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Abstract In this paper, we address double parton scatter-
ing (DPS) in pA collisions. Within the Light-Front approach,
we formally derive the two contributions to the nuclear dou-
ble parton distribution (DPD), namely: DPS1, involving two
partons from the same nucleon, and DPS2, where the two
partons belong to different parent nucleons. We then gener-
alize the sum rule for hadron DPDs to the nuclear case and
analytically show how all contributions combine to give the
expected results. In addition partial sum rules for the DPDs
related to DPS1 and DPS2 mechanisms are discussed for the
first time. The deuteron system is considered for the first cal-
culation of the nuclear DPD by using a realistic wave function
obtained from the very refined nucleon-nucleon AV18 poten-
tial, embedded in a rigorous Poincaré covariant formalism.
Results are used to test sum rules and properly verify that
DPS1 contribution compares with the DPS2 one, although
smaller. We also introduce EMC-like ratios involving nuclear
and free DPDs to address the potential role of DPS in under-
standing in depth the EMC effect.

1 Introduction

Achieving higher and higher center-of-mass energies in par-
ticle collisions has opened new frontiers in physics, bringing
multi-parton interactions (MPI) to the forefront of hadronic
collision research. As accelerator capabilities have advanced,
these interactions – once considered negligible background
effects – have emerged as crucial phenomena that demand
thorough investigations.

a e-mail: matteo.rinaldi@pg.infn.it (corresponding author)

Among the various MPI processes, double parton scatter-
ing (DPS) represents the simplest and most accessible case
for study, serving as a vital testing ground for our under-
standing of multiple particle interactions. In this case, two
partons of one hadron simultaneously interact with two par-
tons of the other colliding hadron. Fundamental theoretical
studies on DPS can be found in, e.g., Refs. [1–10] and in,
e.g., Refs. [11–14] for lattice investigations. Experimental
evidence for DPS has been accumulating through various
analyses [15–22], with a particularly compelling demonstra-
tion emerging from the same-sign WW production at the
LHC [23,24].

This distinctive signature, where two W bosons with iden-
tical charge states are produced simultaneously, provides one
of the cleanest experimental window into double parton scat-
tering processes, since the corresponding SPS background
can be suppressed by appropriate cuts. Let us also mention
that recent experimental and phenomenological studies on
triple parton scattering can be found in, e.g., Refs. [25,26].
Notably, DPS also provides unique insights into hadronic
structure [27–32] by revealing novel properties of the parton
dynamics, including double parton correlations and the mean
transverse separation between quarks and gluons. These fun-
damental information are encoded in double parton distribu-
tions (DPDs), entering the DPS cross-section.

In this scenario, nuclear targets offer unique advantages
for studying DPS, significantly enhancing the detection of
signal production rates that are typically sub-leading w.r.t.
single parton scattering (SPS) signals backgrounds. More-
over, DPS investigation of proton-nucleus (pA) and nucleus-
nucleus (AA) collisions provide crucial insights also into
MPI in proton-proton (pp) collisions relevant for data-
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analyses at LHC. Recent studies have demonstrated sub-
stantial progresses in understanding nuclear DPS mecha-
nisms across various final states [33–41] and implemented
in PYTHIA Monte Carlo simulations [42]. Let us also men-
tion some experimental analyses of nuclear DPS, e.g., those
in Refs. [43–45].

The theoretical framework for DPS in pA collisions
reveals two distinct mechanisms: (i) DPS1: a process anal-
ogous to proton-proton DPS, where two partons from the
incident nucleon interact with two partons within a single
target nucleon in the nucleus; (ii) DPS2: a novel mechanism
unique to nuclear targets, where two partons from the incom-
ing nucleon interact with partons from different nucleons in
the nucleus. This two-mechanism approach, first established
in Refs. [46,47], provides a comprehensive description of
double parton scattering reaction mechanism in nuclear envi-
ronments. In nuclear collisions, accurate characterization of
both DPS1 and DPS2 mechanisms is crucial for providing
reliable DPS cross-section predictions. The first ingredient,
to be considered for DPS1, is the nucleon light-cone momen-
tum distribution (LCMD), which can be reliably calculated
for light nuclei [48] and reasonably approximated for heavy
nuclei. The second one is the free nucleon DPD [47]. On
the contrary, the DPS2 contribution presents greater compu-
tational complexity, requiring the evaluation of off-diagonal
two-body nuclear densities. While this calculation can be
realistically addressed for light nuclei, it becomes particu-
larly challenging for heavy ions and approximate methods
are required. For heavy nuclei, the DPS1 cross-section scales
as A σ

pp
DPS, whereas the DPS2 contribution scales approxi-

mately as A1/3σDPS1 = A4/3σ
pp
DPS [47]. This scaling behav-

ior indicates that the DPS2 mechanism dominates in nuclear
collisions, providing a crucial insight for experimental obser-
vations and theoretical predictions.

Since current investigations address the short-range cor-
relations between nucleons, and hence large kinetic energies
are involved, a reliable relativistic framework for strongly
bound systems is necessary. In view of this, our approach,
based on the Poincaré covariant light-front (LF) formalism
for nuclei (see, e.g., Refs. [49,50] for generalities, Ref. [51]
for the deuteron and [52] for the A = 3 mirror nuclei), estab-
lishes a rigorous framework for characterizing DPS1 and
DPS2 contributions in nuclear DPDs. It is worthwhile to
recall that, within the LF Hamiltonian dynamics, systems
are composed by a fixed number of on-mass-shell particles.
This means that in a nucleus one has only A nucleons and
that the square of the four-momentum of each nucleon is
equal to its mass: p2 = M2. As initial case study, nuclear

double-parton distributions are calculated for the deuteron by
using realistic wave-functions derived from the phenomeno-
logical nucleon-nucleon AV18 potential [53], but formally
embedded in the LF framework. In general, the choice of
light nuclei takes advantage of the fact that reliable wave-
functions are available, so as to provide an ideal, but chal-
lenging, approach for computing these unknown distribu-
tions (results beyond the deuteron will be presented else-
where). Before evaluating deuteron DPS1 and DPS2, novel
partial sum rules for baryon number and momentum con-
servation in DPDs are introduced for the first time. These
novel sum-rules, obtained by generalizing the integral prop-
erties of nucleon DPDs [4], yield a quantitative foundation
for comparing the relative magnitudes of DPS1 and DPS2
mechanisms. The nuclear DPD sum-rules have been numer-
ically verified and the results point to the conclusion that the
DPS1 contribution is not negligible and compares with the
DPS2 one. The results here obtained have broader implica-
tions, particularly when studies of double-parton scattering
in electromagnetic processes are being planned at facilities
such as Jefferson Lab and upcoming Electron-Ion Colliders
[54–56]. Moreover, many-body nuclear form factors, which
can be evaluated from the off-forward two-body nuclear den-
sity, e.g. the one relevant to the DPS2 mechanism, play a
significant role in other processes, such as the J/ψ diffrac-
tive photoproduction [57]. In conclusion, future experimen-
tal analyses will benefit of theoretical studies of nuclear DPS
reactions and, in turn, they will provide valuable insights into
those fundamental quantities.

The paper is structured as follows. In Sect. 2 we formally
generalize the definition of the hadron DPD to the nuclear
case and the expressions for DPS1 and DPS2 contributions
are properly obtained. In Sect. 3 the basic DPD sum rules
are extended to the nuclear case, in particular the partial sum
rules for the two mechanisms are introduced. In Sect. 4, the
deuteron densities obtained within the Poincaré-covariant LF
framework are introduced, and calculations of the nuclear
contributions to DPD are presented. In Sect. 5, the results of
the whole calculations of the deuteron DPDs are showed and
discussed. In Sect. 6 we draw our conclusions.

2 Nuclear DPS

In this section, the general formalism for describing the
nuclear DPS is introduced. We prove that the Light-Cone
(LC) correlator, which defines the DPDs in QCD, when act-
ing on a nuclear system, results in two distinct distributions,
corresponding to DPS1 and DPS2 mechanisms, as discussed
in Refs. [46,47]. Let us first recall the DPDs for the nucleon
case (see, e.g., Ref. [5]):
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D̃τ
i j (x1, x2, y⊥) = 2p+

∫
dz−1
2π

dz−2
2π

∫
dy− eix1 p+z−1

× eix2 p+z−2 〈p; τ |θi (y, z1)θ j (0, z2)|τ ; p〉
∣∣∣z⊥,1=z⊥,2=0

z+1 =z+2 =y+=0
,

(1)

where {i j} are the flavors of the involved quarks, |τ ; p〉 is
the nucleon state with intrinsic dofs, pμ ≡ {p±,p⊥} the
nucleon four-momentum with p± = (p0 ± p3)/

√
2 and

x� = q+
� /p+ the longitudinal momentum fraction carried

by the �-th parton w.r.t. the nucleon momentum, being qμ
�

the momentum of the �-parton. Moreover, y⊥ represents the
transverse distance between the two partons. Clearly, one
must have x1 + x2 ≤ 1. The bi-linear operators appearing in
the above expression read:

θi (y, z) = q̄i

(
y − 1

2
z

)
1

2
γ +qi

(
y + 1

2
z

)
, (2)

where qi (y ± z/2) is the quark field operator for a parton of
flavor i. The generalization to a nucleus A is:

D̃A
i j (x

B
1 , x B2 , y⊥) = 2P+

∫
dz−1
2π

dz−2
2π

∫
dy− eix

B
1 P+z−1

× eix
B
2 P+z−2 〈A|θi (y, z1)θ j (0, z2)|A〉

∣∣∣z⊥,1=z⊥,2=0

z+1 =z+2 =y+=0
. (3)

Now P+ is the plus component of the nucleus four-
momentum in the nucleus rest frame, whereas |A〉 denotes
the nuclear state.

In order to correctly evaluate the above expression, it is
essential to define the nuclear state |A〉 in a suitable frame-
work. To this aim, we consider a LF approach [48,52,58,59],
since it remarkably allows us to easily separate the centre of
mass motion from the intrinsic one (as in the non relativistic
case), both at the level of the nucleus and the nucleon, given
the subgroup properties of the LF-boosts. Let us define the
conventions for the momenta of partons, nucleons and nuclei,
respectively: (i) qμ

� are the components the four-momentum
of the �-th parton in the nucleus rest frame, (ii) pμ

r are the
components of the four-momentum of the r -th nucleon in
the nucleus rest frame, with r = 1, 2, . . . , A and M the
nucleon mass (as noticed in the Introduction p2

r = M2 in
LF formalism), (iii) MA is the nucleus mass (recall that
Pμ = {P± = MA/

√
2,P⊥ = 0⊥} in the rest frame of the

nucleus). The longitudinal momentum fractions carried by
the �-th parton w.r.t. the nucleus can be introduced:

x B� = q+
�

P+ . (4)

One can also define the longitudinal-momentum fractions
carried by the r -th nucleon w.r.t. the parent nucleus:

ξr = p+
r

P+ . (5)

With these definitions, the nucleon momentum vector can
be expressed as follows in terms of the intrinsic LF coordi-
nates {ξr ,k⊥,r}:

p+
r = ξr P

+; p⊥,r = ξrP⊥ + k⊥,r , (6)

and the following constraints from the four-momentum con-
servation are found:

A∑
r

p+
r = P+ ⇒

A∑
r

ξr = 1, (7)

∑
r

p⊥,r = P⊥ ⇒
∑
r

k⊥,r = 0. (8)

In the present analysis, we assume a factorized form of the
nuclear state |A〉, as the Cartesian product of (i) the nuclear
wave function (wf) that takes into account only nucleonic
dofs and (ii) an intrinsic part, with partonic dofs. In this
framework, one gets:

|A〉 =
∑

τ1,...,τA=n,p

∑
λ1,...,λA

1

[2(2π)3](A−1)/2

×
∫ [ A∏

r=1

dξr d2k⊥,r√
ξr

]
δ

(
1 −

A∑
l=1

ξl

)
δ

(
A∑

l=1

k⊥,l

)

× ψ(ξ1, . . . , ξA,k1,⊥, . . . ,k⊥,A, τ1, . . . , τA,

× λ1, . . . , λA)|n1〉 · · · |nA〉, (9)

where, ψ is the LF nuclear wf that describes the dynamics
of A nucleons (i.e. the collection of centres of masses of
QCD singlet-states) in the frame where P⊥ = 0, and λr is
the projection of the spin of r -th nucleon along the z axis.
Of course, the nuclear wf is completely antisymmetric under
the exchange of two nucleons.

In analogy with the Fock decomposition of the hadronic
states in terms of free parton states (see, e.g., Ref. [59]), the
above independent nucleons state, |ni 〉, should consist only
of plane-waves describing the centre-of-mass (CM) motion
of each nucleon, as whole. However, in order to completely
describe the nuclear state, one should also include the intrin-
sic partonic part, once we adopt the insights of Ref. [46],
where the introduction of a large scale, i.e. the nucleus radius,
suggests separating the effects of nucleonic and partonic dofs,
obtaining a workable approximation. In particular, we simply
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assume that:

|nr 〉 = |ξr P+, ξrP⊥ + k⊥,r , τr , λr 〉︸ ︷︷ ︸
CM plane−wave

⊗ |φr 〉︸︷︷︸
intrinsic

. (10)

Since our calculations will parametrize the intrinsic depen-
dence of the nucleon state entirely through parton distribution
functions, as discussed in what follows, we will henceforth
omit explicit reference to such a dependence. Here, τr repre-
sents the nucleon isospin. Once the intrinsic part is properly
normalized, the orthonormalization rule of the nucleon states
is:

〈nr |n′
k 〉 = 2(2π)3 p+

r δ(p+
r − p′+

k )δ(2)(p⊥,r − p′⊥,k )δτr ,τ ′
k
δλr ,λ′

k
δr,k

= 2(2π)3ξr δ

(
ξr − P ′+

P+ ξ ′
k

)
δ(2)(ξrP⊥ + k⊥r − ξ ′

kP
′⊥

− k′⊥k )δτr ,τ ′
k
δλr ,λ′

k
δr,k , (11)

where we denote with δr,k the orthogonality over all the
intrinsic quantum numbers. The above expression can be
generalized to the nuclear case, viz.:

〈A|A′〉 = 2(2π)3P+δ(P+ − P ′+)δ(2)(P⊥ − P′⊥), (12)

therefore, after inserting Eq. (9), the orthonormalization rule
of the nuclear wfs reads:

〈A|A′〉 = 1

[2(2π3)]A−1

∑
τ1,...,τA=n,p

∫ [ A∏
r=1

dξr d2k⊥,r√
ξr

]

×
⎡
⎣ A∏
r=1

∑
λr

⎤
⎦

× ψ†(ξ1, . . . , ξA,k1,⊥, . . . ,k⊥,A, τ1, . . . , τA,

× λ1, . . . , λA)

× δ

(
1 −

A∑
k=1

ξk

)
δ

(
A∑

l=1

k⊥,l

)

×
{ ∑

τ ′
1,...,τ

′
A=n,p

∫ [ A∏
r=1

dξ ′
r d

2k′⊥,r√
ξ ′
r

]

×
⎡
⎣ A∏
r=1

∑
λ′
r

⎤
⎦ 〈n1|n′

1〉〈n2|n′
2〉 . . . 〈nA|n′

A〉

× ψ(ξ ′
1, . . . , ξ

′
A,k′⊥,1, . . . ,k

′⊥,A, τ ′
1, . . . , τ

′
A,

× λ′
1, . . . , λ

′
A)

× δ

(
1 −

A∑
k=1

ξ ′
k

)
δ

(
A∑

l=1

k′⊥,l

)}
. (13)

By inserting the result of Eq. (11), the quantity in the curly
brackets becomes:

∫ ⎡
⎣ A∏
r=1

dξ ′
r d

2k′⊥,r√
ξ ′
r

∑
λ′
r ,τ

′
r

⎤
⎦
⎡
⎣ A∏

r
〈nr |n′

r 〉
⎤
⎦

× ψ(ξ ′
1, . . . , ξ ′

A,k′⊥,1, . . . , k′⊥,A, τ ′
1, . . . , τ ′

A, λ′
1, ...λ′

A)

× δ

⎛
⎝1 −

A∑
k=1

ξ ′
k

⎞
⎠ δ

⎛
⎝ A∑
l=1

k′⊥,l

⎞
⎠

= [2(2π3)]A
⎡
⎣ A∏
r=1

∑
λ′
r ,τ

′
r

√
ξr

⎤
⎦ P+δ

(
P+ − P ′+) δ (P⊥ − P′⊥

)

× ψ(ξ1, . . . , ξA,k1,⊥, . . . , k⊥,A, τ ′
1, . . . , τ ′

A, λ′
1, . . . , λ′

A)

×
A∏

i=r

δ(τr − τ ′
r )δ(λ

′
r − λr ), (14)

and therefore:

〈A|A′〉 = 2(2π3)P+δ
(
P+ − P ′+) δ (P⊥ − P′⊥

)

×
∫ ⎡
⎣ A∏
r=1

dξr d
2k⊥,r

∑
λr

∑
τr=n,p

⎤
⎦

× |ψ(ξ1, . . . , ξA,k1,⊥, . . . ,k⊥,A, τ1, . . . , τA,

× λ1, . . . , λA)|2

× δ

(
1 −

A∑
k=1

ξk

)
δ

(
A∑

l=1

k⊥,l

)
. (15)

Thus the normalization of the nuclear LF wf reads:

∑
τ1,...,τA=n,p

∫ ⎡
⎣ A∏
r=1

dξr d
2k⊥,r

∑
λr

⎤
⎦ δ

⎛
⎝1 −

A∑
k=1

ξk

⎞
⎠ δ

⎛
⎝ A∑
l=1

k⊥,l

⎞
⎠

× |ψ(ξ1, . . . , ξA,k1,⊥, . . . , k⊥,A, τ1, . . . , τA, λ1, . . . , λA)|2 = 1.

