstract Wiener spaces, together
with Malliavin calculus and multiple integrals in this framework; we then specify
conditions under which the deterministic equation associated with (1) admits a
solution, and derive from them a condition on the driving process F ensuring
the existence of a solution to the stochastic differential equation (1). Section 2
ends with a detailed presentation of the strategies we will use to establish the
Malliavin smoothness of this solution. In Section 3, we develop several tools in
Malliavin calculus that play a central role in our approach. Section 4 is then
devoted to the study of the Malliavin smoothness of the solution to (1). As
a consequence, we show in Section 5 that this solution admits a density with
respect to the Lebesgue measure. Finally, Section 6 applies our approach to
stochastic differential equations driven by a multidimensional Hermite process.

Throughout the paper, we use the symbol • for stochastic arguments, so that
X(•) denotes the random variable ω 7→ X(ω), and the symbol ? for deterministic
arguments, so that f(?) stands for the map t 7→ f(t).

2 Background and strategies

2.1 Abstract Wiener spaces
An abstract Wiener space is a quadruple (Ω,F ,P,H) where

(a) Ω is a separable Banach space;

(b) P is a Gaussian measure on Ω with full support;

(c) F is the completion with respect to P of the Borel σ-algebra on Ω;

(d) (H, 〈·, ·〉H) is a separable Hilbert space that is continuously and densely
embedded in Ω via an injection j : H→ Ω.

The image j(H) is usually called the Cameron–Martin space. By the Riesz
representation theorem, one identifies H with its dual and considers the adjoint
operator j∗ : Ω∗ → H of j, which is characterised by

〈j∗(y), h〉H = y(j(h)) (3)

for y ∈ Ω∗ and h ∈ H. We further assume that, for every y ∈ Ω∗,∫
Ω

eiy(ω)dP(ω) = exp

(
−1

2
‖j∗(y)‖2H

)
. (4)

The subspace j∗(Ω∗) is dense in H, and this allows one to define, for every
g ∈ H, a centered Gaussian random variable Xg. Whenever g = j∗(y) for some
y ∈ Ω∗, it suffices, in view of (4), to set Xg = y. The same identity shows that
the map g 7→ Xg from j∗(Ω∗) to L2(Ω) is continuous (with respect to the norm
of H), and therefore extends continuously to the whole space H. The resulting
Gaussian process {Xg : g ∈ H} on (Ω,F ,P) is isonormal, in the sense that

E[XgXg′ ] = 〈g, g′〉H for all g, g′ ∈ H.

Such a process is the natural framework in which to set up Malliavin calculus.
Below, we collect the main ingredients needed in the present paper and refer to
[20, 22] for details and proofs.
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Malliavin derivatives and Sobolev-type spaces. Throughout this paper,
we adopt the usual notation ⊗ for the tensor product of elements of H, and �
for the symmetric tensor product, that is, given n ∈ N and h1, . . . , hn ∈ H,

h1 � · · · � hn :=
1

n!

∑
σ∈Sn

hσ(1) ⊗ · · · ⊗ hσ(n),

with Sn the set of all permutations of {1, . . . , n}.
For each q ≥ 1, we write H⊗q for the qth tensor product of H, H�q for its qth

symmetric tensor product, and L2(Ω,H�q) for the space of H�q-valued random
elements F that are F-measurable and satisfy E[‖F‖2H�q ] < ∞. We denote by
S the class of cylindrical random variables of the form

F = f(Xh1
, . . . , Xhn), (5)

where n ≥ 1, h1, . . . , hn ∈ H, and f is infinitely differentiable with all partial
derivatives of polynomial growth. For such an F , the qth Malliavin derivative
is the element of L2(Ω,H�q) given by

DqF =

n∑
`1,...,`q=1

∂qf

∂`1 . . . ∂`k
(Xh1 , . . . , Xhn)h`1 ⊗ · · · ⊗ h`q . (6)

The operator Dq is closable (see e.g. [20, Proposition 2.3.4]); for every m ∈ N∗
and p ≥ 1, the Sobolev-type space Dm,p is then defined as the closure of S with
respect to the norm

‖ · ‖m,p : F 7→

(
E[|F |p] +

m∑
q=1

E[‖DqF‖p
H⊗k

]

) 1
p

. (7)

Finally, we set D∞ =
⋂
p≥1

⋂
m≥1 Dm,p.

Divergence operator and multiple integrals. The divergence operator of
order q, denoted by δq, is defined as the adjoint of Dq. It is an unbounded oper-
ator from L2(Ω,H⊗q) into L2(Ω) whose domain Dom(δq) consists of those u ∈
L2(Ω,H⊗q) for which there exists a constant c > 0 such that |E[〈DqF, u〉H⊗q ]| ≤
c‖F‖L2(Ω) for every F ∈ Dq,2. For u ∈ Dom(δq), δq(u) is the unique element of
L2(Ω) characterised by the duality relation

E[Fδq(u)] = E[〈DqF, u〉H⊗k ], for all F ∈ Dk,2. (8)

A direct consequence of this definition is the “integration by parts” formula
[20, Proposition 2.5.4]: if F ∈ D1,2 and u ∈ Dom(δ) are such that E[F 2‖u‖2H],
E[F 2δ(u)2] and E[〈Df, u〉2H] are all finite, then Fu ∈ Dom(δ) and

δ(Fu) = Fδ(u)− 〈DF, u〉H. (9)

The divergence operator is the key ingredient in the construction of multiple
stochastic integrals, which play a central role in our work.

Let q ≥ 1 and f ∈ H�q. The multiple Wiener-Itô integral of order q of f is
the centered random variable

Iq(f) := δq(f). (10)

Among the many properties of multiple Wiener-Itô integrals, the following
ones will be used repeatedly.
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• Hypercontractivity. For every q ≥ 1, p ∈ [2,∞) and f ∈ H�q,

E [|Iq(f)|p]1/p ≤ (p− 1)q/2 E
[
|Iq(f)|2

]1/2
. (11)

• Isometry formula (when p = q) and orthogonality (when p 6= q): for
f ∈ H�p, g ∈ H�q and p, q ≥ 1,

E [Ip(f)Iq(g)] =

{
p!〈f, g〉H⊗p if p = q,

0 if p 6= q.
(12)

• Product formula for multiple Wiener–Itô integrals: for any f ∈ H�p and
g ∈ H�q,

Ip(f) Iq(g) =

p∧q∑
r=0

r!

(
p

r

)(
q

r

)
Ip+q−2r

(
f⊗̃rg

)
, (13)

where f⊗̃rg denotes the symmetrised rth contraction of f and g.

Hilbert-space-valued random variables. We shall also need random vari-
ables taking values in a separable Hilbert space, and we thus extend the above
definitions accordingly. Let U be a separable Hilbert space. We denote by SU
the class of U-valued smooth random variables of the form F =

∑n
j=1 Fj uj ,

with Fj ∈ S and uj ∈ U . For any such F and any q ≥ 1, the qth Malliavin
derivative of F is the H⊗q ⊗ U-valued random element

DqF =

n∑
j=1

DqFj ⊗ uj .

As before, one shows that, for every p, q ≥ 1, Dq is closable from SU ⊂ Lp(Ω,U)
into Lp(Ω,H⊗q ⊗ U). This allows us to introduce the analogous Sobolev-type
spaces Dm,p(U) and D∞(U), together with the norm

‖ · ‖m,p,,U : u 7→

(
E[‖u‖pU ] +

m∑
q=1

E[‖Dqu‖p
H⊗k⊗U ]

) 1
p

. (14)

Similarly, for q ≥ 1, if u ∈ U ⊗H⊗q has the form u =
∑n
j=1 uj ×hj with uj ∈ H

and hj ∈ H⊗q, we set

δq(u) =

n∑
j=1

ujδ
q(hj),

and δq extends to a bounded operator from U ⊗ H⊗q to L2(Ω,U) [20, Section
2.6]. In particular, for any p > q, the identification H⊗p = H⊗(p−q) ⊗H⊗q gives
meaning to δq(f) for f ∈ H⊗p. Extending definition (10) in this way, we obtain
two further properties of multiple Wiener-Itô integrals that will be used in the
sequel:

• Malliavin derivative of a multiple Wiener-Itô integral. For every p, q ≥ 1
and f ∈ H�q, one has Iq(f) ∈ D∞,p, and, for every r ≥ 1,

DrIq(f) =

{
q!

(q−r)!Iq−r(f) if r ≤ q,
0 otherwise,

(15)

where Iq−r(f) is computed with respect to the first q − r variables.
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• Reintegration formula: for every q ≥ 1 and f ∈ H�q,

Iq(f) = δ(Iq−1(f)). (16)

2.2 Existence of the solution and statement of the main
conditions

From now on, we fix an abstract Wiener space (Ω,F ,P,H) and assume that the
driving process F of (1) takes the following form.

Definition 2.1. An Rm-valued stochastic process {Ft}t≥0 is called a chaotic
process (over the abstract Wiener space (Ω,F ,P,H)) if there exists q ∈ N such
that, for every t ≥ 0 and every 1 ≤ ` ≤ m, one can find f `t ∈ H�q satisfying

Ft = (Iq(f
1
t ), . . . , Iq(f

m
t )). (17)

The aim of the present subsection is to discuss the existence and unique-
ness of a solution to (1). For p ∈ N, we write Cpb (Rd) for the set of real-valued
functions on Rd that are p-times continuously differentiable with bounded par-
tial derivatives up to order p. We now impose the following assumption on the
coefficients (bk)1≤k≤d and (σk,`)1≤k≤d,1≤`≤m of (1).

(H1) For all 1 ≤ k ≤ d, and 1 ≤ ` ≤ m, bk, σk,` ∈ C3
b (Rd).

In [23], the authors consider the deterministic differential equation on Rd
driven by an Rm-valued function ϕ,

xkt = xk0 +

∫ t

0

bk (xs) ds+

m∑
`=1

∫ t

0

σk,` (xs) dϕ`s, (18)

with 1 ≤ k ≤ d, t ∈ [0, T ] and x0 ∈ Rd, and they establish its existence and
uniqueness in terms of the function spaces recalled below.

Definition 2.2. Let T > 0. For α ∈ (0, 1
2 ) and θ ∈ (0, 1), we introduce the

following spaces of measurable functions:

(a) the space Wα
1 (0, T ;Rd) of functions f : [0, T ]→ Rd satisfying

‖f‖α,1 := sup
t∈[0,T ]

(
|f(t)|+

∫ t

0

|f(t)− f(s)|
|t− s|α+1

ds

)
<∞;

(b) the space W 1−α
2 (0, T ;Rm) of functions ϕ : [0, T ]→ Rm satisfying

‖ϕ‖1−α,2 := sup
0≤s<t≤T

(
|ϕ(t)− ϕ(s)|
(t− s)1−α +

∫ t

s

|ϕ(τ)− ϕ(s)|
(τ − s)2−α dτ

)
<∞;

(c) the θ-Hölder space Cθ(0, T ;Rd) of functions f : [0, T ]→ Rd satisfying

‖f‖θ := sup
t∈[0,T ]

|f(t)|+ sup
0≤s<t≤T

|f(t)− f(s)|
(t− s)θ

<∞.
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Remark 2.3. For any T > 0, α ∈ (0, 1
2 ) and γ > 0 such that 1 − α + γ ≤ 1,

one has the continuous embeddings

Cα+γ
(
0, T ;Rd

)
⊂Wα

1

(
0, T ;Rd

)
(19)

and
C1−α+γ (0, T ;Rm) ⊂W 1−α

2 (0, T ;Rm) ⊂ C1−α (0, T ;Rm) . (20)

Our starting point is [23, Theorem 5.1], which asserts that, for any α ∈
(0, 1

2 ) and under assumptions on the coefficients weaker than (H1), if ϕ ∈
W 1−α

2 (0, T ;Rm), then the deterministic differential equation (18) admits a
unique solution x ∈ Wα

1

(
0, T ;Rd

)
∩ C1−α (0, T ;Rd

)
. To apply this result to

the stochastic differential equation (1), we need to ensure that (a version of)
the driving process F has trajectories in some space W 1−α

2 (0, T ;Rm). This
leads us to impose the following assumption on the chaotic process F given by
(17).

