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Multifractal analysis of functions

Weierstrass’ continuous nowhere differentiable functions :

Wa,b(x) =

+∞∑
n=0

an cos(bnπx) ∀x ∈ R,

with 0 < a < 1, b and odd integer and ab > 1 + 3π/2.

Given a function f : R → R, we want to study
• the regularity in each of its points :Hf (x) ∀x ∈ R,
• the significance of the different singularities by computing the Hausdorff

dimension of the sets of points sharing a common regularity :

dimH ({x ∈ R : Hf (x) = h}) ∀h ∈ R .
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Wavelet basis

Orthonormal basis ofL2(R) of the form{
2

j
2ψj,k : j, k ∈ Z

}
,

where
ψj,k(x) = ψ(2jx− k).

To any function f , we can associate a sequence c⃗ = (cj,k)j∈N, k∈{0,...,2j−1} such
that

f =
∑
j∈N

2j−1∑
k=0

cj,kψj,k, with cj,k = 2j
∫ 1

0

f(x)ψj,k dx

(L∞ normalization).

Notations :
• λj,k =

[
k2−j , (k + 1)2−j

)
, j is the scale and k is the position

• ψλj,k = ψj,k and cλj,k = cj,k

• Λj =
{
λj,k : k ∈ {0, . . . , 2j − 1}

}
and Λ =

⋃
j∈N Λj

• λj(x0) denotes the only dyadic interval of scale j containing x0
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Hölder regularity

Let α ≥ 0, x0 ∈ R and f a function. Then f ∈ Cα(x0) if there existC,R > 0 and
a polynomial P of degree less than α such that

|f(x)− P (x)| ≤ C |x− x0|α ∀x ∈ B(x0, R),

i.e.
∥f − P∥L∞(B(x0,r))

≤ Crα ∀r ≤ R.

The Hölder exponent of f at x0 is

hf (x0) = sup{α ≥ 0 : f ∈ Cα(x0)}.

Drawback : f ∈ Cα(x0) ⇒ f bounded on a neighbourhood of x0.

▶ Limited to locally bounded functions.
▶ Definition of the p-regularity by replacingL∞ withLp (Calderòn-Zygmud,

1961).
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p-Regularity and p-spectrum

Let p ≥ 1, α ≥ −1
p

, x0 ∈ R and f ∈ Lp
loc(R). Then f ∈ T p

α(x0) if there exist
C,R > 0 and a polynomial P of degree less than α such that(

1

r

∫
B(x0,r)

|f(x)− P (x)|p dx

) 1
p

≤ Crα ∀r ≤ R,

i.e.
∥f − P∥Lp(B(x0,r))

≤ Cr
α+ 1

p ∀r ≤ R.

The p-exponent of f at x0 is

h
(p)
f (x0) = sup

{
α ≥ −1

p
: f ∈ T p

α(x0)

}
.

We write
h
(+∞)
f (x0) = hf (x0).

p-Spectrum (called Hölder spectrum when p = +∞) :

D(p)
f : h ∈

[
−1

p
,+∞

]
7→ dimH

{
x ∈ R : h

(p)
f (x) = h

}
.
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Characterization of global regularity through wavelets

Uniform Hölder exponent :

hmin
f = lim inf

j→+∞

log
(
supλ∈Λj

|cλ|
)

log (2−j)
= sup{s : f ∈ Cs

loc(R)}

▶ If hmin
f > 0, then f ∈ L∞

loc.
▶ If hmin

f < 0, then f /∈ L∞
loc.

Scaling function :

ηf : p > 0 7→ lim inf
j→+∞

log
(
2−j∑

λ∈Λj
|cλ|p

)
log (2−j)

= sup
{
s > 0 : f ∈ B

s
p
,∞

p,loc

}

▶ If ηf (p) > 0, then f ∈ Lp
loc.

▶ If ηf (p) < 0, then f /∈ Lp
loc.
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Characterization of pointwise regularity through wavelets

Leaders :

l
(+∞)
λ = lλ = sup

j′≥j

sup
λ′∈Λj′ , λ

′⊆3λ

|cλ′ | ∀λ ∈ Λj ∀j ∈ N
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▶ If hmin
f > 0, then

hf (x0) = lim inf
j→+∞

log
(
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)
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, i.e. lλj(x0) ∼ 2−hf (x0)j .

p-Leaders :

l
(p)
λ =

 ∑
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−h
(p)
f

(x0)j .