(16)

Once the nuclear state has been properly defined in terms of
its constituents and the normalization of the wave function
is established, the expression given in Eq. (9) can be used in
the nuclear DPD in Eq. (3).

2.1 Nuclear DPDs in impulse approximation

In order to properly allow the bilinear operators in Eq. (3) to
act on the intrinsic part of the nucleonic states which describe
the nucleon internal structure, we adopt the decomposition
of the nuclear operators in impulse approximation (see also
Ref. [46]). In this framework, each operator in Eq. (3) is
given, for each quark flavor, by an incoherent sum over oper-
ators acting on nucleon states:

θi (y, z1)θ j (0, z2) �⇒ 
i (y, z1)
 j (0, z2)
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=
A∑
l,r

θ li (y, z1) θrj (0, z2)

=
A∑

l=1

θ li (y, z1) θ lj (0, z2) +
A∑

l �=r

θ li (y, z1) θrj (0, z2), (17)

where the superscript l(r) in θ specifies that the operator
acts only on the partons pertaining to the nucleon l(r). From
now on, taking care of antisymmetry in the nuclear wf, the
operator acts on (i) a single state |n1〉 when r = l, obtaining
an overall factor A (DPS1), and on the pair |n1〉|n2〉, when
l �= r, so that a factor A(A−1) has to be introduced (DPS2):


i (y, z1)
 j (0, z2) = A
[
θ1
i (y, z1)

] [
θ1
j (0, z2)

]
+ A(A − 1)

×
[
θ1
i (y, z1)

] [
θ2
j (0, z2)

]
, (18)

(see also Ref. [47]). In conclusion, within this approach DPS1
and DPS2 mechanisms directly arise from the decomposition
of the above bilinear operators.

Once the above operator is considered in Eq. (3) and the
nuclear expansion of Eq. (9) for the state |A〉 is taken into
account, one gets the following expression for the DPD for
the nucleus:

D̃A
i j (x

B
1 , x B2 , y⊥) = 2P+

[2(2π)3]
∑

τ1,τ2=n,p

∑
λ1,λ2

∑
λ′

1,λ′
2

∫
dz−1
2π

dz−2
2π

dy−

× dξ1dξ2dξ ′
1√

ξ1ξ2ξ ′
1(ξ1 + ξ2 − ξ ′

1)

d2k1,⊥d2k2,⊥d2k′⊥,1

× eix
B
1 P+z−1 eix

B
2 P+z−2 ψ(ξ1, ξ2, k1,⊥, k2,⊥, τ1, τ2, λ1, λ2)

× ψ†(ξ ′
1, ξ ′

2, k′⊥,1, k′⊥,2, τ1, τ2, λ′
1, λ′

2)

× 〈n′
1|〈n′

2|
i (y, z1) 
 j (0, z2) |n1〉|n2〉
∣∣∣z⊥,1=z⊥,2=0

z+1 =z+2 =y+=0
, (19)

where ξ ′
2 = ξ1 + ξ2 − ξ ′

1, k
′⊥,2 = k1,⊥ + k2,⊥ − k′⊥,1 and

ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ1, τ2, λ1, λ2)

× ψ†(ξ ′
1, ξ

′
2,k

′⊥,1,k′⊥,2, τ1, τ2, λ
′
1, λ

′
2)

≡
∑

τ3,...,τA=n,p

∑
λ3,...,λA

∫ [A−1∏
r=3

dξr d
2k⊥,r

]

× ψ(ξ1, . . . , ξA,k1,⊥, . . . ,k⊥,A, τ1, . . . , τA, λ1, . . . , λA)

× ψ†(ξ ′
1, ξ

′
2, ξ3, . . . , ξA,k′⊥,1,k

′⊥,2,k⊥,3,

. . . ,k⊥,A, τ1, . . . , τA, λ′
1, λ

′
2, λ3, . . . , λA). (20)

In Eq. (20), one has ξA = 1 − ∑A−1
r=1 ξr and k⊥,A =

−∑A−1
r=1 k⊥,r . The normalization of the above quantity

reads:

∑
τ1,τ2

∑
λ1,λ2

∫
dξ1dξ2d

2k1,⊥d2k2,⊥

× |ψ(ξ1, ξ2,k1,⊥, d2k2,⊥ k2,⊥, τ1, τ2, λ1, λ2)|2 = 1.

(21)

Notice that in order to compare the results here presented
to those discussed in Ref. [47] and to the usual nuclear PDFs
described in impulse approximation, see e.g. Ref. [60], it is
necessary to evaluate DPDs and PDFs as functions of:

x� ≡ q+
�

P+
MA

M
= q+

�

P+
1

ξ̄
= x B�

ξ̄
(22)

with:

ξ̄ = M

MA
∼ 1

A
. (23)

From now on, all distributions here studied will be evalu-
ated as functions of x� so that

∑
� x� = MA/M ∼ A. This

amounts to have an average nucleon plus-component given
by ∼ P+

A /A. One should notice that:

x1 + x2 ≤ (q+
1 /P+

A )(MA/M)

+ [(P+
A − q+

1 )/P+
A ](MA/M) = MA/M. (24)

Let us discuss separately the two possibilities where the
operators act on partons belonging to (i) the same nucleon,
i.e. the DPS1 mechanism, or (ii) two different nucleons, i.e.
the DPS2 mechanism.

2.2 The DPS1 contribution

In this case one can exploit the inner product 〈n′
2|n2〉 in

Eq. (19). Thus, by using xl of Eq. (22), one can simplify
Eq. (19):

D̃A,1
i j (x1, x2, y⊥) = A 2P+ ∑

τ,τ2=n,p

∫
dz−1
2π

×
∫

dz−2
2π

∫
dy−
∫

dξ1

ξ1

∫
dξ2

∫
d2k1,⊥

∫
d2k2,⊥ξ̄2

× eix1P+z−1 /ξ̄ eix2P+z−2 /ξ̄ |ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2)|2

× 〈n1|θi (y, z1) θ j (0, z2) |n1〉
∣∣∣z⊥,1=z⊥,2=0

z+1 =z+2 =y+=0
. (25)

where the ξ̄2 is needed to preserve the normalization of the
distribution and one defines:

|ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2)|2
≡
∑
λ1,λ2

|ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2, λ1, λ2)|2. (26)
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Recalling that the plus component of the i-th nucleon
momentum is p+

i = ξi P+, one recasts Eq. (25) as follows:

D̃A,1
i j (x1, x2, y⊥) = A

∑
τ,τ2=n,p

∫
dz−1
2π

×
∫

dz−2
2π

∫
dy−
∫

dξ1

ξ1

∫
dξ2

∫
d2k1,⊥

∫
d2k2,⊥ 2

p+
1

ξ1
ξ̄2

× eix1/ξ1 p
+
1 z−1 /ξ̄ eix2/ξ1 p

+
1 z−2 /ξ̄ |ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2)|2

× 〈n1|θi (y, z1)θ j (0, z2)|n1〉
∣∣∣z⊥,1=z⊥,2=0

z+1 =z+2 =y+=0
, (27)

and one gets:

D̃A,1
i j (x1, x2, y⊥) = A

∑
τ=n,p

∫
dξ1

ξ̄2

ξ2
1

ρA
τ (ξ1)

× D̃τ
i j

(
x1

ξ̄

ξ1
, x2

ξ̄

ξ1
, y⊥
)

, (28)

where ρA
τ (ξ1) is the one-body LCMD of a nucleus with A

nucleons, given by

ρA
τ (ξ1) ≡

∑
τ2=n,p

∫
dξ2

∫
d2k1,⊥

×
∫

d2k2,⊥|ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2)|2 (29)

and normalized as follows

∑
τ

∫
dξ ρA

τ (ξ) = 1. (30)

It is immediate to recognize that in the DPS1 case one
must have ξ̄ x1/ξ1 + ξ̄ x2/ξ1 ≤ 1 (recall that xl is defined
in Eq. (22)). In Eqs. (28) and (33), the effective range of
integration is ξmin = (x1 + x2)ξ̄ ≤ ξ ≤ 1 since the above
DPD vanishes for x1ξ̄ /ξ + x1ξ̄ /ξ ≤ 1. Moreover, in order
to compare our findings with that of Ref. [47], one should
recall that a LCMD normalized to the number of nucleons is
adopted there:

ρ̄τ (ξ) ≡ Aρτ (ξ). (31)

The main result of this subsection is Eq. (28) which
expresses the nuclear double distributions as a convolution of
the LCMD of the nucleus Awith nucleonic double parton dis-
tributions. As it is well known, the nucleonic DPDs present a
singular behaviour as y⊥ → 0, induced by the socalled split-
ting term, and necessitate a proper ultraviolet regularisation.
Once this is provided, the y-integral can be performed and
this leads to finite Fourier transform of DPDs depending on
k⊥, conjugated to y⊥ and allows the computation of DPDs
sum rules which are defined at k⊥ = 0. The nuclear DPDs

inherit this issue from their nucleonic counterpart since the
convolution over LCMD involves only longitudinal variables
while the internal structure remains unchanged. Therefore,
we refer the interested reader to Refs. [61–63] for the detailed
treatment of these renormalization effects. In a nutshell, it
amounts to introduce in the Fourier transform of the nucleon
DPDs a multiplicative regularizing function �, viz.

Dτ
i j (x1, x2,k⊥) ≡

∫
d2y⊥ e−ik⊥·y⊥�(y⊥ν)D̃τ

i j (x1, x2, y⊥). (32)

The � functional form is constructed such as to tame the
y⊥ → 0 singularity with an appropriate choice of the regulat-
ing scale ν. Therefore, the regularization procedure, applied
to the nuclear DPD corresponding to the DPS1 mechanism,
still leads to the Fourier-transformed version of Eq. (28) but
in momentum space:

DA,1
i j (x1, x2,k⊥) = A

∑
τ=n,p

∫
dξ

ξ̄2

ξ2 ρA
τ (ξ)

× Dτ
i j

(
x1

ξ̄

ξ
, x2

ξ̄

ξ
,k⊥
)

. (33)

As a result of the impulse approximation, we anticipate
that, within the DPS2 mechanism to be discussed in the next
section, the two interacting partons belong to two distinct
nucleons in the nucleus, and, as such, their distribution is
regular as y⊥ → 0 allowing the use of ordinary Fourier
transform since in this case the splitting effect is not relevant
for the two partons involved in the reaction.

2.3 The DPS2 contribution

Let us now consider the case where the operator in Eq. (19)
acts on two different nucleons and the overall factor A(A−1)

is included (cf. Eq. (18)). Still using x� defined in Eq. (22),
the DPS2 contribution reads:

D̃A,2
i j (x1, x2, y⊥) = A(A − 1)

∑
λ1, λ2,

λ′
1, λ′

2

∑
τ1,τ2=n,p

∫
dz−1
2π

∫
dz−2
2π

×
∫

dy−
∫

dξ1√
ξ1

∫
dξ2√

ξ2

∫
dξ ′

1√
ξ ′

1(ξ1 + ξ2 − ξ ′
1)

×
∫

d2k1,⊥
∫

d2k2,⊥
∫

d2k′⊥,1

× 2P+

[2(2π)3]e
ix1P+z−1 /ξ̄ eix2P+z−2 /ξ̄ ξ̄2

× ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ1, τ2, λ1, λ2)

× ψ†(ξ ′
1, ξ

′
2,k

′⊥,1,k
′⊥,2, τ1, τ2, λ

′
1, λ

′
2)

× 〈n′
1|θi (y, z1)|n1〉〈n′

2|θ j (0, z2)|n2〉
∣∣∣z⊥,1=z⊥,2=0

z+1 =z+2 =y+=0
. (34)
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One notices that the rightmost matrix element in Eq. (34),
i.e.

〈n′
2|θ j (0, z2)|n2〉

∣∣∣z⊥,2=0

z+2 =0

is the same appearing in the GPDs correlator [64], viz.

�
τ,i
λ,λ′(x, ζ,�⊥) =

∫
dz−

2π
eixp

+z−〈τ ′|q̄i
(
− z

2

)

× γ +

2
qi
( z

2

)
|τ 〉∣∣z+=z⊥=0 (35)

where |τ (τ ′)〉 is the nucleon initial (final) state with initial
(final) spin polarization λ (λ′). Defining the transverse and
longitudinal momentum transfer, respectively:

⎧⎪⎨
⎪⎩

�⊥,r = k′⊥,r − k⊥,r

�+
r = P+(ξ ′

r − ξr ),

(36)

one has

�⊥ = �⊥,1 = −�⊥,2, (37)

since the inner product of the spectator states leads to k1,⊥ +
k2,⊥ = k′⊥,1 + k′⊥,2. Moreover, in analogy with GPDs [64],
one can introduce the skewness variable:

ζr = − �+
r

2 p̄+
r

= −ξ ′
r − ξr

ξ ′
r + ξr

, (38)

where p̄ +
r is the mean momentum of the r -th nucleon, i.e.:

p̄ +
r = p+

r + p′+
r

2
= P+

2
(ξr + ξ ′

r ). (39)

In addition, also the leftmost matrix element in Eq. (34)
can be manipulated to eventually get the GPDs correlator, as
follows

〈n′
1|θi (y, z1)|n1〉 = 〈n′

1|q̄i
(
y − 1

2
z1

)
γ +
2

qi

(
y + 1

2
z1

)
|n1〉

= 〈n′
1|e−i p̂y q̄i

(
− 1

2
z1

)
γ +
2

qi

(
1

2
z1

)
ei p̂y |n1〉

= e−iy·(p′
1−p1)〈n′

1|θi (0, z1)|n1〉. (40)

Notably, the dependence on the four-vector y is factor-
ized out, and recalling that (i) y+ = 0 and (ii) aμbμ =
a+b− + a−b+ − a⊥ · b⊥, one has:

e−iy(p′
1−p1) = e−iy−(p′+

1 −p+
1 )e−iy⊥·(p⊥,1−p′⊥,1)

= e−iy−(p′+
1 −p+

1 )e−iy⊥·(k1,⊥−k′⊥,1)e−iy⊥·P⊥(ξ1−ξ ′
1)

= e−iy−(p′+
1 −p+

1 )eiy⊥·�⊥e−iy⊥·P⊥(ξ1−ξ ′
1)

= e−iy−P+(ξ ′
1−ξ1)eiy⊥·�⊥e−iy⊥·P⊥(ξ1−ξ ′

1) (41)

Then, the integration over y− in Eq. (34) can be safely per-
formed, getting

∫
dy− eiy

−P+(ξ ′
1−ξ1) = 2π

P+ δ(ξ ′
1 − ξ1). (42)

Once the above delta function is considered, there is no
longitudinal-momentum transfer and the term in the expo-
nent proportional to P⊥ in Eq. (41) is zero. In addition the
integration over z−1(2) leads to

�
τ,i
λ,λ′(xi

ξ̄

ξr
, 0,�⊥)

=
∫

dz−

2π
ei(xi ξ̄ /ξr )p+

r z−r 〈n′
r |θi (0, zr )|nr 〉

∣∣
z+=z⊥=0. (43)

Finally, one obtains

D̃A,2
i j (x1, x2, y⊥) = A(A − 1)

(2π)2

∑
τ1,τ2=n,p

∑
λ1,λ2

∑
λ′

1,λ
′
2

∫
dξ1

× ξ̄

ξ1

∫
dξ2

ξ̄

ξ2

∫
d2k1,⊥

∫
d2k2,⊥

∫
d2k′⊥,1 eiy⊥·�⊥

× ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ1, τ2, λ1, λ2)

× ψ†(ξ1, ξ2,k′⊥,1,k
′⊥,2, τ1, τ2, λ

′
1, λ

′
2)

× �
τ1,i
λ1,λ

′
1

(
x1

ξ̄

ξ1
, 0,�⊥

)
�

τ2, j
λ2,λ

′
2

(
x2

ξ̄

ξ2
, 0,−�⊥

)
,

(44)

where the LC correlator for the nucleon τ, �τ (x, ζ,�⊥) (see
Eq. (35)) is parametrized through GPDs [64] at leading twist
as follows:

�
τ,i
λ,λ′(x, ζ,�⊥) = 1

2p+
[
H τ
i (x, ζ, t)ū(p′, λ′)γ +u(p, λ)

+ Eτ
i (x, ζ, t)

2M
ū(p′, λ′)iσ+μ�μu(p, λ)

]
. (45)

In Eq. (45) u is the usual Dirac spinor, t = �2, H and E are
the chiral-even (helicity conserving) and chiral-odd (helicity
flip) GPDs of flavor i and for the nucleon τ. In our case,
ζ = 0, �i⊥ = ki⊥ and pμ is the parent-nucleon momentum.