(H2) There exists H ∈ ( 1
2 , 1) such that, for any 1 ≤ ` ≤ m, there exists a

deterministic constant c` > 0 for which, for any s, t ∈ [0, T ],

‖f `t − f `s‖H⊗q ≤ c` |t− s|H . (21)

Whenever (H2) holds, the isometry formula (12) together with the hypercon-
tractivity property (11) yield, for every 1 ≤ ` ≤ m, 0 ≤ j ≤ q, p ≥ 2 and
s, t ∈ [0, T ],

E
[∥∥Dj(F `t − F `s )

∥∥p
H⊗j

]
≤ c`,j,p |t− s|pH . (22)

From (22) and Kolmogorov’s continuity theorem, we deduce that, for every
0 ≤ j ≤ q, the process {DjFt}t∈[0,T ] admits a version whose trajectories are
θ-Hölder continuous as maps from [0, T ] to H⊗j for every θ ∈ (0, H). In the
sequel, whenever (H2) is in force, we shall always work with these versions, still
denoted {DjFt}t∈[0,T ]. In particular, for any β ∈ (0, H − 1

2 ) and γ ∈ (0, β),
we have H − β + γ ≤ 1, and the trajectories of {Ft}t∈[0,T ] therefore belong
to CH−β+γ (0, T ;Rm) ⊆ WH−β

2 (0, T ;Rm), so that [23, Theorem 5.1] can be
applied with 1− α = H − β.

We close this subsection by recalling [24, Proposition 4], which plays a key
role throughout our analysis.

Proposition 2.4. Fix α ∈ (0, 1
2 ) and T > 0, and let x(ϕ) denote the solution

to (18) driven by ϕ ∈W 1−α
2 (0, T ;Rm). Under hypothesis (H1), the mapping

Ψ : W 1−α
2 (0, T ;Rm)→Wα

1

(
0, T ;Rd

)
: ϕ 7→ x(ϕ) (23)

is Fréchet differentiable and for any ϕ,ψ ∈W 1−α
2 (0, T ;Rm) the Fréchet deriva-

tive of Ψ at ϕ in the direction ψ is given by

DΨ(ϕ)[ψ] : t 7→

(
m∑
`=1

∫ t

0

Θk,`
t (s)dψls

)
1≤k≤d

,

where for 1 ≤ k ≤ d, 1 ≤ ` ≤ m, 0 ≤ s ≤ t ≤ T , Θk,`
t (s) satisfies

Θk,`
t (s) = σk,` (xs)+

d∑
p=1

∫ t

s

∂pbk (xu) Θp,`
u (s)du+

d∑
p=1

m∑
q=1

∫ t

s

∂pσ
k,q (xu) Θp,`

u (s)dϕqu,

and Θk,`
t (s) = 0 if s > t.
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We also state the following facts, gathered from [24, Lemma 3] and the proof
of [24, Proposition 4]. They will play a crucial role in our proof of the absolute
continuity of the law of the solution to (1) in Section 5.

Proposition 2.5. Under the conditions and with the notations of Proposition
2.4, the mapping

T : W 1−α
2 (0, T ;Rm)×Wα

1

(
0, T ;Rd

)
→Wα

1

(
0, T ;Rd

)
: (ψ, x) 7→ x− x0 −

∫ ?

0

b(xs)ds−
∫ ?

0

σ(xs)d(ϕs + ψs) (24)

is Fréchet differentiable with, for any (ψ, x) ∈W 1−α
2 (0, T ;Rm)×Wα

1

(
0, T ;Rd

)
,

φ ∈W 1−α
2 (0, T ;Rm) and y ∈Wα

1

(
0, T ;Rd

)
, for all 1 ≤ k ≤ d,

(D1T (ψ, x)[φ])k = −
m∑
`=1

∫ ?

0

σk,`(xs)dφ
`
s (25)

and

(D2T (ψ, x)[y])k = yk−
d∑
p=1

∫ ?

0

∂pbk(xs)y
k
sds−

d∑
p=1

m∑
`=1

∫ ?

0

∂kσp,`d(ϕ`s+ψ
`
s). (26)

Furthermore, D2T (0, x) is a linear homeomorphism from Wα
1

(
0, T ;Rd

)
to

C1−α (0, T ;Rd
)
and we have, for any ϕ ∈W 1−α

2 (0, T ;Rm)

DΨ(ϕ) = −D2T (0, x)−1 ◦ D1T (0, x). (27)

2.3 Roadmap through an alternative definition of Malli-
avin calculus

In Subsection 2.1, we sketched Shigekawa’s definition (originally introduced by
Malliavin [17] and Shigekawa [27]) of the Sobolev-type spaces Dm,p(U), where U
is a separable Hilbert space. While this is the most commonly used definition in
the literature, these spaces admit several equivalent characterisations. The one
we shall exploit here is due to Stroock [28] and Kusuoka [13] (see also Sugita
[29]), who introduced the Sobolev spaces D̂m,p(U) (see the definition below).
Their definition is based on the following two properties.

Denoting by LHS(j(H),U) the space of Hilbert–Schmidt operators from j(H)
to U , these two properties read as follows.

Definition 2.6. A U-valued random variable F : Ω→ U is said to be

(a) ray absolutely continuous (RAC) if, for every h ∈ H, there exists a U-valued
random variable F̂h : Ω→ U such that F = F̂h P-a.s. and, for every ω ∈ Ω,
the map R 3 ε 7→ F̂h(ω + ε j(h)) is absolutely continuous;

(b) stochastically Gâteaux differentiable (SGD) if there exists a random vari-
able G : Ω→ LHS(j(H),U) such that, for every h ∈ H,

1

ε
(F (•+ ε j(h))− F )

P−→ G(•)[j(h)] as ε→ 0. (28)

The operator G is unique P-a.s., and is denoted by D̂F . Higher-order deriva-
tives are defined inductively: if D̂n−1F is (SGD), then D̂nF := D̂(D̂n−1F ).
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The Sobolev-type spaces D̂m,p(U), for m ∈ N∗ and 1 < p < ∞, are then
defined inductively. First, for m = 1,

D̂1,p(U) = {F ∈ Lp(U) ; F is RAC and SGD, D̂F ∈ Lp (LHS(j(H),U))}, (29)

and, for m > 1, one then sets analogously

D̂m,p(U) = {F ∈ D̂m−1,p(U) ; D̂F ∈ D̂m−1,p (LHS(j(H),U)))}. (30)

The following theorem shows that Kusuoka-Stroock approach and Shigekawa’s
definition lead to the same spaces.

Theorem 2.7 (Theorem 3.1 in [29]). For m ∈ N∗ and 1 < p < ∞, we have
D̂m,p(U) = Dm,p(U), and for any F in this space, we have, for a.e. ω ∈ Ω, and
for any h ∈ H,

D̂kF (ω)[j(h), . . . , j(h)] =
〈
DkF (ω), h⊗k

〉
H⊗k

, for 1 ≤ k ≤ m. (31)

In the present work, we shall rely on the Kusuoka-Stroock approach to es-
tablish the Malliavin differentiability of the solution (Xt)t∈[0,T ] to the stochastic
differential equation (1). Let us now briefly outline our strategy.

Strategy for (SGD). For any t ∈ [0, T ], 1 ≤ k ≤ d and h ∈ H, we have to
analyse the limit in probability, as ε→ 0, of

Xk
t (•+ εj(h))−Xk

t (•)
ε

. (32)

Recall that, by Proposition 2.4, for ϕ ∈ W 1−α
2 (0, T ;Rm), Ψ(ϕ) denotes the

solution to the deterministic equation (18) driven by ϕ on [0, T ], and Ψt(ϕ) is
its value at time t. Under hypothesis (H2), we can therefore write, for any
ω ∈ Ω and ε ∈ R,

Xk
t (ω + εj(h)) = Ψk

t (F?(ω + εj(h)).

Since Ψ is Fréchet differentiable by Proposition 2.4, a naive approach would
consist in applying the chain rule and studying the differentiability of the map

Θ : R→W 1−α
2 (0, T ;Rm) : ε 7→ F?(ω + εj(h)).

Unfortunately, this strategy is hopeless in our general setting. A good illustra-
tion is given by the standard case of the canonical Brownian motion on

C0([0, T ]) := {ω : [0, T ]→ R continuous with ω0 = 0},

equipped with its Borel σ-algebra and the Wiener measure. It is shown in [25,
Subsection 1.B] that, for f ∈ L2([0, T )), the random variable ω 7→ I1(f)(ω)
admits a continuous extension for the supremum norm if and only if f has
bounded variation. Since even the continuity of the map ω 7→ I1(f)(ω) fails in
such a basic situation, expecting Θ to be differentiable is far too optimistic.

However, since the limit in (28) is only required to hold in probability, it is
enough to replace (32) with the limit in probability of

Γkh,t(ε, •)− Γkh,t(0, •)
ε

, (33)

where:
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• for each fixed t ∈ [0, T ], h ∈ H and ε ∈ R, we have, for almost every ω ∈ Ω,

Γh,t(ε, ω) = Xt(ω + εj(h)),

i.e. {Γh,t(ε, •) : t ∈ [0, T ], ε ∈ R, h ∈ H} is a version of {Xt(• + εj(h)) :
t ∈ [0, T ], ε ∈ R, h ∈ H};

• the limit (33) is more tractable than (32).

Since the map Θ was clearly the problematic ingredient above, we shall construct
an Rm-valued stochastic process {Sht,ε : t ∈ [0, T ], ε ∈ R, h ∈ H} enjoying the
following properties:

• for each h ∈ H and ε ∈ R, the map t 7→ Sht,ε is continuous;

• for each h ∈ H and t ∈ [0, T ], the map ε 7→ Sht,ε is continuously differen-
tiable;

• for every h ∈ H, ε ∈ R and t ∈ [0, T ], and for almost every ω ∈ Ω,

Sht,ε(ω) = Ft(ω + εj(h)),

so that {Sht,ε : t ∈ [0, T ], ε ∈ R, h ∈ H} is a version of {Ft(• + εj(h)) :
t ∈ [0, T ], ε ∈ R, h ∈ H}.

The first two subsections of Section 3 are devoted to this task:

1. in Subsection 3.1, we establish a Taylor formula for Malliavin calculus,
which, in our setting, applies to the driving process F ;

2. in Subsection 3.2, we combine this Taylor formula with Proposition 2.4 to
construct the process {Sht,ε : t ∈ [0, T ], ε ∈ R, h ∈ H} explicitly;

3. the process {Γh,t(ε, •) : t ∈ [0, T ], ε ∈ R, h ∈ H} is then defined, for ε ∈ R
and h ∈ H, by

Γh,?(ε, •) = Ψ(Sh?,ε).

