
Running maximum of a k-regular sequence

Jeffrey Shallit∗

School of Computer Science
University of Waterloo
Waterloo, ON N2L 3G1

Canada
shallit@uwaterloo.ca
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Abstract

The k-regular sequences form a large class studied in number theory, combinatorics,
and other parts of discrete mathematics. This class is known to be closed under many
natural operations, such as term-by-term sum, product, running sum, and so forth,
but it is not closed under running maximum. Proving the previously-known coun-
terexample, involving the Stern sequence, required intricate arguments. In this note,
we construct a significantly simpler example of a k-regular sequence whose running
maximum is not k-regular.

1 Introduction

Understanding the closure properties of sequence classes is a central theme in discrete mathe-
matics. For example, in algorithmic applications one often considers prefix-based operations
such as running sums or running maximum, since these correspond to standard procedures
in data analysis, signal processing, and string algorithms. Understanding whether these
operations preserve membership in significant sequence classes is crucial for characterizing
their combinatorial behavior.

One such class is the family of k-regular sequences, introduced by Allouche et al. [1] as
a natural generalization of k-automatic sequences. The large class of k-regular sequences
has been studied in number theory, combinatorics, and other parts of discrete mathematics
[1, 2, 3, 6].
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Formally, let k ≥ 2 be an integer. We say that a sequence (a(n))n≥0 taking values in a
ring R is k-regular if its k-kernel, the set of subsequences

{(a(ken+ f))n≥0 : e ≥ 0, 0 ≤ f < ke},

generates a finitely-generated module. In this paper we take R = Q. Three classical examples
of such sequences are as follows:

1. Define sk(n) to be the sum of the digits of n when represented in base k. Then we
clearly have sk(kn + a) = sk(n) + a for 0 ≤ a < k, which shows that the k-kernel of
(sk(n))n≥0 is spanned by the sequence (sk(n))n≥0 and the constant sequence 1.

2. The Stern sequence (d(n))n≥0 is defined by d(0) = 0, d(1) = 1, d(2n) = d(n), and
d(2n+1) = d(n)+d(n+1) for n ≥ 0; see, for example, [16, 12]. It is easy to verify that
d(4n + 1) = d(n) + d(2n + 1) and d(4n + 3) = 2d(2n + 1)− d(n), and so the 2-kernel
of (d(n))n≥0 is spanned by the two sequences (d(n))n≥0 and (d(2n+ 1))n≥0.

3. Let p be a polynomial. Then the sequence of values (p(n))n≥0 is k-regular for every k,
as it is easy to see its k-kernel is spanned by the sequences by

(1)n≥0, (n)n≥0, (n2)n≥0, . . . , (nd)n≥0,

where d is the degree of p.

It is known that the class of k-regular sequences is closed under many different operations.
Letting (a(n))n≥0 and (b(n))n≥0 be two k-regular sequences, the term-by-term sum (a(n) +
b(n))n≥0, difference (a(n)−b(n))n≥0, product (a(n)b(n))n≥0, product by a scalar (c ·a(n))n≥0,
and linearly-indexed subsequences (a(cn+ d))n≥0 for integers c, d ≥ 0 are all k-regular. This
class is also closed under the operation of running sum (also called prefix sum), defined by
b(n) =

∑
0≤i≤n a(i). See [1, 4, 5, 9, 10] for these and other properties of k-regular sequences.

However, not all operations preserve k-regularity. The class of k-regular sequences is not
closed under taking absolute values, or term-by-term maximum (max(a(n), b(n)))n≥0 and
minimum [1, pp. 168–169]. This raises the obvious question of whether such sequences are
closed under the operation of running max, defined by b(n) = max0≤i≤n a(i). The running
max operation is well-studied in the mathematical literature, and can also be found under
the synonyms prefix maximum [8], record statistics [7, 14, 13], and left-to-right maximum [15,
p. 23].

Recent work [11] answered this negatively, using the Stern sequence [12] as a counterex-
ample. However, the proof is rather intricate and challenging. Hence it seems desirable to
have a relatively simple example with a short and more accessible proof. Providing such a
simple example is the goal of this note.
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2 A simple counterexample to closure of k-regular se-

quences under running maximum

Theorem 1. Let s2(n) be the sum of digits in the base-2 representation of n, and define
f(n) = n + s2(n). Then (f(n))n≥0 is 2-regular, but its running max sequence (g(n))n≥0

defined by
g(n) = max

0≤i≤n
f(i)

is not 2-regular.

Proof. We saw above that the sequences (s2(n))n≥0 and (n)n≥0 are both 2-regular, and hence
by a known result, their term-by-term sum (f(n))n≥0 is also.

Define ∆(n) = g(n) − f(n). Consider the subsequence ∆j(n) = ∆(22
j−1n + 2j − 1),

which belongs to the 2-kernel of (∆(n))n≥0. We will show that the sequences (∆j(n))n≥0

are linearly independent over Q. It follows that the module generated by the k-kernel of
(∆(n))n≥0 is not finitely generated, and hence (∆(n))n≥0 is not 2-regular. Thus (g(n))n≥0 is
not 2-regular.

First we show by induction on j that g(2j−1) = f(2j−1) for all j ≥ 0. For the base case,
we see that g(0) = f(0) by definition. Now, for the induction step, let j > 0 and assume
that g(2j−1 − 1) = f(2j−1 − 1). We have

g(2j−1 − 1) = f(2j−1 − 1) = 2j−1 − 1 + j − 1 < 2j − 1 + j = f(2j − 1),

while for ℓ ∈ {0, . . . , 2j−1 − 1} we have

f(2j−1 + ℓ) = 2j−1 + ℓ+ (1 + s2(ℓ))

≤ 2j−1 + 2j−1 − 1 + (1 + j − 1)

≤ 2j + j − 1 = f(2j − 1).

Hence g(2j − 1) = f(2j − 1). This completes the induction.
Next, we show that

∆j(2
i) = 0 and ∆j(2

j+3) = 1

for j ≥ 0 and i ∈ {2, . . . , j + 2}, as illustrated in Figure 1 for j = 1. To see this, first note
that for all i ≥ 2 and ℓ ∈ {0, . . . , 2j − 1}, we have

f(22
j+i−1 + ℓ) = 22

j+i−1 + ℓ+ (1 + s2(ℓ))

≤ 22
j+i−1 + 2j + j = f(22

j+i−1 + 2j − 1).

Now consider i ∈ {2, . . . , j + 2}. From above we get

g(22
j+i−1 − 1) = f(22

j+i−1 − 1)

= 22
j+i−1 + 2j + i− 2

≤ 22
j+i−1 + 2j + j = f(22

j+i−1 + 2j − 1).
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Figure 1: The sequence f in blue, along with its running max g in red. The vertical lines
indicate the points corresponding to ∆j(2

i) with j = 1 and i ∈ {2, . . . , j + 3}.

Hence g(22
j+i−1 + 2j − 1) = f(22

j+i−1 + 2j − 1) and ∆j(2
i) = 0. Since we have

g(22
j+j+2 − 1) = 22

j+j+2 − 1 + 2j + j + 2

= 22
j+j+2 + 2j + j + 1 = f(22

j+j+2 + 2j − 1) + 1,

it follows that g(22
j+j+2 + 2j − 1) = f(22

j+j+2 + 2j − 1) + 1 and ∆j(2
j+3) = 1. Thus all the

sequences (∆j(n))n≥0 are linearly independent, and this completes the proof.

Naturally, by replacing g with −g, the same result holds for running min.
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