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Abstract— Spiking Nonlinear Opinion Dynamics (S-NOD) is
an excitable decision-making model inspired by the spiking
dynamics of neurons. S-NOD enables the design of agile
decision-making that can rapidly switch between decision
options in response to a changing environment. In S-NOD,
decisions are represented by discrete opinion spikes that evolve
in continuous time. Here, we extend previous analysis of S-NOD
and explore its potential as a nonlinear controller with a tunable
balance between robustness and responsiveness to input. We
identify and provide necessary conditions for the bifurcation
that determines the onset of periodic opinion spiking. We
leverage this analysis to characterize the tunability of the input-
output threshold for opinion spiking as a function of the model
basal sensitivity and the tunable dependence of opinion spiking
frequency on input magnitude above the threshold. We conclude
with a discussion of S-NOD as a new neuromorphic control
block and its extension to distributed spiking controllers.

I. INTRODUCTION

Decision-making—the integration of sensory information
and internal objectives to select an action—is a fundamental
process in biological systems, operating across all levels of
organization, from molecular networks [1] to neural popula-
tions [2] and collective behaviors [3]. Modeling biological
decision-making is crucial not only for understanding its
underlying mechanisms but also for engineering bio-inspired
autonomous systems.

Traditional models of opinion dynamics often struggle
to capture the robust yet flexible decision-making behavior
observed in biological systems. The Nonlinear Opinion Dy-
namics (NOD) model [4], [5] shows how balancing negative
and positive feedback can lead to robust, fast, and flexible
decision-making through an organizing pitchfork bifurcation.
However, NOD may not always be able to switch between
decision options with sufficient agility in rapidly changing
environments. The Spiking-NOD (S-NOD) model [6] ad-
dresses this limitation by making NOD excitable, in the
sense that it has a roughly linear response to input below
a threshold, but can produce large excursions in phase-space
(spikes) for input above the threshold [7]. Excitability is
achieved through adaptive slow negative feedback that brings
the NOD state back to its neutral, ultra-sensitive state each
time a decision is made, resulting in excitable opinion spikes.
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Fig. 1. Figure from [6] shows S-NOD (pink) applied to control a planar
robot in a social navigation scenario. NOD (blue) is shown for comparison.
The robot aims to reach a goal marked by a star while avoiding collision
with an unpredictable oncoming mover (black). The NOD controller is slow
to respond to an abrupt change in the direction of the oncoming mover, but
the S-NOD controller responds with agility and avoids colliding.

As an excitable system, S-NOD exhibits a form of con-
trolled instability, where positive feedback leads to large and
fast deviations away from equilibrium while slow negative
feedback ensures regulation toward it. This mechanism has
been successfully applied to robot navigation in crowded
environments, ensuring responsive and decisive behavior [6].
The use of excitability for control is central to neuromorphic
engineering [8], with applications demonstrated in tasks such
as the rhythmic control of a pendulum [9]. Fig. 1, adapted
from [6], illustrates the agility of the S-NOD controller.

Here, we extend the analysis in [6] to rigorously char-
acterize two key tunable features of S-NOD useful for
control: the spiking threshold and the response of spiking
frequency to input magnitude. Section II introduces S-NOD
and the notation for our analysis. In Section III, we study
the dependence of S-NOD dynamics on exogenous input and
prove that spiking emerges through a Hopf bifurcation at a
tunable input threshold. In Section IV, we study deadlock
breaking where two symmetric spiking limit cycles appear
in the absence of input as the system undergoes a symmetry-
breaking pitchfork bifurcation at the critical basal sensitivity.
In Section V, we use geometric arguments to characterize
how the spiking threshold and frequency response to input
can be tuned as a function of model parameters. This paper
thus provides an in-depth dynamical systems characterization
of S-NOD as a tunable and agile spiking control element.

