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ABSTRACT. The concept of prevalence provides a rigorous framework for iden-
tifying “large” sets in infinite-dimensional spaces, extending measure-theoretic
ideas of negligibility beyond finite-dimensional contexts. This paper introduces
the foundational definitions of prevalence, exploring its key properties and il-
lustrating its relevance through examples in functional spaces. We also inves-
tigate the interplay between prevalent sets and Baire categories, emphasizing
that while these notions share certain structural parallels, they are fundamen-
tally distinct.

1. INTRODUCTION.

What is a “small set”? The simplest way to approach this notion is likely to
enumerate the properties that such a set should possess, as a basis for its definition.
The most natural properties are as follows:

(P1) A small set has an empty interior.

(P2) Any subset of a small set is itself small.

(P3) Any countable union of small sets remains small.
(P4) Any translate of a small set is also small.

Clearly, a minimal amount of structure is required to formulate these conditions.
Let us assume we are working in a vector space. In finite dimensions, the Lebesgue
measure, denoted £, provides a natural notion of smallness: one can equate small
sets with negligible sets (in the sense of Lebesgue measure). Conventionally, a
property is said to hold almost everywhere if the set of points where it fails is
negligible.

It is natural to ask whether an analogous notion of small set, based on a suitable
measure that would serve as a counterpart to Lebesgue measure in defining negligi-
bility, could be defined in infinite-dimensional spaces so that properties (P1)—(P4)
continue to hold. However, this hope is obstructed by (P4). Indeed, if p is a
translation-invariant measure defined on the Borel sets of an infinite-dimensional
Banach space, then there exists a ball with measure zero. This violates property
(P1), showing that translation invariance is too restrictive a condition [1].

It suffices, however, for property (P4), referred to as quasi-invariance, to hold. A
measure u defined on the Borel sets of a vector space is said to be quasi-invariant if,
for every Borel set A of measure zero, its translates also have measure zero: p(A) =
0 implies p(A+x) = 0 for all = in the space. Unfortunately, this condition is also too
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restrictive: if a measure defined on the Borel sets of a separable infinite-dimensional
Banach space is o-finite, regular, and quasi-invariant, then it is identically zero.

The idea proposed by Brian Hunt, Tim Sauer, and James Yorke [1] was to
explore a property equivalent to having a null Lebesgue measure, one that could
reasonably extend to infinite-dimensional spaces. A comprehensive survey of the
resulting theory of prevalence is provided in [2].

2. PREVALENCE.
The concept of prevalence is underpinned by the following result:

Theorem 1. A Borel set A in Fuclidean space R™ is negligible in the sense of
Lebesgue measure if and only if there exists a probability measure i, defined on the
Borel o-algebra with compact support, such that u(A+ ) =0 for all x € R™.

Proof. For the necessary condition, consider, for any Borel set A, the measure
w(A) = L(AN B)/L(B), where B denotes the unit ball centered at the origin. The
support of p is contained in the closure of B, which is compact.

Conversely, an application of the Fubini —Tonelli theorem to the function

f:R"xR" = {0,1} (x,y)— xalz+y),
where x4 denotes the indicator function of A, yields the identity

[ua-yyay = [ £~ du).

Now, the first integral vanishes by assumption, and the second can be rewritten as

[ £=)dute) = [ £4) duo) = nrr)(0) = £04),
which proves that £(A4) = 0. O
Building on Theorem 1, we arrive at the following definition:

Definition 2. A measure pu, defined on the Borel o-algebra of a completely metriz-
able topological vector space, is said to be transverse to a Borel set A if:

(C1) There exists a compact set K such that pu(K) € (0, 00).
(C2) u(A+ z) =0 for every point x in the space.

If the space is further assumed to be separable (thus forming a Polish topological
vector space), condition (C1) is automatically satisfied for any finite measure.

Definition 3. A Borel set A in a completely metrizable topological vector space is
called shy if there exists a measure transverse to A. More generally, a set is shy if
it is contained in a shy Borel set. The complement of a shy set is called prevalent.

In Definition 2, the measure is not required to be a probability measure with
compact support. This flexibility allows the consideration of Lebesgue measure on
finite-dimensional subspaces of the ambient space. It can be shown that every shy
Borel set admits a finite, compactly supported transverse measure.

It can also be proven that if A is shy, then:

Any subset of A is also shy.
Any translate of A is shy.
A has an empty interior.
AA is shy for any A > 0.
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e The complement of A is dense in the space.

Furthermore, using measure convolution, it can be shown that a countable union of
shy sets remains shy. Finally, every countable set is shy, and in infinite dimensions,
compact sets are shy. In particular, properties (P1) through (P4) are satisfied.

Thus, shy sets possess the necessary properties to be associated with the notion
of small sets. It is worth noting that in Euclidean space, a set is shy if and only if
it is contained in a negligible Borel set. In this sense, prevalence can be viewed as
a generalization of the concept of “almost everywhere”.

To conclude this section, we briefly mention Jens Christensen’s work on Haar-
null sets, which offers a slightly different perspective on small sets. Rather than
working within completely metrizable topological vector spaces, Christensen focuses
on Polish abelian topological groups [3, 4]. This approach predates that of Hunt,
Sauer, and Yorke; however, the latter were initially unaware of Christensen’s work
[5]. In this framework, shy sets are referred to as Haar-null sets. Christensen does
not aim to derive results on prevalence; instead, he employs Haar-null sets as a
tool. In particular, he demonstrates that if a Polish abelian topological group G is
not locally compact, then the compact subsets of G are Haar-null.

3. A WORKING EXAMPLE: CAUCHY’S FUNCTIONAL EQUATION.

Cauchy’s functional equation [6] is given by

flx+y) = f(=)+ fy).