Strategy for (RAC). For each t ∈ [0, T ] and h ∈ H, we have to construct a
random variable X̃h

t satisfying:

• X̃h
t = Xt almost surely;

• for every ω ∈ Ω, the map ε 7→ X̃h
t (ω + εj(h)) is absolutely continuous.

Subsection 3.3 is devoted to the preparation of this task. We proceed in two
steps:

1. in Subsection 3.1, we construct a version of the isonormal Gaussian process
{Xg : g ∈ H} on (Ω,F ,P,H) that enjoys specific key properties with
respect to translations in the direction of j(h);

2. this version is then used to build, for each h ∈ H, a version F̃h of the
driving process such that, for every ω ∈ Ω, the map (t, ε) 7→ F̃ht (ω+εj(h))

is continuous and the map ε 7→ F̃h? (ω + εj(h)) is smooth.
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3 Tools in Malliavin calculus

3.1 A Taylor formula for Malliavin Calculus
Both the (RAC) and (SGD) conditions require to handle, for t ≥ 0, ω ∈ Ω
and h ∈ H, the quantity Xt(ω + j(h)) (and hence Ft(ω + j(h))). Our goal in
this section is to derive a Taylor expansion for this last expression. As a first
step, we build a version of the isonormal process {Xg : g ∈ H} (introduced in
Subsection 2.1) for which such an expansion is available.

Proposition 3.1. For every g ∈ H, there exist two events Ω′g ⊆ Ωg with
P(Ω′g) = P(Ωg) = 1 and a random variable X̃g such that

(a) Ωg + j(H) ⊆ Ωg;

(b) the equality Xg = X̃g holds on Ω′g;

(c) for all ω ∈ Ωg and h ∈ H,

X̃g(ω + j(h)) = X̃g(ω) + 〈g, h〉H. (34)

Proof. We begin with the case where g = j∗(y) for some y ∈ Ω∗. Then, using
the definition of Xg together with (3), we have, for every h ∈ H and ω ∈ Ω,

Xg(ω + j(h)) = y(ω + j(h)) = y(ω) + y(j(h)) = Xg(ω) + 〈g, h〉H. (35)

Now consider a general g ∈ H. Choose a sequence (gn)n≥1 in j∗(Ω∗) such
that gn → g in H. Then (Xgn)n≥1 converges to Xg in L2(Ω) and, up to ex-
tracting a subsequence which we still denote (Xgn)n≥1, the convergence holds
almost surely. Define the measurable sets

Ωg :=
{
ω ∈ Ω : (Xgn(ω))n≥1 converges in R

}
,

Ω′g :=
{
ω ∈ Ω : lim

n→∞
Xgn(ω) = Xg(ω)

}
, (36)

so that P(Ω′g) = 1 and Ω′g ⊆ Ωg. Next, set{
X̃g(ω) := limn→∞Xgn(ω), for all ω ∈ Ωg,

X̃g(ω) := 0, for all ω ∈ Ω \ Ωg.

Since X̃g = Xg on Ω′g, we have X̃g = Xg P-a.s. Moreover, (35) yields, for every
n ≥ 1, ω ∈ Ωg and h ∈ H,

Xgn(ω + εj(h)) = Xgn(ω) + 〈gn, h〉H,

which in turn gives Ωg + j(H) ⊆ Ωg and, for every ω ∈ Ωg and h ∈ H,

X̃g(ω + j(h)) = lim
n→∞

Xgn(ω + j(h))

= lim
n→∞

(
Xgn(ω) + 〈gn, h〉H

)
= X̃g(ω) + 〈g, h〉H.

This concludes the proof.
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Since Xg = X̃g almost surely for every g ∈ H, the family {X̃g : g ∈ H}
is itself an isonormal process on (Ω,F ,P,H), and one can therefore develop a
Malliavin calculus with respect to it. In what follows, we write D̃q for the
Malliavin derivative of order q ∈ N associated with {X̃g : g ∈ H}, D̃m,p for
the corresponding Sobolev-type space, and Ĩq for the associated qth multiple
stochastic integral. Within this framework, we can derive a Taylor expansion
for stochastic integrals.

Theorem 3.2. Let q ∈ N and f ∈ H�q be fixed, and set F = Iq(f). There exist
two events Ω′F ⊆ ΩF with P(Ω′F ) = P(ΩF ) = 1, together with a random variable
F̃ ∈ D̃∞, such that

(a) ΩF + j(H) ⊆ ΩF ;

(b) for all ` ∈ N, D̃`F̃ = D`F on Ω′F ;

(c) for all ω ∈ ΩF , h ∈ H and 0 ≤ ` ≤ q,

D̃`F̃ (ω + j(h)) =

q−∑̀
k=0

1

k!
〈D̃k+`F̃ (ω), h⊗k〉H⊗k . (37)

(d) for all ` > q, D̃`F̃ = 0.

Proof. Let us first assume that there exists f1 . . . , fq ∈ H such that

f = f1 � · · · � fq (38)

It is well-known, see e.g. [1, Appendix A], that we have

F =

m∏
`=1

Hq`(Xf̃`
) (39)

where q1 + · · ·+ qm = q and, for any 1 ≤ ` ≤ m, q` stands for the multiplicity of
f̃` in {f1, . . . , fq} and Hq` is the q`th Hermite polynomial1. Let us then consider
the events, of probability 1, Ω′

f̃1
,Ωf̃1 , . . . ,Ω

′
f̃m
,Ωf̃m given by Proposition 3.1 and

set

Ω′F =

m⋂
`=1

Ω′
f̃`
, ΩF =

m⋂
`=1

Ωf̃`

and

F̃ := Ĩq(f) =

m∏
`=1

Hq`(X̃f̃`
). (40)

It is clear that Ω′F ⊆ ΩF , P(Ω′F ) = P(ΩF ) = 1, ΩF + j(H) ⊆ ΩF and, in view of
the expressions (39) and (40), for all 0 ≤ k ≤ q, DkF = D̃kF̃ on Ω′F . It remains
to show that (37) holds true for any ω ∈ ΩF and h ∈ H. For any such ω and h,
we know from Proposition 3.1 and the definition (40) of F̃ , that

F̃ (ω + j(h)) =

m∏
`=1

Hq`(X̃f̃`
(ω) + 〈f̃`, h〉H).

1For all n ∈ N, the nth Hermite polynomial is the polynomial of degree n denoted by Hn

and defined, for every x ∈ R, as Hn(x) = (−1)nex2/2 dn

dxn
e−x2/2.
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Next, for any 1 ≤ ` ≤ m, we apply the Taylor formula of the polynomial Hq` to
get

F̃ (ω + j(h)) =

m∏
`=1

(
q∑̀

k`=0

1

k`!
H(k`)
q`

(X̃f̃`
(ω))

(
〈f̃`, h〉H

)k`)

=

m∏
`=1

(
q∑̀

k`=0

1

k`!

〈(
D̃k`Hq`(X̃f̃`

)
)

(ω), h⊗k`
〉
H⊗k`

)

=

q∑
k=0

1

k!

 ∑
k1,...,km

k1+···+km=k

k!

m∏
`=1

1

k`!

〈(
D̃k`Hq`(X̃f̃`

)
)

(ω), h⊗k`
〉
H⊗k`


A straightforward induction on m combined with the Leibniz rule for the

Malliavin derivative [20, Exercise 2.3.10] then yields, for all 0 ≤ k ≤ q, ω ∈ ΩF
and h ∈ H, ∑

k1,...,km
k1+···+km=k

k!

m∏
`=1

1

k`!

〈(
D̃k`Hq`(X̃f̃`

)
)

(ω), h⊗k`
〉
H⊗k`

=

〈
D̃k

(
m∏
`=1

Hq`(X̃f̃`
)

)
(ω), h⊗k

〉
H⊗k

= 〈D̃kF̃ (ω), h⊗k〉H⊗k

Formula (37) for ` ≥ 1 is proved in exactly the same way.
Now, we assume f that is a linear combination

f :=

m∑
`=1

λ`f`, (41)

where, for all 1 ≤ ` ≤ m, λ` ∈ R and f` ∈ H�q has the simple form (38). Then,
setting, for any such `, F` = Iq(f`), by linearity of the Malliavin derivatives and
the stochastic integral, it suffices to take Ω′F =

⋂m
`=1 Ω′F` , ΩF =

⋂m
`=1 ΩF` and

F̃ = Ĩq(f).
Finally, if F = Iq(f) for a general f ∈ H�q, there exists a sequence (fn)n≥1 ⊆

H�q which converges to f in H⊗q such that, for any n ≥ 1, fn has form (41).
In this case the definition of the Malliavin derivative yields a subsequence, that
we still denote (fn)n≥1, such that, for any ` ∈ N, D̃`Ĩq(fn) → D̃`Ĩq(f) and
D`Iq(fn) → D`F , almost surely. Let us set, for any n ≥ 1, Fn := Iq(fn),
F̃n := Ĩq(fn),

Ω1 :=

{
ω ∈ Ω : ∀0 ≤ ` ≤ q,

(
D̃`F̃n(ω)

)
n≥1

converges in H⊗`
}
,

Ω′1 :=
{
ω ∈ Ω : ∀` ∈ N, lim

n→∞
D̃`F̃n(ω) = D̃`Ĩq(f)(ω) and (42)

lim
n→∞

D`Fn(ω) = D̃`F (ω)
}
,

Ω′F = Ω′1 ∩
⋂
n≥1

Ω′Fn , ΩF = Ω1 ∩
⋂
n≥1

ΩFn
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and, for 0 ≤ ` ≤ q the random variables{
F̃`(ω) := limn→∞ D̃`F̃n(ω), for all ω ∈ ΩF ,

F̃`(ω) := 0, for all ω ∈ Ω \ ΩF .

Clearly Ω′F ⊆ ΩF and P(Ω′F ) = P(ΩF ) = 1. We now show that one can take
F̃ = F̃0. Since P(Ω′1) = 1, we obtain F̃ ∈ D̃∞, with D̃`F̃ = F̃` for 0 ≤ ` ≤ q

and D̃`F̃ = 0 for ` > q. Moreover, for every ω ∈ Ω′F and every ` ∈ N,

D̃`F̃ (ω) = lim
n→+∞

D̃`Ĩq(fn)(ω) = lim
n→+∞

D`Fn(ω) = D`F (ω).

To conclude, we note that the previous case of elements of the form (41)
gives, for every ω ∈ ΩF , h ∈ H, n ≥ 1 and 0 ≤ ` ≤ q,

D̃`Ĩq(fn)(ω + j(h)) =

q−∑̀
k=0

1

k!
〈D̃k+`Ĩq(fn)(ω), h⊗k〉H⊗k .

It follows that ω + j(h) ∈ ΩF , and hence ΩF + j(H) ⊆ ΩF . For such ω and h,
we also get, for all 0 ≤ ` ≤ q,

D̃`F̃ (ω + j(h)) = F̃`(ω + j(h)) =

q−∑̀
k=0

1

k!
〈F̃`+k(ω), h⊗k〉H⊗k

=

q−∑̀
k=0

1

k!
〈D̃`+kF̃ (ω), h⊗k〉H⊗k .

For a random variable F = Iq(f) with f ∈ H�q, the events ΩF and Ω′F
appearing in Theorem 3.2 have the advantage of being independent of h ∈ H;
however, the associated Taylor expansion (37) holds only for a random variable
F̃ almost surely equal to F . If instead we fix the vector h ∈ H beforehand
(which is enough to verify the (SGD) condition) then the Taylor expansion can
be written directly for F .