II. SPIKING NONLINEAR OPINION DYNAMICS
S-NOD is governed by the differential equations

% = —dz + tanh((k2z? + po — s)az +b) (1)
§=e(—s+kez?).
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The state z(t) € R is the agent’s opinion at time ¢. For
decision-making between two mutually exclusive options,
we interpret z(t) > 0 (2(t) < 0) as an opinion in favor
of option 1 (option 2). |z(t)] is the strength of the opinion
and z(¢) = 0 is a neutral opinion (indecision). s(t) € R is
the agent’s slow recovery state at time ¢t. d € R is the gain
of negative feedback opinion-damping term —d z. pg € Ry
sets the basal level of the agent’s sensitivity! z to positive
feedback term az, where p = kz? 4+ pg — s. The agent’s
sensitivity p increases with gain £ € Ry as the magnitude
of the agent’s opinion increases. At a much slower time-
scale, u decreases as the slow recovery variable s increases.
This creates a balance of fast positive and slow negative
feedback. ¢ € R4, ¢ <« 1 sets the timescale separation
between the dynamics of z and s: z is fast and s is slow.
losa, k € Ry tune the positive feedback gain. ks € R
tunes the slow negative feedback gain. b € R is an exogenous
input. In applications b would integrate various task-relevant
signals, and represent evidence for a decision in the positive
or negative z direction. In the following analysis we consider
b to be a constant parameter. For our results to apply directly
in situations where b is a time-varying signal, we would
require it to have a timescale slower than the dynamics (1).

We first establish some basic results needed to analyze the
onset of opinion spiking as either input b (in Section III) or
tuning parameter p increases (in Section IV).

Remark 2.1: 1f the point (2, 3) € R? is an equilibrium of
(1) then 5 = k,2%, and Z solves the equation

hy(2) := —dz + tanh(az(—kez2* + k2% + o) +b) = 0. (2)

We will say z € R is an equilibrium if it satisfies (2).

The stability of equilibria of two-dimensional systems is
fully determined by the trace and determinant of the Jacobian
evaluated at equilibrium. Let ¢(z, s) := az(kz?+po—s)+b
and Yy (2) 1= @(z, kszt) = az(—ks2*+k2?+p0)+b. Letting
tanh’(x) = dtanh(z) _ 4 _ tanh?(z), the Jacobian of (1) is

dx
[ —d+ tanh’(cp)a—f tanh/(cp)a—f
(2, 8) = ( deky2® K —& K ) - 3

Remark 2.2: If z € R is
tanh’(p(z, kszt)) = 1 — d?22.

For notation purposes let J, := J(z, ks;z*) be the Jacobian
evaluated over the s-nullcline. The following result follows
from elementary algebraic manipulations.

Lemma 2.3: If Z is an equilibrium, then

tr(Jz) = ad’ks 2° — (3ad’k + ak,) z*
N D e —

an equilibrium then

c3 C2
+ (3ak — ad?u) 2% + apo — d —¢ 4
— —
c1 Co
det(J3
et(Jz) _ _ 5ad’k, 2% + (3ad?k + 5ak,) z*
13 N—— N————’
¢éz3=bcs3 co=co+4aks
— (3ak — ad*po) 22 — (apo — d) . @)
— —
é1=(31 é(J:Co

'In [6] p, po are u, up and called “attention” and “basal attention.”
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Fig. 2.  Bifurcation diagram for (1) with respect to input (b) projected
onto the opinion (z) axis to reduce from three dimensions to two. Solid
lines indicate stable equilibria, dashed lines indicate unstable equilibria,
shaded areas indicate stable spiking limit cycles, vertical width of shaded
area represents spike amplitude. Black circles marked with H correspond
to the Hopf bifurcations at b = £b*. Inset plots show spiking dynamics for
constant suprathreshold positive (b = 0.1) and negative (b = —0.1) input.
Parameters used are o = 0.8,a =1,d =1,k = 3, ks = 22, = 0.05.