▶ Allows to define p-exponents when p ∈ (0, 1) and ηf (p) > 0.
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′⊆3λ

|cλ′ | ∀λ ∈ Λj ∀j ∈ N

▶ If hmin
f > 0, then

hf (x0) = lim inf
j→+∞

log
(
lλj(x0)

)
log (2−j)

, i.e. lλj(x0) ∼ 2−hf (x0)j .

p-Leaders :

l
(p)
λ = sup

j′≥j

 ∑
λ′∈Λj′ , λ

′⊆3λ

|cλ′ |p 2−(j′−j)

 1
p

∀λ ∈ Λj ∀j ∈ N

▶ For every p ∈ [1,+∞) such that ηf (p) > 0,

h
(p)
f (x0) = lim inf

j→+∞

log
(
l
(p)

λj(x0)

)
log (2−j)

, i.e. l(p)λj(x0)
∼ 2

−h
(p)
f

(x0)j .

▶ Allows to define p-exponents when p ∈ (0, 1) and ηf (p) > 0.
9 / 36



Table of contents

1. Pointwise regularity, multifractal spectrum and characterizations through
wavelets

2. p-Spectrum of Random Wavelet Series
Definitions, earlier results and conjecture
Main result and proof
General upper bound?

3. Genericity of the p-spectrum inLp

4. Current work

10 / 36



Table of contents

1. Pointwise regularity, multifractal spectrum and characterizations through
wavelets

2. p-Spectrum of Random Wavelet Series
Definitions, earlier results and conjecture
Main result and proof
General upper bound?

3. Genericity of the p-spectrum inLp

4. Current work

11 / 36



Wavelet density and profile

Wavelet density :

ρc⃗(α) = lim
ε→0+

lim sup
j→+∞

log2 #{λ ∈ Λj : 2−(α+ε)j ≤ |cλ| ≤ 2−(α−ε)j}
j

Wavelet profile :

νc⃗(α) = lim
ε→0+

lim sup
j→+∞

log2 #{λ ∈ Λj : |cλ| ≥ 2−(α+ε)j}
j

Link :
νc⃗(α) = sup

α′≤α

ρc⃗(α
′)

p-Leaders density :

ρ
(p)
c⃗ (α) = lim

ε→0+
lim sup
j→+∞

log2 #{λ ∈ Λj : 2−(α+ε)j ≤ l
(p)
λ ≤ 2−(α−ε)j}

j

p-Leaders profile :

ν
(p)
c⃗ (α) = lim

ε→0+
lim sup
j→+∞

log2 #{λ ∈ Λj : l
(p)
λ ≥ 2−(α+ε)j}
j
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Hölder spectrum of Random Wavelet Series

Model : let

f =
∑
j∈N

2j−1∑
k=0

cj,kψj,k,

where the 2j random variables − log2|cj,k|
j

are drawn independently according to
a given probability law ρj , hence

P
(
|cj,k| ≥ 2−αj

)
= ρj((−∞, α]).

Theorem (Aubry-Jaffard, 2002)
If f is a Random Wavelet Series for which hmin

f > 0, then, almost surely, the support
of D(+∞)

f is [hmin, hmax] and for every h ∈ [hmin, hmax],

D(+∞)
f (h) = h sup

α∈(0,h]

ρc⃗(α)

α
= h sup

α∈(0,h]

νc⃗(α)

α
,

where hmin = inf{α ∈ R : ρc⃗(α) ≥ 0} and hmax is the smallest h such that

h sup
α∈(0,h]

ρc⃗(α)

α
= 1.
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p-Spectrum of Lacunary Wavelet Series

Model : for η ∈ (0, 1) and α ∈ R, let

fα,η =
∑
j∈N

2j−1∑
k=0

2−αjξj,kψj,k,

with ξj,k
⊥⊥∼ Bern(2(η−1)j).

Theorem (Abry et al., 2015)
Almost surely, for every p <

{
η−1
α

if α < 0
+∞ otherwise and every h ≥ −1

p
,

D(p)
fα,η

(h) =

{ (
h + 1

p

)
η

α+ 1
p

if h ∈
[
α, α

η
+
(

1
η
− 1
)

1
p

]
−∞ otherwise

.

