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H I G H L I G H T S

Rolling friction and cohesive energy den-
sity have the most influence on the bulk
measurements.
The sensitivity to frictional parameters
increases with rotation rate in the rotat-
ing drum.
The coefficient of restitution typically
has the smallest influence on bulk mea-
surements.
An alternative bulk measurement has
the potential to determine the coeffi-
cient of restitution.
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A B S T R A C T

Calibration of Discrete Element Method (DEM) simulations is challenging and non-standardised. A common
approach involves deducing particle properties from bulk measurements obtained through powder characteri-
sation instruments. However, choosing the best bulk measurements for calibrating DEM simulations depends
on the specific material and system. This paper presents a detailed sensitivity analysis of four commonly used
bulk measurements to aid in selecting the best measurements for DEM calibration: Beverloo C fitting term
(flowing density), angle of repose, dynamic angle of repose, and cohesive index. Rolling friction and cohesion
significantly impact these measurements, with systems showing higher sensitivity to frictional properties in
faster flow conditions, while the coefficient of restitution has low sensitivity. The cubic term of a polynomial
fit to the free surface of a rotating drum was investigated for measuring the coefficient of restitution. This
method demonstrated better sensitivity, particularly at lower rotational speeds.
. Introduction

For accurate simulation of the behaviour of granular materials in ex-
erimental systems using Discrete Element Method (DEM) simulations,
ccurate calibration of microscopic particle properties is essential [1–
]. These properties are crucial as DEM computes the resulting normal
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and tangential forces on each particle contact using contact models
which depend on specific coefficients to define their strength. The
bulk behaviour of a material depends on many particle properties
and the combination of interactions between these properties which
makes finding the correct unique solution difficult. If a single bulk
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measurement is employed to calibrate multiple DEM parameters, there
is often no unique solution.

Measuring these particle properties directly is challenging. Although
theoretically straightforward, various factors usually render direct mea-
surement unfeasible [1]. A more effective, albeit less direct, method in-
volves inferring particle properties from bulk measurements, commonly
known as the indirect calibration method. In this method, particle
properties in a simulation are adjusted until the bulk measurement
aligns with that of an experiment. For instance, the DEM particle
properties in an angle of repose simulation can be adjusted until the
results match the experimental angle of repose [1].

Bulk measurements have been widely utilised in numerous prior
studies to determine DEM particle properties via the indirect calibration
method. Peréz et al. [5] and Ajmal et al. [6] used the draw down bulk
flow test to calibrate DEM simulations. Hu et al. [7] used a rotating
drum and Frankowski and Morgeneyer [8] used a rotating drum in
combination with a translational shear tester for DEM calibration. The
well-known Hall flow test has been simulated by Dai et al. [9] to
calibrate frictional and cohesive DEM particle properties of Inconel
718. Combining many bulk measurements tests together has also been
used to improve the accuracy of the indirect calibration method [10].
There is no existing literature indicating which bulk measurement or
combination of measurements is optimal for the indirect calibration
method. However, it is obvious that a bulk measurement that is highly
sensitive to a given particle property is more effective for calibrating
that property.

2. Method

To determine the sensitivity of bulk measurements to particle prop-
erties, it is necessary to quantify the output variation in response to
changes in the input. Sensitivity analysis, a data analysis technique,
can be used to analyse a large dataset and extract quantitative infor-
mation on output variation due to input variation. This quantitative
information is extracted in the form of sensitivity indices.

To use sensitivity analysis to find the sensitivity of bulk measure-
ments to particle properties, a data set containing particle properties as
variables and bulk measurements as the measured outputs is required.
For accurate analysis, the dataset must encompass all realistic values of
the particle properties. However, generating such a comprehensive data
set through experiments is impractical. Therefore, Discrete Element
Method (DEM) simulations of powder characterisation instruments and
their bulk measurements are utilised.

2.1. Powder characterisation instruments and bulk measurements

The powder characterisation instruments chosen for this sensitivity
study include a rotating drum [11,12], a flow-through-an-orifice tester,
and an angle of repose tester [13]. The specific instruments used are the
Granutools GranuDrum (rotating drum), GranuHeap (angle of repose
tester), and GranuFlow (flow-through-an-orifice tester). These instru-
ments were selected because they represent a standardised method
for powder characterization widely adopted in both academia and
industry.

The bulk measurements investigated are: the Beverloo 𝐶 fitting
term (or flowing density), the angle of repose, the dynamic angle of
repose, the cohesive index, and a polynomial fit to the free surface. A
summary of the bulk measurements along with the associated powder
characterisation instrument is presented in Table 1.
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Table 1
Summary of the characterisation instruments and the relevant bulk measurements for
each instrument.

Characterisation instrument Bulk measurements

Angle of repose tester Angle of repose
Flow through an orifice tester Flow rate through an orifice

Dynamic angle of repose
Rotating drum Cohesive index

3rd order polynomial cubic ‘a’ term

2.2. DEM simulations

Conducting experiments to collect the necessary data is impractical
because of the challenges of creating powders with precisely defined
(and precisely measurable) particle properties and the time-intensive
nature of experimental procedures. DEM has been utilised to solve both
issues.

The DEM software PICI-LIGGGHTS [14] was chosen, which is a
modified version of the open-source LIGGGHTS software [15], it-
self based on the molecular dynamics simulator LAMMPS [16]. PICI-
LIGGGHTS was selected due to being open-source, and the integrated
Python wrapper that enables dynamic updates of simulations and
parameters. This flexibility enables the automated launch of mass-scale
simulations, with more than 1000 simulations running simultaneously
on the University of Birmingham BlueBear HPC and the University of
Warwick Sulis Tier 2 HPC facilities.

By using DEM simulation, the microscopic properties of powder
grains can be precisely defined, allowing the inputs of the data set
to be precisely set. Individual particle-level information, such as po-
sitions and velocities, can be extracted and used to faithfully replicate
the analysis used for the experimental bulk measurement techniques.
Precisely replicating the geometry, operation, and bulk measurements
of powder characterization instruments within the DEM simulations
results in the creation of the powder characterisation digital twins
described in Section 3 that are needed to generate the data. These open-
source digital twins can be found on GitHub: https://github.com/uob-
positron-imaging-centre/DigitalTwins and GitLab: https://gitlab.com/
gdigitaltwins/.

The Hertz–Mindlin contact model [17,18] was used in the DEM
simulations to calculate the normal and tangential forces on the par-
ticles, energy dissipation due to the coefficient of restitution and the
implementation of the sliding friction coefficient (𝜇𝑠). The constant
directional torque (CDT) model [19] was used for the rolling friction
(𝜇𝑟) and the simplified Johnson-Kendall-Roberts (SJKR) model [6] for
inter-particle cohesive forces via the cohesive energy density (CED)
coefficient. The contact law equations can be found in Appendix A.