Finding the roots of (4) and (5) reduces to solving two
third-degree polynomials, namely, g.(z) := tr(J ;) and
Qaet(2) = det(J ) /e.

III. SPIKING FROM INCREASING b

We characterize S-NOD dynamics as a function of the
input value b. The main result, Thm. 3.7, shows that S-
NOD transitions, through a Hopf bifurcation, from rest to
spike as the input magnitude |b| increases above a critical
value b* > 0, determined by the model parameters. Thm. 3.7
characterizes S-NOD, the spiking threshold and its sensitivity
to model parameters. Additional results presented in this
section are preliminary to Thm. 3.7 and further characterize
S-NOD dynamics. Fig. 2 shows a numerical bifurcation dia-
gram, predicted by Thm. 3.7, revealing spiking limit cycles
for increasing input magnitude in both the positive (upward
spikes) and negative (downward spikes) input directions. All
analysis in this section is presented for constant b > 0. The
case b < 0 follows directly from the model’s odd symmetry.

Remark 3.1: A Hopf bifurcation happens at an equilib-
rium having a pair of conjugate non-zero purely imaginary
eigenvalues. At an equilibrium (z, k,z*) of (1) this happens
if and only if tr(Jz) = 0 and det(Jz) > 0.

Although explicit expressions for equilibria of (1) are not
computable, we can provide conditions under which (1) has
a unique equilibrium.

Proposition 3.2: Assume that det(J,) > 0 for all |z| <
d~!. Then, for all b € R, (1) has a unique equilibrium.

Proof: Let b > 0. We first show that there is at least
one equilibrium. If b = 0 then ho(0) = 0. Otherwise, if
b > 0 then hy(0) = tanh(b) > 0, and lim,_, o hp(z) = —o0,
which by continuity implies the existence of z > 0 such
that hy(Z) = 0. Observe that, since |tanh(z)| < 1, any
equilibrium Z of (1) satisfies |z| < d~! and that, invoking
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the hypothesis det(J,) > 0,
hiy(2) = —d + (1 — d?2*)a (2) = —det(Jz) /e < 0. (6)

This implies all roots of h; have strictly negative deriva-
tive, which in turn implies there cannot be more than one
root (having two consecutive roots with derivatives of the
same non-zero sign would lead to a contradiction). [ ]

Remark 3.3: The assumption det(J,) > 0 for all |z| <
d~! in Proposition 3.2 can be verified by studying positive
definiteness of the third degree polynomial gg.; on the
interval [0,d~2) and is always satisfied for sufficiently small
values of pg and k.

The next proposition shows that z increases monotonically
with b, and asymptotically to d~' as b — oo.

Proposition 3.4: Assume that det(J,) > 0 for all |z| <
d~!. Given b € R, let z, € R be the unique zero of hy. Then
limp_o0 Zp = d~1 and z, is strictly monotonically increasing
with b.

Proof: Observe that Vz € R, limp_, o0 hp(2) = —d 2+1.
Hence, limy_, oo 2, = d—'. Using (6), by implicit differenti-
ation it follows that

dzp . Ghb(zb)/(% . 8(1 — d2fg)

db 8hb(2b)/82b - det(ng) ’
where the last equality follows by Remark 2.2 and (6). Since
%] < d~! and det(Jz,) >0, then Vb € Ry, 222 > 0. m

Under the same assumptions of Props. 3.2 and 3.4, in
order to characterize changes of stability of the unique
equilibrium of (1) it is sufficient to study if and where tr(J,)
changes sign on the interval (—d~',d~!). The following
proposition provides tight sufficient conditions for this. Let

+4/c3—3cic: .
&t % be the two roots of ¢}, (i.e., the two
inflection points of gy,).
Proposition 3.5: If pg <

d3

d S and tr
a

Sk > (J \/5—_) >
0, then there exist z*,2f € (0,d™!) such that tr(J,-) =
tr(J,+) = 0 and Vz € [0,2%) U (2f,d71],r(J,) < 0, and
Vz € (2%, 21), tr(J,) > 0.