Corollary 3.3. Let q ∈ N and f ∈ H�q be fixed, and set F = Iq(f). For every
h ∈ H, there exists an event Ωh with P(Ωh) = 1 such that, for every ω ∈ Ωh and
0 ≤ ` ≤ q,

D`F (ω + j(h)) =

q−∑̀
k=0

1

k!
〈Dk+`F (ω), h⊗k〉H⊗k .

Proof. Let Ω′F and ΩF be the events given by Theorem 3.2. Fix h ∈ H and
consider the translation Th : Ω→ Ω : ω 7→ ω+ j(h), together with the induced
pushforward measure

Ph = (Th)∗P.

The Cameron-Martin theorem [6] ensures that Ph is equivalent to P, with Radon-
Nikodym derivative

dPh
dP

= exp

(
Xh −

1

2
‖h‖2H

)
. (43)
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Consequently, the event

{ω : ω + j(h) ∈ Ω′F } = Ω′F − j(h)

has probability 1. The set Ωh := (Ω′F−j(h))∩Ω′F ∩ΩF is therefore of probability
1, and the conclusion follows from (37) combined with the identity D̃`F̃ = D`F ,
valid on Ω′F for every ` ∈ N.

3.2 Towards (SGD): construction of the processes S and
Γ

Combining the results of Subsection 3.1 with Proposition 2.4, we are now in
a position to construct the processes {Sht,ε : t ∈ [0, T ], ε ∈ R, h ∈ H} and
{Γht,ε : t ∈ [0, T ], ε ∈ R, h ∈ H} announced at the end of Subsection 2.3. In
what follows, given t ∈ R+, h ∈ H and 1 ≤ k ≤ q, the notation

〈
DkFt, h

⊗k〉
H⊗k

stands for (〈
DkF 1

t ), h⊗k
〉
H⊗k

, . . . ,
〈
DkF dt , h

⊗k〉
H⊗k

)
,

while we set
〈
D0Ft, h

⊗0
〉
H⊗0 := Ft.

Proposition 3.4. Let F = {Ft = (Iq(f
1
t ), . . . , Iq(f

m
t )) , t ∈ R+} be an Rm-

valued chaos process on an abstract Wiener space (Ω,F ,P,H), and assume that
F satisfies hypothesis (H2) with H ∈ ( 1

2 , 1). Let R = {Rht,ε ; t ∈ R, ε ∈ R, h ∈
H} and S = {Sht,ε ; t ∈ R, ε ∈ R, h ∈ H} be the Rm-valued stochastic processes
defined, respectively, by

Rht,ε = Ft(•+ ε j(h)) and Sht,ε =

q∑
k=0

εk

k!
〈DkFt, h

⊗k〉H⊗k . (44)

Then the following hold:

(a) S is a version of R;

(b) for every h ∈ H, almost every ω ∈ Ω and every ε ∈ R, one has Sh?,ε(ω) ∈
W 1−α

2 (0, T ;Rm);

(c) for every β ∈ (0, H − 1
2 ) and 1 − α = H − β, and for almost every ω ∈ Ω,

the map from R into W 1−α
2 (0, T ;Rm) defined by ε 7→ Sh?,ε(ω) is of class

C∞. Moreover, for every h ∈ H, almost every ω ∈ Ω, every ε ∈ R and every
` ∈ N,

d`

dε`
Sh?,ε(ω) =

{ ∑q
k=l

εk−l

k!

〈
DkF?(ω), h⊗k

〉
H⊗k

, if 0 ≤ ` ≤ q
0, if ` > q.

Proof. Point (a) is a direct consequence of Corollary 3.3. Point (b) follows from
hypothesis (H2) (see the discussion following inequality (22) above) together
with the embedding (20). Point (c) is a straightforward consequence of elemen-
tary differential calculus.
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Building on this proposition, we define, for each h ∈ H,

Φh : R× Ω→W 1−α
2 (0, T ;Rm) : (ε, ω) 7→ Sh?,ε(ω).

With these notations in hand, we set, for all h ∈ H, t ∈ [0, T ], ε ∈ R and ω ∈ Ω,

Γh,t(ε, ω) := Ψt(Φh(ε, ω)), (45)

where Ψ is the mapping introduced in (23). Recall also that DΨ(ϕ)[ψ] denotes
the Fréchet derivative of Ψ at ϕ in the direction ψ.

We now verify that the process {Γh,t(ε, •) : t ∈ [0, T ], ε ∈ R, h ∈ H} enjoys
the required regularity properties.

Proposition 3.5. Let F = {Ft = (Ip(f
1
t ), . . . , Ip(f

m
t )) , t ∈ R+} be an Rm-

valued chaos process on an abstract Wiener space (Ω,F ,P,H), satisfying hypoth-
esis (H2), and assume that the coefficients (bk)1≤k≤d and (σk,`)1≤k≤d, 1≤`≤m of
the stochastic differential equation (1) satisfy hypothesis (H1). Then, for every
h ∈ H, almost every ω ∈ Ω, every t ∈ [0, T ] and every 1 ≤ k ≤ d, the map
Γkh,t(?, ω) is differentiable on R, with derivative given, for every ε ∈ R, by

d

dε
Γkh,t(ε, ω) = DΨk

t (Sh?,ε(ω))

[
d

dε
Sh?,ε(ω)

]
. (46)

In particular, for ε = 0, we get

d

dε
Γkh,t(ε, ω)

∣∣∣∣
ε=0

= DΨk
t (F?(ω)) [〈DF?(ω), h〉H] . (47)

Proof. Since F satisfies hypothesis (H2), point (c) of Proposition 3.4 ensures
that, for each h ∈ H and almost every ω ∈ Ω, the mapping Φh(?, ω) is of
class C∞. On the other hand, Proposition 2.4 guarantees that Ψk

t is Fréchet
differentiable for every t ∈ [0, T ] and every 1 ≤ k ≤ d. The chain rule then
yields, for all h ∈ H, almost every ω ∈ Ω, every t ∈ [0, T ] and every 1 ≤ k ≤ d,
the differentiability of Γkh,t(?, ω). Moreover, under the same assumptions and
for any ε ∈ R, the chain rule gives

d

dε
Γkh,t(ε, ω) = D(Ψk

t ◦ Φh(?, ω))[ε]

= DΨk
t (Φh(ε, ω)) [DΦh(?, ω)[ε]]

= DΨk
t

(
Sh?,ε(ω)

) [ d
dε
Sh?,ε(ω)

]
.

(48)

This concludes the proof of the first part of Proposition 3.5. Equation (47) is
then a direct consequence of (45) and point (c) of Proposition 3.4.

3.3 Towards (RAC): a refined version of the driving chaotic
process

In this subsection, we construct a version of the driving chaotic process that
enjoys strong continuity and smoothness properties. More precisely, we establish
the following theorem.
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Theorem 3.6. Let F be a real-valued chaos process on an abstract Wiener
space (Ω,F ,P,H). Assume that F verifies the hypothesis (H2), with H ∈ ( 1

2 , 1).
For any h ∈ H, there exists a stochastic process (F̃ h

t )t∈[0,T ] such that:

(a) For any t ∈ [0, T ], F̃ h
t = Ft P-a.s.;

(b) For all ω ∈ Ω, the map R+ × R 3 (t, ε) 7−→ F̃ h
t

(
ω + ε j(h)

)
is continuous.

(c) Let β ∈ (0, H − 1
2 ) and 1− α = H − β. For all ω ∈ Ω, the mapping from R

into W 1−α
2 (0, T ;Rm) defined by ε 7→ F̃h? (ω + εj(h)) is of class C∞ on R.

The proof of Theorem 3.6 relies on the following lemma. As its proof is some-
what tangential to the main thread of this paper, we have chosen to postpone
it to Appendix A.

Lemma 3.7. Let q be a positive integer, e0 ∈ H, with ‖e0‖H = 1, and (ft)t∈[0,T ]

be a family of vectors in H�q. We denote by V the orthogonal complement of
span{e0} in H. Hence, there exist (ft,q−k)t∈[0,T ] ⊂ V �(q−k), with 0 ≤ k ≤ q,
such that

Iq(ft) =

q∑
k=0

Ik(e⊗k0 )Iq−k(ft,q−k), (49)

where I0(h⊗0) = 1. Furtheremore, for each 0 ≤ k ≤ q, there exists a positive
constant C such that for any s, t ∈ [0, T ],

‖ft,q−k − fs,q−k‖H⊗(q−k) ≤ C‖ft − fs‖H⊗q . (50)

We now have all the ingredients needed to prove Theorem 3.6.

Proof of Theorem 3.6. Let h ∈ H be fixed. The case h = 0 is trivial, so we
assume h 6= 0 and set e0 := h/ ‖h‖H. Let V be the orthogonal complement
of span{e0} in H and (en)n≥1 an orthonormal basis of V . Then (en)n≥0 is an
orthonormal basis of H. Let X = {Xg : g ∈ H} denote the isonormal Gaussian
process on the abstract Wiener space (Ω,F ,P,H) introduced in Subsection 2.1,
and let X̃ = {X̃g : g ∈ H} be its version provided by Proposition 3.1, whose
notations we adopt here. Consider first the event

Ωh =
⋂
n≥1

Ωgn .

One clearly has P(Ωh) = 1 and Ωh + Rj(h) ⊂ Ωh, where

Ωh + Rj(h) := {ω + εj(h) : ω ∈ Ωh, ε ∈ R}.

Moreover, by equation (34), for every ω ∈ Ωh and ε ∈ R,

X̃e0(ω + εj(h)) = X̃e0(ω) + ε ‖h‖2H , and X̃en(ω + εj(h)) = X̃en(ω), (51)

for n ≥ 1.
Since Proposition 3.1 ensures that X̃g = Xg P-a.s. for every g ∈ H, we

immediately obtain, for every t ∈ [0, T ],

Ft = Iq(ft) = Ĩq(ft) P-a.s. (52)
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Furthermore, Lemma 3.7 yields the existence of families (ft,q−k)t∈[0,T ] ⊂ V �(q−k),
for k = 0, . . . , q, such that, for every t ∈ [0, T ],

Ĩhq (ft) =

q∑
k=0

Ĩk(e⊗k0 )(ft,q−k) P-a.s. (53)

Consider now the σ-algebra

G := σ(X̃en : n ≥ 1).

For every t ∈ [0, T ] and 0 ≤ k ≤ q, since ft,q−k ∈ V �(q−k) and (en)n≥1 is an
orthonormal basis of V , there exists a sequence of polynomials (Pn`)`∈N such
that (Pn`(X̃e1 , . . . , X̃en`

))`∈N converges almost surely to Ĩq−k(ft,q−k); see for
instance the proof of [21, Lemma 4.3]. Introduce the event

Ωh,t := {ω ∈ Ω : (Pn`(X̃e1(ω), . . . , X̃en`
(ω)))`∈N converges}.

It is clear that Ωh,t,k ∈ G and P(Ωh,t) = 1. Accordingly, the random variable

Y ht,k : ω 7→

{
lim`→+∞ Pn`(X̃e1(ω), . . . , X̃en`

(ω)) if ω ∈ Ωh,t,k

0 otherwise

is G-measurable and almost surely equal to Ĩq−k(ft,q−k). Combining the hy-
percontractivity property for multiple Wiener–Itô integrals (11), the isometry
formula (12), inequality (50) and Hypothesis (H2), we deduce that, for every
0 ≤ k ≤ q, p ≥ 2 and s, t ∈ [0, T ],

E[|Y ht,k − Y hs,k|p]
= E[|Ĩhq−k(ft,q−k)− Ĩhq−k(fs,q−k)|p]

≤ (p− 1)p(q−k)/2
{
E[|Ĩhq−k(ft,q−k)− Ĩhq−k(fs,q−k)|2]

}p/2
= (p− 1)p(q−k)/2

(
(q − k)!