2.3. Sensitivity analysis techniques

Previous work on the sensitivity of bulk measurements to particle
properties is sparse. Yan et al. [20] used three levels of sensitivity
analysis to look at the sensitivity of flow rate through an orifice and
angle of repose to the Young’s Modulus, coefficient of restitution and
static and rolling friction coefficients. However, they only considered
two bulk measurement techniques and did not include cohesive forces
in the study, which have a considerable influence on the behaviours of
powders.

The sensitivity analysis method used in this paper is: Random
Sampling High-Dimensional Model Representation (RS-HDMR). More
details on the fundamentals of RS-HDMR will be presented in Section 4.
To validate the findings of RS-HDMR, the approach of employing
principal component analysis (PCA) in the second level of sensitivity
analysis, as utilized by Yan et al. [20], can be similarly applied to the
dataset. The full explanation of the method implemented and results
from the PCA sensitivity analysis can be found in the supplementary
material.

https://github.com/uob-positron-imaging-centre/DigitalTwins
https://github.com/uob-positron-imaging-centre/DigitalTwins
https://github.com/uob-positron-imaging-centre/DigitalTwins
https://gitlab.com/gdigitaltwins/
https://gitlab.com/gdigitaltwins/
https://gitlab.com/gdigitaltwins/
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Table 2
Summary of the microscopic particle properties considered in this sensitivity analysis
study.

Microscopic particle properties Particle property values tested

Coefficient of Restitution (CoR) 0.1, 0.5, 0.9
Sliding friction (𝜇𝑠) 0.15, 0.2, 0.3, 0.5, 0.8, 1.0
Rolling friction (𝜇𝑟) 0.01, 0.05, 0.1, 0.2, 0.4, 0.7
Cohesive Energy Density (CED) 0, 10 000, 20 000, 30 000,

40 000, 50 000, 70 000

2.4. Data collection

Both RS-HDMR and PCA require a large dataset of system inputs
and outputs. For this study, a dataset is required where the input DEM
particle properties are varied, and the bulk measurement outputs from
each powder characterisation instrument digital twin are recorded.

A minimum of several hundred data points (typically 𝑁 > 300) is
required for reliable RS-HDMR results [21]. For PCA, the commonly
cited minimum sample sizes range from 150 to 300, with 500 or more
being considered very good [22–24]. Due to the use of DEM simulations
of the powder characterisation instruments in this study, sample sizes
considerably exceed 500, typically ranging from 800 to 1000, ensuring
a robust dataset.

The bulk measurements and particle properties considered are sum-
marized in Tables 1 and 2 respectively. Choosing the range of values
for this study was non-trivial, as many particle properties do not have
a maximum value. The coefficient of restitution is the only property
with a maximum value of 1, while sliding friction, rolling friction, and
cohesive energy density have a minimum of 0 but no set maximum.
Cohesive energy density refers to the cohesion strength per unit volume
(J∕m3) in the Simplified-JKR (SJKR) contact model [25].

All simulations were conducted with an average particle diameter
of 1.1 mm with a log-normal particle size distribution (Fig. B.16 in
Appendix B shows the full distribution), a Poisson’s ratio of 0.3, and an
intrinsic density of 1000 kg∕m3. These parameters were chosen based
on their relevance to real granular materials. For example, microcrys-
talline cellulose has a Poisson’s ratio of 0.3, and aspirin crystals have
a value of 0.29 [26]. An intrinsic density of 1000 kg∕m3 falls within
the range of many pharmaceutical and chemical materials commonly
tested using characterization instruments.

In total, 5880 simulations were run with unique combinations of the
coefficient of restitution, sliding friction, rolling friction, and cohesive
energy density across the three DEM digital twins (including three
different rotation speeds in the rotating drum). Bulk measurements
were recorded for use in the sensitivity analysis, with the same values
for each particle property applied to all digital twins to provide the best
comparison between them.

2.5. Superquadric particles

Real particles often have restricted rotation due to the non-spherical
shape of the particles themselves. Modelling such particles in DEM is
typically too computationally expensive to do compared to spherical
particles so the effect of restricted rotation is sometimes simulated using
a rotational resistance or rolling friction model [19]. To contextualize
the influence of rolling friction, superquadric particles have been used
to find the non-spherical particle shape that has an equivalent bulk
behaviour to different coefficients of rolling friction. The results of this
are presented in Section 5.6.4.

The geometry of a superquadric particle is described by the formula:
𝑓 (𝑥) = (| 𝑥𝑎 |

𝑛2 + |

𝑦
𝑏 |

𝑛2 )𝑛1∕𝑛2 + |

𝑧
𝑐 |

𝑛1 −1 = 0, where 𝑎, 𝑏, and 𝑐 represent the
half lengths of the particle, and 𝑛1 and 𝑛2 are parameters determining
the blockiness [27]. In this study, 𝑛1 = 𝑛2 = 2 was used to form
ellipsoids. The dimensions 𝑎, 𝑏, and 𝑐 were adjusted so that 𝑏 = 𝑐 and
𝑎 = 𝐴𝑅 ∗ 𝑏, with AR being the aspect ratio. To maintain a consistent
volume across particles with varying aspect ratios, 𝑎, 𝑏, and 𝑐 were
scaled to ensure volume equivalence for any aspect ratio as well as
being equivalent in volume to the spherical particles.
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Fig. 1. Rotating drum instrument on the left and digital twin on the right.

3. Powder characterisation instrument digital twins

3.1. Rotating drum - GranuDrum

Both the physical rotating drum instrument and the digital twin
consist of a cylinder that rotates around a central axis like a wheel. The
cylinder has an internal diameter of 8.4 cm and a depth of 2 cm and is
filled with 50 ml of powder, which is approximately 45% of the total
volume of the drum. The rotation speed can vary between 2–60 RPM.
Images of the drum and powder are taken at a plane perpendicular to
the axis of rotation (such that the drum is a circle) every second over
50 s. The full details and development of the digital twin of the rotating
drum (GranuDrum) will be published in a future paper.

Fig. 1 shows the rotating drum instrument and digital twin. Three
bulk measurements are considered: two widely used measurements,
the dynamic angle of repose and the cohesive index, along with an
alternative measurement, a polynomial fit to the powder free surface.

The dynamic angle of repose is a measurement widely used in ro-
tating drums that involves measuring the average angle of the material
flowing in the drum. The cohesive index is calculated from an image
of 𝑥 × 𝑦 pixels taking the 𝑦 pixel value of the powder-air interface of
the powder at every 𝑥 position and calculating the standard deviation
between the position of 𝑦 at each 𝑥 pixel over 50 images taken 1 s apart.
The complete details of the dynamic angle of repose and cohesive index
measurement have been published by Neveu et al. [28].

Fig. 2 illustrates a diagram of the images used to measure the bulk
flow properties in the rotating drum. A section of the image around
the edge of the drum is cropped to exclude particles that might have
stuck to the drum wall from the bulk flow measurements analysis. This
cropped section is also excluded during bulk measurement analysis in
the digital twin of the rotating drum to maintain accuracy relative to
the actual instrument.

