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Abstract— We consider an opinion dynamics model coupled
with an environmental dynamics. Based on a forward invariance
argument, we can simplify the analysis of the asymptotic
behavior to the case when all the opinions in the social network
are synchronized. Our goal is to emphasize the role of the
trust given to the environmental signal in the asymptotic
behavior of the opinion dynamics and implicitly of the coupled
system. To do that, we conduct a bifurcation analysis of the
system around the origin when the trust parameter is varying.
Specific conditions are presented for both pitchfork and Hopf
bifurcation. Numerical illustration completes the theoretical
findings.

Index Terms— Bifurcation analysis, Opinion dynamics, Non-
linear systems

I. INTRODUCTION

Modeling the dynamics of climate change and environ-
mental processes is of pressing importance and has received
significant attention over recent decades. It is noteworthy
that opinion dynamics play an important role in the environ-
mental processes and vice-versa. On one hand, individuals’
opinions and behaviors are shaped by social interactions.
Such interactions are often modeled via networked or multi-
agent systems where consensus, polarization, and other col-
lective phenomena emerge [1]-[4]. On the other hand, human
actions can have a profound and sometimes irreversible
impact on the environment. This duality is particularly ev-
ident in contexts such as climate change debates, sustain-
able behavior adoption, and collective decision-making in
environmental policy [5], [6]. Although Opinion Dynamics
(OD) and environmental processes have been extensively
addressed separately, the interplay between the two remains
insufficiently explored. Some research directions considering
this interaction include the evolutionary game perspective
[7], [8] and the dynamical systems one [9], [10].

In this paper, we propose and analyze a coupled model that
integrates opinion dynamics with environmental feedback
as a continuous-time extension of recent work [10]. Each
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agent in the network holds a continuously evolving opinion
representing, for instance, a spectrum of attitudes from
pro-environmental to anti-environmental behavior. Agents
update their opinions based on two distinct influences: (i)
social interactions with neighbors, mediated by a signal
function, and (ii) the perceived state of the environment,
which is itself affected by the collective behavior of the
agents. The environmental state evolves according to a linear
dynamic equation controlled by aggregate opinions, and
agents indirectly perceive the environmental condition via
a response function. This formulation captures the inherent
feedback loop between individual behavior and the state of
the environment.

The main contributions of this paper are summarized as
follows. We consider a simplified model coupling the opinion
and environment dynamics. Mathematically, the model is
formulated as a system of ordinary differential equations
in which both the agents’ opinions and the environmental
state evolve continuously over time. Our first technical result
establishes the forward invariance of the synchronization
manifold (all the opinions in the social network coincide).
Next, under appropriate assumptions, we conduct a detailed
analysis of the Fully Synchronized Opinion coupled with the
Environment (FSOE) dynamics of the system, characterizing
the conditions under which the system exhibits singular
points. In the FSOE setup, we conduct a bifurcation analysis
demonstrating both pitchfork and Hopf bifurcations emanat-
ing from the trivial equilibrium. In other words, we charac-
terize the range of parameters guaranteeing the presence of
oscillating behaviors between opinions and environment.

The rest of the paper is organized as follows. In Section II,
we describe the coupled opinion—environment model along
with the setup under consideration. Section III states a
preliminary result on the forward invariance allowing to
reduce the analysis to the FSOE case. Section IV is devoted
to the analysis of the FSOE dynamics, including the charac-
terization of equilibria, the identification of singular points,
and the bifurcation analysis. Finally, Section V presents short
numerical simulations that illustrate the system’s behavior
under different parameter settings. We conclude the paper in
Section VI with a summary of the main results.

Notation We will denote by R and R>( the set of real
and non-negative real numbers, respectively. For a vector
x € RN, we denote by x; the i-th component of x. The
components of the matrix A € RV*N are denoted a;;. We
note the i-th vector of the canonical basis of R"V by e; and by
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1 € RY the all-one vector. We also use the standard notation
diag(x) € RV*N for the diagonal matrix with diagonal
elements given by the vector £ € RY. For a function
f: X — X, we denote Fix(f) = {z € X | f(x) = x}
the set of fixed points of f in X.

