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Context and motivations

e The regularity of Gaussian processes and fields has been studied for a long time (see e.g. |1, 2, 5]).

In the case of the fractional Brownian motion, precise results have already been obtained [5].

e Our main goal is to extend these results to a large class of Gaussian fields. Mainly, we study fields

of the form
Xi= [ (€= DE©die)

where VW 1s a (Gaussian white noise.

Slow, rapid and ordinary points

Our main result determines the exact pointwise regularity and reveals three
types of behavior.

Theorem 1. Almost surely, the process X; satisfies the following prop-
erty for every non-empty open set I of R" :

e almost every t € I 1s ordinary:

: ‘Xt o Xs
0 < limsup
sot [t — s[Hy/loglog |t — s|~!

< +0Q,

o there exists t € I which s fast:

: ‘Xt o X3|
0 < limsup < +00,
sot [t — s[H\/log |t — 5|~
o there exists t € I which is slow:
: ‘Xt o X8|
0 < limsup < 400.

s—t ‘t — S‘H

Main tool : The Lemarie-Meyer Wavelet

We will use the Lemarie-Meyer wavelet basis :

{%,;,-,k = 2220 —k):pe{l,...,2" =1}, €L,k € Z”} .

Where the tunctions v, are in the Schwartz class. Their Fourler transtorms
are compactly supported :

SUpp (Zﬂp,j,k) C

23 3" g I\ "
373 \< 373 > ‘

Assumptions on K

oVt € R" {1 (e — 1)K(E) € L*(R");
o K is self-similar : Ya > 0, K (af) = a "2 K(£) where H € (0, 1);

o [t follows that there exists a function p defined on the unit sphere S"

such that ¢
K@ =1 o ()

o For every p € {1,...,2" — 1}, let

V(t) = | ER©E) de

We will require, at a first step, ¥,, € S(R"). ()
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Figure 1: Simulation of the FBF (left) and of the field Xy (right) |3, 6]

Wavelet decomposition of X;

e Using (x), we obtain [1] :

2" —1

Xi = Z Z Z Q_ngpjj,k (\DP(% — k) — \PP(_k)) )

p=1 92 keZ"

where ¢, ;1 are independent N (0, 1).

This allows us to find an upper bound for | X; — X|.
o [f

V(o) = [ e e de

then
(X0, U () = X+ X

where X, is negligible thanks to ().

7.j7k’

[t allows us to derive a lower bound for | X; — Xj|.

About condition ()

o Let (¢ k) k be asequence such that for all N € N, 3C > 0 such that
Vp, 3,k lepon] <O 41k) ™ and ¢, i =27 ¢, 01

e \We define the tempered distribution

e There exists a function K associated to IC such that X; is well-defined
and the functions ¥, € S(R") for all p € {1,...,2" — 1},

e Conversely, from a function K satistying the assumptions, we can retrieve
the distribution /C.

Perspectives

e What can be said about which functional space X; belongs to (e.g. Besov
spaces) [4] 7

e Can we weaken the hypothesis on K 7

e What about more general fields like the OSSRF [2] 7

e Can we generalize these results to a general class of non-Gaussian fields

(in particular to fields in a Wiener chaos [4]) ?

e Can we use these results to construct estimators of the Hurst index H
with " good properties” 7
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