Also in this case, one can define the DPD in momentum
space:

DA,2
i j (x1, x2,k⊥) = A(A − 1)

∑
τ1,τ2=n,p

∑
λ1,λ2

∑
λ′

1,λ
′
2

∫
dξ1

× ξ̄

ξ1

∫
dξ2

ξ̄

ξ2
ρA

τ1τ2
(ξ1, ξ2,k⊥, λ1, λ2, λ

′
1, λ

′
2)

× �
τ1,i
λ1,λ

′
1

(
x1

ξ̄

ξ1
, 0,k⊥

)
�

τ2, j
λ2,λ

′
2

(
x2

ξ̄

ξ2
, 0,−k⊥

)
, (46)
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where ρA
τ1τ2

(ξ1, ξ2,k⊥, λ1, λ2, λ
′
1, λ

′
2) is a two-body spin-

dependent LCMD of a nucleus, with A nucleons, given by

ρA
τ1τ2

(ξ1, ξ2,k⊥, λ1, λ2, λ
′
1, λ

′
2) ≡

∫
d2k1,⊥

∫
d2k2,⊥

× ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2, λ1, λ2)

× ψ†(ξ1, ξ2,k1,⊥ + k⊥,k2,⊥ − k⊥, τ, τ2, λ
′
1, λ

′
2), (47)

with the normalization that follows from Eq. (21). The
expression in Eq. (46) closely parallels the findings in
Ref. [47], but terms beyond the leading spin conserving
one are found with a different normalization. We recall
that usually unpolarized distributions are dominant w.r.t.
those related to spin flip. It demonstrates that the nuclear
DPD, associated with the DPS2 mechanism, is dependent on
nucleon GPDs. The key distinction in our approach lies in
the identification of distinct contributions: i) the contribution
with spin conservation between initial and final states, i.e.
when λi = λ′

i for i = 1, 2; i i) the one spin-flip contribution,
i.e. when λ1(2) �= λ′

1(2) and i i i) two spin-flips contribution,
i.e. when λi �= λ′

i for i = 1, 2.

In principle, the nuclear DPD depends on both the leading-
twist GPDs, H and E . However, for low k⊥ values, the spin
flip contributions are suppressed by factors O(k⊥/(2M))

and O(k2⊥/(4M2) and therefore, as a first approximation,
the leading term is the one related to the spin conservation.
Numerical details on this issue will be provided in a dedi-
cated section. Let us point out that, although the nuclear DPD
associated with the DPS2 mechanism depends on the product
of GPDs, the overall distribution nevertheless vanishes when
x1 + x2 > MA/M (cf. Eq. (24)).

In the case of spin conservation, similarly to Eq. (33), one
can relate the nuclear DPD to an off-forward LCMD:

DA,2
i j (x1, x2,k⊥) = A(A − 1)

∑
τ1,τ2=n,p

∫
dξ1

ξ1

∫
dξ2

ξ2

× ρA
τ1τ2

(ξ1, ξ2,k⊥) ξ̄2

× H τ1
i

(
x1

ξ̄

ξ1
, 0,k⊥

)

× H τ2
j

(
x2

ξ̄

ξ2
, 0,−k⊥

)
, (48)

where the off-forward LCMD, depending on the non-
diagonal product of nuclear wave functions, is:

ρA
τ1τ2

(ξ1, ξ2,k⊥) ≡
∑
λ1,λ2

∫
d2k1,⊥d2k2,⊥

× ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2, λ1, λ2)

× ψ†(ξ1, ξ2,k1,⊥ + k⊥,k2,⊥ − k⊥, τ, τ2, λ1, λ2)

=
∑
λ1,λ2

ρA
τ1τ2

(ξ1, ξ2,k⊥, λ1, λ2, λ1, λ2). (49)

In the following, the nuclear distribution normalized to the
number of permutations A(A − 1) is used:

ρ̄A
τ1τ2

(ξ1, ξ2,k⊥) = A(A − 1)ρA
τ1τ2

(ξ1, ξ2,k⊥), (50)

in analogy with ρ̄A
τ normalized to A.

As already mentioned, the two-body LCMD depends on
the non-diagonal product of nuclear wave functions and
this feature introduces significant computational complex-
ity when a numerical evaluation of the corresponding DPD
with realistic nuclear wave-functions is carried out. However,
since various parametrizations for the nucleon GPDs can be
found in literature and calculations for light-nuclei LF wfs
are already available [53,65,66], reliable predictions for the
nuclear DPD corresponding to the DPS2 mechanism can be
realistically evaluated in future studies. Following the line of
Ref. [47], one can notice that the overall integrand is peaked
around ξi ∼ 1/A and, therefore, for the leading term one
has:

DA,2
i j (x1, x2,k⊥) �

∑
τ1,τ2=n,p

H τ1
i (x1, 0,k⊥)

× H τ2
j (x2, 0,−k⊥)Fdouble

A,τ1,τ2
(k⊥) (51)

where

Fdouble
A,τ1,τ2

(k⊥) =
∫

dξ1

ξ1

∫
dξ2

ξ2
ξ̄2ρ̄A

τ1,τ2
(ξ1, ξ2,k⊥). (52)

In particular, Eq. (51) coincides with Eq. (9) in Ref. [47] as
expected.

A similar quantity has been previously calculated for 3He
and 4He nuclei to predict the cross-section for J/ψ elec-
troproduction in eA collisions at the future Electron-Ion
Collider [67], in order to move beyond the conventional
impulse approximation [57]. In forthcoming studies, nuclear
DPDs entering the DPS cross-section will be correlated with
observables from various experimental processes, paving the
way for studying these novel quantities, ultimately deep-
ening our fundamental understanding of the nuclear par-
tonic structure. Moreover, in potential DPS events at lepton-
hadron colliders [54,55,68] with virtual and quasi-virtual
photon probes, the DPS2 contribution to the cross-section
will not involve any unknown nucleon DPDs. Consequently,
the DPS2 mechanism would represent an assessable contri-
bution to the nuclear DPS mechanism for, e.g., light nuclei,
especially given the availability of both nucleon GPDs infor-
mation and realistic nuclear wave-functions.

Before closing this section, we recall that in the case of
the DPS2 mechanism, the ξ1 and ξ2 integration extrema in
Eq. (48) are from ξi,min = xi ξ̄ to 1.
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3 Sum rules for nuclear DPDs

It is noteworthy that the nuclear DPDs, corresponding to
DPS1 and DPS2 mechanisms, simultaneously affect the
nuclear DPS cross-section. Given the limited constraints on
nuclear wave-functions for heavy systems, in Ref. [47] the
authors argued that, under certain approximations, the DPS1
cross-section scales as σDPS1 ∼ Aσ

pp
DPS and σDPS2 ∼

A1/3σDPS1. Here, in order to better understand the relative
weights of DPS1 and DPS2, we extend the so-called Gaunt–
Stirling (GS) sum rules [4] originally introduced for nucle-
onic DPDs to the nuclear case. In particular, we introduce
partial sum rules (PSR), i.e. the contributions to the GS sum
rules for nuclear DPDs corresponding to the DPS1 and DPS2
mechanisms, separately. In this way, we are able to provide
a rigorous method to estimate the magnitude of DPDs cor-
responding to the two mechanisms, without relying on addi-
tional approximations, but only on the strong constraint given
by the GS sum rules. Quite interestingly, the GS sum rules
in the nuclear case are satisfied only when both mechanisms
are considered simultaneously. Once the two contributions
are calculated we can provide an overall estimate of the rela-
tive suppression of the DPS1 w.r.t. the DPS2 contribution, for
any nuclear system without approximations. In what follows,
actual numerical calculations are presented for the deuteron,
leaving the A = 3 and 4 nuclei for future studies.

Let us first introduce the number sum rule (NSR) for a
proton. For a quark or antiquark of flavor i and a valence
quark jv we have (see Ref. [4])

∫ 1−x1

0
dx2 Di jv (x1, x2, k⊥ = 0)

=

⎧⎪⎨
⎪⎩
N jvdi (x1) for i �= j(
N jv − 1

)
di (x1) for i = j(

N jv + 1
)
di (x1) for i = j̄

(53)

where N jv is the number of valence quarks of flavor jv inside
the proton and di (x) is the usual PDF for a quark of flavor i.
The extension to the nuclear target, where we recall that xl
is defined in Eq. (22), reads

∫ 1/ξ̄−x1

0
dx2 DA

i jv (x1, x2, k⊥ = 0)

=

⎧⎪⎪⎨
⎪⎪⎩

N A
jv
d A
i (x1) for i �= j(

N A
jv

− 1
)
d A
i (x1) for i = j(

N A
jv

+ 1
)
d A
i (x1) for i = j̄

,

(54)

where N A
jv

is the total number of the valence quarks jv in the

nucleus and d A
i (x) the nuclear PDF for the quark of flavor i,

viz.

d A
i (x) =

∑
τ=p,n

d A,τ
i (x) =

∑
τ=p,n

∫ 1

0
dξ ρ̄A

τ (ξ)
ξ̄

ξ
dτ
i

(
x
ξ̄

ξ

)
,

(55)

where d A,τ
i (x) is the nucleon τ PDF contribution to the

nuclear PDF and ρ̄(ξ) is the nuclear LCMD normalized to
the number of nucleons.

Moreover, for model calculation predictions, it can be
useful to introduce the overall normalization of the nucleon
DPDs. Since in the present analysis we are mainly focused
on the nuclear DPDs in the valence region, we introduce
relations which hold only at the low hadronic scale of a
model, where there are only valence quark distributions, i.e.,
dq̄(x) = 0 and dq(x) = dqv (x). Assuming that also the sec-
ond parton is a valence one and integrating Eq. (53) over x1

one obtains:

∫ 1

0
dx1

∫ 1−x1

0
dx2Div jv (x1, x2, k⊥ = 0)

=
{
Niv N jv for i �= j(
Niv − 1

)
N jv for i = j

(56)

In the nuclear case one has∫ 1/ξ̄

0
dx1

∫ 1/ξ̄−x1

0
dx2D

A
iv jv (x1, x2, k⊥ = 0)

=
{
N A
iv
N A

jv
for i �= j(

N A
iv

− 1
)
N A

jv
for i = j

.

(57)

Finally, let us introduce the momentum sum rule (MSR).
For the nucleon case [4] one has

∑
j

∫ 1−x1

0
dx2 x2Di j (x1, x2, 0) = (1 − x1)di (x1). (58)

Therefore, the generalization to the nuclear case reads as
follows

∑
j

∫ 1/ξ̄−x1

0
dx2 x2D

A
i j (x1, x2, 0)

=
(

1

ξ̄
− x1

)
d A
i (x1) ∼ (A − x1)d

A
i (x1). (59)

Let us remark that the above sum rules are preserved in the
pQCD evolution of DPDs [4,69] with the exceptions of the
normalization rules Eqs. (56)–(57). The above properties are
fulfilled when both DPS1 and DPS2 mechanisms are taken
into account. However, one can define partial sum rules for
the two DPDs in order to study the relative impact of the two
contributions. In what follows use has been made of one-
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and two-body LC momentum number densities, i.e. ρ̄τ (ξ)

and ρ̄τ1τ2(ξ1, ξ2,k⊥ = 0) = A(A−1)ρτ1τ2(ξ1, ξ2,k⊥ = 0).
In fact, as discussed in details in Appendices A and B, these
quantities satisfy the same PDF and DPD sum rules, respec-
tively.

3.1 PSR for DPS1

In this section, the PSR for the DPS1 mechanism, Eq. (33),
are introduced. Let us first start with the NSR:
∫ 1/ξ̄−x1

0
dx2D

A,1
i jv

(x1, x2, k⊥ = 0)

=
∑

τ=n,p

∫ 1

0
dξ

ξ̄2

ξ2 ρ̄A
τ (ξ)

×
∫ 1/ξ̄−x1

0
dx2D

τ
i jv

(
x1

ξ
ξ̄ ,

x2

ξ
ξ̄ , 0

)
, (60)

where the one-body light-cone momentum number density,
ρ̄A

τ (ξ), is defined in Eq. (31) (see Appendix A). By changing
variable, y2 = x2 ξ̄ /ξ ∈ [0, 1], one gets:

∫ 1/ξ̄−x1

0
dx2D

A,1
i jv

(x1, x2, k⊥ = 0)

=
∑

τ=n,p

∫ 1

0
dξ ρ̄A

τ (ξ)
ξ̄

ξ

×
∫ (1/ξ̄−x1)ξ̄/ξ

0
dy2D

τ
i jv

(
x1

ξ̄

ξ
, y2, 0

)
. (61)

Indeed, in Eq. (61) the upper limit of the integral on y2 is
larger than what is actually needed, since the nucleon DPD
vanishes for y2 > 1 − x1ξ̄ /ξ and

1/ξ̄ − x1

ξ/ξ̄
= 1

ξ
− x1ξ̄

ξ
≥ 1 − x1ξ̄

ξ
. (62)

Then, one can use the NSR in Eq. (54) that reads

∫ 1−x1 ξ̄ /ξ

0
dy2D

τ
i jv

(
x1

ξ̄

ξ
, y2, 0

)

=

⎧⎪⎪⎨
⎪⎪⎩

(
N τ

jv
− 1
)
dτ
i (x1ξ̄ /ξ) i = j

N τ
jv
dτ
i (x1ξ̄ /ξ) i �= j(

N τ
jv

+ 1
)
dτ
i (x1ξ̄ /ξ) i = j̄

, (63)

where N τ
jv

is the number of the valence quarks j in the
nucleon τ. By inserting the above relation in Eq. (61), we
get the final expression for the PSR (see Eq. (55) for the
definition of the contribution of the nucleon τ to the nuclear
PDF)

∫ 1/ξ̄−x1

0
dx2D

A,1
i jv

(x1, x2, 0)

=
∑

τ=n,p

⎧⎪⎪⎨
⎪⎪⎩

(
N τ

jv
− 1
)
d A,τ
i (x1) i = j

N τ
jv
d A,τ
i (x1) i �= j(

N τ
jv

+ 1
)
d A,τ
i (x1) i = j̄

. (64)

For the MSR we get:

∑
j

∫ 1/ξ̄−x1

0
dx2 x2D

A,1
i j (x1, x2, 0)

=
∑
j

∑
τ=n,p

∫
dξ ρ̄A

τ (ξ)
ξ̄2

ξ2

∫ ξ/ξ̄−x1

0
dx2 x2

× Dτ
i j

(
x1

ξ̄

ξ
, x2

ξ̄

ξ
, 0

)
, (65)

and by defining y2 = x2ξ̄ /ξ we have:

∑
j

∫ 1/ξ̄−x1

0
dx2 x2D

A,1
i j (x1, x2, 0)

=
∑
j

∑
τ=n,p

∫
dξ ρ̄A

τ (ξ)

∫ 1−x1 ξ̄ /ξ

0
dy2 y2

× Dτ
i j

(
x1

ξ̄

ξ
, y2, 0

)
. (66)

The nucleon MSR, Eq. (58), can be used to evaluate the
integral over y2 to obtain:

∑
j

∫ 1/ξ̄−x1

0
dx2 x2D

A,1
i j (x1, x2, 0)

=
∑

τ=n,p

∫
dξ ρ̄A

τ (ξ)

(
1 − x1

ξ̄

ξ

)
dτ
i

(
x1

ξ̄

ξ

)
. (67)

3.2 PSR for DPS2

In order to evaluate both NSR and MSR for the nuclear DPD
corresponding to the DPS2 mechanism, DPDs are evaluated
by taking the expression in Eq. (48) in the limit k⊥ = 0, viz.

DA,2
i j (x1, x2,k⊥ = 0) =

∑
τ1,τ2=p,n

∫
dξ1

ξ̄

ξ1

×
∫

dξ2
ξ̄

ξ2
ρ̄A

τ1τ2
(ξ1, ξ2) d

τ1
i

(
ξ̄ x1

ξ1

)
dτ2
j

(
ξ̄ x2

ξ2

)
, (68)

where ξ1 + ξ2 ≤ 1 and the double LC momentum number
density is defined by

ρ̄A
τ1τ2

(ξ1, ξ2) ≡ ρ̄A
τ1τ2

(ξ1, ξ2, 0)

= A(A − 1)

∫
d2k1,⊥d2k2,⊥|ψ(ξ1, ξ2, k1,⊥, k2,⊥, τ1, τ2)|2. (69)
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The main properties of these quantities are discussed in
details in Appendix B. The NSR reads

∫ 1/ξ̄−x1

0
dx2 DA,2

i jv
(x1, x2, k⊥ = 0) =

∑
τ1,τ2=p,n

∫
dξ1

ξ̄

ξ1

×
∫

dξ2
ξ̄

ξ2
ρ̄A

τ1τ2
(ξ1, ξ2) d

τ1
i

(
ξ̄ x1

ξ1

)

×
∫ (ξ2/ξ̄ )

0
dx2 dτ2

jv

(
ξ̄ x2

ξ2

)
, (70)

since dτ2
jv

(
ξ̄ x2/ξ2

)
vanishes for x2 ≥ ξ2/ξ̄ and 1/ξ̄ − x1 ≥

ξ2/ξ̄ . Also in this case, let us change the integration variable
from x2 to y2 = x2ξ̄ /ξ2, and therefore Eq. (70) becomes:

∫ 1/ξ̄−x1

0
dx2 DA,2

i jv
(x1, x2, k⊥ = 0) =

∑
τ1,τ2=p,n

∫
dξ1

× ξ̄

ξ1

∫
dξ2 ρ̄A

τ1,τ2
(ξ1, ξ2) d

τ1
i

(
ξ̄ x1

ξ1

)∫ 1

0
dy2 dτ2

jv
(y2)

=
∑

τ1,τ2=p,n

∫
dξ1

ξ̄

ξ1

∫
dξ2 ρ̄A

τ1,τ2
(ξ1, ξ2) d

τ1
i

(
ξ̄ x1

ξ1

)
N τ2

jv
,

(71)

where N τ2
jv

is the normalization of the valence quark PDF. In
conclusion, the final result is

∫ 1/ξ̄−x1

0
dx2 DA,2

i jv
(x1, x2, k⊥ = 0)

=
∑

τ1,τ2=p,n

d A,τ1,τ2
i (x1) N

τ2
jv

, (72)

where the following distribution has been defined

d A,τ1,τ2
i (x) ≡

∫
dξ1

ξ̄

ξ1

∫
dξ2 ρ̄A

τ1,τ2
(ξ1, ξ2) d

τ1
i

(
ξ̄

ξ1
x

)
.