Proof: For all positive parameters, c% — 3cie3 > 0,
and so &4 are real. The condition k& > % > dQ% implies
c1 > 0,50 & > 0. Since c3 > 0 is the leading coeffi-
cient of g, (see (4)), we have lim,_, o i (2) = 0o, Also
qir(d=2) = —d—¢ < 0, and the assumption g > po implies
gir(0) = co—e < 0. So - < &, are the local minimum and
maximum respectively of this third degree polynomial. Thus,
in the interval (0,d~?), g4, goes from negative, to positive, to
negative. Since tr(J,) = g;-(22), we conclude there exist two
roots z*, zf € (0,d™1), z* < 2f, which satisfy the properties
for tr(.J.) in the proposition statement. |

Remark 3.6: Condition 19 < < ensures that without
input the neutral opinion state is stable. Condition k >
g—a ensures the z-nullcline has the shape of a symmetric
subcritical pitchfork bifurcation, as shown in [6]. Condition
tr(.J \/Z) > 0 ensures there are two intervals of possible

equilibria with positive values of the trace. Since tr(J 3 )

is strictly monotonically increasing (decreasing) with pg (g),
for sufficiently small o (large ) the unique equilibrium
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is always stable. However, since det(.J,) is strictly mono-
tonically decreasing with g, the assumptions of Props. 3.2
and 3.4 that det(J.) > 0 can be violated for too large pg
(even if less than %), and thus our guarantees on uniqueness
of the neutral equilibrium would no longer hold. In the case
that s < ¢ butdet(.J,) < 0 for some points, the equilibrium
that starts at the origin when there is no input will still grow
monotonically with b, but eventually disappears in a Saddle-
Node bifurcation .

The following theorem characterizes bifurcations of (1)
with respect to b for intermediate values of pp and small €.
Theorem 3.7 (Spiking Input Threshold):
Assume pp < g, k > gz and € > 0 small such that

tr(J\/Z) > 0 and det(J,) > 0 for all |2| < d~'. Then

there exist exactly two critical values of input b*,bf € R,
with b* < bf, at which the unique equilibrium %, of (1)
undergoes a Hopf bifurcation, i.e., at b = b* and b = b (and
symmetrically at b = —b* and b = —b).

Proof: By Prop. 3.5 there exist 2%, 2f € (0,d™1) roots
of tr(.J,) as in the statement, with z* < zf. We have %, =
0, and by Prop. 3.4 we know limy_,oo 2 = d~!. So by
continuity there exist b*, b7 € R, with b* < b, such that
Zye = 2* and Z,; = z'. Thus tr(Jz) = tr(Jz,,) = 0 and
det(Jz;) > 0 and det(Jz,,) > 0. By Remark 3.1 at these
two values of b the equilibrium has two non-zero conjugate
purely imaginary eigenvalues. The transversality condition of
the Hopf bifurcation follows from the fact that z;, is strictly
increasing with respect to b, which also implies uniqueness of
critical values b* and bf. By Thm. 3.4.2 in [10] we conclude
that at b = b* the unique equilibrium goes from being a
stable focus to an unstable focus in a Hopf bifurcation, and
at b = b it goes from being an unstable focus to a stable
focus, also in a Hopf bifurcation. |

Even though from the previous analysis we cannot con-
clude whether the Hopf bifurcations in Thm. 3.7 are super-
critical or subcritical, we have the following result, which
guarantees the existence of a limit cycle precisely in the
interval after the first Hopf and before the second Hopf.

Theorem 3.8 (Limit Cycle After Input Threshold):
Assume the same hypothesis as in Thm. 3.7. Then for input
values b € (b*,b') there exists a limit cycle.

