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Abstract

We study a binary Thue–Morse-type sequence arising from the base-3/2 expansion
of integers, an archetypal automatic sequence in a rational base numeration system.
Because the sequence is generated by a periodic iteration of morphisms rather than a
single primitive substitution, classical Perron–Frobenius methods do not directly apply
to determine symbol frequencies. We prove that both symbols 0, 1 occur with frequency
1/2 and we show uniform recurrence and symmetry properties of its set of factors.
The proof reveals a structural bridge between combinatorics on words and harmonic
analysis: the first difference sequence is shown to be Toeplitz, providing dynamical
rigidity, while filtered frequencies naturally encode a dyadic structure that lifts to the
compact group of 2-adic integers. In this 2-adic setting, desubstitution becomes a
linear operator on Fourier coefficients, and a spectral contraction argument enforces
uniqueness of limiting densities. Our results answer several conjectures of Dekking (on
a sibling sequence) and illustrate how harmonic analysis on compact groups can be
fruitfully combined with substitution dynamics.

Keywords: rational base numeration systems; block substitutions; Thue–Morse sequence;
frequency; uniform recurrence; Pontryagin duality; Fourier coefficients.
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1 Introduction

Given a sequence s = (sn)n≥0 ∈ AN over a finite alphabet A, two fundamental questions
concern the existence and the computation of the frequency of occurrences of a symbol a ∈ A
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appearing in s, namely the quantity

lim
N→∞

#{0 ≤ i < N | si = a}
N

.

Answering these questions has applications in several fields, e.g., invariant measures in sym-
bolic dynamics and ergodic theory [33, 37], normality in number theory [10, 11], structure
and balance properties in combinatorics on words [1, 31, 34], data compression and pattern
prediction in information theory [15], densities in aperiodic tilings [9].

In this article, our initial motivation was to answer a conjecture that has been open for
five years [40]. It concerns the symbol frequencies in the Thue–Morse word in base 3/2:

t3/2 = 001110111110110111110000110110 · · · , (1)

an infinite sequence generated by a particular type of substitution obtained by periodically
iterating two morphisms of constant length 3; see Section 1.2 for precise definitions. Focusing
on this sequence is natural: it is a typical automatic sequence in a rational base (here 3/2).
Although generated by simple rules, it exhibits a rich and non-trivial structure that reflects
the complexity of the object. We prove that the frequency of 0 is indeed 1/2 — as suggested
by numerical computations as pictured in Fig. 1 — but we obtain more: we prove that t3/2 is
uniformly recurrent and its set of factors is closed under bit-wise complement and reversal. In
contrast with classical primitive substitutive systems, t3/2 arises from a periodically iterated
morphism and mixes two scaling mechanisms, preventing a direct application of Perron–
Frobenius theory and requiring a different approach to establish the existence of symbol
frequencies. Compared with integer base systems or substitutive systems, the language of
the base-3/2 numeration system is highly non-trivial: any two distinct infinite subtrees are
non-isomorphic, which is an important difference to overcome.
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Figure 1: Estimation of the frequency of 0 in prefixes of the Thue–Morse word t3/2 in
base 3/2: on the left, for prefixes with length ≤ 2000; on the right, those with length in
[14000, 15000].

We also answer several conjectures related to a sibling sequence t′ introduced by Dekking
[19] and recalled in Section 1.4. As already mentioned before, these sequences t3/2 and t′
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are linked to the theory of numeration systems. The symbols of t3/2 can be computed from
the expansions of integers in a rational base numeration system [2]. More precisely, for any
integer n ≥ 0, the n-th symbol of t3/2 is the parity of the sum-of-digits of n in its base-
3/2 expansion. Rational base numeration systems, introduced by Akiyama, Frougny, and
Sakarovitch in 2008 [2] and initially related to a question of Mahler about the distribution
of the fractional parts of {z (3/2)n}, where z is a real, have attracted the attention of many
researchers [21, 25, 40, 41, 42]. Our solution using techniques from abstract harmonic analysis
suggests possible extensions to similar problems and, in particular, sheds new light on long-
standing conjectures related to the Oldenburger–Kolakoski word [36, 29]; see Section 1.2 for
its definition.

The study of substitutions and morphic words lies at the crossroads of combinatorics on
words and symbolic dynamics, but also harmonic analysis. Beyond their combinatorial struc-
ture, substitutions generate dynamical systems whose spectral properties encode arithmetic
and structural information. Tools from abstract harmonic analysis, such as Fourier–Stieltjes
transforms, spectral measures, and Riesz products, play a central role in the analysis of
these systems [37]. In particular, the spectral theory of substitutive dynamical systems pro-
vides a framework to distinguish pure point, singular continuous, and absolutely continuous
behaviors [9].

Let us give a few more examples highlighting the interactions between these seemingly
distant topics. Baake and Grimm derive a Fourier recursion and functional equation for the
Thue–Morse autocorrelation measure, yielding an explicit Riesz product representation and a
purely singular continuous spectrum [8]. Still related to the Thue–Morse word, uniform expo-
nential bounds are obtained for discrete Fourier coefficients of truncated Thue–Morse sums,
averaged over arithmetic parameters [35]. Finally, automatic sequences admit an efficient
decomposition into a structured component and a Gowers-uniform component, showing via
higher-order Fourier analysis that sequences orthogonal to periodic ones have small Gowers
norms and thus behave pseudorandomly with respect to additive patterns [13].

The remainder of Section 1 is organized as follows. In Section 1.1 we briefly recall the
notion of substitutions and fixed points. Then, in Section 1.2, the generation of infinite words
by substitutions is extended to the case where a finite number of morphisms are applied
periodically. We recall that the famous Oldenburger–Kolakoski sequence can be obtained
in this way and list the main conjectures about it. In Section 1.3, we briefly introduce the
base-3/2 numeration system and the corresponding Thue–Morse sequence t3/2, followed by
the variation proposed by Dekking in Section 1.4. Finally, in Section 1.5, we talk about the
organization of the rest of the paper and we list the main contributions.

1.1 Substitutions or iterated morphisms

For an alphabet A, we let A∗ denote the set of finite words over A. Endowed with concate-
nation product, it is a monoid with the empty word ε as neutral element. To distinguish
finite and infinite words, the latter are written in bold. A map f : A∗ → A∗ is a morphism
if it is a homomorphism of monoids, i.e., f(uv) = f(u)f(v) for all u, v ∈ A∗. For an infinite
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word x = (xn)n≥0 and integers 0 ≤ i ≤ j, we let x[i, j] (resp., x[i, j)) denote the factor
xixi+1 · · ·xj (resp., xixi+1 · · ·xj−1) of x. If i = 0, then x[0, j) is the length-j prefix of x. If
u ∈ A∗ is a word and a is a symbol in A, we let |u|a denote the number of occurrences of a
in u. This notation extends to factors: if v is a finite word, then |u|v denotes the number of
occurrences of v as a factor of u.

We begin by recalling the notion of iterated morphisms. It is a classical method for
generating infinite words. We specify the main definitions and start with the (standard)
Thue–Morse sequence t = (tn)n≥0 (A010060) starting with

t = 0110100110010110 · · · .

This element of {0, 1}N can be defined by tn = s2(n) mod 2, where s2 is the sum-of-digits
function in base 2. The Thue–Morse sequence satisfies the relations

t2n = tn and t2n+1 = 1− tn, ∀n ≥ 0. (2)

Since every length-2 factor t2nt2n+1 of t, occurring in an even position, is either 01 or 10, it
is trivial to see that the frequency of 0 (and thus of 1) is 1/2. This sequence is an example of
2-automatic sequences: for all n ≥ 0, tn is the output of a deterministic finite automaton fed
with the base-2 expansion of n. It is thus the fixed point of a 2-uniform morphism, namely
f : 0 7→ 01 and 1 7→ 10. Hence, t can be obtained by iterating f on 0. The sequence of
finite words (fn(0))n≥0 converges to t, for the product topology, where {0, 1} has the discrete
topology:

f(0) = 01,

f 2(0) = 0110,

f 3(0) = 01101001,

...

Indeed, the length |fn(0)| = 2n goes to infinity with n and each image fn(0) is a prefix of
fn+1(0). For a survey on the Thue–Morse word, see [5]. One of its well-known combinatorial
features is that it is overlap-free: it contains no factor of the form auaua where a is a symbol
and u ∈ {0, 1}∗ is a finite word. For an integer k ≥ 2, a sequence is k-automatic if it is
the image under a coding (i.e., a letter-to-letter morphism) of a fixed point of a k-uniform
morphism (i.e., the length of the image of every letter is k). For references on automatic
sequences and combinatorics on words, see [6, 31, 39].

Cobham showed in 1972 that for an automatic sequence, if the frequency of a symbol
exists, then it is a rational number [16]. The larger class of morphic sequences is obtained by
relaxing the assumption that the morphism generating the word has constant length. In that
situation, if the frequency of a symbol exists, then it is an algebraic number [6, Thm. 8.4.5].
Using Perron–Frobenius theory for primitive matrices, frequencies of symbols exist and can
be obtained as the normalized Perron eigenvector of the adjacency matrix associated with
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the morphism, i.e., where the j-th column records the number of occurrences of each symbol
in the image of the letter j. For example, the Tribonacci word 01020100102 · · · (A080843)
is the fixed point of the morphism 0 7→ 01, 1 7→ 02 and 2 7→ 0 and its adjacency matrix is1 1 1

1 0 0
0 1 0

 .

1.2 Periodically iterated morphisms

One may generalize the construction of morphic sequences by replacing a single morphism
with a finite family of several morphisms applied periodically. This construction produces a
larger class of infinite words [30].

Definition 1. Let r ≥ 1 be an integer, let A be a finite alphabet, and let f0, . . . , fr−1 be
r morphisms over A∗. An infinite word x = (xn)n≥0 over A is an alternating fixed point of
(f0, . . . , fr−1) if

x = f0(x0)f1(x1) · · · fr−1(xr−1)f0(xr) · · · fi mod r(xi) · · · .

In the literature, one also finds the terminology of periodic iteration of morphisms [22, 30].

The famous Oldenburger–Kolakoski word k = 2211212212211 · · · (shift of A000002 where
the first 1 has been conveniently deleted) can be obtained by periodically iterating the two
morphisms [17]

k0 :

{
1 7→ 2,
2 7→ 22,

and k1 :

{
1 7→ 1,
2 7→ 11.

The first few iterations give

k0(2) = 22,

k0(2)k1(2) = 2211,

k0(2)k1(2)k0(1)k1(1) = 221121,

...

It is the unique word k over {1, 2} starting with 2 and satisfying RL(k) = k, where RL is the
run-length encoding map. It is a challenging object of study in combinatorics on words. To
account for this, we recall several long-standing conjectures concerning k [43].

• It is conjectured that both letters occur with frequency 1/2 in k [27]. The best bounds
from Rao [38] improving on Chvátal are

0.49992 ≤ lim inf
N

|k[0, N)|2
N

≤ lim sup
N

|k[0, N)|2
N

≤ 0.50008.
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• It is unknown whether every factor occurs infinitely often in k (i.e., recurrence), or
even with bounded gaps (i.e., uniform recurrence).