A polynomial fit is a refinement of fitting a single dynamic angle
of repose. Fig. 2 shows a diagram of the comparison between these
two measurements. Instead of fitting an angle to the free surface, a
third-order polynomial of the form 𝑦 = 𝑎𝑥3 + 𝑏𝑥2 + 𝑐𝑥 + 𝑑 is fitted to
the free surface, where 𝑥 and 𝑦 are the pixel values of the free surface
interface. From fitting this polynomial, the values for 𝑎, 𝑏, 𝑐 and 𝑑 can
be recorded.

Applying a polynomial fit to the free surface of a material in a
rotating drum is not a new idea. Orpe and Khakhar [29] employed a
tenth-order polynomial, while Prasad and Khakhar [30] used a sixth-
order polynomial. However, this method is not yet widely used in
powder characterisation.

Each of the 𝑎, 𝑏, 𝑐, and 𝑑 terms could be used as bulk measurements
of the material because they define the shape of a 3rd order polynomial
which approximates the free surface shape, which is dependent on
particle properties. However, only the 𝑎 term will be investigated in
this study as explained in the next paragraph.
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Fig. 2. Comparison of the dynamic angle of repose and the polynomial fit.

The cubic 𝑎 coefficient of the polynomial is shown to have a higher
sensitivity to the coefficient of restitution. This is important as no
powder characterisation instrument is currently available that measures
the coefficient of restitution, and the other measurements tested in
this paper were not sensitive to the coefficient of restitution, as will
be discussed in Section 5. There will be slight variability in all these
measurements as they are based on image analysis, so the exact value
will vary depending on the set of images used. An example of the
expected variability has been shown in Section 3.2 for the angle of
repose tester.

To show the suitability of the cubic polynomial fit for a powder
free surface in a rotating drum over a wide range of particle properties,
Fig. 3 shows a box plot of the root mean square error (RMSE) between
𝑦 position of the average interface extracted from the images and the
𝑦 position predicted by a cubic polynomial fit for the same average
interface in all simulations of the rotating drum of 30 RPM. The mean
RMSE was around 2 pixels (0.42 mm) between the polynomial and the
actual interface values showcasing that in most cases the polynomial fit
can capture the shape of the free surface well. However, there are some
outliers with the most egregious having a RMSE of 18 pixels, equivalent
to 3.78 mm. These outliers were for simulations that had a combination
of large particle cohesion forces and high frictions.

3.2. Angle of repose tester - GranuHeap

Fig. 4 illustrates both the experiment and the digital twin of the
angle of repose tester. The full details and development of the angle
of repose tester (GranuHeap) used here will be published in a future
paper.

The physical instrument and digital twin use the cylinder lifting
method to form a heap. In this method, a hollow cylinder with an inner
diameter of 4 cm is placed on top of a cylindrical base with an outer
diameter of 4 cm such that no particles can escape. The cylinder is filled
with the material to be measured. Once the fill level in the cylinder
reaches a predetermined amount, it is raised at a constant rate and the
material forms a heap below it, as shown. After the cylinder is no longer
in contact with the material and the material has stabilized, the angle
of the heap can be measured.

The measurement of the angle of repose in the digital twin has
been implemented to be identical to the procedure in the experimental
4 
Fig. 3. RMSE error between the 𝑦 pixel values of the actual interface coordinates and
the cubic polynomial fit.

Fig. 4. Angle of repose tester instrument on the left and digital twin on the right.

instrument. An image of the heap is taken in a horizontal plane such
that the heap resembles a triangle shape. The angle of repose is then
computed by finding the area equivalent isosceles triangle to the ma-
terial in the image. This is then repeated a number of times (typically
16) while rotating the heap so that each image is of a unique side of
the heap. The average angle measured for all the images is then used
to compute an average angle of repose [31].

As in the rotating drum there will be slight variation in the data.
This is due to random variation in the insertion of the particles initially
causing the measurement to slightly vary. To quantify this, 20 simula-
tions were run, 10 with very low friction and cohesive energy density
values and 10 with higher friction and cohesive energy density values.
Each of the 20 simulations used different random ‘seed’ values to
insert the particles to create completely random particle insertions but
keeping everything else the same. The variability in these simulations
can then be visualised using two box plots in Fig. 5. These box plots
show that the variation is very low between each simulation with the
low friction and cohesion case having a standard deviation of 0.03
degrees and the higher friction and cohesion case having a standard
deviation of 0.27 degrees.

3.3. Flow through an orifice - GranuFlow

A digital twin of the flow through an orifice, mass flow rate tester
(GranuFlow) was developed to complement the previously existing
digital twins of the rotating drum and angle of repose tester. The full
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Fig. 5. Variation of values in the angle of repose tester digital twin for two different
sets of DEM particle properties. On the left the particle properties are: 𝐶𝑜𝑅 = 0.1, 𝜇𝑠 =
0.05, 𝜇𝑟 = 0.01, 𝐶𝐸𝐷 = 10000. On the right the particle properties are: 𝐶𝑜𝑅 = 0.1, 𝜇𝑠 =
0.2, 𝜇𝑟 = 0.1, 𝐶𝐸𝐷 = 40000.

Fig. 6. Flow through an orifice instrument on the left and digital twin on the right.

details of the flow through an orifice digital twin and its development
will be published in a future paper.

Fig. 6 shows the digital twin next to the lab instrument. The geom-
etry of the mass flow rate tester is a flat bottomed silo. To operate it, a
cylinder with an internal diameter of 4.75 cm is filled with the powder
being tested while the bottom is closed. Then a plate with an orifice of
a certain diameter is slid underneath the cylinder so that the orifice is
in the centre of the cylinder. Powder flows through and collects on an
electronic mass scale until discharge is complete, giving a measurement
of the mass flow rate.

The mass flow rate in the DEM simulation can differ slightly depend-
ing on the initial arrangement of the particles during the filling process.
This variation occurs because the particles are randomly generated at
the top of the tube and then allowed to settle under gravity to achieve a
random packing configuration. An example of the expected variability
has been shown in Section 3.2 for the angle of repose tester.

The digital twin used the same geometry and orifice sizes as in the
experiment: 2, 4, 8, 12, 18, 22, 28 mm. The Beverloo equation, first
developed by Beverloo et al. [32,33], as in Eq. (1) can be fitted to the
data for the mass flow rate vs orifice size data.

𝑊 = 𝑐𝜌
√

𝑔(𝑑 − 𝑘𝑑)
5
2 (1)
0

5 
where 𝑊 is the mass flow rate, 𝑐 is a fitting parameter related to the
properties of the granular material, 𝜌 is the bulk density of the material,
𝑔 is acceleration due to gravity, 𝑑0 is the diameter of the orifice for a
given flow rate, 𝑘 is another fitting parameter related to how particles
flow near the edge of the orifice and 𝑑 is the average particle diameter.