Proof: First, b € (b*,b1) = 7, € (2%, 21) = tw(Jz,) >
0, which together with det(Jz,) > 0 implies the unique
equilibrium is unstable. Next, we show the dynamics of
the system are bounded. Let the bounding box be B =
[~d~',d™1] x [~1,ksd*]. We show for one of the edges
of the box that the vector field (1) points towards the box
interior. If (z,8) € (—d~',d™') x {ksd=*} then § =
—kod™* + ksz* = kyo(2* — J1) < ko(3r — 4r) = 0, and
so the vector field points towards the interior of the box.
The same kind of argument applies to the other three edges.
We now consider a corner point: if s = —1,z = d~! then
5 > 0,z < 0. This follows similarly for the other corners.
Thus, all orbits starting on the boundary of B stay in B.
Noting that Z, € int(83) is an unstable source and there are
no other equilibria, we can apply the Poincaré-Bendixson
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Fig. 3. Bifurcation diagram of system (1) with respect to basal sensitivity

(po) projected onto the opinion state (z) axis to reduce from three dimen-
sions to two. Solid lines indicate stable nodes, dashed lines indicate unstable
nodes, dotted lines indicate saddle points, shaded areas indicate the two
stable limit cycles in different shades of gray. The vertical width of shaded
areas represent amplitude of spike. Black circles represent bifurcations,
one subcritical pitchfork (PF’) and two symmetric saddle-node bifurcations
(SN). Inset figures show positive (top, z(0) = 0.1) and negative (bottom,
z(0) = —0.1) spike limit cycles for po = 1.05. Parameters used are
b=0,a=1,d=1,k=23,ks =16, =0.1.

theorem [10], which tells us that a compact subset of the
plane that is forward invariant and contains only a hyperbolic
source must also contain a limit cycle, and every trajectory
starting in the set converges to a limit cycle. [ ]

The case where g is less than, but close to such
that det(J,) < 0, presents some additional subtleties in its
analysis as discussed in Remark 3.6. However, the behavior
is similar to that described in Thm. 3.7. In summary, the
equilibrium can no longer be shown to be unique, and instead
there appear three equilibria with the same sign as the input:
one stable node, one unstable node, and one saddle. The
saddle and unstable node appear in a saddle-node (SN)
bifurcation, and then the saddle and stable node annihilate
in another SN, which marks the threshold to spiking. It is
noteworthy that in this case, the spike limit cycle appears
with a non-zero amplitude at the bifurcation, and its existence
follows from the same arguments in Thm. 3.8. In both cases,
the amplitude of the spiking limit cycles for inputs above
threshold can be studied in the limit e — 0 using geometrical
singular perturbation methods [11].

d

IV. SPIKING ONSET BY INCREASING j9 WHEN b=0

We now consider the zero input case b = 0, and study
bifurcations of (1) with respect to g at the critical point
o g This bifurcation is a subcritical pitchfork at the
origin, as shown in Fig. 3. This can be shown by projecting
the local dynamics around the origin onto the bifurcation
center manifold, which reduces to the single-agent non-
excitable fast and flexible nonlinear opinion dynamics [5].
For critical and supercritical values of i there are exactly
three equilibria, one of which is the origin. The other two are
symmetric with respect to the axis z = 0, and their properties
determine the global behavior of the system. We prove
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conditions under which each of the two non-zero equilibria
is an unstable focus at gy = g, which ensures that for
some open interval above p the system has two symmetric
spike limit cycles, one around each unstable focus. These
two large amplitude limit cycles appear through a homoclinic
bifurcation at the subcritical pitchfork, and not a Hopf as in
the previous section. Fig. 3 shows a representative bifurcation
diagram projected onto the opinion subspace. In an interval
above p, upward and downward spiking oscillations coexist,
and even small evidence in one direction or the other can
change the sign of the spiking.