II. PROBLEM FORMULATION

We consider the classical multi-agent framework in which
N individuals/agents belonging to the set V = {1,..., N}
interact according to an undirected fixed graph G = (V, E).
We denote by A € RN*N its adjacency matrix, i.e., a;; =1
if (i,7) € € and a;; = 0 otherwise. We denote, by D €
RN*N its degree matrix, ie., D = diag(d) where d; =
Zj.vzl a;; for all ¢ € V. The graph G is connected if one can
find a path in the graph connecting any two different agents.

Since D~1A is a stochastic matrix, from the Perron-
Frobenius theorem, we have the following result.

Lemma 1 (Perron-Frobenius): Let G be a connected
graph. Then, the normalized adjacency matrix D' A has a
simple eigenvalue 1, and all other eigenvalues have modulus
strictly less than 1. Moreover, the vector 1 is the right
eigenvector associated with the eigenvalue 1 of D~ A.

Each agent ¢ € V is associated with a continuously
evolving opinion z;(t) € X := [—1,1], representing their
preference toward a certain behavior. Specifically, x;(t) is
closer to —1 for pro-environmental attitudes and closer to
1 for non-environmental (or unsustainable) tendencies. The
overall state of opinions is collected in the vector x(t) =
(zi(t))iev € XN,

The agents update their opinions by observing the behavior
of their neighbors, which is captured by a continuously
differentiable non-decreasing signal function s : X — X.
The collective perceived behaviors is the vector s(x) whose
components are s(z;),i € V.

The environment is modeled as a state é(t) € R>g, cap-
turing the collective impact of the network’s influence. The
behavior of each agent ¢ influences the environment via an
component-wise increasing function u : X — [Umin, Umax)s
where 0 < upin <Umax- The environmental dynamics is:

Toé = —vé + u(x),

where 7 € [0, 1] represents the environment’s natural recov-
ery rate (in the absence of human action) and 7. > 0 is a time
constant reflecting the speed of the environmental dynamics.

Agents indirectly perceive the environmental state through
a non-increasing function r : R — X', which maps deviations
from a threshold € into a response satisfying r(é —€) < 0 if
é>ceéandr(é—e)>0ifée<e.

Assumption 1: The threshold e is
[Umin /'-Ya Umax/’Y]~
This assumption ensures that the environment is at the same
scale as the threshold. This allows agents to influence the
environment in a meaningful way [10].

For analytical convenience, we recenter the environmental
variable by writing ¢ = € + e, where e¢ € R represents the
deviation from the threshold. The environmental dynamics

such that e €

is then reformulated as:
Te€ = —ve + u(x) — ye. (1)

Accordingly, 7(e) > 0 when e < 0 (i.e., when the environ-
ment is better than the threshold) and r(e) < 0 if e > 0.

The opinion of each agent evolves according to the dy-
namics:

1- 8

Teli = —Xj4 + 57’(6) + dz jzz:laljs(xj)’ (2)
where 7, > 0 is the time constant for the opinion dynamics
and 8 € [0, 1] quantifies the trade-off between environmental
and social influences. In particular, the parameter 5 plays a
critical role: for 8 < 0.5, agents place more trust in the
signals from their neighbors, whereas for 3 > 0.5 they
give greater weight to the environmental signal. Similar OD
models can be found in [10]-[12]. Such models can capture
other behaviors than global synchronization, like agreement,
disagreement, clustering, and oscillations, making them en-

compass more realistic behaviors than the linear OD.
The coupled system (1) and (2) can be expressed in a
matrix-vector form. Defining the system state as y(t) =
(z(t),e(t)), the dynamics can be written in a compact form:

o (= + Br(e)1+(1 — B)D ' As(x))

y=Fl)= (=7 + u(z) ~ 72)

NG

ITI. PRELIMINARY RESULTS
A. Forward Invariance of Synchronization manifold

We will now establish the forward invariance of the
synchronization manifold

S:{(m,e)eXNxR\a::pl,peX}.