• The reversal of a word a1 · · · an is the word an · · · a1, with ai ∈ A. It is open whether
the set of factors of k is closed under reversal or complement (exchanging 1’s and 2’s)
[28].

• Although the factor complexity of k is known to be bounded by a polynomial, its precise
growth remains unclear (recall that, for an infinite sequence x, its factor complexity px
gives, for each integer n ≥ 0, the number of length-n factors of x).

• For Oldenburger–Kolakoski sequences over larger alphabets or with different parame-
ters, analogous questions concerning frequencies, recurrence, and structural properties
are largely open. See [12] for a recent probabilistic perspective and [3] where pseudo-
substitutions are iterated not necessarily in a periodic way as in Definition 1.

As observed by Dekking [18] for the Oldenburger–Kolakoski word k, an alternating fixed
point can also be obtained by an r-block substitution as defined below. For any integer
r ≥ 1, we let Ar denote the set of length-r words over A.

Definition 2. Let r ≥ 1 be an integer and let A be a finite alphabet. An r-block substitution
β : Ar → A∗ maps a word w0 · · ·wrn−1 ∈ A∗ to

β(w0 · · ·wr−1)β(wr · · ·w2r−1) · · · β(wr(n−1) · · ·wrn−1).

If the length of the word is not a multiple of r, then the remaining suffix is ignored under the
action of β. An infinite word x = (xn)n≥0 over A is a fixed point of the r-block substitution
β : Ar → A∗ if it satisfies x = β(x0 · · ·xr−1)β(xr · · ·x2r−1) · · · .

Let r ≥ 1 be an integer, let A be a finite alphabet, and let f0, . . . , fr−1 be r morphisms
over A∗. It is straightforward to see that if an infinite word over A is an alternating fixed
point of (f0, . . . , fr−1), then it is a fixed point of an r-block substitution [40]. As an example,
k is a fixed point of the 2-block substitution given by

κ :


11 7→ h0(1)h1(1) = 21,
12 7→ h0(1)h1(2) = 211,
21 7→ h0(2)h1(1) = 221,
22 7→ h0(2)h1(2) = 2211.

1.3 The base 3/2 and the corresponding Thue–Morse word

We recall that, in the base-3/2 numeration system, any positive integer n is written

n =
∑
i≥0

di
1

2

(
3

2

)i

, (3)
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n ⟨n⟩3/2 s(n) tn
0 ε 0 0
1 2 2 0
2 21 3 1
3 210 3 1
4 212 5 1
5 2101 4 0
6 2120 5 1
7 2122 7 1
8 21011 5 1

n ⟨n⟩3/2 s(n) tn
9 21200 5 1
10 21202 7 1
11 21221 8 0
12 210110 5 1
13 210112 7 1
14 212001 6 0
15 212020 7 1
16 212022 9 1
17 212211 9 1

n ⟨n⟩3/2 s(n) tn
18 2101100 5 1
19 2101102 7 1
20 2101121 8 0
21 2120010 6 0
22 2120012 8 0
23 2120021 8 0
24 2120020 7 1
25 2120222 11 1
26 2122111 10 0

Table 1: For each integer n ∈ [0, 26], are displayed the 3/2-expansion ⟨n⟩3/2 of n, the value
of the sum-of-digits s(n) in base 3/2, and the corresponding value of s(n) modulo 2, i.e., the
symbol tn of the Thue–Morse word t3/2 in base 3/2.

with digits di ∈ {0, 1, 2} [2]. The 3/2-expansion of n is denoted by ⟨n⟩3/2. By convention,
the empty word ε is the 3/2-expansion of 0. See Table 1 for the first few expansions.

A convenient way to visualize 3/2-expansions in this numeration system is to construct
the associated tree (see Fig. 2). In this tree, under a breadth-first traversal, the vertices
have degree 2 or 1 alternately. For vertices of degree 2, the outgoing edges are labeled 0
and 2, while for vertices of degree 1, the unique outgoing edge is labeled 1. Thus, the tree
is constructed by an elementary and periodic process — a periodic rhythm. For each integer
n ≥ 0, the path from the root to the n-th visited vertex in breadth-first search represents
n in the numeration system: its label is ⟨n⟩3/2. To avoid expansions starting with 0, it is
assumed that the root has a (hidden) loop of label 0. Note that any two adjacent vertices
are the parents of three vertices. This phenomenon explains why 2-block substitutions with
images of length 3 naturally arise in this context.
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Figure 2: The first levels of the tree associated with expansions in base 3/2.
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Figure 3: A DFAO generating the Thue–Morse sequence t3/2 in base 3/2.

Definition 3 (Our sequence of interest). The sequence t3/2 = (tn)n≥0, whose prefix is
given in (1), admits several equivalent descriptions. First, as in the Thue–Morse word
recalled in Section 1.1, its n-th symbol is the sum-of-digits of ⟨n⟩3/2 reduced modulo 2; again
see Table 1. Hence, it can also be generated using a deterministic finite automaton with
output; see Fig. 3. Second, t3/2 is an alternating fixed point of the morphisms [40, Sec. 3]

f0 :

{
0 7→ 00,
1 7→ 11,

and f1 :

{
0 7→ 1,
1 7→ 0,

(4)

i.e., t3/2 = f0(t0)f1(t1)f0(t2)f1(t3) · · · = 00111011111011011 · · · . Third, it is the fixed point
of a uniform 2-block substitution (every image of a 2-block has length 3), namely

τ :


00 7→ f0(0)f1(0) = 001,
01 7→ f0(0)f1(1) = 000,
10 7→ f0(1)f1(0) = 111,
11 7→ f0(1)f1(1) = 110.

(5)

Hence, the sequence t3/2 = (tn)n≥0 satisfies the relations

t3n = t3n+1 = t2n and t3n+2 = 1− t2n+1 (6)

for n ≥ 0. One may notice the similarities with (2).

In this paper, we let ·̄ denote the bit-wise complementation morphism defined by ā = 1−a
for a ∈ {0, 1}. Note that the set

{x = (xn)n≥0 ∈ {0, 1}N | x3n = x3n+1 = x2n and x3n+2 = 1− x2n+1 for all n ≥ 0}

contains exactly the two sequences t3/2 and t3/2 because a sequence in the set is completely
determined by its first element.

1.4 Dekking’s variation

Dekking [19] proposes to use an alternative to the base-3/2 numeration system where a
natural number n is written instead as

n =
∑
i≥0

di

(
3

2

)i
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with digits di ∈ {0, 1, 2}. Note that, unlike the numeration system considered in Section 1.3,
this expansion does not include the normalizing factor 1/2 as in Eq. (3). In this case, the
analogue t′ (A357448) of the Thue–Morse sequence, starting with

t′ = 0100101011011010101011011 · · · ,

is the fixed point of the 2-block substitution 00 7→ 010, 01 7→ 010, 10 7→ 101, and 11 7→ 101.
The sequences t′ and t3/2 are closely related, as shown in the following lemma.

Lemma 4. Let φ : 0 7→ 010 and 1 7→ 101. We have t′ = φ(t3/2).

Proof. In the 2-block substitution generating t′, the image of a block ab ∈ {0, 1}2 depends
only on its first letter a, i.e., ab 7→ a(1 − a)a with a, b ∈ {0, 1}. So t′ is also an alternated
fixed point of

g0 :

{
0 7→ 010,
1 7→ 101,

and g1 :

{
0 7→ ε,
1 7→ ε.

(7)

Observe that t′ is also a fixed point of the alternate 3-block substitution

g′0 :

{
010 7→ g0(0)g1(1)g0(0) = 010010,
101 7→ g0(1)g1(0)g0(1) = 101101,

and g′1 :

{
010 7→ g1(0)g0(1)g1(0) = 101,
101 7→ g1(1)g0(0)g1(1) = 010.

If we identify through φ blocks 010 and 101 with a and b respectively, we have

g′0 :

{
a 7→ aa,
b 7→ bb,

and g′1 :

{
a 7→ b,
b 7→ a.

We know from (4) that t3/2 is an alternated fixed point of (g′0, g
′
1) over {a, b}. Hence the

conclusion follows: t′ = φ(t3/2).

As for the Oldenburger–Kolakoski sequence k, Dekking raises a series of conjectures about
t′ [19].

(C1) It is unknown whether t′ is uniformly recurrent.

(C2) It is open whether the set of factors of t′ is closed under bit-wise complement.

(C3) It is open whether the set of factors of t′ is closed under reversal.

(C4) It is conjectured that frequencies of the words w ∈ {0, 1}∗ occurring in t′ exist. It is
also conjectured that w and its reversal have the same frequency.

Similar questions can also be asked for t3/2.

9

https://oeis.org/A357448


1.5 Organization of the paper and our contributions

The first part of the article is purely combinatorial. In Section 2, we answer the following
conjectures asked by Dekking.

• We prove with Corollary 13 that both sequences t3/2 and t′ are uniformly recurrent,
answering (C1) positively.

• We prove with Proposition 15 that the sets of factors of t3/2 and t′ are closed under
bit-wise complement, answering (C2) positively.

• We prove with Proposition 17 that the sets of factors of t3/2 and t′ are closed under
reversal, answering (C3) positively.

The strategy consists in proving that the first difference sequence of t3/2 is a Toeplitz word
(this is Proposition 11) and thus uniformly recurrent (using Proposition 8). Passing to the
sequence of differences results in a loss of information about the original sequence, which can
only be reconstructed up to complementation. It is therefore crucial to prove stability under
the bit-wise complement. Results for t′ are deduced from those on t3/2 thanks to Lemma 4.

The second part of the article is analytic. In Section 3, we prove our main result with
Theorem 18: frequencies of 0 and 1 exist in t3/2 and equal 1/2. In particular, this also
answers (C4) for symbols. The proof establishes the existence and exact value of “filtered”
frequencies (along positions congruent to k modulo 2n) in t3/2 by combining desubstitution
with harmonic analysis on the 2-adic integers. The argument is divided into several steps as
follows.

• First, we argue by contradiction: assuming a deviation from the expected frequency
2−n−1, Lemma 19 uses a compactness and diagonal extraction argument (via Bolzano–
Weierstrass) to construct limiting densities µn(c, k) along a subsequence and allows us
to derive recurrence relations coming from the desubstitution of t3/2.

• Then, Proposition 20 shows that any family of densities µn(c, k) satisfying periodicity,
normalization, and these recurrences must equal 2−n−1. To prove this rigidity, the
problem is lifted to the 2-adic integers Z2, where differences are studied as functions
in L2(Z2). Using Pontryagin duality and Fourier expansion over the dyadic rationals,
the recurrence is reformulated as a linear operator L acting on Fourier coefficients.
A spectral contraction estimate — namely ∥ζ2∥∞ < 1, proved in Section 3.3 — is
obtained through explicit computation of the associated multipliers, implying that
repeated application of L forces the differences to vanish. This yields uniqueness of
the solution and the result.