14 / 36



p-Spectrum of Lacunary Wavelet Series

Model : for η ∈ (0, 1) and α ∈ R, let

fα,η =
∑
j∈N

2j−1∑
k=0

2−αjξj,kψj,k,

with ξj,k
⊥⊥∼ Bern(2(η−1)j).

Theorem (Abry et al., 2015)
Almost surely, for every p <

{
η−1
α

if α < 0
+∞ otherwise and every h ≥ −1

p
,

D(p)
fα,η

(h) =

{ (
h + 1

p

)
η

α+ 1
p

if h ∈
[
α, α

η
+
(

1
η
− 1
)

1
p

]
−∞ otherwise

.

14 / 36



Conjecture for the p-spectrum of Random Wavelet Series

▶ Hölder spectrum of Random Wavelet Series : for every h ∈ [hmin, hmax],

ρ
(+∞)
c⃗ (h) = h sup

α∈(0,h]

ρc⃗(α)

α
= h sup

α∈(0,h]

νc⃗(α)

α

▶ p-Spectrum of Lacunary Wavelet Series : for every h ∈
[
α, α

η
+
(

1
η
− 1
)

1
p

]
,(

h +
1

p

)
η

α + 1
p

▶ Conjecture for the p-spectrum of Random Wavelet Series : for every
h ∈

[
hmin, h

(p)
max

]
,

ρ
(p)
c⃗ (h) =

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] ρc⃗(α)α+ 1

p

=

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] νc⃗(α)α+ 1

p
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Main result

Theorem
If f is a Random Wavelet Series, then, almost surely, for every p > 0 such that
ηf (p) > 0, the support of D(p)

f is
[
hmin, h

(p)
max

]
and for every h ∈

[
hmin, h

(p)
max

]
,

D(p)
f (h) = ρ

(p)
c⃗ (h) =

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] ρc⃗(α)α+ 1

p

=

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] νc⃗(α)α+ 1

p

.

− 1
p

hmin

1

h(p)
max

•
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Upper bound

Theorem (Esser et al., ∼2014)
If hmin

f > 0, then for every h ≥ 0,

D(+∞)
f (h) ≤ ρ

(+∞)
c⃗ (h).

Similarly, if ηf (p) > 0, then for every h ≥ −1
p

,

D(p)
f (h) ≤ ρ

(p)
c⃗ (h).

Restricted p-leaders :

e
(p)
λ = sup

j′≥j

∑
λ′⊆λ

|cλ′ |p 2−(j′−j)

 1
p

Aim : prove that if f is a Random Wavelet Series and ηf (p) > 0, then for every
h ≥ −1

p
,

ρ
(p),∗
c⃗ (h) ≤

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] ρc⃗(α)α+ 1

p

.
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Upper bound : Hölder case

If eλ ≥ 2−hj , then ∃j′ ≥ j, λ′ ∈ Λj′ such that λ′ ⊆ λ and |cλ′ | ≥ 2−hj .

But ∃α0 > 0 such that for all j′ and all λ′ ∈ Λj′ , |cλ′ | ≤ 2−α0j
′

; hence j′ ≤ h
α0
j.

It follows that α0j
′ ≤ hj ≤ hj′, hence ∃α(j′) ∈ [α0, h] such that hj = α(j′)j′.

Therefore,

#{λ ∈ Λj : eλ ≥ 2−hj} ≤
hj/α0∑
j′=j

#{λ′ ∈ Λj′ : |cλ′ | ≥ 2−hj}

=

hj/α0∑
j′=j

#{λ′ ∈ Λj′ : |cλ′ | ≥ 2−α(j′)j′}

=

hj/α0∑
j′=j

2νc⃗(α(j′))j′

=

hj/α0∑
j′=j

2
h

νc⃗(α(j′))
α(j′) j

≤ Cj2h supα∈[α0,h]
νc⃗(α)

α
j .
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It follows that α0j
′ ≤ hj ≤ hj′, hence ∃α(j′) ∈ [α0, h] such that hj = α(j′)j′.
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νc⃗(α)

α
j .
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Upper bound : difficulty in the case p < +∞

If e(p)λ ≥ 2−hj , then ∃j′ ≥ j such that∑
λ′⊆λ

|cλ′ |p 2−(j′−j) ≥ 2−hpj .

Moreover, ∃α0 > 0 such that 2−j′
∑

λ′∈Λj′

|cλ′ |p ≤ 2−α0pj
′

; hence j′ ≤ h+1/p
α0

j.