(73)

By combining Eq. (64) with Eq. (72), one gets the total
NSR for the nucleus

∫ 1/ξ̄−x1

0
dx2 DA

i jv (x1, x2, k⊥ = 0)

=
∫ 1/ξ̄−x1

0
dx2
[
DA,1
i jv

(x1, x2, k⊥ = 0)

+ DA,2
i jv

(x1, x2, k⊥ = 0)
]

=
∑

τ=n,p

⎧⎪⎪⎨
⎪⎪⎩

(
N τ

jv
− 1
)
d A,τ
i (x1) i = j

N τ
jv
d A,τ
i (x1) i �= j(

N τ
jv

+ 1
)
d A,τ
i (x1) i = j̄

+
∑

τ1,τ2=p,n

d A,τ1,τ2
i (x1) N

τ2
jv

(74)

Explicitly, one writes

∫ 1/ξ̄−x1

0
dx2 DA

i jv (x1, x2, k⊥ = 0)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(N p
jv

− 1)d A,p
i (x1) + (Nn

jv
− 1)d A,n

i (x1) + N p
jv
d A,p,p
i (x1)

+ N p
jv
d A,n,p
i (x1) + Nn

jv
d A,p,n
i (x1) + Nn

jv
d A,n,n
i (x1) i = j

(N p
jv

+ 1)d A,p
i (x1) + (Nn

jv
+ 1)d A,n

i (x1) + N p
jv
d A,p,p
i (x1)

+ N p
jv
d A,n,p
i (x1) + Nn

jv
d A,p,n
i (x1) + Nn

jv
d A,n,n
i (x1) i = j̄

N p
jv
d A,p
i (x1) + Nn

jv
d A,n
i (x1) + N p

jv
d A,p,p
i (x1)

+ N p
jv
d A,n,p
i (x1) + Nn

jv
d A,p,n
i (x1) + Nn

jv
d A,n,n
i (x1) i �= j

,

(75)

where

d A,p,p
i (x) = (Z − 1)

∫
dξ1

ξ̄

ξ1
ρ̄A
p (ξ1)d

p
i

(
ξ̄

ξ1
x

)

= (Z − 1)d A,p
i (x) (76)

d A,n,n
i (x) = (A − Z − 1)

∫
dξ1

ξ̄

ξ1
ρ̄A
n (ξ1)d

n
i

(
ξ̄

ξ1
x

)

= (A − Z − 1)d A,n
i (x) (77)

d A,n,p
i (x) = Z

∫
dξ1

ξ̄

ξ1
ρ̄A
n (ξ1)d

n
i

(
ξ̄

ξ1
x

)
= Zd A,n

i (x)

(78)

d A,p,n
i (x) = (A − Z)

∫
dξ1

ξ̄

ξ1
ρ̄A
p (ξ1)d

p
i

(
ξ̄

ξ1
x

)

= (A − Z)d A,p
i (x). (79)

Notice that in Eq. (73), where the nuclear PDF is defined,
the nuclear two-body density ρ̄A

τ1,τ2
(ξ1, ξ2) (see Eq. (69))

enters, while in Eqs. (76), (77), (78), (79) the one-body den-
sity ρ̄A

τ (ξ), Eq. (31), is present. In order to relate the two
densities, one needs to properly define normalization proper-
ties. To this end, use has been made of the integral properties
discussed in Appendix B.

By combining the terms proportional to the same PDF in
Eq. (75), one gets

∫ 1/ξ̄−x1

0
dx2 DA

i jv (x1, x2, k⊥ = 0)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
ZN p

jv
+ (A − Z)Nn

jv
− 1
]
d A,p
i (x1)

+[(A − Z)Nn
jv

+ ZN p
jv

− 1
]
d A,n
i (x1) i = j

[
ZN p

jv
+ (A − Z)Nn

jv
+ 1
]
d A,p
i (x1)

+[(A − Z)Nn
jv

+ ZN p
jv

+ 1
]
d A,n
i (x1) i = j̄

[
ZN p

jv
+ (A − Z)Nn

jv

]
d A,p
i (x1)

+[(A − Z)Nn
jv

+ ZN p
jv

]
d A,n
i (x1) i �= j

.

(80)
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Since ZN p
jv

+ (A− Z)Nn
jv

= N A
jv
, i.e. the number of valence

quarks with flavor j in the nucleus, and d A,p
i (x)+d A,n

i (x) =
d A
i (x), i.e. the nuclear PDF, one eventually has

∫ A−x1

0
dx2 DA

i jv (x1, x2, k⊥ = 0)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(
N A

jv
− 1
)
d A
i (x1) i = j

(
N A

jv
+ 1
)
d A
i (x1) i = j̄

N A
jv
d A
i (x1) i �= j

, (81)

as expected, i.e. the GS number sum-rule generalized to the
nuclear target shown in Eq. (54).

Let us proceed with the MSR contribution from DPS2. In
this case, one has to evaluate

∑
j

∫ 1/ξ̄−x1

0
dx2 x2D

A,2
i j (x1, x2, 0) =

∑
j

∑
τ1,τ2=n,p

∫
dξ1

×
∫

dξ2
ξ̄2

ξ1ξ2
ρ̄A

τ1τ2
(ξ1, ξ2)d

τ1
i

(
x1

ξ̄

ξ1

)

×
∫ 1/ξ̄−x1

0
dx2 x2 dτ2

j

(
x2

ξ̄

ξ2

)
. (82)

We introduce again y2 = x2ξ̄ /ξ2

∑
j

∫ 1/ξ̄−x1

0
dx2 x2D

A,2
i j (x1, x2, 0) =

∑
τ1,τ2=n,p

∫
dξ1

×
∫

dξ2
ξ2

ξ1
ρ̄A

τ1τ2
(ξ1, ξ2)d

τ1
i

(
x1

ξ̄

ξ1

)

×
∑
j

∫ 1

0
dy2 y2 dτ2

j (y2)

=
∑

τ1,τ2=n,p

∫
dξ1

∫
dξ2

ξ2

ξ1
ρ̄A

τ1τ2
(ξ1, ξ2)d

τ1
i

(
x1

ξ̄

ξ1

)
.

(83)

By using Eq. (135) one can simplify the above expression,
obtaining

∑
j

∫ 1/ξ̄−x1

0
dx2 x2D

A,2
i j (x1, x2, 0)

=
∑

τ1=n,p

∫
dξ1

ξ1
ρ̄A

τ1
(ξ1) d

τ1
i

(
x1

ξ̄

ξ1

)
(1 − ξ1). (84)

Let us conclude this section by considering the full MSR,
viz.

∑
j

∫ A−x1

0
dx2 x2D

A
i j (x1, x2, 0)

=
∑
j

∫ A−x1

0
dx2 x2

[
DA,1
i j (x1, x2, 0) + DA,2

i j (x1, x2, 0)
]

=
∑

τ=n,p

∫
dξ ρ̄A

τ (ξ)dτ
i

(
x1

ξ̄

ξ

)(
1 − x1

ξ̄

ξ
+ 1

ξ
− 1

)

=
∑

τ=n,p

∫
dξ

ξ̄

ξ
ρ̄A

τ (ξ)dτ
i

(
x1

ξ̄

ξ

)(
1

ξ̄
− x1

)

= d A
i (x1)

(
MA

m
− x1

)

∼ d A
i (x1) (A − x1). (85)

The result is in agreement with the expected GS momentum
sum-rule extended to nuclear target shown in Eq. (59).

4 Deuteron densities

The investigation of the nuclear DPDs necessarily requires a
reliable and affordable relativistic framework for describing
nucleons in nuclei at short distances, and consequently with
large kinetic energy. In order to provide the first realistic,
Poincaré covariant calculation of nuclear DPDs, the deuteron
target has been considered. For this two-nucleon system, a
LF framework is adopted, since it yields the possibility to
rigorously establish a suitable Poincaré-covariant approach

(with fixed number of particles), where a realistic wave
function, derived from the nucleon-nucleon Av18 phe-
nomenological potential [53], can be exploited. As is well
known (see Ref. [51] for the deuteron and [52] for the
A=3 mirror nuclei), one can take advantage of the relativis-
tic Hamiltonian dynamics framework (see Ref. [70] for the
seminal paper on these topics and Ref. [49] for a practi-
cal introduction) and the Bakamjian–Thomas [71] construc-
tion of the Poincaré generators in order to embed the highly
successful phenomenology, developed within the standard
nuclear physics, in a rigorous Poincaré-covariant approach.
A key point is represented by the construction of suitable
LF spin states starting from the canonical (or instant-form)
ones, where the Clebsch–Gordan coefficients are used for
obtaining the expected angular-momentum content. In order
to relate the LF spin, i.e. the three independent-components of
the Pauli–Lubanski pseudo-vector in the particle rest-frame
that is reached through a LF boost, and the canonical spin
(obtained by applying a canonical boost), one has to intro-
duce the unitary operator called Melosh rotation,RM (p̃), (cf
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Eq. (3.105) in [49]) viz

sic = [RM (p̃)
]
i j s jLF , (86)

where p̃ ≡ {E(|p|) + pz,p⊥} is called LF three-momentum
(N.B. p is the three-momentum in instant form) in a generic
frame. In what follows p̃ will be the LF-momentum of the
nucleon in the intrinsic frame of the deuteron. The explicit
expression of the Melosh rotations is given by

RM (p̃) = M + E(|p|) + pz − ıσ · (êz × p⊥)√
(M + E(|p|) + pz)2 + |p⊥|2

. (87)

Then, the plane-wave in canonical and LF forms are related
by

|p; sσ 〉c =
∑
σ ′

Ds
σ ′σ

[
R†

M (p̃)
]

|p̃; sσ ′〉LF

|p; sσ ′〉LF =
∑
σ

Ds
σσ ′
[RM (p̃)

] |p̃; sσ 〉c (88)

where D
1
2 [RM (p̃)]σσ ′ = χ†

σ RM (p̃) χσ ′ , and the following
orthonormalization rule is fulfilled

LF 〈σ ′s, p̃′|p̃; sσ 〉LF = 2p+(2π)3 δ3(p̃′ − p̃)

×
∑
μ′μ

Ds∗
μ′σ ′
[RM (p̃)

]
Ds

μσ

[RM (p̃)
]

c〈μ′s|sμ〉c

= 2p+(2π)3 δ3(p̃′ − p̃) δσ ′σ . (89)

In instant form, the deuteron wave function is given by
(N.B., for the sake of presentation we have considered proton
and neutron distinct in the deuteron wave function, dropping
out the isospin indices):

ψ I F
2 (kin,Sz ) =

∑
μh1h2

C1μ
1/2h11/2h2

χ
1/2
h1

(p)χ1/2
h2

(n)

×
∑
L=0,2

∑
mL

wL(kin)C
1Sz
LmL1μY

mL
L (θ, φ), (90)

where kin is the intrinsic momentum, i.e. kin = (k1 −
k2)/2 = k1 in the frame where k1 + k2 = 0. Recall
that wL(kin), with L = 0, 2 are the radial wfs which
encode the dynamical information on the deuteron structure.
Within the LF approach, the following amplitude, shortly

LF 〈λ1, λ2|ψ2〉, has to be used in DPS2

ψ LF
λ1λ2

(ξ1,kin⊥, Sz)

=
∑

μh1,h2

C1μ
1
2 h1,

1
2 h2

D
1
2
λ1h1

[R†
M (k̃1)]D

1
2
λ2h2

[R†
M (k̃2)]

×
∑
L=0,2

∑
mL

wL(kin)C
1Sz
LmL1μY

mL
L (θ, φ) (91)

It should be pointed out that in the Melosh rotations the third
component of k1 is given by

k1z = M0(|kin⊥|, ξ1)

(
ξ1 − 1

2

)
= −k2z, (92)

where the square free-mass of the two-nucleon system reads

M2
0 (kin⊥, ξ1) = M2 + k2

in⊥
ξ1(1 − ξ1)

. (93)

Since the nuclear LCMD to be used for the convolution of
the product of the two GPDs H in the DPS2 mechanism, (cf.
Eqs. (47) and (48)), once evaluated at k⊥ = 0 and integrated
on ξ2, coincides to that to be used in the DPS1 mechanism
(cf. Eqs. (29) and (33)), in this section, we provide the cal-
culations of all the off-forward LCMDs entering the DPS2
contribution. Moreover the LCMD entering Eq. (33) is the
same of that presented in Ref. [48] and used to evaluate, e.g.,
the EMC effect for 3He [60] and 4He [48].

In the evaluation for the deuteron of DPS2, Eq. (46),
one has to deal with a factorized form within the adopted
approach (see also Ref. [46]) , viz.

DA,2
i j (x1, x2,k⊥) =

∫
dξ1

ξ̄2

ξ1(1 − ξ1)

∫
dkin

× δ
[
kinz − k̄z(|kin⊥|, ξ1)

]

× Wμμ′
(ξ1,k⊥,kin) Sμμ′

i j (x1, x2,k⊥, k̃in) (94)

where the nuclear part of the DPS2 (for an unpolarized
deuteron) is given by

Wμμ′
(ξ1,k⊥,kin)=1

3

∑
Sz

∑
L ,L ′=0,2

∑
mL ,mL′

C1Sz
LmL1μC

1Sz
L ′mL′ 1μ′

× wL(kin) wL ′(k′
in)Y

mL
L (̂kin)

[
Y
mL′
L ′ (̂k′

in)
]∗

, (95)

with (i) k′
in⊥ = kin⊥ + k⊥, (ii) k̄z(|kin⊥|, ξ1) =

M0(|kin⊥|, ξ1) (ξ1−1/2) and (iii) k′
inz = M0(|k′

in⊥|, ξ1) (ξ1−
1/2). In Eq. (94), the following trace containing the partonic
contribution is relevant (see Appendix C for details)

Sμμ′
i j (x1, x2,k⊥, k̃1)

=
∑
λ1λ2

∑
λ′

1λ
′
2

1√
2
〈λ2|R†

M (k̃2) σμ RM (k̃1) (iσy)|λ1〉

〈λ1| × �̂i
(
x1

ξ̄

ξ1
, 0,k⊥

)
|λ′

1〉

× 〈λ2| (−1)1+μ′
√

2
〈λ′

1|(iσy)R†
M (k̃′

1) σ−μ′ RM (k̃′
2)|λ′

2〉

〈λ′
2| ×
[
�̂ j
(
x2

ξ̄

1 − ξ1
, 0,−k⊥

)]T |λ2〉 = (−1)1+μ′

2
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× Tr

{
R†

M (k̃2)σμRM (k̃1) (iσy)ˆ

× �i
(
x1

ξ̄

ξ1
, 0,k⊥

)
(iσy) R†

M (k̃′
1)σ−μ′RM (k̃′

2)

×
[
�̂ j
(
x2

ξ̄

1 − ξ1
, 0,−k⊥

)]T}
(96)

where the relation C1μ
1
2 h1,

1
2 h2

= 〈1/2 h1|σμ iσy |h21/2〉/√2

has been used, with (i) σμ = êμ · σ , (ii) ê0 = êz and (iii)
ê± = ∓(êx ± i êy)/

√
2. In Eq. (96), �i (x, 0,k⊥) is the

LC correlator introduced in Eq. (35). In terms of GPDs, if
one assumes k⊥ = (0, k⊥) without loss of generality (recall
the invariance in the transverse plane, since the LF rotation
around the z-axis is kinematical), the correlator can be written
as follows:

�i (x, 0,k⊥) = Hi (x, 0,−k2⊥) − i
k⊥
4M

σx Ei (x, 0,−k2⊥).