The GranuFlow uses a modified implementation of the Beverloo
equation, as in Eq. (2), where the 𝑐 fitting term and 𝜌 are combined
into the 𝐶 fitting term and 𝑘𝑑 is combined into the 𝐷𝑚𝑖𝑛 term.

𝑊 = 𝐶
√

𝑔(𝑑0 −𝐷𝑚𝑖𝑛)
5
2 (2)

where 𝐶 is a fitting parameter related to the properties of the granular
material and 𝐷𝑚𝑖𝑛 is a fitting parameter relating to the minimum orifice
diameter at which flow occurs. The sensitivity results investigate the
sensitivity to the 𝐶 term, the small 𝑐 term, and the flowing density 𝜌𝑓 .

4. Sensitivity analysis methodology

Many sensitivity analysis techniques are available for analysing
large data sets and are split into two main groups: local sensitivity
analysis and global sensitivity analysis.

Local sensitivity analysis, which relies on derivatives, evaluates the
sensitivity of outputs to small perturbations in inputs. While effective
for linear systems, it is less informative for non-linear systems or those
with unknown linearity. Derivatives offer information only around the
evaluation point, not the full parameter space [34,35]. Common local
sensitivity techniques include adjoint sensitivity analysis and Green’s
function method [36]. Since the linearity of the data is not known, local
sensitivity analysis may give misleading results.

Global Sensitivity Analysis (GSA) ranks the importance of system
inputs based on their impact on output variance. Saltelli et al. [37]
define GSA as ‘‘the study of how the uncertainty in the output of
a model (numerical or otherwise) can be apportioned to different
sources of uncertainty in the model input’’. Unlike local sensitivity,
GSA explores the entire parameter space, providing a robust measure
of sensitivity, accommodating nonlinearity and complex interactions
between inputs [38,39].

The GSA technique, high dimensional model representation
(HDMR), initially explored by Rabitz et al. [40] was chosen for this
study due to its flexibility. Unlike other global sensitivity methods
such as Sobol sensitivity analysis [41] and the Morris method [42,43],
HDMR does not require a specific input sampling method. This allows
it to be used with uncontrolled lab data or computationally expensive
simulation data as in this work [38]. Specifically, the Random Sampling
HDMR (RS-HDMR) method developed by Li et al. [38] is employed.

The next sections provide a brief overview of global sensitivity
analysis and RS-HDMR, but for comprehensive details of the method-
ologies, refer to Li et al. [38] and additional resources on HDMR global
sensitivity analysis [44–46].

4.1. Global sensitivity analysis general form

Global sensitivity analysis expresses the relationship between the
system inputs and outputs in a similar way to the decomposition of
𝑓 (𝑥) as in the general form, Eq. (3) [38].

𝑦 = 𝑓 (𝑥) = 𝑓0 +
𝑛
∑

𝑖=1
𝑓𝑖(𝑥𝑖) +

∑

1≤𝑖<𝑗≤𝑛
𝑓𝑖𝑗 (𝑥𝑖, 𝑥𝑗 )

+⋯ + 𝑓1,2,…,𝑛(𝑥1, 𝑥2,… , 𝑥𝑛)

(3)

where 𝑦 and 𝑓 (𝑥) are the outputs of the system and the terms on the
right are the component functions for 1 to n interactions. 𝑓0 is the mean
response of the whole model, ∑𝑛

𝑖=1 𝑓𝑖(𝑥𝑖) are the first-order compo-
nent functions, and ∑

1≤𝑖<𝑗≤𝑛 𝑓𝑖𝑗 (𝑥𝑖, 𝑥𝑗 ) are the second-order component
functions.

Component functions may extend up to the order n, corresponding
to the number of inputs. The final term on the right is an error between
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the best approximation of all the component functions and the actual
output value. For HDMR analysis to be more effective, it is beneficial
if higher-order component functions are considered to have minimal
impact on the final output [38,47].

Finding the exact solutions to the component functions is difficult.
Instead, RS-HDMR (Random Sampling High-Dimensional Model Rep-
resentation) approximates component functions as orthonormal poly-
nomials or splines [38,47]. The implementation of RS-HDMR by Li
et al. [38] approximates the component functions as cubic B splines
defined by:

𝑓𝑖(𝑥𝑖) ≈
𝑚+1
∑

𝑟=−1
𝛼𝑖𝑟𝐵𝑟(𝑥𝑖) (4)

𝑓𝑖𝑗 (𝑥𝑖, 𝑥𝑗 ) ≈
𝑚+1
∑

𝑝=−1

𝑚+1
∑

𝑞=−1
𝛽𝑖𝑗𝑝𝑞𝐵𝑝(𝑥𝑖)𝐵𝑞(𝑥𝑗 ) (5)

where m is the number of knots, 𝐵𝑟,𝑝,𝑞(𝑥𝑖,𝑗 ) are the cubic B splines and,
𝛼𝑖𝑟 and 𝛽𝑖𝑗𝑝𝑞 are constants that need to be ascertained [38].

Substituting these into Eq. (3) gives an additive model. A backfitting
algorithm fits this model to the data [38]. Sensitivity indices are then
calculated for each component function using:

𝑆𝑝𝑗 = 𝐶𝑜𝑣(𝑓𝑝𝑗 , 𝑌 )∕𝑉 (𝑌 ) ≈
𝑁
∑

𝑠=1
𝑓𝑝𝑗 (𝑿

(𝑠)
𝑝𝑗
)(𝑦(𝑠) − 𝑦)∕

𝑁
∑

𝑠=1
(𝑦(𝑠) − 𝑦)2 (6)

𝑆𝑎
𝑝𝑗

= 𝑉 𝑎𝑟(𝑓𝑝𝑗 )∕𝑉 (𝑌 ) ≈
𝑁
∑

𝑠=1
(𝑓𝑝𝑗 (𝑿

(𝑠)
𝑝𝑗
))2∕

𝑁
∑

𝑠=1
(𝑦(𝑠) − 𝑦)2 (7)

𝑆𝑏
𝑝𝑗

= 𝑆𝑝𝑗 − 𝑆𝑎
𝑝𝑗

(8)

where 𝑆𝑝𝑗 is the total sensitivity, 𝑆𝑎
𝑝𝑗

is the structural sensitivity, 𝑆𝑏
𝑝𝑗

is the correlative sensitivity, 𝐶𝑜𝑣 is the covariance, 𝑌 is the generic
aspect of the output 𝑦 (i.e. a representative example value from all of
the output values), 𝑁 is the total number of samples, 𝑿 is a vector of
input variables x, 𝑦(𝑠) is all the output variables in the sample from 1
to 𝑁 , 𝑦 is the mean of all values in 𝑦(𝑠).