▶ Since ∑
λ′⊆λ

|cλ′ |p 2−(j′−j) ≤ sup
λ′⊆λ

|cλ′ |p ,

∃λ′ ∈ Λj′ such that λ′ ⊆ λ and |cλ′ | ≥ 2−hj .
▶ h ≥ −1/p can be negative, in which case hj > hj′.
▶ Even for h ≥ 0, we recover the large-deviation formalism.

▶ Assume that ∃λ′ ∈ Λj′ such that λ′ ⊆ λ and

|cλ′ | ≥ 2−hj2
j′−j

p = 2
−
(
h+ 1

p

)
j
2

j′
p .

Since α0j
′ ≤ (h+ 1/p) j ≤ (h+ 1/p) j′, ∃α(j′) ∈ [α0 − 1/p, h] such that(

h+
1

p

)
j =

(
α(j′) +

1

p

)
j′, hence |cλ′ | ≥ 2−α(j′)j′ .
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Upper bound : solution for the case p < +∞

For λ ∈ Λj such that e(p)λ ∼ 2−hj , ∃j′(λ) ∈ [j, Cj] such that∑
λ′⊆λ

|cλ′ |p 2−(j′(λ)−j) ∼ 2−hpj

and ∃α(λ) ∈
[
α0 − 1

p
, h
]

such that∑
λ′⊆λ : |cλ′ |∼2−α(λ)j′(λ)

|cλ′ |p 2−(j′(λ)−j) ∼ 2−hpj .

It follows that

#
{
λ′ ⊆ λ : |cλ′ | ∼ 2−α(λ)j′(λ)

}
∼ 2−(hp+1)j2(α(λ)p+1)j′(λ).

For infinitely many scales j,

#{λ ∈ Λj : e
(p)
λ ∼ 2−hj} ∼ 2ρ

(p),∗
c⃗

(h)j .

There existA and α such that for each of those scales j, there exists j′ ∼ Aj for
which

#{λ ∈ Λj : e
(p)
λ ∼ 2−hj with j′(λ) = j′ and α(λ) = α} ∼ 2ρ

(p),∗
c⃗

(h)j .

At those scales j,

#
{
λ′ ∈ Λj′ : |cλ′ | ∼ 2−αj′

}
≥ 2ρ

(p),∗
c⃗

(h)j × 2−(hp+1)j2(αp+1)j′ .
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Lower bound

Aim : prove that if f is a Random Wavelet Series and ηf (p) > 0, then for every
h ∈

[
hmin, h

(p)
max

]
,

D(p)
f (h) ≥

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] νc⃗(α)α+ 1

p

.

Theorem (Daviaud, 2025)
Let (Bn)n∈N be a sequence of balls of [0, 1] and let (γn)n∈N be a sequence of (0, 1].
If

s = sup

{
γ : L

(
lim sup
n : γn≤γ

Bγn
n

)
= 1

}
,

then there exists a gauge function ξ such that

Hξ

(
lim sup
n→+∞

Bn

)
> 0 and lim

r→0+

log ξ(r)

log r
= s.

We need
lim sup
n→+∞

Bn ⊆
{
x ∈ [0, 1] : h

(p)
f (x)h

}
.
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,

D(p)
f (h) ≥

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] νc⃗(α)α+ 1

p
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Lower bound

If
E(α, δ) = lim sup

j→+∞

⋃
k : |cj,k|≥2−αj

B
(
k2−j , 2−δj

)
∀δ ≤ 1,

then, almost surely,

E

(
α,
α+ 1

p

h+ 1
p

)
⊆
{
x ∈ [0, 1] : h

(p)
f (x) ≤ h

}
∀α ≤ h

and

L

E(α, α+ 1
p

h+ 1
p

)(
h+ 1

p

)
νc⃗(α)

α+ 1
p

 = L(E(α, νc⃗(α)) = 1 ∀α ≥ −1

p
.
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Idea

Theorem (Aubry-Jaffard, 2002)
If hmin

f > 0, then for every h ≥ 0,

D(+∞)
f (h) ≤ h sup

α∈(0,h]

ρc⃗(α)

α
= h sup

α∈(0,h]

νc⃗(α)

α
.