Proposition 1: Let G be a connected graph. Then, the
synchronization manifold & is forward invariant for (3).
Proof: Let (xz,e) € S, ie., x = pl for some p € X.
Then, for all 4,5 € V, one has

;) = (ei —e;) (Br(e)1 + (1 — f)D 'As(z) — z)
= (1—B)(e;i —e;) (D~ 'As(p1) — p1)
=(1-8)(s(p) —p) (ei —e;) ' 1=0.

Since 1 is the eigenvector associated with the eigenvalue 1 of
D' A, from Lemma 1. Thus, the synchronization manifold
is forward invariant. u

The forward invariance of the synchronization manifold
S ensures that once the system reaches the synchronization
manifold, it remains there for all future times. Meaning that
once all agents reach the same opinion, they will remain
synchronized ever after. This property is crucial for the
analysis of the system’s behavior, as it allows us to focus
on the dynamics over S and study the system’s stability and
bifurcations in a reduced space.

The attractiveness of the synchronization manifold S de-
pends on the properties of the signal function s and the graph
topology. For example, as shown in [13, Proposition 3], for a
global underestimation function, i.e., z(s(z) —z) < 0 for all

Tx(xz —
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x € [—1,1], with any connected graph, the synchronization
manifold is globally asymptotically stable. For more results
on the attractiveness and attraction basin of S, we refer to
[13], where synchronization for the dynamics (2) has been
studied without environment coupling (i.e, for 8 = 0).

B. Oddness of the dynamics

Assumption 2: The functions s, r, and u are smooth odd
functions. Moreover, the control function wu satisfies u(x) =
—u(—x) + 2ve for all z € AN,

Under Assumption 2, the dynamics (3) is odd. Indeed, for
all y = (x,e) € XN x R, one has:

T fi(—x, —e) —7 L fi(z,e)

Fl-y) = {Te_lfé(—ﬂ% —6)} - [—Te_lfz(w’@)} = Fl)

This assumption is particularly useful and classical for
modeling. Indeed, in Section IV, we will analyze the dynam-
ics (3) of the system over S using the Lyapunov-Schmidt
reduction method [14]. This method generally requires a
significant amount of computational effort, as it involves a
third-order Taylor expansion of the Jacobian matrix. Under
Assumption 2, the dynamics function exhibits an odd sym-
metry in the state variable, making the quadratic terms of this
extension vanish and simplifying the analysis. Moreover, this
assumption is also meaningful from a modeling perspective,
as it aligns with the expectation that opposite behaviors occur
around the neutral opinion and environment threshold.

IV. ANALYSIS OF SYNCHRONIZED AGENTS DYNAMICS

In this section, we assume that the states of the agents are
identical, meaning that x € S, i.e., there exists a p € X such
that = p1. With a small abuse of notation, we will denote
by u(p) the function u(pl). The dynamics with opinion in
S is then given by:

=p = —p+Pr(e)+(1-pB)s(p)
' —ve +u(p) — e

T& =
We call (4a) the Fully Synchronized Opinion (FSO) dynam-
ics and denote y = (p, e) its state.

Then, one can define the Fully Synchronized Opinion
coupled with the Environment (FSOE) dynamics (4a)-(4b)
through the function F': X x R x [0,1]2 = X x R as:

F(y,ﬂw):[%l Tfl][ptiz(ij(;)l_fgs(p) NG

A. Equilibria

Let us define the instrumental function g : X — X as:

ngﬁ(%?—ﬁ+u—mm»

(4a)
(4b)

Proposition 2: Let y* be an equilibrium of the FSOE
dynamics. Then, y* = (p*, u(p*)/y — &) where p* is a fixed
point of g.