These spikes break deadlock, i.e., a decision is made even
with little or no evidence for a superior option. In embodied
scenarios, self-reinforcement of the randomly chosen option
would follow. For example, in the navigation problem in Fig.
1, if the robot is heading towards an obstacle head-on, and
Lo grows with the urgency of making a decision, then when
Lo becomes supercritical the system will produce spikes in
one direction in response to even the smallest noise. Once the
first spikes happen, the robot will be facing the obstacle at a
slight angle, and this will bias the dynamics to keep choosing
that direction if there is no further change in information.

To analyze this bifurcation, first observe that the stability
of the origin changes at pj: when pp < 4 then ¢y =
poa —d < 0 so det(Jp) > 0 and tr(Jy) < 0, which
implies the equilibrium at the origin is a stable node. When
Lo > g we have pga—d > 0 so det(Jp) < 0, which implies
the equilibrium is a saddle point. In all propositions in this
section we assume b = 0.

Proposition 4.1: There are no limit cycles encircling the
neutral equilibrium. If the parameters are such that the origin
is the only equilibrium, then there are no limit cycles.

Proof: When b = 0, the line z = 0 is invariant (it is
the stable manifold of the neutral equilibrium at the origin).
If there existed a limit cycle surrounding the origin it would
intersect the set z = 0, but this leads to a contradiction.
Suppose the origin is the only equilibrium. Index theory tells
us that every limit cycle encircles an equilibrium. Thus, there
are no limit cycles. u

Next we show that for supercritical values of y the system
has exactly three equilibria.

Proposition 4.2: It py > % and k£ >
exactly three equilibria.

Proof: Since h(0) = 0, the Taylor expansion of h at

dS

5, then (1) has

z = 01is h(z) = (auo — d)z + a(k — @)23 + O(2P).
Sg.) 3h’(O) = auy—d > 0, '(0) = 0, B’(0) = 6a(k —
a?f‘ E’) > 0. This means h is monotonically increasing for

some open interval above zero. Observe that lim,_, . h(z) =
—00, so there must be at least one root greater than zero.
By a similar argument to Prop. 3.2, we show there are no
more than three roots of h. By (6), h(z) = 0 implies h/(z) =
—e~1det(J;). By considering it as a third degree polynomial
of 22, it is straightforward to show that, under the hypothesis
in the statement, det(J;) changes sign exactly once in the
interval (0,d~!). Doing algebra, we can show that the unique
root of det(Jz) in the interval is not a root of h. Together,
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this implies there is at most one root of h in the interval
(0,d~1). Using symmetry and the fact that there can be no
solution greater than d—1, we conclude there are exactly three
solutions. |

To prove the existence of limit cycles for pg > pg, we
again make use of the Poincaré-Bendixson theorem. At pg =
1 and at the limit € = 0, we get ¢cg = 0 in (4), so solving
for the roots of tr(J,) reduces to solving a second degree

cotq/ 05740103
203

of tr(J,). We next give a sufficient condition for the existence
of limit cycles.

Theorem 4.3 (Spike Limit Cycles After Critical pg):
If —<k< ks0® then for sufficiently small ¢ > 0 there is
an open interval above p; such that there exist two symmetric
limit cycles, each of which encircles one of the two equilibria
that are not the origin.