Question : if ηf (p) > 0, is it true that

D(p)
f (h) ≤ ρ

(p),∗
c⃗ (h) ≤

(
h+

1

p

)
sup

α∈
(

−1
p

,h
] ρc⃗(α)α+ 1

p

for every h ≥ −1
p

?

Answer : it is true for every h ≥ 0 but not necessarily for h < 0.
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Back to the proof of the upper bound

For λ ∈ Λj such that e(p)λ ∼ 2−hj , ∃j′ ∈ [j, Cj] and ∃α≤ h such that

#
{
λ′ ⊆ λ : |cλ′ | ∼ 2−αj′

}
∼ 2−(hp+1)j2(αp+1)j′ .

If h ≥ 0 and α > h, then

2−(hp+1)j2(αp+1)j′

= 2j
′−j2αpj′−hpj

> 2j
′−j .

Impossible!

If h < 0 and h < α < 0,

2−(hp+1)j2(αp+1)j′

= 2ρc⃗(α)j′−j2(αp+1−ρc⃗(α))j′−hpj

≥ 2ρc⃗(α)j′−j2(αp+1−ρc⃗(α)−hp)j

> 2ρc⃗(α)j′−j .

Impossible in a uniformly distributed model!

Notice that ρc⃗(α) < αp+ 1, otherwise

ηf (p) = lim inf
j→+∞

log2

(
2−j∑

λ∈Λj
|cλ|p

)
−j ≤ lim inf

j→+∞

log2

(
2−j2(αp+1)j2−αpj

)
−j = 0.
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Counter-example in the case h < 0

Fixα < 0, 0 < η < αp+ 1 and α
1−η

≤ h < α. We construct a function f such that

• ηf (p) > 0,
• ρc⃗(α) = η,
• ρc⃗(α

′) = −∞ for all α′ ̸= α,

• ν
(p),∗
c⃗ (h) ≥ (η − 1) h

α
+ 1 ≥ 0.

0 1
jn

#{λ′ ∈ Λj′n : |cλ′ | = 2−αj′n} = 2((η−1) h
α
+1)jn × 2−(hp+1)jn2(αp+1)j′n = 2ηj

′
n

∑
λ′⊆λ

|cλ′ |p 2−(j′n−jn) = 2−(hp+1)jn2(αp+1)j′n × 2−αpj′n2−(j′n−jn) = 2−hpjn
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Idea

Theorem (Leonarduzzi et al., 2016)
Let p ≥ 1. For every f ∈ Lp and every h ≤ 0,

D(p)
f (h) ≤ hp+ 1.

Theorem
Let p ≥ 1. For a prevalent and residual subset of f ∈ Lp, for every h ≤ 0,

D(p)
f (h) = hp+ 1.

A property P over a Polish spaceE is said to be prevalent if there exists a
stochastic processX such that almost surely,X ∈ E and for every f ∈ E,X + f
satisfies property P (Hunt-Sauer-Yorke, 1992).

A subsetA of a Polish spaceE is said to be residual if it is the countable
intersection of open dense sets inE.
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Dyadic approximation

A non-dyadic point x0 ∈ [0, 1] is said to be α-approximable by dyadics (α ≥ 1) if
there exists a sequence (jn, kn)n∈N such that

kn ∈ {0, . . . , 2jn − 1} \ 2N0 and
∣∣∣∣x0 − kn

2jn

∣∣∣∣ ≤ 1

2αjn
∀n ∈ N .

We write Fα the set of points that are α-approximable by dyadics, i.e.

Fα = lim sup
j→+∞

⋃
k∈{0,...,2j−1}\2N0

[
k

2j
− 1

2αj
,
k

2j
+

1

2αj

]
.

Theorem (Jaffard, 2000)
For every α ≥ 1

Hh1/α (Fα) > 0, where ha(x) = log2(x) |x|a .

Lemma
If f ∈ Lp and if

Fα ⊆
{
x ∈ [0, 1] : h

(p)
f (x) ≤ 1

pα
− 1

p

}
for all α ≥ 1, then D(p)

f (h) = hp+ 1 for all h ≤ 0.
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Saturating function

We define the saturating function

F =
∑
j∈N0

2j−1∑
k=0

cj,kψj,k, where cj,k =
1

ja
2

j
p 2

−J
p and a =

1

p
+

2

q

if J ≤ j is such that there existsK ∈ {0, . . . , 2J − 1} for which K
2J

is the
irreducible form of k

2j
(Jaffard, 2000).