Proof: Let y* = (p*,e*) be an equilibrium of the FSO
dynamics. Then, one has the following from the environmen-
tal dynamics: é = 0 & e* = u(p*)/y — €. Substituting this

into the opinion dynamics yields:
p=0sp" =pre)+(1-p5)s@")
* U * = * * *
©pt=pr (f)—e> +(1=8)s(p*) & p" =9(p").

|
The equilibrium points of the FSOE dynamics are then
given by the fixed points of the instrumental function g. The
function g may have multiple fixed points, leading to the
existence of multiple equilibria of (4a)-(4b). In the following,
we focus our analysis at y* = (0,0), that is always an
equilibrium for any 5 and « under Assumption 2.

B. Singular points

In this subsection, we analyze the conditions under which
the Jacobian of the FSOE dynamics becomes singular. Iden-
tifying these singular points is essential as they mark the
parameter values at which the linearization of the system
loses full rank, thereby signaling potential bifurcations and
qualitative changes in the system’s behavior.

Our approach is as follows. First, we derive the explicit
form of the Jacobian matrix of (5). In particular, establishing
conditions under which the leading (i.e. maximal real part)
eigenvalues of the Jacobian lie on the imaginary axispaves
the way for rigorously proving the existence of pitchfork and
Hopf bifurcations in later sections.

The Jacobian matrix of F' is given by:

D, F(y, f.7)= [T%l 7601} {(1@/§g§9> -1 )

The following proposition provides the conditions under
which the Jacobian matrix of the FSOE dynamics has
singular points. In the following, we will note 7 = 7. /7.

Proposition 3: The Jacobian matrix D, F(y, 3,~) has:

1) at least one eigenvalue equal to zero if and only if

u (p)r' ()8
1-B)s'(p) 1
and (1 — B)s'(p) > max(1, —u'(p)r'(e)B + 1).
2) two real eigenvalues equal to zero if and only if the
conditions of point 1) are satisfied and

1 —dwre- /B
P T T e

with Ag = u'(p)r'(e)[u/ (p)r'(e) — 475" (p) (s'(p) = 1)].
3) two conjugated complex eigenvalues with a zero real
part if and only if

y=1((1-8)s(p) - 1), @)

with 1 < (1 — B)s'(p)
(8-, min(B4,1)), where

1 —u/(p)r'(e) £ /Ag

s'(p) 275/ (p)? '

Moreover, the eigenvalues are given by +iwg with

wo = \/det(DyF(y,ﬁ,w)).
Proof: We prove each of the three statements in turn.

(6)

< 1+ 1/7 and 8 €

Br=1-
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The Jacobian Dy F(y, 3,v) := D, F has a zero eigenvalue
if and only if its determinant vanishes. A direct computation
yields
V(1 =B)s'(p) = 1) +u'(p)r'(e)s

TxTe

det(DyF) = —

Thus, setting det(DyF) = 0 one obtains

B
1= B)s'(p) -1
This relation is meaningful provided that (1 — 3)s'(p) >
max(1, —u/(p)r'(e)B + 1) since u'(p)r'(e) < 0 and vy €
[0, 1].
For the Jacobian to have a double zero eigenvalue, both
the determinant and the trace must vanish. The trace is

(-85 -1_1

Te(D,F) =

Then, the Jacobian has two eigenvalues equal to zero if and
only if its trace and determinant are equal to zero. This yields
the following system of equations:

__u(p)r'(e)B
(1—B)s'(p) — 1
Then, one can retrieve the parameter (5 as the solution of the
following equation:

((1— ) "(p) = 1) +

p
= 78%( + (v (p)r'(
) —

and v =7((1 - B)s'(p) = 1).

( )r'(e)8 =0
—275'(p) (s'(p) = 1)) B
( ‘(p) —1)° = (8)

Denoting A = u'(p)r” (e)[u (p)r” (¢) — 475’ (v) (' (p) — 1),
one has that the equation has a real solution if and only
if «/(p)r'(e) < 475'(p)(s’(p) — 1). Under the assumption
uw'(p)r'(e) < 0 and '(p) > 1 (implied by the condition in
(1)), a real solution exists. The two solutions are given by

1 —u/(p)r'(e) £ \/Aig
! + ! '
s'(p) 275'(p)?

A further inspection shows that only [_ satisfies the
additional requirement (1 — 3)s’(p) > 1.