)p/2‖ft,q−k − fs,q−k‖pH⊗q−k
≤ C(p− 1)p(q−k)/2

(
(q − k)!

)p/2‖ft − fs‖pH⊗q
≤ C̃(p− 1)p(q−k)/2

(
(q − k)!

)p/2|t− s|pH .
Hence, for any β ∈ (0, H − 1

2 ), the Kolmogorov continuity theorem applied on
the abstract Wiener space (Ω,G,P, V ) yields, for each 0 ≤ k ≤ q, a G-measurable
stochastic process (Ỹ ht,k)t∈[0,T ] with (H−β)-Hölder continuous sample paths and
such that, for every t ∈ [0, T ],

Ỹ ht,k = Ĩhq−k(ft,q−k) P-a.s. (54)

We are now ready to introduce the stochastic process (F̃ h
t )t∈[0,T ] defined, for

every t ∈ [0, T ], by

F̃ h
t :=

q∑
k=0

Ĩk(e⊗k0 )Ỹ ht,k1Ωh . (55)

It remains to check that it enjoys the announced properties.
First, combining (52), (53), (54) and (55) with P(Ωh) = 1, we see that

F̃ h
t = Ft P-a.s. for every t ∈ [0, T ].
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Secondly, the G-measurability of (Ỹ ht,k)t∈[0,T ], together with (51), yields, for
every 0 ≤ k ≤ q, t ∈ [0, T ], ε ∈ R and ω ∈ Ωh,

Ỹ ht,k(ω + εj(h)) = Ỹ ht,k(ω),

while the first part of the proof of Theorem 3.2, combined with equality (15),
gives, for the same ε and ω,

Ĩk(e⊗k0 ) =

q∑
`=0

ε`

`!
〈Ĩk−`(e⊗k0 )(ω), h⊗`〉H⊗` =

q∑
`=0

ε`

`!
‖h‖`HĨk−`(e⊗k−`0 )(ω).

Altogether, since Ωh + Rj(h) ⊂ Ωh and Ỹ ht,k vanishes outside Ωh for every
t ∈ [0, T ] and 0 ≤ k ≤ q, we obtain, for every ω ∈ Ω, t ∈ [0, T ] and ε ∈ R,

F̃ h
t (ω + εj(h)) =

q∑
k=0

(
q∑
`=0

ε`

`!
‖h‖`HĨk−`(e⊗k−`0 )(ω)

)
Ỹ ht,k(ω). (56)

This formula, together with the (H − β)-Hölder continuity of the sample paths
of (Ỹ ht,k)t∈[0,T ] for every 0 ≤ k ≤ q, entails that, for every ω ∈ Ω, the map
(t, ε) 7→ F̃ h

t (ω+εj(h)) is continuous, and the map from R intoW 1−α
2 (0, T ;Rm)

defined by ε 7→ F̃h? (ω + εj(h)) is of class C∞ on R. This completes the proof of
Theorem 3.6.

4 Malliavin smoothness of the solution
The tools built in Section 3 bring together all the quantities announced in the
roadmap at the end of Subsection 2.3. We can now prove that the solution of
the stochastic differential equation (1) is smooth in the Malliavin sense.

Theorem 4.1. Let F = {Ft = (Iq(f
1
t ), . . . , Iq(f

m
t )) , t ∈ R+} be an Rm-valued

chaos process on an abstract Wiener space (Ω,F ,P,H). Assume that, F verifies
the hypotheses (H2) with H ∈ ( 1

2 , 1). Let us also assume that the coefficients
(bk)1≤k≤d and (σk,`)1≤k≤d,1≤`≤m of the stochastic differential equation (1) sat-
isfy the hypotheses (H1). Then, the unique solution to (1), (Xt)t∈[0,T ], is such
that for any t ∈ (0, T ], Xt ∈ (D1,∞)d, and, for any h ∈ H and 1 ≤ k ≤ d, we
have

〈
DXk

t , h
〉
H

=

m∑
`=1

∫ t

0

Θk,`
t (s)d

〈
DF `(s), h

〉
H
, (57)

where for 1 ≤ k ≤ d, 1 ≤ ` ≤ m, 0 ≤ s ≤ t ≤ T, s 7→ Θk,`
t (s) satisfies

Θk,`
t (s) = σk,` (Xs) +

d∑
p=1

∫ t

s

∂pbk (Xu) Θp,`
u (s)du

+

d∑
p=1

m∑
q=1

∫ t

s

∂pσk,q (Xu) Θp,`
u (s)dF qu , (58)

and Θk,`
t (s) = 0 if s > t.
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Proof. Fix t ∈ [0, T ] and k ∈ {1, . . . , d}. By Theorem 2.7, it suffices to show
that Xk

t ∈ D̂1,∞, and this reduces to verifying that Xk
t satisfies both (RAC)

and (SGD).
We begin with (SGD). Let S = {Shs,ε : s ∈ [0, T ], ε ∈ R, h ∈ H} denote

the version of R = {Rhs,ε = F (s, •+ ε j(h)) ; s ∈ [0, T ], ε ∈ R, h ∈ H} described
in (44). For every fixed h ∈ H, ε ∈ R and ω ∈ Ω, the maps s 7→ Shs,ε(ω) and
s 7→ Rhs,ε(ω) are continuous, so that, for every fixed h ∈ H and ε ∈ R, and for
almost every ω ∈ Ω,

Rhs,ε(ω) = Shs,ε(ω), for all s ∈ [0, T ]. (59)

Consequently, for every fixed h ∈ H and ε ∈ R, and for almost every ω ∈ Ω,

Xt(ω + ε j(h)) = Γh,t(ε, ω). (60)

Fix now h ∈ H, ε ∈ R and λ > 0. Using (60), we write

P
[∥∥∥∥1

ε
(Xt(•+ ε j(h))−Xt)−DΨt(F?(•)) [〈DF?(•), h〉H]

∥∥∥∥
Rd
> λ

]
= P

[∥∥∥∥1

ε
(Γh,t(ε, •)− Γh,t(0, •))−DΨt(F?(•)) [〈DF?(•), h〉H]

∥∥∥∥
Rd
> λ

]
. (61)

In view of (47) and the fact that almost sure convergence implies convergence in
probability, the right-hand side of (61) tends to zero as ε→ 0, for every λ > 0.
This shows that Xt satisfies (SGD), with

〈DXt, h〉H = DΨt(F?) [〈DF?, h〉H] . (62)

Proposition 2.4 then yields the expression (57).

We now turn to (RAC). According to Theorem 3.6, for each 1 ≤ ` ≤ m

and h ∈ H, fix β ∈ (0, H − 1
2 ), set 1 − α = H − β, and let (F̃ h,`

t )t∈[0,T ] be the
following version of F `:

(a) For any t ∈ [0, T ], F̃ h,`
t = F `t P-a.s.;

(b) For every ω ∈ Ω, the mapping R+ × R 3 (t, ε) 7−→ F̃ h,`
t

(
ω + ε j(h)

)
is

continuous.

(c) For all h ∈ H, and all ω ∈ Ω, the mapping from R into W 1−α
2 (0, T ;Rm)

defined by ε 7→ F̃h,`? (ω + εj(h)) is of class C∞ on R.

Set F̃ht = (F̃ h,1
t , . . . , F̃ h,m

t ) and X̃h
t = Ψt(F̃

h
? ). Property (b) above guarantees

that, for every h ∈ H and ω ∈ Ω, the map s 7→ F̃hs (ω) is continuous. On the
other hand, Hypothesis (H2) and the Kolmogorov continuity theorem ensure
that s 7→ Fs(ω) is also continuous. Combining this with (a), we obtain, for
every h ∈ H and almost every ω ∈ Ω,

F̃hs (ω) = Fs(ω), for all s ∈ [0, T ]. (63)

Consequently, for every h ∈ H and almost every ω ∈ Ω,

X̃h
t (ω) = Ψt(F̃

h
? (ω)) = Ψt(F?(ω)) = Xt(ω). (64)
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Moreover, Proposition 2.4 gives the differentiability of Ψt, while property (c)
above ensures that, for every h ∈ H and ω ∈ Ω, the map R 3 ε 7→ F̃h? (ω +
εj(h)) ∈W 1−α

2 (0, T ;Rm) is of class C∞ on R. Hence, for every h ∈ H and every
ω ∈ Ω, the map R 3 ε 7→ X̃h

t (ω + εj(h)) is absolutely continuous on R. This
establishes (RAC) and thereby completes the proof of Theorem 4.1.

Remark 4.2. In [24], the authors study the solution (Xt)t∈[0,T ] of equation (1)
driven by a multidimensional fractional Brownian motion with Hurst parameter
H ∈ (1/2, 1), and prove that Xt belongs to the local space (D1,2

loc)d for every
t ∈ [0, T ]. Theorem 4.1 sharpens this conclusion by showing that Xt ∈ (D1,∞)d.

Remark 4.3. In the Gaussian setting, one usually requires the components of
the driving process to be independent, as reflected by the Kronecker symbol
in the covariance function (2). No such assumption is needed in Theorem 4.1,
which therefore refines the known results even in the Gaussian case.

Using the sewing lemma in Hilbert spaces [15, Proposition 2.1], we can also
provide an H-valued representation of the Malliavin derivative of X.

Theorem 4.4. Under the conditions of Theorem 4.1, we have, for all 1 ≤ k ≤ d
and t ∈ (0, T ]

(a)

DXk
t =

m∑
`=1

∫ t

0

Θkl
t (r)dDF l(r)

:= lim
|P|→0

m∑
`=1

∑
[u,v]∈P

Θkl
t (u)(DF l(v)−DF l(u)), (65)

where Θk,`
t is given by (58) and the above limit is in H, along an arbitrary

sequence of partitions of [0, t] with mesh tending to zero. Furthermore, for
any β ∈ (0, H − 1

2 ) there exists a constant C > 0 such that∥∥∥∥∥
m∑
`=1

∫ t

s

Θkl
t (r)dDF l(r)−

d∑
`=1

Θkl
t (s)

(
DF l(t)−D(l)F (s)

)∥∥∥∥∥
H

(66)

≤ C
m∑
`=1

‖Θkl
t ‖CH−β1 ‖DF l‖CH−β2 |t− s|2(H−β);

uniform in s, t ∈ [0, T ].

(b) for all h ∈ H,

〈
DXk

t , h
〉
H

=

m∑
`=1

∫ t

0

Θkl
t (s)d

〈
DF l(s), h

〉
H

:= lim
|P|→0

m∑
`=1

∑
[u,v]∈P

Θkl
t (u)

〈
DF l(v)−DF l(u), h

〉
H
, (67)

where the limit is along an arbitrary sequence of partitions of [0, t] with mesh
tending to zero.
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Proof. We only prove point (a), as point (b) is obtained along the same lines
from the sewing lemma. Fix 1 ≤ k ≤ d. Hypothesis (H2) together with the
Kolmogorov continuity theorem imply that, for every 1 ≤ ` ≤ m, the map
s 7→ DF `s belongs almost surely to CH−β([0, T ],H). Moreover, [24, Proposition
9] ensures that s 7→ Θk,`

t (s) belongs to CH−β([0, T ],R) for every 1 ≤ k ≤ d,
1 ≤ ` ≤ m and t ∈ (0, T ]. Invoking [15, Proposition 2.1], we conclude that, for
every 1 ≤ k ≤ d, 1 ≤ ` ≤ m and t ∈ (0, T ], the Young integral∫ t

0

Θk,`
t (s)dDF l(s) := lim

|P|→0

∑
[u,v]∈P

Θkl
t (u)(DF l(v)−DF l(u)) (68)

is well defined as a limit in H along any sequence of partitions of [0, t] whose
mesh tends to zero. Estimate (66) is then a consequence of (68) and the bound
(2.9) of [15, Proposition 2.1].