4.2. Precise form

Saltelli et al. [37] provide an introductory example using the
Ishigami function [48].

The application of RS-HDMR to study the influence of particle
properties on bulk measurements involves input 𝑥1 = 𝐶𝑜𝑅, 𝑥2 = 𝜇𝑠, 𝑥3 =
𝜇𝑟, 𝑥4 = 𝐶𝐸𝐷 and a bulk measurement output 𝑦. Third order and higher
component functions were neglected in this paper meaning the specific
form of Eq. (3) only includes interactions up to the second order:

𝑦 = 𝑓 (𝑥) = 𝑓0 + 𝑓1(𝑥1) + 𝑓2(𝑥2) + 𝑓3(𝑥3) + 𝑓4(𝑥4) +

𝑓12(𝑥1, 𝑥2) + 𝑓13(𝑥1, 𝑥3) + 𝑓14(𝑥1, 𝑥4) + 𝑓23(𝑥2, 𝑥3) +

𝑓24(𝑥2, 𝑥4) + 𝑓34(𝑥3, 𝑥4) + 𝑓1,2,3,4(𝑥1, 𝑥2, 𝑥3, 𝑥4) (9)

The component functions are estimated using cubic B splines and
estimated through backfitting [38]. Sensitivity indices are calculated
for each component function using the equations provided in (6)–(8).

4.3. Practical implementation

The RS-HDMR approach is implemented in Python using the SALib
library [49]. The data must be arranged into a matrix with a shape
𝑁 × 𝑑, where 𝑁 is the number of samples, and 𝑑 is the number
of particle properties. A problem specification is generated, and the
sensitivity analysis is repeated for each bulk measurement. The output
is a set of first and second-order sensitivity indices for each particle
parameter and their combinations that sum to one, though only the
first order will be considered in the results [38,49].

In this study, with particles measuring an average diameter of

1.1 mm, each digital twin (comprising the rotating drum, angle of
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repose tester, and flow through an orifice tester) has 𝑁 combination.
This is equivalent to the total unique particle property combinations
displayed in Table 2. Specifically, 𝑁 = 3× 6× 6× 7 = 756. Additionally,
the rotating drum was simulated at three different rotational speeds,
leading to a total of 3780 simulations analysed across all three digital
twins. 𝑑 = 4 corresponds to the four variable particle properties.

5. Results

The first order sensitivity indices from the RS-HDMR sensitivity
analysis are shown in Fig. 7. The black lines indicate the 95% con-
fidence interval for each of the sensitivity indices. The confidence
intervals were calculated using the bootstrap method as originally
proposed by Storlie et al. [21]. A higher sensitivity indicates, for a given
bulk measurement, that the respective microscopic particle property is
more influential, and that bulk measurement is better for calibrating
that property.

Firstly, regarding the overall trends, rolling friction and cohesion
show the strongest influence of all on the bulk measurements. None
of the bulk measurements showed a high sensitivity to sliding friction
when compared to the sensitivity to rolling friction and cohesion in
the range investigated here. The coefficient of restitution is overall
the least influential particle property across all the measurements, not
going above a sensitivity index of around 0.05.

5.1. Dynamic angle of repose - GranuDrum

The dynamic angle of repose is the first measurement considered in
Fig. 7. The dynamic angle of repose is associated with how challenging
it is for particles to move past one another. The more difficult it is,
the further the particles will move up the wall in the direction of the
drum rotation, creating a steeper angle from the top-most particles to
the lowest. The dynamic angle of repose is conceptually similar to the
angle of repose but there are interesting differences in the sensitivity
analysis.

The sensitivity to the coefficient of restitution is slightly higher in
the dynamic system because of constant collisions. However, the value
is still negligible compared to the other particle properties at around
0.02. The influence of cohesive energy density is reduced from 0.44 in
the static angle of repose to 0.19 in the dynamic angle of repose. The
higher energy state will make it easier for cohesive bonds to be broken
meaning fewer particles will be in contact at any given time.

The dynamic angle of repose has a higher sensitivity to the sliding
friction compared to the static angle of repose doubling from 0.07 to
0.14. Rolling friction, on the other hand, has a similar large influence
on the dynamic angle of repose as the static angle of repose, with an
index of 0.47. This indicates that rolling friction is independent of how
dynamic a system is.

5.2. Cohesive index sensitivity - GranuDrum

The cohesive index is a bulk measurement that was developed to
measure the cohesive forces in a powder by analysing the fluctuations
in the powder free surface caused by transient clumping of particles.
Neveu et al. [28] detail the exact methodology for calculating the
cohesive index.

The sensitivity analysis in Fig. 7 shows that, as expected, the cohe-
sive energy density has by far the strongest influence on the cohesive
index, with a sensitivity index of 0.47. This is twice as high as rolling
friction, which has a sensitivity index of around 0.26 and more than
twenty times higher than the coefficient of restitution.

As with all previous bulk measurements, the coefficient of resti-
tution shows little influence with a sensitivity index around 0.02.
The sliding friction also has a negligible effect on the cohesive index

measurement with a sensitivity index of essentially 0.
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Fig. 7. Bar graph of the sensitivity indices for the dynamic angle of repose, cohesive index and polynomial cubic ‘a’ term, the angle of repose and C fitting parameter in the
Beverloo equation in relation to each of the four microscopic particle properties investigated.
Fig. 8. The sensitivity indices of the cohesive index measurement in the GranuDrum digital twin at different rotational speeds in the rotating drum.
5.3. Angle of repose - GranuHeap

In the fourth measurement shown in Fig. 7, the angle of repose
obtained from the angle of repose tester (GranuHeap) digital twin
indicates that rolling friction and cohesion are once again the most
significant particle properties. Each had an equal significance with both
showing a sensitivity index around 0.44.

The angle of repose is essentially the largest angle that a stable
pile can form. The stronger the forces acting to prevent particles from
moving past each other the higher the stable angle that can be achieved.
Cohesion, sliding friction, and rolling friction should all act to prevent
particles from moving past or away from each other. This explains why
rolling friction and cohesive energy density have high sensitivity in-
dices. Sliding friction, however, has a much lower sensitivity compared
to cohesive forces and rolling friction with an index of around 0.07.
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The angle of repose is a static measurement, so the coefficient of
restitution is not expected to have any influence because there are
no collisions. The results confirm this as they show the coefficient of
restitution having a sensitivity index of essentially 0.

5.4. Beverloo equation - GranuFlow

The bulk measurement on the right of Fig. 7 is the fitting parameter
𝐶 in the Beverloo equation previously discussed in Section 3.3.