Finally, the Jacobian has two complex conjugate eigenval-
ues with zero real part if and only if (i) the trace vanishes
and (ii) the discriminant of the characteristic polynomial is
negative. The characteristic polynomial is

Br=1-

P(X)=X?—-Tr(D,F) X +det(D,F).
with discriminant
Ap = Tr(DyF)? — 4det(D,F). 9)

Setting Tr(D, F') = 0 again yields
v =71((1-B)s'(p) — 1),

Moreover, to ensure that the eigenvalues are non-real, we
require Ap < 0, which is equivalent to det(D, F’) > 0. This
inequality leads to

Y((1—=B)s'(p) —1)+u'(p)r'(e)s < 0.

In light of our previous derivations, this condition is satis-
fied for § € (B_, min{S;,1}), with the additional constraint
that 1 < (1—-75)s'(p) <1+ 1/7. Moreover the eigenvalues
are given by =iwy, where wy = /det(D,F(y,3,7)). M

This proposition provides a complete characterlzatlon of
the singular point of the Jacobian matrix of the FSOE
dynamics (4a).

Remark 1: It is noteworthy that the condition s'(p) > 1
is necessary for the Jacobian of the FSOE dynamics at y =
(p, €) to become singular. In other words, at the opinion state
p, the signal function s must act as an amplifier of the agents’
opinions for it to be singular.

C. Bifurcation analysis

The following result provides conditions for a pitchfork
bifurcation at the equilibrium (p,e) = (0,0) of (4a)-(4b).
Theorem 1: Suppose Assumption 2 holds and that §*
and v* = ~(B8*) satisfy (6) at (p,e) = (0,0). Then, the
Jacobian of the FSOE dynamics (4a)-(4b) at the equilibrium
y* = (0,0) has a zero eigenvalue associated with the critical
eingenvector v = |1 u’(O)/*y*]T
Moreover, if
u 3 * ./
— B)s"(0) + B*r""(0) (?3) + p T*(O)u///(o)
v 2
is nonzero, then a pitchfork bifurcation occurs at y* as
passes through SB*. In particular, the bifurcating branches
emerge along the subspace generated by v.

Proof: From proposition 3, when * verifies (6), we
know that the Jacobian of the FSOE dynamics (4a)-(4b) at
the equilibrium y* = (0, 0) is singular. Inspired by [15], we
perform the Lyapunov-Schmidt reduction of the equilibrium
equation F'(y, 8*,~v*) = 0. At (y*, 8*,~v*), the linearization
D, F is singular and has a one-dimensional kernel. Let v and
w be the corresponding right and left eigenvectors associated
with the zero eigenvalues. One has

v=1|1 u’(())/’yﬂT and w=[1 g*(0)/7*].

Then, P = ww'/|w|| is the projection onto the kernel
of D,F(y*,B*,~v*) and Q@ = I — P is the projection
onto its range. One can write a general nearby solution
as y = zv + &w, where z € R the coordinate along
the kernel and £ € R the coordinate along the range. Let
= B —p* denote the unfolding parameter. The equilibrium
equation F'(y, 8*,v*) = 0 is then equivalent to the system
PF(y,B8* + p,v*) =0 and QF (zv + &w, B* + p,v*) = 0.

By construction, one has QF(y*,3*,v*) = 0. Since
QDyF(y*, *,~v*) is invertible, the implicit function theo-
rem ensures that there exists a unique function h(z, i) such
that QF (zv + h(z, p)w, B* + p,7v*) = 0 and h(0,0) = 0.
Then, a nearby solution to the equilibrium equation is given
by y = zv + h(z, p).