5 Absolute continuity of the law of the solution
In this section, we show that the law of the solution to the stochastic differential
equation (1) is absolutely continuous with respect to the Lebesgue measure. Our
main tool is the Bouleau–Hirsch criterion, a cornerstone of Malliavin calculus
[5].

Theorem 5.1. Let d be a positive integer and let Y = (Y1, . . . , Yd) be a random
vector satisfying the following two conditions:

(i) Yi ∈ D1,p for all i = 1, . . . , d, for some p ∈ (1,∞);

(ii) det (ΓY) > 0 P-a.s., where ΓY =
(
〈DYi, DYj〉H

)
1≤i,j≤d denotes the Malli-

avin matrix of Y.

Then the law of Y is absolutely continuous with respect to the Lebesgue measure
on Rd.

The absolute continuity of the law of the solution to a stochastic differential
equation is typically obtained under various non-degeneracy conditions, imposed
both on the coefficients and on the driving process. In what follows, we take as
a starting point the formulation of these conditions proposed in [7] within the
framework of rough path theory.

We first impose the following ellipticity assumption on the coefficients (bk)1≤k≤d
and (σk,`)1≤k≤d,1≤`≤m of (1).

(H3) For any x ∈ Rd, the vector space spanned by
{σ1,`(x), . . . , σd,`(x) , 1 ≤ ` ≤ m} is equal to Rd.

The conditions imposed on the driving process in [7] are specific to the Gaus-
sian rough path setting. We first recall them before proposing their counterparts
in our non-Gaussian framework.

(GRPH4) The components of the driving Gaussian process are independent.
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(GRPH5) For any g = (g1, . . . , gd) : [0, T ]→ Rd with bounded p-variation2,(∫ T

0

gsdhs =

d∑
k=1

∫ T

0

gksdh
k
s = 0 ∀h ∈ j(H)

)
⇒ g = 0.

In our setting, we use conditions analogous to (GRPH4) and (GRPH5), but
formulated at the level of Malliavin derivatives. For the independence assump-
tion, we adopt the following hypothesis.

(H4) The components of the driving process in (1) are Malliavin independent:
for all 1 ≤ ` 6= `′ ≤ m and t ∈ [0, T ], almost surely,

〈DF `t , DF `
′

t 〉H = 0.

When F is Gaussian, it is straightforward to check that (GRPH4) and (H4) are
equivalent. As for (GRPH5), the bounded p-variation assumption is natural
in the rough path setting; in our context, it is more natural to work with a
Hölder-type condition.

(H5) The driving process in (1) is non-degenerate, if for any fixed t ∈ (0, T ],
and any Rm valued stochastic process (Yr)r∈[0,t] such that the sample paths of

Y are γ-Hölder continuous, for some γ > 1
2 , we have(

∃Ω0 ∈ F , with P(Ω0) > 0, s.t., ∀ω ∈ Ω0, and 1 ≤ ` ≤ m,∥∥∥∥∫ t

0

Y `s (ω)dDF `(s, ω)

∥∥∥∥
H

= 0

)
=⇒

(
∃Ω1 ∈ F , with P(Ω1) > 0, ∃s ∈ [0, t], s.t., ∀ω ∈ Ω1 Ys(ω) = 0

)
.

We are now ready to state and prove the main result of this section.

Theorem 5.2. Let F = {Ft = (Iq(f
1
t ), . . . , Iq(f

m
t )) , t ∈ R+} be an Rm-valued

chaos process on an abstract Wiener space (Ω,F ,P,H), satisfying hypotheses
(H2), (H4) and (H5). Assume moreover that the coefficients (bk)1≤k≤d and
(σk,`)1≤k≤d, 1≤`≤m of the stochastic differential equation (1) satisfy hypotheses
(H1) and (H3). Then, for every t ∈ (0, T ], the law of Xt, where (Xt)t∈[0,T ] is
the unique solution to (1), is absolutely continuous with respect to the Lebesgue
measure on Rd.

Proof. Parts of the proof are inspired by that of [24, Theorem 8]. Fix t ∈ (0, T ].
By Theorem 4.1, Xk

t ∈ D1,∞ for every 1 ≤ k ≤ d. In view of the Bouleau–
Hirsch criterion (Theorem 5.1), it thus suffices to show that the determinant of
the Malliavin matrix ΓXt of Xt is almost surely positive. Let {en , n ≥ 1} be
an orthonormal basis of H. We can write

ΓXt = (Mk,k′)1≤k,k′≤d,

where

Mk,k′ =
〈
DXk

t , DX
k′

t

〉
H

=

∞∑
n=1

〈
DXk

t , en
〉
H

〈
DXk′

t , en

〉
H
.

2In [7], the driving process is assumed to be p-rough path.
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Assume, for contradiction, that det ΓXt = 0 on some Ω0 ∈ F with P(Ω0) > 0.
Then there exists a nonzero Rd-valued random vector a such that aTΓXta = 0
on Ω0. On the other hand, we may rewrite aTΓXta as

aTΓXta =

∞∑
n=1

∣∣〈〈DXt, en〉H , a
〉
Rd
∣∣2 , (69)

where 〈·, ·〉Rd is the Euclidean inner product on Rd and

〈DXt, en〉H =
(〈
DX1

t , en
〉
H
, . . . ,

〈
DXd

t , en
〉
H

)
.

By (62), for almost every ω ∈ Ω, every n ≥ 1 and every 1 ≤ k ≤ d,〈
DXk

t (ω), en
〉
H

= DΨk
t (F?(ω)) [〈DF?(ω), en〉H] .

Moreover, using (27), we have, for almost every ω ∈ Ω, every n ≥ 1 and every
1 ≤ k ≤ d,

DΨk
t (F?(ω)) [〈DF?(ω), en〉H]

=
((
−D2T (0, X(ω))−1 ◦ D1T (0, X(ω))

)
[〈DF?(ω), en〉H]

)k
t
,

where T is the operator defined in (24). Combining this with (69), we deduce
that, for every ω ∈ Ω0 and every n ≥ 1,〈(

D2T (0, X(ω))−1 ◦ D1T (0, X(ω))
)

[〈DF?(ω), en〉H]t , a(ω)
〉
Rd = 0.

Since D2T (0, X)−1 is a linear homeomorphism (see Proposition 2.5), expression
(25) then yields, for every ω ∈ Ω0 and n ≥ 1,

0 = 〈D1T (0, X(ω)) [〈DF?(ω), en〉H]t , a(ω)〉Rd

=

d∑
k=1

(
m∑
`=1

∫ t

0

σk,`(Xs(ω))d
〈
DF l(s, ω), en

〉
H

)
ak(ω)

=

〈
d∑
k=1

m∑
`=1

∫ t

0

ak(ω)σk,`(Xs(ω))dDF l(s, ω), en

〉
H

.

Invoking the Malliavin independence of the components of F , i.e. hypothesis
(H4), we obtain, for every ω ∈ Ω0,

0 =

∥∥∥∥∥
d∑
k=1

m∑
`=1

∫ t

0

ak(ω)σk,`(Xs(ω))dDF `(s, ω)

∥∥∥∥∥
2

H

=

m∑
`=1

∥∥∥∥∥
d∑
k=1

∫ t

0

ak(ω)σk,`(Xs(ω))dDF `(s, ω)

∥∥∥∥∥
2

H

,

from which we conclude that, for every 1 ≤ ` ≤ m and every ω ∈ Ω0,∥∥∥∥∥
d∑
k=1

∫ t

0

ak(ω)σk,`(Xs(ω))dDF `(s, ω)

∥∥∥∥∥
2

H

= 0. (70)
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Applying hypothesis (H5), we obtain the existence of Ω1 ∈ F with P(Ω1) > 0,
and of s ∈ [0, T ], such that, for every 1 ≤ ` ≤ m and every ω ∈ Ω1,

d∑
k=1

ak(ω)σk,`(Xs(ω)) = 0,

which contradicts hypothesis (H3). Consequently, det ΓXt > 0 almost surely,
and this completes the proof.

6 Application: the case of multidimensional Her-
mite processes

Throughout this section, (Ω,F ,P,H) denotes the classical Wiener space: Ω =
C0(R,Rm) is the space of continuous functions ω : R → Rm with ω(0) = 0,
equipped with the Fréchet metric; P is the two-sided Wiener measure, i.e. the
unique probability measure on Ω under which the canonical process

B = {Bt = (B1
t , . . . , B

m
t ), t ∈ R} (71)

is a two-sidedm-dimensional Brownian motion; F is the completion of the Borel
σ-algebra of Ω with respect to P; H = L2(R,Rm); and, for all h ∈ H,

j(h) : R→ Rm : t 7→
(∫ t

0

h1(s) ds, . . . ,

∫ t

0

hm(s) ds

)
.

In this setting, the isonormal Gaussian process {Xh : h ∈ H} is given, for every
h ∈ H, by the Wiener integral

Xh =

m∑
`=1

∫
R
h`(t)dB`t . (72)

In this context, the Malliavin derivative of the cylindrical random variable F
in (5) takes the form of the m-dimensional stochastic process DF = {DrF =

(D
(1)
r F, . . . ,D

(m)
r F ) , r ∈ R}, where, for every 1 ≤ ` ≤ m and r ∈ R,

D(`)
r F =

n∑
i=1

∂f

∂xi
(Xh1

, . . . , Xhn)h`i(r).

This formalization allows us to write, for every F,G ∈ D1,p (p ≥ 1),

〈DF , DG〉H =

m∑
`=1

∫
R
D(`)
r F D(`)

r Gdr.

Throughout this section, Iq denotes the qth stochastic integral (as defined in
Subsection 2.1) with respect to the isonormal Gaussian process (72), i.e. the qth
multiple Wiener integral with respect to the m-dimensional Brownian motion
(71).

Let us first consider the case m = 1 and introduce the one-dimensional
Hermite process.
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Definition 6.1. The one-dimensional Hermite process ZH,q =
(
ZH,qt

)
t∈R+

of

order q ≥ 1 and self-similarity parameter H ∈
(

1
2 , 1
)
is defined by

ZH,qt = Iq(L
H,q
t ) where LH,qt (ξ) = c(H, q)

∫ t

0

q∏
j=1

(s− ξj)H0− 3
2

+ ds, (73)

H0 = 1 +
H − 1

q
∈
(

1− 1

2q
, 1

)
, and c(H, q) =

√
H(2H − 1)

q!βq
(
H0 − 1

2 , 2− 2H0

) .
Here β stands for the Beta function and we use the convention, for each (θ, α) ∈
R2,

θα+ :=

{
θα, if θ > 0,

0, otherwise.

The family of Hermite processes provides paradigmatic examples of chaotic
random processes. It includes the Rosenblatt process, obtained for q = 2,
and the fractional Brownian motion, obtained for q = 1; the latter is the only
Gaussian element of this family. A direct computation (see e.g. [30, Proposition
2.1]) shows that, for every s, t ≥ 0,

〈LH,qt , LH,qs 〉L2(Rq,R) =
q!