Cohesive energy density and rolling friction have the largest in-
fluence on the 𝐶 fitting term with sensitivity indices of 0.41 and
0.31 respectively. Since the particles are confined, contact density is
high, so cohesion significantly impacts this bulk measurement. How-
ever, high values of the cohesive energy density frequently led to no
mass flow through the orifice. Consequently, using an orifice tester to
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Fig. 9. The sensitivity indices of the dynamic angle of repose measurement in the GranuDrum digital twin at different rotational speeds.
Fig. 10. The angle of repose in the GranuHeap digital twin versus cohesive energy
density for 𝜇𝑠 = 0.15 − 1.0 at 𝜇𝑟 = 0.2 and 𝐶𝑜𝑅 = 0.5.

study highly cohesive powders is often ineffective because obtaining a
reliable measurement is challenging in many instances.

The sensitivity to sliding friction is small compared to rolling fric-
tion and cohesion, with a sensitivity index of around 0.025. This is
perhaps unintuitive as the particles should slide past each other when
flowing downward. This could be explained by the previously discussed
saturation effect observed in sliding friction for the angle of repose
or the fact that rolling friction and cohesion are more significant. For
flow to occur the material needs to dilate and dilation is caused by
particle rearrangement which in turn is strongly linked to rotation of
particles [50]. Since rolling friction impacts particle rotation this could
also explain the strong influence of rolling friction.

The sensitivity of the result to the coefficient of restitution is small
compared to rolling friction and cohesion, with an index of around
0.04. Due to the nature of the confined system, there are very few
8 
energetic collisions and thus the coefficient of restitution does not have
a large impact on the measurement.

5.5. Polynomial fit cubic term - GranuDrum

None of the previous bulk measurements have shown a strong
sensitivity to the coefficient of restitution. This leads to the question of
whether a bulk measurement technique exists that is sensitive to this
particle property.

The sensitivity of the cubic 𝑎 term of the polynomial to the coeffi-
cient of restitution is shown in the middle of Fig. 7 and shows a small
increase in the value of the sensitivity index compared to the Beverloo
𝐶 term. The value increased from around 0.04 to 0.05. Rolling friction
and cohesion are still the most influential particle properties. However,
this bulk measurement technique shows potential to extend the range
of use of the rotating drum to the measurement of the coefficient of
restitution. Further investigation into the effect of rotation rate on
sensitivity is presented in Section 5.6.6.

5.6. Further investigation

5.6.1. GranuDrum cohesive index - effect of rotation rate
The effect of rotation rate on the cohesive index measurement was

investigated. Fig. 8 shows the results for the cohesive index at 10, 30
and 50 RPM.

The cohesive index shows no change in the sensitivity to sliding
friction no matter what rotational speed is used. A steady upward trend
in rolling friction sensitivity as rotational speed increases can be seen,
ranging from 0.23 at 10 RPM to 0.34 at 50 RPM. The coefficient of
restitution remains insignificant except at 50 rpm where it increases to
0.04.

5.6.2. GranuDrum dynamic angle of repose - effect of rotation rate
Fig. 9 shows the sensitivity of the dynamic angle of repose to

particle properties at 10, 30, and 50 RPM.
The most obvious trend is the increase of the influence of sliding

friction from a sensitivity index of 0.12 at 10 RPM to 0.26 at 50 RPM.
This shows that at faster material flow sliding friction has more of an
influence. Rolling friction here shows a decrease in sensitivity going
from 0.51 at 10 RPM to 0.30 at 50 RPM. However, this may be due
to the increasing sensitivity to sliding friction causing rolling friction
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Fig. 11. The angle of repose in the GranuHeap digital twin versus cohesive energy density for 𝜇𝑟 = 0.01 − 0.7 at 𝐶𝑜𝑅 = 0.5. The graph on the left has 𝜇𝑠 = 0.2 and on the right a
value of 𝜇𝑠 = 0.5.
Fig. 12. On the left, the measured angle of repose in the GranuHeap digital twin of spherical particles with rolling friction. On the right, the measured angle of repose in the
GranuHeap digital twin of elliptical particles with 𝜇𝑟 = 0. For both, 𝐶𝑜𝑅 = 0.5 and 𝐶𝐸𝐷 = 20000.
to appear like it is less sensitive. Cohesive energy density appears to
show a slight decreasing sensitivity with increasing rotation rate but the
effect of the coefficient of restitution remains negligible at all rotation
rates.

5.6.3. GranuHeap - investigation into sliding and rolling friction
Yan et al. [20] conducted a sensitivity analysis on a different angle

of repose tester and identified a saturation effect of sliding friction.
Yan’s results indicated that sliding friction had the greatest impact on
bulk responses between 𝜇𝑠 = 0.05 and 𝜇𝑠 = 0.25, with a diminished
effect from 𝜇𝑠 = 0.25 to 𝜇𝑠 = 0.5. This suggests a non-linear relationship
where increasing sliding friction beyond a certain point no longer
affects the bulk response. This saturation effect is reproduced in the
present study and is described in the next paragraph.

Fig. 10 illustrates the angle of repose measured in the angle of
repose digital twin at 𝜇𝑟 = 0.2 and 𝐶𝑜𝑅 = 0.5. At zero cohesive energy
density, the angle of repose increases by approximately 10.5 degrees
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as sliding friction rises from 𝜇𝑠 = 0.15 to 𝜇𝑠 = 0.3, but only by 5
degrees from 𝜇𝑠 = 0.3 to 𝜇𝑠 = 1.0. This trend persists across different
cohesive energy densities, with lower sliding friction values showing
larger changes in the angle of repose.

In contrast, rolling friction does not show the same degree of
saturation in the angle of repose measured in the GranuHeap digital
twin, as shown in Fig. 11. For 𝜇𝑠 = 0.5, higher rolling friction values
do not saturate, although when 𝜇𝑠 = 0.2, there is some saturation, as
indicated by the overlap angle of repose values for 𝜇𝑟 = 0.4 and 𝜇𝑟 = 0.7.

If 𝜇𝑠 values below 0.15 were considered, a higher sensitivity to
sliding friction would probably be observed in the bulk measurements.
However, a lower limit of 0.15 was chosen because values lower than
this made measurements impossible due to changes in regimes of ma-
terial flow. For example, at high values of cohesive energy density and
𝜇𝑠 < 0.15 the material in the rotating drum digital twin would tend to
stay as one solid body and slide against the wall in a slumping regime.
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Fig. 13. RS-HDMR sensitivity results for some of the parameters used in the Beverloo equation.
Fig. 14. Global RS-HDMR sensitivity analysis results for the polynomial fit to the free surface in the rotating drum powder characterisation instrument for different drum rotation
speeds.
This form of behaviour prevents useful measurements of dynamic angle
of repose or cohesive index.

5.6.4. GranuHeap - comparison of rolling friction to elliptical particles
As Fig. 7 shows, rolling friction significantly influences all bulk mea-

surements. To give context to the strong effect that rolling friction has
on all measurements, the effect of rolling friction on the angle of repose
can be compared to a physical change in the particle shape. Rolling
friction resists particle rotation and is often used in DEM to reproduce
the resistance due to rolling of non-spherical particles [51–53].