(97)

Substituting in Eq. (96), one gets

Sμμ′
i j (x1, x2,k⊥, k̃1) = (−1)μ

′ 1

2

× Tr

{
σμ RM (k̃1)

[
�̂i
(
x1

ξ̄

ξ1
, 0,k⊥

)]∗
R†

M (k̃′
1) σ−μ′

× RM (k̃′
2) �̂ j

(
x2

ξ̄

1 − ξ1
, 0,−k⊥

)
R†

M (k̃2)

}

= (−1)μ
′ 1

2
Tr

{
σμ RM (k̃1)

[
Hi

(
x1

ξ̄

ξ1
, 0,−k2⊥

)

+ i

4M
σx ky Ei

(
x1

ξ̄

ξ1
, 0,−k2⊥

)]
R†

M (k̃′
1) σ−μ′ RM (k̃′

2)

×
[
Hj

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)

+ i

4M
σx ky E j

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)]
R†

M (k̃2)

}

= Hi

(
x1

ξ̄

ξ1
, 0,−k2⊥

)
Hj

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)

Aμμ′(k̃1, k̃′
1, k̃2, k̃′

2)

+ i
ky

4M
Hi

(
x1

ξ̄

ξ1
, 0,−k2⊥

)

× E j

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)
Ã1

μμ′(k̃1, k̃′
1, k̃2, k̃′

2)

+ i
ky

4M
Ei

(
x1

ξ̄

ξ1
, 0,−k2⊥

)

× Hj

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)
Ã2

μμ′(k̃1, k̃′
1, k̃2, k̃′

2)

− k2
y

16M2 Ei

(
x1

ξ̄

ξ1
, 0,−k2⊥

)

× E j

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)
B̃μμ′(k̃1, k̃′

1, k̃2, k̃′
2) (98)

where

Aμμ′(k̃1, k̃′
1, k̃2, k̃′

2) = (−1)μ
′ 1

2

×Tr

{
σμ RM (k̃1) R†

M (k̃′
1) σ−μ′ RM (k̃′

2) R†
M (k̃2)

}

Ã1
μμ′(k̃1, k̃′

1, k̃2, k̃′
2) = (−1)μ

′ 1

2

×Tr

{
σμ RM (k̃1) R†

M (k̃′
1) σ−μ′ RM (k̃′

2) σx R†
M (k̃2)

}

Ã2
μμ′(k̃1, k̃′

1, k̃2, k̃′
2) = (−1)μ

′ 1

2

×Tr

{
σμ RM (k̃1) σx R†

M (k̃′
1) σ−μ′ RM (k̃′

2) R†
M (k̃2)

}

B̃μμ′(k̃1, k̃′
1, k̃2, k̃′

2) = (−1)μ
′ 1

2

×Tr

{
σμ RrM (k̃1) σx R†

M (k̃′
1) σ−μ′ RM (k̃′

2) σx R†
M (k̃2)

}
.

(99)

Explicit expression of the traces can be found in Appendix C.
Notice that when �̂ reduces to a multiple of the identity, e.g.
for k⊥ = k′

1⊥ − k1⊥ = 0, one has

RM (k̃n) �̂i R†
M (k̃′

n) → I. (100)

and hence Sμμ′
i j = δμ,μ′ Hi

(
x1

ξ̄
ξ1

, 0, 0
)
Hj

(
x2

ξ̄
1−ξ1

, 0, 0
)
.

Finally, the nuclear DPS2 reads

DA,2
i j (x1, x2, k⊥) =

∫
dξ1

ξ̄2

ξ1(1 − ξ1)
Hi

( ξ̄ x1

ξ1
, 0,−k2⊥

)

× Hj

( ξ̄ x2

1 − ξ1
, 0,−k2⊥

)
HH(ξ1,k⊥) (101)

+ i
ky

4M

∫
dξ1

ξ̄2

ξ1(1 − ξ1)
Hi

( ξ̄ x1

ξ1
, 0,−k2⊥

)

× E j

( ξ̄ x2

1 − ξ1
, 0,−k2⊥

)
HE(ξ1, k⊥) (102)

+ i
ky

4M

∫
dξ1

ξ̄2

ξ1(1 − ξ1)
Ei

( ξ̄ x1

ξ1
, 0,−k2⊥

)

× Hj

( ξ̄ x2

1 − ξ1
, 0,−k2⊥

)
EH(ξ1,k⊥) (103)

− k2
y

16M2

∫
dξ1

ξ̄2

ξ1(1 − ξ1)
Ei

( ξ̄ x1

ξ1
, 0,−k2⊥

)

× E j

( ξ̄ x2

1 − ξ1
, 0,−k2⊥

)
EE(ξ1, k⊥) (104)

where the following deuteron off-forward two body LC dis-
tributions have been introduced

HH(ξ1,k⊥) =
∫

dkin δ
[
kinz − k̄z(|kin⊥|, ξ1)

]

× Wμμ′
(ξ1,k⊥,kin)Aμμ′(k̃1, k̃′

1, k̃2, k̃′
2) ;

(105)
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HE(ξ1,k⊥) =
∫

dkin δ
[
kinz − k̄z(|kin⊥|, ξ1)

]

× Wμμ′
(ξ1,k⊥,kin) Ã1

μμ′(k̃1, k̃′
1, k̃2, k̃′

2) ;
(106)

EH(ξ1,k⊥) =
∫

dkin δ
[
kinz − k̄z(|kin⊥|, ξ1)

]

× Wμμ′
(ξ1,k⊥,kin) Ã2

μμ′(k̃1, k̃′
1, k̃2, k̃′

2) ;
(107)

EE(ξ1,k⊥) =
∫

dkin δ
[
kinz − k̄z(|kin⊥|, ξ1)

]

× Wμμ′
(ξ1,k⊥,kin)B̃μμ′(k̃1, k̃′

1, k̃2, k̃′
2).

(108)

The numerical evaluation of the above distributions will be
now discussed.

In Fig. 1 the off-forward LCMD, HH(ξ,k⊥) (left panel)
and −i H E(ξ,k⊥)k⊥/(4M) = i EH(ξ,k⊥)k⊥/(4M) (right
panel), defined through Eqs. (105) and (106), respectively, are
shown to highlight the full k⊥ structure of the distributions.

As expected, the no spin-flip contribution HH is the domi-
nant one. Both distributions exhibit their maximum absolute
value for ξ ∼ 0.5, since the deuteron is a two-body sys-
tem, ξ is the nucleon fraction of longitudinal momentum and
the unpolarized LCMD is considered. The HH distribution
exhibits a maximum at k⊥ = 0 (similar to the conventional
charge form-factor).

In Fig. 2 the same quantities of Fig. 1 have been displayed
within the NR framework, see the Appendix D for details. In
this case, the main differences, w.r.t. the previous Poincaré
covariant approach, are found for the HE distribution where
no spin-flip and spin-flip GPDs interfere. In fact, the HE dis-
tribution now is almost zero for ξ = 0.5 and antisymmetric
in the ξ dependence. This peculiar effect is mainly due to the
interference between S and D waves.

In order to compare in details the HH and HE distri-
butions, these quantities are evaluated in different kinematic
regions. In particular in the left panel of Fig. 3 the HH and
HE distributions calculated for ξ = 0.5 are shown as func-
tions of k⊥. As expected, at small momenta the no spin-
flip distribution dominates. However, at higher momenta,
although both quantities become relatively small, the HE
contribution gains significance and becomes relevant to the
overall behavior (this emphasizes the role of the spin-physics
at large momenta). In the right panel of Fig. 3 we consider
the overall k⊥ contribution of the nuclear DPS2 to the cross-
section in order to properly establish to which extent spin-flip
contributions could be relevant for future observables.

In particular we compare k⊥HH(0.5, k⊥) and−ik2⊥/(4M)

HE(0.5, k⊥). The extra k⊥ factors w.r.t. those in Eqs. (101)
and (102) is due to the k⊥ integration appearing in the cross-
section formula

σDPS ∝
∫

d2k⊥ DA1
i j (x1, x2,k⊥)DA2

i j (x1, x2,−k⊥),

(109)

where A1 and A2 indicate the kind of hadrons or nuclei
considered in the collisions. As demonstrated by our anal-
ysis, in these kinematic conditions, the spin-flip effects are
almost negligible for the eventual cross-section when k⊥ <

1500 MeV. It should be emphasized that from a nuclear
physics perspective, this represents a first realistic predic-
tion.

In Fig. 4 the case ξ = 0.4 is considered in order to have
suitable reference values for the following comparison with
the NR approach, that cannot be carried out at ξ = 0.5 (recall
that the NR HE is vanishing there, as shown in the right
panel of Fig. 2). Remarkably, sizeable differences are found
between HH and HE distributions, for k⊥ < 1500 MeV.
Also notice an order of magnitude decrease w.r.t. to the values
shown in Fig. 3.

For the sake of a detailed comparison of the results
obtained within the Poincaré covariant approach with those
corresponding to the NR case, the same quantities of Fig. 4
but in the NR approach, are shown in Fig. 5. While for the
Poincaré-covariant calculation at ξ = 0.4, the role of the
HE distribution is more relevant than the HH one and can-
not be neglected for k⊥ > 500 MeV (filling also the dips of
k⊥ HH as shown in the right panel that illustrate the relative
weights in the cross-section), in the NR case HE is globally
smaller than HH, as seen in left panel in Fig. 5, and does
not affect the dips, when the cross section contributions are
considered. These results are confirmed by properly com-
paring both the HH and HE distributions evaluated within
the Poincaré-covariant LF approach with its NR counterpart,
as shown in Fig. 6. In the HH case the two calculations
are almost indistinguishable for k⊥ < 400 MeV while in
the high k⊥ region, relativistic effects appear. Such a result
is expected from Eq. (100), where for k⊥ ∼ 0 the product
of the Melosh rotations reduce to the identity. On the con-
trary, in the HE case, the product of the Melosh rotations
is different from the identity also for k⊥ ∼ 0 due to the
spin flip. Therefore, relativistic effects are found also for low
values of k⊥. In conclusion, this approach allows to explore
the nuanced differences between distributions that can sig-
nificantly impact observables. Notably, while HE(ξ,k⊥) is
suppressed at small k⊥, HH(ξ,k⊥) and HE(ξ,k⊥) distri-
butions exhibit diffractive minima at distinct positions. Con-
sequently, at higher k⊥ values, spin-flip effects may become
non-negligible.

Summarizing, the quantities HH(ξ,k⊥), HE(ξ,k⊥) and
EE(ξ,k⊥) represent the nuclear input needed for the calcu-
lations of the nuclear DPDs, but only the first LCMD has
been used in the calculation shown in the next section.
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Fig. 1 The off-forward LCMDs, HH(ξ,k⊥) (left panel) and −i H E(ξ,k⊥)k⊥/(4M) = i EH(ξ,k⊥)k⊥/(4M) (right panel), defined in Eq. (105)
and (106), respectively

Fig. 2 The same of Fig. 1 in the NR framework

Fig. 3 LCMDs appearing in Eqs. (105) and (106), as functions k⊥ and evaluated for ξ = 0.5. Left panel: full line for |HH(ξ, k⊥)| and dashed
line for | − i H E(ξ, k⊥)|. Right panel: full line for |k⊥HH(ξ, k⊥)| and dashed line for | − ik2⊥/(4M)HE(ξ, k⊥)|
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Fig. 4 The same as in Fig. 3, but for ξ = 0.4 (see text for the choice of such a ξ value)

Fig. 5 The same as in Fig. 4, but in the NR case

Fig. 6 Left panel: comparison between the calculations of |HH(ξ = 0.5, k⊥)| within the LF Poincaré covariant approach Eq. (105) (full line) and
the NR counterpart (dashed line). Right panel: the same as the left panel but for |HE(ξ = 0.4, k⊥)|, see Eq. (106)
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5 Calculation of the DPDs

In this section, the results of the calculations of deuteron
DPDs corresponding to both DPS1 and DPS2 mechanisms
are presented for k⊥ = 0 in order to evaluate the distribu-
tions useful to test the nuclear GS sum rules. Moreover, the
DPDs and GPDs are dominated by the low k⊥ region. In this
case, for the DPS2, only the spin conservation contribution is
retained in the LC nucleon correlator, see Eq. (48), being the
dominant term. To proceed with these evaluations, one needs
to adopt (i) a nucleon DPD, for the DPS1 contribution, and (ii)
nucleon PDFs, entering the DPS2 mechanism for k⊥ = 0.Let
us recall that GPDs in the forward limit, i.e. k⊥ = 0, yield the
usual PDF. In the present analysis, two scenarios have been
considered. In the first one, the Harmonic Oscillator (HO)
model [29,72] was employed to evaluate the nucleon DPDs
in Eq. (33) and the nucleon PDFs entering the nuclear DPD,
for the DPS2 mechanism, at k⊥ = 0 in Eq. (48). This model
is very useful to test the nuclear GS sum rules. In fact, in
this case both nucleon DPDs and PDFs analytically fulfil the
corresponding integral properties. All distributions evaluated
within this model have been computed at the low hadronic
scale. This approach is advantageous for revealing double
parton correlations, which are typically suppressed follow-
ing the perturbative QCD evolution procedure. In addition,
we also consider a phenomenological approach based on the
approximation of the nucleon DPDs as the product of PDFs.
This kind of ansatz has been largely used to make predic-
tions, see e.g. Refs. [4,73]. In particular, the Goloskov–Kroll
model (GK) [74,75], already adopted to evaluate the 3He and
4He GPDs in, e.g., Ref. [76], has been considered in order
to parametrize the nucleon PDFs at, e.g., Q2 = 4 GeV2 (the
evolution is included). For completeness, we mention that
the PDFs in the GK model were obtained by fitting the data
sets of Refs. [77–81]. In particular, the authors focused on the
low and high x regions. We consider this approach, instead
of other possible PDF parametrizations, in view of future
analyses where nucleon GPDs will be required.

We build the nucleon DPDs as in Ref. [73] with the cor-
rect support and with a softer behaviour for x1 + x2 → 1
compared to the standard factorization ansatz, i.e.

Dτ
i j (x1, x2,k⊥) = λτ

i j

4

[
1

1 − x2

[
dτ
i

(
x1

1 − x2

)
dτ
j (x2)

+ dτ
j

(
x1

1 − x2

)
dτ
i (x2)

]
+ 1

1 − x1

[
dτ
j (x1)d

τ
i

(
x2

1 − x1

)

+ dτ
i (x1)d

τ
j

(
x2

1 − x1

)]]
θ(1 − x1 − x2)g(k⊥), (110)

where g(k⊥) is an effective form factor [28] and λτ
i j = 1,

except for λ
p
dvdv

= λnuvuv
= 0. Recall that in this first anal-

ysis, as an example, we consider the case of k⊥ = 0. The

theta function in the above equation is included by hand in
order to preserve the support conditions for which the dis-
tribution is zero for x1 + x1 > 1. Let us remark that the
normalization of the DPDs leads to g(0) = 1 [28], and that
within this approach, commonly used for phenomenological
and experimental analyses of DPS at the LHC, double par-
ton correlation are neglected. A relevant difference between
the two mechanisms, independently of the model which is
used, is that for the DPS1 distribution one has the constraint
x1/ξ + x2/ξ ≤ MA/M (see Eq. (28)) and, since the nuclear
LCMD resembles a δ function, δ(ξ −M/MA), this constraint
becomes x1 + x2 ≤ 1, obviously only approximately.

In Fig. 7 the nuclear DPDs, weighted by x1x2, for the ud
flavors and corresponding to both the DPS1 (left panel) and
DPS2 (right panel) mechanisms are shown for the GK model.
As one can see, the absence of double parton correlations
in the nucleon DPDs (cf. Eq. (110)) leads to distributions
that similarly populate the phase space. In fact, at k⊥ = 0
both DPS1 and DPS2 distributions depend on the product
of nucleon PDFs (recall that the product of nucleon GPDs
reduces to the product of PDFs, for k⊥ = 0). The effect
of the constraint x1 + x2 ≤ 1 is clearly visible for DPS1.
Interestingly, one notice that the DPS2 contribution is the
dominant one.

In Fig. 8 the same quantities shown in Fig. 7 have been
plotted for the HO model. In this case, nucleon DPDs are
remarkably not factorized in terms of PDFs, since double
parton correlations are included at the low energy scale of
the model, where there is the valence-quark dominance. One
should notice that PDFs and DPDs evaluated within this
model have the corresponding maxima in the valence region.
In particular, the PDF maximum is located at x ∼ 0.145
(see Ref. [72] for details), therefore also the double distri-
bution related to the DPS2 mechanism is peaked at x1 ∼
x2 ∼ 0.145. Instead, due to double parton correlations, the
DPD for the DPS1 contribution has maximum values for
x1 ∼ x2 ∼ 0.32. One should notice that in these figures,
these values are shifted to higher xi since we display the
DPD multiplied by x1x2. In addition, the following features
are addressed: (i) support effects are evident in particular in
the DPS1 case where, due to the peaked nucleon LCMDs,
the relative DPD goes to zero as in the free nucleon case,
i.e. x1 + x2 ≤ 1; (ii) since the GK model provides nucleon
PDFs at high energy scale, the corresponding nuclear PDFs
and DPDs are dominated by the lower xi region w.r.t. the HO
calculations, at the hadronic scale, and therefore boundary
effects are less evident and (iii) due to all these features the
two models populate the phase space quite differently.

Finally, one can study in detail the magnitude of nuclear
effects induced by the nuclear potential through the com-
parison of the computed nuclear DPSs with the free ones
(i.e when no interactions between nucleons are assumed),
defined by
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Fig. 7 Deuteron DPDs, weighted by x1x2, evaluated for i = u and
j = d within the GK model. Left Panel: DPS1 mechanism. The corre-
sponding distribution have been calculated through Eq. (33) for k⊥ = 0.

Right Panel: the same as in the left panel, but for the DPS2 mechanism,
calculated through Eq. (48) for k⊥ = 0

Fig. 8 The same as in Fig. 7, but for the HO model (see text for the discussion)

Fig. 9 EMC-like ratios for the deuteron. Dashed lines: DPS1 contributions, i.e. n = 1 in Eq. (112). Dot-dashed lines: DPS2 contributions, i.e
n = 2 in Eq. (112). Here we considered the u and d flavors and the HO model. Left panel: x1 = 0.3. Right panel: x1 = 0.5
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Fig. 10 The EMC-like ratio Eq. (113) for the deuteron and the u quark,
evaluated within the HO model.