To the best of our knowledge, this is the first time that 2-adic harmonic analysis is used
to prove frequency existence for a rational-base Thue–Morse-type sequence.

We finish the paper with Section 4 where we expose several paths of future research.
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2 Combinatorial properties of t3/2 and t′

In this section, we establish combinatorial properties of the sequences t3/2 and t′. In par-
ticular, we show that both are uniformly recurrent, and that their sets of factors are closed
under bit-wise complement and reversal. The strategy is to analyze the sequence of first dif-
ferences of t3/2, which shows a particular structure from which we derive the combinatorial
properties of the original sequence.

2.1 On the sequence of first differences

Let ∆ be the first difference operator defined by ∆((xn)n≥0) = (xn+1 − xn mod 2)n≥0 (note
that the minus sign can be replaced by a plus sign). The first difference sequence ∆(t3/2) of
t3/2 starts with

∆(t3/2) = 010011000011011000010001011010 · · · .

It turns out that ∆(t3/2) is simpler to analyze, as we now show that it is a Toeplitz word.

Definition 5. For a finite word u, we let uω denote the infinite word obtained by concate-
nating infinitely many copies of u. Fix an alphabet A and let ? be a symbol not belonging to
A. For a word w ∈ A(A∪{?})∗, we define a converging sequence (Ti(w))i≥0 of infinite words
in an iterative way. We let T0(w) := ?ω and, for each i ≥ 0, we set Ti+1(w) := Fw(Ti(w)),
where, for any infinite word u ∈ (A ∪ {?})N, we let Fw(u) denote the word obtained from u
by replacing all occurrences of ? by wω. In particular, Fw(u) = u, if u contains no occurrence
of ?. The limit

T (w) = lim
i→∞

Ti(w) ∈ AN

is well-defined (because the first letter of w is not the symbol ?) and is referred to as the
Toeplitz word determined by the pattern w. Let p = |w| and q = |w|? be the length of w and
the number of ?’s in w, respectively. We call T (w) a (p, q)-Toeplitz word.

Example 6. The paper-folding word is the Toeplitz word determined by the pattern 1?0?;
see [4].

We recall some results about Toeplitz words [14].

Theorem 7 ([14]). Let x be a (p, q)-Toeplitz word and define d = gcd(p, q), p′ = p/d, and
q′ = q/d. The factor complexity px of x satisfies px(n) = Θ(nr) with r = log p′

log(p′/q′)
, i.e., there

exist two positive constants C1 and C2 such that C1 n
r ≤ px(n) ≤ C2 n

r for all n ≥ 0.

Proposition 8 ([14, Sec. 2]). Toeplitz words are uniformly recurrent.

Lemma 9. The sequence ∆(t3/2) is 3/2-automatic.
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Proof. Write ∆(t3/2) = y = (yn)n≥0. For n ≥ 0, we show that, if ⟨n⟩3/2 = p0u with
u ∈ {1, 2}∗, then the value of yn is given by |u| (mod 2) (this also handles the case where p
is empty). We distinguish two cases.

Case 1. In the tree associated with the numeration language (recall Fig. 2), if at some
level of the tree two vertices are adjacent, they represent two consecutive numbers, say ⟨n⟩3/2
and ⟨n+1⟩3/2. As mentioned in the introduction, the rhythm (02, 1)N of this tree is periodic:
vertices of degree 2, whose outgoing edges are labeled 0 and 2, alternate with vertices of
degree 1, having an outgoing edge labeled 1. The vertices ⟨n⟩3/2 and ⟨n+1⟩3/2 have a (last)
common ancestor z, the lowest one in the tree, which has outgoing degree 2. The path from
z to ⟨n⟩3/2 first uses the left branch from z with label 0 and then follows the rightmost edge;
let 0u be its label. In particular, u ∈ {1, 2}∗. Similarly, the path from z to ⟨n + 1⟩3/2 first
uses the right branch from z with label 2 and then always follows the leftmost edge; let 2v
be its label with v ∈ {0, 1}∗. Because of the periodic rhythm, ui = 1 (resp., 2) if and only if
vi = 0 (resp., 1). Thus, ui + vi = 1 (mod 2). Finally, if w is the label of the path from the
root of the tree to z, then tn (resp., tn+1) is the sum modulo 2 of the letters of wu (resp.,
wv), which yields

tn + tn+1 = 2

|w|∑
i=1

wi +

|u|∑
i=1

(ui + vi) ≡ |u| (mod 2),

which proves our claim on yn.
Case 2. There is another situation to take into account: if ⟨n⟩3/2 is the rightmost vertex

of a level, then ⟨n + 1⟩3/2 is the leftmost vertex of the next level. Once again, the periodic
rhythm imposes the following condition: if the rightmost edge at level j is labeled 1 (resp.,
2), then the leftmost edge at level j+1 is labeled 0 (resp., 1), for all j. Thus, if u = u1 · · ·uk

is the path from the root to ⟨n⟩3/2, then 2(u1 − 1) · · · (uk − 1) is the path to ⟨n + 1⟩3/2. In
that case,

tn + tn+1 = 2 +

|u|∑
i=1

(2ui − 1) ≡ |u| (mod 2),

which again proves our claim on yn.
The previous property satisfied by the letters yn of y can be translated into the de-

terministic finite automaton with output (DFAO) depicted in Fig. 4, showing that y is
3/2-automatic.

Remark 10. This situation parallels that of the classical Thue–Morse word t = (tn)n≥0 and
the period doubling word p = (pn)n≥0; except that the role of 0 and 1 are exchanged with
pn = 1 + tn + tn+1 (mod 2). One can proceed with the same proof as above, with the
benefit that the tree associated with the base-2 system being a full binary tree leads to
simpler arguments. Hence ∆(t3/2) can be seen as an analogue of the period doubling word
for base 3/2.

12



0 1

0 1, 2

0, 1, 2

Figure 4: A DFAO generating the sequence of first differences ∆(t3/2) of the Thue–Morse
sequence t3/2 in base 3/2.

Thanks to [40, Prop. 16], the sequence ∆(t3/2 is an alternated fixed point of (f0, f1) with

f0 :

{
0 7→ 01,
1 7→ 00,

and f1 :

{
0 7→ 1,
1 7→ 0.

(8)

We may notice that f0 is the morphism generating the usual period doubling word.

Proposition 11. The sequence ∆(t3/2) is the (9, 4)-Toeplitz word T (01?0?10??).

Proof. Write ∆(t3/2) = y = (yn)n≥0. On the one hand, let w = 01?0?10?? and T0(w) = ?ω.
As prescribed, we iteratively apply the replacement of the ?-symbols to get the first two
iterations

T1(w) = 01?0?10??01?0?10??01?0?10??01?0?10?? · · · ,
T2(w) = 0100110?001?01100?01?00101?0100?1010 · · · .

On the other hand, we know that

y = (yn)n≥0 = f0(y0)f1(y1)f0(y2)f1(y3)f0(y4)f1(y5) · · · ,

so the word y is made of blocks of length 3 of the form f0(y2n)f1(y2n+1) with n ≥ 0. From
the definition of the two morphisms in (8), a direct inspection yields

y3n = 0, y3n+1 = y2n, y3n+2 = y2n+1

for all n ≥ 0 (where we recall that ·̄ is bit-wise complementation morphism). Since the given
pattern w has length 9, consider blocks of length 9 in y. The above relations give, for all
m ≥ 0,

y9m = y9m+3 = y9m+6 = 0,

y9m+1 = y3·3m+1 = y3·2m = 1,

y9m+5 = y3·(3m+1)+2 = y2(3m+1)+1 = y3·(2m+1) = 1,

13



which correspond to the “non-holes” positions (i.e., the non-? symbols) in the pattern w.
Now, for all m ≥ 0, we also have

y9m+2 = y3·3m+2 = y3·2m+1 = y4m,

y9m+4 = y3·(3m+1)+1 = y3·2m+2 = y4m+1,

y9m+7 = y3·(3m+2)+1 = y3·(2m+1)+1 = y4m+2,

y9m+8 = y3·(3m+2)+2 = y3·(2m+1)+2 = y4m+3.

This exactly corresponds to the Toeplitz construction: the holes in the pattern w = 01?0?10??
have positions congruent to 2, 4, 7, 8 (mod 9) and they are replaced by symbols appearing
earlier in the sequence, in consecutive classes modulo 4. This shows that y = T (01?0?10??),
as desired.

Every regular1 Toeplitz system is strictly ergodic (i.e., minimal and uniquely ergodic)
[26]. Hence, the frequency of every factor exists. The letter frequencies in ∆(t3/2) thus exist
by Proposition 11 and can be computed explicitly. For instance, for all i ≥ 0, let Pi be the
word of length 9i such that Ti(w) = P ω

i . From the Toeplitz generating process, we get|Pi+1|0
|Pi+1|1
|Pi+1|?

 =

9 0 3
0 9 2
0 0 4

|Pi|0
|Pi|1
|Pi|?


since ?-symbols are replaced by three 0’s, two 1’s and four ?’s. Hence, for all n ≥ 1,

1

9n

|Pn|0
|Pn|1
|Pn|?

 =
1

9n

9 0 3
0 9 2
0 0 4

n0
0
1

 ,

from which it follows that freq∆(t3/2)
(0) = 3/5 and freq∆(t3/2)

(1) = 2/5.

2.2 From the sequence ∆(t3/2) back to the original sequence t3/2

Every factor d1 · · · dℓ in ∆(t3/2) corresponds to one of the two complementary factors

0(0+ d1 mod 2)(0+ d1 + d2 mod 2) · · · (0+ d1 + · · ·+ dℓ mod 2)

or, 1(1+ d1 mod 2)(1+ d1 + d2 mod 2) · · · (1+ d1 + · · ·+ dℓ mod 2)

in t3/2. At least one of the two occurs in t3/2. Hence we obtain

p∆(t3/2)(n) ≤ pt3/2(n+ 1) ≤ 2p∆(t3/2)(n)

1A Toeplitz word T (w) is regular if the density of ?-symbols in Ti(w) tends to 0 as i goes to infinity. It
is the case with our (9, 4)-periodic Toeplitz word T (01?0?10??) where (4/9)i indeed tends to 0 as i goes to
infinity.
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for all n ≥ 0. However, this is not enough to conclude about frequencies in t3/2. If 0u and
1ū are such that ∆(0u) = ∆(1ū) = v (recall that the bit-wise complementation morphism ·̄
was defined at the end of Section 1.3), then we only have information about the combined
frequencies

lim
N→∞

|t3/2[0, N)|0u + |t3/2[0, N)|1ū
N

= freq∆(t3/2)
(v).

Nonetheless, the structure of ∆(t3/2) allows us to deduce various combinatorial properties
of t3/2, as we show next.

Uniform recurrence. First, we prove with Corollary 13 that both words t3/2 and t′ are
uniformly recurrent as a particular case of Proposition 8 and the next result.

