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Sensitivity analysis

Consider a Linear Program

min  caxi+- -+ Chxp

subject to  aijixi+- -+ anx, = by

amiX1+: - +amnXp = bm

X1y -« e Xp >0
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Sensitivity analysis

Consider a Linear Program

min  cixi+ -+ CpXn

subject to  ajixq+- -+ anxp = b1 + A

AmiX1+ -+ amnXn = bm

X1y - oy Xn>0

@ One coefficient in the right-hand-side
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Sensitivity analysis

Consider a Linear Program

min  caxi+- - +(ch + A)xy

subject to  ajyxg+- -+ ainxn = by
amiXi+- -+ dmnXn = bm
X1y «eny Xn Z 0

@ One coefficient in the right-hand-side

@ One coefficient in the cost
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Sensitivity analysis

Consider a Linear Program

min  cix1+- -+ CpXn

subject to  aijixi+- -+ ainx, = by

amiX1+: - +amnXp = bm

X1y -« e Xp >0

@ One coefficient in the right-hand-side
@ One coefficient in the cost

@ Matrix coefficients : only coefficients of nonbasic variables
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Uncertainty
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The formalization

f(A\) = min c"x

subject to A;x < by
Aox + ADx < by
x>0

for A € [A1, A2
@ In the literature:

> Usually rely on heavy computations
> or hypotheses on D (e.g. low rank)
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Brute force solution

Sample A and recompute from scratch

0.0

Ground truth
—e— Coarse sampling _e—

f(A)
U
o

V.

-0-9 8 -7 6 -5-4-3-2-101 2 3 4 5 6 7 8 9
A

May be very chaotic!
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A sampling of problems
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Main idea

Try to bound f(\)
Ib(\) < f(\) = min c"x < ub())
s.t. Aix<b
A2X + ADx < b2
x>0

We present the techniques on the primal but we can apply them to the dual.

Some of the techniques may work for MIP as well.
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Outline

Constant robust bound

Variable robust bound

o Coefficientwise relaxation

Lagrangian relaxation

Computational results
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|ldea 1 : Constant robust solution
Idea: Find a solution which is feasible for a range A € [A1, A2].

min ¢’ x

s.t. A]_X < bl
(A2 + )\D)X < by forall e [)\1,/\2]
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|ldea 1 : Constant robust solution
Idea: Find a solution which is feasible for a range A € [A1, A2].

min ¢’ x

s.t. A]_X < bl
(A2 + )\D)X < by forall e [)\1,/\2]

Robust counterpart

min ¢’ x
st. Aix < b
Arx+ max ADx < by
NE[A1, A2
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|dea 1 : Constant robust solution
Idea: Find a solution which is feasible for a range A € [A1, A2].

min ¢’ x

s.t. A]_X < b1
(A2 + )\D)X < by forall e [)\1,/\2]

Robust counterpart

min ¢’ x
st. Aix < b
Arx+ max ADx < by

AE[AL,A2]

Componentwise, all rows attain their maximum either in A\; or Ay, hence

min ¢’ x

st. Aix < by
(A2 +MD)x < by
(A2 + X2D)x < by
provides an upper bound to the primal.
The technique also works for MIPs and gives a primal bound.
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|dea 2 : Affine robust solution
Reformulate x = y + Az for A € [Aq, A2].

min ¢’ (y + \2)
s.t. Al(y + )\Z) < by forall A e [)\1,)\2]
(A2 + )\D)(y—i- )\Z) < b, forall \e [)\1,)\2]
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|dea 2 : Affine robust solution
Reformulate x = y + Az for A € [Aq, A2].

min ¢’ (y + \2)
s.t. Al(y—l—)\z) < by forall A e [)\1,)\2]
(A2 + )\D)(y + )\Z) < b, forall \e [)\1, /\2]

Robust counterpart:
.
min ¢’ (y + A\z)

st. Aiy+ max ANz < b
)\G[)\l,/\Q]

max Ay + A(Dy + Axz) + A°Dz < by
)\E[)\l,)\zl
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|dea 2 : Affine robust solution
Reformulate x = y + Az for A € [Aq, A2].

min ¢’ (y + \2)
s.t. Al(y—l—)\z) < by forall A e [)\1,)\2]
(A2 + )\D)(y + )\Z) < by, forall X e [)\1., /\2]

Robust counterpart:

min ¢’ (y + A\z)

st. Aily+ max MNiz< b
)\6[)\1,/\2]

max Ay + A(Dy + Axz) + A°Dz < by
)\E[)\l,)\Q]

We can handle (1) as before.
How to handle (2)?

e If (Dz); > 0 — Convex — max attained in A1 or Az

e If (Dz); < 0 — Concave — max attained in A = —%
We lose the linearity (would be computable with an SOCP)!
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Relaxation of the robust counterpart

Theorem

Relaxation of the robust counterpart which is linear in y and z

min some function
st. Aty +Aiz< by Ay + Atz < by
(As+ MD)(y + Mz) < by (A2 + XaD)(y + X2z) < by

A+ A
Asy + Dz )a + (Dy + A22) 1+ 2 < b,

provides an upper bound to the primal.
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Affine robust solution : what to minimize

e Minimize c”(y + A\12) (or A2)
e Fix the slope (e.g. fix ¢z = 0)

—— Ground truth
——— Variable robust sol. - flat
-2 —— Variable robust sol. - left
—— Variable robust sol. - right

-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0
A
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Coefficientwise bounding method

Drawbacks of the previous methods : double or triple the number of constraints!
— Can be computationally costly !