Substituting this ansatz into F(y,5* + p,7*) = 0 and
projecting onto the kernel (by multiplying on the left by
w') yields the reduced bifurcation equation ®(z,u) =
0. Since the functions s, r, and u are odd, their Taylor
expansions about the origin contain only odd-order terms.

c=(1
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This symmetry ensures that no quadratic term appears in the
expansion of ® in z. Thus, expanding in powers of z and p
we obtain

1 )
Dz, p) = apz + go2’ + O(P, s, p22) =0,
with some constant
-
a=w'9sF(y*, B )=w" {7“0);5(0) O} =0,

= $(0) = 0. The third-order terms are given by:

(1= p7)s"(0)h1kily
+ B*r W( Yhokals
u” (0)h1k1l4

for Yy = (p7 6)7 h = (hla h2)7 k= (k17k2> and [ = (l1,l2)'
Then, the cubic coefficient ¢ is given by

since 7(0)

€

* %k ok ;1 0
SF(yaﬁv’y )(h7k7l): |:T0 ,7_1:|

c:wT [D3 (y* ﬁ* ’Y*)(’U " ’U)]
)0, B0 80 (0)
*3 * .
Tz TxY Te?Y

Consequently, if ¢ # 0 a pitchfork bifurcation occurs at
y* as § = *. Precisely, two nontrivial symmetric solutions
bifurcate from z = 0, along the v direction, when the sign
of u changes. [ ]

From an environmental view-point, this pitchfork bifur-
cation captures the idea that small changes in the trust
parameter /3 can trigger sudden transitions between collective
opinion states. Close to a pitchfork bifurcation, dynamics
are bistable: the state can converge to either of two stable
equilibria, depending on perturbations or initial conditions.
In the environmental setting, either the collective opinion
strongly favors pro-environmental actions, resulting in a
well-preserved environment, or the prevailing sentiment op-
poses environmental efforts, leading to environmental degra-
dation.

Remark 2: Although the pitchfork of Theorem 1 happens
at an unstable trivial equilibrium, it is this bifurcation that
gives rise to bistability in the FSOE dynamics.

In addition to the pitchfork bifurcation, the trivial equilib-
rium also exhibits a Hopf bifurcation for a different range of
parameter [3.

Theorem 2: Suppose Assumption 2 holds and let 8* and
~v* = y(B8*) satisfy (7) with equilibrium y* = (0, 0). Then, a
Hopf bifurcation yielding a family of periodic orbits occurs
at y* as B = [*. Moreover, the bifurcating limit cycle is
unique and stable for 8 < 8* if the coefficient ho; defined
in (11) satisfies Re(hay1) # 0.

Proof: By [14, Theorem 3.4.2], the existence of pe-
riodic orbits follows if the system (4a)-(4b) satisfies two
conditions at the equilibrium y* = (0,0): the eigenvalues of
the Jacobian matrix D, F'(y*, 5*,~v*) are purely imaginary,
and the derivative of the real part of the eigenvalues with
respect to 5 is nonzero.

First, by Proposition 3, the eigenvalues of the Jacobian
matrix at y* = (0, 0) are purely imaginary, satisfying the first
condition. Moreover, in a neighborhood of (y*, 5*,7*), the

characteristic equation of the Jacobian D, I has discriminant
(9) with Ap < 0, giving eigenvalues

Tr(DyF(y,ﬁ,fy*))Jrz pr(y,B,’y*)

A= ,
2

with Ap given by (9).

The second condition is also satisfied since the real part of
these eigenvalues is Re(\) = Tr(Dy F(y, 3,v*))/2. Differ-
entiating with respect to /3, we obtain dgRe(\) = —s'(0) /7y,
which is nonzero since s’(0) > 1. This proves the existence
of the periodic orbits.

The stability and uniqueness of the limit cycle result
from [16, Theorem 3.3]. First, let us provide the normal
form of the bifurcation. At (y*,*,~+*), the linearization
D, F is singular and has a two-dimensional center subspace
associated with the purely imaginary eigenvalues +iwg. Let
q and ¢ be the right eigenvectors and p and p be the left
eigenvectors associated with the eigenvalues iwy and —iwy,
respectively. They are given by

q= [T;lﬁ*T/(O) iOJO o G}T

where a = 7,7 1((1 — 8*)s'(0) — 1) = 7,7 1y~

By [16, Lemma 3.3], for 5 sufficiently close to S* and
setting u = 8 — (%, the FSOE dynamics (4a)-(4b) can be
transformed via a complex variable z into

and p = [7, 1/ (0) iwp — a]