polynomial. Let o1 := be the positive roots

Proof: We show existence in the positive halfspace
(the negative follows from symmetry). First, we show that
the positive equilibrium is unstable at pg = pg. The value
\/k/ks is the unique positive root of —dz + (z). The
polynomial v(z) also has exactly three roots. Let ¢ denote
its positive root, with \/k/ks < ¢ < d=!. Since z > 0 =
tanh(z) < z, then Vz € (0,¢),h(z) < —dz + ¢(2). So
h(z) = 0 < —dz + ¢(Zz) implies zZ < y/k/ks. Condition
% < k implies o_ € (0,d™1), and so Vz € (0,0_),3e > 0
such that tr(J,) > 0. Since by hypothesis \/k/ks < o—,
we conclude for ¢ > 0 small enough tr(J;) > 0. Now,
at pup = pg, det(J,) is negative between 0 and its first
positive root so it must be that det(Jz) > 0. Otherwise,
0=nh(z ft oW ()dt < 7 det(Jy)dt < 0 which is a
contradlctlon We conclude Z is unstable for y in some open
interval above . The construction of a bounding region is
slightly technical, but can be justified rigorously. We outline
the following steps. First take the segment from (d~1, —1) €
R? to (d~',ksd=*), and from here to a point (o, ksd—*)
such that when continuing the orbit from that point it first
crosses the line s = g — pg at a point (@, o — pg) such that
Z > 0 and @w < Zz. This is possible because the horizontal
z = 0 is the stable manifold of the origin Include the orbit
from (o, k,d=*) to (&, o — pfy) as part of the boundary.
Then include the line from (o, po — i) to (2o, —1). Finally,
include the line segment from (¢, —1) to (d~!,—1). This
region contains the equilibrium by construction, and the
vector field along the boundary points inward. Thus, we can
apply the Poincaré-Bendixson theorem to conclude that there
exists a limit cycle and that every trajectory converges to a
limit cycle. [ ]

The resulting limit cycles appear through global bifurca-
tions of two homoclinic orbits to the origin at pg = uy.
Thus, close to the critical u the limit cycles have arbitrarily
small frequency. This is a desirable property. It implies that
while in the slightly supercritical po regime (i.e., po > 13),
even small noise can lead to spiking, this will be at a low
frequency, such that it will break symmetry without making
the system overly sensitive to noise.

0.12 b) 0.12
3>

0.06 § 0.06
g
=

0.00 0.007 *

00 0.05 0.1
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z
K 2 ! s 2 4
t t
Fig. 4. a) Region of the (o, b) parameter space. For each point, color

represents the frequency of spiking. Bifurcations that trigger spiking are:
Hopf (black line, H), Saddle-Node (gray line, SN), and Pitchfork (black
point, PF). Only positive opinion halfspace is shown to save space. The
negative side is the reflection along horizontal. b) Five input magnitude to
spiking frequency curves, corresponding to vertical slices of a). ¢) Spiking
for o = 0.9 and two values of b, marked with cross and star in a). For all
subfigures, parameters are a = 1,d = 1,k = 3, ks = 22, = 0.05.

V. TUNABILITY OF INPUT THRESHOLD AND FREQUENCY
ENCODING

In Sections III and IV we rigorously showed the identity of
the bifurcations that happen at the onset of spiking in S-NOD
and studied their thresholds. These happen through three
routes. One is through a Hopf bifurcation for supra-threshold
inputs at fixed intermediate values of 1y, which leads to the
rapid appearance of a single spike limit cycle in either the
positive or negative opinion halfspaces, depending on the
sign of the input. The second, described briefly, happens for
supra-threshold inputs at close to critical values of 1o < 1
through two Saddle-Node bifurcations in quick succession.
The third is through a pitchfork bifurcation that happens
at the origin when there is no input and the parameter
o crosses the critical value . Representative bifurcation
diagrams of these routes are shown in Figs. 2 and 3.

A fuller picture can be obtained by considering both
parameters simultaneously, as shown in Fig. 4a, where the
input threshold as well as its dependence on po can be
observed. In the figure, the area in white corresponds to the
case of a single (globally) stable equilibrium, whereas the
colored region corresponds to a single (globally) attracting
spike limit cycle. The figure suggests that the pitchfork
bifurcation route is rather special, in the sense that most
trajectories along the (uo,b) parameter space going from
the resting to spiking regions pass through a Hopf or SN
bifurcation. In this sense these routes are the generic ones.
Fig. 4a also shows the dependence of the input threshold b*
on the parameter yy. As po increases b* becomes smaller.

Proposition 5.1: For 19 < pf such that the input thresh-
old b* exists and for sufficiently small ¢ > 0 the input
threshold is decreasing with respect to py, i.e. 8 < 0.