New idea: Relax or restrict every coefficient individually.
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Coefficientwise bounding method

Drawbacks of the previous methods : double or triple the number of constraints!
— Can be computationally costly !

New idea: Relax or restrict every coefficient individually.
Working assumption: x; > 0 for all i

(P(N\)) : min c"x
s.t. Aix < by

n

D () + Ady)xy < b =1, m
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Coefficientwise bounding method

Drawbacks of the previous methods : double or triple the number of constraints!

— Can be computationally costly !

New idea: Relax or restrict every coefficient individually.
Working assumption: x; > 0 for all i

(P(N\)) : min c"x
s.t. Aix < by

n

D () + Ady)xy < b =1, m

j=1
Valid relaxation of every (P(\)):
min ¢’ x

s.t. Aix < by
Z m}in(a,(f) + Adjj)x;; < b,(z) i=1,...,m
j=1
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Coefficientwise bounding method : the restriction
Working assumption: x; > 0 for all i

(P(N\)) : min c”x
s.t. Aix < by

n
ST+ Ady)xg < bP i=1,.,m
j=1

Valid restriction of every (P())):

(R) : min ¢ x

s.t. Aix < b

Zmax +)\du)xu<b(2) i=1,...,m

A solution x to (R) is valid for every (P())) and ¢ x provides an upper bound.
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Lagrangian relaxation

We can obtain a dual bound by Lagrangian relaxation.
We dualize the constraints that are modified by the parameter \.

h(p, ) = min ¢ x — p((Az + AD)x — b)
subject to A1 x < by

@ Question: Which Lagrange multipliers to choose?

@ Suggestion: Use the optimal dual variables of the nominal LP for both A;
and .

Theorem

From concavity properties, we can link them by a line and it provides a lower
bound.
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Lagrangian relaxation

We can obtain a dual bound by Lagrangian relaxation.
We dualize the constraints that are modified by the parameter \.

h(p, ) = min ¢ x — p((Az + AD)x — b)
subject to A;x < by

@ Question: Which Lagrange multipliers to choose?

@ Suggestion: Use the optimal dual variables of the nominal LP for both A;
and .

Theorem

From concavity properties, we can link them by a line and it provides a lower
bound.

We can strengthen the relaxation by adding the coefficientwise relaxation
constraints.
It avoids obtaining an unbounded problem too often.
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The bisegment Lagrangian bound
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Computational tests

@ Instances

> Roughly 150 LP problems essentially from netlib

» Roughly 150 MIP problems from MIPLIB, facility locations, unit commitment
problems.

@ 3 criteria are considered:

> Availability : percentage of points for which there is a finite bound
» Error : using normalized RMSE + 1

» Timing : how many reoptimization points are required?
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The bounds are (mostly) always available

Netlib MIPLIB Facility
ineq eq ineq eq location
Ib ub Ib ub Ib ub b ub Ib ub
Robust 40.0 995 709 182 100 75.0 99.4

Rob yz 90.2 99.7 956 4138

Coeff.wise 100 98.8 100 182 789 100 100 75.0 100 99.4

Lagrang. 828 893 100 9.1 63.2 83.3 99.4

Average availability of bounds in percentage
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Coefficientwise and Lagrangian bounds are very tight

Netlib MIPLIB Facility
ineq eq ineq eq location
Ib ub Ib ub b ub Ib ub Ib ub
Robust 2455 0.08 4.49 2.68 0.00 0.00 0.05
Rob yz 0.53 0.06 0.12 0.13
Coeff.wise  0.09 0.09 0.17 268 039 0.00 0.08 0.00 0.05 0.05
Lagrang. 0.10 0.00 0.01 0.04 1.69 0.78 1.99

Median of RMSE computed on a sampling of 100 points
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Computing times

Netlib MIPLIB Facility
ineq eq ineq eq location
Ib ub Ib ub b ub Ib ub Ib ub
Robust 24 13 23 1.0 11 0.9
Rob yz 75 80 87 104
Coefficientwise 1.1 12 16 12 36 24 12 11 10 1.1
Lagrang. 6.0 165 7.6 227 104 7.0 2.1

Time taken in order to compute the bounds (in terms of how many optimal points
do we need to compute)
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A few lower bounds on a real-life microgrid problem
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A few upper bounds on a real-life microgrid problem
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