Z2=Az+h(z,z,u), (10)

with A (z, z, ) = O(|z|?) a smooth function of z and z.
Expanding h in powers of z and Zz,

1 akJrl X

K92k 9t (P, F(2q + 24, 1)) |,y 2 l

h(z,z,u) = z.
k+1>2

By [16, Lemma 3.6], equation (10) can be rewritten as

i = Az 41222 + O(|z|"), where ¢, is the first Lyapunov

exponent given by
haoh11(2A+A) | |hyi]”

aT T p T2t

[hol” o
220 —-N) 2
Since s, r and u are odd functions, one has that h;; = 0
for k+1 even, leading to ¢; = ho1/2. The coefficient ho is
given by
hay =p' DyF(y*, 5*,7")(4.4,9)
1— " * 0.0
(o[ =2 O B O

3
T

+ (11)

u”(0) (iwo + a)(B*r(0))

2 )
TZ

B (0)(iwg + a)(iwo — a)z} —

with @ = 7,'9* and wy = +/det(D,F(y*, 5*,7%)). If
Re(ha1) 7£ 0 one has Re(c;) # 0 and from [16, Theorem
3.3] there is a unique stable limit cycle that bifurcates from
the equilibrium y* via a Hopf bifurcation for g < 8*. ®

In summary, our bifurcation analysis reveals two dis-
tinct types of qualitative transitions in the coupled opinion-
environment dynamics. The pitchfork bifurcation indicates
a sudden, symmetry-breaking shift in collective behavior,
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Fig. 1: Bifurcation diagram for the FSO dynamics (4a) with
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denote unstable equilibria, dots mark bifurcation points, and
the green region shows the amplitude of the stable limit cycle
emerging from the Hopf bifurcation.
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Fig. 2: Phase portraits for two value of 8 and v = 0.2. The
system passes from 5 equilibria for 3 = 0.24 to 1 equilibrium
with a stable limit cycle for 5 = 0.25.

whereas the Hopf bifurcation signals the emergence of
oscillatory dynamics, which may model the recurrent cycles
of environmental collapse and recovery observed in prey-
predator systems.

V. NUMERICAL SIMULATIONS

We illustrate the results of Theorem 1 and 2 with nu-
merical simulations. We consider the following functions
s(z) = tanh(3z), r(x) = tanh(—3z) and u(z) = = — ve,
where € = 0.5 is the environmental threshold. We set 7, =
T = 1 and v = 0.2. We compute the bifurcation diagram
for the FSO dynamics (4a) with respect to the parameter
B in Figure 1. We observe a pitchfork bifurcation around
B = 0.24 and a Hopf bifurcation around 5 = 0.60 in Figures
2 and 3, respectively.

Remark 3: As illustrated in Figure 1, the system also
exhibits saddle-node bifurcation involving the equilibria that
emerge from the pitchfork bifurcation of Theorem 1. Due to
a lack of space, we omit a detailed analysis of these saddle-
node bifurcations; such an analysis could be carried out using
techniques analogous to those in Theorem 1.

VI. CONCLUSIONS

In this paper, we introduce and analyze a continuous-
time opinion-environment model as an extension of [10],

. Equilibrium o 0
Limit cycle /
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-

-1.0 - -1.0 »
g
-1.5 4 =15 7
200 6s 0.0 05 To 2565 oo 03 1.0
2 P
(a) 8 =0.59 (b) 5 =0.61

Fig. 3: Phase portraits for two value of S and v = 0.2. The
stable limit cycle for 5 = 0.59 collapses into an equilibrium
at 8 = 0.61 illustrating the Hopf bifurcation of Figure 1.

capturing the interplay between social interactions and envi-
ronmental feedback. We establish positive invariance, explore
singularities of the FSOE dynamics, and demonstrate pitch-
fork and Hopf bifurcations using a rigorous mathematical
framework.
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