Proof: From ec%uatlon 2 it follows by implicit differenti-
g o0 — detll , where z* is as in Prop. 3.5. By

ation tha Do = T o
comparing polynomials tr(.J. ) and det(.J) it can be seen that
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Fig. 5. Nullclines for (1). Three nullclines z for values of b equal to O
(dark orange), 0.05 (light orange) and 0.1 (yellow). Dashed and dotted lines
correspond to spike limit cycle for b = 0.05 and b = 0.1 respectively, both
at the singularly perturbed limit. Blue line is s nullcline.

Vz € (—d7t,d7 1Y), —e"tdet(J,) < tr(J,) for sufficiently

small € > 0, thus % > 0. Then, 825;{)2) =a(l —d*2?%)
implies gz; < 0. So we conclude g—zz < 0. [ |

The previous proposition covers the case when the equi-
librium is unique and a Hopf marks the threshold to spiking
(black line in Fig. 4). When the equilibrium is not unique
and there is a SN bifurcation (gray line in Fig. 4), similar
arguments to Prop. 3.4 and Prop. 5.1 would apply, but the
critical input would be when the smallest equilibrium crosses
the first root of det(J}).

S-NOD also displays encoding of the input magnitude
as the spiking frequency, which can be observed both in
Fig. 4a as the color intensity in the spiking region, and
also in Fig. 4b where “slices” are taken for five fixed
values of . The frequency is always an increasing function
of the input for the parameter values studied and tuned
by po. Consistent with this, det(.J,) can be shown to be
monotonically increasing in the interval between the onset
of spiking and the Hopf at which the system saturates
and the limit cycle disappears (b' in Section III, which
always exists). Recalling that the instantaneous frequency at
a planar Hopf is the square root of det(J), we have that the
initial frequency at the first Hopf (when the fixed point is
unique) is smaller than the frequency at the second. Proving
monotonicity across the whole interval analytically is not
trivial, but geometric singular perturbation arguments could
be used to estimate the traveling time of the slow portion
of spiking trajectories, which are along the branches of the
z-nullcline (see, e.g., [12]). Fig. 5 shows an example of how
the z-nullcline changes with increasing input. The spike limit
cycles shown are at the singular perturbation limit (¢ — 0),
for two suprathreshold values of b.

The other parameters provide different dials which can
also be used to tune the thresholds and other properties of
the spiking behavior, such as the amplitude and the duration
of individual spikes. In particular, parameter d can tune
the amplitude of the spikes, while parameters a, k£ and k;
can tune the duration and frequency encoding. Even though
changes to these parameters are not independent, appropri-
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ate simultaneous changes in these can decouple the spike
properties and allow for freedom in the design for particular
applications. Fig. 2 shows a set of parameters where b*
and z* are comparable in magnitude to the spike amplitude;
however, these can be designed to be of arbitrary size, such
that they are separated by orders of magnitude. This could be
important in applications with noisy measurements, where it
is important to clearly distinguish sub-threshold states versus
spiking states.

VI. DISCUSSION

The results in this paper show the tractability and robust-
ness of the S-NOD model properties such as input thresh-
olds to spiking, indecision-breaking and frequency encoding.
These properties can be leveraged in order to use S-NOD as
a new neuromorphic control block for adaptable robustness
and agility in a way that generalizes the approach of [6].
Filtered input, e.g., measurement of the plant output and
environment, enters the block as a real-valued signal b(t),
and the opinion state z(t) is filtered and transformed into a
control signal for the plant that is fed to the actuators. The
parameter o can be adjusted as a function of some aspect
of the environment in order to modulate the input threshold,
for example in response to urgency or a need for higher
responsiveness. S-NOD can be extended to consider multiple
agents and/or multiple options similarly to how the NOD
model generalizes in [4]. This will allow for rich collective
dynamics and for multidimensional opinion spikes enabling
more complex actuation.
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