D f ree,1
i j (x1, x2, 0⊥) = ZDp

i j (x1, x2, 0⊥)

+ (A − Z)Dn
i j (x1, x2, 0⊥)

D f ree,2
i j (x1, x2, 0⊥) = Z(Z − 1)d p

i (x1)d
p
j (x2) + Z(A − Z)

× [d p
i (x1)d

n
j (x2) + dni (x1)d

p
j (x2)

]
+ (A − Z)(A − Z − 1)dni (x1)d

n
j (x2).

(111)

In particular, one can build an EMC-like ratio for each
contribution, as well for the sum of the two contributions as

RA,n
i j (x1, x2) = DA,n

i j (x1, x2, 0⊥)

D f ree,n
i j (x1, x2, 0⊥)

n = 1, 2 (112)

In Fig. 9 the ratios R2,1
ud and R2,2

ud , computed for the
deuteron with the HO model, are shown for x1 = 0.3 and
x1 = 0.5 as a function of x2. All ratios display the typical
behaviour of the nuclear EMC-like effect, usually defined for
structure functions [82]. In perspective, in order to qualita-
tively establish to what extent DPS processes could provide
useful insights on the short-range correlations origin of the
EMC effect, we also evaluate the ratio involving free and
nuclear PDFs, by using the same model as in Fig. 9. In par-
ticular, Fig. 10 shows the following ratio for the u quark:

R̄ A
i (x) = d A

i (x)

d p
i (x) + dni (x)

. (113)

By comparing Figs. 9 and 10, it becomes evident that
the ratio R2,2

ud , corresponding to the DPS2 mechanism and
defined in Eq. (112) (dot-dashed lines), which depends on
the product of PDFs, follows the same pattern as the ratio in
Eq. (113), related to the conventional deuteron EMC effect
[82] (modulo the actual position of the dip, that interest-
ingly depends upon the value of x1). In contrast, R2,1 (cf.

Eq. (112)) exhibits a markedly different behavior. Since the
2H LCMD is peaked around ξ ∼ ξ̄ , the nucleon DPDs enter-
ing Eq. (33) vanish for x1 + x2 ∼ 1. Consequently, Fermi
motion effects manifest at smaller values of x2 compared to
those observed in the DPS2 contribution. More significantly,
the depletion of this ratio, which manifests at x2 ∼ 1−x1, is
more pronounced than the one obtained from either the DPS2
contribution or the conventional EMC effect. The principal
conclusion of this analysis is that the DPS1 contribution,
which involves DPDs, exhibits greater sensitivity to nuclear
effects than single parton scattering processes such as DIS.
Therefore, future experimental investigations of the DPS1
mechanism could provide novel fundamental insights into the
short-range correlations and the origin of the EMC effect. In
Ref. [83], a preliminary exploratory study of a double EMC
effect (related to DPS1) for light nuclei is presented.

5.1 Evaluation of the nuclear GS sum rules for the deuteron

The numerical results for the GS nuclear sum rules, i.e. the
number sum rule, Eq. (54), and the momentum one, Eq. (59),
are discussed in what follows for the deuteron case. Impor-
tantly, the evaluation of these integral properties requires the
nucleon DPDs within a suitable model. In fact, the factoriza-
tion ansatz, such as the one in Eq. (110), fails to satisfy all the
nucleon GS sum rules. Therefore, to test Eqs. (54) and (59),
the Harmonic Oscillator model [29,72] was employed for
the nucleon DPDs. In this case, since the nucleon DPDs are
evaluated from the corresponding wf, the probabilistic inter-
pretation of DPDs is preserved and the relative sum rules are
directly fulfilled.

In Fig. 11 , the NSR, rhs of Eq. (54), (full-line in the left
panel) and the MSR, rhs of Eq. (59), (full-line in the right
panel) are shown for the uu combination. These results are
compared with the contributions of the PSR corresponding
to (i) the DPS1 mechanism, shown by dotted lines and (ii) the
DPS2 mechanism, dashed lines. In the left panel, the DSP1
contribution to NSR is evaluated by the lhs of Eq. (64) and
the DPS2 by the lhs of Eq. (72), respectively. In the right
panel, the DSP1 contribution to MSR is obtained from the
lhs of Eq. (67), and the DPS2 from Eq. (83), respectively.
Notably, the sum of the two contributions, dash-dotted lines,
are hardly distinguishable from the exact result, given by the
full lines. One should notice that the DPS1 contribution to
the NSR is almost half that of the DPS2. However, in the
MSR case the two contributions are comparable.

6 Conclusions

This investigation introduces a novel approach to describe the
reaction mechanism of double parton scattering off nuclear
targets. By retaining only nucleonic degrees of freedom,
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Fig. 11 Left Panel: NSR for the deuteron with iv = jv = uv. The
full line is the rhs of Eq. (54). The dotted line is the NSR for the DPS1
mechanism, calculated through the lhs of Eq. (64). The dashed line is the
NSR for the DPS2 mechanism, calculated through the lhs of Eq. (72).
The dash-dotted line is the lhs of Eq. (54). Right Panel: MSR for the

deuteron with iv = jv = uv. The full line is the rhs of Eq. (59). The
dotted line is the MSR for the DPS1 mechanism, calculated through the
lhs of Eq. (67). The dashed line is the MSR for the DPS2 mechanism,
calculated through the lhs of Eq. (83). The dash-dotted line is the lhs of
Eq. (59)

we formally demonstrate, within an impulse approximation
framework, that the nuclear double parton distribution can
be decomposed into two distinct contributions: (i) the DPS1
mechanism, where the two active partons belong to the same
nucleon, and (ii) the DPS2 mechanism where the two par-
tons belong to different nucleons. In the DPS1 case, the
nuclear distribution results from the convolution of the light-
cone momentum distribution with the free nucleon double-
parton distribution, while in the DPS2 contribution, one has
the convolution between an off-forward momentum nuclear
distribution with two free nucleon light-cone correlators,
parametrized through GPDs. Notably, this analysis highlights
the possible roles of both GPDs H and E in evaluating the
nuclear DPD at leading twist. Since the total double-parton
scattering cross-section encompasses both DPS1 and DPS2
contributions, it is fundamental to quantitatively assess their
relative weight. To this aim, we consider the integral prop-
erties of DPDs by introducing for the first time partial sum
rules for nuclear DPDs. This approach has been developed
by generalizing the Gaunt–Stirling sum rules to the nuclear
context.

To rigorously validate our theoretical framework, we
also defined and analysed the properties of the two-body
light-front nuclear density necessary for fully evaluating
the nuclear DPDs. In particular, our investigation presents
the first detailed calculations of the deuteron double-parton
distributions for both DPS1 and DPS2 mechanisms using
a robust, phenomenologically grounded approach. Specif-
ically, we adopted a nuclear wave functions derived from
a realistic nucleon-nucleon phenomenological potential and
embedded in a rigorous Poincaré covariant formalism. We
then calculated the off-forward light-cone momentum distri-
butions corresponding to spin-conserving and single spin-flip
processes. In particular, we showed that for the deuteron the

first contribution is the dominant one. To complete the anal-
ysis, the nuclear sum rules have been successfully tested and
we found that the DPS1 contribution to the NSR is almost half
the DPS2 one, while the two contributions to the MSR are
comparable. Finally, the nuclear DPDs, evaluated at k⊥ = 0
and corresponding to both mechanisms, have been compared
in a complete realistic framework. EMC-like ratios involv-
ing nuclear and free DPDs were introduced to address the
potential role of DPS in understanding this effect.

In conclusion, it should be emphasized that the current
analysis provides a foundational methodology for future
nuclear double-parton scattering studies, and enables more
precise accounting of nuclear effects in theoretical calcula-
tions of DPDs.
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Appendix A: One-body LC momentum number density

Here we introduce the baryon number and momentum sum
rules for the nuclear one-body LC momentum number den-
sity. Let us recall that, from Eq. (29)

ρ̄τ (ξ1) = Aρτ (ξ1) = A
∑
τ2

∫ 1−ξ1

0
dξ2

∫
d2k1,⊥

×
∫

d2k2,⊥|ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ, τ2)|2 (114)

From the normalization of the LCMD Eq. (30), the baryon
number sum rule reads as follows

∑
τ

∫
dξ ρ̄τ (ξ) = A (115)

therefore

∫
dξ ρ̄τ (ξ) = Nτ , (116)

being Nτ the number of nucleons with isospin τ, i.e.
∫ 1

0
dξ1 ρ̄p(ξ1) = Z , and

∫ 1

0
dξ1 ρ̄n(ξ1) = (A − Z).

(117)

In addition, the momentum sum rule reads

〈ξ 〉p + 〈ξ 〉n =
∑
τ

∫
dξ ξ ρ̄A

τ (ξ) = 1, (118)

where

〈ξ 〉τ =
∫

dξ ξ ρ̄A
τ (ξ). (119)

Appendix B: Two-body LC momentum number density

In this Appendix, the number and momentum sum rules for
the two-body LC momentum number density are introduced.

Let us recall the definition of ρ̄A
τ1τ2

(ξ1, ξ2) given in Eq. (69)

ρ̄A
τ1τ2

(ξ1, ξ2) ≡ ρ̄A
τ1τ2

(ξ1, ξ2, 0) = A(A − 1)

×
∫

d2k1,⊥
∫

d2k2,⊥|ψ(ξ1, ξ2,k1,⊥,k2,⊥, τ1, τ2)|2.
(120)

Thanks to the normalization of the nuclear wave-function,
Eq. (21), one gets

∑
τ,τ2

∫ 1

0
dξ1

∫ 1−ξ1

0
dξ2 ρ̄A

ττ2
(ξ1, ξ2) = A(A − 1). (121)

By comparing Eqs. (29) and (49), one obtains the usual rela-
tion between many-body densities, i.e.:

ρτ (ξ) =
∑
τ2

∫
dξ2 ρττ2(ξ1, ξ2), (122)

where we remember that ρττ2(ξ1, ξ2) = ρττ2(ξ1, ξ2,k⊥ =
0). The above condition can be easily generalized to LC
momentum number density, by using Eq. (115) one gets

∑
τ2

∫
dξ2 ρ̄ττ2(ξ1, ξ2) = (A − 1)ρ̄τ (ξ1). (123)

One can show that the GS sum rules [4] applied to the two-
body LC momentum number density fulfills the following
constraints

∫ 1−ξ1

0
dξ2ρ̄τ1τ2(ξ1, ξ2) =

{
Nτ2 ρ̄τ1(ξ1) for τ1 �= τ2(
Nτ2 − 1

)
ρ̄τ1(ξ1) for τ2 = τ1

.

(124)

The above expressions can rewritten as follows

∫ 1−ξ1

0
dξ2ρ̄τ1τ2(ξ1, ξ2) = (Nτ2 − δτ2τ1) ρ̄τ1(ξ1), (125)

hence,

∑
τ2

∫ 1−ξ1

0
dξ2 ρ̄A

ττ2
(ξ1, ξ2)

=
∑
τ2

(Nτ2 − δτ2τ1) ρ̄τ1(ξ1) = (A − 1)ρ̄τ1(ξ1). (126)

Therefore, for a generic A nucleus the partial sum rules
Eq. (125) lead to

∫
dξ2 ρ̄A

pp(ξ1, ξ2) = (Z − 1)ρ̄A
p (ξ1) (127)

∫
dξ2 ρ̄A

pn(ξ1, ξ2) = (A − Z)ρ̄A
p (ξ1) (128)

∫
dξ2 ρ̄A

np(ξ1, ξ2) = Z ρ̄A
n (ξ1) (129)

∫
dξ2 ρ̄A

nn(ξ1, ξ2) = (A − Z − 1)ρ̄A
n (ξ1). (130)
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Moreover, from the integral property shown in Eq. (126) one
can obtain

∫
dξ1dξ2 ρ̄A

pp(ξ1, ξ2) = Z(Z − 1) (131)
∫

dξ1dξ2 ρ̄A
pn(ξ1, ξ2) = Z(A − Z) (132)

∫
dξ1dξ2 ρ̄A

np(ξ1, ξ2) = Z(A − Z) (133)
∫

dξ1dξ2 ρ̄A
nn(ξ1, ξ2) = (A − Z)(A − Z − 1). (134)

Thanks to the analogy in the interpretation of the two-body
LC momentum number density and DPDs, one can also intro-
duce the following momentum sum-rule by following the GS
definition [4], viz.

∑
τ2

∫
dξ2 ξ2ρ̄

A
τ1τ2

(ξ1, ξ2) = (1 − ξ1)ρ̄
A
τ1

(ξ1). (135)

The validity of this relation can be easily checked. In fact,
let us consider the integral

I =
∑
τ1

∫
dξ1

∑
τ2

∫
dξ2 ξ2ρ̄

A
τ1τ2

(ξ1, ξ2), (136)

then, by using Eqs. (135), one gets

I =
∑
τ1

∫
dξ1 (1 − ξ1)ρ̄

A
τ1

(ξ1) =
∑
τ1

∫
dξ1 ρ̄A

τ1
(ξ1)

−
∑
τ1

∫
dξ1 ξ1ρ̄

A
τ1

(ξ1) = A − 1, (137)

where use has been made of Eqs. (115) and (118). However,
such a result can be re-obtained by using only the momen-
tum sum-rule related to the one-body LC momentum number
density, i.e.

I =
∫

dξ2 ξ2

∫
dξ1 ρ̄A

pp(ξ1, ξ2)

︸ ︷︷ ︸
Ipp

+
∫

dξ2 ξ2

∫
dξ1 ρ̄A

pn(ξ1, ξ2)

︸ ︷︷ ︸
Ipn

+
∫

dξ2 ξ2

∫
dξ1 ρ̄A

np(ξ1, ξ2)

︸ ︷︷ ︸
Inp

+
∫

dξ2 ξ2

∫
dξ1 ρ̄A

nn(ξ1, ξ2)

︸ ︷︷ ︸
Inn

. (138)

From Eqs. (127)–(130), one writes

Ipp = (Z − 1)ρ̄A
p (ξ2)

Ipn = Z ρ̄A
n (ξ2)

Inp = (A − Z)ρ̄A
p (ξ2)

Inn = (A − Z − 1)ρ̄A
n (ξ2), (139)

and therefore one has

I = (Z − 1)〈ξ 〉p + (A − Z)〈ξ 〉p + (A − Z − 1)〈ξ 〉n
+ Z〈ξ 〉n, (140)

where 〈ξ 〉τ has been defined in Eq. (119). By using the
momentum conservation written in Eq. (118),

〈ξ 〉p + 〈ξ 〉n =
∑
τ

∫
dξ ξ ρ̄A

τ (ξ) = 1, (141)

one eventually re-obtains

I = A − 1. (142)

Appendix C: Evaluating the traces in Sμμ′
i j

In this Appendix, the evaluation of the four traces present in
Eq. (98) is discussed in detail. Notice that in what follows
the LF momentum is indicated by p̃ and amounts to p̃ ≡
{p+, px , py} with, importantly, p+ = E(|p|) + pz .

In the LF deuteron wave function, one has to deal
with the following combination of Melosh rotations:∑

h1,h2
D

1
2 [R†

M (k̃1)]λ1h1 D
1
2 [R†

M (k̃2)]λ2h2 C1μ
1
2 h1,

1
2 h2

. It can

be recast in a new expression by using the relationC1μ
1
2 h1,

1
2 h2

=
〈1/2 h1|σμ iσy |1/2 h2〉/

√
2, with i) σμ = êμ ·σ , ii) ê0 = êz

and iii) ê± = ∓(êx ± i êy)/
√

2. One gets:
∑
h1,h2

D
1
2 [R†

M (k̃1)]λ1h1 D
1
2 [R†

M (k̃2)]λ2h2 C
1μ
1
2 h1,

1
2 h2

= 1√
2

∑
h1,h2

〈λ2|R†
M (k̃2)|h2〉〈h2|σμ(iσy)|h1〉

〈h1|R∗
M (k̃1)|λ1〉

= 1√
2
〈λ2|R†

M (k̃2) σμ(iσy) R∗
M (k̃1)|λ1〉

= 1√
2
〈λ2|M + k+

2 + iσ · (êz × k2⊥)√
(M + k+

2 )2 + k2
2⊥

σμ(iσy)

× M + k+
1 + iσ ∗ · (êz × k1⊥)√
(M + k+

1 )2 + k2
1⊥

|λ1〉
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= 1√
2
〈λ2|M + k+

2 + iσ · (êz × k2⊥)√
(M + k+

2 )2 + k2
2⊥

σμ

× M + k+
1 − iσ · (êz × k1⊥)√

(M + k+
1 )2 + k2

1⊥
(iσy)|λ1〉

= 1√
2
〈λ2|R†

M (k̃2) σμ RM (k̃1) (iσy)|λ1〉, (143)

where (iσy)σ
T
k (iσy) = σk has been also used. For the con-

jugated wf one has
∑
h′

1,h
′
2

D
1
2 [RM (k̃′

1)]h′
1λ

′
1
D

1
2 [RM (k̃′

2)]h′
2λ

′
2
C1μ′

1
2 h

′
1,

1
2 h

′
2

=
∑
h′

1,h
′
2

D
1
2 [RT

M (k̃′
1)]λ′

1h
′
1
C1μ′

1
2 h

′
1,

1
2 h

′
2
D

1
2 [RM (k̃′

2)]h′
2λ

′
2

= 1√
2

∑
h′

1,h
′
2

〈λ′
1|RT M(k̃′

1)|h′
1〉〈h′

1|σμ′(iσy)|h′
2〉

〈h′
2|RM (k̃′

2)|λ′
2〉

= −(−1)μ
′ 1√

2
〈λ′

1|RT
M (k̃′

1) (iσy) σ−μ′ RM (k̃′
2)|λ′

2〉

= −(−1)μ
′ 1√

2
〈λ′

1|(iσy) R†
M (k̃′

1) σ−μ′ RM (k̃′
2)|λ′

2〉,
(144)

where in the last line one has σμ′σy = −(−1)μ
′
σyσ−μ′ .