Proposition 12. The binary word x is uniformly recurrent if and only if the first difference
sequence ∆(x) of x is uniformly recurrent.

Proof. For the sake of readability, set y = ∆(x).
First assume that x is uniformly recurrent. Take a factor v of y. Then there exists a

factor u of x such that ∆(u) = v. By assumption, u occurs in x with bounded gaps, so does
v in y, which is enough.

Conversely, assume that y is uniformly recurrent. Take a factor u of x. We consider two
cases depending on whether the complement of u is a factor of x or not.

Case 1. If ū is not a factor of x, then each occurrence of ∆(u) in y corresponds to an
occurrence of u in x. Since ∆(u) occurs with bounded gaps, we may conclude.

Case 2. Next suppose that ū is a factor of x and consider a factor w containing both u
and ū in x. Now ∆(w) occurs with bounded gaps in y, then {w, w̄} occurs with bounded
gaps in x. Since both w and w̄ contain u as a factor (because ¯̄u = u), then u occurs with
bounded gaps in x.

Corollary 13. The sequences t3/2 and t′ are uniformly recurrent.

Proof. By Proposition 11, ∆(t3/2) is a Toeplitz word. Since Toeplitz words are uniformly
recurrent (see Proposition 8), so is t3/2 by the previous proposition. Uniform recurrence of
t′ follows from Lemma 4.

Occurences at odd and even positions. The next result tracks the positions of factors
in t3/2. It is crucial in the proof of our closure results, namely Propositions 15 and 17. The
main technical step is to show that for every n ≥ 0 and every residue class modulo 2n, both
letters in {0, 1} occur in t3/2 at positions in that class. We observe that this also follows
from Theorem 18, which establishes the stronger fact that the occurrences of each letter in
t3/2 is equidistributed among the 2n residue classes.

Proposition 14. If a word occurs in t3/2, then it occurs at both even and odd positions in
t3/2.
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Proof. Write t3/2 = (tn)n≥0 and recall that t3/2[0, j) is the prefix of t3/2 of length j. In
particular, for j = 0, this is the empty prefix. From the morphisms f0 and f1 of (4) and the
2-block substitution τ of (5), we define the map Φ by

Φ(a) = f0(a), a ∈ {0, 1},
Φ(t0 · · · t2j−1) = τ(t0t1) · · · τ(t2j−2t2j−1), j ≥ 1,

Φ(t0 · · · t2j) = τ(t0t1) · · · τ(t2j−2t2j−1)f0(t2j), j ≥ 1.

tn0(j) = tj

j

tn1(j)

tn2(j)

tn3(j)

f0 f1 f0

f0 f1 f0 f1 f0

f0 f1 f0 f1 f0 f1

Φ

Φ

Φ

|Φ3(t3/2[0, j))| = n3(j)

Figure 5: Using the fixed point structure, we iterate the map Φ three times on successive
prefixes of t3/2.

We now track how the parity of positions evolves under iterations of Φ. For all k, j ≥ 0,
let

nk(j) := |Φk(t3/2[0, j))|.

In particular, n0(j) = j for all j ≥ 0. These quantities allow us to determine which of the
two morphisms f0 or f1 is applied at a given position.

To give some intuition, let us track the successive images of the letter t2 when applying
Φ, symbolized by the gray rectangles in Fig. 5.

• Since n0(2) is even, we apply f0 and the image of t2 is f0(t2) of length 2. The position
where this image occurs is given by n1(2) = 3, so f0(t2) = t3t4.

• If we apply Φ again, since n1(2) is odd, we first apply f1, then f0, so we consider the
word f1(t3)f0(t4). The corresponding image is f1(t3)f0(t4) = t5 · t6t7 because n2(2) = 5.

• Again, since n2(2) is odd, applying Φ leads to f1(t5)f0(t6)f1(t7) = t8 · t9t10 · t11 because
n3(2) = 8.
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• On the next iteration, since n3(2) is even, the image is f0(t8)f1(t9)f0(t10)f1(t11) and so
on and so forth.

Observe that in the tree in Fig. 2, the sequence nk(j) can be recovered as follows: we consider
the leftmost path in the (infinite) subtree rooted at j. In this subtree, the leftmost vertex
at level k is nk(j). We note that nk(j) does not depend on the particular substitution (5)
but only on the structure of the numeration tree.

Since we apply f0 and f1 alternatively, we observe that if nk(j) is even, then

tnk+1(j)tnk+1(j)+1 = f0(tnk(j)),

and if otherwise nk(j) is odd, then

tnk+1(j) = f1(tnk(j)).

Note that arbitrarily long prefixes of t3/2 are obtained by iterating Φ starting from the
symbol 0. Since these prefixes start at position 0, the first morphism applied at each iteration
is always f0. Now, if Φ

ℓ(0) also occurs at an odd position of t3/2, then every factor of Φℓ(0)
occurs at both even and odd positions in t3/2. To see this, observe that if a factor u occurs at
position i in Φℓ(0) and if Φℓ(0) occurs at position j with j odd in t3/2, then u occurs in t3/2
at positions i and j + i. Since j is odd, these two occurrences have opposite parities. This
reduces the problem to proving that Φℓ(0) occurs at an odd position of t3/2 for all ℓ ≥ 0.
Equivalently, by the discussion above, we must find j ∈ N such that n0(j), . . . , nℓ(j) are
even, nℓ+1(j) is odd, and tj = 0. Indeed, it is the parity that determines which morphism
is applied first, so this j would produce Φℓ(tj) at position nℓ+1(j) of t3/2, whence the result
since tj = 0.

Let ℓ ≥ 1 be an arbitrary integer. First, we note that if j ∈ N, then nk(2
ℓj) = 3k · 2ℓ−k · j

is even for k < ℓ, while nℓ(2
ℓj) = 3ℓ · j has the same parity as j. Therefore, it suffices to find

j ∈ N such that t2ℓj = 0 and j is odd.
Since 3ℓ+1 is invertible modulo 2ℓ+2, there exists i ∈ N such that 3ℓ+1i = 2ℓ+1 − 1

(mod 2ℓ+2). We note that this congruence ensures, in particular, that i is odd. Let j0 ∈ N
be the integer satisfying 3ℓ+1i = 2ℓ+1−1+2ℓ+2j0. Define j = 2j0+1, which is odd, and note
that 3ℓ+1i+ 1 = 2ℓ+1j. We now show that t2ℓj ̸= t2ℓi. Once this is established, t3/2 contains
an occurrence of 0 at either position 2ℓi or 2ℓj. Since both i and j are odd, it follows that
Φℓ(0) occurs at an odd position of t3/2, completing the argument.

Let c = t2ℓi ∈ {0, 1}. Note that since 2ℓi is even and since f0(c) = cc, we have

Φ(t3/2[0, 2
ℓi]) = Φ(t3/2[0, 2

ℓi) c) = t3/2[0, 3 · 2ℓ−1i)f0(c) = t3/2[0, 3 · 2ℓ−1i) cc.

So c appears in t3/2 in position 3 · 2ℓ−1i. If ℓ ≥ 2, then 3 · 2ℓ−1i is even and we can iterate
our argument: c also occurs in t3/2 in position 32 · 2ℓ−2i. Continuing like this, we get that c
occurs in t3/2 in position 3ℓi, which is odd since i is odd. Therefore, if we apply Φ one more
time, since the parity changes, we then get

Φ(t3/2[0, 3
ℓi]) = Φ(t3/2[0, 3

ℓi) c) = Φ(t3/2[0, 3
ℓi))f1(c) = Φ(t3/2[0, 3

ℓi)) c̄,

17



so the bit-wise complement of c also occurs in t3/2. We now focus on the position of this
occurrence. The length of Φ(t3/2[0, 3

ℓi)) can be computed using the fact that 3ℓi− 1 is even
since in that case we have

|Φ(t3/2[0, 3ℓi))| = |Φ(t3/2[0, 3ℓi− 1))|+ |f0(t3ℓi−1)| =
3

2
(3ℓi− 1) + 2 = 2ℓj,

where in the last step we use that 3ℓ+1i + 1 = 2ℓ+1j by definition of j. We conclude that c̄
occurs in t3/2 in position 2ℓj and that c occurs in t3/2 in position 2ℓi, which is enough.

We present an alternative proof of Corollary 13. It does not rely on the difference word
and appears to be more general.

Second proof of Corollary 13. We begin with some definitions. Let s3/2 be the fixed point of
τ from Eq. (5) starting from the letter 1, i.e.,

s3/2 = lim
n→∞

τn(1).

For an infinite word z ∈ {0, 1}N, we denote by Fac(z) the set of its finite factors.
A classical result in topological dynamics (every system contains a minimal subsystem; see

Auslander’s book [7]) ensures the existence of a uniformly recurrent infinite word x ∈ {0, 1}N
such that Fac(x) ⊆ Fac(t3/2). Consider the quantities nk(j), j, k ∈ N, from the proof of
Proposition 14, and define

Nk(j) := (n0(j) mod 2, n1(j) mod 2, . . . , nk(j) mod 2).

The proof consists of three steps. First, we show that for each k ≥ 0, the sequence
(Nk(j))j≥0 is periodic with least period 2k+1. Second, we use this to prove that Fac(x)
contains either Fac(t3/2) or Fac(s3/2). Finally, we deduce the uniform recurrence of both t3/2
and s3/2.

Step 1. We begin2 with the periodicity of Nk(j). For any j ∈ N and ℓ ≤ k, we have
nℓ(2

k+1j) = 3ℓ · 2k+1−ℓ · j ≡ 0 (mod 2). Thus Nk(2
k+1j) = Nk(2

k+1j′) for all j, j′ ∈ N. Now
let i ∈ N be arbitrary and write i = 2k+1j+j0 with 0 ≤ j0 < 2k+1. Since nℓ(2

k+1p+2k+1p′) =
nℓ(2

k+1p) + nℓ(2
k+1p′) for all p, p′ ∈ N, we obtain nℓ(i) = nℓ(i

′) (mod 2) whenever i ≡ i′

(mod 2k+1). This proves that (Nk(j))j≥0 is periodic with period 2k+1.
Let p be the least period of (Nk(j))j≥0. Then, p divides 2k+1. Now, note that for any

j ∈ N we have nk−1(2
kj) = 3k · j ≡ j (mod 2). Hence, (Nk(2

kj))j≥0 is not a constant
sequence. Therefore, if p ̸= 2k+1 then p divides 2k, implying that (Nk(2

kj))j≥0 is constant,
which is a contradiction.