A function f that satisfies this equation is called an additive function. On the real
numbers R, it is straightforward to show that any additive function is linear with
respect to rational numbers. Specifically, for any = € R and any rational number
r, we have f(ra) = rf(z). Consequently, if f is continuous at even a single point,
it must be linear: f(x) = f(1)x for all z € R. Furthermore, additive functions are
linear if they are Lebesgue measurable, monotonic on an interval, or bounded on
an interval.

However, assuming the axiom of choice, Hamel demonstrated the existence of
additive functions that are not linear [7]. Since every vector space has a basis, there
exists a subset H of R, called a Hamel basis, such that any real number x can be

uniquely expressed as
Xr = E le‘j,

jeJ
where (x;)jes is a finite subset of H and each r; is rational. For any z; € H,
an additive function f must satisfy f(rz;) = rf(z;) for any rational r, so the
restriction of f to z;Q is given by

oy
f:z;Q—=R xHij)
Ty
Consequently, for any real number z expressed in the Hamel basis © = jes Ti%s,

we have f(z) = 32, ;7jf(z;). Thus, defining f on H completely determines the
function. In particular, f is linear if and only if f(x;)/x; = f(zx)/xy for all indices
j and k. Non-linear solutions are highly irregular; in fact, their graphs are dense
in R2.

Since the cardinality of H is the same as the cardinality of the continuum c,
there are 2¢ functions f : H — R, while the number of linear solutions is only c.
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From this perspective, linear solutions to Cauchy’s equation are “rare”. To provide
deeper insight into the functional landscape beyond mere cardinality, we employ
the measure-theoretic framework introduced above. Notably, even on R the length
of a set is unrelated to its cardinal. For example, the triadic Cantor set has the
cardinality of the continuum but is negligible with respect to the Lebesgue measure
(and thus shy).

To demonstrate that the set of linear solutions is shy, consider the narrowed space
Co(H) of continuous, bounded functions f : H — R, equipped with the standard
norm. An additive function f can be associated with the function z; — f(z;)/x;
defined on H. To establish that the set of linear solutions is small among additive
functions, we can show that the vector subspace S of constant functions, considered
as a subset of the Cy(#), is shy. This follows because S is a one-dimensional vector
space.

Let T = {\cos : A € R}, and define the measure u(B) = L(¢~!(B)) on the Borel
sets of Co(H), where ¢ : R — T is the map ¢(\) = Acos and L is the Lebesgue
measure. For any g € Cy(H), we have:

w(S+g)=LAER: Acos—g € S})
=LA eR:g= Acos+C for some C € R}) =0,
which is sufficient to conclude that the set S within Cy(#) is shy.

The approach outlined above can be generalized as follows:

Definition 4. Let X be a completely metrizable vector space and S be a finite-
dimensional subspace of X with dimension n. A Lebesgue mesure on X supported
on S is a measure of the form

Ls(A) = L(p~ (AN S)),
for any Borel set A, where ¢ : R™ — S is an isomorphism.
The choice of a different isomorphism does not alter the negligible sets of Lg.

Definition 5. A probe of a subspace A C X is a finite-dimensional vector subspace
S C X for which there exists a Lebesgue measure supported on .S that is transverse
to a Borel set that contains X \ A.

Proposition 6. If a subset A C X admits a probe, then A is prevalent.

Let us demonstrate that any proper Borel vector subspace Y of X is shy. Let
A=X\Y. We aim to construct a probe for A. Any vector subspace S spanned
by a vector a € A satisfies the conditions. Define

p:R—=S5 A= da.
For any = € X, we have
LsYV+z)=LHENeR: XAa€Y +2}) =0,
since the set {A € R: Aa —x € Y} contains at most one element.

Some relevant results related to prevalence are as follows:

Proposition 7 ([8]). Given p € (0,00), define £F as the space of sequences (;);en
such that ).y |2;|P < oo (in particular, ¢* is the space of absolutely summable
sequences). For every p € (1,00), the set of sequences in ¢P that do not belong to
01 s prevalent in (P.
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Proposition 8 ([9]). The set of continuous functions on [0,1] that are nowhere
differentiable is prevalent in the space of real-valued continuous functions on [0,1].

Proposition 9 ([10]). Let C*°(]0,1]) denote the space of functions that are in-
finitely differentiable on [0,1]. The set of functions on [0,1] that are nowhere
Gevrey-differentiable forms a prevalent subset of C*°([0,1]). In particular, the set
of nowhere analytic functions is also prevalent in C°°([0,1]).

4. BAIRE CATEGORIES.

The concept of first-category sets was introduced by René Baire in his work on
the non-uniform convergence of series [11].

Definition 10. A subset of a topological space is said to be meager if it is contained
in a countable union of closed sets with empty interior. The complement of a meager
set is called residual. A set that is not meager is referred to as a second-category
set.

Definition 11. A topological space is called a Baire space if every countable in-
tersection of dense open sets is dense.

A space is a Baire space if and only if the only meager open set is the empty
set. Locally compact Hausdorff spaces and completely metrizable spaces are Baire
spaces.

The elementary theory of meager sets immediately leads to the following result:

Proposition 12. In a Baire vector space, meager sets satisfy properties (P1)
through (P4).

Thus, meager sets provide another notion of “small” sets.

One may naturally ask about the relationship between shy sets and meager sets.
Unfortunately, these notions are distinct. Let us provide two examples; further
examples can be found in [1, 8, 12], among others.

The set of Liouville numbers

1
{x e R\ Q:Vn € N Jp,q € Z such that ¢ > 1 and |zf§\<qfn}

is residual and shy.
In the Banach space cy of sequences that converge to 0, the positive cone

{(xj)je[\] (SHE >0 Vj}

is meager but not shy.
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