Recall that RT
M �= R∗

M , since the Melosh rotations are uni-
tary but not Hermitian.

The relevant quantity to be evaluated is

Sμμ′
i j =

∑
λ1λ2

∑
λ′

1λ
′
2

1√
2
〈λ2|R†

M (k̃2) σμ RM (k̃1) (iσy)|λ1〉

× 〈λ1|�̂i (x1, 0,k⊥)|λ′
1〉

× (−1)1+μ′
√

2
〈λ′

1|(iσy)R†
M (k̃′

1) σ−μ′ RM (k̃′
2)|λ′

2〉

×〈λ′
2|
[
�̂ j (x2, 0,−k⊥)

]T |λ2〉

= − (−1)μ
′ 1

2

× Tr

{
R†

M (k̃2) σμ RM (k̃1) (iσy) �̂i (x1, 0,k⊥)

× (iσy) R†
M (k̃′

1) σ−μ′ RM (k̃′
2)
[
�̂ j (x2, 0,−k⊥)

]T}
.

(145)

The LC correlator is defined as follows (recall that σ+ j =
iγ +γ j and only the large component of the nucleon spinor
is acting)

�̂i (x, 0,k⊥) = Hi (x, 0,−k2⊥)

− i

4M
(êz · σ × k⊥)Ei (x, 0,−k2⊥), (146)

with k⊥ = k′
1⊥−k1⊥ = −(k′

2⊥−k2⊥). Moreover, by taking
k⊥ ≡ {0, ky}, without loss of generality, one has

�̂i (x, 0,±k⊥) = Hi (x, 0,−k2⊥)

∓ i

4M
σxky Ei (x, 0,−k2⊥)

=
[
�̂i (x, 0,±k⊥)

]T
(147)

(iσy) �̂i (x, 0,±k⊥) (iσy)

= −
[
Hi (x, 0,−k2⊥) ± i

4M
σx ky Ei (x, 0,−k2⊥)

]

= −
[
�̂i (x, 0,±k⊥)

]∗
. (148)

Therefore

Sμμ′
i j = (−1)μ

′ 1

2

× Tr

{
σμ RM (k̃1)

[
�̂i (x1, 0,k⊥)

]∗

× R†
M (k̃′

1) σ−μ′ RM (k̃′
2) �̂ j (x2, 0,−k⊥) R†

M (k̃2)

}

= (−1)μ
′ 1

2
Tr

{
σμ RM (k̃1)

×
[
Hi (x1, 0,−k2⊥) + i

4M
σx ky Ei (x1, 0,−k2⊥)

]

× R†
M (k̃′

1) σ−μ′ RM (k̃′
2)

×
[
Hj (x2, 0, −k⊥) + i

4M
σx ky E j (x2, 0,−k⊥)

]
R†

M (k̃2)

}

= Hi (x1, 0,−k2⊥)Hj (x2, 0,−k2⊥)
(−1)μ

′

2

×Tr

{
σμ RM (k̃1) R†

M (k̃′
1) σ−μ′ RM (k̃′

2) R†
M (k̃2)

}

+i
ky

4M
Hi (x1, 0,−k2⊥) E j (x2, 0,−k2⊥)

(−1)μ
′

2

×Tr

{
σμ RM (k̃1) R†

M (k̃′
1) σ−μ′ RM (k̃′

2) σx R†
M (k̃2)

}

+i
ky

4M
Ei (x1, 0,−k2⊥)Hj (x2, 0,−k2⊥)

(−1)μ
′

2

×Tr

{
σμ RM (k̃1) σx R†

M (k̃′
1) σ−μ′ RM (k̃′

2) R†
M (k̃2)

}

− k2
y

16M2 Ei (x1, 0,−k2⊥) E j (x2, 0,−k2⊥)
(−1)μ

′

2

× Tr

{
σμ RM (k̃1) σx R†

M (k̃′
1) σ−μ′ RM (k̃′

2) σx R†
M (k̃2)

}
.

(149)

When �̂ reduces to a multiple of the identity, e.g. for k⊥ =
k′

1⊥ − k1⊥ = 0, one gets

RM (k̃n) �̂i R†
M (k̃′

n) → I, (150)
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and the trace becomes δμ,μ′ . In fact, one should recall that
(cf Varshalovich et al p. 48)

σμ = êμ · σ ,

leading to

(−1)μ
′ 1

2
Tr{σμ σ−μ′ } = (−1)μ

′[
êμ

]
i

[
ê−μ′
]
j

× 1

2
Tr{σi σ j } = êμ · êμ′ = δμ,μ′ . (151)

C.1 Simplifying Sμμ′
i j

First, let us considering the following products involving
Melosh rotations, recalling k+

n = E(|kn|) + knz,

RM (k̃′
n) R†

M (k̃n)

=
[
k′+
n + M − iσ · (êz × k′

n⊥)
] [

k+
n + M + iσ · (êz × kn⊥)

]
√

|kn⊥|2 + (k+
n + M)2

√
|k′

n⊥|2 + (k′+
n + M)2

= A1(k̃′
n, k̃n) + iσ · B1(k̃′

n, k̃n)√
|kn⊥|2 + (k+

n + M)2
√

|k′
n⊥|2 + (k′+

n + M)2
, (152)

and

RM (k̃′
n) σx R†

M (k̃n)

=
[
k′+
n + M − iσ · (êz × k′

n⊥)
]

σx

[
k+
n + M + iσ · (êz × kn⊥)

]
√

|kn⊥|2 + (k+
n + M)2

√
|k′

n⊥|2 + (k′+
n + M)2

= i
A2(k̃′

n, k̃n) + iσ · B2(k̃′
n, k̃n)√

|kn⊥|2 + (k+
n + M)2

√
|k′

n⊥|2 + (k′+
n + M)2

. (153)

In the above equations, one has

A1(k̃′
n, k̃n) = (k′+

n + M) (k+
n + M) + k′

n⊥ · kn⊥ (154)

B1(k̃′
n, k̃n) = −êx [(k′+

n + M)kny − (k+
n + M)k′

ny]
+êy[(k′+

n + M)knx

− (k+
n + M)k′

nx ] + êz(k
′
nxkny − knxk

′
ny), (155)

and

A2(k̃′
n, k̃n) = (k+

n + M)k′
ny − (k′+

n + M)kny

B2(k̃′
n, k̃n) = −êx [(k′+

n + M)(k+
n + M) + k′

nykny

− k′
nxknx ] + êy(k

′
nyknx + k′

nxkny)

+ êz[(k′+
n + M)knx + (k+

n + M)k′
nx ]. (156)

For the two-nucleon case, notice that for k⊥ = 0, i.e. k′
1⊥ =

k1⊥, one has k1z = M0(ξ1 − 1/2) = k′
1z and gets

A1(k̃1, k̃1) = (k+
1 + M)2 + |k1⊥|2, B1(k̃1, k̃1) = 0

A2(k̃1, k̃1) = 0,

B2(k̃1, k̃1) = −êx
[
(k+

1 + M)2 + k2
1y − k2

1x

]

+2êyk1yk1x + 2êz(k
+
1 + M)k1x , (157)

and analogously for k̃2. Then:

Sμμ′
i j = Hi (x1, 0,−k2⊥)Hj (x2, 0,−k2⊥) Tμμ′

11[
|kn⊥|2 + (k+

n + M)2
] [

|k′
n⊥|2 + (k′+

n + M)2
]

− ky
4M

Hi (x1, 0,−k2⊥) E j (x2, 0,−k2⊥) Tμμ′
12[

|kn⊥|2 + (k+
n + M)2

] [
|k′

n⊥|2 + (k′+
n + M)2

]

− ky
4M

Ei (x1, 0,−k2⊥)Hj (x2, 0,−k2⊥) Tμμ′
21[

|kn⊥|2 + (k+
n + M)2

] [
|k′

n⊥|2 + (k′+
n + M)2

]

+ k2
y

16M2

Ei (x1, 0,−k2⊥) E j (x2, 0,−k2⊥) Tμμ′
22[

|kn⊥|2 + (k+
n + M)2

] [
|k′

n⊥|2 + (k′+
n + M)2

] .

(158)

The four traces Tμμ′
rq amount to

Tμμ′
11 = (−1)μ

′∑
n�

[êμ]n[ê−μ′ ]�

× 1

2
Tr

{
σn

[
A1(k̃1, k̃′

1) + iσ · B1(k̃1, k̃′
1)
]

σ�

×
[
A1(k̃′

2, k̃2) + iσ · B1(k̃′
2, k̃2)

]}

Tμμ′
12 = (−1)μ

′∑
n�

[êμ]n[ê−μ′ ]�

× 1

2
Tr

{
σn

[
A1(k̃1, k̃′

1) + iσ · B1(k̃1, k̃′
1)
]

σ�

×
[
A2(k̃′

2, k̃2) + iσ · B2(k̃′
2, k̃2)

]}

Tμμ′
21 = (−1)μ

′∑
n�

[êμ]n[ê−μ′ ]�

× 1

2
Tr

{
σn

[
A2(k̃1, k̃′

1) + iσ · B2(k̃1, k̃′
1)
]

σ�

×
[
A1(k̃′

2, k̃2) + iσ · B1(k̃′
2, k̃2)

]}

Tμμ′
22 = (−1)μ

′∑
n�

[êμ]n[ê−μ′ ]�

× 1

2
Tr

{
σn

[
A2(k̃1, k̃′

1) + iσ · B2(k̃1, k̃′
1)
]

σ�

×
[
A2(k̃′

2, k̃2) + iσ · B2(k̃′
2, k̃2)

]}
. (159)
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In general

Tμμ′
rq = (−1)μ

′∑
n�

[êμ]n[ê−μ′ ]� 1

2
Tr

{
σn

[
Ar (k̃1, k̃′

1)

+ iσ · Br (k̃1, k̃′
1)
]

σ�

[
Aq(k̃′

2, k̃2) + iσ · Bq(k̃′
2, k̃2)

]}

= (−1)μ
′∑
n�

[êμ]n[ê−μ′ ]�
{
Ar (k̃1, k̃′

1)Aq(k̃′
2, k̃2)δn,�

− Ar (k̃1, k̃′
1)
∑
u

εn�u

[
Bq(k̃′

2, k̃2)
]
u

− Aq(k̃′
2, k̃2)

∑
u

εnu�

[
Br (k̃1, k̃′

1)
]
u

−
∑
uv

[
Br (k̃1, k̃′

1)
]
u

[
Bq(k̃′

2, k̃2)
]
v

×
(
δn,uδ�,v − δn,�δu,v + δn,vδ�,u

)}
, (160)

where standard traces of two, three and four Pauli matrices
have been used, viz.

1

2
Tr
[
σnσ�

]
= δn,�,

1

2
Tr
[
σnσ�σu

]
= iεn�u,

1

2
Tr
[
σnσuσ�σv

]
= δn,uδ�,v − δn,�δu,v + δn,vδ�,u . (161)

Finally, one gets

Tμμ′
rq = δμ,μ′

[
Ar (k̃1, k̃′

1)Aq (k̃′
2, k̃2) + Br (k̃1, k̃′

1) · Bq (k̃′
2, k̃2)

]

−i(−1)μ
′√

2C1λ
1μ1−μ′

{
Ar (k̃1, k̃′

1)
[
Bq (k̃′

2, k̃2)
]
λ

−Aq (k̃′
2, k̃2)

[
Br (k̃1, k̃′

1)
]
λ

}

−(−1)μ
′{[Br (k̃1, k̃′

1)
]
μ

[
Bq (k̃′

2, k̃2)
]
−μ′

+
[
Br (k̃1, k̃′

1)
]
−μ′
[
Bq (k̃′

2, k̃2)
]
μ

}
, (162)

where Greek indexes indicate spherical harmonics coordi-
nates, with

(−1)μ
′∑

n

[êμ]n[ê−μ′ ]n = (−1)μ
′
êμ · ê−μ′ = êμ · êμ′

= δμ,μ′ ,

(−1)μ
′∑
n�

εn�u[êμ]n[ê−μ′ ]� = (−1)μ
′ [êμ × ê−μ′ ]u

= i(−1)μ
′√

2C1λ
1μ1−μ′ [êλ]u . (163)

From the above expression, one writes

Tμμ′
21 (k̃1, k̃′

1; k̃′
2, k̃2) = (−1)μ+μ′

Tμ′μ
12 (k̃′

2, k̃2; k̃1, k̃′
1)

(164)

It is easily seen that for k⊥ = 0, i.e. k′
1⊥ = k1⊥ and k′

2⊥ =
k2⊥, by using Eq. (158), one has only

Sμμ′
i j = δμ,μ′ Hi (x1, 0, 0)Hj (x2, 0, 0) (165)

Appendix D: Deuteron LCMDs in the NR framework

In this Appendix it is shown how to evaluate the deuteron
light-cone momentum distributions in the NR framework.
We remark that in the NR framework Melosh rotation are
not present and the deuteron wave-function in momentum
space, for a given spin third-component M reads

ψM
2 (kin) = u(kin)χ

M
1 Y 0

0 (θ, φ) + w(kin)

×
∑
mL

C1M
2mL 1M−mL

YmL
2 (θ, φ)χ

M−mL
1 , (166)

where kin is the intrinsic momentum, i.e. kin = (k1 −
k2)/2 = k1 in the frame where k1 + k2 = 0. Moreover,
θ and φ are the angles defining the direction of the vector
kin . The radial wf’s are obtained solving the Schrödinger
equation with the Av18 potential. The following normaliza-
tion condition holds:∫

dkin k
2
in

[
u(kin)

2 + w(kin)
2] = 1. (167)

One should notice that Eq. (166) can be written within the
same spin-dependence convention of Eq. (9):

ψM
2 (kin) =

∑
λ1,λ2

ψM
2 (kin, λ1, λ2) χ

λ1
1/2(p)χ

λ2
1/2(n)

=
∑
λ1,λ2

χ
λ1
1/2(p)χ

λ2
1/2(n)

×
[
u(kin)C

1M
1
2 λ1

1
2 λ2

Y 0
0 (θ, φ) + w(kin)

×
∑
mL

C1M
2mL 1M−mL

YmL
2 (θ, φ)C1M−mL

1
2 λ1

1
2 λ2

]
. (168)

Within this formalism, one can evaluate both the nuclear
DPDs also including spin-flip effects in the DPS2 contribu-
tion (see Eq. (46)). In order to properly calculate Eq. (46)
for the deuteron, one has to study the following quantity,
Pτ
i j (x1, x2, ξ1,k⊥), where i) the deuteron isospin depen-

dence has been understood and ii) an average over the
deuteron spin polarizations is performed. Hence, one has

Pτ
i j (x1, x2, ξ1,k⊥) =

1∑
M=−1

∑
λ1,λ2

∑
λ′

1,λ
′
2

gM (ξ1,k⊥, λ1, λ2, λ
′
1, λ

′
2)

× �
τ,i
λ1,λ

′
1

(
x1

ξ̄

ξ1
, 0,k⊥

)
�

τ, j
λ2,λ′

2

(
x2

ξ̄

1 − ξ1
, 0,−k⊥

)
,

(169)

where

gM (ξ1, k⊥, λ1, λ2, λ
′
1, λ

′
2)

=
∫

dkinψM
2 (kin, λ1, λ2)ψ

M†
2 (k′

in, λ
′
1, λ

′
2)δ

(
ξ1 − k+

in

P+

)
,

(170)
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with k′
in = kin+k⊥ (cf. the variables definition in Ref. [5]).