Step 2. Consider the maps f0 and f1 defined in (4). For i ∈ {0, 1}, we define maps Φi

by
Φi(a0a1 · · · ak−1) = fi mod 2(a0)fi+1 mod 2(a1) · · · fi+k−1 mod 2(ak−1), (9)

2We present the argument for the sake of completeness, it appears in [32, Lem. 4.14].
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for all non-empty words a0a1 · · · ak−1 ∈ {0, 1}∗. Next, we show that Fac(x) contains Fac(t3/2)
or Fac(s3/2). Fix a positive integer k. By definition of x, one can construct a k-fold desub-
stitution of x: there exist y ∈ {0, 1}N and i1, . . . , ik ∈ {0, 1} such that Φik ◦ · · · ◦ Φi1(y)
coincides with x after deleting a finite prefix. Now, by the periodicity from the first step,
there exists a position j in y such that reapplying the substitutions Φik , . . . ,Φi1 produces
the word Φk

0(yj). (Equivalently, this is possible because all subtrees occur in the numeration
system.) Repeating this procedure for all k ≥ 1, we obtain occurrences in x of words of the
form Φk

0(ak) for some letters ak. By the pigeonhole principle, there exists a letter a that
appears infinitely often in the sequence (ak)k≥1. Since the words Φk

0(a) are arbitrarily long
prefixes of the fixed point of τ starting with a, we conclude that Fac(x) contains the language
of that fixed point, which we know is t3/2 or s3/2 This completes the second step.

Step 3. Finally, we prove that t3/2 is uniformly recurrent. Since t3/2 is the bit-wise
complement of s3/2, one is uniformly recurrent if and only if the other is. It therefore suffices
to show that the fixed point starting with the letter a in the previous paragraph is uniformly
recurrent. By symmetry, we may assume a = 0, so that Fac(x) ⊇ Fac(t3/2).

Let u be a factor of t3/2. Because x is uniformly recurrent, there exists L ≥ 1 such that
every factor of x of length at least L contains an occurrence of u. Since Fac(x) ⊇ Fac(t3/2),
the same holds for factors of t3/2 of length at least L. Hence t3/2 is uniformly recurrent.

Bit-wise complement. The second main result of this section is to show that the sets
of factors of both words t3/2 and t′ are closed under bit-wise complement, i.e., if a word
u ∈ {0, 1}∗ is a factor of one of the words, so is ū.

Proposition 15. The set of factors of t3/2 (and thus of t′) is closed under bit-wise com-
plement. Consequently, the relationship between the factor complexities of t3/2 and ∆(t3/2)
satisfies pt3/2(n+ 1) = 2p∆(t3/2)(n) for all n ≥ 0.

Proof. We continue using the maps f0, f1, and Φ from the beginning of the proof of Propo-
sition 14. A direct computation shows that fi(a) = fi(ā) for all i ∈ {0, 1} and a ∈ {0, 1}. It
follows by induction that

Φ(u) = Φ(ū)

for all nonempty words u ∈ {0, 1}∗. This implies that, for any ℓ ≥ 0, Φℓ(1) is the bitwise
complement of Φℓ(0). Since the words Φℓ(0), ℓ ≥ 0, are arbitrarily long prefixes of t3/2, it
follows that t3/2 is closed under bitwise complement if Φℓ(1) occurs in t3/2 for all ℓ ≥ 0.

To show this, we proceed by induction on ℓ ≥ 0. For the base case ℓ = 0, Φ0(1) = 1
occurs in t3/2. For the induction step, assume that Φℓ(1) occurs in t3/2 for some ℓ ≥ 0.
Then, by Proposition 14, Φℓ(1) occurs in an even position of t3/2, and thus Φℓ+1(1) occurs
in t3/2, which finishes the proof.

Combining the previous result and Theorem 7, we obtain the following.

Corollary 16. The factor complexities pt3/2 and p∆(t3/2) of t3/2 and ∆(t3/2) are both in

Θ(nr) with r = log 3
log(3/2)

.
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Reversal. The third main result of this section is to show that the sets of factors of both
words t3/2 and t′ are closed under reversal. The reversal uR of a word u is defined by
εR = ε, and by (a0a1 · · · aℓ−1)

R = aℓ−1aℓ−2 · · · a0 where the ai’s are symbols. Equivalently,
the map u 7→ uR is the unique map R : {0, 1}∗ → {0, 1}∗ satisfying (uv)R = vRuR for all
u, v ∈ {0, 1}∗. We propose two proofs of Proposition 17: a standalone one using the same
arguments as in the proof of and another one relying on the properties of the tree associated
with the numeration.

Proposition 17. The set of factors of t3/2 and t′ are closed under reversal, i.e., if a word
u ∈ {0, 1}∗ is a factor of one of the words, so is uR.

First proof of Proposition 17. Consider the maps f0 and f1 defined in (4). For i ∈ Z, we
define maps Φi as in (9) by

Φi(a0a1 · · · ak−1) = fi mod 2(a0)fi+1 mod 2(a1) · · · fi+k−1 mod 2(ak−1),

for all non-empty words a0a1 · · · ak−1 ∈ {0, 1}∗. A direct inspection shows that Φi(a) is a

palindrome for all i ∈ Z and a ∈ {0, 1}, i.e,
(
Φi(a)

)R
= Φi(a). Therefore, for any i ∈ Z and

any nonempty word u = a0a1 . . . ak−1 ∈ {0, 1}∗, we have(
Φi(u)

)R
=

(
Φi(a0)Φi+1(a1) · · ·Φi+k−1(ak−1)

)R
=

(
Φi+k−1(ak−1)

)R (
Φi+k−2(ak−2)

)R · · ·
(
Φi(a0)

)R
= Φi+k−1(ak−1) Φi+k−2(ak−2) · · ·Φi(a0)

= Φk−1−i(u
R).

We use this identity to prove closure under reversal.
Since the words Φℓ

0(0), ℓ ≥ 0, are arbitrarily long prefixes of t3/2, it suffices to show

that
(
Φℓ

0(0)
)R

occurs in t3/2 for all ℓ ≥ 0. We again proceed by induction on ℓ ≥ 0. For
the base case ℓ = 0, this is clear because Φ0(0) = 0 is a palindrome. For the induction

step, assume that
(
Φℓ

0(0)
)R

occurs in t3/2 for some ℓ ≥ 0. By the identity above, we

have
(
Φℓ+1

0 (0)
)R

= Φk−1(
(
Φℓ

0(0)
)R

), where k = |Φℓ
0(0)|. Now, by the induction hypothesis,(

Φℓ
0(0)

)R
occurs in t3/2, and thus, by Proposition 14, it occurs in t3/2 at parity k − 1. This

implies that Φk−1(
(
Φℓ

0(0)
)R

), and hence
(
Φℓ+1

0 (0)
)R

, occurs in t3/2, as desired.

For readers familiar with rational base numeration systems and, in particular, with the
properties of the numeration tree described in Fig. 2 [32, 40], we propose an alternative proof
of Proposition 17.

Second proof of Proposition 17. All finite admissible subtrees (i.e., those determined by the
periodic rhythm (2, 1) of the vertices degrees in the breadth-first traversal) appear in the
tree [32]. In particular, for each ℓ ≥ 0, one finds a tree Lℓ of height ℓ whose leftmost vertex
at each level has degree 2. One also finds a “symmetric” tree Rℓ whose rightmost vertex at
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each level has degree 2. This information completely determines the structure of the two
subtrees.

Indeed, at each level of the subtree Lℓ (resp., Rℓ), starting from the root, one begins with
a vertex of degree 2 that is the leftmost (resp., the rightmost) on that level. Then, vertices
of degree 2 and 1 alternate starting from the left (resp., right). One can show by induction
that at each level, Lℓ and Rℓ have the same number of vertices. Since the construction of
each level proceeds from left to right in Lℓ and from right to left in Rℓ, then, at each level,
the sequence of vertex degrees in Rℓ is the reversal of that in Lℓ.

In Fig. 6, we have depicted two such subtrees of height 4 with root a, c ∈ {0, 1} (we only
record the parity of the vertices).

The first subtree Lℓ, as shown in the proof of Proposition 15, produces a prefix of t3/2 or
t3/2 (depending on the parity of the root), which is read on the last level. In Fig. 6, we see
the factor aaāāāaāā on the last level of the tree depicted on the left. The symmetric subtree
Rℓ then produces the reversal word. One can then conclude since the set of factors is closed
under bit-wise complement, as desired.

a

a

a

a

a a

a

ā

a

ā

ā ā

a

ā

ā

a

ā

ā ā

c

c

c̄

c̄

c̄ c̄

c̄

c

c

c

c̄

c̄ c̄

c

c

c̄

c

c c

Figure 6: Two particular subtrees L4 and R4 occurring in the numeration tree of base 3/2.

3 Frequencies of letters in t3/2

Rather than studying global frequencies directly, we analyze filtered frequencies along residue
classes modulo powers of 2. This refinement captures the intrinsic dyadic structure of t3/2
and naturally leads to a formulation on the 2-adic integers Z2. In this compact group
setting, desubstitution translates into recurrence relations on Fourier coefficients, allowing
us to exploit harmonic analysis to obtain a rigidity result.

We filter the counting of occurrences of a symbol c ∈ {0, 1} in t3/2 = (tn)n≥0 with respect
to some index modulo a power of 2. For integers n,N ≥ 0, c ∈ {0, 1}, and k ∈ Z, we let

Cn(c, k,N) := #
{
0 ≤ i < N : ti = c, i ≡ k mod 2n

}
,
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so Cn(c, k,N) gives the number of c’s in the prefix t3/2[0, N) that are in positions congruent
to k modulo 2n. As an example, looking back at the length-30 prefix of t3/2 in Eq. (1),
the 11 positions of 0’s in this prefix are 0, 1, 5, 11, 14, 20, 21, 22, 23, 26, 29, so we obtain
(C1(0, k, 30))0≤k<21 = (5, 6) and (C2(0, k, 30)0≤k<22 = (2, 4, 3, 2). To avoid making nota-
tion heavier by requiring the use of integer parts, we will allow the third argument of Cn to
take real values. This will not affect the convergences under consideration, as, for α ∈ R≥0,
both differences Cn(c, k, ⌈α⌉)− Cn(c, k, α) and Cn(c, k, α)− Cn(c, k, ⌊α⌋) belong to {0, 1}.

Theorem 18. For all n ≥ 0, c ∈ {0, 1}, and k ∈ Z, we have

lim
N→∞

Cn(c, k,N)

N
=

1

2n+1
.

In particular, the frequency of 0 (resp., 1) in t3/2 exists and is equal to 1/2.

It will be convenient to introduce some scaling factor 2/3 coming from a desubstitution
process: applying τ given in (5) to a prefix of t3/2 of length 2n yields a word of length 3n
and conversely, a prefix of length ℓ = 3n comes from a prefix of length 2ℓ/3 = 2n. So a
desubstitution of t3/2 is a decomposition of t3/2 into consecutive length-3 factors, each equal
to the image under τ of a length-2 factor. See Fig. 7 below for an illustration. Note that, as
N tends to infinity, Cn(c, k,N)/N converges if and only if

Cn (c, k, (2/3)
nN)

(2/3)nN

converges. In that case, the two sequences converge to the same limit.

Sketch of the proof of Theorem 18. The proof is structured as follows. We argue by
contradiction and assume that for some n ≥ 0, c ∈ {0, 1}, k ∈ Z and ε > 0, there exists an
infinite set Λ ⊆ N such that, for every N ∈ Λ,∣∣∣∣Cn(c, k, (2/3)

nN)

(2/3)nN
− 1

2n+1

∣∣∣∣ > ε.