2

(
t2H + s2H − |t− s|2H

)
,

which yields, by the polarization formula,

‖LH,qt − LH,qs ‖L2(Rq,R) ≤ q! |t− s|2H . (74)

In particular, hypothesis (H2) is satisfied by the one-dimensional Hermite pro-
cess ZH,q. We refer the reader to Tudor’s monograph [30] for a detailed presen-
tation of this class of processes and of their properties, which include stationarity
of increments and H-self-similarity. For our purposes, the key feature is that
(ZH,qt )t∈R+

is adapted to the filtration defined, for t ∈ R, by

Ft = σ{B(1A) : A is a Borel λ-finite subset of (−∞, t]} ∨ N ,

where N denotes the collection of P-null subsets of Ω and λ is the Lebesgue
measure on R. In view of [22, Corollary 1.2.1], we therefore have, for every
t ∈ R+,

DrZ
H,q
t = 0 for P⊗ λ-a.e. (ω, r) ∈ Ω× (t,∞). (75)

We now turn to the definition of the multidimensional Hermite process.

Definition 6.2. Let m ∈ N∗, q ≥ 1 and (ZH,q,` := {ZH,q,`t }t∈R+
)1≤`≤m be

m independent Hermite processes of order q and self-similarity parameter H.
The Rm-valued stochastic process ZH,q = (ZH,q,1, . . . , ZH,q,m) is called the m-
dimensional Hermite process of order q and self-similarity parameter H.

Fix m ∈ N∗ and q ≥ 1, and denote by IB
`

q the qth multiple integral with
respect to the Brownian motion B` (that is, the `th component in (71)), for
1 ≤ ` ≤ m. Setting

ZH,q,` = {IB
`

q (LH,qt )}t≥0, with LH,qt given by (73), (76)
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the process ZH,q := (ZH,q,1, . . . , ZH,q,m) is an m-dimensional Hermite process
of order q and self-similarity parameter H. However, its components are built
from multiple integrals with respect to distinct isonormal Gaussian processes,
so ZH,q does not directly fit into the framework of Definition 2.1. Our first
task in this section is therefore to provide an explicit construction realizing the
components of ZH,q as multiple integrals with respect to a single isonormal
Gaussian process, namely (72).

Recall that, with H = L2(R,Rm), one has for any q ≥ 1

H⊗q = L2(Rq,Rm
q

) and H�q = L2
s(Rq,Rm

q

).

Given hq ∈ L2
s(Rq,R) and 1 ≤ ` ≤ m, let ĥ`,q = (ĥ

i1,...,iq
`,q )1≤i1,...,iq≤m denote

the element of L2
s(Rq,Rm

q

) defined by

ĥ
i1,...,iq
j,q =

{
ĥ
i1,...,iq
j,q = hq, if i1 = . . . = iq = `,

ĥ
i1,...,iq
j,q = 0, otherwise.

(77)

A direct verification shows that, if g1, . . . , gq ∈ L2(R,R) and

hq = g1 � · · · � gq ∈ L2
s(Rq,R), (78)

then, setting for any 1 ≤ k ≤ q and 1 ≤ ` ≤ m,

g̃k,` = (0, . . . , 0︸ ︷︷ ︸
(`−1)

elements

, gk , 0, · · · , 0︸ ︷︷ ︸
(m−`)

elements

), (79)

one has g̃1,` � · · · � g̃q,` = ĥ`,q. This identity is the cornerstone of the following
proposition.

Proposition 6.3. Let hq ∈ L2
s(Rq,R) and, for 1 ≤ ` ≤ m, let ĥ`,q ∈ L2

s(Rq,Rm
q

)
be as defined in (77). Then

Iq(ĥ`,q) = IB
`

q (hq). (80)

Proof. We first treat the case where hq has the simple form (78), and argue
by induction on q. For q = 1, the identity I1(ĥ`,1) = IB

`

1 (h1) is immediate for
every 1 ≤ ` ≤ m. Assume now that (80) holds at order q, and let us establish
it at order q + 1. Using (16), we obtain, for any 1 ≤ ` ≤ m,

Iq+1(ĥ`,q+1) =Iq+1(g̃1,` � · · · � g̃q+1,`)

=
1

q + 1

q+1∑
k=1

δ
(
Iq(g̃1,` � · · · � ̂̃gk,` � · · · � g̃q+1,`)g̃k,`

)
,

where the hat over g̃k,` indicates that this factor is omitted from the symmetric
tensor product. For each 1 ≤ k ≤ q + 1, successive applications of (9) and (15)
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yield

δ
(
Iq(g̃1,` � · · · � ̂̃gk,` � · · · � g̃q+1,`)g̃k,`

)
= Iq(g̃1,` � · · · � ̂̃gk,` � · · · � g̃q+1,`)δ(g̃k,`)

−
〈
DIq(g̃1,` � · · · � ̂̃gk,` � · · · � g̃q+1,`), g̃k,`

〉
H

= Iq(g̃1,` � · · · � ̂̃gk,` � · · · � g̃q+1,`)I1(g̃k,`)

−
q+1∑
n=1
n 6=k

Iq−1(g̃1,` � · · · � ̂̃gn,` � · · · � ̂̃gk,` � · · · � g̃q+1,`) 〈g̃n,`, g̃k,`〉H

Combining the induction hypothesis with the definition (79), we get

Iq+1(ĥ`,q+1) =
1

q + 1

q+1∑
k=1

(
IB

`

q (g̃1 � · · · � ĝk � · · · � gq+1)IB
`

1 (gk)

−
q+1∑
n=1
n 6=k

IB
`

q−1(g1 � · · · � ĝn � · · · � ĝk � · · · � gq+1) 〈gn, gk〉L2(R,R)

)
.

Running the same argument backwards, we deduce the claimed identity

Iq+1(ĥ`,q+1) = IB
`

q+1(hq).

The general case then follows by a density argument.

As a consequence of Proposition 6.3, we can now give a definition of the
m-dimensional Hermite process (ZH,q,1, . . . , ZH,q,m) that relies on stochastic
integration with respect to a single isonormal Gaussian process. Indeed, it
suffices to set, for any t ≥ 0 and 1 ≤ ` ≤ m,

ZH,q,`t = Iq(L̂
H,q
j,t ), (81)

where

L̂H,q`,t =

{
(L̂H,q`,t )i1,...,iq = LH,qt , if i1 = . . . = iq = `

(L̂H,q`,t )i1,...,iq = 0, otherwise

with LH,qt as in equation (73).
We now verify that, with this definition, the m-dimensional Hermite pro-

cess (ZH,q,1, . . . , ZH,q,m) fits the framework of the present paper: it satisfies
hypotheses (H2), (H4) and (H5), so that Theorems 4.1, 4.4 and 5.2 apply to
stochastic differential equations driven by multidimensional Hermite processes.

We first observe, combining (81) with (74), that for any 1 ≤ ` ≤ m and
s, t ≥ 0,

‖L̂H,q`,t − L̂
H,q
`,t ‖H⊗q = ‖LH,qt − LH,qs ‖L2(Rq,R) ≤ q! |t− s|2H .

Hence hypothesis (H2) holds for the m-dimensional Hermite process

(ZH,q,1, . . . , ZH,q,m)

defined in (81). That (H4) is also satisfied follows from the next general propo-
sition.
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Proposition 6.4. Let hq ∈ L2
s(Rq,R) and, for 1 ≤ ` ≤ m, let ĥ`,q ∈ L2

s(Rq,Rm
q

)
be as defined in (77). Then the components of the chaotic process

(Iq(ĥ1,q), . . . , Iq(ĥm,q))

are Malliavin independent.

Proof. We first assume that hq has the simple form (78). For any 1 ≤ ` ≤ m,
applying (15) yields

DIq(ĥ`,q) = DIq(g̃1,` � · · · � g̃q,`) =

q∑
k=1

Iq−1(g̃1,` � · · · � ̂̃gk,` � · · · � g̃q,`)g̃k,`,
with g̃k,` given by (79). From this definition, it follows immediately that for any
1 ≤ ` 6= `′ ≤ m, 〈

DIq(ĥ`,q), DIq(ĥ`′,q)
〉
H

= 0.

The general case is then obtained by density.

It remains to show that the m-dimensional Hermite process defined in (81)
also satisfies hypothesis (H5). To this end, we rely on the following lemma.

Lemma 6.5. Let ZH,q = {ZH,qt }t∈R+
be the one-dimensional Hermite process

of order q ≥ 1 and self-similarity parameter H ∈ ( 1
2 , 1), as in Definition 6.1.

Then, for every t > 0 and ε ∈ (0, t), the following equality in distribution holds:∫ t

t−ε
|DrZ

H,q
t −DrZ

H,q
t−ε |2 dr

law
= ε2H

∫ 1

0

|DrZ
H,q
1 |2 dr. (82)

Proof. Fix t > 0 and ε ∈ (0, t), and set h = t− ε. We have∫ t

t−ε
dx|DxZ

H,q
t −DxZ

H,q
t−ε |2 =

∫ ε+h

h

dx|DxZ
H,q
h+ε −DxZ

H,q
h |2

= q2

∫ ε+h

h

dx
∣∣∣Iq−1

(
LH,qh,h+ε(x, ?)

)∣∣∣2
= q2

∫ ε

0

dr
∣∣∣Iq−1

(
LH,qh,h+ε(r + h, ?)

)∣∣∣2 , (83)

where the last equality follows from the change of variable r = x−h. Moreover,
LH,qh,h+ε(r + h, ?) can be written as

LH,qh,h+ε(r + h, ?) = c(H, q)

∫ h+ε

h

ds

(s− r − h)
H−1
q −

1
2

+

q−1∏
j=1

(s− ?j)
H−1
q −

1
2

+


= c(H, q)

∫ ε

0

dθ

(θ − r)
H−1
q −

1
2

+

q−1∏
j=1

(θ + h− ?j)
H−1
q −

1
2

+

 ,

(84)
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where the last equality was obtained by the change of variable θ = s − h, and
c(H, q) is the constant defined in Definition 6.1. Combining (83) and (84), the
right-hand side of (83) becomes

q2c2(H, q)

∫ ε

0

dr

∣∣∣∣∣∣
∫
Rq−1

q−1∏
i=1

dBξi

∫ ε

0

dθ

(θ − r)
H−1
q −

1
2

+

q−1∏
j=1

(θ + h− ξj)
H−1
q −

1
2

+

∣∣∣∣∣∣
2

= q2c2(H, q)

∫ ε

0

dr

∣∣∣∣∣∣
∫
Rq−1

q−1∏
i=1

dB̃
(h)
ξi

∫ ε

0

dθ

(θ − r)
H−1
q −

1
2

+

q−1∏
j=1

(θ − ξj)
H−1
q −

1
2

+

∣∣∣∣∣∣
2

(85)

where B̃(h) = {Bt+h − Bh , t ∈ R}. Since B̃(h) is itself a two-sided Brownian
motion, the right-hand side of (85) is equal in distribution to

q2c2(H, q)

∫ ε

0

dr

∣∣∣∣∣∣
∫
Rq−1

q−1∏
i=1

dBξi

∫ ε

0

dθ

(θ − r)
H−1
q −

1
2

+

q−1∏
j=1

(θ − ξj)
H−1
q −

1
2

+

∣∣∣∣∣∣
2

(86)

Applying the changes of variables r = εs and θ = ε τ , (86) rewrites as

q2c2(H, q) ε
2(H−1)

q +2

∫ 1

0

ds∣∣∣∣∣∣
∫
Rq−1

q−1∏
i=1

dBξi

∫ 1

0

dτ

(τ − s)
H−1
q −

1
2

+

q−1∏
j=1

(ε τ − ξj)
H−1
q −

1
2

+

∣∣∣∣∣∣
2

= q2c2(H, q) ε
2(H−1)

q +2

∫ 1

0

ds∣∣∣∣∣∣
∫
Rq−1

q−1∏
i=1

dBε ξi

∫ 1

0

dτ

(τ − s)
H−1
q −

1
2

+

q−1∏
j=1

(ε τ − ε ξj)
H−1
q −

1
2

+

∣∣∣∣∣∣
2

= q2c2(H, q) ε2H−(q−1)

∫ 1

0

ds∣∣∣∣∣∣
∫
Rq−1

q−1∏
i=1

dBε ξi

∫ 1

0

dτ

(τ − s)
H−1
q −

1
2

+

q−1∏
j=1

(τ − ξj)
H−1
q −

1
2

+

∣∣∣∣∣∣
2

(87)

Finally, by the scaling property of Brownian motion, the right-hand side of (87)
is equal in distribution to

ε2H q2c2(H, q)

∫ 1

0

ds∣∣∣∣∣∣
∫
Rq−1

q−1∏
i=1

dBξi

∫ 1

0

dτ

(τ − s)
H−1
q −

1
2

+

q−1∏
j=1

(τ − ξj)
H−1
q −

1
2

+

∣∣∣∣∣∣
2

= ε2H

∫ 1

0

dr|DrZ
H,q
1 |2.
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This completes the proof.