In terms of GPDs, if one assumes k⊥ = (0, k⊥) without
loss of generality (remember the role of the LF transverse-
rotation invariance), the correlator can be written as follows:

�i
λ,λ′ (x, 0,k⊥) = δλ,λ′ Hi (x, 0,−k2⊥)

− i
k⊥
4M

δλ,−λ′Ei (x, 0,−k2⊥). (171)

Therefore, one gets

Pτ
i j (x1, x2, ξ1,k⊥) =

1∑
M=−1

∑
λ1,λ2

gM (ξ1,k⊥, λ1, λ2, λ1, λ2)

︸ ︷︷ ︸
HH(ξ1,k⊥)

× H τ
i

(
x1

ξ̄

ξ1
, 0,−k2⊥

)
H τ

j

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)

+ i
k⊥
4M

1∑
M=−1

∑
λ1,λ2

gM (ξ1,k⊥, λ1, λ2, λ1,−λ2)

︸ ︷︷ ︸
HE(ξ1,k⊥)

× H τ
i

(
x1

ξ̄

ξ1
, 0,−k2⊥

)
Eτ

j

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)

+ i
k⊥
4M

1∑
M=−1

∑
λ1,λ2

gM (ξ1,k⊥, λ1, λ2,−λ1, λ2)

︸ ︷︷ ︸
EH(ξ1,k⊥)

× Eτ
i

(
x1

ξ̄

ξ1
, 0,−k2⊥

)
H τ

j

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)

− k2⊥
16M2

1∑
M=−1

∑
λ1,λ2

gM (ξ1,k⊥, λ1, λ2,−λ1,−λ2)

︸ ︷︷ ︸
EE(ξ1,k⊥)

× Eτ
i

(
x1

ξ̄

ξ1
, 0,−k2⊥

)
Eτ

j

(
x2

ξ̄

1 − ξ1
, 0,−k2⊥

)
. (172)

Once all the off-forward LCMD HH(ξ,k⊥), HE(ξ,k⊥) =
−EH(ξ,k⊥) and EE(ξ,k⊥) are evaluated, the complete set
of nuclear ingredients required for calculating both DPS1 and
DPS2 contributions to the nuclear DPS are available. Indeed
the one-body LCMD, entering the DPD corresponding to the
DPS1 mechanism, Eq. (29), is:

ρ2
τ (ξ) =

1∑
M=−1

∑
λ1,λ2

gM (ξ, 0⊥, λ1, λ2, λ1, λ2) = HH(ξ, 0⊥)

(173)

References

1. C. Goebel, F. Halzen, D.M. Scott, Double Drell–Yan annihilations
in hadron collisions: novel tests of the constituent picture. Phys.
Rev. D 22, 2789 (1980)

2. N. Paver, D. Treleani, Multi-quark scattering and large pT jet pro-
duction in hadronic collisions. Nuovo Cim. A 70, 215 (1982)

3. M. Mekhfi, Multiparton process: an application to double Drell–
Yan. Phys. Rev. D 32, 2371 (1985)

4. J.R. Gaunt, W. James Stirling, Double parton distributions incor-
porating perturbative QCD evolution and momentum and quark
number sum rules. JHEP 03, 005 (2010)

5. M. Diehl, D. Ostermeier, A. Schafer, Elements of a theory for
multiparton interactions in QCD. JHEP 03, 089 (2012). [Erratum:
JHEP 03, 001 (2016)]

6. T. Kasemets, S. Scopetta, Parton correlations in double parton scat-
tering. Adv. Ser. Direct. High Energy Phys. 29, 49–62 (2018)

7. B. Blok, Yu. Dokshitser, L. Frankfurt, M. Strikman, pQCD physics
of multiparton interactions. Eur. Phys. J. C 72, 1963 (2012)

8. M. Diehl, A. Schafer, Theoretical considerations on multiparton
interactions in QCD. Phys. Lett. B 698, 389–402 (2011)

9. A.V. Manohar, W.J. Waalewijn, What is double parton scattering?
Phys. Lett. B 713, 196–201 (2012)

10. M. Diehl, F. Fabry, P. Ploessl, Evolution of colour correlated double
parton distributions: a quantitative study. JHEP 02, 229 (2024)

11. Gunnar S. Bali, Peter C. Bruns, Luca Castagnini, Markus Diehl,
Jonathan R. Gaunt, Benjamin Gläßle, Andreas Schäfer, André
Sternbeck, Christian Zimmermann, Two-current correlations in the
pion on the lattice. JHEP 12, 061 (2018)

12. G.S. Bali, L. Castagnini, M. Diehl, J.R. Gaunt, B. Gläßle, A.
Schäfer, C. Zimmermann, Double parton distributions in the pion
from lattice QCD. JHEP 02, 067 (2021)

13. G.S. Bali, M. Diehl, B. Gläßle, A. Schäfer, C. Zimmermann, Dou-
ble parton distributions in the nucleon from lattice QCD. JHEP 09,
106 (2021)

14. D. Reitinger, C. Zimmermann, M. Diehl, A. Schäfer, Double parton
distributions with flavor interference from lattice QCD. JHEP 04,
087 (2024)

15. T. Åkesson et al., Double parton scattering in pp collisions at
√
s =

63-GeV. Z. Phys. C 34, 163 (1987)
16. J. Alitti et al., A study of multi-jet events at the CERN anti-p p

collider and a search for double parton scattering. Phys. Lett. B
268, 145–154 (1991)

17. F. Abe et al., Study of four jet events and evidence for double parton
interactions in p p̄ collisions at

√
s = 1.8 TeV. Phys. Rev. D 47,

4857–4871 (1993)
18. F. Abe et al., Measurement of double parton scattering in p̄ p col-

lisions at
√
s = 1.8 TeV. Phys. Rev. Lett. 79, 584–589 (1997)

19. F. Abe et al., Double parton scattering in p̄ p collisions at
√
s =

1.8 TeV. Phys. Rev. D 56, 3811–3832 (1997)
20. V.M. Abazov et al., Double parton interactions in γ +3 jet events

in pp− bar collisions
√
s = 1.96 TeV. Phys. Rev. D 81, 052012

(2010)
21. M. Aaboud et al., Measurement of the prompt J/ ψ pair production

cross-section in pp collisions at
√
s = 8 TeV with the ATLAS

detector. Eur. Phys. J. C 77(2), 76 (2017)
22. R Aaij et al., Observation of double charm production involving

open charm in pp collisions at
√
s = 7 TeV. JHEP 06, 141 (2012).

[Addendum: JHEP 03, 108 (2014)]
23. A. Tumasyan et al., Observation of same-sign WW production

from double parton scattering in proton–proton collisions at
√
s

= 13 TeV. Phys. Rev. Lett. 131, 091803 (2023)
24. G. Aad et al., Observation of double parton scattering in same-sign

W boson pair production in pp collisions at
√
s = 13 TeV with the

ATLAS detector (2025). arXiv:2505.08313 [hep-ex]

123

http://arxiv.org/abs/2505.08313


 1265 Page 28 of 29 Eur. Phys. J. C          (2025) 85:1265 

25. A. Tumasyan et al. Observation of triple J/ψ meson production in
proton–proton collisions. Nat. Phys. 19(3), 338–350 (2023). [Erra-
tum: Nat. Phys. 19 (2023)]

26. D. d’Enterria, A.M. Snigirev, Triple parton scatterings in high-
energy proton–proton collisions. Phys. Rev. Lett. 118(12), 122001
(2017)

27. F.A. Ceccopieri, M. Rinaldi, S. Scopetta, Parton correlations in
same-sign W pair production via double parton scattering at the
LHC. Phys. Rev. D 95(11), 114030 (2017)

28. M. Rinaldi, F.A. Ceccopieri, Hadronic structure from double parton
scattering. Phys. Rev. D 97(7), 071501 (2018)

29. M. Rinaldi, F.A. Ceccopieri, Double parton scattering and the pro-
ton transverse structure at the LHC. JHEP 09, 097 (2019)

30. S. Cotogno, T. Kasemets, M. Myska, Confronting same-sign W-
boson production with parton correlations. JHEP 10, 214 (2020)

31. M. Rinaldi, S. Scopetta, M. Traini, V. Vento, Double parton scat-
tering: a study of the effective cross section within a Light-Front
quark model. Phys. Lett. B 752, 40–45 (2016)

32. M. Diehl, J.R. Gaunt, P. Pichini, P. Plößl, Double parton distribu-
tions out of bounds in colour space. Eur. Phys. J. C 81(11), 1033
(2021)

33. D. d’Enterria, A. Snigirev, Double, triple, and n-parton scatterings
in high-energy proton and nuclear collisions. Adv. Ser. Direct. High
Energy Phys. 29, 159–187 (2018)

34. E. Cattaruzza, A. Del Fabbro, D. Treleani, Fractional momentum
correlations in multiple production of W bosons and of bb̄ pairs in
high energy pp collisions. Phys. Rev. D 72, 034022 (2005)

35. D. d’Enterria, A.M. Snigirev, Same-sign WW production in proton-
nucleus collisions at the LHC as a signal for double parton scatter-
ing. Phys. Lett. B 718, 1395–1400 (2013)

36. S. Salvini, D. Treleani, G. Calucci, Double parton scatterings in
high-energy proton-nucleus collisions and partonic correlations.
Phys. Rev. D 89(1), 016020 (2014)

37. E.R. Cazaroto, V.P. Goncalves, F.S. Navarra, Heavy quark produc-
tion in pA collisions: the double parton scattering contribution.
Mod. Phys. Lett. A 33(25), 1850141 (2018)

38. E. Huayra, E.G. De Oliveira, R. Pasechnik, Probing double parton
scattering via associated open charm and bottom production in
ultraperipheral pA collisions. Eur. Phys. J. C 79(10), 880 (2019)

39. B. Blok, F.A. Ceccopieri, Double parton scattering in pA collisions
at the LHC revisited. Eur. Phys. J. C 80(3), 278 (2020)

40. B. Blok, F.A. Ceccopieri, Four-jet production via double parton
scattering in pA collisions at the LHC. Phys. Rev. D101(9), 094029
(2020)

41. B. Blok, F.A. Ceccopieri, Z plus jets production via double parton
scattering in pA collisions at the LHC. Eur. Phys. J. C 80(8), 762
(2020)

42. O. Fedkevych, L. Lönnblad, Four-jet double parton scattering pro-
duction in proton-nucleus collisions within the PYTHIA8 frame-
work. Phys. Rev. D 102(1), 014029 (2020)

43. R. Aaij et al., Observation of enhanced double parton scattering
in proton–lead collisions at

√
sNN = 8.16 TeV. Phys. Rev. Lett.

125(21), 212001 (2020)
44. M. Maneyro, D. d’Enterria, Six-jet production from triple parton

scatterings in proton-proton collisions at the LHC. PoS DIS2024,
189 (2025). https://doi.org/10.22323/1.469.0189

45. A. Hayrapetyan et al., Observation of double J/ψ meson production
in pPb collisions at sNN = 8.16 TeV. Phys. Rev. D 110(9), 092002
(2024)

46. M. Strikman, D. Treleani, Measuring double parton distributions
in nucleons at proton nucleus colliders. Phys. Rev. Lett. 88, 031801
(2002)

47. B. Blok, M. Strikman, U.A. Wiedemann, Hard four-jet production
in pA collisions. Eur. Phys. J. C 73(6), 2433 (2013)

48. F. Fornetti, E. Pace, M. Rinaldi, G. Salmè, S. Scopetta, M. Viviani,
The EMC effect for few-nucleon bound systems in light-front
Hamiltonian dynamics. Phys. Lett. B 851, 138587 (2024)

49. B.D. Keister, W.N. Polyzou, Relativistic Hamiltonian dynamics in
nuclear and particle physics. Adv. Nucl. Phys. 20, 225–479 (1991)

50. F.M. Lev, Relativistic quantum mechanics and its applications to
few-nucleon systems. Riv. Nuovo Cim. 16(2), 1–153 (1993)

51. F.M. Lev, E. Pace, G. Salmè, Poincaré covariant current operator
and elastic electron deuteron scattering in the front form Hamilto-
nian dynamics. Phys. Rev. C 62, 064004 (2000)

52. A. Del Dotto, E. Pace, G. Salmè, S. Scopetta, Light-front spin-
dependent spectral function and nucleon momentum distributions
for a three-body system. Phys. Rev. C 95(1), 014001 (2017)

53. R.B. Wiringa, V.G.J. Stoks, R. Schiavilla, An accurate nucleon–
nucleon potential with charge independence breaking. Phys. Rev.
C 51, 38–51 (1995)

54. F.A. Ceccopieri, M. Rinaldi, Enlighting the transverse structure of
the proton via double parton scattering in photon-induced interac-
tions. Phys. Rev. D 105(1), L011501 (2022)

55. F.A. Ceccopieri, F. Fornetti, N. Iles, E. Pace, M. Rinaldi, G. Salmè,
In preparation (2025)

56. B. Blok, R. Segev, Double parton interactions initiated by
direct photons in γ p and γ A collisions revisited (2025).
arXiv:2503.14152 [hep-ph]

57. V. Guzey, M. Rinaldi, S. Scopetta, M. Strikman, M. Viviani, Coher-
ent J/ψ electroproduction on He4 and He3 at the electron-ion col-
lider: probing nuclear shadowing one nucleon at a time. Phys. Rev.
Lett. 129(24), 242503 (2022)

58. S.J. Brodsky, H.-C. Pauli, S.S. Pinsky, Quantum chromodynamics
and other field theories on the light cone. Phys. Rep. 301, 299–486
(1998)

59. M. Diehl, T. Feldmann, R. Jakob, P. Kroll, The overlap represen-
tation of skewed quark and gluon distributions. Nucl. Phys. B 596,
33–65 (2001). [Erratum: Nucl. Phys. B 605, 647–647 (2001)]

60. E. Pace, M. Rinaldi, G. Salmè, S. Scopetta, The European Muon
Collaboration effect in light-front Hamiltonian dynamics. Phys.
Lett. B 839, 137810 (2023)

61. M. Diehl, P. Plößl, A. Schäfer, Proof of sum rules for double parton
distributions in QCD. Eur. Phys. J. C 79(3), 253 (2019)

62. M. Diehl, J.R. Gaunt, P. Plößl, A. Schäfer, Two-loop splitting in
double parton distributions. SciPost Phys. 7(2), 017 (2019)

63. M. Diehl, J.R. Gaunt, D.M. Lang, P. Plößl, A. Schäfer, Sum rule
improved double parton distributions in position space. Eur. Phys.
J. C 80(5), 468 (2020)

64. M. Diehl, Generalized parton distributions. Phys. Rep. 388, 41–277
(2003)

65. A. Kievsky, S. Rosati, M. Viviani, The three nucleon bound state
with realistic soft core and hard core potentials. Nucl. Phys. A 551,
241–254 (1993)

66. B.S. Pudliner, V.R. Pandharipande, J. Carlson, Robert B. Wiringa,
Quantum Monte Carlo calculations of A ≤ 6 nuclei. Phys. Rev.
Lett. 74, 4396–4399 (1995)

67. R. Abdul Khalek et al., Science requirements and detector concepts
for the electron-ion collider: EIC yellow report. Nucl. Phys. A 1026,
122447 (2022)

68. S. Chekanov et al., Three- and four-jet final states in photoproduc-
tion at HERA. Nucl. Phys. B 792, 1–47 (2008)

69. F.A. Ceccopieri, A second update on double parton distributions.
Phys. Lett. B 734, 79–85 (2014)

70. P.A.M. Dirac, Forms of relativistic dynamics. Rev. Mod. Phys. 21,
392–399 (1949)

71. B. Bakamjian, L.H. Thomas, Relativistic particle dynamics. 2.
Phys. Rev. 92, 1300–1310 (1953)

72. M. Rinaldi, F.A. Ceccopieri, Relativistic effects in model calcula-
tions of double parton distribution function. Phys. Rev. D 95(3),
034040 (2017)

123

https://doi.org/10.22323/1.469.0189
http://arxiv.org/abs/2503.14152


Eur. Phys. J. C          (2025) 85:1265 Page 29 of 29  1265 

73. K. Golec-Biernat, E. Lewandowska, How to impose initial condi-
tions for QCD evolution of double parton distributions? Phys. Rev.
D 90(1), 014032 (2014)

74. S.V. Goloskokov, P. Kroll, The role of the quark and gluon GPDs in
hard vector-meson electroproduction. Eur. Phys. J. C 53, 367–384
(2008)

75. M. Diehl, P. Kroll, Nucleon form factors, generalized parton distri-
butions and quark angular momentum. Eur. Phys. J. C 73(4), 2397
(2013)

76. S. Fucini, M. Hattawy, M. Rinaldi, S. Scopetta, Deeply virtual
Compton scattering off Helium nuclei with positron beams. Eur.
Phys. J. A 57(9), 273 (2021)

77. A.D. Martin, W.J. Stirling, R.S. Thorne, G. Watt, Parton distribu-
tions for the LHC. Eur. Phys. J. C 63, 189–285 (2009)

78. R.D. Ball, V. Bertone, F. Cerutti, L. Del Debbio, S. Forte, A. Guf-
fanti, N.P. Hartland, J.I. Latorre, J. Rojo, M. Ubiali, Reweighting
and unweighting of parton distributions and the LHC W lepton
asymmetry data. Nucl. Phys. B 855, 608–638 (2012)

79. S. Alekhin, J. Blumlein, S. Moch, Parton distribution functions
and benchmark cross sections at NNLO. Phys. Rev. D 86, 054009
(2012)

80. H.-L. Lai, M. Guzzi, J. Huston, Z. Li, P.M. Nadolsky, J. Pumplin,
C.P. Yuan, New parton distributions for collider physics. Phys. Rev.
D 82, 074024 (2010)

81. M. Gluck, P. Jimenez-Delgado, E. Reya, Dynamical parton distri-
butions of the nucleon and very small-x physics. Eur. Phys. J. C
53, 355–366 (2008)

82. K.A. Griffioen et al., Measurement of the EMC effect in the
deuteron. Phys. Rev. C 92(1), 015211 (2015)

83. F.A. Ceccopieri, J.-P. Lansberg, M. Rinaldi, H.-S. Shao, R. Sangem,
In preparation

123


	Theoretical insights on nuclear double parton distributions
	Abstract 
	1 Introduction
	2 Nuclear DPS
	2.1 Nuclear DPDs in impulse approximation
	2.2 The DPS1 contribution
	2.3 The DPS2 contribution

	3 Sum rules for nuclear DPDs
	3.1 PSR for DPS1
	3.2 PSR for DPS2

	4 Deuteron densities
	5 Calculation of the DPDs
	5.1 Evaluation of the nuclear GS sum rules for the deuteron

	6 Conclusions
	Acknowledgements
	Appendix A: One-body LC momentum number density
	Appendix B: Two-body LC momentum number density
	Appendix C: Evaluating the traces in mathcalSµµ'ij
	C.1 Simplifying Sµµ'ij

	Appendix D: Deuteron LCMDs in the NR framework
	References