Then F ∈ B0
p,q ⊆ Lp. Indeed,

∑
j∈N

 ∑
λ∈Λj

|cλ|p 2−j


q
p

≤
∑
j∈N

(
j1−ap

) q
p < +∞.

Theorem (Jaffard, 2000)
If f ∈ Lp

loc, then for every x0 ∈ [0, 1],

h
(p)
f (x0) =

−1

p
+ lim inf

j→+∞

log2

(
supλ∈3λj(x0)

Sλ
c⃗ (p)

)
−j

,

where

Sλ
c⃗ (p) =

∫
λ

 ∑
λ′⊆λ

|cλ′ |2 χλ′ (x)


p
2

dx


1
p

.
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 ∑
λ∈Λj

|cλ|p 2−j
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q
p

≤
∑
j∈N

(
j1−ap

) q
p < +∞.

Theorem (Jaffard, 2000)
If f ∈ Lp

loc, then for every x0 ∈ [0, 1],

h
(p)
f (x0) =

−1

p
+ lim inf

j→+∞
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supλ∈3λj(x0)

Sλ
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p
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dx
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p
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p-Spectrum of the saturating function

Aim : prove that

Fα ⊆
{
x ∈ [0, 1] : h

(p)
F (x) ≤ 1

pα
− 1

p

}
.

Let x ∈ Fα.
There exists (Jn,Kn)n∈N such that

Kn ∈ {0, . . . , 2Jn − 1} \ 2N0 and
∣∣∣∣x− Kn

2Jn

∣∣∣∣ ≤ 1

2αJn
.

Let

jn = αJn and kn ∈ {0, . . . , 2jn − 1} be such that kn
2jn

=
Kn

2Jn
.

Then
λjn,kn ⊆ 3λjn(x) and cjn,kn =

1

jan
2

jn
p 2

−Jn
p .

It follows that

sup
λ∈3λjn (x)

Sλ
c⃗ (p) ≥

(∫
λjn,kn

|cjn,kn |
p dx

) 1
p

=
1

jan
2

−Jn
p =

1

jan
2

−jn
pα .

32 / 36



p-Spectrum of the saturating function

Aim : prove that

Fα ⊆
{
x ∈ [0, 1] : h

(p)
F (x) ≤ 1

pα
− 1

p

}
.

Let x ∈ Fα.
There exists (Jn,Kn)n∈N such that

Kn ∈ {0, . . . , 2Jn − 1} \ 2N0 and
∣∣∣∣x− Kn

2Jn

∣∣∣∣ ≤ 1

2αJn
.

Let

jn = αJn and kn ∈ {0, . . . , 2jn − 1} be such that kn
2jn

=
Kn

2Jn
.

Then
λjn,kn ⊆ 3λjn(x) and cjn,kn =

1

jan
2

jn
p 2

−Jn
p .

It follows that

sup
λ∈3λjn (x)

Sλ
c⃗ (p) ≥

(∫
λjn,kn

|cjn,kn |
p dx

) 1
p

=
1

jan
2

−Jn
p =

1

jan
2

−jn
pα .

32 / 36



p-Spectrum of the saturating function

Aim : prove that

Fα ⊆
{
x ∈ [0, 1] : h

(p)
F (x) ≤ 1

pα
− 1

p

}
.

Let x ∈ Fα.
There exists (Jn,Kn)n∈N such that

Kn ∈ {0, . . . , 2Jn − 1} \ 2N0 and
∣∣∣∣x− Kn

2Jn

∣∣∣∣ ≤ 1

2αJn
.

Let

jn = αJn and kn ∈ {0, . . . , 2jn − 1} be such that kn
2jn

=
Kn

2Jn
.

Then
λjn,kn ⊆ 3λjn(x) and cjn,kn =

1

jan
2

jn
p 2

−Jn
p .

It follows that

sup
λ∈3λjn (x)

Sλ
c⃗ (p) ≥

(∫
λjn,kn

|cjn,kn |
p dx

) 1
p

=
1

jan
2

−Jn
p =

1

jan
2

−jn
pα .

32 / 36



p-Spectrum of the saturating function

Aim : prove that

Fα ⊆
{
x ∈ [0, 1] : h

(p)
F (x) ≤ 1

pα
− 1

p

}
.