The we have the following two arguments to obtain a contradiction.

1. Lemma 19 enables us to extract an increasing sequence (Nt)t≥0 ∈ ΛN for which the
following limits exist, for all n, c, k,

lim
t→∞

Cn(c, k, (2/3)
nNt)

(2/3)nNt

= µn(c, k)

and we obtain recurrence relations linking the µn(c, k)’s together.

2. Proposition 20 shows that such recurrence relations imply that the limit µn(c, k) equals
2−n−1, producing the sought contradiction.

22



The proof of Lemma 19 comes directly after its statement; that of Proposition 20 is delayed
until Section 3.2 as more development is required before in Section 3.1.

We now focus on Lemma 19. As we will see, the recurrence relations (10) depend on the
word t3/2. They essentially come from the desubstitution process.

Lemma 19. For any infinite set Λ ⊆ N, there exists an increasing sequence (Nt)t≥0 in Λ
such that, for all n ≥ 0, c ∈ {0, 1} and k ∈ Z, the following four properties are satisfied.

1. The limit

µn(c, k) = lim
t→∞

Cn (c, k, (2/3)
nNt)

(2/3)nNt

exists.

2. We have µn(c, k + 2n) = µn(c, k).

3. Let qn be the inverse of 3 modulo 2n+1, i.e., 3qn = 1 (mod 2n+1). Then,

3
2
µn(c, k) = µn+1(c, 2qnk) + µn+1(c̄, 2qnk − qn) + µn+1(c, 2qnk − 2qn). (10)

4. We have µn(0, k) + µn(1, k) = 2−n.

Proof. The first item follows from a classical compactness argument. Observe that the set
of triplets

T = {(n, c, k) | n ∈ N, c ∈ {0, 1}, k ∈ {0, . . . , 2n − 1}}

is countable, so we may enumerate the triplets in T , i.e.,

T = {(n0, c0, k0), (n1, c1, k1), (n2, c2, k2), . . .}.

For all integers j ≥ 0 and N ≥ 1, the proportion

aj(N) :=
Cnj

(cj, kj, (2/3)
nj N)

(2/3)nj N

belongs to [0, 1], so it is bounded. Now let us inductively define a sequence (Aj)j≥0 of infinite
subsets of N with A0 = Λ and, if Aj−1 ⊂ N is an infinite subset of N that is already built,
then Aj ⊂ Aj−1 is an infinite set chosen such that the sequence (aj(N))N≥0 converges along
Aj. It exists by the theorem of Bolzano–Weierstrass: any bounded sequence in [0, 1] admits
a converging subsequence. We obtain a sequence of nested infinite subsets

Λ = A0 ⊃ A1 ⊃ A2 ⊃ · · · (11)

such that, for each j ≥ 0, the first j sequences (a1(N))N≥0, ..., (aj(N))N≥0 all converge along
Aj. Now we use a diagonal argument: for each integer t ∈ N, define Nt to be the t-th element
of At (in increasing order). Now fix any integer j ≥ 0. Since At ⊂ Aj for all t ≥ j by Eq. (11),
each integer Nt belongs to Aj for each t ≥ j. Therefore, by the property satisfied by the
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00 11 10 · · · · · ·

001 110 111 · · · · · ·

τ

3m

2m

Figure 7: Desubtituting t3/2.

set Aj, the sequence (aj(Nt))t≥0 converges (when t tends to infinity), since it is eventually
equal to a subsequence of the converging sequence along Aj. Since j is arbitrarily fixed, any
triplet (n, c, k) in T corresponds to a converging sequence along (Nt)t≥0. The limit µn(c, k)
thus exists.

The second item follows from the fact that Cn(c, k + 2n, N) = Cn(c, k,N) by its very
definition.

The third item essentially comes from desubstituting t3/2 as shown in Fig. 7. Consider
an arbitrary index congruent to k modulo 2n and of the form

3m+ r, with m ≥ 0 and r ∈ {0, 1, 2}.

In particular, k ≡ 3m + r (mod 2n). Since, 3qn ≡ 1 (mod 2n), we get qnk ≡ m + qnr
(mod 2n) and finally,

2m ≡ 2qnk − 2qnr (mod 2n+1). (12)

Since t3/2 is a fixed point of τ defined in Eq. (5), we know that

t3m = t3m+1 = t2m and t3m+2 = t2m+1

for all m ≥ 0. These relations allow us to express Cn(c, k,N). First, observe that if r = 0
(resp., r = 1) in (12), then 2m ≡ 2qnk (mod 2n+1) (resp., 2m ≡ 2qnk − 2qn (mod 2n+1)).
Second, if r = 2, in (12), then 2m ≡ 2qnk − qn − 3qn + 1 (mod 2n+1), and since 3qn ≡ 1
(mod 2n+1), we get 2m ≡ 2qnk − qn (mod 2n+1). Hence Cn(c, k,N) is equal to

Cn+1(c, 2qnk, ⌊2N/3⌋) + Cn+1(c, 2qnk − 2qn, ⌊2N/3⌋) + Cn+1(c̄, 2qnk − qn, ⌊2N/3⌋).

We divide both side by 2N/3 and we may also get rid of the integer parts in the argument
of the counting function. The attentive reader will note that equality is exact up to one
unit since, if α is not an integer, then Cn+1(c, k, α)−Cn+1(c, k, ⌊α⌋) ∈ {0, 1}. This bounded
difference is not important when passing to the limit. Hence 3

2N
Cn(c, k,N) is equal to

1

2N/3

(
Cn+1(c, 2qnk, 2N/3) + Cn+1(c, 2qnk − 2qn, 2N/3) + Cn+1(c̄, 2qnk − qn, 2N/3)

)
.
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Now consider this equality along the sequence ((2/3)nNt)t≥0 to get the expected relation.
The last item simply translates that along the positions of t3/2 congruent to k modulo

2n, we either see a 0 or a 1.

To prove the following result, we make use of methods from harmonic analysis that we
present in Section 3.1.

Proposition 20. Assume that a collection of nonnegative real numbers{
µn(a, k) | n ≥ 0, a ∈ {0, 1}, k ∈ Z

}
satisfies, for all n ≥ 0, the following three properties:

(P1) For a ∈ {0, 1}, the map k 7→ µn(a, k) is 2n-periodic, i.e., µn(·, k) = µn(·, k′) whenever
k ≡ k′ (mod 2n).

(P2) Let qn denote the inverse of 3 modulo 2n+1. For all k ∈ Z and a ∈ {0, 1},
3
2
µn(a, k) = µn+1(a, 2qnk) + µn+1(ā, 2qnk − qn) + µn+1(a, 2qnk − 2qn).

(P3) For all k ∈ Z, we have µn(0, k) + µn(1, k) = 2−n.

Then, for all n ≥ 0, a ∈ {0, 1}, and k ∈ Z, we have µn(a, k) = 2−n−1.

Remark 21. We observe that condition (P1) ensures that the value of µn+1(a, 2qnk) is inde-
pendent of the representative of qn modulo 2n+1 that one considers.

3.1 Some abstract harmonic analysis

Before proceeding to the proof of Proposition 20, in order to be self-contained and to address
an audience who may be more inclined towards a combinatorial reasoning, we briefly recap
some key elements of abstract harmonic analysis. A standard reference is [23].

Lift to 2-adic integers. The key ingredient is to encode the congruences modulo 2n, for
all n, in a simultaneous way. Let X = Z2 be the ring of 2-adic integers. It is classically
defined as the inverse limit of the ring homomorphisms Z/2n+1Z → Z/2nZ given by reduction
modulo powers of 2. Formally,

X =

{
(xn)n≥0 ∈

∏
n≥0

Z/2nZ | xn+1 ≡ xn (mod 2n) for all n ≥ 0

}
.

As an example, the sequence starting with 113777(39) · · · belongs to X. Ring operations
are defined coordinate-wise: for x = (xn)n≥0 and y = (yn)n≥0 in X, we define x+ y and xy
respectively by

x+ y = (xn + yn mod 2n)n≥0 and xy = (xnyn mod 2n)n≥0.

With the profinite topology, X is a compact totally disconnected topological ring. For any
n ≥ 0, we let πn : X → Z/2nZ denote the canonical projection onto the n-th coordinate,
i.e., for x = (xn)n≥0 ∈ X, we define πn(x) = xn.
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The dual group. The so-called Pontryagin dual X̂ of X is the group of characters, i.e.,
continuous homomorphisms from the group (X,+) into the circle group {z ∈ C : |z| = 1}
endowed with the complex multiplication. It is canonically isomorphic to

Q[1/2]/Z =
{

a
2n

+ Z : a ∈ Z, n ≥ 0
}
.

For a reference, see [23, p. 113] where it is shown that, for a prime p, Ẑp is isomorphic to
Qp/Zp. Note that Q[1/2]/Z is indeed isomorphic to Q2/Z2 with the isomorphism mapping
a representative a

2n
+ Z to a

2n
+ Z2.

Characters are thus indexed by dyadic rationals modulo 1. To explicitly describe these
characters, we first define, for all x ∈ X, a map Px : X̂ → X̂ by

Px

(
a
2n

+ Z
)
= πn(x)a

2n
+ Z,

where a ∈ Z and n ≥ 0.

Lemma 22. The previous application satisfies the following properties.

1. For x ∈ X, the application Px is well-defined.

2. For x ∈ X, the application Px is an additive group morphism, i.e., Px(r + s) =

Px(r) + Px(s) for all r, s ∈ X̂.

3. For x,y ∈ X, we have Pxy(r) = Px(Px(r)) for all r ∈ X̂.

Proof. Let us prove that the first item. Consider two representatives

a

2n
+ Z =

b

2m
+ Z

in X̂ with a, b ∈ Z and m,n ≥ 0. Let N = max(n,m). Then

a2N−n

2N
+ Z =

b2N−m

2N
+ Z,

which implies
a2N−n ≡ b2N−m (mod 2N). (13)

Now, for any x ∈ X, compare the two values of Px of these elements after rewriting them
with denominator 2N , i.e.

Px

(
a
2n

+ Z
)
=

πn(x)a

2n
+ Z =

πn(x)a 2
N−n

2N
+ Z,

Px

(
b
2m

+ Z
)
=

πm(x)b

2m
+ Z =

πm(x)b 2
N−m

2N
+ Z.

So it suffices to prove πn(x)a 2
N−n ≡ πm(x)b 2

N−m (mod 2N). Since x ∈ X, by definition of
the inverse limit, the coordinates of x ∈ X respectively satisfy πn(x) ≡ πN(x) (mod 2n) and
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πm(x) ≡ πN(x) (mod 2m). Thus, there exist integers k, ℓ such that πn(x) = πN(x) + 2nk
and πm(x) = πN(x) + 2mℓ. Multiplying by a 2N−n and b 2N−m respectively gives

πn(x)a 2
N−n = πN(x)a 2

N−n + a 2Nk ≡ πN(x)a 2
N−n (mod 2N),

πm(x)b 2
N−m = πN(x)b 2

N−m + b 2Nℓ ≡ πN(x)b 2
N−m (mod 2N).