Fig. 12 compares the angle of repose in the GranuHeap digital twin
for elliptical superquadric particles with 𝜇𝑟 = 0 and spherical particles
with 𝜇𝑟 = 0.01 − 0.7. The left graph shows that the angle of repose for
spherical particles with 𝜇𝑠 = 1 and 𝜇𝑟 = 0.7 closely matches that of
elliptical particles with 𝜇 = 1 and an aspect ratio of 4. A value of 0.7
𝑠
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for the rolling friction has a similar effect on the angle of repose as
physically changing the shape of a particle to have an aspect ratio of
4.

Additionally, the angle of repose shows minimal variation for 𝜇𝑟 >
0.15 when 𝜇𝑠 < 0.3, ranging between approximately 18.8◦ and 20◦.
For 𝜇𝑟 = 0.01 − 0.2, the angle of repose changes from 6.5◦ to 18.8◦

given the same sliding friction (𝜇𝑠). When the sliding friction 𝜇𝑠 is
≥ 0.3, the influence of rolling friction on the angle of repose becomes
more significant, suggesting an interaction between sliding and rolling
friction. For instance, at 𝜇𝑠 = 1.0, with 𝜇𝑟 varying from 0.01 to 0.2, the
angle of repose ranges from 18.8◦ to 35.9◦.

The elliptic superquadric particles displayed similarly interesting
behaviour, with only a minor influence on the angle of repose observed
between particle aspect ratios of 𝐴𝑅 = 2−4, where the measured angle
varied from 20.3◦ to 23.9◦. In contrast, the shift in measured angle was
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Fig. 15. Different free surface shapes in a DEM simulation of the GranuDrum digital
twin for 10 and 50 RPM and 𝐶𝑜𝑅 = 0.1 and 𝐶𝑜𝑅 = 0.99. For all images, 𝜇𝑠 = 0.5,
𝜇𝑟 = 0.4 and 𝐶𝐸𝐷 = 0.

significant between a spherical particle and a particle with 𝐴𝑅 = 2,
changing from 2.1◦ to 20.3◦.

5.6.5. GranuFlow - investigation of different fitting terms
Previous researchers have used different estimates for the bulk

density in the Beverloo equation, Eq. (1). Nedderman [54] recommends
the choice of the flowing density (𝜌𝑓 ), which is defined as the ratio of
the mass flow rate to the volumetric flow, calculated from the observed
rate of descent of the top surface. He reported that this reduces the
observed range of 𝑐 to 0.575–0.595 [55].

This study also reinforces Nedderman’s results [54] by showing that
the variation in the 𝑐 term for the flowing density version of Beverloo’s
equation was much smaller, between 𝑐 = 0.54 − 0.68, compared to
the 𝑐 term used with Beverloo’s equation using bulk density, between
𝑐 = 0.35 − 0.65. A further study on this will be published in the future.

To further support Nedderman’s [54] claim, the sensitivity index of
𝑐 can be compared to the sensitivity index of 𝐶 used in the modified
version of the Beverloo equation, Eq. (2). If 𝑐 is truly mostly constant
the sensitivity of the flowing density and 𝐶 to particle properties should
be similar because 𝐶 is essentially the combination of 𝑐 and flowing
density. Fig. 13 shows the RS-HDMR sensitivity indices for the 𝐶 fitting
term as well as the 𝑐 fitting term when used with flowing density and
the flowing density measurement itself.

The similar sensitivity indices between the 𝐶 term and the flowing
density adds further credit to Nedderman’s [54] results that the 𝑐 term
is essentially constant. The main difference between the two being
a reduced sensitivity to rolling friction with the 𝐶 term having a
sensitivity index of 0.31 and the flowing density having an index of
around 0.22. The 𝑐 term does exhibit some dependence on the particle
properties with sliding friction being the most important having a
sensitivity index of 0.24.

5.6.6. GranuDrum polynomial fit - effect of rotation rate
To further investigate the sensitivity to the coefficient of restitution

of this new bulk measurement, the rotating drum digital twin was run
again over the same parameter range for the particle properties as
outlined in Table 2, but for a slower rotation rate at 10 rpm and a
higher rotation rate at 50 rpm. RS-HDMR analysis was conducted on
this new data across the three rotation speeds.
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Fig. 14 shows the RS-HDMR sensitivity results of the polynomial
bulk measurement at the different rotational speeds. There is a clear
trend of decreasing sensitivity to the coefficient of restitution as the
rotational speed is increased. The 10 rpm results have the highest
sensitivity to the coefficient of restitution so far with an index of 0.11.

The increase in sensitivity of the cubic term in the polynomial fit to
the free surface is due to how the shape of the free surface changes with
rotational speed. Fig. 15 depicts a side profile of particles in the rotating
drum for two different rotational speeds and two different coefficient
of restitution values, with the areas of particular interest marked by
coloured boxes.

The area of interest concerning the coefficient of restitution is high-
lighted with a red square. Inside this red square, a higher coefficient
of restitution results in a more distinct rounding of the surface as the
particles collide with the drum wall. This phenomenon is partially what
the cubic term measures. The other aspect, indicated by the blue boxes,
is the increased surface curvature at the top as particles flow over the
heap. In the 50 RPM scenario, there is already a complex, nonlinear free
surface shape unlike the simpler linear shape in the 10 RPM scenario.
This makes it easier to pick up the surface rounding that occurs at the
tail end and does not get drowned out by the more exaggerated shape
of the rest of the free surface.

Examining the cubic term 𝑎 across the images in Fig. 15, it is
observed that at a coefficient of restitution value of 0.1, the values are
comparable for both 10 rpm and 50 rpm. However, at a coefficient of
restitution value of 0.99, the value of 𝑎 in the 10 rpm case is nearly
twice that of the 50 rpm case, making it possible to distinguish the two
cases by the shape of the flowing region alone.

Another noteworthy aspect is the heightened sensitivity to sliding
friction as system dynamics increase (faster flow), as shown in Fig. 14.
This suggests that a higher rotational speed is preferable when using
the polynomial fit to study sliding friction, whereas a lower speed is
more suitable for examining the coefficient of restitution. Although a
comprehensive analysis of a bulk measurement significantly affected by
the coefficient of restitution is outside the scope of this paper, it merits
further investigation.

A potential improvement to this approach would be to remove the
crop that is currently applied to all images. Fig. 2 illustrates that an
outer ring is removed during image processing. This ring is where
most of the surface rounding occurs. The purpose of this is to prevent
any granular material that may have adhered to the drum wall from
affecting measurements.

6. Discussion and future work

DEM requires values to be chosen as particle property inputs but
methods for measuring those values on a single contact basis are
problematic [1]. Bulk measurements can solve some of the problems
of single contact based measurements but there is no comprehensive
study of which bulk measurement should be used for which particle
property input. This study is an attempt to determine which bulk
measurement or sets of measurements are most influenced by different
particle properties and thus which technique provides the optimal
chance of calibrating a plausible value for each particle property input.