Theorem 6.6. Let ZH,q = (ZH,q,1, . . . , ZH,q,m) be the m-dimensional Hermite
process of order q ≥ 1 and self-similarity parameter H ∈

(
1
2 , 1
)
defined in (81).

Then ZH,q satisfies hypothesis (H5).

Proof. Let t ∈ (0, T ] and let Y = (Yr)r∈[0,t] be a real-valued stochastic process
with γ-Hölder continuous trajectories, for some γ > 1

2 . It suffices to show that,
given a one-dimensional Hermite process Z = {Zs}s∈R+ of order q ≥ 1 and self-
similarity parameter H ∈ ( 1

2 , 1), the existence of some Ω0 ∈ F with P(Ω0) > 0
satisfying ∥∥∥∥∫ t

0

Ys(ω)dDZs(ω)

∥∥∥∥
L2(R),R

= 0 for every ω ∈ Ω0 (88)

implies the existence of Ω1 ∈ F with P(Ω1) > 0 such that

Yt(ω) = 0 for every ω ∈ Ω1. (89)

Fix ε ∈ (0, t) and set h = t− ε. By (88), we have, for every ω ∈ Ω0,

0 =

∥∥∥∥∥
∫ h

0

Ys(ω)dDZs(ω) +

∫ ε+h

h

Ys(ω)dDZs(ω)

∥∥∥∥∥
2

L2([h,h+ε],R)

. (90)

Observe now that, by (75), for any ε ∈ (0, t) and s ∈ [0, h] one has DrZs(ω) = 0
for λ ⊗ P-a.e. (r, ω) ∈ [h, h + ε] × Ω. Consequently, there exists Ω′0 ∈ F with
P(Ω′0) > 0 such that, for every ε ∈ (0, t) and ω ∈ Ω′0,∫ h

0

Ys(ω)dDZs(ω) = 0 in L2([h, h+ ε],R). (91)

Combining (90) and (91), we obtain, for every ε ∈ (0, t) and ω ∈ Ω′0,

0 =

∥∥∥∥∥
∫ ε+h

h

Ys(ω)dDZs(ω)

∥∥∥∥∥
2

L2([h,h+ε],R)

. (92)

Applying the Sewing lemma [15, Proposition 2.1] together with (92) yields, for
every ε ∈ (0, t) and ω ∈ Ω′0,∥∥Yh(ω)

(
DZε+h(ω)−DZh(ω)

)∥∥
L2([h,h+ε],R)

≤ Cωεγ+H−β ,

where β ∈ (0, H ∧ α). We thereby infer that, for every ε ∈ (0, t) and ω ∈ Ω′0,

|Yh(ω)| ≤ Cω ε
γ+H−β

‖DZε+h(ω)−DZh(ω)‖L2([h,h+ε],R)

. (93)

By Lemma 6.5, we have, for every ε ∈ (0, t),

εγ+H−β

‖DZε+h −DZh‖L2([h,h+ε],R)

law
=

εγ−β

‖DZ1‖L2([0,1])

. (94)
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Since γ − β > 0, the right-hand side of (94) converges in probability to 0 as
ε→ 0+, and therefore so does the left-hand side. Hence, there exists a sequence
(εn)n≥1 tending to 0+ such that, for almost every ω ∈ Ω,

lim
n→∞

εγ+H−β
n

‖DZt(ω)−DZt−εn(ω)‖L2([t−εn,t],R)

= 0. (95)

Combining (93) and (95), we conclude that there exists Ω1 ∈ F with P(Ω1) > 0
such that Yt(ω) = 0 for almost every ω ∈ Ω1, which proves (89).

A Proof of Lemma 3.7
Let (H, 〈·, ·〉H) be a real separable Hilbert space, and fix e0 ∈ H with ‖e0‖H = 1.
Let (en)n≥1 be an orthonormal basis of the orthogonal complement of span{e0}
in H, so that (en)n≥0 is an orthonormal basis of H. Every f ∈ H�q then admits
the expansion

f =

∞∑
j1,...,jq=0

λ(f ; j1, . . . , jq) ej1 ⊗ · · · ⊗ ejq , (96)

with coefficients

λ(f ; j1, . . . , jq) =
〈
f, ej1 ⊗ · · · ⊗ ejq

〉
H⊗q

.

Since f is symmetric, λ is invariant under permutations of its arguments: for
every permutation σ of {1, . . . , q},

λ(f ; jσ(1), . . . , jσ(q)) = λ(f ; j1, . . . , jq).

For notational convenience, given ej1 , . . . , ejq ∈ H we set

ej1 � · · · � ejq :=
1

q!

∑
σ

ejσ(1) ⊗ · · · ⊗ ejσ(q) ,

where the sum runs over all permutations σ of {1, . . . , q}. We shall also use the
shorthand

e�k0 � ej1 � . . .� ejq−k := e0 � · · · � e0︸ ︷︷ ︸
k times

�ej1 � . . .� ejq−k .

Equivalently (see, e.g., [20, Eq. (B.3.1), p. 206]), the expansion (96) can be
rewritten in terms of symmetric tensors as

f =

∞∑
j1,...,jq=0

λ(f ; j1, . . . , jq) ej1 � · · · � ejq . (97)

Grouping the terms according to the number of indices equal to 0, we may
rewrite (97) as

f =

q∑
k=0

∞∑
j1,...,jq−k=0

a
(q)
k (f ; j1, . . . , jq−k) e�k0 � ej1 � . . .� ejq−k , (98)
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where

a
(q)
k (f ; j1, . . . , jq−k) := λ(f ; j1, . . . , jq−k, 0, . . . , 0︸ ︷︷ ︸

k times

).

Before turning to the proof of Lemma 3.7, we recall the notion of contraction
of tensors. Fix r ∈ {0, 1, . . . ,m ∧ n}. We first define the rth contraction on
elementary tensors. For r ≥ 1, we set

(ej1 ⊗ · · · ⊗ ejn)⊗r (ek1 ⊗ · · · ⊗ ekm)

:=

(
r∏
`=1

〈ej` , ek`〉H

)
ejr+1

⊗ · · · ⊗ ejn ⊗ ekr+1
⊗ · · · ⊗ ekm ∈ H⊗(m+n−2r).

For r = 0, we use the convention

(ej1 ⊗ · · · ⊗ ejn)⊗0 (ek1 ⊗ · · · ⊗ ekm) = ej1 ⊗ · · · ⊗ ejn ⊗ ek1 ⊗ · · · ⊗ ekm .

In particular, when m = n = r,

(ej1⊗· · ·⊗ejn)⊗n(ek1⊗· · ·⊗ekn) =

n∏
`=1

〈ej` , ek`〉H =
〈
ej1⊗· · ·⊗ejn , ek1⊗· · ·⊗ekn

〉
H⊗n

.

The definition is then extended to general tensors by bilinearity and continu-
ity. If f ∈ H⊗n and g ∈ H⊗m admit expansions as in (96), their rth contraction
is given by

f ⊗r g :=
∑

j1,...,jn≥1

∑
k1,...,km≥1

λ(f ; j1, . . . , jn)λ(g; k1, . . . , km)

× (ej1 ⊗ · · · ⊗ ejn)⊗ r(ek1 ⊗ · · · ⊗ ekm).

(99)

By construction, f ⊗r g ∈ H⊗(m+n−2r) for every r ≤ m ∧ n. In general, f ⊗r g
is not symmetric, and we denote by

f⊗̃rg ∈ H�(m+n−2r)

its symmetrization.
In the canonical case H = L2(T,B, µ), with µ σ-finite and non-atomic, for-

mula (99) takes the form, for µm+n−2r-a.e. (t1, . . . , tm+n−2r) ∈ Tm+n−2r,

(f ⊗r g)(t1, . . . , tm+n−2r)

=

∫
T r
f(u1, . . . , ur, t1, . . . , tn−r)

× g(u1, . . . , ur, tn−r+1, . . . , tm+n−2r)µ
⊗r(du).

(100)

We are now in a position to prove Lemma 3.7, which is a key ingredient in
the proof of Theorem 3.6, and hence also in the proof of Theorem 4.1.

Proof of Lemma 3.7. Choose an orthonormal basis (en)n≥1 of V . By (98), we
have the expansion

ft =

q∑
k=0

∞∑
j1,...,jq−k=0

a
(q)
k (ft; j1, . . . , jq−k) e�k0 � ej1 � . . .� ejq−k , (101)
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where

a
(q)
k (ft; j1, . . . , jq−k) := λ(ft; j1, . . . , jq−k, 0, . . . , 0︸ ︷︷ ︸

k times

).

Since ft ∈ H�q, we have, for every k = 0, . . . , q,

∞∑
j1,...,jq−k=0

∣∣∣a(q)
k (ft; j1, . . . , jq−k)

∣∣∣2 <∞.
For each k = 0, . . . , q, we may therefore define the vector ft,q−k ∈ H�q−k by

ft,q−k :=

∞∑
j1,...,jq−k=0

a
(q)
k (ft; j1, . . . , jq−k) ej1 � . . .� ejq−k .

Plugging this definition into (101), we obtain the tensor decomposition in H�q

ft =

q∑
k=0

e⊗k0 � ft,q−k. (102)

Moreover,

‖ft − fs‖H⊗q =

q∑
k=0

‖e⊗k0 � (ft,q−k − fs,q−k)‖H⊗q , (103)

from which the inequality (50) follows directly.
It remains to establish the decomposition (49). To this end, observe that

Iq(ft) =

q∑
k=0

Iq
(
e⊗k0 � ft,q−k

) (?)
=

q∑
k=0

Ik
(
e⊗k0

)
Iq−k (ft,q−k) ,

where (?) follows from the product formula (13), combined with the vanishing
of the contractions e⊗k0 ⊗ rft,q−k for k = 1, . . . , q− 1 and r = 1, . . . , k ∧ (q− k).
This concludes the proof.
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