To conclude, multiply (13) by πN(x) to get

πN(x)a 2
N−n ≡ πN(x)b 2

N−m (mod 2N).

Combining these relations show that πn(x)a 2
N−n ≡ πm(x)b 2

N−m (mod 2N), as desired.

Let us show the second item. Let r, s ∈ X̂. As before, choose a common denominator
2N such that

r =
a

2N
+ Z and s =

b

2N
+ Z

for a, b ∈ Z. Then, for x ∈ X, we have

Px(r + s) = Px

(
a+ b

2N
+ Z

)
=

πN(x)(a+ b)

2N
+ Z,

while

Px(r) + Px(s) =
πN(x)a

2N
+ Z+

πN(x)b

2N
+ Z =

πN(x)(a+ b)

2N
+ Z.

Thus Px(r + s) = Px(r) + Px(s), and Px is a group homomorphism.
Finally, consider the third item of the statement. Let r = a

2n
+ Z with a ∈ Z and n ≥ 0.

Fix x,y ∈ X. Since multiplication in X is coordinate-wise, πn(xy) = πn(x)πn(y) in Z/2nZ.
Hence

Pxy(r) =
πn(xy)a

2n
+ Z =

πn(x)πn(y)a

2n
+ Z = Px(Py(r)).

This finishes the proof.

Characters. Recall that characters of X̂ are indexed by elements of Q[1/2]/Z. We now
describe them. For all r ∈ Q[1/2]/Z, we define the map χr : X → C by

χr : x 7→ e(Px(r)),

where e(α) = exp(2πi α) is the classical complex exponentiation. These maps are indeed
group homomorphisms. For r = a

2n
+ Z with a ∈ Z and n ≥ 0 and all x,y ∈ X, we have

χr(x+ y) = e

(
πn(x+ y)a

2n

)
= χr(x)χr(y),

since πn(x + y) ≡ πn(x) + πn(y) (mod 2n). They are useful in our setting because we
will apply them to some averaging operator L. These are the continuous characters of X.
Further, we check using Lemma 22 that

χr(xy) = e(Pxy(r)) = e(Pyx(r)) = e(Py(Px(r))) = χPx(r)(y) (14)

for all r ∈ Q[1/2]/Z and all x,y ∈ X.
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Pontryagin duality. Let µ be the normalized Haar measure on X, which is a Borel prob-
ability measure3. Pontryagin duality (Plancherel theorem for compact abelian groups) [45]

states that {χr : r ∈ X̂} is an orthonormal basis of the Hilbert space L2(X,µ) [23, Cor. 4.27].
Thus, every δ ∈ L2(X,µ) has a unique Fourier expansion

δ(x) =
∑
r∈X̂

δ̂(r)χr(x), (15)

where δ̂(r) ∈ C are the Fourier coefficients of δ. This expansion satisfies Parseval’s identity
[23, Prop. 4.25, Thm. 4.26] that reads

∥δ∥22 :=
∫
X

|δ(x)|2 dµ(x) =
∑
r∈X̂

|δ̂(r)|2. (16)

3.2 Proof of Proposition 20

Proof of Proposition 20. We split the proof into several main steps.
Reformulating via a difference function. Define δn : X → R by

δn(x) := 2n
(
µn(0, πn(x))− µn(1, πn(x))

)
, for x ∈ X.

Observe that δn ≡ 0 (is identically zero) if and only if µn(0, k) = µn(1, k) for all residue
classes k modulo 2n. Hence, thanks to (P3), δn ≡ 0 if and only if µn(a, k) = 2−n−1 for all
n, a, k. Thus, our goal is to prove that the hypothesis on µn forces δn ≡ 0.

Uniform Bound on δn. By (P3), we have

|δn(x)| ≤ 1, for all x ∈ X. (17)

Indeed, µn(a, k) is nonnegative and by (P3), µn(0, k) + µn(1, k) = 2−n. So each is between 0
and 2−n. Hence, the difference µn(0, πn(x))− µn(1, πn(x)) is in [−2−n, 2−n]. The conclusion
follows multiplying by 2n.

Translating the recurrence into an operator equation. We now convert the recur-
rence (P2) into a functional equation for δn, which is relevant thanks to the lift to the 2-adic
integers. Let 3 = (3)n≥0 ∈ X; because each coordinate is odd, it has a multiplicative inverse
q = (qn)n≥0 in X. The recurrence of (P2) becomes

δn(x) =
∑

0≤j<3

cj δn+1(2qx− jq),

3Note that every locally compact group admits a Haar measure that is unique up to a scalar constant.
In addition, every normalized Haar measure is a Borel probability measure, but not every Borel probability
measure is Haar.

28



where c0 = −c1 = c2 = 1/3. Indeed, multiply the difference 3
2
µn(0, k) − 3

2
µn(1, k) by 2n+1

and apply (P2). Since δn is obtained as a linear combination of δn+1, this motivates defining
an operator L that acts on functions δ : X → C by

(L δ)(x) =
∑

0≤j<3

cj δ(2qx− jq).

Then, δn = L δn+1 and iterating,

δn = Lk δn+k for all n, k ≥ 0.

If we can show that repeated applications of L shrink any function in a suitable norm, then
the only way δn = Lk δn+k can hold, for all k, is if δn is zero.

Let 2 = (2)n≥0 ∈ X. Note that P2 is everywhere 2-to-1, and that both P3 and Pq are
bijective. Indeed, the kernel of P2 is made of 0+Z and 1

2
+Z. Note that P3(

a
2n
+Z) = b

2n
+Z

if and only if 3a ≡ b (mod 2n). Since 3 is invertible modulo 2n, the latter congruence has a
unique solution. Similar argument applies for Pq.

Action on Fourier coefficients. For r ∈ X̂,

(Lχr)(x) =
∑

0≤j<3

cj χr(2qx− jq).

Using that χr is a character and (14),

χr(2qx− jq) = χr(2qx)χr(−jq) = χP2q(r)(x)χr(−jq).

Since the first factor on the right-hand side is independent of j, we write

(Lχr)(x) = M(r)χP2q(r)(x),

where

M(r) :=
∑

0≤j<3

cj χr(−jq) =
1

3

(
1− e(−Pq(r)) + e(−Pq(r))

2
)
. (18)

For the last term, χr(−2q) = (χr(−q))2 since it is a character. Roughly speaking, this
relation can be interpreted as L sending a “pure frequency” χr to another frequency χP2q(r)

and the amplitude is multiplied by M(r). Thus, using (15) — the operator L can pass
through the infinite Fourier sum because the series converges in L2(X,µ) and L is a bounded
linear operator on L2(X,µ); bounded operators commute with limits in norm — we get

L δ =
∑
r∈X̂

δ̂(r)M(r)χP2q(r).

Since P2q is everywhere 2-to-1, each character χs appears twice in the sum. Let us group
terms as

L δ =
∑
s∈X̂

( ∑
r∈P−1

2q (s)

M(r)δ̂(r)
)
χs.
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We get, as the Fourier expansion is unique,

(̂L δ)(s) =
∑

r∈P−1
2q (s)

M(r)δ̂(r) (19)

for all s ∈ X̂ and δ ∈ L2(X,µ).
Iterating the operator in Fourier space. Let δ ∈ L2(X,µ) and k ≥ 1. Define

M (k)(r) :=
∏

0≤ℓ<k

M(P ℓ
2q(r)) for r ∈ X̂.

Then, for every s ∈ X̂,

(̂Lk δ)(s) =
∑

r∈P−k
2q (s)

M (k)(r) δ̂(r).

For an increased readability, the proof of this fact presented as Lemma 23 is given outside
this proof. This result lemma and Parseval’s identity (16) give

∥Lk δ∥22 =
∑
s∈X̂

∣∣∣∣ ∑
r∈P−k

2q (s)

M (k)(r) δ̂(r)

∣∣∣∣2.
Using Cauchy–Schwarz in the inner sum,

∥Lk δ∥22 ≤
∑
s∈X̂

( ∑
r∈P−k

2q (s)

|M (k)(r)|2
)( ∑

r∈P−k
2q (s)

|δ̂(r)|2
)
.

Define

ζk(s) =
∑

r∈P−k
2q (s)

|M (k)(r)|2 and ∥ζk∥∞ = sup
s∈X̂

|ζk(s)|. (20)

Then
∥Lk δ∥22 ≤

∑
s∈X̂

ζk(s)
∑

r∈P−k
2q

|δ̂(r)|2 ≤ ∥ζk∥∞
∑
s∈X̂

∑
r∈P−k

2q (s)

|δ̂(r)|2.

Since {P−k
2q (s) : s ∈ X̂} is a partition of X̂, the last double sum corresponds, by Parseval’s

identity (16), to ∥δ∥2. Therefore,

∥Lk δ∥22 ≤ ∥ζk∥∞ ∥δ∥22 (21)

for all δ ∈ L2(X,µ) and k ≥ 1.
Conclusion. It is enough to show that ∥ζ2∥∞ < 1. Indeed, the contracting property

∥ζ2∥∞ < 1 (proved later in Section 3.3) implies that µn(a, k) = 2−n−1 is the unique solution
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to the linear recurrence relation: Since δn = L2k δn+2k for all n, k ≥ 0, we obtain from (21)
applying the L2-contraction repeatedly

∥δn∥22 = ∥L2 δn+2∥22 ≤ ∥ζ2∥∞∥δn+2∥22 ≤ · · · ≤ ∥ζ2∥k∞∥δn+2k∥22.

As observed in (17), we have the uniform bound |δm(x)| ≤ 1 for all m ≥ 0 and x ∈ X, so
∥δm∥22 ≤ 1 for all m since µ is a probability measure. Hence, ∥δn∥22 ≤ ∥ζ2∥k∞. Taking the
limit k → ∞, we obtain that δn = 0 identically as ∥ζ2∥∞ < 1. Note that in L2(X,µ) having
a norm zero means that the function is 0 almost everywhere but here δn is locally constant,
so it is identically 0, which was our goal. This means that µn(0, k) = µn(1, k) for all n ≥ 0
and k ∈ Z. Using (P3), we conclude

µn(0, k) = µn(1, k) = 2−n−1,

as desired.

We now prove the identity in the penultimate step of the previous proof.

Lemma 23. Let δ ∈ L2(X,µ) and k ≥ 1. With M(r) defined in (19), we let

M (k)(r) :=
∏

0≤ℓ<k

M(P ℓ
2q(r)) for r ∈ X̂.

Then, for every s ∈ X̂,

(̂Lk δ)(s) =
∑

r∈P−k
2q (s)

M (k)(r) δ̂(r).

Proof. Proceed by induction. The case k = 1 is given by (19). Assume now that the formula
holds for some k ≥ 1, i.e.,

L̂k δ(t) =
∑

u∈P−k
2q (t)

M (k)(u) δ̂(u) for all t ∈ X̂.