Let x ∈ Fα.
There exists (Jn,Kn)n∈N such that

Kn ∈ {0, . . . , 2Jn − 1} \ 2N0 and
∣∣∣∣x− Kn

2Jn

∣∣∣∣ ≤ 1

2αJn
.

Let

jn = αJn and kn ∈ {0, . . . , 2jn − 1} be such that kn
2jn

=
Kn

2Jn
.

Then
λjn,kn ⊆ 3λjn(x) and cjn,kn =

1

jan
2

jn
p 2

−Jn
p .

It follows that

sup
λ∈3λjn (x)

Sλ
c⃗ (p) ≥

(∫
λjn,kn

|cjn,kn |
p dx

) 1
p

=
1

jan
2

−Jn
p =

1

jan
2

−jn
pα .

32 / 36



p-Spectrum of the saturating function

Aim : prove that

Fα ⊆
{
x ∈ [0, 1] : h

(p)
F (x) ≤ 1

pα
− 1

p

}
.

Let x ∈ Fα.
There exists (Jn,Kn)n∈N such that

Kn ∈ {0, . . . , 2Jn − 1} \ 2N0 and
∣∣∣∣x− Kn

2Jn

∣∣∣∣ ≤ 1

2αJn
.

Let

jn = αJn and kn ∈ {0, . . . , 2jn − 1} be such that kn
2jn

=
Kn

2Jn
.

Then
λjn,kn ⊆ 3λjn(x) and cjn,kn =

1

jan
2

jn
p 2

−Jn
p .

It follows that

sup
λ∈3λjn (x)

Sλ
c⃗ (p) ≥

(∫
λjn,kn

|cjn,kn |
p dx

) 1
p

=
1

jan
2

−Jn
p =

1

jan
2

−jn
pα .

32 / 36



Prevalence

Randomization of F :

X =
∑
j∈N

2j−1∑
k=0

cj,kξj,kψj,k, where ξj,k
i.i.d.∼ Unif [−1, 1] .

Clearly,X ∈ Lp.

Aim : prove that, almost surely,

Fα ⊆
{
x ∈ [0, 1] : h

(p)
X (x) ≤ 1

pα
− 1

p

}
.

Almost surely, ∃J ∈ N such that for all j ≥ J and all k ∈ {0, . . . , 2j − 1},
∃m ∈ {0, . . . , log2 j} such that |ξ

λ
(m)
j,k

| ≥ 2
−j

log2 j , where λ(m)
j,k = λj+m,2mk.

Letmn ∈ {0, . . . , log2 jn} be such that |ξ
λ
(mn)
jn,kn

| ≥ 2
−jn

log2 jn .

Write λj′n,k′
n
= λ

(mn)
jn,kn

.

It follows that

sup
λ∈3λjn (x)

Sλ
c⃗ (p) ≥

(∫
λj′n,k′

n

∣∣cj′n,k′
n

∣∣p |ξj′n,k′
n
|p dx

) 1
p

=
1

j′an
2

−Jn
p 2

−jn
log2 jn .
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Baire categories

Fix (fn)n∈N a dense sequence inLp of coefficients (c(n)
λ )λ∈Λ.

Let

gn =
∑
j∈N

2j−1∑
k=0

d
(n)
j,k , where d(n)

j,k =

{
c
(n)
j,k if j < n

cj,k if j ≥ n

and
A =

⋂
N∈N

⋃
n≥N

B(gn, rn), where rn =
1

2
n−a2

−n
p .

Since (gn)n∈N is dense,A is residual.
For every

f =
∑
j∈N

2j−1∑
k=0

dj,kψj,k ∈ B(gn, rn)

and every λ ∈ Λn, |dλ − cλ| ≤ |cλ|
2

.
Indeed,

|dλ − cλ| ≤ 2
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Lacunarized binomial cascade

Theorem (Barral-Seuret, 2004)
Let µ be a positive Borel measure satisfying the multifractal formalism and let
α0 > 0. Define the wavelet series

Fµ =
∑
j∈N

∑
λ∈Λj

2−α0jµ(λ)ψλ.

Then for every h ≥ 0,
DFµ(h) = Dµ(h− α0).

Let ξj,k
⊥⊥∼ Bern

(
2(η−1)j

)
and consider

Fµ,η =
∑
j∈N

∑
λ∈Λj

2−α0jµ(λ)ξλψλ.
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