Considering all the sensitivity results, the rotating drum had the
highest sensitivity to all four of the particle properties across three
bulk measurements, indicating that it is the best single characterisa-
tion instrument to use for calibration. The dynamic angle of repose
had the highest sensitivity to rolling and sliding friction, cohesive
index the highest sensitivity to cohesive forces, and the cubic term
of the polynomial fit had the highest sensitivity to the coefficient of
restitution.

The rotating drum also has the advantage of being able to use
different rotation speeds which changed the sensitivity values of all
the bulk measurements. This led to the cubic term of the polynomial
fit having an even higher sensitivity to the coefficient of restitution at
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slower rotating rates. However, the rotating drum only characterises
materials under dynamic conditions. Material calibration in different
dynamic states may create more robust calibrated properties so using
more than one instrument together may be advantageous. This is
something that was not investigated in the present work but warrants
further study.

Various particle properties were kept constant in this study such as:
the particle density, average particle size and particle size distribution.
The effect these have on the sensitivity of the bulk measurements to
the particle properties was not investigated and needs further study.
The sensitivity analysis of more powder characterisation instruments
should also be investigated, such as a tapped density tester.

7. Conclusion

In this paper, the random sampling high dimensional model repre-
sentation (RS-HDMR) sensitivity analysis technique has been used to
analyse the influence of particle properties on bulk measurements in
powder characterisation instruments to provide guidance on the choice
of which bulk measurement is better for calibrating which particle
properties in DEM simulations. This is useful information for DEM
users when deciding which bulk measurement or sets of measurements
should be used to calibrate simulations. To obtain the large amount
of data required for RS-HDMR, 5880 total DEM simulations were run
using digital twins of powder characterisation instruments.

The three bulk measurements in the rotating drum had the most
evenly balanced sensitivities to the four particle properties investigated.
The dynamic angle of repose had the highest sensitivity to sliding
and rolling friction, the cohesive index had the highest sensitivity to
cohesive energy density and the cubic term of the polynomial fit had
the highest sensitivity to the coefficient of restitution. The polynomial
fit in the rotating drum also offers the possibility for better calibrating
the coefficient of restitution at slow rotation rates. Enhancing the image
analysis by eliminating the cropping process might also lead to further
improvements in sensitivity.

Based on these findings, the recommended bulk measurements for
the calibration of the DEM input properties – coefficient of restitution,
sliding friction, rolling friction and cohesive energy density – are the
dynamic angle of repose, cohesive index, and the cubic component in
a polynomial fit to the powder free surface, all of which can be obtained
from rotating drum experiments.
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able A.3
arameter symbols.
Symbol Parameter

𝐴 Contact area
𝐶𝐸𝐷 Cohesive energy density
𝐶𝑜𝑅 Coefficient of Restitution
𝐸∗ Effective Young’s modulus
𝐹 𝑛
𝑐𝑜ℎ Cohesive force normal component

𝐹 𝑛
𝑖𝑗 Normal force between particles 𝑖 and 𝑗

𝐹 𝑡
𝑖𝑗 Tangential force between particles 𝑖 and 𝑗

𝑔 Gravitational acceleration
𝐺∗ Shear modulus
𝐼𝑖 Moment of inertia of particle 𝑖
𝑘𝑛 Normal stiffness coefficient
𝑘𝑡 Tangential stiffness coefficient
𝑚𝑖 Mass of particle 𝑖
𝑚∗ Effective mass
𝜇𝑟 Rolling friction coefficient
𝜇𝑠 Static friction coefficient

𝑟 Lever arm from the point of contact to the centre of
mass of the particle

𝑅∗ Effective radius of the two particles in contact
𝜏𝑟𝑖𝑗 Rolling friction torque
𝑣𝑛𝑖𝑗 Relative normal velocity between particles 𝑖 and 𝑗
𝑣𝑡𝑖𝑗 Relative tangential velocity between particles 𝑖 and 𝑗
𝛿𝑛𝑖𝑗 Normal overlap between particles 𝑖 and 𝑗
𝛿𝑡𝑖𝑗 Tangential overlap between particles 𝑖 and 𝑗
𝑑𝜈𝑖
𝑑𝑡

Acceleration of particle 𝑖
𝑑𝜔𝑖

𝑑𝑡
Angular acceleration of particle 𝑖

𝜔𝑖𝑗 Relative angular velocity between particles 𝑖 and 𝑗
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Appendix A. Dem equations of motion and contact laws

Newton’s Second Laws of Motion (see Table A.3):

𝑚𝑖
𝑑𝜈𝑖
𝑑𝑡

=
∑

(𝐹 𝑛
𝑖𝑗 + 𝐹 𝑡

𝑖𝑗 ) + 𝑚𝑖𝑔 (A.1)

𝑖
𝑑𝜔𝑖
𝑑𝑡

=
∑

(𝑟 × 𝐹 𝑡
𝑖𝑗 ) − 𝜏𝑟𝑖𝑗 (A.2)

Hertz–Mindlin normal and tangential force between two soft-body
articles:

𝑛
𝑖𝑗 = −4

3
𝐸∗

√

𝑅∗𝛿𝑛𝑖𝑗𝛿
𝑛
𝑖𝑗 − 2

√

5
6

ln(𝐶𝑜𝑅)
√

ln2(𝐶𝑜𝑅) + 𝜋2

√

𝑘𝑛𝑚∗𝑣𝑛𝑖𝑗 (A.3)

𝑡
𝑖𝑗 =

⎧

⎪

⎨

⎪

⎩

−8𝐺∗
√

𝑅∗𝛿𝑛𝑖𝑗𝛿
𝑡
𝑖𝑗 − 2

√

5
6

ln(𝐶𝑜𝑅)
√

ln2(𝐶𝑜𝑅)+𝜋2

√

𝑘𝑡𝑚∗𝑣𝑡𝑖𝑗 |𝐹 𝑡
𝑖𝑗 | < 𝜇𝑠|𝐹 𝑛

𝑖𝑗 |

−𝜇𝑠|𝐹𝑛|
𝛿𝑡𝑖𝑗
|𝛿𝑡𝑖𝑗 |

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(A.4)

Constant directional torque equation for rolling friction:

𝑟
𝑖𝑗 = 𝜇𝑟𝑘

𝑛𝛿𝑛𝑖𝑗
𝜔𝑖𝑗
| |

𝑅∗
(A.5)
|

|

𝜔𝑖𝑗 |
|
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Fig. B.16. Particle size distribution used in all the simulations of this study.
Simplified-JKR cohesion model:

𝐹 𝑛
𝑐𝑜ℎ = 𝐶𝐸𝐷 × 𝐴 (A.6)

Appendix B. Particle size distribution

See Fig. B.16.

Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.powtec.2024.120231.
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