Applying (19) to Lk δ, we obtain

L̂k+1 δ(s) = L̂(Lk δ)(s) =
∑

t∈P−1
2q (s)

M(t) L̂k δ(t).

Substituting the induction hypothesis yields

L̂k+1 δ(s) =
∑

t∈P−1
2q (s)

M(t)
∑

u∈P−k
2q (t)

M (k)(u) δ̂(u).
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We now reindex the sum. The conditions t ∈ P−1
2q (s) and u ∈ P−k

2q (t) are equivalent to

P k+1
2q (u) = s,

with t = P k
2q(u). Hence the pairs (t, u) are in bijection with u ∈ P

−(k+1)
2q (s), and the above

expression becomes

L̂k+1 δ(s) =
∑

u∈P−(k+1)
2q (s)

M
(
P k
2q(u)

)
M (k)(u) δ̂(u).

Finally, by definition of M (k), M
(
P k
2q(u)

)
M (k)(u) = M (k+1)(u).

3.3 Proving that ∥ζ2∥∞ < 1

We consider a multiplication by 3k to cancel the q’s occurring in the iterates of Pq and P2q.

For r ∈ X̂, we thus define
M̃ (k)(r) := M (k)(3kr). (22)

Lemma 24. We have

M̃ (k)(r) =
1

3k

∏
0≤ℓ<k

(
1− e(−2ℓ 3k−ℓ−1r) + e(−2ℓ+1 3k−ℓ−1r)

)
.

Proof. By definition, we have

M̃ (k)(r) =
∏

0≤ℓ<k

M
(
P ℓ
2q(3

kr)
)
.

Since 2q = 2q in X, we have P2q = P2 ◦Pq. Iterating and using commutativity on X̂ gives,
for every ℓ ≥ 0,

P ℓ
2q(3

kr) = 2ℓqℓ3kr.

Since q is the 2-adic inverse of 3, thus

P ℓ
2q(3

kr) = 2ℓ3k−ℓr in X̂.

Next recall from (18) that

M(t) =
1

3

(
1− e(−Pq(t)) + e(−2Pq(t))

)
,

Using again Pxy = Px ◦ Py and that Pq acts by multiplication by q, we have

Pq

(
P ℓ
2q(3

kr)
)
= q · P ℓ

2q(3
kr) = q · (2ℓ3k−ℓr) = 2ℓ3k−ℓ−1r in X̂.

Therefore,

M
(
P ℓ
2q(3

kr)
)
=

1

3

(
1− e(−2ℓ3k−ℓ−1r) + e(−2ℓ+13k−ℓ−1r)

)
. (23)

and factoring out 3−k gives the desired product formula.
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Lemma 25. For any s ∈ Q[1/2] ∩ [0, 1),

ζk(3
ks) =

∑
0≤i<2k

|M̃ (k)( s
2k

+ i
2k
)|2.

Proof. Let s ∈ Q[1/2] ∩ [0, 1). Then

r ∈ P−k
2q (3ks) ⇐⇒ 2kr ≡ 32ks (mod 1).

Thus there exists m ∈ Z such that

r =
32k

2k
s+

m

2k
.

Reducing modulo 1, the distinct solutions are obtained by taking m = 0, 1, . . . , 2k − 1, and
we obtain

P−k
2q (3ks) =

{
32k

2k
s+

j

2k
+ Z : 0 ≤ j < 2k

}
.

Since 32k is odd, multiplication by 32k permutes the elements of X̂ = Q[1/2]/Z. Therefore,
recalling the definition in Eq. (20), we obtain

ζk(3
ks) =

∑
r∈P−k

2q (3ks)

∣∣M̃ (k)(r)
∣∣2 = ∑

0≤j<2k

∣∣∣∣M̃ (k)

(
32k

2k
s+

j

2k

)∣∣∣∣2 .
Because we have a function depending on r only through its value modulo 1 and invariant
under permutation of the summation index, we may equivalently write

P−k
2q (3ks) =

{
s

2k
+

j

2k
+ Z : 0 ≤ j < 2k

}
,

which gives the statement.

Consequently, since Q[1/2] is dense in R and M̃ (k) continuous, we obtain

sup
s∈X̂

ζk(3
ks) = sup

s∈R

∑
0≤j<2k

|M̃ (k)( s
2k

+ j
2k
)|2.

Furthermore, multiplication by powers of 3 permutes the elements of X̂, so recalling Eq. (20)
we get

∥ζk∥∞ = sup
s∈R

∑
0≤j<2k

|M̃ (k)( s
2k

+ j
2k
)|2. (24)

We use this formula to compute ∥ζ2∥∞.
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Set k = 2. For any r ∈ X̂, we can compute using (22)

M̃ (2)(r) =
1

9

(
1− e(−3r) + e(−6r)

)(
1− e(−2r) + e(−4r)

)
=

∑
0≤ℓ≤10

gℓ e(−ℓr),

where

(g0, g1, g2, g3, g4, g5, g6, g7, g8, g9, g10) =
1
9
(1, 0,−1,−1, 1, 1, 1,−1,−1, 0, 1).

Using the identity |ξ|2 = ξ ξ∗ for ξ ∈ C (where we let ξ∗ denote the complex conjugate of
ξ ∈ C), we get∑

0≤j<4

∣∣∣M̃ (2)
(
s
4
+ j

4

)∣∣∣2 = ∑
0≤j<4

∑
0≤ℓ,ℓ′≤10

gℓgℓ′ e
(
−(ℓ− ℓ′)

(
s
4
+ j

4

))
=

4

81

(
9 + e(s) + e(−s)− 2e(2s)− 2e(−2s)

)
.

Since 2 cos(t) = e(t) + e(−t), we may rewrite the last expression as∑
0≤j<4

∣∣∣M̃ (2)
(
s
4
+ j

4

)∣∣∣2 = 4

81

(
9 + 2 cos(2πs)− 4 cos(4πs)

)
.

Thus, by (24),

∥ζ2∥∞ = sup
s∈R

4

81

(
9 + 2 cos(2πs)− 4 cos(4πs)

)
≤ 4

81

(
9 + 2 + 4

)
=

20

27
< 1,

which proves our claim.

4 Concluding remarks

This article opens the way to many challenging questions. First, the Thue–Morse word t3/2
can be generalized in two ways: we may consider the sum-of-digits modulo an integer m ≥ 2
instead of 2 and/or we may change the numeration system to other rational bases [24, 44].

In the first option, the generalized Thue–Morse word corresponding to the sum-of-digits
of 3/2-expansions modulo m ≥ 2 is obtained from the 2-block substitution

ab 7→ a(a+ 2 mod m)(b+ 1 mod m).

For instance, with m = 4, the prefix of the word is 023310131130132311130200132130 · · · .
In that setting, following the same lines, the recurrence in (10) becomes

3
2
µn(c, k) = µn+1(c, 2qnk) + µn+1(c+ 1, 2qnk − qn) + µn+1(c+ 2, 2qnk − 2qn).
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for n ≥ 0 and c ∈ Z/mZ. As in Proposition 20, we have a collection of nonnegative real
numbers {

µn(c, k) | n ≥ 0, c ∈ Z/mZ, k ∈ Z
}

satisfying properties similar to those in Proposition 20. The technical problem to overcome
is that the difference function δn : X → R appearing in the proof of Proposition 20 has to be
replaced by a function taking into account the different pairs of letters. We believe that the
frequency of each symbol exists and is equal to 1/m (this fact is also supported by computer
experiments).

Another direction of research is as follows. Let x be a fixed point of a q-block substitution
where the image of each q-block has length p. Broader questions of interest are the following:

1. Does the frequency of a symbol a in x exist?

2. If it exists, is it always a rational number?

3. Can we easily determine if such an infinite word x is uniformly recurrent? Indeed, in
the classical setting, a k-automatic sequence is uniformly recurrent if and only if its
underlying k-uniform morphism is primitive [20]. We do not have such a result for
alternating morphisms.

Answering the first two questions would help to address the problem of determining the
frequency of factors (and not only symbols). Indeed, it is easy to see that the sliding block
code — with window size ℓ ≥ 1 — of a fixed point of a q-block substitution where the image
of each q-block has length p, is also generated by a substitution with the same property. As
an example, consider a window of size ℓ = 2. Hence, blocks of size 2 represent integers in
{0, 1, 2, 3}. The sliding block code of t3/2 then starts with

c = (cn)n≥0 = 013321333321321333320001321320 · · · ,

where cn = val2(tntn+1) = 2tn + tn+1 for all n ≥ 0. This word is a fixed point of the
substitution

00 → 012, 01 → 013, 12 → 000, 13 → 001,

20 → 332, 21 → 333, 32 → 320, 33 → 321.

Note that for any three consecutive symbols titi+1ti+2, if ti+1 = 0 (resp., ti+1 = 1), then
ci = val2(ti0) is even (resp., odd) and ci+1 = val2(0ti+1) is in {0, 1} (resp., ci+1 = val2(1ti+1)
is in {2, 3}). This explains why only eight 2-blocks may appear.

Experiments show that in this word, the frequencies of 0 and 3 are equal to 3/10 whereas
those of 1 and 2 are equal to 2/10. This would mean that the frequencies of 00 and 11 (resp.,
01 and 10) in t3/2 are equal to 3/10 (resp., 2/10). In particular, this shows that the argument
in the proof of Proposition 20, that δn is identically zero, fails since µn(0, πn(c))−µn(1, πn(c))
should not vanish.
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This corresponds to the values described by Dekking for t′ [19]. Assume we want to
compute the frequency of 01 in t′. By Lemma 4, each 0 (resp., 1) in the prefix of t3/2 of
length n produces with φ one occurrence of 01 in the prefix of t′ of length 3n. Moreover,
each 01 in t3/2 produces an extra 01 in t′. Therefore, assuming the existence of frequencies
in t3/2 yields

freqt′(01) =
1

3

(
freqt3/2(0) + freqt3/2(1) + freqt3/2(01)

)
=

1

3
+

2

30
=

4

10
.

The open problems addressed above do not allow us to tackle the conjectures related
to the Oldenburger–Kolakoski word k. Indeed, in this article, we consider substitutions
whose images have constant length. For the word k, the substitution κ is non-uniform
(Section 1.2). This has an important consequence: the positions of letters modulo powers of
2n do not control the iteration of the substitution. In other words, unlike in the constant-
length setting, congruence classes modulo 2n are no longer sufficient to describe how letters
evolve under iteration. Even if one replaces the naive notion of parity by an appropriate one
— namely, the state of the iterated transducer in which a given letter occurs — one still needs
an equation of the form µn(1, k)+µn(2, k) = 2−n in order to apply Fourier analysis. Without
such a relation, the L2-norms arising in the Fourier approach become unbounded, preventing
any meaningful spectral control. This condition is in fact equivalent to an equidistribution
of these generalized “parities”. However, such a property already appears to be close to
uniform recurrence of the word itself.

Nonetheless, we hope that the new techniques developed here could provide new research
directions toward solving the conjectures.
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